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hâ�nes de spins 2055.1 Introdu
tion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2065.2 Equations of motions . . . . . . . . . . . . . . . . . . . . . . . 2084



5.3 \Out of plane" breathers in easy plane ferromagnets . . . . . . 2095.3.1 Equations of motion and linear spe
trum analysis . . . 2095.3.2 Existen
e of \out of plane" breathers . . . . . . . . . . 2115.4 Existen
e of small amplitude breather in easy axis ferromagnets2155.4.1 Formulation of the mathemati
al problem . . . . . . . 2165.4.2 Spe
tral properties of the linearized operator . . . . . . 2175.4.3 Centre manifold and normal form 
omputation . . . . . 2195.4.4 Homo
lini
 solutions of the redu
ed mapping . . . . . . 2215.5 Con
lusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2236 Stabilit�e des breathers \out of plane" dans la limite anti
on-tinue 2276.1 Rappel des �equations et 
al
ul de la solution stationnaire . . . 2286.2 Etude de la stabilit�e lin�eaire de la solution stationnaire . . . . 2286.3 Analyse de stabilit�e du syst�eme 
omplet . . . . . . . . . . . . 2306.4 Con
lusion et perspe
tives . . . . . . . . . . . . . . . . . . . . 233

5



Introdu
tionDepuis 
es quinze derni�eres ann�ees, les te
hniques issues des syst�emes dyna-miques en dimension in�nie ont eu de nombreuses appli
ations en m�e
aniquedes 
uides ou en
ore dans l'�etude de la dynamique des r�eseaux dis
rets.Pour la m�e
anique des 
uides, on peut 
iter l'existen
e d'ondes progres-sives internes dans des 
uides strati��es ([24℄, [23℄) 
omme les solitons ouen
ore les nanopt�erons, l'existen
e et la stabilit�e d'ondes progressives pourdes 
uides ayant une faible tension de surfa
e ([18℄,[20℄,[6℄) par des te
h-niques de r�edu
tion �a une vari�et�e invariante (vari�et�e 
entrale, vari�et�es stableset instables) et des te
hniques de bifur
ations en dimension in�nie. Pour ladynamique des syst�emes dis
rets, 
es te
hniques ont permis d'�etudier l'exis-ten
e et la stabilit�e d'ondes progressives dans les r�eseaux de Klein Gordonou de Fermi-Pasta-Ulam ([21℄, [22℄, [15℄).Dans 
e travail, on va d'abord appliquer 
es te
hniques pour d�emontrerl'existen
e et la stabilit�e des "roll-waves". C'est un ph�enom�ene apparais-sant g�en�eralement dans les �e
oulements en eaux peu profondes sur une pentefaible (le fond pouvant être plat ou p�eriodiquement modul�e). On utilise en-suite la r�edu
tion �a une vari�et�e 
entrale pour des mappings quasilin�eaires endimension in�nie pour d�emontrer l'existen
e de \breathers" dans les r�eseauxFermi-Pasta-Ulam diatomiques et dans les r�eseaux de spins. Les breatherssont des os
illations p�eriodiques lo
alis�ees spatialement apparaissant dansles r�eseaux dis
rets du fait de la non lin�earit�e des �equations d�e
rivant ladynamique de la 
hâ�ne et le 
ara
t�ere dis
ret du r�eseau [11℄.0.1 Existen
e et stabilit�e des roll-waves dansun 
anal �a fond plat ou p�eriodiqueL'apparition des roll-waves est un ph�enom�ene fr�equemment ren
ontr�e enhydraulique [50℄,[44℄. On les observe g�en�eralement dans des 
onstru
tions
omme des barrages, des passes �a poissons ou en
ore des rivi�eres de faible pro-fondeur [34℄, [35℄. Dressler [7℄ les d�e
rit de la mani�ere suivante : \toute ondeprogressive, p�eriodique en espa
e, apparaissant quand un liquide s'�e
oule demani�ere turbulente sur un plan in
lin�e, le pro�l de l'onde des
endant �a vitesse
onstante et sans d�eformation, la vitesse du liquide �etant toujours inf�erieure�a 
elle de l'onde". C'est un ph�enom�ene ind�esirable puisque un ouvrage des-tin�e �a un 
ot normal ne remplira plus son rôle si le 
ot se transforme enroll-waves. Dans 
e 
as, l'eau peut d�eborder du 
anal. L'apparition des roll-6



waves d�epend essentiellement de la fri
tion provoqu�ee par la rugosit�e desparois 
omposant le 
anal et de la turbulen
e qui en r�esulte. Cornish a prisdi��erents 
li
h�es de roll-waves apparaissant dans un long 
anal re
tangulairequi alimente le la
 Thune dans les Alpes [4℄. D'un point de vue exp�erimental,on peut simuler 
e type d'�e
oulement dans des ban
s in
linables, un fondmobile entrain�e par un moteur simulant le lit du 
anal. Ce dispositif a �et�etr�es tôt mis en pla
e pour �etudier les 
onditions d'apparitions des roll-waves[40℄,[41℄,[46℄. Plus r�e
emment, on peut 
iter les exp�erien
es men�ees �a l' Ins-titut de M�e
anique des Fluides de Toulouse pour simuler des �e
oulementsdans un 
anal �a fond p�eriodique [35℄.Pour d�e
rire 
es �e
oulements, on 
hoisit le mod�ele de Saint Venant auquelon rajoute un terme empirique de fri
tion dû �a Ch�ezy [56℄ht + (hu)x = 0;(hu)t + (hu2 +Gh22 )x = GhS � Cfu2; (1)o�u h d�esigne la hauteur de 
uide en x, u la vitesse du 
uide. On a S = tan(�)o�u � repr�esente l'in
linaison du 
anal et Cf la r�esistan
e des parois. En�non a G = g 
os(�) o�u g repr�esente la 
onstante de gravit�e. On peut �e
rire les�equations de Saint Venant �a partir des �equations d'Euler �a fronti�ere libre aumoyen de d�eveloppements multi�e
helles dans la limite des grandes longueursd'onde [58℄, [45℄. Des mod�eles plus simples poss�edent aussi des solutions roll-waves : par exemple l'�equation de Burgers ave
 ou sans vis
osit�eut + (u+ 
)ux = u+ �uxx: (2)Pour 
e mod�ele, Novik [43℄ a d�emontr�e l'existen
e de roll-waves 
ontinues
onvergeant vers des roll-waves dis
ontinues lorsque la vis
osit�e � devient pe-tite. Pour le mod�ele de Saint Venant (1), Dressler [7℄ a �etabli l'existen
e deroll-waves dis
ontinues en reliant sur une p�eriode deux solutions 
ontinuesparti
uli�eres par une dis
ontinuit�e satisfaisant les 
onditions de Rankine-Hugoniot. Needham et Merkin [42℄ ont analys�e un mod�ele de Saint Venant\visqueux" en rajoutant dans la deuxi�eme �equation de (1) un terme du type�huxx et prouv�e par une bifur
ation de Hopf l'existen
e �a � �x�e de solutionsroll-waves 
ontinues de petite amplitude.Dans le premier 
hapitre, on va faire tendre la vis
osit�e � vers 0 dans lemod�ele de Saint Venant "visqueux" et faire le lien ave
 le syst�eme non vis-queux. Pour le syst�eme (1), on peut g�en�eraliser l'appro
he de Dressler et
onstruire toute une famille de solutions entropiques de type onde progres-sive p�eriodique dis
ontinue en mêlant deux ou plusieurs p�eriodes ou en
oredes solutions pr�esentant des points d'a

umulation de dis
ontinuit�es. Ces so-lutions entropiques n'ont au
un sens physique et il apparâ�t que le 
rit�ere7



d'entropie pour s�ele
tionner des solutions de syst�emes hyperboliques physi-quement a

eptables est insuÆsant. On introduit don
 un 
rit�ere plus �n delimite visqueuse.D�e�nition 1 On dit que u solution d'onde progressive de vistesse 
 du syt�eme(f 0(u)� 
)u0 = g(u);est limite visqueuse si il existe une suite �n qui 
onverge vers 0, une suite 
nqui tend vers 
 et u�n de solutions du syst�eme(f 0(u)� 
n)u0 = g(u) + �nuxx;qui 
onverge vers u lorsque n!1.On prouve que les roll-waves 
onstruites par Dressler sont les seules solutionsd'ondes progressives p�eriodiques de type limite visqueuse des �equations deSaint Venant. On d�emontrera l'existen
e de roll-waves 
ontinues de tailleO(1) pro
hes des roll-waves 
onstruites par Dressler pour le syst�eme de SaintVenant visqueux lorsque � est pro
he de 0. Le probl�eme se r�eduit �a l'�etuded'une �equation di��erentielle de la forme�u00 = p(u)u0 � q(u): (3)Lorsque � = 0, le syst�eme poss�ede une vari�et�e M0 = f(x; y)=y = q(x)p(x)g in-variante. Sous une hypoth�ese d'hyperboli
it�e normale, il existe une vari�et�e\lente" invariante M� pour � pro
he de 0 et on peut d�e
rire pr�e
is�ement le
omportement des solutions au voisinage de 
ette vari�et�e [27℄. En parti
u-lier, on montre que la vari�et�e lente s'�e
rit M� = f(x; y)=y = q(x)p(x) + O(�)g.L'�equation issue du syst�eme de Saint Venant pr�esente 
ependant une perted'hyperboli
it�e normale (appel�e "
anard" en analyse non standard). Dans 
e
as, on peut montrer l'existen
e de vari�et�es lo
alement invariantes M+� et M��a droite et �a gau
he de 
e point singulier dans un voisinage d'ordre O(p�)de la vari�et�e lente de r�ef�eren
e M0. En g�en�eral 
es vari�et�es ne 
oin
ident pasen 
e point. De plus, lorsqu'on prolonge 
es vari�et�es au dela de la singularit�e,elles sont tr�es rapidement �eje
t�ees de M0. Cependant, on va montrer qu'enperturbant le syst�eme initial de la mani�ere suivante�u00 = (p(u) + �s)u0 � q(u); (4)on peut faire 
oin
ider 
es deux vari�et�es pour une valeur donn�ee de s = s(�)et 
onstruire une vari�et�e lente invariante Mep pour le syst�eme (4) et dans unvoisinage d'ordre O(p�) de la vari�et�e M0. De plus, dans le 
as o�u s � s(�),8



les vari�et�esM�� ne 
oin
ident pas mais on peut 
ontrôler leur �eje
tion deM0.On applique d'abord 
es r�esultats �a l'�etude des limites visqueuses pour les�equations hyperboliques s
alaires ave
 un terme sour
e. Pour le syst�eme deSaint Venant, on 
onstruira une appli
ation de Poin
ar�e d'abord en �etudiantle syst�eme lent par les te
hniques de vari�et�e invariante puis en �etudiant lesyst�eme rapide gouvern�e par les 
onditions de Rankine Hugoniot. On mon-trera alors l'existen
e de points �xes qui 
orrespondent �a des solutions roll-waves. Des th�eor�emes plus g�en�eraux ([32℄, [33℄) permettent d'�etudier 
e typede probl�eme ([16℄, [17℄) mais l'appro
he pr�esent�ee i
i est plus �el�ementaire etpermet des d�emonstrations plus 
ourtes.Dans le deuxi�eme 
hapitre, on �etudie le probl�eme de la stabilit�e lin�eaire desroll-waves de Dressler. C'est un probl�eme 
lassique qui a �et�e peu trait�e. Ta-mada et Tougou [52℄ ont r�ealis�e une premi�ere analyse de stabilit�e lin�eaire deroll-waves pour des 
ots laminaires de faible profondeur. Ils ont 
al
ul�e unerelation de dispersion impliquant la stabilit�e lin�eaire des roll-waves de grandelongueur d'onde. Cependant leur appro
he n'est pas rigoureuse d'un point devue math�ematique 
ar ils n�egligent les e�ets du mouvement des dis
ontinuit�eset travaillent dans des espa
es de perturbations non physiques. Kevorkian etYu [58℄ ont r�ealis�e des 
al
uls asymptotiques lorsque le 
ot uniforme est fai-blement instable et ont �e
rit des �equations appro
h�ees de pro�ls des solutionspour des 
onditions initiales p�eriodiques ou lo
alis�ees. Ils �etablissent en par-ti
ulier que pour une 
ondition initiale somme de fon
tions p�eriodiques, lasolution 
onverge vers la roll-wave de Dressler de plus grande p�eriode spatiale
e qui tend �a 
on�rmer que les roll-waves de grandes longueurs d'ondes sontstables. Plus r�e
emment, Sinestrari a d�emontr�e l'instabilit�e de solutions detype roll-waves pour les �equations hyperboliques s
alaires ave
 terme sour
e[48℄.Le probl�eme essentiel pour l'�etude de la stabilit�e lin�eaire des roll-waves estdue �a la pr�esen
e d'une distribution in�nie de dis
ontinuit�es. Pour 
ontourner
ette diÆ
ult�e, on utilise une nouvelle appro
he inspir�ee de la d�emar
he deMajda pour l'�etude de la stabilit�e lin�eaire des 
ho
s dans les syst�emes hyper-boliques [39℄ (voir �egalement [47℄ et [5℄ pour des r�ef�eren
es plus g�en�erales surles syst�emes hyperboliques non lin�eaires). Dans 
e 
as, on travaille dans l'es-pa
e des fon
tions ave
 une dis
ontinuit�e pro
he de la dis
ontinuit�e du 
ho
,
es fon
tions �etant r�eguli�eres en dehors de la dis
ontinuit�e. Au moyen d'un
hangement de rep�ere, on �xe la dis
ontinuit�e �a l'origine : le 
ho
 devientalors une solution stationnaire du syst�eme �etudi�e. On lin�earise les �equationsau voisinage de 
e 
ho
 sur les domaines o�u les fon
tions sont r�eguli�eres d'unepart et les 
onditions de Rankine-Hugoniot d'autre part. On peut alors �e
rirele probl�eme spe
tral asso
i�e et �etudier la stabilit�e lin�eaire du 
ho
. Cette ap-pro
he a �egalement �et�e utilis�ee ave
 su

�es pour l'�etude de la stabilit�e des9



transitions de phases [2℄, [3℄. Pour le probl�eme des roll-waves, on 
hoisit l'es-pa
e des fon
tions r�eguli�eres par mor
eaux ave
 une distribution des 
ho
spro
he de 
eux de la roll-wave 
onsid�er�ee. On �xe les 
ho
s �a l'aide d'un
hangement de variable aÆne par mor
eaux : les roll-waves deviennent alorsdes solutions stationnaires et on lin�earise le syst�eme de Saint Venant surles zones r�eguli�eres et les 
onditions de Rankine-Hugoniot pour les dis
on-tinuit�es. On obtient ainsi le probl�eme spe
tral asso
i�e �a la stabilit�e lin�eaired'une roll-wave de longueur d'onde L.Trouver � 2 C , (h; v) deux fon
tions C1 par mor
eaux ave
 des dis-
ontinuit�es aux points fiL; i 2 Zg, une suite born�ee (�i)i2Z 2 R tel quelim�!�1 k(h; v)(�)k = 0 et (h; v; �i) v�eri�ant le syst�eme di��erentiel(v � 
h)0 + �h = ���i + � � iLL (�i+1 � �i)�H 0�(GH � V 2H2 )h + (2VH � 
)v�0++ �v = (GS + 2CfV 2H3 )h� 2CfVH2 v++ �i+1��iL �GH22 + K2H �0++��i + ��iLL (�i+1 � �i)��V 0 (5)
8� 2℄iL; (i+1)L[; i 2 Z et les valeurs aux points de dis
ontinuit�e fiL; i 2 Zgv�eri�ent les 
onditions de Rankine-Hugoniot lin�earis�ees[v � 
h℄iL = �i� [H℄iL ;�(GH � V 2H2 )h+ (2VH � 
)v�iL = �i�
 [H℄iL : (6)La fon
tionH; V d�esigne l'�equation du pro�l 
ontinu de la roll-wave 
onstruitepar Dressler sur les intervalles Ii =℄iL; (i + 1)L[.Le probl�eme spe
tral (5,6) obtenu est un ensemble in�ni de syst�emes dif-f�erentiels ayant tous une singularit�e. On ne peut int�egrer expli
itement 
eprobl�eme. Pour poursuivre le 
al
ul, une dire
tion est la re
her
he d'asymp-totique. Un premier r�esultat 
on
erne la stabilit�e lin�eaire des roll-waves dansla limite des grandes longueurs d'onde.Th�eor�eme 1 Il existe deux fon
tions r1 et r2, 
roissantes, et L0 tel que pourtout (�; L) v�eri�ant Re(�) > r1(L) ou L > L0 et Im(�) > r2(L), � n'est pasvaleur propre du probl�eme spe
tral (5,6).Autrement dit, le probl�eme spe
tral asso
i�e �a la stabilit�e lin�eaire des roll-waves ne poss�ede pas de valeurs propres instables de grand module. On peutdon
 envisager une �etude num�erique sur les valeurs propres instables dans un10



domaine born�e. Pour d�emontrer le th�eor�eme 1, on raisonne par l'absurde eton suppose l'existen
e de valeurs propres instables arbitrairement grandes.On 
al
ule alors un d�eveloppement asymptotique des ve
teurs propres as-so
i�es. La 
ontradi
tion vient de l'in
ompatibilit�e des valeurs des ve
teurspropres aux points de dis
ontinuit�es ave
 les 
onditions de Rankine-Hugoniotlin�earis�ees. Pour 
on
lure 
ette �etude, on s'int�eresse �a deux situations o�u onpeut mener des 
al
uls expli
ites. On s'int�eresse d'abord aux �equations deBurgers et on prouve que les roll-waves sont lin�eairement instables. On ana-lyse ensuite la stabilit�e des roll-waves de Dressler quand la pente � tend vers 0dans les �equations de Saint Venant (1). A l'aide du th�eor�eme 1, on d�emontrele r�esultat suivant.Th�eor�eme 2 Pour � � 0, il n'y a pas de valeurs propres instables O(1) etpas de valeurs propres instables O(�). Il existe �0 > 0 tel que pour 0 < � < �0,les roll-waves sont lin�eairement stables.Le troisi�eme 
hapitre est 
onsa
r�e �a l'�etude d'�e
oulements de faible pro-fondeur dans un 
anal ave
 une pente faible et un fond p�eriodique faiblementmodul�e. Cette �etude est motiv�ee par les di��erentes exp�erien
es et simulationsnum�eriques men�ees �a l'Institut de M�e
anique des Fluides de Toulouse [35℄qui ont mis en �eviden
e l'existen
e de formations de type roll-waves et d'unes�ele
tion de la longueur d'onde 
orrespondant au double de la p�eriode dufond. On �etudiera dans 
e 
hapitre l'existen
e du ph�enom�ene de roll-wavespour le syst�eme de Saint Venant, le �l 
ondu
teur �etant l'�etude des instabi-lit�es lorsque le nombre de Froude de l'�e
oulement d�epasse un seuil 
ritique.On �etudiera �egalement un syst�eme pro
he : le p-syst�eme ave
 terme sour
elorsqu'on ajoute une faible modulation spatialeut + vx = 0;vt + p(u)x = f(u) + �b0(x)� v: (7)Pour le p-syst�eme, on peut 
iter entre autres les travaux de Vila [56℄ surl'existen
e de 
ertaines solutions globales C1 (voir �egalement [19℄).On diagonalise le syst�eme en introduisant le 
hangement de variable r =v + �(u) et s = v � �(u) dans (7)rt +rp0 Æ ��1(r � s2 )rx = �b0(x) + f Æ ��1(r � s2 )� r + s2 ;st �rp0 Æ ��1(r � s2 )sx = �b0(x) + f Æ ��1(r � s2 )� r + s2 : (8)Pour d�emontrer l'existen
e de roll-waves, on s'inspire des m�ethodes utilis�eespour �etudier la stabilit�e lin�eaire des ondes de 
ho
s [39℄, [47℄, des transitions11



de phases [2℄, [3℄ et d�evelopp�ees dans le 
adre de la stabilit�e lin�eaire desroll-waves dans le 
hapitre 2. On se pla
e don
 dans l'espa
e des fon
tionsr�eguli�eres par mor
eaux ave
 des 
ho
s se propageant �a une vitesse presque
onstante. On fait alors un 
hangement de variable pour �xer les 
ho
s quidoivent v�eri�er les 
onditions de Rankine Hugoniot.
0(t) = [p Æ ��1( r�s2 )℄[ r+s2 ℄ = [ r+s2 ℄[��1( r�s2 )℄ :On se �xe une longueur d'onde L pour la roll-wave (r; s) et on travaille surl'ensemble C1(℄0; L[�T) des fon
tions p�eriodiques en temps. On rempla
e 
0dans les �equations en fon
tion des valeurs de (r; s) aux bords. Le probl�emeest le suivant.Trouver (r; s) 2 C1(℄0; L[�T)2 tel quert + (rp0 Æ ��1(r � s2 )� [ r+s2 ℄L0[��1( r�s2 )℄L0 )rx = �b0(x) + f Æ ��1(r � s2 )� r + s2 ;st � (rp0 Æ ��1(r � s2 ) + [ r+s2 ℄L0[��1( r�s2 )℄L0 )sx = �b0(x) + f Æ ��1(r � s2 )� r + s2 :(9)Les valeurs aux bords doivent v�eri�er[p Æ ��1( r�s2 )℄L0[ r+s2 ℄L0 = [ r+s2 ℄L0[��1( r�s2 )℄L0 :On obtient alors la solution roll-wave en translatant le pro�l obtenu. Lad�emar
he est stri
tement identique pour le syst�eme de Saint Venant ave
fond p�eriodique.Dans un premier temps, on essaie d'aborder la question des roll-waves detaille O(1). On suit une d�emar
he similaire �a 
elle introduite par Dressler eton analyse la stabilit�e de solutions stationnaires pour les �equations de SaintVenant �a fond p�eriodique (voir �egalement [54℄). On montre d'abord l'exis-ten
e d'une solution stationnaire 1-p�eriodique en espa
e. Ensuite on �etudiela stabilit�e lin�eaire de 
ette solution stationnaire pour des perturbations n-p�eriodiques et on d�erive une relation de dispersion. Lorsque � � 0, on montrepar un th�eor�eme des fon
tions impli
ites l'existen
e d'un nombre de Froude
ritique F
 = F
(�; n) au dela duquel la solution stationnaire devient instabledans l'espa
e des fon
tions n-p�eriodiques. On montre d'abord que le nombrede Froude 
ritique est ind�ependant de n pour � = 0 et F
(0; n) = 2. Ondonnera �egalement un d�eveloppement limit�e de F
 au voisinage de � = 0 eton montrera que les plus grandes longueurs d'ondes sont les plus instables.12



Pour aller plus loin dans l'analyse, on s'int�eresse aux instabilit�es de petiteamplitude lorsque le nombre de Froude F > 2. Pour trouver une asymp-totique pertinente, on s'inspire des m�ethodes de relaxation utilis�ees par Jin[28℄. On re
her
he des solutions r = r0 + �R(�; t; �) et s = s0 + �S(�; t; �) o�u� = x�
(t)� et R(t; :); S(t; :) 2 C1(�1; 1). Pour le p-syst�eme, le 
ouple (R; S)v�eri�e le syst�emeRt + p00(u0)4p0(u0)(R� R(1; t) +R(�1; t)2 +O(�))R� = AR�� BS + b0(
0t) +O(�);(10)St � 2
0� (1 +O(�))S� = AR� BS + b0(
0t+ ��) +O(�) (11)et la 
ondition aux bordsS(1; t) = S(�1; t) + �RH(S(�1; t); R(�1; t); R(1; t); �) (12)o�u A = 12(F2 � 1), B = 12(F2 + 1) et 
0 =pp0(u0).Le petit param�etre � induit une dynamique lente/rapide sur le syst�eme (10),(11).Ce dernier est �e
rit en variable lente. Pour � = 0, la "vari�et�e" lente est donn�eepar S(t; �) = S(t) et le 
ot sur 
ette vari�et�e est donn�ee par une �equation deBurgersRt + p00(u0)4p0(u0)(R� R(1; t) +R(�1; t)2 )R� = AR �BS + b0(
0t) (13)qui poss�ede des solutions de type roll-waves si et seulement si A > 0 soitF > 2.Pour d�emontrer l'existen
e de roll-waves pour � 6= 0, on suit la d�emar
he deFeni
hel (on est 
ette fois en dimension in�nie). En �xant R, on d�emontrequ'il existe S solution de la deuxi�eme �equation de (11) ave
 la 
ondition auxbords (12) et S(�; t) = S(R)(t) + O(�). On d�emontre ainsi l'existen
e d'un"graphe" invariant. On 
al
ule le 
ot sur 
e graphe en inje
tant la relationobtenue dans la premi�ere �equation. On obtient alors l'existen
e d'une solutionde type roll-waves par une m�ethode de point �xe.0.2 Existen
e de breathers dans les r�eseauxFPU diatomiques et les 
han̂es de spinsDans 
ette deuxi�eme partie, on va montrer l'existen
e d'os
illations nonlin�eaires lo
alis�ees appel�ees \breathers" pour di��erents syst�emes dis
rets de13



parti
ules interagissant non lin�eairement ave
 leurs plus pro
hes voisins. Ons'int�eressera en parti
ulier aux r�eseaux FPU diatomiques et aux 
hâ�nes despins d�e
rites 
lassiquement par les �equations de Landau-Lifshitz.Les breathers sont des os
illations p�eriodiques, lo
alis�ees spatialement dansdes r�eseaux de parti
ules 
oupl�ees non lin�eairement. Elles apparaissent dansbeau
oup de syst�emes du fait de l'intera
tion entre la non linearit�e du syst�emeet son 
ara
t�ere dis
ret. On trouve don
 de nombreuses appli
ations en phy-sique notamment la physique de la mati�ere 
ondens�ee ou en
ore la biophy-sique. D'un point de vue exp�erimental, 
es os
illations lo
alis�ees ont �et�e ob-serv�ees dans des syst�emes 
oupl�es de jon
tions de Josephson [55℄, dans desr�eseaux de �bres optiques 
oupl�ees faiblement [8℄, [13℄, des 
ristaux de faibledimension [51℄ ou dans des syst�emes biologiques [57℄. De nombreuses simu-lations num�eriques sur les mod�eles de Fermi-Pasta-Ulam ou en
ore de KleinGordon ont �egalement mis en �eviden
e 
e ph�enom�ene. La premi�ere preuverigoureuse d'existen
e de breathers pour les syst�emes de Klein Gordon reposesur la m�ethode de la limite anti
ontinue (voir Aubry et Ma
 Kay [37℄). Onpart d'un syst�eme de parti
ules d�e
oupl�ees : on a alors trivialement l'exis-ten
e de breathers ave
 un ou plusieurs sites ex
it�es, les autres �etant au repos.Le 
ouplage est 
onsid�er�e 
omme un param�etre. Pour des 
ouplages petits, onpeut au moyen d'un th�eor�eme des fon
tions impli
ites prolonger de mani�ere
ontinue 
es solutions breathers. Cette m�ethode fon
tionne �egalement dansles r�eseaux Fermi Pasta Ulam diatomiques pour des rapports de masses tr�esgrands : dans la limite du rapport de masse in�ni, les grosses masses sont im-mobiles alors que les petites bougent ind�ependamment [36℄. Cette m�ethodene fon
tionne pas pour les syst�emes de Fermi Pasta Ulam monoatomiquesou pour des rapports de masses interm�ediaires. James a prouv�e l'existen
ede breathers de petite amplitude pour des potentiels durs en utilisant deste
hniques de r�edu
tion �a une vari�et�e 
entrale pour des mappings ([25℄,[26℄).Dans le 
hapitre 4, pr�esent�e sous forme d'arti
le, on adopte 
ette te
hniquepour d�emontrer l'existen
e de breathers de petite amplitude dans des r�eseauxFPU alternant grandes massesm2 et petites massesm1. Ce syst�eme est d�e
ritpar l'ensemble in�ni d'�equationsmn d2dt2xn = V 0(xn+1 � xn)� V 0(xn � xn�1); (14)o�u m2n+1 = m1, m2n = m2, xn repr�esente le d�epla
ement des masses par rap-port �a leur position d'�equilibre et V est un potentiel d'intera
tion r�egulierv�eri�ant en plus V 0(0) = 0 et V 00(0) > 0. On formule le probl�eme 
ommeun mapping dans des espa
es de fon
tions p�eriodiques et on utilise une te
h-nique de r�edu
tion �a une vari�et�e 
entrale pour des mappings quasilin�eairesen dimension in�nie. Les solutions d'ondes progressives du syst�eme lin�earis�e14



poss�edent des fr�equen
es dans deux zones : une bande optique et une bandea
oustique 
orrespondant �a des fr�equen
es inf�erieures. Lorsque les fr�equen
essont pro
hes des bords de 
es bandes toutes les solutions born�ees de petiteamplitude appartiennent �a une vari�et�e de dimension �nie 
e qui r�eduit l'�etude�a 
elle d'un mapping en dimension �nie. Lorsque le potentiel v�eri�e la 
ondi-tion de potentiel dur 12V 00(0)V (4)(0)� V (3)(0)2 > 0, on trouve des breathersdis
rets de fr�equen
es au dessus de la bande optique et au dessus de la bandea
oustique. Lorsque le potentiel v�eri�e la 
ondition oppos�ee de potentiel mou12V 00(0)V (4)(0)� V (3)(0)2 < 0, on trouve des breathers de fr�equen
e juste endessous de la bande optique. Les breathers poss�edent des sym�etries h�erit�eesdu syst�eme initial qui permet en plus de d�e
rire leur g�eom�etrie. C'est un�el�ement important pour �etudier leur stabilit�e lin�eaire. On montre ainsi leth�eor�eme suivant.Th�eor�eme 3 On �xe B = 12V 00(0)V (4)(0) � V (3)(0)2 et m1, m2 ave
 m2 >m1. Le probl�eme (14) poss�ede les familles de breathers param�etr�ees par leurfr�equen
e !.i) Pour B < 0, ! � !
 = � 2�m1�1=2 et ! < !
, il existe des solutions breathersdis
rets x1n, x2n ayant les sym�etriesx1�n(t) = �x1n�2(t+ �! ); x2�n(t) = �x2n(t):ii) Pour B > 0, ! � !
 = h2�( 1m1 + 1m2 )i1=2 et ! > !
, on a des solutionsbreathers dis
rets x1n, x2n ave
 les sym�etriesx1�n(t) = �x1n�2(t+ �! ); x2�n(t) = �x2n(t+ �! ):iii) Si B > 0, m2m1 2 (k2; k(k + 2)) (pour un k � 1), ! � !
 = � 2�m2�1=2 et! > !
, les solutions breathers dis
rets x1n, x2n existent et ont les sym�etriesx1�n(t) = �x1n�2(t); x2�n(t) = �x2n(t+ �! ):Dans tous les 
as, 
es solutions ont la formexin(t) = dn +X in(t)o�u X in a une moyenne temporelle nulle et kX inkL1 d�e
rô�t exponentiellementquand n! �1. Le terme stationnaire dn v�eri�e dn = O(j!�!
j) pour toutn �x�e, limn!�1 dn = O(j! � !
j1=2) et a la forme d'un kink si V (3)(0) 6= 0.15



Les parties os
illantes X in ont la forme suivante.Dans le 
as i)X i2n(t) = O(j! � !
j); X i2n�1(t) = An 
os(!t) +O(j! � !
j); (15)dans le 
as ii)X i2n(t) = �mAn 
os(!t)+O(j!�!
j); X i2n�1(t) = An 
os(!t)+O(j!�!
j);(16)dans le 
as iii)X i2n(t) = An 
os(!t) +O(j! � !
j); X i2n�1(t) = O(j! � !
j); (17)o�u 0 < An � C j! � !
j1=2 ��jnj, � = 1 +O(j! � !
j1=2) > 1.Les r�esultats obtenus sont 
oh�erents ave
 les simulations num�eriques men�eespar Kiselev et al.[30℄, Fran
hini et al. [14℄, sur des mod�eles de 
ristaux K-Bret Li-I (ave
 des rapports de masses 12 et 118). Ils 
ompl�etent l'appro
he duprobl�eme par Livi, Spi

i et Ma
Kay [36℄ o�u on examinait la limite anti
on-tinue des grands rapports de masse.Dans le 
hapitre 5, �egalement pr�esent�e sous forme d'arti
le, on �etudie desr�eseaux de spins 
lassiques ferromagn�etiques ave
 une anisotropie lo
ale. Lesyst�eme est d�e
rit 
lassiquement par les �equations de Landau-Lifshtiz :_xn = 12[Jyzn(yn�1 + yn+1)� Jzyn(zn�1 + zn+1)℄� 2Dynzn;_yn = 12[Jzxn(zn�1 + zn+1)� Jxzn(xn�1 + xn+1)℄ + 2Dxnzn;_zn = 12[Jxyn(xn�1 + xn+1)� Jyxn(yn�1 + yn+1)℄ ; n 2 Z; (18)o�u xn; yn; zn d�esignent les 
omposantes du n-i�eme spin v�eri�ant la 
onditionde normalisation x2n + y2n + z2n = 1 ; n 2 Z: (19)Les 
onstantes Jx; Jy; Jz sont les int�egrales d'�e
hange et D repr�esente la
onstante d'anisotropie lo
ale. On va 
onsid�erer Jx � 0, Jy � 0 et Jz > 0. Onva �etudier la dynamique au voisinage de deux �equilibres du r�eseau (i.e. unesolution statique de (18) minimisant une fon
tionnelle d'�energie). Dans unpremier temps, on s'int�eresse �a une 
hâ�ne ferromagn�etique ave
 une anisotro-pie \easy plane" o�u l'�etat d'�equilibre est donn�e par xn = �1; yn = zn = 0. Onutilisera la m�ethode de la limite anti
ontinue pour prouver rigoureusementl'existen
e des breathers \out of plane" dans lesquels un ou plusieurs spinstournent autour d'un axe prin
ipal (\hard axis" qu'on supposera être l'axe16



Z) hors du plan d�equilibreXY , les autres restant pro
hes du plan d'�equilibre.Ces breathers poss�edent un seuil en �energie et une magn�etisation lo
alis�ee.On �etudiera ensuite la dynamique dans une 
hâ�ne ferromagn�etique ave
une anisotropie "easy axis" o�u l'�etat d'�equilibre est donn�e par zn = �1 etxn = yn = 0. On va utiliser les te
hniques de vari�et�e 
entrale pour �etendre lesr�esultats d'existen
e obtenus dans la limite anti
ontinue par Fla
h et Speightdans le 
as d'une forte anisotropie d'�e
hange Jx; Jy << Jz [12℄ ou dans lalimite d'�e
hanges isotropes tr�es petits Jx; Jy; Jz << jDj [49℄. Le r�esultat ob-tenu est le suivant.Th�eor�eme 4 On note � = JxJz , � = JyJz et d = DJz . Dans le domaine0 < � < 4(1 + 2d)� 5�5(1 + 2d)� 4�(1 + 2d)et pour ! � !
 (!2
 = (�� (1+2d))(�� (1+2d))) et ! < !
, on a l'existen
ede breathers dis
rets de p�eriode 2�Jz! .Dans le dernier 
hapitre, on �etudie la stabilit�e lin�eaire des breathers type \outof plane" dans la limite anti
ontinue. Dans 
e 
as, les te
hniques utilis�ees parAubry et Ma
Kay pour d�emontrer la stabilit�e de breathers dans la limiteanti
ontinue ne fon
tionnent pas. En e�et dans la limite Jx = Jy = Jz = 0,on retrouve une in�nit�e de fois la valeur propre 1. Les �etudes men�ees sur lastabilit�e des breathers \out of plane" ave
 un site prin
ipal d�ependaient dela taille du r�eseau (voir [29℄ alors que les r�esultats 
lassiques sont valablespour des r�eseaux de tailles �x�ees mais arbitrairement grandes. On s'int�eresseau 
as o�u les solutions breathers sont pro
hes de solutions stationnaires type"out of plane" : on prouve (num�eriquement) que 
es solutions stationnairessont instables et on 
on
lut par un argument de 
ontinuit�e du spe
tre. Lesr�esultats obtenus i
i sont ind�ependants de la taille du r�eseau.
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Fig. 1 { Instabilit�e des ondes de surfa
es sur un fond p�eriodique. Travail en
ours de D. Astru
, N. Dolez, O. Thual, Equipe Onde et Turbulen
e IMFT.Photo : A.L. Le Fessant, th�ese 2001 de l'IMFT.
18



(a) 30 �m
(b)
(
)
(d)
(e)
(f)
(g)

(h)| {z }Region MFig. 2 { Exemples de breathers dis
rets (rotobreathers) asym�etriques (de (a)�a (d)) et sym�etriques (de (e) �a (f)) dans une �e
helle de jun
tions Josephson.Photo tir�ee de l'arti
le "Experiments with dis
rete breathers in Josephsonarrays", A.V. Ustinov, Universit�e d'Erlangen, Allemagne [53℄19
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Chapitre 1
Appli
ation des th�eor�emes devari�et�e lente pour deuxprobl�emes d'ondes progressiveslimites visqueuses dans dessyst�emes hyperboliques ave
terme sour
e

Les syst�emes hyperboliques ave
 terme sour
e poss�edent en g�en�eral unegrande famille de solutions d'ondes progressives entropiques. On introduitdon
 le 
rit�ere de limite visqueuse, plus s�ele
tif que les 
onditions d'entro-pie. Ce
i nous am�ene �a traiter des probl�emes de perturbations singuli�eres.Dans 
e 
hapitre, on va utiliser des te
hniques de r�edu
tion �a une vari�et�einvariante d�evelopp�ees par Feni
hel [2℄ pour l'�etude des �equations s
alaireshyperboliques ave
 terme sour
e et pour l'analyse du syst�eme de Saint Ve-nant. Il existe des th�eor�emes de bifur
ations g�en�eraux pour les probl�emesde perturbations singuli�eres dans le plan [6℄, [7℄. Haerteri
h ([3℄, [4℄) a ap-pliqu�e 
es r�esultats pour l'�etude du syst�eme de Saint Venant visqueux oudans les �equations hyperboliques/paraboliques s
alaires. Dans notre 
as, ond�emontrera l'existen
e de vari�et�es invariantes par une m�ethode analytique (etnon g�eom�etrique) inspir�ee des travaux de Sakamoto [10℄. L'appro
he que nousproposons est plus �el�ementaire et permet des d�emonstrations plus 
ourtes.25



1.1 Solutions entropiques et 
rit�ere de limitevisqueuse1.1.1 D�e�nitionsDans 
e 
hapitre, on va �etudier des �equations s
alaires ou des syst�emeshyperboliques ave
 un terme sour
e de la formevt + F (v)x = G(v) (1.1)o�u v 2 Rn , F et G sont des fon
tions d'un ouvert O de Rn dans Rn \suÆ-samment" r�eguli�eres (dans les 
as trait�es, elles sont de 
lasse C1) et n = 1ou n = 2. On �etudie les solutions d'ondes progressives entropiques de (1.1)et leurs limites visqueuses. Dans tout le 
hapitre, on adopte les d�e�nitionssuivantes.D�e�nition 2 Une onde progressive entropique est une solution de (1.1)de la forme v(x; t) = v(x � 
t) pour une 
ertaine vitesse 
 2 R qui a lespropri�et�es suivantes :{ (i) v est C1 par mor
eaux sur R. Dans les r�egions o�u v est C1, lafon
tion v v�eri�e le syst�eme di��erentiel ordinaire(DF (v(�))� 
Id)v0(�) = G(v(�)):{ (ii) Les dis
ontinuit�es v�eri�ent les 
onditions de Rankine Hugoniot :F (v(�+))� F (v(��)) = 
(v(�+)� v(��)):Il faut rajouter en plus dans la d�e�nition une 
ondition d'entropie. Dansle 
as s
alaire n = 1, 
ette 
ondition est donn�ee par la 
ondition d'Oleinikv(�+) � v(��). On ne donnera pas i
i de 
onditions g�en�erales d'entropie pourn = 2. Cependant pour le 
as parti
ulier de l'�e
oulement de Saint Venant,
elle 
i est donn�ee par h(�+) � h(��) o�u h d�esigne la hauteur de 
uide audessus du 
anal (voir le paragraphe sur l'�etude des roll-waves).Remarque : il existe des d�e�nitions plus g�en�erales pour les solutions en-tropiques de syst�emes hyperboliques, les 
onditions de Rankine-Hugoniot etd'entropie d�e
oulant alors dire
tement de 
es d�e�nitions (voir [11℄).On rappelle la d�e�nition de limite visqueuseD�e�nition 3 Une onde progressive v solution de (1.1) ave
 une vitesse 
0est dite admissible ou admet un pro�l visqueux s'il existe une suite desolutions r�eguli�eres (u�n) solution de�nv00 = (DF (v)� 
nId)v0 �G(v)o�u �n ! 0, 
n ! 
0 et tel que kv � v�nkL1(R) ! 0. La notation v0 d�esigne lad�erivation par rapport �a la variable � = x� 
t.26



1.1.2 Exemple des �equations hyperboliques s
alairesave
 terme sour
eOn s'int�eresse �a l'�equation s
alaire hyperbolique ave
 un terme sour
eut + f(u)x = g(u);o�u g poss�ede trois z�eros (ur; um; ul) et f 00 > 0.Les solutions d'ondes progressives ave
 une vitesse 
 satisfont l'�equation(f 0(u)� 
)u0 = g(u): (1.2)En 
hoisissant 
 = f 0(um), on peut �e
rire l'�equation (1.2) sous la formeu0 = (u� ur)(u� ul)h(u)o�u la fon
tion h est de signe 
onstant. A une translation pr�es, l'�equation (1.2)poss�ede une unique solution h�et�ero
line U reliant les points ur, ul. On 
hoisitU tel que U(0) = um. La fon
tion 
onstante u = um est �egalement solutionde l'�equation (1.2). On peut 
onstruire une famille de solutions entropiquesU� param�etr�ee par � � 0 en superposant 
es deux solutions et d�e�nie parU�(�) = 8<: U(�) si � � 00 si 0 � � � �U(� � �) si � � � (1.3)
� = x� 
tUlUmUr �

U�
0

Fig. 1.1 { Allure de U� si h > 027



� = x� 
tUrUmUl �
U�
0

Fig. 1.2 { Allure de U� si h < 0On d�esire s�ele
tionner parmi 
ette famille de solutions entropiques une solu-tion limite visqueuse qui sera physiquement a

eptable. On �etudie don
 lessolutions d'ondes progressives de l'�equationut + f(u)x = g(u) + �uxx:Les ondes progressives ave
 une vitesse 
 v�eri�ent l'�equation di��erentielle�u00 = (f 0(u)� 
)u0 � g(u);que l'on peut �e
rire x0 = y;�y0 = (f 0(x)� 
)y � g(x):Haerteri
h [3℄ a d�emontr�e que la solution entropique pour � = 0 est la seulequi soit limite visqueuse. On va dans la suite de 
e 
hapitre simpli�er 
ettepreuve.1.1.3 Roll waves et autres solutions entropiques dusyst�eme de Saint VenantOn rappelle le syst�eme de Saint Venantht + (hu)x = 0;(hu)t + (hu2 + g 
os � h22 )x = gh sin � � Cfu2; (1.4)o�u � repr�esente l'in
linaison du 
anal et Cf le frottement dû aux parois.28



� xu(x; t)h(x; t)y

Pour simpli�er les notations, on pose G = g 
os(�) et S = tan(�). Le syst�eme(1.5) s'�e
rit ht + (hu)x = 0;(hu)t + (hu2 +Gh22 )x = GhS � Cfu2; (1.5)Les solutions d'ondes progressives (h; u) ayant une vitesse 
 v�eri�ent le syst�eme(h(
� u))0 = 0;(u� 
)u0 +Gh0 = GS � Cf u2h : (1.6)Soit K = h(
� u)), en rempla�
ant u = 
� Kh dans la deuxi�eme �equation de(1.6), on obtient h0 = �h(GS � Cf (
h�K)2h3 )(K2h2 )�Gh = P (h): (1.7)En int�egrant 
ette �equation sous la forme ���0 = R dhP (h) , on peut montrer que
ette �equation di��erentielle ne poss�ede pas de solutions p�eriodiques 
ontinues(voir [1℄). On re
her
he don
 des roll-waves dis
ontinues, les dis
ontinuit�esv�eri�ant des 
onditions d'entropie. En parti
ulier, si on note H+ la hauteurapr�es un 
ho
 et H� la hauteur avant un 
ho
, 
es dis
ontinuit�es v�eri�ent les
onditions de Rankine Hugoniot qui se r�eduisent �aG2KH2+ + KH+ = G2KH2� + KH�puisque la 
ondition sur le d�ebit est automatiquement v�eri��ee. Le syst�eme deSaint Venant �e
rit en variables 
onservatives (h; q = hu) sont analogues aux�equations d'Euler pour un gaz parfait isentropique ave
 
 = 2 en rempla�
ant29



la densit�e � par la hauteur h. Les 
onditions d'entropie sont �equivalentes aux
onditions de 
ho
 de Lax etU+ +pGH+ < 
 < U� +pGH�:En utilisant la 
onservation du d�ebit relatif, on obtient la 
ondition d'entropiepGH+ � KH+ < 0 <pGH� � KH� (1.8)soit H+ < H�. On retrouve i
i le fait que la vitesse relative est sur
ritiqueapr�es le 
ho
 jU+�
j > pGH+ et sous 
ritique jU��
j < pGH� (voir [12℄).Dressler [1℄ a d�emontr�e le r�esultat.Th�eor�eme 5 Pour tout F = sin(�)Cf > 4 et (L; 
) il existe une solution d'ondeprogressive entropique de vitesse 
, C1 par mor
eaux, p�eriodique de p�eriodespatiale L satisfaisant le syst�eme de Saint Venant (1.4).Preuve. Soit H� la hauteur avant le 
ho
 et H+ la hauteur apr�es le 
ho
.Les hauteurs (H+; H�) satisfont les 
onditions de Rankine-HugoniotG2KH2+ + KH+ = G2KH2� + KH�et la 
ondition d'entropie (1.8)pGH+ � KH+ < 0 <pGH� � KH� :Il existe don
 un point H0 tel que H+ < H0 < H� etGKH0 � KH20 = 0: (1.9)De plus, on a n�e
essairement dhd� jH0 > 0 soitF = U20GH0 = sin(�)Cf > 4: (1.10)Le d�enominateur de la fra
tion (1.7) s'annule au point H0. Pour traverser
ontinuement 
ette valeur, le num�erateur de (1.7) doit aussi s'annuler en H0GS � Cf (
H0 �K)2H30 = 0: (1.11)30



L'�equation (1.7) devienth0 = Sh2 + (H0 � 
2GF )h + H20Fh2 +H0h+H20 = P (h): (1.12)On veut maintenant 
onstruire une roll-wave de longueur d'onde L. Soit Hla solution 
ontinue de (1.12) telle que H(0) = H0 qu'on obtient de mani�ereimpli
ite �(H) = R HH0 dhP (h) . Plus pr�e
is�ement, on aS�(h) = h�H0 + H2a +H0Ha +H20Ha �Hb ln( h�HaH0 �Ha )�� H2b +H0Hb +H20Ha �Hb ln( h�HbH0 �Hb ) (1.13)o�u Ha > Hb d�esignent les z�eros P . On d�e�nit la suite de fon
tions (Hn)n2Npar Hn(�) = H(� � nL). On 
onstruit alors la solution p�eriodique en reliantHn et Hn+1 au moyen d'un 
ho
 entropique. En �eliminant le 
as H+ = H�,on obtient la premi�ere relationH+ +H� = 2H30H+H� : (1.14)On d�etermine la position du 
ho
 �
 en �e
rivant Hn(�
) = H� et Hn+1(�
) =H+. C'est �equivalent �a la relationZ H�H0 dhP (h) = L + Z H+H0 dhP (h) : (1.15)En �eliminant H+ entre les �equations (1.14) et (1.15), on obtient la longueurd'onde L en fon
tion de H� la hauteur maximale de la roll-wave. On a ainsi
onstruit une solution d'onde progressive p�eriodique et entropique du syst�emede Saint Venant (1.4). 2On peut utiliser le pro
�ed�e de Dressler pour 
onstruire d'autres types desolutions p�eriodiques par exemple en superposant deux p�eriodes. La vitesse
 �etant �x�ee, on 
hoisit L2 < L1. On note H1 la roll-wave de Dressler de lon-gueur d'onde L1 tel queH1(0) = H0 etH2 la roll-wave de Dressler de longueurd'onde L2 tel que H2(0) = H0. On a alors H1(kL1) = H0 et H2(kL2) = H0pour tout k 2 Z. On d�e�nit alors la \roll-wave" H12 L1 + L2-p�eriodique parH12(�) = � H1(�) si 0 � � � L1H2(� � L1) si L1 < � � L1 + L2 (1.16)31



H
� = x� 
tH�H0H+ L L

Fig. 1.3 { Pro�l d'une roll-wave de Dressler de longueur d'onde L
� = x� 
tH0 H12 L1 L2

Fig. 1.4 { Pro�l de H12Cette solution est 
lairement C1 aux points de ra

ord fL1+k(L1+L2); k 2Zg et fk(L1 + L2); k 2 Zg.En s'inspirant de 
e pro
�ed�e de \m�elange", on peut naturellement 
onstruiredes solutions v�eri�ant les 
onditions d'entropie et pr�esentant des points d'a
-
umulations de dis
ontinuit�es. Si (Ln)n2N est une suite stri
tement positivetelle que L =Pn Ln < +1, on 
onstruit une solution 2L-p�eriodique en re-liant 
ontinuement les pro�ls des solutions de Dressler Ln-p�eriodiques 
ommesuit.Pour s�ele
tionner les solutions physiquement a

eptables, on utilise le 
rit�ereplus �n de limite visqueuse. On �etudie le mod�ele de Saint Venant ave
 unterme de vis
osit�eht + (hu)x = 0;(hu)t + (hu2 +Gh22 )x = GhS � Cfu2 + �(hux)x: (1.17)Remarque : on a 
hoisi i
i un 
rit�ere de limite visqueuse l�eg�erementdi��erent de 
elui �enon
�e dans l'introdu
tion a�n d'avoir une perturbationplus physique du syst�eme. En e�et, l'utilisation du premier 
rit�ere 
onduirait32



� = x� 
t
HH0 2L

Fig. 1.5 { Exemple de \roll-wave" ave
 points d'a

umulation de dis
onti-nuit�es�a rajouter un terme visqueux dans l'�equation de 
onservation de la masseht + (hu)x = �hxx;
e qui n'a au
un sens physiquement.Needham et Merkin [8℄ ou en
ore Hwang et Chang [13℄ ont �etudi�e lesyst�eme (1.17) pour � �x�e et prouv�e au moyen d'une bifur
ation de Hopfl'existen
e de roll-waves 
ontinues de petite amplitude mais ils n'ont pas�etudi�e le 
as o�u � tend vers 0. Les solutions d'ondes progressives (h; u) ayantune vitesse 
 v�eri�ent le syst�emeh(
� u) = K;(u� 
)u0 +Gh0 = GS � Cf u2h + �h(hu0)0: (1.18)En inje
tant la relation u = 
 � Kh dans la deuxi�eme �equation de (1.18), onobtient �(h0h )0 = ( G2Kh2 + Kh )0 � 1K (GhS � Cf(
� Kh )2): (1.19)En posant h = x et h0 = xy, on peut mettre l'�equation (1.19) sous laforme x0 = xy;�y0 = p(x)y � q(x): (1.20)On va montrer que seules les roll-waves 
onstruites par Dressler sont des so-lutions limite visqueuse. Au passage, on d�emontre pour � pro
he de 0, l'exis-ten
e de roll-waves 
ontinues qui 
onvergent vers les roll-waves de Dresslerquand � tend vers 0. 33



1.2 Th�eor�emes de Feni
hel et perte d'hyper-boli
it�e normaleDans 
ette partie, on pr�esente les outils qui permettent d'analyser lesyst�eme (1.20) lorsque �! 0.1.2.1 Rappel des th�eor�emes de Feni
helPour 
es rappels, on fait r�ef�eren
e au 
ours de C. Jones [5℄ sur les outilsg�eom�etriques pour les probl�emes de perturbations singuli�eres. Consid�erons lesyst�eme di��erentiel _y = f(x; y; �);_x = �g(x; y; �); (1.21)o�u f et g sont r�eguli�eres, x 2 Rm et y 2 Rn . En posant � = �t, on obtient unnouveau syst�eme �equivalent �a (1.21) si � 6= 0�y0 = f(x; y; �);x0 = g(x; y; �); (1.22)o�u x0 = dxd� d�esigne la nouvelle d�erivation. Le syst�eme (1.21) 
orrespond �a unedynamique rapide et le syst�eme (1.22) �a une dynamique lente. Pour � = 0,on obtient deux syst�emes non �equivalents_y = f(x; y; 0);_x = 0 (1.23)et 0 = f(x; y; 0);x0 = g(x; y; 0): (1.24)Pour le syst�eme (1.23), x ne varie pas et 
'est y qui varie : y est la variablerapide et x est la variable lente. On note M0 l'ensemble des points (x; y)tel que f(x; y; 0) = 0 que l'on peut �e
rire y = h0(x) (au moins lo
alement).On voit que les solutions du syst�eme (1.24) sont sur M0 et en rempla�
anty = h0(x) dans la deuxi�eme �equation de (1.24), on 
onnait la dynamique sur
ette vari�et�e. On a don
 trivialement un r�esultat de r�edu
tion �a une vari�et�einvariante et une forme r�eduite du syst�eme di��erentiel. Les th�eor�emes deFeni
hel relient 
ette situation simpli��ee au syst�eme 
omplet pour � pro
hede 0. La vari�et�e M0 est appel�ee la vari�et�e lente. On se restreint au 
as o�u M0est un graphe. Dans 
e syst�eme de 
oordonn�ees, on s'int�eresse �a la 
oordonn�eenormale �a M0 i.e. y. En faisant le 
hangement de variables y = h0(x) + z, onobtient pour la deuxi�eme �equation de (1.22)�z0 = Dyf(x; h0(x); �)z +N(y; z; �) ,34



o�u N(0; 0; 0) = 0 et D(x;z)N(0; 0; 0) = 0. On a alors la d�e�nition suivanteD�e�nition 4 La vari�et�eM0 est dite normalement hyperbolique siDyf(x; y; 0)n'a que des valeurs propres non imaginaires pures pour tout (x; y) 2M0.Si la vari�et�e M0 est 
ompa
te (on travaille ave
 des vari�et�es �a bord en parti-
ulier des restri
tions de graphes �a un 
ompa
t) et v�eri�e l'hypoth�ese d'hy-perboli
it�e normale, on a les th�eor�emes suivants.Th�eor�eme (Feni
hel) 1 Pour � > 0 et assez pro
he de 0, il existe unevari�et�e M� lo
alement invariante sous le 
ot asso
i�e au syst�eme (1.22) et quise trouve dans un voisinage O(�) deM0. De plus, il existe un di��eomorphismeentre M0 et M�.Remarque : dans le 
as o�u M0 est un graphe, on peut montrer que M� estaussi un graphe. Dans 
e 
as on a M� = f(x; y)=y = h�(x) = h0(x) + O(�)g.En rempla�
ant y = h�(x) dans la deuxi�eme �equation de (1.22), on obtient lesyst�eme r�eduit sur 
ette vari�et�e.Ce premier th�eor�eme nous donne l'existen
e d'une vari�et�e invariante et le
omportement du syst�eme sur 
elle-
i mais on d�esire 
onnâ�tre le 
omporte-ment au voisinage de 
elle 
i. On a le r�esultat suivant.Th�eor�eme (Feni
hel) 2 Pour � > 0 et assez pro
he de 0, il existe unevari�et�e W s(M�) et une vari�et�e W u(M�) respe
tivement positivement et n�e-gativement lo
alement invariantes sous le 
ot asso
i�e au syst�eme (1.21) etqui sont dans un voisinage d'ordre O(�) de W s(M0) et W u(M0) et il existeun di��eomorphisme entre W s(M�) et W s(M0) d'une part et entre W u(M�)et W u(M0) d'autre part.Le dernier th�eor�eme donne des renseignements tr�es pr�e
is sur le 
omporte-ment du syst�eme en dehors de M�. En parti
ulier, on peut �brer les vari�et�esstables et instables de M� par des traje
toires.Th�eor�eme (Feni
hel) 3 Pour tout v� 2 M� , il existe une vari�et�e lo
ale-ment positivement invarianteW s(v�) � W s(M�)et une vari�et�e lo
alement n�egativement invarianteW u(v�) � W u(M�)qui se trouve �a O(�) de W s(v0) et W u(v0) et il existe un di��eomorphismeentre W s(v�) et W s(v0) d'une part et entre W u(v�) et W u(v0) d'autre part.On �etudie maintenant un 
as o�u il y a une perte d'hyperboli
it�e normalequ'on appelle un \
anard" en analyse non standard.35



1.2.2 Un 
as de perte d'hyperboli
it�e normaleOn 
onsid�ere le syst�eme di��erentiel bidimensionel suivantx0 = y;�y0 = f(x)y � g(x); (1.25)o�u f et g sont r�eguli�eres, f et g ont un z�ero 
ommun en x0. De plus la fon
tionf v�eri�e f 0(x) > 0 et f(x) � f 0(x0)(x� x0) pour tout x. Cette derni�ere hy-poth�ese est 
lairement v�eri��ee pour les deux situations qu'on �etudie puisquedans 
e 
as la fon
tion f est alors stri
tement 
onvexe. On suppose �egalementque gf est minor�ee par une 
onstante stri
tement positive et born�ee.Dans 
e 
as, le graphe invariant M0 pour � = 0 est donn�e par M0 =f(x; y)=y = gf (x)g. La vari�et�e M0 est normalement hyperbolique si et seule-ment si f(x) 6= 0. Tant que la vari�et�e M0 v�eri�e l'hypoth�ese d'hyperboli
it�enormale, les th�eor�emes de Feni
hel assurent l'existen
e d'un graphe M� lo
a-lement invariant et pro
he de M0 pour � suÆsamment petit et pr�e
isent le
omportement des solutions de (1.25) au voisinage deM�. Mais 
es th�eor�emesne s'appliquent pas au voisinage de (x0; g0(x0)f 0(x0)) 
ar M0 perd son hyperboli
it�enormale en 
e point. Cependant, on peut en
ore d�emontrer la persistan
e devari�et�es invariantes M�� �a droite et �a gau
he de 
e point respe
tivement posi-tivement et n�egativement invariantes et dans un voisinage d'ordre O(p�) deM0. En g�en�eral, 
es vari�et�es ne 
oin
ident pas au point de perte d'hyperbo-li
it�e sont tr�es rapidement �eje
t�ees de la vari�et�e lente de r�ef�eren
e lorsqu'onles prolonge au dela de la singularit�e.En perturbant le syst�eme (1.25), on va montrer d'une part qu'on peut faire
oin
ider 
es deux vari�et�es et en faire une vari�et�e invariante dans un voisi-nage O(p�) de la vari�et�e lente M0. D'autre part, on va montrer lorsque lesvari�et�es lentes �a droite et �a gau
he ne 
oin
ident pas qu'on peut 
ontrôlerleur �eje
tion de M0.Persistan
e d'une vari�et�e invarianteOn montre le th�eor�eme suivant.Th�eor�eme 4 Si � > 0 , mais assez petit, il existe deux graphes M�� �a droiteet �a gau
he de x0 respe
tivement positivement et n�egativement invariant quise trouvent dans un voisinage d'ordre O(p�) de la vari�et�e lente M0.Preuve. On va faire la preuve de l'existen
e de M+� , la preuve d'existen
ede M�� �etant analogue. Dans 
ette d�emonstration, on d�esignera par K toute
onstante li�ee aux normes k:k1 et normes lips
hitz des fon
tions mises en jeu36



et ne poseront au
un probl�eme pour les estimations que l'on fera.Supposons x0 = 0. Partant du syst�eme (1.25), on fait le 
hangement devariable y = gf (x) + z. Le 
ouple (x; z) v�eri�e le syst�emex0 = gf (x) + z;z0 = f(x)� z � (gf )0(x)(z + gf (x)): (1.26)On re
her
he une solution de (1.26) ave
 z born�ee. On rempla
e le probl�eme(1.26) par le probl�eme tronqu�ex0 = 
(gf (x) + z);z0 = 
�f(x)� z � (gf )0(x)(z + gf (x))�: (1.27)o�u 
 d�esigne la fon
tion 
ara
t�eristique de l'intervalle (0; t0) et t0 est �apr�e
iser. On int�egre (1.27) en utilisant le prin
ipe de Duhamel et on obtientx(t) = Z t0 
(s)(z(s) + gf (x(s)))ds = T1(z)(t);z(t) = Z 1t exp(�R st 
(u)f(x(u))du� )
(s)(gf )0(x(s))(z(s) + gf (x(s)))ds:(1.28)La premi�ere �equation de (1.28) d�e�nit un op�erateur x = T1(z). En inje
tant
ette relation dans la deuxi�eme �equation de (1.28), la fon
tion z apparâ�t
omme le point �xe d'un op�erateur T dont on va montrer qu'il est 
ontra
-tant. On pr�e
ise les espa
es fon
tionnels. On re
her
he x 2 X�;M o�uX�;M = fx 2 C0(0; t0)=x(0) = 0 et � � jx(t)jjtj � M; 8t 2 (0; t0)gpour un 
ertain � > 0 et M > 0 �a d�eterminer. On munit 
et espa
e de lanorme kxk = sup(0;t0)( jx(t)jjtj ). On re
her
he z 2 Y o�uYC = fz 2 C0(0; t0)=kzk1 = sup(0;t0) jz(t)j � Cp�g:Comme la fon
tion gf est minor�ee et born�ee, pour � suÆsamment petit, on aT1 : YC ! X�;M o�u � � min( g2f ) > 0 et M � 2max( gf ). Ensuite, en utilisantl'hypoth�ese de 
roissan
e sur f , on aT (z)(t) = Z t0t exp(�R st f(x)� )(gf )0(x)(z + gf (x));jT (z)(t)j � (Z t0t exp(�f 0(0)�� Z st udu))(KCp� +K);jT (z)(t)j � Kp�(Cp�+ 1): (1.29)37



Soit C = 2K,si � est petit, on aura bien jT (z)(t)j � 2Kp� et on a alorsT : YC ! YC . Montrons que l'op�erateur T est 
ontra
tant sur YC .On note x1 = T1(z1) et x2 = T1(z2). On a la majorationjx1(t)� x2(t)j � Z t0 jz1 � z2j+ jgf (x1)� gf (x2)j;jx1(t)� x2(t)j � tkz1 � z2k1 +Kkx1 � x2k Z t0 sds;kx1 � x2k � 2kz1 � z2k1 si t0 � 1K : (1.30)On va se servir de la majoration (1.30) pour montrer que T est 
ontra
tant.On rappelle queT (z)(t) = Z t0t exp(�R st f(x(u))du� )(gf )0(x(s))(z(s) + gf (x(s)))ds (1.31)o�u x = T1(z). On ajTz1(t)� Tz2(t)j �Z t0t exp(�R st f(x1)� )��gf 0(x1)(z1 + gf (x1))� gf 0(x2)(z2 + gf (x2))��ds++ Z t0t �� exp(�R st f(x1)� )� exp(�R st f(x2)� )����(gf )0(x2)(z2 + gf (x2))��ds:(1.32)Soit A(t) le premier terme dans le se
ond membre de (1.32) et B(t) le se
ondterme, on a les majorationsB(t) � Z t0t K� j Z st f(x1)� f(x2)j Z 10 exp(�R st uf(x1) + (1� u)f(x2)� )duds;B(t) � Z t0t K2�(s2 � t2)kx1 � x2k exp(�f 0(0)�2� (s2 � t2))ds;B(t) � Kt0kx1 � x2k � 2Kt0kz1 � z2k1: (1.33)Pour t0 assez petit, on aura B(t) � 12kz1 � z2k1. Pour A(t), on a l'in�egalit�eA(t) � Z t0t exp(�R st f(x1)� )Kkz1 � z2k1Si t � t� = p��f 0(0) alors en utilisant l'in�egalit�e f(x) > f 0(0)x pour tout x 2 R,on obtient f(x(t)) � p� etA(t) � (Z t0t exp(�s� tp� )ds)Kkz1 � z2k1;A(t) � Kp�kz1 � z2k1: (1.34)38



Si t � t� alorsA(t) � (Z t�t exp(�R st f(x1)� )ds+ Z t0t� exp(�R st f(x1)� )ds)Kkz1 � z2k1;A(t) � Kkz1 � z2k1(K1p�+ Z t0t� exp(�R st� f(x1)� )exp(�R t�t f(x1)� )ds);soit �nalement ave
 la majoration faite pour t � t�A(t) � Kp�kz1 � z2k1:Don
 pour � assez petit l'appli
ation T est 
ontra
tante. On 
on
lut en ap-pliquant le th�eor�eme du point �xe. 2Remarque : On a d�emontr�e l'existen
e de vari�et�es lentes M�+ et M���a droite et �a gau
he de x0 (respe
tivement positivement et n�egativementinvariantes) dans un voisinage ind�ependant de �. En dehors de 
e point,on peut prolonger 
es vari�et�es en utilisant le premier th�eor�eme de Feni
hel.G�en�eralement, 
es vari�et�es ne 
oin
ident pas au point x0 et sont tr�es rapide-ment �eje
t�ees de la vari�et�e lente de r�ef�eren
e lorsqu'on les prolonge au delade la singularit�e (voir la �gure 1.6). M�� M+�M0 x0 x
y

0Fig. 1.6 { Eje
tion de M�� loin de M0On va montrer qu'en modi�ant l�eg�erement la forme du syst�eme di��erentiel(1.25), on peut faire 
oin
ider 
es vari�etes et montrer l'existen
e d'une vari�et�einvariante pour le syst�eme perturb�e, qui se trouve dans un voisinage d'ordreO(p�) de M0. Ensuite on montrera qu'on a �egalement un 
ontrôle sur leph�enom�ene d'�eje
tion loin de la vari�et�e de r�ef�eren
e M0 lorsque les vari�et�esM�� ne 
oin
ident pas en x0. 39



Ph�enom�ene d'�eje
tion des vari�et�es M�� loin de la vari�et�e lente M0Consid�erons le syst�eme perturb�ex0 = y;�y0 = (f(x) + �
)y � g(x); (1.35)o�u f et g v�eri�ent les 
onditions f(0) = g(0) = 0, f 0(0) > 0, g0(0) > 0et 
 2 R. On rappelle qu'on a �egalement f 00 > 0, h(x) = gf (x) � � > 0.On va montrer au moyen d'un 
al
ul �a la Melnikov, qu'on peut trouver desvari�et�es invariantes pour le syst�eme (1.35) dont on peut 
ontrôler l'�eje
tionde la vari�et�e lente de r�ef�eren
e. En parti
ulier, on prouvera l'existen
e d'unevari�et�e invariante qui est dans un voisinage d'ordre O(p�) de M0.La fon
tion f �etant un di��eomorphisme lo
al au voisinage de 0, il existe unpoint x� unique tel que f(x�) + �
 = 0:On �etudie le 
omportement des solutions au voisinage de la vari�et�e lenteW s = f(x; y) 2 R2= y = g(x)� g(x�)f(x) + �
 = h�(x)g: (1.36)La vari�et�e W s est dans un voisinage d'ordre O(�) de la vari�et�e lente der�ef�eren
e M0 = f(x; y)=y = g(x)f(x) = h(x)g. En appliquant le th�eor�eme 4,on peut montrer l'existen
e d'une vari�et�e lente positivement invariante M+�pour x > x�. On introduit alors le 
hangement de variables y = h�(x) + z.On obtient un nouveau syst�emex0 = h�(x) + z;�z0 = (f(x) + �
)z + �k�(x; z); (1.37)o�u �k�(x; z) = �g(x�)��dh�dx (x)(z+h�(x)). Comme dans la se
tion pr�e
�edente,la vari�et�e lente invariante M+� est obtenue par une m�ethode de point �xe surl'�equationz+(t) = � Z +1t exp �� Z st f(x(�)) + �
� d��k�(x(s); z(s))ds: (1.38)En parti
ulier, on az(
; �)+ = z+(0) = � Z +10 exp �� Z s0 f(x(�)) + �
� d��k�(x(s); z(s))ds:(1.39)40



De la même mani�ere, on peut montrer l'existen
e d'une vari�et�e lente n�egati-vement invariante M�� pour x < x�. On obtientz(
; �)� = � Z 0�1 exp�Z 0s f(x(�)) + �
� d��k�(x(s); z(s))ds: (1.40)Pour obtenir une vari�et�e invariante r�eguli�ere au voisinage de x�, on doit avoirz(
; �)+ = z(
; �)�. On 
al
ule le d�eveloppement asymptotique de z(
; �)�z(
; �)� = p�A(
) + �Dp(
; �)� �Di(
; �)ave
 A(
) = R +10 exp(�g0(0) t22 )(h(0)h0(0) � 
 g0(0)f 0(0))dt. Les fon
tions Dp etDi sont respe
tivement les int�egrales d'une fon
tion paire et d'une fon
tionimpaire. En parti
ulier, on peut montrer queDi(
; 0) = Z 10 exp�� g0(0)t22 ��h(0)h0(0)� 
 g0(0)f 0(0)�16f 0(0)h0(0)2t3dt+ Z 10 exp�� g0(0)t22 ��h0(0)2 + h(0)h00(0)g0(0)f 0(0)�tdt: (1.41)On obtient don
 z(
; �)+ = z(
; �)� si et seulement si Di(
; �) = 0. On voitais�ement qu'il existe un unique 
0 tel que Di(
0; 0) = 0. De plus on a�Di�
 (
0; 0) = �16g0(0)h0(0)2 Z +10 exp �� g0(0)t22 �t3dt 6= 0:On peut don
 appliquer le th�eor�eme des fon
tions impli
ites : il existe Æ > 0et une fon
tion C tel que C(0) = 
0 et pour tout � < Æ, Di(C(�); �) = 0.Don
 pour 
e 
hoix de 
 = C(�), on a montr�e l'existen
e d'une vari�et�e lenteinvariante M� dans un voisinage de W s d'ordre O(p�) qui 
oin
ident ave
M+� si x > x� et ave
 M�� si x < x�.On examine maintenant le ph�enom�ene d'�eje
tion de M+� lorsqu'on passe lasingularit�e pour 
 6= C(�). On 
her
he don
 �a prolonger M+� pour des tempst < 0. On 
al
ule don
z+(�t) = � Z +1�t exp(� Z s�t f(x(�)) + �
� d�)k�(x(s); z(s))ds; (1.42)pour t > 0. On peut montrer ais�ement quez+(�t) = �z(
; �)+ � z(
; �)�� exp �� Z 0�t f(x(s)) + �
� ds�++ Z �t�1 exp �� Z �ts f(x(�)) + �
� d��k�(x(s); z(s))ds (1.43)41



Le deuxi�eme terme de l'�egalit�e 
orrespondant �a l'�equation de M�� , on az+(�t) = �z(
; �)+ � z(
; �)�� exp�� Z 0�t f(x(s)) + �
� ds�+O(p�): (1.44)On voit ais�ement que si on est loin de 
 = C(�), on a un �eje
tion de M+� loinde M0 pour t = O(�). Par 
ontre pour 
 = C(�), la vari�et�e M+� reste dansun voisinage d'ordre O(p�). On a don
 une situation interm�ediaire o�u on a�eje
tion pour t = O(1). Pour �xer les id�ees, on 
hoisit t = 1.z+(�1) = 2�Di(
; �) exp�� Z 0�1 f(x(s)) + �
� ds� +O(p�): (1.45)On a 
lairement exp�� Z 0�1 f(x(s)) + �
� ds� � C exp(K� )La fon
tion Di(:; �) �etant un di��eomorphisme lo
al au voisinage du point
 = C(�), on peut trouver
 = C(�) +O�exp(�K� )� �;tel que z+(�1) �M o�u M est un 
onstante arbitraire.On a ainsi d�emontr�e la proposition suivante.Proposition 1 Soit x1 < 0 < x2, il existe 
1(�) et 
2(�) tel que les syst�emesperturb�es x0 = y;�y0 = (f(x) + �
i(�))y � g(x); i = 1; 2: (1.46)poss�edent 
ha
un un graphe lent invariant M �i = f(x; y)= y = h�i(x)g et telque (xi; 0) 2 M �i . De plus, pour tout Æ > 0, on a h�1(x) � h(x) = O(p�) six > x1� Æ et h�2(x)� h(x) = O(p�) si x < x2� Æ. En�n on a 
i(�)�C(�) =O�exp(�K� )� �.Les di��erents 
as d'�eje
tion des vari�et�es M�� loin de M0 sont pr�esent�es sur la�gure 1.7.Remarque : Tant que les vari�et�es M�� sont pro
hes de la vari�et�e lente der�ef�eren
e M0, le th�eor�eme de �bration de Feni
hel reste valable et on peutainsi d�e
rire le 
omportement du syst�eme perturb�e en dehors de 
es vari�et�es.42
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x� x

M��M+�x1 W sxyx� M��x2M+�
Fig. 1.7 { Diagrammes d'�eje
tion quand z(
; �)+ < z(
; �)� et z(
; �)� <z(
; �)+.1.3 Appli
ation des te
hniques de vari�et�e len-teDans 
ette se
tion, on va appliquer les r�esultats obtenus dans la se
tionpr�
�edente aux probl�emes des pro�ls visqueux dans les �equations s
alaires hy-perboliques ave
 terme sour
e et pour le probl�eme des roll-waves. Haerteri
ha aussi abord�e 
es probl�emes soit en s'inspirant des m�ethodes introduitespar Krupa et Szmolyan [3℄ soit en appliquant dire
tement leurs r�esultats [4℄.Ces derniers ont men�e une analyse g�eom�etrique tr�es d�etaill�ee sur la dyna-mique au voisinage d'un 
anard dans le plan. En parti
ulier, ils mettent en�eviden
e la transition entre de petites os
illations obtenues par bifur
ationde Hopf vers des os
illations de relaxation qu'on peut observer par exemplepour l'�equation de Van der Pol dans des intervalles exponentiellement pe-tits [6℄, [7℄. Leur appro
he est bas�ee sur une transformation "blow up" des�equations : 
ela 
onsiste essentiellement �a regarder le syst�eme pour di��erentes�e
helles. Le but est de d�esingulariser le point de perte d'hyperboli
it�e nor-male et d'appliquer ensuite les outils standards des syst�emes dynamiques.On propose i
i une appro
he plus dire
te du probl�eme en l'abordant d'unpoint de vue analytique : les vari�et�es invariantes sont vues 
omme les points�xes d'op�erateurs fon
tionnels. Dans les 
as �etudi�es i
i, les d�emonstrationspropos�ees sont alors plus simples.1.3.1 Pro�ls visqueux pour des ondes progressives so-lutions d'�equations hyperboliques/paraboliquesave
 terme sour
e.On rappelle qu'on �etudie les solutions d'ondes progressives deut + (f(u))x = g(u) + �uxx:43



Elles doivent v�eri�er �f 0(u)� 
�u0 = g(u) + �u00. Dans 
e 
as, on perturbe lesyst�eme ave
 
 = f 0(um) + �
1. On �e
rit alors la vari�et�e lente invariante M0sous la forme u0 = (u� ur)(u� ul)h(u):On applique le th�eor�eme 4 : il existe deux vari�et�es M�� invariantes pour lesyst�eme perturb�e �a droite et �a gau
he du point um. On 
hoisit alors 
1 = 
1(�)de telle sorte que les vari�et�esM�� 
oin
ident en u = um. On a don
 l'existen
ed'une vari�et�e invariante M� donn�ee paru0 = (u� ur)(u� ul)(h(u) +O(p�)):Cette vari�et�e lente invariante relie les points 
ritiques (ul; 0) et (ur; 0) etlorsque � tend vers 0, 
elle 
i reste loin du point 
ritique (um; 0) (voir la�gure 1.8). En 
ons�equen
e, on a d�emontr�e le r�esultat suivant.Proposition 2 Les pro�ls entropiques U� sont solutions de type limite vis-queuse de l'�equation ut + (f(u))x = g(u)si et seulement si � = 0.Contrairement �a l'appro
he de Haerteri
h, le point 
ritique (um; 0) o�u il y aperte d'hyperboli
it�e n'est pas sur le graphe invariant et la preuve est plussimple. u0
uUl Um Ur

M0M�
1.3.2 Le probl�eme des roll-wavesDans 
ette partie, on �etudie les solutions d'ondes progressives p�eriodi-ques du syst�eme de Saint Venant visqueux qu'on peut r�eduire �a l'�etude dessolutions p�eriodiques de l'�equation�(h0h )0 = (Gh2K � Kh2 )h0 � 1K (GhS � Cf (
� Kh )2): (1.47)44



u0 uUl Um Ur
M0M�Fig. 1.8 { Plans de phases pour le syst�eme issu des �equations hyperbo-liques/paraboliques s
alairesOn va faire apparâ�tre les roll-waves 
ontinues 
omme les points �xes d'uneappli
ation de Poin
ar�e. Ce syst�eme poss�ede une dynamique lente/rapide.On 
onsid�ere d'abord le syst�eme lent : on a une vari�et�e lente 
orrespon-dant au pro�l 
al
ul�e par Dressler h0 = P (h). Cette vari�et�e est attra
tivesi h < H0 et r�epulsive si h > H0. En utilisant le th�eor�eme de �brationde Feni
hel, on d�e�nit une appli
ation d'entr�ee-sortie ES sur la se
tion� = f(h; k log(�)); h > 0g du plan des phases tel que h� = ES(h+) eth+ < H0 < h�. On analyse ensuite la dynamique du syst�eme rapide essen-tiellement d�e�nie par les 
onditions de Rankine-Hugoniot. On obtient alorsune appli
ation h+ = RH(h�) o�u h+ < h�. On obtient alors une appli
ationde Poin
ar�e P donn�ee par P = RH ÆES. Pour obtenir des roll-waves 
onti-nues de taille O(1), il faut aussi perturber la vari�et�e lente en 
onsid�erant desvitesses 
(�) = 
+O(�) et utiliser le 
rit�ere d'�eje
tion �etudi�e dans la se
tion1.2.2. On montrera en�n que les roll-waves sont les seules limites visqueusespossibles.Analyse du syst�eme lentLe syst�eme lent est donn�e par�(h0h )0 = ( G2Kh2 + Kh )0 � 1K (GhS � Cf(
� Kh )2) (1.48)et le syst�eme rapide par(h0h )0 = ( G2Kh2 + Kh )0 � �K (GhS � Cf(
� Kh )2): (1.49)Le graphe invariant M0 a pour �equationh0 = �h(GS � Cf (
h�K)2h3 )(K2h2 )�Gh (1.50)45



et l'hypoth�ese d'hyperboli
it�e normale n'est pas v�eri��ee en H0. Le syst�emeissu des �equations de Saint Venant est de la formex0 = y;�( yx)0 = f(x)y � g(x): (1.51)A quelques modi�
ations pr�es, on peut appliquer les th�eor�emes �enon
�es dansles se
tions pr�e
�edentes au syst�eme (1.51). En e�et, une fois le syst�eme int�egr�eon ax(t) = H0 + Z t0 z(s) + gf (x(s))ds;z(t) = Z 1t exp(�R st x(u)f(x(u))du� )gf 0(x(s))�z(s) + gf (x(s))�ds++ Z 1t exp(�R st x(u)f(x(u))du� )(z(s) + gf (x(s)))2x(s) ds: (1.52)Par des 
al
uls analogues �a 
eux des se
tions pr�e
�edentes, on prouve l'exis-ten
e de vari�et�es lentes invariantes M�� �a droite et �a gau
he de H0. En per-turbant le syst�eme initial en rempla�
ant K par K + �K1, on peut 
ontrôlerl'�eje
tion de M�� loin de M0. On garde la même notation pour les vari�et�esprolong�ees au dela de H0. Tant que 
es vari�et�es restent pro
hes de M0, onpeut appliquer les th�eor�emes 
lassiques de Feni
hel. On utilise le troisi�emeth�eor�eme de Feni
hel sur les �brations pour 
onnâ�tre le 
omportement endehors des vari�et�es lentes M�� . Si h < H0, f(h) < 0 et la vari�et�e lente est at-tra
tive. Si h > H0, f(h) > 0 et la vari�et�e lente est r�epulsive. Pour quanti�er
e ph�enom�ene, on pose le 
hangement de variabley = hs(x) + zet on a de nouvelles �equations du typex0 = z + hs(x);z0 = 1� (f(x)� �h0s(x))z + (1� (f(x)hs(x)� g(x))� hs(x)h0s(x)): (1.53)Comme z = 0 est la nouvelle vari�et�e lente par 
e 
hangement de variable,alors z = 0 implique z0 = 0 et la deuxi�eme parenth�ese est toujours nulle don
il reste z0 = 1� (f(x)� �h0s(x))z;qui s'int�egre en z(t) = z0 exp(1� Z t0 (f(x)� �h0s(x)))dt:46



On va 
onstruire l'appli
ation ES d�e�nissant le 
rit�ere d'entr�ee sortie pourle syst�eme lent sur la se
tion � = f(h; k log �)=h > 0g. Partant de (h1; z =k log(�)) ave
 h1 < H0, on est attir�e par la vari�et�e lente puis pass�e H0 on est�eje
t�e de la vari�et�e lente au temps t(h2) tel que asymptotiquement lorsque �tend vers 0 j Z t(H0)t(h1) f(x(t))dtj = j Z t(h2)t(H0) f(x(t))dtjCe qui donne apr�es le 
hangement de variable x0 = g(x)f(x) dans l'int�egralej Z H0h1 f 2(x)g(x) dxj = j Z h2H0 f 2(x)g(x) dxjOn a la propri�et�eProposition 3 Soit (x(t); z(t)) solution de (1.52) ave
x(0) = h1;z(0) = k log(�): (1.54)Il existe t�, premier instant tel que z(t�) = 10k log(�). Et on alim�!0x(t�) = h2ave
 h2 tel que j Z H0h1 f 2(x)g(x) dxj = j Z h2H0 f 2(x)g(x) dxj:Preuve. Soit t(h1; h2) le premier instant tel que la solution de x0 = hs(x)v�eri�e : x(t(h1; h2)) = h2. On montre , en imitant la d�emonstration duth�eor�eme de Feni
hel , que pour � > 0 et t � t(h1; h2) + 1010�j log(�)j, alorson a 105�j log(�)j � jz(t)j � 1010�j log(�)jCe
i implique l'existen
e de t� tel que z(t�) = 10k log(�). De plus on a :t� 2 [t(h1; h2)� 1010�j log(�)j; t(h1; h2) + 1010�j log(�)j℄
e qui donne du même 
oup le 
rit�ere. 2On peut alors 
onstruire une appli
ation ES(:; �) asso
i�ee au syst�eme lent etau 
rit�ere d'entr�ee sortie tel que ES(h1; 0) = h2 (voir le graphe).47



H 0 HH0k log � h ES(h)
M�

Etude du syst�eme rapideLe syst�eme rapide(h0h )0 = ( G2Kh2 + Kh )0 � �K (GhS � Cf(
� Kh )2) (1.55)v�eri�e la propri�et�e suivanteProposition 4 Soit hr la solution du syst�eme rapide pour � = 0, et �1 et�2 deux points tels que �2 � �1 = k log(�). Pour � > 0 suÆsamment petit, ilexiste une solution h du syst�eme rapide (1.55) qui v�eri�e les 
onditions auxlimites h(�2) = hr(�2) et h(�1) = hr(�1).Remarque : on a 
hoisi �2 � �1 = k log(�) qui 
orrespond �a un ordre degrandeur intermediaire entre O(1) et O(1� ).Preuve. Le syst�eme rapide est donn�e par(h0h )0 = ( G2Kh2 + Kh )0 � �K (GhS � Cf(
� Kh )2):On re
her
he h sous la forme h = hr+�h1 ave
 h1 nulle aux bords. La fon
tionh1 v�eri�e l'�equation di��erentielle(h1hr )00 = (GKhrh1 � Kh1h2r )0 �� P1(hr) + f(�; h1; h01) (1.56)48



o�u �f(�; h1; h01) = [Khr ( 11 + �h1hr � 1 + �h1hr )℄0 �� �hr 
f�2
� Khr (1 + 11 + �h1hr )�( 11 + �h1hr � 1) ++ �2(( g2Kh21)0 � GSK h1)�� [h0r + �h01hr + �h1 � h0rhr � �(h1hr )0℄0 (1.57)et P1(hr) = 1K (GhrS � Cf (
� Khr )2):Don
 f est d'ordre O(�). Une base de solution de l'�equation lin�eaire homog�enepour � = 0 est donn�ee par fh0r(�); h0r(�)�(�)g o�u �(�) = R ��1 hr(u)h0r(u)du . On r�esoutle probl�eme non homog�ene pour � = 0 par une m�ethode de variation de la
onstante. On trouveh1 = h1p= h0r(�)�(�) Z ��1 P (hr)(u)du��h0r(�) Z ��1 P (hr)(u)�(u)du+ C1h0r(�)�(�) (1.58)o�u C1 est une 
onstante ajust�ee pour que h1p(�2) = 0. De la même mani�ere,pour � 6= 0 on montre que la fon
tion h1 solution de (1.56) v�eri�eh1 = h1p + h0r(�)�(�) Z ��1 f1(u)du� h0r(�) Z ��1 f1(u)�(u)du+ C2(h1)h0r(�)�(�)(1.59)o�u C2(h1) est une 
onstante ajust�ee pour que h1(�2) = 0 et pour simpli�erles notations, on pose f1(x) = f(�; h1; h01)(x). La 
onstante C2 est donn�ee parC2(h1) = 1�(�2) Z �2�1 f1(u)(�(u)� �(�2))du: (1.60)L'�equation (1.59) peut s'�e
rireh1 = h1p + F�(h1) = T�(h1): (1.61)Montrons que T� est un op�erateur 
ontra
tant pour la norme k:kC1 surBk:kC1 (h1p; 1). On pro
�ede en deux �etapes49



Premi�ere �etape : T�(Bk:kC1 (h1p; 1)) � Bk:kC1 (h1p; 1)On aT�(h1)� h1p = h0r(�)��(�) Z ��1 f1(u)du� Z ��1 f1(u)�(u)du+ C2�(�)�: (1.62)D'o�u la majorationjT�(h1)(�)� h1p(�)j � kh0rk1"�jC2j+ ��� Z ��1 f1(u)du����k�k1 ++ ��� Z ��1 f1(u)�(u)du���#: (1.63)D'autre part, k�k1 � khrh0rkj�2 � �1j � Aj log(�)j don
��� Z ��1 f1(u)du��� � 2�



Khr ( 11 + �h1hr � 1 + �h1hr )



1 ++ Cmin(hr)



 11 + �h1hr � 1



1j�2 � �1j++ 2�



 G2Kh21



1 + �GSK kh1k1j�2 � �1j++ 2�



h0r + �h01hr + �h1 � h0rhr � �(h1hr )0



1: (1.64)On regarde ensuite les termes en � et 1� �a l'aide des formules de Taylor :


 11 + �h1hr � 1 + �h1hr 


1 � �2(h1hr 2) supx2[0;�h1hr ℄( 2(1 + x)3 ) � C�2; (1.65)


 11 + �h1hr � 1


1 � �kh1hr k1 supx2[0;�h1hr ℄( 1(1 + x2)) � C�; (1.66)De même, on peut montrer que


h0r + �h01hr + �h1 � h0rhr � �(h1hr )0


1 � C�2: (1.67)Des trois in�egalit�es, on d�eduit que :�� Z ��1 f1(u)du�� � C�(1 + j log(�)j): (1.68)50



De même��� Z ��1 f1(u)�(u)du��� � 2�



Khr ( 11 + �h1hr � 1 + �h1hr )�



1 ++ 1� Z �2�1 ���Khr � 11 + �h1hr � 1 + �h1hr ������� 1h0r ���du++ Ck�k1


 11 + �h1hr � 1


1j�2 � �1j++ 2��GK kh21�k1 + j�2 � �1j�GSK kh21k1 + kGh21hr2Kh0r k1��++ 2�



�h0r + �h01hr + �h1 � h0rhr � �(h1hr )0��



1 ++ j�2 � �1j



�h0r + �h01hr + �h1 � h0rhr � �(h1hr )0�hrh0r



1: (1.69)On montre ais�ement que��� Z ��1 f1(u)�(u)du��� � C�(1 + j log �j)2: (1.70)En�n pour la 
onstante C2, on a la majorationjC2j � C�(1 + j log �j)2: (1.71)Les 
al
uls pour l'estimation de la norme C1 sont de la même nature et pour� suÆsamment petit, on obtient le r�esultatT�(Bk:kC1 (h1p; 1)) � Bk:kC1 (h1p; 1)Deuxi�eme �etape : T� est un op�erateur 
ontra
tant.Soit h1 et h2 dans Bk:kC1 (h1p; 1), on a(F�(h2)� F�(h1))(�) = h0r(�)�(�) Z ��1 (f1 � f2)(u)du��h0r(�) Z ��1 (f1 � f2)(u)�(u)du++ h0r(�)�(�)(C2(h2)� C2(h1)): (1.72)51



Don
��F�(h2)(�)� F�(h1)(�)�� � kh0r�k1��� Z ��1 (f1(u)� f2(u))du���++kh0rk1��� Z ��1 (f1(u)� f2(u))�(u)du���++ jC2(h2)� C2(h1))(�)jkh0rk1k�k1 (1.73)On a��� Z ��1 (f2(u)� f1(u))du��� � 2�


Khr ( 11 + �h1hr � 11 + �h2hr + �h2 � h1hr )


1 ++ 2�


 G2K (h21 � h22)


1 ++�GSK kh1 � h2k1j�2 � �1j++ 2�


h0r + �h01hr + �h1 � h0r + �h02hr + �h2 + �(h2 � h1hr )0


1 ++ C


 Khr + �h1 � Khr + �h2


1j�2 � �1j= A1 + A2 + A3 + A4 + A5 (1.74)On majore d'abord A1A1 � 2� Kmin jhrj(�2kh1 � h2k1min jhrj +O(�2kh2 � h1k1))� C�kh2 � h1k1 (1.75)Il est 
lair que A2 � C�kh2 � h1k1 et A3 � C�j log(�)jkh2 � h1k1.On majore ensuite A4A4 � 2�


�2h0rhr (h21 � h22) + �2h1h01 � h2h02h2r +O(�2kh1 � h2kC1)


1� C�kh1 � h2kC1 (1.76)De même A5 � C�j log(�)jkh1 � h2kC1.On fait le même type d'estimation pour��� Z ��1 (f2(u)� f1(u))�(u)du��� � C(1 + j log(�j)kh1 � h2k1:52



En�n l'estimation sur la 
onstante C2 donnejC2(h1)� C2(h2)j < C�(1 + j log �j)2kh1 � h2k1: (1.77)En r�eunissant 
es in�egalit�es, on obtient

F�(h2)� F�(h1)

1 � C�(1 + j log(�)j)2kh1 � h2kC1: (1.78)Consid�erant les d�eriv�ees, on a des termes du même type �a majorer et onprouve 

F�(h2)0 � F�(h1)0

1 � C�(1 + j log(�)j)2kh1 � h2kC1: (1.79)Pour � suÆsamment petit, F� est 
ontra
tant. Don
 T� est 
ontra
tant. Il ad-met un unique point �xe dans Bk:kC1 (h1p; 1) et la proposition est d�emontr�ee. 2Soit h+ < h� v�eri�ant les 
onditions de Rankine-HugoniotG2K (h+)2 + Kh+ = G2K (h�)2 + Kh� :Partant du point (h�; k log �), la proposition donne l'existen
e d'une fon
tionh telle que h(kj log �j) = h+. On peut d�e�nir alors la fon
tion RH asso
i�ee ausyst�eme rapide sur la se
tion � = f(h; k log(�); h > 0g par RH(h�) = h+.On d�e�nit l'appli
ation de Poin
ar�e P sur la se
tion � par P = RH Æ ES(voir le graphe). H 0 HH0k log � h
M�
ES(h)P (h)1.3.3 Existen
e d'orbites p�eriodiquesOn veut prouver l'existen
e de roll-waves visqueuses pro
hes de 
elles
onstruites par Dressler. On se �xe une roll-wave de Dressler de hauteur53



maximum h� et de hauteur minimum h+. On applique la proposition 1et on perturbe le syst�eme de Saint Venant de la mani�ere �evoqu�ee dans leph�enom�ene d'�eje
tion de la vari�et�e invariante (par exemple en 
hangeant Kpar K + �K�) de telle sorte qu'on ait une vari�et�e M+� qui passe par le point(h+; 0) ou une vari�et�e M�� qui passe par le point (h�; 0). Les th�eor�emes de�bration de Feni
hel restent valables tant que les vari�et�esM�� restent pro
hesdeM0. La fon
tion de Poin
ar�e est don
 bien d�e�nie (voir se
tion pr�e
�edente).Supposons que P(h) < h. Dans 
e 
as, le point 
ritique (H0; 0) est instable.On fait une perturbation de la vari�et�e lente M+� pour obtenir la situationsuivante.
H0 h
h0 M0M�� h�

Fig. 1.9 { Existen
e de roll-waves visqueuses si P (h) < h.Notons h+ = RH(h�), soit h0 > h+. On 
onsid�ere la suite hn = Pn(h0).Tant que le th�eor�eme de �bration de Feni
hel est valable et pour P(h) < h,la suite (hn)n2N est d�e
roissante et minor�ee par h+. Cette suite 
onverge don
vers un point h�+ point �xe de P tel que h+ < h�+ < h0. Comme l'�eje
tion dela vari�et�e lente M�� vers (h�; 0) est tr�es rapide pour �! 0, on voit que l'ap-pli
ation de Poin
ar�e est bien d�e�nie sur des intervalles ℄h+; h�� Æ[ o�u Æ > 0est arbitrairement petit. On peut don
 
hoisir un point h0 = ES�1(h�� 2Æ)arbitrairement pro
he de h+. Don
 on a une famille de roll-waves 
ontinuesparam�etr�ees par � qui 
onverge vers la roll-wave de Dressler. De plus enappliquant le th�eor�eme de Poin
ar�e Bendixon, en suivant la traje
toire 
or-respondant �a la vari�et�eM�� , pour t! +1, on voit qu'on va s'enrouler autourde la roll-wave 
ontinue.Dans le 
as o�u P(h) > h, on perturbe la vari�et�e lente de telle sorte que lavari�et�e lente M+� passe par le point (h+; 0).Dans 
e 
as 
i, on 
onsid�ere la suite (hn = P�n(h0); n 2 N) et h0 > h+ ar-bitrairement pro
he de h+ (pour � suÆsamment petit). En suivant la vari�et�eM�� pour t ! �1, on va 
onverger vers une orbite 
ontinue 
orrespondant54



h
h0
H0 M+�M0h+

Fig. 1.10 { Existen
e de roll-wave visqueuse si P(h) > h.�a une roll-wave.Remarque 1 : Dans un arti
le ant�erieur, l'auteur 
on
luait plutôt , aumoyen de simulations num�eriques, �a la non-existen
e de roll-waves 
onti-nues pro
hes des roll-waves de Dressler. Ce n'est pas 
ontradi
toire 
ar, onmontrait essentiellement que l'appli
ation de Poin
ar�e �etait stri
tement mo-notone et ne poss�edait pas de point �xe lorsqu'on 
onsid�erait un syst�emeuniquement perturb�e par une petite vis
osit�e (on gardait une vitesse �xe dutype 
 = 
0 �a la pla
e de 
 = 
0 + �
1 + O(�2)) et dans le 
as o�u la vari�et�elente restait pro
he de M0. En perturbant 
ette vari�et�e lente (
'est �a dire en
onsid�erant des vitesses 
 = 
0 +O(�), on arrive �a 
onstruire des bornes auxsuites d'it�er�ees et 
es suites 
onvergent vers des points �xes 
orrespondant �ades roll-waves 
ontinues.Remarque 2 : Haerteri
h [3℄ a obtenu un r�esultat identique par une m�e-thode plus g�eom�etrique. Elle 
onsistait essentiellement �a 
ontinuer la famillede solutions p�eriodiques 
ontinues obtenue via une bifur
ation de Hopf (quidevient singuli�ere lorsque �! 0) par Needham et Merkin [8℄ lorsque la vitessed'onde d�epasse un seuil s > s
. Il dresse une liste des s
enarios possibles pour� ! 0 : soit 
es solutions existent pour tout s, soit la famille de solutionsdevient non born�ees, soit la p�eriode minimale diverge. Il montre que 
'est laderni�ere situation qui arrive : la solution p�eriodique s'�etend vers une solu-tion homo
line puis disparait. Notre appro
he est i
i plus dire
te puisqu'ond�emontre dire
tement l'existen
e d'une roll-wave 
ontinue de taille arbitrairepourvu qu'on 
hoisisse bien le d�ebit perturb�e.55



1.3.4 Elimination des \autres" solutions entropiquesOn 
onsid�ere d'abord les solutions p�eriodiques superposition de deux so-lutions de p�eriodes L1 > L2. Supposons l'existen
e d'une solution 
ontinuepro
he de la solution entropique. Dans 
e 
as, le plan de phase a l'alluresuivante
H

H 0 � M�
H0h1 h2

Les hauteurs h1 et h2 
orrespondent respe
tivement aux hauteurs minimalesde la roll-wave de p�eriode L1 et de la roll-wave de p�eriode L2. En appliquantle lemme de Jordan et l'uni
it�e pour le probl�eme de Cau
hy, la r�egion � estinvariante et on ne peut pas revenir au point initial (h1; 0). On n'a don
 pasde solutions p�eriodiques 
ontinues pro
he de la solution entropique. On rai-sonne de mani�ere identique pour les solutions entropiques p�eriodiques ayantdes points d'a

umulations de dis
ontinuit�es. Les roll-waves de Dressler sontles seules limites visqueuses possibles dans la 
lasse des ondes progressivesp�eriodiques.

56



Bibliographie[1℄ R. Dressler : Mathemati
al Solution of the problem of Roll Waves inin
lined open 
hannels. CPAM,1949, pp. 149-190.[2℄ N. Feni
hel, Geometri
 singular perturbation theory for ordinary di�e-rential equations, J. Di�. Eq. 31 (1979), p 53-98.[3℄ J. Harteri
h, Vis
ous pro�les for traveling waves of s
alar balan
e laws :The 
anard 
ase., Preprint to appear in Mathemati
al Analysis and Ap-pli
ation, 2000.[4℄ J. Haerteri
h, Homo
lini
 bifur
ations and roll-waves in shallow waterequations with small vis
osity, preprint 2002.[5℄ C.K.R.T. Jones : Geometri
 singular perturbation theory, vol. 1609 ofSpringer Le
tures Notes Math. Springer, 1999, pp 44-120.[6℄ M. Krupa and P. Szmolyan, Relaxation os
illations and Canard explo-sion, J. Di�. Eq. 174 (2001), p 312-368.[7℄ M. Krupa and P. Szmolyan, Extending geometri
 singular perturbationtheory to non hyperboli
 points- fold and Canard points in two dimen-sions, SIAM J. Math. Anal. 33 (2001), p 266-314.[8℄ D J. Needham J H. Merkin : On Roll-Waves down an open in
lined
hannel. Pro
. R. So
. Lond. A394, pp259-278, 1984.[9℄ P. Noble and S. Travadel, Non persisten
e of roll-waves under vis
ousperturbation, Dis
rete and Continuous Dynami
al Systems B 1 (2001),pp 61-70.[10℄ K. Sakamoto, Invariant manifolds in singular perturbation problems forordinary di�erential equations, Pro
. Roy. So
. Edinburgh Se
t. A 116(1990), no 1-2, pp 45-78.[11℄ J. Smoller : Sho
k waves and rea
tion di�usion equations, Springer, 1983.[12℄ J. J. Stoker : Water Waves. Pure and Applied Mathemati
s, Volume 4,Inters
ien
es Publishers, In
. New York, 1957.[13℄ S H. Wang H C. Chang : Turbulent and inertial Roll Waves in in
lined�lm 
ow. Phys.Fluids 30 , 1987, pp. 219-237.57



58



Chapitre 2Etude de la stabilit�e lin�eairedes Roll-WavesDans 
e 
hapitre, on �etudie la stabilit�e lin�eaire des roll-waves apparaissantdans les �e
oulements de faible profondeur. Les roll-waves sont des ondes pro-gressives dis
ontinues solutions entropiques des �equations de Saint Venant.Ce syst�eme d�e
rit un �e
oulement de faible profondeur sur une pente faible.L'existen
e de telles solutions a �et�e d�emontr�e par Dressler.Le but de 
e 
hapitre est d'abord de formuler de mani�ere rigoureuse leprobl�eme spe
tral asso
i�e �a la stabilit�e lin�eaire des roll-waves de Dressler.On prouve alors analytiquement que le probl�eme spe
tral obtenu ne poss�edepas de valeurs propres instables de grand module lorsque la longueur d'ondedes roll-waves 
onsid�er�ees deviennent grandes. On s'int�eresse �egalement �adeux 
as parti
uliers o�u les 
al
uls sont expli
ites. D'abord on montre queles roll-waves solutions de l'�equation de Burgers (d�e
rivant de mani�ere sa-tisfaisante les roll-waves de Dressler lorsque l'amplitude tend vers 0) sontlin�eairement instables. On d�emontre ensuite que dans la limite d'une pentenulle, les roll-waves 
onstruites par Dressler sont lin�eairement stables.
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On the linear stability of Roll-WavesPas
al NOBLEMath�ematiques pour l'Industrie et la Physique, UMR 5640Laboratoire MIP, Universit�e Paul Sabatier, 118 route de Narbonne, 31 062Toulouse Cedex, Fran
e.e-mail : noble�mip.ups-tlse.frAbstra
tIn this paper, we study the linear stability of \roll-waves" o

urring in shallowwater 
ows. Roll-waves are periodi
, dis
ontinuous travelling waves solutionsof the Saint Venant equations. This system des
ribes a shallow water 
owdownstream to a dam with a small slope. The existen
e of su
h pro�les iswell established due to a 
lassi
al work of Dressler.The purpose of this arti
le is to give a good formulation of the spe
tral prob-lem related to the linear stability of these roll-waves in a suitable spa
e offun
tions. Then it is proved analyti
ally that there are no unstable eigenval-ues of large modulus when the wavelength is large. We 
arry out a 
ompletestudy for the stability analysis of roll-waves in Burgers equations and for thestability of Dressler roll-waves when the slope of the 
hannel goes to zeroin Saint Venant equations. When the slope is suÆ
iently small, Dresslerroll-waves are proved to be linearly stable.2.1 Introdu
tionRoll-waves are well known hydrodynami
 instabilities appearing in shallowwater 
ows. It is in general of pra
ti
al importan
e to know their 
hara
ter-isti
s (wavelength, depth,...) in order to 
on
eive suitable prote
tion devi
es(for example in the 
ase of a river downstream to a dam). See Stoker [21℄.One mathemati
al model for this 
ow down an open in
lined 
hannel is givenby the Saint Venant equations augmented with a Chezy fri
tion termht + (hu)x = 0;(hu)t + (hu2 + g 
os � h22 )x = gh sin � � Cfu2; (2.1)where � represents the in
lination of the 
hannel and Cf its bottom resistan
e.In order to simplify the notations, let us de�ne S = tan(�) and G = g 
os(�).60



� xu(x; t)h(x; t)y

Travelling waves (h(x; t); u(x; t)) = �H(x� 
t); U(x� 
t)� solutions of (2.1)with wave speed 
 satisfy the system�HU(U � 
) +GH22 �0 = GHS � CfU2;�H(
� U)�0 = 0: (2.2)System (2.2) has no 
ontinuous periodi
 solutions. The idea is to sear
h forperiodi
 dis
ontinuous waves with entropi
 sho
ks. The solution must satisfythe Rankine-Hugoniot jump 
onditionsH+(
� U)+ = H�(
� U)� � K;K[U ℄+� = G[H22 ℄+�; (2.3)where + sign denotes the value of the fun
tions after the sho
ks and � signfor the fun
tions values before the sho
ks.Dressler [5℄ has proved the existen
e of su
h periodi
 travelling waves (witharbitrary wavelength and wave speed) by �tting together spe
ial 
ontinuoussolutions of the system (2.2) when F = sin(�)Cf > 4. The 
ondition F > 4 isalso a 
ondition for the uniform 
ow (H0; U0) (satisfying GH0 = CfH20 ) to beunstable [5℄. See Mathieu [13℄ for results on the 
ontrol of the Saint Venantequations and the existen
e aspe
ts.Other models are available to des
ribe the roll-wave phenomenon. Novik [17℄proposed a model equation (the vis
ous Burgers equation) to obtain 
ontin-uous solutions of roll-wave type. Following Whitham [26℄, Needham andMerkin [16℄ 
onsidered a Saint Venant model augmented with a vis
ous termand proved by a bifur
ation analysis that there exist small amplitude and
ontinuous roll-waves. See also Wang and Chang [25℄ for a 
omplete bifur-
ation analysis of the system. Ma
iel and Vila [11℄ studied the situation for61



a non Newtonian 
uid and proved the existen
e of roll-waves for Bingham
uids with the Dressler method. Kevorkian [27℄ and Kranenburg [7℄ 
arriedout asymptoti
 and numeri
al studies for the evolution of small periodi
 per-turbations of the 
onstant state for 0 < F � 4 << 1. They used multipletime s
ale expansions to derive the dominant evolution equations that governthe solution behavior for long times. They give asymptoti
 and numeri
alresults for periodi
 and isolated perturbations. They found in parti
ular thatan initial sinus perturbation 
onverges numeri
ally to the Dressler roll-wavewith the same spatial period. Moreover for a perturbation whi
h is a super-position of two periodi
 perturbations, the solution 
onverges to the Dresslerroll-wave with the largest wavelength. These observations are 
oherent withexperimentations led in arti�
ial 
hannels [14℄. See Vila [24℄, Mathieu [13℄and Jin [8℄ for pre
ise numeri
al s
hemes for the 
omputation of roll-waves.There are not so mu
h mathemati
al studies devoted to the roll-waves sta-bility. Tamada and Tougou [22℄ 
arried out a �rst study on roll-waves linearstability for thin laminar 
ow. They found a dispersion relation law whi
himplied that roll-waves were linearly stable for large wavelength. But theirapproa
h was not rigorous from a mathemati
al point of view: in fa
t theydidn't take into a

ount the sho
k movement e�e
ts in their linearizationwhi
h leads to another spe
tral problem. On the other hand, dis
ontinuousperiodi
 traveling waves are proved to be unstable for hyperboli
 s
alar bal-an
e laws [20℄,[9℄, [10℄. The purpose of the paper is to examine the linearstability of Dressler roll-waves when their wavelength is large. The startingpoint of our study is inspired by Majda's analysis of sho
k fronts linear sta-bility in hyperboli
 systems [12℄. The 
ontext is the following. We study thehyperboli
 system ut + (f(u))x = 0; (2.4)and the stability of a sho
k wave u de�ned byu(x; t) = ur if x > 
t;u(x; t) = ul if x < 
t;where (ur; ul) satisfy the Rankine-Hugoniot 
onditions f(ur)�f(ul) = 
(ur�ul). We are looking for a solution u(x; t) 
lose to u. The perturbation u mustbe regular on R � fX(t)g with X(t) 
lose to 
t (see �gure 2.1).For x � 0, we introdu
e u+(x; t) = u(x+X(t); t);u�(x; t) = u(X(t)� x; t):The perturbation u is solution of (2.4) i��tu� + �tX�xu� � df(u�)�xu� = 0 for x 6= 0;f(u+)� f(u�) = �tX(u+ � u�) for x = 0:62



xX(t)
tuu
Figure 2.1: Shape of the perturbation uWe fo
us on the linearizationL0� u+u�X 1A = � �tu+ + (df(ur) + 
)�xu+�tu� � (df(ul)� 
)�xu� � ;and B0� u+u�X 1A = �tX(ur � ul) + (df(ul)� 
)u� � (df(ur)� 
)u+:Then we write a Lopatinskii 
ondition for the linear operator (L;B) andde�ne the stability of a sho
k wave with this 
ondition. See [12℄, [19℄ andthe bibliography therein. This framework is also useful in hyperboli
 bal-an
e laws for the linear stability analysis of detonation waves [4℄ and thestability of phase transitions in van der Waals 
uids [2℄, [3℄. In the 
ase ofroll-wave linear stability, we will work in a spa
e of pie
e wise regular fun
-tions with a dis
rete (but in�nite) distribution of moving sho
ks 
lose to thesho
ks of a parti
ular roll-wave with wavelength L and wave speed 
. In our
ontext, due to the presen
e of in�nitely many sho
ks, a new ingredient isrequired. Loosely speaking, the idea is to �x all the sho
ks by means of aLips
hitz 
hange of 
oordinates, and to linearize the equations in this newreferen
e frame. More pre
isely, after the 
hange of 
oordinates, the roll-wave be
omes a steady state. Then, we pro
eed as explained in Serre [19℄and linearize both the di�erential system and the Rankine-Hugoniot jump
onditions. The whole pro
edure is explained in se
tion 2.2. This leads tothe spe
tral problem asso
iated to Dressler roll-wave with a wavelength L.Find � 2 C , (h; v) a pie
e wise C1 fun
tion with dis
ontinuities at pointsfiL; i 2 Zg, a bounded sequen
e �i 2 R su
h that lim�!�1 k(h; v)(�)k = 063



and (h; v; �i) satisfy the di�erential system(v � 
h)0 + �h = ���i + ��iLL (�i+1 � �i)�H 0�(GH � V 2H2 )h + (2VH � 
)v�0++ �v = (GS + 2CfV 2H3 )h� 2CfVH2 v++ �i+1��iL �GH22 + K2H �0++��i + ��iLL (�i+1 � �i)��V 0 (2.5)when � 2℄iL; (i+1)L[; i 2 Z and the sho
k values at points fiL; i 2 Zg satisfythe linearized Rankine-Hugoniot jump 
onditions[v � 
h℄iL = �i� [H℄iLh(GH � V 2H2 )h+ (2VH � 
)viiL = �i�
 [H℄iL (2.6)The fun
tions (H; V = HU) are the 
ontinuous pro�les of roll-waves 
om-puted by Dressler on the intervals ℄iL; (i + 1)L[.Moreover the di�erential system (2.5) possesses a singularity. This type ofproblem does not belong to the standard framework of Evans fun
tion forthe stability analysis of traveling waves (see [1℄, [18℄ and bibliography thereinfor more details on Evans fun
tion). We 
annot 
onstru
t a fun
tion of �vanishing when (h; v), (�n)n2Z is a solution of (2.5), (2.6). But we 
annot alsointegrate this system expli
itly. In order to simplify the analysis, we make
omputations for large wavelength L. We prove analyti
ally that there areno unstable eigenvalues of large modulus in the spa
e of fun
tions introdu
edbefore whi
h moreover de
rease to 0 at in�nity. To obtain a 
ontradi
tion,suppose there exist unstable eigenvalues of arbitrary large modulus. Thisassumption, together with the large wavelength assumption, provides an ap-proximation of the resolvent matrix when the system is non singular (WKBapproximation). We 
an 
ompute an expansion of the possible eigenfun
tionsat the dis
ontinuity points. The in
ompatibility of these values with the lin-earized Rankine-Hugoniot 
onditions then leads to the 
ontradi
tion. Theproof is divided into two parts. We �rst make the 
omputation for possibleunstable eigenvalues with large real parts and then for the ones with largeimaginary parts. We state the main result of this paperTheorem 1 There exist two growing fun
tions r1 � 0 and r2 � 0 and L0su
h that for any (�; L) satisfying Re(�) > r1(L) or L > L0 and jIm(�)j >r2(L), � is not an eigenvalue of the spe
tral problem (2.5), (2.6).Loosely speaking, it means that for large wavelength, there are no largeunstable eigenvalues for the spe
tral problem (2.5),(2.6).64
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=(�)I(T ) R(T ) <(�)NO UNSTABLE EIGENVALUES
Figure 2.2: Problem (2.5),(2.6) has no large unstable eigenvaluesWe fo
us on two 
ases where the 
omputations are expli
it. Firstly, westudy the linear stability of roll-waves solutions of invis
id Burgers equation.Se
ondly, we study the linear stability of Dressler roll-waves when the slope� goes to 0 in the Saint Venant equations. We 
an prove the result.Theorem 2 As � ! 0, there are no O(1) unstable eigenvalues and no O(�)unstable eigenvalues. There exists �0 > 0 su
h that for 0 < � < �0, theroll-waves are linearly stable.The paper is organized as follows. In the next se
tion, we re
all Dressler
onstru
tion of roll-waves and give their asymptoti
 shape as L, their wave-length, goes to in�nity. Then we 
onsider small perturbations of a roll-wave:we assume that they are pie
ewise C1 fun
tions with an in�nite distributionof sho
ks 
lose to those of the roll-wave 
onsidered. After a 
hange of 
o-ordinates whi
h �x these sho
ks, we obtain a new system and the roll-wavebe
omes a steady state. We linearize the equations and write the asso
iatedspe
tral problem. The se
tion 2.3 is devoted to the analysis of a simplerproblem: the linear stability of roll-waves solutions of Burgers equation. Inthis 
ase, the 
omputations are expli
it and we prove that roll-waves arelinearly unstable. The se
tions 2.4 and 2.5 are devoted to the proof of the-orem 1. First, we 
onsider possible unstable eigenvalues with a large realpart and then we study possible unstable eigenvalues with large imaginarypart. In both 
ases, the s
heme of the proof is the same. We 
ompute an65



expansion of a simple basis of solutions to the homogeneous problem in theareas where it is non singular. This yields an approximation of the resolventmatrix. Then, with the Duhamel formula, we 
al
ulate the sho
k values ofthe possible eigenfun
tions. Finally we obtain an asymptoti
 developmentof the sho
k values whi
h are proved to be in
ompatible with the linearizedRankine-Hugoniot 
onditions. The last se
tion is dedi
ated to the asymp-toti
 analysis � ! 0 and the proof of theorem 2. We restri
t our attention tothe spa
e of fun
tions with an exponential de
rease (i.e. there exists K and� > 0 su
h that max(jh(�)j; jv(�)j) � K exp(��j�j). We �rst 
onsider O(S)unstable eigenvalues. After a res
aling � = �S and � lying in a 
ompa
tset, we have a new spe
tral problem involving � whi
h is simpler: we 
anprove that there are no unstable eigenvalues for S suÆ
iently small. Then,we 
onsider O(1) unstable eigenvalues. Applying theorem 1, we 
an provethat for S suÆ
iently small, there are no O(1) unstable eigenvalues.2.2 Formulation of the spe
tral problemIn this se
tion, we re
all Dressler 
omputations of roll-waves (periodi
 andentropi
 travelling waves solutions of the Saint Venant equations) and presentthe asymptoti
 shape of the solution as the wavelength L goes to in�nity.Then, towards this example, we present a general method to study the linearstability of dis
ontinuous solutions of hyperboli
 systems with an arbitrary(even in�nite) numbers of sho
ks. It generalizes the approa
h proposed byMajda et al. [12℄,[4℄.2.2.1 Dressler analysisIn [5℄, Dressler looks for periodi
 travelling waves solutions of the invis
idSaint Venant equations. The problem is to �nd periodi
 solutions of theequation H 0 = �H(GS � Cf (
H�K)2H3 )(K2H2 )�GH = P1(H): (2.7)Integrating (2.7) under the form � = �0+R dhP1(h) , it is proved that (2.7) has no
ontinuous periodi
 solution [5℄. Thus, we are looking for periodi
 solutionswith dis
ontinuities whi
h satisfy entropi
 
onditions. We have the followingtheorem. 66



Theorem 3 Given any F = sin(�)Cf > 4 and (L; 
) there exists a pie
ewiseC1 periodi
 travelling wave with wave speed 
 and wavelength L, entropi
solution of the invis
id Saint Venant equations (2.1).We re
all the proof for 
ompleteness.Proof. Let H� be the height to the left of a sho
k and H+ the height to theright of this sho
k. The entropi
 sho
k must satisfy the Rankine-Hugoniotjump 
onditions G2KH2+ + KH+ = G2KH2� + KH� (2.8)The Saint Venant equations are similar to the isentropi
 Euler equations fora ideal gas with 
 = 2, where h plays the role of the density �. The entropy
ondition is equivalent to the Lax sho
k 
ondition (see [24℄ for more details).We �nd that U+ +pGH+ < 
 < U� +pGH�:Sin
e H(
� U) = K, we havepGH+ � KH+ < 0 <pGH� � KH� (2.9)Hen
e H+ < H� and we must have a point H0 su
h that H+ < H0 < H�and GKH0 � KH20 = 0: (2.10)Moreover we must have dHd� jH0 > 0 or equivalently F = sin(�)Cf > 4. The de-nominator of the fra
tion in (2.7) vanishes at point H0. To pass 
ontinuouslythrough this value, the numerator must also vanishes at this point H0GS � Cf (
H0 �K)2H30 = 0: (2.11)Hen
e equation (2.7) now readsdHd� = SH2 + (H0 � 
2GF )H + H20FH2 +H0H +H20 = P1(H): (2.12)The 
onstru
tion of a periodi
 solution with an arbitrary wavelength L is atthis point straightforward. Let H(�) be the spe
ial solution with H(0) = H0.It is de�ned impli
itly by H(�) = h, � = f1(h)S ; (2.13)67



where f1 is given byf1(h) = h�H0 + H2a +H0Ha +H20Ha �Hb ln( h�HaH0 �Ha )�� H2b +H0Hb +H20Ha �Hb ln( h�HbH0 �Hb ) (2.14)and Ha > Hb are the zeros of P1. The impli
it fun
tion � is obtained byintegration of (2.12). De�ne Hn(�) = H(� � nT ). We �t Hn and Hn+1together by means of an entropi
 sho
k. Eliminating the solution H+ = H�,the Rankine-Hugoniot 
ondition (2.8) now readsH+ +H� = 2H30H+H� : (2.15)We determine the position of the n-th sho
k �n
 with Hn(�n
 ) = H� andHn+1(�n
 ) = H+. This is equivalent to the relationZ H�H0 dhP1(h) = L+ Z H+H0 dhP1(h) : (2.16)Now, eliminatingH+ between (2.15) and (2.16) yields L as a fun
tion of H�.Then we have obtained periodi
 and entropi
 solutions of the Saint Venantequations. 2It is easy to derive the asymptoti
 behavior of this family of roll-waves asL goes to in�nity (see �gure 2.3).
H0HaH+
H�

� = x� 
tiL (i + 1)Ll(L)
Figure 2.3: Asymptoti
 shape of the roll-waveBoth 
onditions (2.10) and (2.11) implies that the intermediate height H0is given by H0 = 1g ( 
1+pF )2. As L ! 1, the maximum and the minimum68



heights of the roll-wave, H� and H+, have a limit: H+ ! Ha and H� ! H
.The asymptoti
 heights Ha and H
 have the formHa = H02F (1 + 2pF + (1 + 4pF ) 12 );and H
 satisfy the Rankine Hugoniot jump 
onditionH
 +Ha = 2H30HaH
 :Hen
e, as L!1, the amplitude of Dressler roll-waves remains �nite and thefun
tion l de�ned by l(L) = f1(H�)S has a �nite limit (see the �gure 2.3). Wenow investigate the linear stability of these roll-waves. First, we introdu
e arigorous framework to study this problem.2.2.2 Spe
tral problem 
omputationIn this se
tion, we are going to introdu
e a rigorous method to study thelinear stability of Dressler roll-waves. These roll-waves are parametrized byL the wavelength and 
 the wave speed. When these parameters are �xed,we will denote by H1 the minimum height of the roll-wave (whi
h is also theheight after a sho
k) and by H2 the maximum height of the roll-wave (whi
his also the height before the sho
k). We are going to work with the variables(h; v = hu). The Saint Venant equations then take the formht + vx = 0;vt + (Gh22 + v2h )x = GhS � Cf v2h2 : (2.17)The derivation of the spe
tral problem is inspired by a paper of Majda et al.[4℄. Let us �x a roll-wave (H; V = HU) with wave speed 
 and wavelengthL: the position of the sho
ks are given by �i(t) = 
t + iL. Now we 
onsidera small perturbation of this solution: we 
an suppose it is a pie
ewise C1fun
tion with dis
ontinuities at points 	i(t) = 
t + iL + �i(t). The �i aresupposed to be small and we have the following distribution of sho
ksDue to the Rankine Hugoniot 
onditions,[v℄	i = _	i [h℄	i ;hGh22 + v2h i	i = _	i [v℄	i : (2.18)In [4℄, 
hanging the moving frame of the sho
k made the detonation wavesteady. In our 
ase, be
ause of the existen
e of an in�nite distribution ofsho
ks, we have to �x all the dis
ontinuities in order to make the roll-wave69



t

shocks of 

the perturbation

x

	i(t)	i�1(t) 	i+1(t)
sho
ks of H
t+ (i� 1)L 
t+ iL 
t+ (i + 1)L

steady. We �x the sho
ks by working in the new system of 
oordinates(� = �(x; t); t) su
h that �(	i(t); t) = iL. The fun
tion � has the form8x 2℄	i(t);	i+1(t)[; �(x; t) = x� 	i(t)	i+1(t)� 	i(t)L+ iL (2.19)We 
an see on �gure (2.4) the shape of the fun
tion
x	2(t)	0(t) 	1(t)

�
L2L

Figure 2.4: The fun
tion �Remark: We 
an see that 
onsidering j�ij << 1, we have �(x; t) � x� 
t atthe �rst order: it looks like a 
hange of referen
e frame.The fun
tion � is Lips
hitz and the system is of order one so this 
hangeof 
oordinates is li
it and does not 
hange the Rankine-Hugoniot jump 
on-ditions. We make the 
hange of 
oordinates h(x; t) = h(�(x; t); t), where his a pie
ewise C1 fun
tion with dis
ontinuities at points fiL; i 2 Zg. The70



derivation rules are given by�h�x = �h�� L	i+1 � 	i ;�h�t = �h�t � L	i+1 � 	i� _	i + � � iLL ( _	i+1 � _	i)��h�� : (2.20)Then we repla
e (2.20) into (2.17) and dropping the overlines into the equa-tions, the Saint Venant system now readsht + L	i+1 �	i�v� � � _	i + � � iLL ( _	i+1 � _	i)�h�� = 0;vt + L	i+1 � 	i�Gh22 + v2h ���� L	i+1 � 	i � _	i + � � iLL ( _	i+1 � _	i)�v� = GhS � Cf v2h2 : (2.21)
At the dis
ontinuity points iL, the jump 
onditions remain the same:[v℄iL = _	i [h℄iL ;hGh22 + v2h iiL = _	i [v℄iL : (2.22)The parti
ular solution (H; V; �i(t) = 
t + iL) 
omputed by Dressler is nowa steady solution of (2.21) and (2.22). We linearize (2.21) and (2.22) aroundthe steady state (h; v;	i(t)) = (H; V; �i(t) = 
t + iL), where (H; V; 
t + iL)is a periodi
 and entropi
 travelling wave parametrized by the wavelengthL. The variable � 
an be expressed as a fun
tion of H(�) ( see the previousse
tion) and we repla
e� � iLL = f1(H(�))� f1(H1)f1(H2)� f1(H1) = F12(H(�))in system (2.21).Then the linearization of the equations (2.21), (2.22) yieldsht + (v � 
h)� = � _�i + F12(H(�))( _�i+1 � _�i)�H 0(�) ++�i+1 � �iL �V 0(�)� 
H 0(�)�;71



vt + ��GH � V 2H2 �h+ �2VH � 
�v�� == �GS + 2Cf V 2H3�h� 2CfVH2 v ++ �i+1 � �iL �GH22 + K2H �0(�) ++ � _�i + F12(H(�))( _�i+1 � _�i)�V 0(�) (2.23)and the linearized Rankine-Hugoniot 
onditions are given byhv � 
hiiL = _�i�H�iL;h(GH � V 2H2 )h+ (2VH � 
)viiL = _�i�V �iL: (2.24)We are looking for solutions (h; v; �i) with an exponential growth in time:h = h exp(�t), v = v exp(�t) and �i(t) = �i exp(�t). Dropping the under-lines, the equations (2.23) and (2.24) yields the spe
tral problemSpe
tral problemFind � 2 C , (h; v) a pie
ewise C1 fun
tion with dis
ontinuities at pointsfiL; i 2 Zg, a bounded sequen
e (�i)i2Z 2 R su
h that lim�!�1 k(h; v)(�)k =0 and (h; v; �i) satisfy the di�erential system(v � 
h)0 + �h = ���i + F12(H(�))(�i+1 � �i)�H 0�(GH � V 2H2 )h + (2VH � 
)v�0++ �v = (GS + 2CfV 2H3 )h� 2CfVH2 v++ �i+1��iL �GH22 + K2H �0++��i + F12(H(�))(�i+1 � �i)��V 0 (2.25)
when � 2℄iL; (i+1)L[; i 2 Z and the sho
k values at points fiL; i 2 Zg satisfythe linearized Rankine-Hugoniot jump 
onditionshv � 
hiiL = �i��H�iL;h(GH � V 2H2 )h + (2VH � 
)viiL = �i�
�H�iL: (2.26)
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In order to simplify the notations, we write the di�erential system (2.25)under a matri
ial formA(H(�))� h0v0 �+ (B(H(�)) + �Id)� hv � = �H 0(�)� �i(H(�))�i(H(�)) � (2.27)The matrix A;B and fun
tions �i; �i are easily obtained by identi�
ation in(2.25). In parti
ular, we haveA(H) = � �
 1GH � (
H�K)2H2 2 
H�KH � 
 � : (2.28)The matrix A(H) is diagonalizable and the redu
tion givesA(H(�)) = P�1DP (H(�))with D(H) = diag(�KH +pGH;�KH �pGH);D(H) = diag(d1(H); d2(H)):P (H) = � pGH � 
+ KH 1�pGH � 
+ KH 1 � (2.29)In order to get a simpler di�erential system, we introdu
e the new variables� gr � = P (H(�))� hv � ; (2.30)The di�erential system satis�ed by (g; r) is given byd1(H(�))g0 + (
1(H(�)) + �)g + 
2(H(�))r = 
i(H(�));d2(H(�))r0 + (
4(H(�)) + �)r + 
3(H(�))g = Æi(H(�)): (2.31)Remark: Noti
e that d1(H0) = 0 and the di�erential system (2.31) issingular at points �0i su
h that �0i 2℄iL; (i + 1)L[ and H(�0i ) = H0.Let us note u(H) = 
 � KH . The 
oeÆ
ients 
1; 
2; 
3; 
4 and 
i, Æi havethe form
i(H) = ��P1(H)��i + L� l(L) + f1(H)SL (�i+1 � �i)�d2(H)���i+1 � �iL (GH � K2H2 )P1(H);73



Æi(H) = ��P1(H)��i + L� l(L) + f1(H)SL (�i+1 � �i)�d1(H)���i+1 � �iL (GH � K2H2 )P1(H);
1(H) = 14pGH�(4Cf u(H)pGHH � 2GS) ++P1(H)( KH2 (5pGH � 2KH ) +G)�;
2(H) = 14pGH�(4Cf u(H)pGHH + 2GS) ++P1(H)( KH2 (pGH + 2KH )�G)�;
3(H) = 14pGH�(4Cf u(H)pGHH � 2GS) ++P1(H)( KH2 (pGH � 2KH ) +G)�;
4(H) = 14pGH�(4Cf u(H)pGHH + 2GS) ++P1(H)( KH2 (7pGH + 2KH ) +G)�: (2.32)Let us re
all that l(L) = f1(H2)S where H2 is the maximum height of theroll-wave, the variable � 
an be written � = f1(H(�))S andP1(H) = SH2 + (H0 � 
2GF )H + H20FH2 +H0H +H20 :With these new variables, the linearized Rankine-Hugoniot 
onditions readhE(H)� gr �iiL = �i��H�iL� 1
 � (2.33)with E(H) = A(H)P�1(H).The dependen
e of 
1; 
2; 
3; 
4 and 
i, Æi with respe
t to h 2 [H1; H2℄ (whi
h74



are the minimum and the maximum heights of the roll-wave) on the onehand and the 
hara
teristi
 numbers of the 
ow S; F; 
; L on the other handare 
omplex. Hen
e to get a simpler form of the 
oeÆ
ients, we 
onsider thefun
tions 
j(h) = 
j(H0h), 
i(h) = 
i(H0h), Æi(h) = Æi(H0h). A lengthy buteasy 
omputation yields
j(h) = GS(1 +pF )
 Cj(h);
i(h) = GS(1 +pF )
 �i(h); Æi(h) = gS(1 +pF )
 �i(h)with�i(h) = �� 
2(1 +pF )2p(h)D2(h)��i + (1� f(h2)� f(h)f(h2)� f(h1))(�i+1 � �i)��� �i+1 � �if(h2)� f(h1) S
1 +pF p(h)(h� 1h2 );�i(h) = �� 
2(1 +pF )2p(h)D1(h)��i + (1� f(h2)� f(h)f(h2)� f(h1))(�i+1 � �i)��� �i+1 � �if(h2)� f(h1) S
1 +pF P (h)(h� 1h2 );C1(h) = 14ph�41 +pFFph (1� 1(1 +pF )h)� 2 ++p(h)(1 + 1h2 (5ph� 2h))�;C2(h) = 14ph�41 +pFFph (1� 1(1 +pF )h) + 2 ++p(h)(�1 + 1h2 (ph+ 2h))�;C3(h) = 14ph�41 +pFFph (1� 1(1 +pF )h)� 2 ++p(h)(1 + 1h2 (ph� 2h))�;75



C4(h) = 14ph�41 +pFFph (1� 1(1 +pF )h) + 2 ++p(h)(1 + 1h2 (7ph+ 2h))�; (2.34)and D1(h) = 1G(ph� 1h); D2(h) = � 1G(ph+ 1h); f(h) = f1(H0h);p(h) = P1(H0h)S = h2 + (1� (1 + 1pF )2)h+ 1Fh2 + h+ 1and hi = HiH0 for i = 1; 2.These redu
ed expressions will take a great importan
e in the last se
-tion where we study the asymptoti
 S ! 0. Moreover, they 
larify thedependen
e of the 
oeÆ
ients with respe
t to H = H0h and S; 
; F; L the
hara
teristi
 numbers of the roll-wave 
onsidered.There exists one solution of the di�erential system whi
h is analyti
 on℄iL; (i + 1)L[. Hen
e in order to prove theorem 1, the task is two fold. Onthe one hand, we have to 
ompute a good approximation of the resolventmatrix as j�j ! 1 and L ! 1 when the system is non singular. On theother hand, we have to 
arry out a pre
ise analysis of the analyti
al solutionof (2.31) in the neighborhood of �0i . This is done in the forth
oming se
tionstarting with the 
ase of possible unstable eigenvalues with large real partand then for large imaginary part.Using the singularity of the system (2.31) at points �0i , we 
an prove thefollowing lemmaLemma 1 The spe
tral problem (2.25), (2.26) has no solutions whi
h de-
rease to 0 at in�nity when �i = 0.Proof. In this 
ase, the di�erential system (2.25) readsA(H(�))� h0v0 � + (B(H(�)) + �Id)� hv � = 0: (2.35)The di�erential system (2.35) has singularities at points �0i 2℄iL; (i + 1)L[su
h that H(�0i ) = H0 and it possesses a one dimensional ve
tor spa
e ofanalyti
 solutions. Let us note (H;V) the analyti
 solution of (2.35) su
hthat H(�00) = 1. We look for a solution (h; v) of (2.35) su
h that h(�00) = 1.76



Then (h; v)(�) = �i(H;V)(�) for all � 2℄iL; (i+1)L[. The Rankine Hugoniotjump 
onditions (2.26) imply that�i+1(V � 
H)� = �i(V � 
H)+Then we obtain �i = qi with q = (V�
H)+(V�
H)� . Then either jqj 6= 1 and thesolution (h; v) blows up in �1, either jqj = 1 but then (jhj; jvj) is a periodi
fun
tion and does not de
rease to 0 as � ! �1. Thus the lemma is proved.2As a 
on
lusion, we mention that we have introdu
ed in this se
tion a generalframework in order to study the linear stability of entropi
 solutions with anin�nite distribution of sho
ks solutions of hyperboli
 systems with a sour
eterm. This method generalizes the approa
h proposed by Majda [12℄,[4℄ tostudy the linear stability of sho
k waves with a single sho
k. Before provingtheorem 1, we apply this method to the analysis of roll-waves linear stabilityfor Burgers equation. In this 
ase, the 
omputations are expli
it and it is agood introdu
tion before the proof of theorem 1.2.3 Linear stability of roll-waves for BurgersequationsIn this se
tion, we study the linear stability of roll-waves solutions of theBurgers equation. It is known that s
alar hyperboli
 
onservation laws witha sour
e term ut + (f(u))x = g(u) (2.36)and periodi
 initial data u0 have a property of Poin
ar�e Bendixon typenamely any bounded solution 
onverges either to a 
onstant, either to a pe-riodi
 travelling wave (see [6℄, [10℄). This property 
hara
terizes the possiblebehavior of the solutions of (2.36). There remains the question of whether,given an initial value, the 
orresponding solution 
onverges either to a 
on-stant or to a travelling wave. Lyberopoulos [9℄ and Sinestrari [20℄ have provedthat periodi
 traveling waves are in general unstable. So the result presentedhere is not new but the Burgers equation provides a good example to ap-ply the method introdu
ed in the se
tion 2.2 before dealing with the 
ase ofDressler roll-waves. In the 
ase of Burgers equation, the 
omputations areexpli
it and the roll-waves are proved to be linearly unstable. The Burgersequation is given by ut + uux = u (2.37)It provides a good model of roll-waves when the wavelength is small. Thereexists a family of periodi
 and entropi
 steady solutions UL(x) parametri-zed by the wavelength L. We have UL(x) = x � L2 for x 2℄0; L[ and UL77



is L-periodi
. The solution UL satisfy the Rankine-Hugoniot 
onditionsUL(iL)+ = �UL(iL)�. (see �gure 2.5). U
0 xL2

�L2 L
Figure 2.5: Roll-waves in the Burgers equationNow we study their linear stability. Assume u to be a small perturbation ofUL with sho
ks at points  i(t) = iL + �i(t) and j�i(t)j << 1. The Rankine-Hugoniot jump 
onditions read[u22 ℄ i = _�i[u℄ i (2.38)We make the 
hange of 
oordinates (x; t)! (�(x; t); t) introdu
ed in se
tion2.2. This leads to the new equationut + L i+1 �  i (uu� � ( _�i + � � iLL ( _�i+1 � _�i))u�) = u (2.39)Now, let us repla
e ��iLL = ULL + 12 in (2.39). Then, the linearized equationaround the steady state (u;  i) = (UL; iL) 
an be writtenut + ULu� = �i+1 � �iL UL + (_�i + (ULL + 12)( _�i+1 � _�i)) (2.40)The linearized Rankine-Hugoniot 
onditions are given by[ULu℄iL = _�i[UL℄iL (2.41)We are looking for solutions with an exponential growth in time: u =exp(�t)u and �i(t) = exp(�t)�i. Dropping the underlines, it yields the spe
-tral problem 78



Find � 2 C , a fun
tion u C1 in RnfiL; i 2 Zg, a bounded sequen
e (�i)i2Zsatisfying lim�!�1 u(�) = 0 and (u; �i) solution ofULu� + �u = �i+1 � �iL UL(1 + �) + ��i+1 + �i2 (2.42)u(iL)+ + u(iL)�2 = �i� (2.43)When � 6= 0, the equation (2.42) has a unique analyti
al solution on ℄iL; (i+1)L[, u(�) = �i+1 + �i2 + �i+1 � �iL UL(�): (2.44)Then, we �nd u(iL)+ = �i and u(iL)� = �i. The linearized Rankine-Hugoniot
onditions read: �i(� � 1) = 0. If � 6= 1 and � 6= 0, then �i = 0 and theanalyti
al solution u is equal to 0. Thus � is not an eigenvalue. When � = 0,�i = 0 and the parti
ular solution u(�) = (�1)iC on ℄iL; (i+1)L[ satisfy (2.42)and (2.43) but does not satisfy the growth assumptions. We now 
onsiderthe 
ase when � = 1. It is possible to 
onstru
t a family of eigenfun
tionssolutions of the spe
tral problem and asso
iated to the unstable eigenvalue� = 1. Let us take an arbitrary sequen
e �i 2 R satisfying limjij!�1 �i = 0.Then 
onsider a fun
tion u 
ontinuous and aÆne on the intervals ℄iL; (i+1)L[with u(iL) = �i (see �gure 2.6).
0 p0 p1 p2 �u

L
Figure 2.6: Shape of the eigenfun
tion uThen the fun
tion u(�; t) = exp(t)u(�) is an eigenfun
tion asso
iated to theeigenvalue � = 1 and solution of the spe
tral problem. Then the roll-waves ofthe Burgers equation are proved to be unstable. This result is in agreementwith the results obtained in [9℄,[20℄. The Burgers equation is a good modelto des
ribe small amplitude roll-waves solution of the Saint Venant equationsand Dressler roll-waves are linearly unstable when their wavelength L goesto 0. 79



This instability has an easy interpretation. Integrating equation (2.37) overthe whole spa
e, we �nd ddt ZR u(x)dx = ZR u(x)dx:Thus if RR u0(x)dx 6= 0, the spatial mean RR u(x; :)dx grows exponentiallywith time. Exploiting this property, Lyberopoulos has proved that the initialdata for whi
h the solution tends to a travelling wave are exa
tly those withmean zero; in all the other 
ases, the solution diverges [9℄. Then, the roll-waves are linearly stable if we restri
t the fun
tional spa
e and 
onsider onlyfun
tions u su
h that RR u(x)dx = 0.Now we 
ome ba
k to the Saint Venant system and start the proof of theorem1 for possible eigenvalues with large real part.2.4 Proof of theorem 1: the 
ase of large realpartIn this se
tion, we prove the �rst part of theorem 1: there exists a fun
tionr1 (r1 is a growing fun
tion of L) su
h that if Re(�) � r1(L), � is not aneigenvalue of the spe
tral problem (2.25), (2.26). In order to prove this prop-erty, let us work with the diagonalized spe
tral problem (2.31), (2.33). Toobtain a 
ontradi
tion, suppose that (2.31), (2.33) has unstable eigenvalues� with an arbitrary large real part. Under this hypothesis, we 
an 
omputean asymptoti
 expansion of the sho
k values (g(iL)�; r(iL)�); i 2 Z where(g; r) is a possible eigenfun
tion asso
iated to the eigenvalue �. The + signdenotes the value after the dis
ontinuity and the � sign the value before thedis
ontinuity. Then we prove that these sho
k values are in
ompatible withthe linearized Rankine Hugoniot 
onditions (2.33).Let us �x the interval Ii =℄iL; (i + 1)L[. On Ii, the possible eigenfun
tion(g; r) satisfy the di�erential systemd1(H(�))g0 + (
1(H(�)) + �)g + 
2(H(�))r = 
i(H(�));d2(H(�))r0 + (
4(H(�)) + �)r + 
3(H(�))g = Æi(H(�)): (2.45)There exists a point �0i 2 Ii su
h that d1(H(�0i )) = 0 and the system (2.45)is singular at this point. System (2.45) possess an analyti
 solution g; ron Ii. We want to 
ompute the sho
k values (g(iL)+; r(iL)+) and (g((i +1)L)�; r((i+ 1)L)�). The s
heme of the 
al
ulation is the following. Let us�x � > 0 arbitrary small. We �rst work on the interval I+i =℄�0i + �; (i+1)L[.80



We 
ompute a simple basis of solutions of the homogeneous systemd1(H(�))g0 + (
1(H(�)) + �)g + 
2(H(�))r = 0;d2(H(�))r0 + (
4(H(�)) + �)r + 
3(H(�))g = 0: (2.46)In fa
t, we just have an asymptoti
 expansion of this basis as Re(�) goesto in�nity. This yields an asymptoti
 expansion of the resolvent matrixR+(�; t; s). With a variation of the 
onstant we 
an 
ompute an asymptoti
expansion of (g((i + 1)L)�; r((i + 1)L)�). These values are dependent ofg(�0i + �) and r(�0i + �) but we shall see later that it has no in
uen
e on theresult provided we have 
hosen jij suÆ
iently large. To 
ompute the values(g(iL)+; r(iL)+), we work on the interval I�i =℄iL; �0i � �[ and the s
heme ofthe 
al
ulation remains the same.
�0i + � �

g r
�0i + ��0i � � ��0i � �

g((i+ 1)L)�g(iL)+ r(iL)+r((i+ 1)L)�(i+ 1)LiL iL (i+ 1)L
2.4.1 Asymptoti
 expansion of �g�(i + 1)L��; r�(i +1)L���We need a pre
ise expansion of the resolvent matrix on I+i and I�i to ensurethat the errors we make when we take the approximated resolvent matrixin the variation of the 
onstant are not relevant. These 
omputations areinspired by Nayfeh [15℄ and Tits
hmars
h [23℄.We �rst 
ompute an approximation of the resolvent matrix R+(�; t; s) as-so
iated to the homogeneous system (2.46) on I+i . For this purpose, we
al
ulate a basis of solution. On the interval I+i , we have d1(H) > 0 andd2(H) < 0. Thus, we are looking for a �rst solution whi
h de
reases to 0 asRe(�)!1 and a se
ond solution (independent of the �rst one) whi
h blowsup exponentially as Re(�)!1. This is done in the following lemmas81



Proposition 5 Consider the linear di�erential systemu01 + (a(t) + �e1(t))u1 + b(t)u2 = 0;u02 + (d(t)� �e2(t))u2 + 
(t)u1 = 0; (2.47)for t 2 [0; T ℄. We suppose that a; b; 
; d; e1; e2 2 C0(0; T ) andmin(0;T )(e1; e2) �Æ > 0 Then there exists a solution whi
h has the form� u1u2 � = (Id+ P (�; t)) exp(� R t0 a+ �e1ds)exp(R Tt d� �e2ds) ! (2.48)with k P (�; :) k1� �

 be1 + e2

1 + 

 
e1 + e2

1� C(T )Re(�)and C(T ) = O� exp �(kak1 + kdk1)T ��:This solution de
reases to 0 as Re(�)!1.Proposition 6 There exists a solution whi
h has the form� u1u2 � = (Id+Q(�; t)) exp(R Tt �e1 + ads)exp(R t0 �e2 � dds) ! (2.49)with k Q(�; :) k1� �

 be1 + e2

1 + 

 
e1 + e2

1� C(T )Re(�)and C(T ) = O� exp �(kak1 + kdk1)T ��:This solution blows up as Re(�)!1.We apply these propositions to the system (2.46) witha = 
1d1 ; b = 
2d1 ; 
 = 
3d2 ;d = 
4d2 ; e1 = 1d1 ; e2 = � 1d2and the interval (0; T ) is repla
ed by ℄�0i + �; (i + 1)L[. We �nd a basis ofsolutions (B1(�; t); B2(�; t)) whereB1(�; �) = (Id+ P1(�; �)) exp(� R ��0i +� �+
1(H(s))d1(H(s)) ds)exp(R (i+1)L� �+
4(H(s))d2(H(s)) ds) ! (2.50)82



and B2(�; �) = (Id+ P2(�; �)) exp(R (i+1)L� �+
1(H(s))d1(H(s)) ds)exp(� R ��0i +� �+
4(H(s))d2(H(s)) ds) ! (2.51)where P1 represents the matrix P (:; �) of the proposition 5 and P2 representsthe matrix Q(:; �) of the proposition 6. Sin
e the estimatesj
2(H(�))jjd1(H(�))jj 1d1(H(�)) � 1d2(H(�)) j � K; 8� 2 I+i (2.52)and j
3(H(�))jjd2(H(�))jj 1d1(H(�)) � 1d2(H(�)) j � K; 8� 2 I+i (2.53)are valid for all � > 0, the presen
e of the singularity does not 
hange the �nalresult and we have kPi(�; :)k � C(T )Re(�) with T = diam(I+i ). Sin
e T = l(L)remains �nite as L goes to in�nity, these estimates are uniform with respe
tto L and kPi(�; :)k � CRe(�) . Let us note B(�; t) = (B1(�; t); B2(�; t)). Theresolvent matrix R+(�; t; s) is then given by R+(�; t; s) = B(�; t)�B�1(�; s).With a short 
omputation, we 
an prove thatR+(�; t; s) =  exp(� R ts �+
1(H(u))d1(H(u)) du) 00 exp(� R ts �+
4(H(u))d2(H(u)) du)!���Id+O� 1Re(�)�� (2.54)We 
an 
ompute an expansion of �g�(i + 1)L��; r�(i+ 1)L���. The resultis given in the following lemmaLemma 2 For large Re(�), the sho
ks values �g�(i + 1)L��; r�(i + 1)L���of the possible eigenfun
tions (g; r) have the expansiong�(i+ 1)L�� = g�i �1 +O� 1Re(�)��;r�(i + 1)L�� = r�i �1 +O� 1Re(�)��; (2.55)83



withg�i = lim�!0 exp �� Z H2H+� 
1 + �P1d1 �g(�0i + �)� Z H2H+� exp �� Z H2h 
1 + �P1d1 ��d2d1 ��i + L� l(L) + f1(h)SL (�i+1 � �i)�dh� Z H2H+� exp �� Z H2h 
1 + �P1d1 ���i+1 � �iL �d2P1(h)dh!;
r�i = lim�!0 exp �� Z H2H+� 
4 + �P1d2 �r(�0i + �)� Z H2H+� exp �� Z H2h 
4 + �P1d2 ��d1d2 ��i + L� l(L) + f1(h)SL (�i+1 � �i)�dh� Z H2H+� exp �� Z H2h 
4 + �P1d2 ���i+1 � �iL �d1P1(h)dh!;where H+� is de�ned by H+� = H(�0i + �) = H0 + �(�) and � is a O(�)fun
tion. The height H2 is the maximum height of the roll-wave 
onsidered.Proof.We make a variation of the 
onstant with the approximated resolventmatrix R+(�; t; s) on the interval ℄�0i + �(�); (i + 1)L[. The sho
k valuesg�(i+ 1)L��; r�(i+ 1)L�� are given by the Duhamel formula g�(i+ 1)L��r�(i+ 1)L��! = R+(�; (i+ 1)L; �0i + �)� g(�0i + �)r(�0i + �)� ++ Z (i+1)L�0i +� R+(�; t; s)� 
i(H(s))Æi(H(s))� ds:After a 
hange of variable � ! H(�) in the integrals, we get (g�i ; r�i ). As�! 0, the integrals 
onsidered remain 
onvergent. The singularity does not
hange the �nal result and we 
an make �! 0 in the formula obtained. 2Remark: In the sequel, in order to simplify the notation, we only keepthe prin
ipal parts (g�i ; r�i ) of the sho
k values expansions. The other termswill not have any in
uen
e on the demonstration of the result.84



We now 
ompute an asymptoti
 expansion of (g�i ; r�i ). We make su

es-sive integration by parts.Estimate of g�i . We re
all that g�i is given byg�i = lim�!0 exp �� Z H2H+� 
1 + �P1d1 �g(�0i + �)� Z H2H+� exp�� Z H2h 
1 + �P1d1 ��d2d1 ��i + L� l(L) + f1(h)SL (�i+1 � �i)�dh� Z H2H+� exp�� Z H2h 
1 + �P1d1 ���i+1 � �iL �d2P1(h)dh!:We start with the �rst term. We are looking for possible eigenfun
tions(g; r) whi
h de
rease to 0 as j�j ! 1. Moreover we take the normalization
ondition max℄�1;+1[(j(g; r)j) < 1:Let us re
all that d1(h) = d01(H0)(h�H0) + o(h�H0) and d01(H0) > 0. Wehave also P1(H0) > 0. Then we 
an prove thatZ H2H+� 
1 + �P1d1 dh = �
1(H0) + �P1d01(H0) ln(�) +M + o(1):Hen
e we have for a suÆ
iently large Re(�)exp �� Z H2H+� 
1 + �P1d1 �g(�0i + �) = O(�):Then we have �g�i = lim�!0 I1(�) + I2(�) + I3(�) where Ii are the integralsI1(�) = �i Z H2H+� exp �� Z H2h 
1 + �P1d1 ��d2d1 dh;I2(�) = (�i+1 � �i) Z H2H+� exp�� Z H2h 
1 + �P1d1 ��d2d1 L� l(L) + f1(h)L dh;I3(�) = ��i+1 � �iL Z H2H+� exp �� Z H2h 
1 + �P1d1 �d2P1(h)dh:Starting with I1, an integration by parts yieldsI1 = lim�!0 I1(�) = �id2P1(H2) +O�max(j�ij; j�i+1j)j�j �: (2.56)85



Similarly, the same 
omputations on I2 = lim�!0 I2(�) and I3 = lim�!0 I3(�)gives I2 = (�i+1 � �i)d2P1(H2) +O�max(j�ij; j�i+1j)j�j � (2.57)and I3 = O�max(j�ij; j�i+1j)j�j �: (2.58)We put the estimates (2.56),(2.57) and (2.58) together to get the followingexpansion. g�i = ��i+1d2P1(H2) +O�max(j�ij; j�i+1j)j�j �We are going to make similar 
omputations for the next expansions. We now
ome to the estimate of r�i .Estimate of r�i . We re
all thatr�i = lim�!0 exp �� Z H2H+� 
4 + �P1d2 �r(�0i + �)� Z H2H+� exp �� Z H2h 
4 + �P1d2 ��d1d2 ��i + L� l(L) + f1(h)SL (�i+1 � �i)�dh� Z H2H+� exp �� Z H2h 
4 + �P1d2 ���i+1 � �iL �d1P1(h)dh!;The 
omputations are similar to the previous 
ase. Let us noter�i = lim�!0 exp �� Z H2H+� 
4 + �d2P1 ��r(�0i + �)� (I1 + I2 + I3)(�)�:We obtain an expansion of (Ii; i = 1 � � �3) again with the aid of integrationby parts. Starting with the �rst integral I1 = lim�!0 I1(�) given byI1 = �i Z H2H0 exp �Z hH0 
4 + �d2P1 ��d1d2 ;we obtain the expansionI1 = ��i��d01d2H 02(H0) +O� 1j�j��:The same argument holds for the se
ond integral I2 and we getI2 = �L� l(L)L (�i+1 � �i)d01d2H 02(H0)� +O�max(j�i+1j; j�ij)j�j2 �:86



For the last integral I3, we prove thatI3 = �i+1 � �iL d1d2(H0)P1(H0)� +O�max(j�i+1j; j�ij)j�j2 �:We put these estimates together to obtain the expansion of r�i :r�i = exp �� Z H2H0 
4 + �d2P1 ��r(�0i ) +O�max(j�i+1j; j�ij)j�j ��:Remark: We 
an see that exp(� R HbH0 
4+�d2P1 ) grows up exponentially withRe(�).Now the point is to 
ompute the expansions of the values �g(iL)+; r(iL)+�.2.4.2 Asymptoti
 expansion of �g(iL)+; r(iL)+�We �rst 
ompute an approximation of the resolvent matrix R�(�; t; s) as-so
iated to the homogeneous system (2.46) on I�i . For this purpose, we
al
ulate a basis of solution. On the interval I�i , we have d1(H(�)) < 0 andd2(H(�)) < 0. Thus, we are looking for a basis of solution whi
h de
reasesto 0 as Re(�)!1. Moreover, sin
e we want to investigate a large range ofL, we try to �nd expansions with better error estimates than those proposedin proposition 5 and 6. This is done in the following propositionProposition 7 Consider the linear di�erential system� u01 + (a(t)� �e1(t))u1 + b(t)u2 = 0;u02 + (d(t)� �e2(t))u2 + 
(t)u1 = 0; (2.59)for t 2 [�T; 0℄. We suppose that a; b; 
; d; e1; e2 2 C0(�T; 0) and e1 > e2Then there exists a basis of solutions whi
h has the form(u1; v1) = �Id+ P (�; t)�� exp R 0t a� �e1; exp R t�T d� �e2�(u2; v2) = �Id+Q(�; t)��0; exp R 0t d� �e2� (2.60)with kP (�; :)k � �

 be1 + e2

1 + 

 
e1 + e2

1�m1(T )Re(�)and kQ(�; :)k � �

 be1 + e2

1 + 

 
e1 + e2

1) m2Re(�) :The 
onstant m1 grows exponentially with T :m1(T ) = O� exp �(kak1 + kdk1)T ��:These solutions de
rease to 0 as Re(�)!1.87



Proof. The proof is similar to the proof of proposition 5: see the appendix.2We apply this result on the interval ℄iL; �0i � �[ witha = � 
1d1 ; b = � 
2d1 ; 
 = � 
3d2 ;d = � 
4d2 ; e1 = � 1d1 ; e2 = � 1d2 :We �nd an approximation of the resolvent matrix R�(�; t; s) on ℄iL; �0i � �[.Sin
e the estimates j
2(H(�))jjd1(H(�))jj 1d1(H(�)) + 1d2(H(�)) j � K; 8� 2 I�i (2.61)and j
3(H(�))jjd2(H(�))jj 1d1(H(�)) + 1d2(H(�)) j � K; 8� 2 I�i (2.62)are valid for all � > 0, the presen
e of the singularity does not 
hange the�nal result. The approximation is valid on I�i and we have kP (�; :)k � m1(T )Re(�)and kQ(�; :)k � m2Re(�) with T = diam(I+i ). We will 
onsider large wavelengthL and diam(℄iL; �0i [) ! 1. Hen
e we must have Re(�) growing faster thanexp(kL) in order to keep the estimates valid in proposition 7 and the fun
tionr1 in theorem 1 would have an exponential growth. In order to get a betterresult, we take into a

ount the fa
t that the 
oeÆ
ients in (2.46) tend to
onstants as L!1. We state the lemma.Lemma 3 Consider the di�erential system with 
onstant 
oeÆ
ientsu0 + (a + �e1)u+ bv = 0;v0 + (d+ �e2)v + 
u = 0 (2.63)with e1 6= e2 on the interval [0; T ℄.As Re(�) ! 1, the resolvent matrix hasthe following form R(�; t) = R0(�; t)�Id+O� TRe(�)�� (2.64)with R0(�; t) = diag� exp�(a + �e1)t; exp�(d+ �e2)t�:88



Ba
k to the initial problem, the 
oeÆ
ients tend to a 
onstant exponen-tially so we must add a O(exp(�kL)) term in the error estimate but it doesnot 
hange the �nal result: the 
onstant m1 in the proposition 7 is O(T ).Applying these propositions to the initial problem, we have found an approx-imation R�(�; t; s) of the resolvent matrix on the interval ℄iL; �0i � �[ with apre
ision up to order O� LRe(�)�.We now 
an 
ompute an expansion of �g(iL)+; r(iL)+�. The proof of thefollowing lemma is analogous to the proof of lemma 2.Lemma 4 For large Re(�), the sho
ks values �g(iL)+; r(iL)+� of the possibleeigenfun
tions (g; r) have the expansiong(iL)+ = g+i �1 +O� LRe(�)��;r(iL)+ = r+i �1 +O� LRe(�)�� (2.65)withg+i = lim�!0 exp�Z H��H1 
1 + �P1d1 �g(�0i � �)+ Z H��H1 exp�Z hH1 
1 + �P1d1 ��d2d1 ��i + L� l(L) + f1(h)SL (�i+1 � �i)�dh� Z H��H1 exp�Z hH1 
1 + �P1d1 ���i+1 � �iL �d2P1(h)dh!;r+i = lim�!0 exp� Z H��H1 
4 + �P1d2 �r(�0i � �)+ Z H��H1 exp� Z hH1 
4 + �P1d2 ��d1d2 ��i + L� l(L) + f1(h)SL (�i+1 � �i)�dh� Z H��H1 exp� Z hH1 
4 + �P1d2 ���i+1 � �iL �d1P1(h)dh!:where H�� is de�ned by H�� = HD(�0i � �) = H0 � �(�) and � is a O(�)fun
tion. The height H1 is the minimum height of the roll-wave.In the sequel, we only keep the prin
ipal parts g+i ; r+i of the sho
k valuesexpansion. The other terms will not have any in
uen
e on the �nal result.89



We now 
ompute an expansion of g+i ; r+i as Re(�) ! 1 with several inte-gration by partsEstimate of g+i . We �rst remind that g+i has the formg+i = lim�!0 exp �Z H��H1 
1 + �P1d1 �g(�0i + �) ++ Z H��H1 exp �Z hH1 
1 + �P1d1 ��d2d1 ��i + L� l(L) + f1(h)SL (�i+1 � �i)�dh� Z H��H1 exp �Z hH1 
1 + �P1d1 ���i+1 � �iL �d2P1(h)dh!;We make an expansion of the �rst term. Similarly to the 
ase of g�i , we
an prove that Z H��H1 
1 + �P1d1 = 
1(H0) + �P1d01(H0) ln(�) +M + o(1):Then we get for a suÆ
iently large Re(�)exp �Z H��H1 
1 + �P1d1 �g(�0i + �) = O(�):Let us set g+i = lim�!0 I1(�) + I2(�) + I3(�), where I1; I2; I3 are de�ned byI1 = �i� Z H��H1 exp �Z hH1 
1 + �d1P1 �d2d1dh;I2 = (�i+1 � �i) Z H��H1 exp� Z hH1 
1 + �P1d1 ��d2d1 L� l(L) + f1(h)L dh;I3 = � Z H��H1 exp �Z hH1 
1 + �P1d1 ��i+1 � �iL d2P1(h)dh:An integration by parts on the �rst integral I1 = lim�!0 I1(�) yieldsI1 = ��id2P1(H1) +O�P1(H1)max(j�ij; j�i+1j)j�j �:It is important to keep P1(H1) in the 
omputations sin
e limL!1 P1(H1) =P1(Ha) = 0 and it 
ould 
hange the result. We now 
ompute the expansionsof I2 and I3. An integration by parts yieldsI2 = O�P1(H1)max(j�ij; j�i+1j)j�j �90



and I3 = O�P1(H1)max(j�ij; j�i+1j)j�j �:We put these expansions together to get the following resultg+i = ��id2P1(H1) +O�P1(H1)max(j�ij; j�i+1j)j�j �:We �nish with the 
omputation of r+i expansion.Estimate of r+i . Let us re
all that r+i readr+i = lim�!0 exp� Z H��H1 
4 + �P1d2 �r(�0i + �)+ Z H��H1 exp� Z hH1 
4 + �P1d2 ��d1d2 ��i + L� l(L) + f1(h)SL (�i+1 � �i)�dh� Z H��H1 exp� Z hH1 
4 + �P1d2 ���i+1 � �iL �d1P1(h)dh!:The 
omputations of the r+i expansion are similar to the previous onesand we get r+i = ��id1(H1)P1(H1) +O�P1(H1)max(j�ij; j�i+1j)j�j �:We are now in a position to prove theorem 1 when the possible eigenvalueshave a large real part.Con
lusion and proof of theorem 1 for large Re(�) > 0In the previous se
tion, we have obtained an expansion of the sho
k valuesg(iL)�; r(iL)�. We are going to prove that they are in
ompatible with thelinearized Rankine Hugoniot jump 
onditions (2.26). A

ording to lemma 1,we 
hoose a sho
k point � = (i+1)L su
h that �i+1 6= 0. Let us 
onsider thelinearized Rankine-Hugoniot 
onditions (2.26) at the point � = (i+1)L. Wehave the following expansionsr�(i + 1)L�+ = ��i+1d1(H1)P1(H1)�1 +O� LRe(�)��;g�(i+ 1)L�+ = ��i+1d2(H1)P1(H1)�1 +O� LRe(�)�� (2.66)91



and g((i+ 1)L)� = ��i+1d2(H2)P1(H2)�1 +O� 1Re(�)��;r�(i+ 1)L�� = r(�0i ) exp�� Z H2H0 
4 + �d2P1 ��1 +O� 1Re(�)��: (2.67)At point � = (i+ 1)L, the linearized Rankine-Hugoniot 
onditions readhv � 
hi(i+1)L = �i+1�[H℄(i+1)L;h�gH � (VH )2�h+ �2VH � 
�vi(i+1)L = �i+1�
[H℄(i+1)L: (2.68)With the notations introdu
ed in se
tion 2.2, we haveA(H2)� h((i+ 1)L)�v((i+ 1)L)� � � A(H1)� h((i+ 1)L)+v((i+ 1)L)+ � == �i+1�[H℄� 1
� : (2.69)Let us introdu
e the matrix E(H) = A(H)P�1(H), the linearized RankineHugoniot 
onditions then readE(H2)� g((i+ 1)L)�r((i+ 1)L)� � � E(H1)� g((i+ 1)L)+r((i+ 1)L)+ � == �i+1�(H2 �H1)� 1
� : (2.70)Now, let us multiply the equation (2.70) and fo
us on the �rst equationgiven by (2.70). We obtaing((i+ 1)L)� = L1(g((i+ 1)L)+; r((i+ 1)L)+) +��i+1�(H2 �H1)d2(H2)d1(H2) ; (2.71)where L1 is a bounded linear form. We put the expansions (2.66), (2.67)into (2.71). Keeping only the leading order terms and after the simpli�
ationby pi+1, we get:�d2P1(H2) = �P1(H1)L1(d2(H1); d1(H1))� �(H2 �H1)d2(H2)d1(H2) :This yields the 
ontradi
tion by 
omparing the growth in � of the di�erentterms. This result is valid if the terms we have negle
ted remain small. Hen
ewe must have LRe(�) small. We have proved the following result92



Proposition 8 There exists r1(L) > 0 su
h that for any (�; L) satisfyingRe(�) > r1(L), � is not an eigenvalue of the spe
tral problem (2.25),(2.26)asso
iated to the linear stability of Dressler roll-wave with wavelength L.We 
an see that all these 
omputations are uniform with respe
t to Im(�).Hen
e the �rst part of the theorem 1 is proved. We now 
ome to the 
ase ofpotential unstable eigenvalues with large imaginary part.2.5 Proof of theorem 1 for large Im(�)We have proved that there exists r1(L) su
h that for any � satisfying Re(�) �r1(L), � is not an eigenvalue of the spe
tral problem (2.31), (2.33). This re-sult is uniform with respe
t to Im(�). It remains to deal with the 
ase0 � Re(�) � r1(L). Let us note � = � + i!: we are going to prove thatthere exists r2(L) su
h that for any j!j � r2(L), � = � + i! is not an eigen-value. The s
heme of the proof is similar to the previous 
ase. To obtaina 
ontradi
tion, suppose that (2.31), (2.33) has unstable eigenvalue with anarbitrary large Im(�). We �rst 
ompute an asymptoti
 expansion of theresolvent matrix in the area where the system is non singular. At this point,the demonstration is di�erent. In se
tion 2.3, due to the singularity, the in-tegrals involved in the expansions of (g(iL)�; r(iL)�) are 
onvergent as longas <(�+ 
1(H0)) > 0. This 
ondition was easily ful�lled sin
e we 
onsideredpossible eigenvalue � with a large real part. But now, 
1(H0) < 0 ( or equiv-alently C1(1) < 0: see the graph) and we have to distinguish two 
ases.
1 2 3 4 5 6

−3

−2.5

−2

−1.5

−1

−0.5

0

Figure 2.7: Graph of the res
aled 
oeÆ
ient C1As long as Re(�)+
1(H0) > 0, the s
heme of the proof is identi
al to the pre-vious se
tion and for suÆ
iently large j!j and Re(�) � �
1(H0), � = �+ i!is not an eigenvalue of the spe
tral problem (2.31), (2.33). Now 
onsider93



the 
ase Re(�) < �
1(H0). In order to deal with 
onvergent integrals,we will use ba
kward integration. Taking �g(iL)+; r(iL)+� as initial 
ondi-tion, the Duhamel prin
iple gives us a �rst estimate of �g(�0i � �); r(�0i � �)�.As � ! 0, the integrals remain 
onvergent and we get a �rst expansion of�g(�0i ); r(�0i )� namely �g0�i ; r0�i �. Then taking �g�(i + 1)L��; r�(i + 1)L���as initial 
ondition and using a ba
kward integration, we get an expansionof �g(�0i + �); r(�0i + �)�. As � ! 0, the integrals involved in the expansionsof �g(�0i + �); r(�0i + �)� are still 
onvergent and we get another expansion(g0+i ; r0+i ) of �g(�0i ); r(�0i )�. To get a solution passing 
ontinuously through�0i , these values must 
oin
ide and lie on an aÆne spa
e. This yields a �rstrelation between �g(iL)+; r(iL)+� and �g�i+1)L��; r�(i+1)L���. We shallsee that this relation is in
ompatible with the linearized Rankine-Hugoniot
ondition and the growth properties of (g; r): lim�!�1 k(g; r)(�)k = 0. We�rst start by 
al
ulating an approximation of the resolvent matrix in theareas where the system (2.31) is non singular i.e. on the intervals I�+i =℄�0i + �; (i + 1)L[ and I��i =℄iL; �0i � �[. We must take into a

ount thatdiamI�+i !1 as L!1 and �nd uniform estimates with respe
t to L. Thefa
t that the 
oeÆ
ients in (2.31) tend to a 
onstant as L !1 will have agreat importan
e.2.5.1 Asymptoti
 expansion of the resolvent matrixWe �rst 
ompute an approximation of the resolvent matrix R(�; t; s) on theintervals I�+i =℄�0i + �; (i + 1)L[. For this purpose, we 
al
ulate a basis ofsolution. The following proposition is proved in the appendix.Proposition 9 Consider the di�erential system� u0 + (a + i!e1)u+ bv = 0;v0 + (d+ i!e2)v + 
u = 0; (2.72)8t 2 (0; T ). Assume (a; b; 
; d; e1; e2) 2 C0(0; T ) and mint2(0;T ) je1(t) �e2(t)j � Æ > 0. There exists a solution (u; v) of (2.72) whi
h has the form� uv � = � exp(� R t0 (a+ i!e1)(s)ds)0 � (Id+ P (!; t)) (2.73)with kP (!; :)k � C�

 be1 � e2

1k
k1�exp(kL)! :94



Remark: we 
an see that the estimate highly depends on the interval length.We shall see that we 
an improve this result if the 
oeÆ
ients are nearly a
onstant.Applying this result, we have found a basis of solutions to (2.72) and theresolvent matrix has the following stru
tureR(!; x) = diag(exp� Z x0 a+i!e1; exp� Z x0 d+i!e2)�Id+Q(!; x)�; (2.74)with kQ(!; :)k � C�

 be1 � e2

1k
k1�exp(kL)! :It is possible to improve this result if we further assume that the 
oeÆ
ientsare almost 
onstant. This is done in the following lemma.Lemma 5 Consider the di�erential system with 
onstant 
oeÆ
ients on (0; T )u0 + (a+ i!e1)u+ bv = 0;v0 + (d+ i!e2)v + 
u = 0 (2.75)with e1 6= e2 and T = o(!), we have an approximation of the resolvent matrixR(!; x) = � exp�(a + i!e1)x 00 exp�(d+ i!e2)x � (Id+Q(!; x)) (2.76)with k Q(!; :) k1= O�T!�Then the error estimate is better. In the 
ase of the Saint Venant system,the 
oeÆ
ients 
onverge exponentially to 
onstant as L ! 1 (see se
tion2.2): we must in
lude an error of order O(exp(�kL)) for a suitable k.Applying the proposition 9 and the lemma to the homogeneous systemd1(H(�))g0 + (
1(H(�)) + � + i!)g + 
2(H(�))r = 0;d2(H(�))r0 + (
4(H(�)) + � + i!)r + 
3(H(�))g = 0; (2.77)we �nd an approximation of the resolvent matrix on the interval I�+i :R+(!; t) =  exp R (i+1)Lt 
1(H(�))+�d1(H(�)) d� 00 exp R (i+1)Lt 
4(H(�))+�d2(H(�)) d�!��(Id+Q+(�; t)); 8t 2 I�+i95



with � = �+ i! and � + 
1(H0) < 0. As in se
tion 2.3, for �! 0,supI�+i j j 
2(H(�))+�d1(H(�)) jj 1d1(H(�)) � 1d2(H(�)) j � K;and supI�+i j
3(H(�)) + �jjd2(H(�))j � K;Thus the presen
e of the singularity has no in
uen
e in the expansion of theresolvent matrix and we 
an prove thatkQ+(�; :)k � C exp(kl(L))! :Sin
e l is a bounded fun
tion, we have found a uniform approximation ofthe resolvent matrix on I+i =℄�0i ; (i+1)L[. On the interval I��i , the resolventmatrix has the formR�(�; t) = diag(exp� Z tiL 
1(H(�)) + �d1(H(�)) d�; exp Z tiL 
4(H(�)) + �d2(H(�)) d�)� �Id+Q�(�; t)�; 8t 2℄iL; �0i � �[: (2.78)As previously sin
e supI��i j
2(H(�))+�jjd1(H(�))jj 1d1(H(�)) � 1d2(H(�)) j � K;and supI��i j
3(H(�)) + �jjd2(H(�))j � K;for all � > 0, the singularity has no in
uen
e and we 
an prove (applying thelemma) that kQ�(�; :)k = O�L!�provided that L = o(!).Now we are in a position to 
ompute (g0�i ; r0�i ) and to prove the se
ond partof theorem 1.2.5.2 Con
lusion and proof of theorem 1 for large Im(�)Using the Duhamel prin
iple on ℄�0i ; (i + 1)L[, we 
ompute an expansionof (g0+i ; r0+i ) with the resolvent R+ and �g�(i + 1)L��; r�(i + 1)L��� as96



initial 
ondition. Then we 
ompute (g0�i ; r0�i ) with the resolvent R� and�g(iL)+; r(iL)+� as initial 
onditions on the interval ℄iL; �0i [. These valuesare proved to be in
ompatible with the analy
ity of (g; r) at points �0i ; i 2 Zand the linearized Rankine Hugoniot jump 
onditions. Let us note � = �+i!with 0 < � < �
1(H0). With the Duhamel prin
iple, we get the prin
ipalpart of (g0i ; r0i )�. We have the following lemma.Lemma 6 Let us note � = �+ i!. Suppose L = o(!). On the one hand, thevalues �g(�0i ); r(�0i )� of the possible eigenfun
tions (g; r) have the expansiong(�0i ) = g0+i �1 +O� 1!��;r(�0i ) = r0+i �1 +O� 1!��; (2.79)with g0+i = lim�!0 exp � Z H2H0+� 
1 + �P1d1 �g�(i+ 1)L�� ++ Z H2H0+� exp �Z hH0+� 
1 + �P1d1 ��d2d1 ��i + � � iLL (�i+1 � �i)�dh++ Z H2H0+� exp �Z hH0+� 
1 + �P1d1 ���i+1 � �iL �d2(h)P1(h)dh!;
r0+i = lim�!0 exp �Z H2H0+� 
4 + �P1d2 �r�(i+ 1)L�� ++ Z H2H0+� exp�Z hH0+� 
4 + �P1d2 ��d1d2 ��i + � � iLL (�i+1 � �i)�dh++ Z H2H0+� exp�Z hH0+� 
4 + �P1d2 ���i+1 � �iL �d1(h)P1(h)dh!:On the other hand, the values (g(�0i ); r(�0i )) of the possible eigenfun
tions(g; r) have the expansiong(�0i ) = g0�i �1 +O�L!��;r(�0i ) = r0�i �1 +O�L!��; (2.80)97



withg0�i = lim�!0 exp�� Z H0��H1 
1 + �P1d1 �g(iL)+ �� Z H0��H1 exp�� Z H0��h 
1 + �P1d1 ��d2d1 ��i + � � iLL (�i+1 � �i)�dh�� Z H0��H1 exp�� Z H0��h 
1 + �P1d1 ���i+1 � �iL �d2(h)P1(h)dh!;andr0�i = lim�!0 exp �� Z H0��H1 
4 + �P1d2 �r(iL)+ �� Z H0��H1 exp�� Z H0��h 
4 + �P1d2 ��d1d2 ��i + � � iLL (�i+1 � �i)�dh�� Z H0��H1 exp�� Z H0��h 
4 + �P1d2 ���i+1 � �iL �d1(h)P1(h)dh!:Proof. We �rst use the Duhamel prin
iple on the interval ℄�0i + �; (i + 1)L[with �g�(i + 1)L��; r�(i + 1)L��� as initial 
ondition to get an expansionof �g(�0i + �); r(�0i + �)�. As � ! 0 sin
e �+
1(H0)P1(H0)d1(H(�)) < 0 for � > �0i and� � �0i , the integrals involved in the expressions of �g(�0i + �); r(�0i + �)� havea limit and we get a �rst expansion of �g(�0i ); r(�0i )�. We make the same
omputation on the interval ℄iL; �0i � �[.2We now 
ompute an asymptoti
 expansion of the prin
ipal parts �g0�i ; r0�i �of �g(�0i ); r(�0i )�. We 
an prove that at �rst order, g0+i = g0�i and in order to�nd a 
ontradi
tion, we fo
us on the expansions of r0�i .Estimate of r0+i . We re
all thatr0+i = lim�!0 exp� Z H2H0+� 
4 + �P1d2 �r�(i+ 1)L�� ++ Z H2H0+� exp �Z hH0+� 
4 + �P1d2 ��d1d2 ��i + � � iLL (�i+1 � �i)�dh++ Z H2H0+� exp �Z hH0+� 
4 + �P1d2 ���i+1 � �iL )d1(h)P1(h)dh!98



As in se
tion 2.3, we break the integral into three partsr0+i = exp �Z H2H0 
4 + �P1d2 ��r�(i + 1)L�� + I1 + I2 + I3�;and make several integration by parts. This yields the following expansions.I1 = (� + i!)�i Z H2H0 exp�� Z H2h 
4 + � + i!d2P1 �d1d2Two integration by parts yieldI1 = �id1P1(H2) +O�max(j�ij; j�i+1j)j!j �We now treat the integral I2I2 = (� + i!)(�i+1 � �i) Z H2H0 exp �� Z H2h 
4 + i!d2P1 �d1d2 L� l(L) + f1(h)SL dh:After an integration by parts, we obtainI2 = (�i+1 � �i)��1 +O( 1L)�d1P1(H2) +O� 1j!j��:Finally, we fo
us on I3I3 = �i+1 � �iL Z H2H0+� exp(Z hH0+� 
4 + i!d2P1 )d1P1(h)dh:This gives after integration by partsI3 = O�max(j�ij; j�i+1j)! �:Hen
e we �nd thatr0+i �(L;j!j!+1 exp �Z H2H0 
4 + � + i!d2P1 ���i+1d1P1(H2) + r�(i+ 1)L���:Estimate of r0�i . Re
all that 99



r0�i = lim�!0 exp �� Z H0��H1 
4 + �P1d2 �r(iL)+ �� Z H0��H1 exp�� Z H0��h 
4 + �P1d2 ��d1d2 ��i + � � iLL (�i+1 � �i)�dh�� Z H0��H1 exp�� Z H0��h 
4 + �P1d2 ���i+1 � �iL )d1(h)P1(h)dh!:We fo
us on the expansion of the integralI1 = ��i Z H0H1 exp�� Z H0h 
4 + �d2P1 �d1d2dh:After two integration by parts, we getI1 = ��id1P1(H1) exp�� Z H0H1 
4 + �d2P1 � ++ �ii! exp �� Z H0H1 
4 + i!d2P1 ��
4d1P1(H1) + d2P1(d1P1)0(H1)��� �ii!d01d2P 21 (H0) +O�max(j�i+1j; j�ij)!2 �:We now 
ome to the 
omputation of I2I2 = �(�i+1 � �i) Z H0H1 exp�� Z H0h 
4 + �d2P1 �d1d2 L� l(L) + f1SL dhAn integration by parts yieldsI2 = �i+1 � �ii! �� d2P1�d1P1�L� l(L) + f1SL ��0(H0)+ exp �� Z H0H1 
4 + i!d2P1 �d2P1�d1P1�L� l(L) + f1SL ��0(H2) ++ O� 1j!j��:The last term is given byI3 = �i+1 � �iL Z H0H1 exp �� Z H0h 
4 + i!d2P1 �d1P1dh:100



We 
an prove that I3 = O�max(j�i+1j; j�ij)j!j �:This yields r0�i � �r(iL)+ + �id1P1(H1)� exp �� Z H0H1 
4 + �d2P1 �:We 
ome to the proof of theorem 1 in the 
ase of large Im(�). The
ontinuity of r at points �0i readsr((i+1)L)�+�i+1d1P1(H2) = exp� Z H2H1 
4 + �P1d2 (r(iL)++pid2P1(H1)) (2.81)On the other hand, the linearized Rankine Hugoniot 
onditions yield:r((i+ 1)L)� = 
(H1; H2)g((i+ 1)L)+ + d(H1; H2)r((i+ 1)L)+� �i+1d1d2 (H2)(H2 �H1)�;where 
 is a 
ontinuous fun
tion of H1; H2 and d is given byd(H1; H2) = d1d2 (H2)� 1d1d2 (H1)� 1 :Sin
e d1(H)� d2(H) � 2pGH1; 8H 2 (H1; H2);the fun
tion d is well de�ned, 
ontinuous and does not vanish on (H1; H2).Inserting (2.82) into (2.81) yields the following re
urren
e relation for thesequen
e r(iT )+:d(H1; H2)r((i+ 1)L)+ � exp� Z H2H1 
4 + �P1d2 r(iL)+ = di (2.82)with di = ��i+1d1d2 (H2)(H2 �H1)�� �i+1d1P1(H2) ++ �i exp(� Z H2H1 
4 + �P1d2 )d1P1(H1)� 
(H1; H2)g((i+ 1)L)+:101



This relation 
an be written in a simpler wayr((i+ 1)L)+ � q(H1; H2)r(iL)+ = 
i (2.83)where q(H1; H2) and 
i are easily obtained by identi�
ation. Let us nor-malize r(0)+ = 1, we are looking for an eigenve
tor (g; r; �i) su
h thatlim�!�1k(g; r)k(�) = 0. Then we 
an see that limi!�1 jr(iL)+j = 0 andlimi!�1 j
ij = 0. On the other hand, sin
e Re(
4(Ha) + �) > 0 (see thegraph), we 
an prove that limL!1 jq(H1; H2)j = +1.
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Figure 2.8: Graph of the res
aled 
oeÆ
ient C4Hen
e for a suÆ
iently large L, we have jq(H1; H2)j > 1. A short 
omputa-tion gives r(nL)+ = q(H1; H2)n + nXi=1 q(H1; H2)n�i
i�1:Then for large i, we have r(iL)+ � q(H1; H2)i whi
h is in 
ontradi
tion withthe growth assumption on r. And the theorem is proved provided that wehave 
hosen L = o(!) to ensure that all the others terms involved in thedi�erent expansions are suÆ
iently small and do not have any in
uen
e. Wehave provedProposition 10 There exists a fun
tion r2(L) > 0 satisfying limL!1 r2(L)L =+1 and a 
onstant L0 su
h that for any (�; L) satisfying L > L0 andIm(�) > r2(L), there are no unstable eigenvalues � for the spe
tral prob-lem (2.25),(2.26).The proof of theorem 1 is 
omplete. This result will be helpful to provetheorem 2: when S = tan(�)! 0, the spe
tral problem (2.25),(2.26) has nounstable eigenvalues. 102



2.6 Stability of Dressler roll-waves when S !0We treat here a 
ase where the 
omputations are simpler. We 
ome to theproof of theorem 2. We restri
t our attention to the spa
es of fun
tions(h; v) with an exponential de
rease (there exists K and � > 0 su
h thatmax(jh(�)j; jv(�)j) � K exp(��j�j). As S ! 0, Dressler roll-waves are provedto be linearly stable. We divide the proof into two parts. On the one hand,we 
onsider O(S) unstable eigenvalues. After a res
aling � = �S, we have anew spe
tral problem involving � whi
h is simpler: we 
an prove that thereare no unstable eigenvalues � for S suÆ
iently small. On the other hand, we
onsider O(1) unstable eigenvalues. Applying theorem 1, we 
an prove thatfor S suÆ
iently small, there are no O(1) unstable eigenvalues.2.6.1 The 
ase of O(S) unstable eigenvaluesLet us suppose the existen
e of O(S) unstable eigenvalues. After the res
al-ing, � = �S (� lying in a 
ompa
t set), the spe
tral problem (2.31),(2.33)reads: D1(h)P (h)g0 + (C1(h) + �)g + C2(h)r = S�i;D2(h)P (h)g0 + (C4(h) + �)r + C3(h)g = S�i; (2.84)The fun
tions �i, �i 
an be written�i = �ia1(�; h) + �i+1a2(�; h);�i = �ib1(�; h) + �i+1b2(�; h);where ai; bi are obtained with an easy identi�
ation. Let us note Uj = (gj; rj)the unique analyti
 solution ofD1(h)P (h)g0 + (C1(h) + �)g + C2(h)r = aj(�; h);D2(h)P (h)g0 + (C4(h) + �)r + C3(h)g = bj(�; h); (2.85)for j = 1; 2, passing through the singularity �00 su
h that gj(�00) = 0.Let us note also U0 = (G0;R0) the unique analyti
 solution ofD1(h)P (h)g0 + (C1(h) + �)g + C2(h)r = 0;D2(h)P (h)g0 + (C4(h) + �)r + C3(h)g = 0; (2.86)su
h that G0(�00) = 1. Then, the solution U = (g; r) of the 
omplete di�eren-tial system (2.31) 
an be written on the interval ℄iL; (i+ 1)L[U(�) = �iU0(H(�)) + S�iU1(H(�)) + �i+1U2(H(�)): (2.87)103



The exponential de
rease assumption on U imply that for some K and � > 0j�ij = jg(�0i )j � K exp(��jij); jS�ij � K exp(��jij): (2.88)We normalize this solution with g(�00) = �0 = 1. The linearized Rankine-Hugoniot 
onditions read[E(H)� gr�℄H2H1 = �iS�� 1
� : (2.89)We repla
e (2.87) into (2.89) and �nd that�i+1E(H1)U0(H1)� �iE(H2)U0(H2) = S�i�1C1(H1; H2) + S�iC2(H1; H2) ++S�i+1C3(H1; H2); (2.90)where Ci are bounded fun
tions of H1; H2. Now we fo
us on the �rst line ofthe system (2.90). Sin
e the fun
tion�H(H(�))V(H(�)) � = P�1(H(�))� G0R0 �)is an analyti
 solution of the original homogeneous system (2.35), we �nd(V � 
H)0 = O(S)Thus the �rst line ofE(H1)S0(H1)� E(H2)S0(H2) = A(H1)�H(H1)V(H1) �� A(H2)�H(H2)V(H2) �
an be written(V(H2)� 
H(H2))� (V(H1)� 
H(H1)) = O(S):Then the �rst line of (2.90) reads�i+1 � (1 + k(S))�i = S�i�1
1(H1; H2) ++S�i
2(H1; H2) + S�i+1
3(H1; H2): (2.91)where 
j are bounded fun
tions and k(S) = O(S). Let us write (2.91) intoa simpler form �i+1 � (1 + k(S))�i = Svi;where jSvij � K exp(��jij) and maxi(jvij) < C.Suppose j1 + k(S)j � 1. Then we 
an prove that�n = ��0 + n�1Xj=0 Svj(1 + k(S))�j�1�(1 + k(S))n:104



We have jSvj(1 + k(S))�j�1j � Sjvjj � K exp(��jjj) and limS!0 Svi = 0then limS!0 +1Xj=0 Svj(1 + k(S))�j�1 = 0:Thus we have proved that �n = (�0+ o(1))(1+ k(S))n whi
h is in 
ontradi
-tion with the growth assumption (2.88). To study the 
ase j1+k(S)j � 1, we
hange i into �i in (2.91) to �nd the 
ontradi
tion. Thus for S suÆ
ientlysmall, we have proved that there are no O(S) unstable eigenvalues. 22.6.2 The 
ase of O(1) unstable eigenvaluesLet us 
onsider the spe
tral problem (2.31),(2.33) and work on the interval℄iL; (i + 1)L[. After the 
hange of 
oordinates � ! H(�) and H ! H0h, we�nd the system (see 
omputations in se
tion 2.2)SP (h)D1(h)g0 + (SC1(h) + �)g + SC2(h)r = S�i(h);SP (h)D2(h)r0 + (SC4(H(�)) + �)r + SC3(H(�))g = S�i(h): (2.92)For S = 0, we �nd �(g; r) = 0. Thus, we have � = 0 eigenvalue. Now we
ome to the 
ase 0 < S << 1. Dividing by S, the di�erential system (2.92)now readsP (h)D1(h)g0 + (C1(h) + �S )g + C2(h)r = �i(h);P (h)D2(h)r0 + (C4(H(�)) + �S )r + C3(H(�))g = �i(h): (2.93)The 
omputations of se
tions 2.3 and 2.4 remain valid: when �S is suÆ
ientlylarge and Re(�) � 0, � is not an eigenvalue of the spe
tral problem (2.31),(2.33). Thus for S suÆ
iently small, we have proved that there are no O(1)unstable eigenvalues.2The proof of theorem 2 is 
omplete.AppendixProposition 5 Consider the linear di�erential systemu01 + (a(t) + �e1(t))u1 + b(t)u2 = 0;u02 + (d(t)� �e2(t))u2 + 
(t)u1 = 0; (2.94)105



for t 2 [0; T ℄. We suppose that a; b; 
; d; e1; e2 2 C0(0; T ) andmin(0;T )(e1; e2) �Æ > 0 Then there exists a solution whi
h has the form� u1u2� = (Id+ P (�; t)) exp(� R t0 a+ �e1ds)exp(R Tt d� �e2ds) ! (2.95)with k P (�; :) k1� �

 be1 + e2

1 + 

 
e1 + e2

1) C(T )Re(�)and C(T ) = exp��kak1 + kdk1�T�:This solution de
rease to 0 as Re(�)!1.Proof. Assume (u1; u2) to have the form( u1(t) = exp(� R t0 a+ �e1ds) + v1(t)u2(t) = exp(R Tt d� �e2ds) + v2(t) (2.96)with v1(0) = 0 and v2(T ) = 0. Plugging (2.96) into (2.94), we 
an see that(v1; v2) satisfy the systemv1(t) = � Z t0 b(s) exp(� Z ts a+ �e1du) exp(Z Ts d� �e2du)ds�� Z t0 b(s) exp(� Z ts a+ �e1du)v2(s)ds = R(v2)(t)v2(t) = Z Tt 
(s) exp(� Z s0 a + �e1du) exp(Z st d� �e2du)ds++ Z Tt 
(s) exp(Z ts d� �e2du)v1(s)ds = S(v1)(t): (2.97)These formula are obtained with a 
lassi
al variation of the 
onstant forinhomogeneous linear di�erential equations. Hen
e v1 
an be seen as a �xedpoint of the operator R Æ S. We want to prove that R Æ S is a 
ontra
tionin a suitable Bana
h spa
e in order to use the �xed point theorem. Let usintrodu
e the following weighted normkvk = supt2(0;T )( jv(t)j(exp(�Re(�) R t0 e1du) + exp(�Re(�) R Tt e2du)):106



The spa
e B = (C0(0; T ); k:k) is a Bana
h spa
e. We 
an prove thatjR(v)(t)j � C(T )�k be1 + e2k1 exp(�Re(�) R Lt e2du)Re(�) ++ Z t0 jb(s)j exp(�Re(�) Z ts e1du)jv(s)jds�; (2.98)jS(v)(t)j � C(L)�k 
e1 + e2k1 exp(�Re(�) R t0 e1du)Re(�) ++ Z Tt j
(s)j exp(�Re(�) Z Ls e2du)jv(s)jds� (2.99)Hen
e with these estimates, we havek R(v) k� C(T )k be1 + e2k1( 1Re(�) + k v kRe(�));k S(v) k� C(T )k 
e1 + e2k1( 1Re(�) + k v kRe(�)): (2.100)Hen
e for large Re(�), R Æ S preserves a ball B� = B(0; 2C(T )MRe(�) ) whereM = k be1+e2k1 + k 
e1+e2k1. It is easily proved that R Æ S is a 
ontra
tionin B� and then have a �xed point lying in B�. And this 
ompletes the proof.2Proposition 6 There exists a solution of (2.94) whi
h has the form� u1u2� = (Id+Q(�; t)) exp(R Tt �e1 + ads)exp(R t0 �e2 � dds) ! (2.101)with k Q(�; :) k1� �

 be1 + e2

1 + 

 
e1 + e2

1) C(T )Re(�)and C(T ) = exp ��kak1 + kdk1�T�:Proof. Making the 
hange of variable t ! �t on the interval ℄ � T; 0[, theproof is similar to the proof of proposition 5.2LemmaConsider the di�erential system with 
onstant 
oeÆ
ientsu0 + (a+ �e1)u+ bv = 0;v0 + (d+ �e2)v + 
u = 0; (2.102)107



with e1 6= e2 on the interval [0; T ℄. As Re(�)!1, the resolvent matrix hasthe form R(�; t) = R0(�; t)�Id+O� TRe(�)�� (2.103)with R0(�; t) = diag(exp�(a + �e1)t; exp�(d+ �e2)t):Proof. We write the system under a matri
ial form X 0 = M(�)X withX = (u; v). As Re(�) ! 1, the matrix M(�) is diagonalizable and theresolvent matrix has the formR(�; t) = diag(exp��1(�)t; exp��2(�)t);where �i are the eigenvalues of M(�). The expansion of the �i are given by�1(�) = �e1 + a+O� 1Re(�)��2(�) = �e2 + d+O� 1Re(�)� (2.104)Then we haveR(�; t) = R0(�; t)diag� expO� tRe(�)�; expO� tRe(�)��:This 
ompletes the proof.2Proposition 9 Consider the di�erential system�u0 + (a + i!e1)u+ bv = 0;v0 + (d+ i!e2)v + 
u = 0; (2.105)8t 2 (0; T ). Assume (a; b; 
; d; e1; e2) 2 C0(0; T ) and mint2(0;T ) je1(t) �e2(t)j � Æ > 0. Then there exists a solution (u; v) of (2.105) whi
h hasthe form� uv � = � exp(� R t0 (a + i!e1)(s)ds)0 � (Id+Q(!; t)) (2.106)with kQ(!; :)k1 � �k
k1

 be1 � e2

1�C(T )!and C(T ) = exp��kak1 + kdk1�T�:108



Proof. We assume that (u; v) has the following form(u; v)(t) = exp(� Z t0 (a+ i!e1)(s)ds)(1 + U(t); V (t)); (2.107)with U(0) = V (0) = 0. We plug the ansatz (2.107) into the di�erentialsystem (2.72) and we get:U(x) = � R x0 b(s)V (s)ds = R(V )(x);V (x) = R x0 exp(� R xs (d� a+ i!(e2 � e1)))
(s)(1 + U(s))ds = S(U)(x)Then V 
an be seen as a �xed point of S Æ R in the Bana
h spa
e C0(0; L)with the norm k:k1. Let us prove that S ÆR is a 
ontra
tion. The operatorS ÆR is aÆne and 
an be written S ÆR(V )(x) = �(x) +M(V )(x) where Mis a linear operator and � is given by:�(x) = Z x0 exp(� Z xs (d� a+ i!(e2 � e1)))
(s)dsWe make an integration by parts to obtain an estimate of �:k � k1� k 
 k!Æ (1 + exp((k d� a k)T )) � (2 k 
 k!Æ )exp(kT )! (2.108)Then we make an estimate of M(v). We have:M(V )(x) = Z x0 exp(� Z xs (d� a + i!(e2 � e1)))
(s)(Z s0 b(u)V (u)du)ds(2.109)Applying Fubini's theorem, we get:M(V )(x) = Z x0 �Z xu exp(� Z us (d� a+ i!(e2 � e1))
(s)ds)���b(u)V (u) exp(� Z xu (d� a + i!(e2 � e1))du (2.110)Then, after an integration by parts, we �nd that:kM(V ) k1� �k
k1

 be1 � e2

1)C(T )j!j k V k1 (2.111)where C(T ) = O(exp(kT )) for k = kak1 + kdk1. Hen
e for a suÆ
ientlylarge !, equation (2.111) imply that the operator S Æ R is a 
ontra
tion.109



Moreover equations (2.108) and (2.111) imply that S ÆR preserves a ball B!with a radius of order O(C(T )j!j ). And we 
on
lude the proof with a �xed pointtheorem in Bana
h spa
es.2Lemma For the di�erential system with 
onstant 
oeÆ
ient on (0; T )�u0 + (a+ i!e1)u+ bv = 0v0 + (d+ i!e2)v + 
u = 0 (2.112)with e1 6= e2 and T = o(!), we have an approximation of the resolvent matrix:R(!; x) = � exp�(a + i!e1)x 00 exp�(d+ i!e2)x� (Id+Q(!; x)) (2.113)with k Q(!; :) k1= O�T! �Proof. Sin
e e1 6= e2, when ! is large, the matrix is diagonalizable and theresolvent matrix has the formR(x) = � exp��1x 00 exp��2x� (2.114)where �i are the eigenvalues of the 
onstant matrix. An easy 
al
ulationleads to the following expansions:�1 = i!e1 + a+O� 1!�;�2 = i!e2 + d+O� 1!� (2.115)We fa
tor R to obtainR(x) = � exp�(a + i!e1)x 00 exp�(d+ i!d2)x�� exp(O( 1!)x) 00 exp(O( 1!)x))� (2.116)And this 
ompletes the proof.2
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Chapitre 3Ph�enom�ene de roll-waves pourles �equations de Saint Venantave
 fond p�eriodique et dans lep-syst�eme ave
 terme sour
e
3.1 Introdu
tionDans 
e 
hapitre, on �etudie un �e
oulement de faible profondeur sur unepente ave
 un fond p�eriodique de petite amplitude. On peut le d�e
rire parles �equations de Saint Venant adimensionn�eesht + (hu)x = 0;ut + uux +Ghx = �G�b0(x) + 12(1� u2h ) (3.1)o�u G = 1F 2 et F d�esigne le nombre de Froude. Le param�etre � est 
onsid�er�epro
he de 0. La fon
tion b est 1-p�eriodique en espa
e.On �etudie �egalement un syst�eme plus simple ayant une stru
ture pro
he dusyst�eme de Saint Venant : le p-syst�eme ave
 un terme sour
eut + vx = 0;vt + (p(u))x = �b0(x) + f(u)� v (3.2)o�u les fon
tions p et f sont r�eguli�eres et leurs premi�eres d�eriv�ees sont globa-lement born�ees.Dans les deux 
as, on 
her
he �a mettre en �eviden
e le ph�enom�ene de roll-waves.Pour le mod�ele de Saint Venant (3.1), les exp�erimentations et les simula-tions num�eriques men�ees �a l'Institut de M�e
anique des Fluides de Toulouse115



mettent en �eviden
e l'existen
e de roll-waves ave
 une s�ele
tion de la lon-gueur d'onde 
orrespondant au double de la p�eriode du fond [12℄, [22℄ (voir�egalement [17℄,[18℄, [19℄ pour une des
ription du dispositif exp�erimental). Lebut de 
e 
hapitre est de tenter de donner une expli
ation �a 
e ph�enom�ene.L'�etude men�ee i
i poss�ede deux parties.Dans un premier temps, on suit une d�emar
he similaire �a 
elle introduitepar Dressler. On montre d'abord l'existen
e d'une solution stationnaire 1-p�eriodique en espa
e. Ensuite on �etudie la stabilit�e lin�eaire de 
ette solutionstationnaire pour des perturbations n-p�eriodiques et on montre l'existen
ed'un Froude 
ritique F
 = F (�; n) pour lequel le 
ot devient instable dansl'espa
e des fon
tions n-p�eriodiques. On donnera un d�eveloppement limit�ede F
 au voisinage de � = 0. On montre que le Froude 
ritique est maximalpour n = 2 et les perturbations de p�eriode n = 2 sont les moins stables. Laquestion est alors de savoir quel type d'instabilit�e on observe lorsque F > F
(i.e. la solution stationnaire est instable). On s'int�eresse ainsi aux instabilit�esde petite amplitude. Apr�es avoir �e
rit 
es syst�emes ave
 les invariants deRiemann, on d�erivera une �equation de Burgers ave
 un terme sour
e. Cette�equation poss�ede des solutions roll-waves dont la vitesse d'onde est donn�eepar 
0(t) = 
0 + �
1(t) +O(�2);o�u 
1 est p�eriodique et 
0 = pp0(u0). Soit r = v + �(u) et s = v � �(u), lep-syst�eme s'�e
ritrt +rp0 Æ ��1(r � s2 )rx = �b0(x) + f Æ ��1(r � s2 )� r + s2 ;st �rp0 Æ ��1(r � s2 )sx = �b0(x) + f Æ ��1(r � s2 )� r + s2 : (3.3)On d�emontre le r�esultat suivant.Th�eor�eme 6 Il existe une solution entropique (r; s) des �equations (3.3) detype roll-waves. On ar(x; t) = r0 + �R(x�
(t)� ; t) +O(�2);s(x; t) = s0 + �S(t) +O(�2): (3.4)o�u R est solution deRt + p00(u0)4p0(u0)(R� R(1; t) +R(�1; t)2 )R� = AR �BS(t) + b0(
0t): (3.5)116



3.2 Instabilit�es dans les �equations de SaintVenant : mise en �eviden
e d'un nombrede Froude 
ritique3.2.1 Existen
e d'une solution stationnaire p�eriodiqueOn re
her
he une solution stationnaire (H;U) 1-p�eriodique du syst�emede Saint Venant. Elle v�eri�e le syst�eme(HU)0 = 0;UU 0 +GH 0 = �G�b0(x) + 12(1� U2H ): (3.6)On normalise le d�ebit HU = 1 et en inje
tant dans la deuxi�eme �equation de(3.6), on obtient H 0 = 1� 2G�b0(x)2(GH3 � 1) (H(x)3 �H1(x; �)3) (3.7)o�u H1(x; �) = (1 � 2G�b0(x))� 13 . On peut �e
rire H1(x; �) = 1 + �h1(x) +�2h2(x; �) o�u h1 et h2 sont 1-p�eriodiques. On re
her
he H sous la formeH(x) = 1 + �h(x). La fon
tion h v�eri�eh0 = 32(G� 1)(h+ h1(x)) + �f(h; x; �): (3.8)o�u �f(h; x; �) = 1� 2G�b0(x)2(G(1 + �h(x))3 � 1)((1 + �h(x))3 �H1(x; �)3)�� 32(G� 1)(h+ h1(x)): (3.9)En utilisant une m�ethode de variation de la 
onstante, on obtienth(x) = exp( 32(G� 1)x)h(0) ++ Z x0 exp 32(G� 1)(x� y)h1(y)dy ++ Z x0 exp 32(G� 1)(x� y)�f(h(y); y; �)dy: (3.10)On 
hoisit h(0) de telle sorte que h(1) = h(0). La fon
tion h s'�e
rit alorsh(x) = h0(x) + T (h; �)(x) o�u h0 est la solution 1-p�eriodique de l'�equationprin
ipale h0 = 32(G� 1)(h+ h1(x)): (3.11)117



et T (h; �)(x) = exp( 32(G� 1)x)R 10 exp 32(G�1)(1� y)�f(h(y); y; �)dy1� exp( 32(G�1)) ++ Z x0 exp 32(G� 1)(x� y)�f(h(y); y; �)dy: (3.12)On travaille sur X = fh 
ontinues; 1�p�eriodiques=khk1 � 2kh0k1g. On af(h(x); x; �) = f(h(x); x + 1; �). Don
 T (h; �)(x + 1) = T (h; �)(x) pour touth 2 X. De plus, on peut montrer que kT (h; �)k1 � K� et kT (:; �)kLip �K�. Don
 T preserve l'espa
e de Bana
h X et pour � suÆsamment petit, Test 
ontra
tant. En appliquant le th�eor�eme d'inversion globale, on a don
l'existen
e de h 1-p�eriodique telle que h(x) = h0(x) + T (h; �)(x). On a ainsil'existen
e d'une solution stationnaire 1-p�eriodique (H;U = 1H ) et H(x) =1 + �h0(x) + 0(�2). On analyse maintenant la stabilit�e lin�eaire d'une tellesolution.3.2.2 Analyse de stabilit�e lin�eaireDans le but de mener des 
al
uls expli
ites, on 
hoisit b0(x) = 
os(2�x).Dans 
e 
as, la solution stationnaire H s'�e
ritH(x) = 1 + �h0(x) + 0(�2) (3.13)et on a h0(x) = aa2 + b2 sin(2�x) + ba2 + b2 
os(2�x)ave
 a = 2� et b = � 32(G�1) . On lin�earise le syst�eme (3.1) au voisinage de lasolution (H;U = 1H ). Le syst�eme lin�earis�e s'�e
ritht + (hU +Hu)x = 0;ut + (Uu)x = �Ghx + 12(U2H2h� 2uH2 ): (3.14)On se pla
e dans l'espa
e des fon
tions n-p�eriodiques en espa
e et on re-
her
he des solutions �a 
roissan
e exponentielle en temps de la forme u(x; t) =exp(�t)u(x), h(x; t) = exp(�t)h(x). On obtient alors le probl�eme spe
tral sui-vantTrouver � 2 C et (h; u) n-p�eriodiques telle que(hU +Hu)0 + �h = 0;(Uu+Gh)0 + �u = 12(U2H2h� 2uH2 ): (3.15)118



En utilisant le d�eveloppement limit�e (3.13), le syst�eme (3.15) s'�e
rit sousforme matri
ielle� h0u0� + (A0(�;G) + �h0(x)A1(�;G; x) +O(�2))�hu� = 0 (3.16)o�u A0(�;G) = 1G� 1 ���� 12 �+ 1G�+ 12 ��� 1�et A1(�;G; x) = 1G� 1  �+ 32 + h00h0 �� 1� 2h00h0�(52 +Gh00h0 ) �+ 3 + (G+ 1)h00h0 !��G+ 2G� 1A0(�;G):En appliquant la th�eorie de Floquet, les ve
teurs formant une base de solu-tion de (3.16) sont de la forme (h; u) = e��xZ(x) o�u Z est une fon
tion 1p�eriodique. On obtient don
 des solutions 1 p�eriodiques si tous les 
oeÆ
ients�(�;G; �) sont �egaux �a 2i�k; k 2 Z. On 
al
ule un d�eveloppement �a l'ordre1 de �(�;G; �) = �0(�;G) + ��1(�;G) +O(�2). On re
her
he une solution de(3.16) sous la forme(h; v) = e�(�0+��1+O(�2))x(Z0 + �Z1(x) +O(�2)) (3.17)o�u Z0 est un ve
teur 
onstant (pour � = 0, on doit retrouver les solutionsd'un syst�eme �a 
oeÆ
ient 
onstants) et Z1 est 1-p�eriodique. On �xe Z1 en
hoisissant Z1(0) = 0. On inje
te (3.17) dans (3.16) et on identi�e les termesd'ordre O(�0) et O(�1). A l'ordre 0, on trouve�A0(�;G)� �0(�;G)�Z0 = 0: (3.18)Don
 �0 est valeur propre de A0. On �xe �0 et Z0 un ve
teur propre asso
i�e.A l'ordre 1, on obtientdZ1dx + (A0 � �0)Z1 = �(h0(x)A1(x)� �1)Z0; (3.19)qui s'int�egre enZ1(x) = � Z x0 exp��(A0 � �0)(x� y)��h0(y)A1(y)� �1�dyZ0:119



La fon
tion Z1 est 1-p�eriodique si et seulement siZ 10 exp �(A0 � �0)y��h0(y)A1(y)� �1�dyZ0 = 0: (3.20)Comme exp �(A0 � �0)y�Z0 = Z0 pour tout y, on obtient�1 = DR 10 exp �(A0 � �0)y�h0(y)A1(y)dyZ0=Z0EDZ0=Z0E (3.21)o�u D:=:E d�esigne le produit s
alaire. On a don
 obtenu une relation de dis-persion du type �0(�;G) + ��1(�;G) = 2i�k; k 2 Z:Le 
al
ul est 
ompl�etement identique lorsqu'on se pla
e dans l'espa
e desfon
tions n-p�eriodiques en espa
es : il suÆt de rempla
er 1 par n. On veutmettre en �eviden
e l'existen
e d'un nombre de Froude 
ritique F
, pour lequella solution stationnaireH devient instable. On se pla
e �a la limite d'instabilit�e� = i!. En s�eparant partie r�eelle et partie imaginaire �0 = R0 + iI0 �1 =R1 + iI1, on peut �e
rire la relation de dispersion sous la formef1(!;G; n; �) = R0(!;G; n)� �R1(!;G; n) +O(�2) = 0f2(!;G; n; �) = (I0(!;G; n)� 2k�)� �I1(!;G; n) +O(�2) = 0 (3.22)On �xe n et � � 0, et on veut montrer l'existen
e de !
(n; �); G
(n; �) solutionde (3.22). On 
ommen
e par traiter le probl�eme pour � = 0 et on r�esout.R0(!;G; n) = 0I0(!;G; n) = 2k� (3.23)On peut montrer que G
(0; n) = 14 soit F
0; n = 2 et !
(0; n) = k�(3�n ); k � 1sont les solutions du probl�eme (3.23). On s'int�eresse maintenant au probl�eme
omplet (3.22) pour � > 0 suÆsamment petit. Dans les trois 
as trait�es, lamatri
e ja
obienne � �R0�! (!0
 ; G0
; n) �R0�G (!0
 ; G0
; n)�I0�! (!0
 ; G0
; n) �I0�G (!0
 ; G0
 ; n) �est inversible. En appliquant le th�eor�eme des fon
tions impli
ites, on a don
l'existen
e de !
(n; �); G
(n; �) solution de (3.22) pour � petit. On peut 
al-
uler un d�eveloppement limit�e de F
. On a r�ealis�e num�eriquement le 
al
ul120
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Fig. 3.1 { Graphe de �F�� (0; n) pour n = 1; ::; 9de �F�� (0; n) pour n = 1; ::; 9. Le r�esultat est pr�esent�e dans la �gure 3.1.Pour � suÆsamment petit, on observe que le nombre de Froude 
ritiqueF
(�; n) d�e
rô�t ave
 n et les perturbations de plus grandes longueurs d'ondesont alors les plus instables. Si 
e 
al
ul a permis de mettre en �eviden
e l'exis-ten
e d'un nombre de Froude 
ritique pour lequel le 
ot stationnaire devientinstable 
omme pour le 
as des 
anaux �a fond plat, il n'explique 
ependantpas la formation pr�ef�erentielle de roll-waves 2-p�eriodiques : elles sont don
moins stables. On analyse don
 le syst�eme lorsque la solution stationnaireest instable et on 
ommen
e par les instabilit�es de petite amplitude.3.3 Existen
e de roll-waves dans le p-syst�eme3.3.1 Formulation du probl�emeOn s'int�eresse au p-syst�eme ave
 terme sour
eut + vx = 0;vt + (p(u))x = �b0(x) + f(u)� v; (3.24)o�u les fon
tions p et f sont r�eguli�eres et leurs premi�eres d�eriv�ees sont globa-lement born�ees. La fon
tion b est r�eguli�ere et 1-p�eriodique.121



Pour 
onstruire des roll-waves, on s'inspire de la m�ethode utilis�ee pour �etudierla stabilit�e lin�eaire des 
ho
s ([16℄, [20℄), des transitions de phases ([1℄, [2℄)dans di��erents syst�emes de lois de 
onservations et qu'on a adapt�e dans le
hapitre 2 pour l'analyse de stabilit�e des roll-waves. On travaille don
 dansl'espa
e des fon
tions C1 par mor
eaux ave
 des dis
ontinuit�es se propa-geant ave
 une vitesse presque 
onstante. Au moyen d'un 
hangement devariable (�; t) = (x � 
(t); t), on re
her
he des solutions C1 par mor
eaux,L-p�eriodiques en espa
e (L 2 N�), les dis
ontinuit�es �etant �x�ees aux pointsfiL; i 2 Zg et v�eri�ant les 
onditions de Rankine-Hugoniot :
0(t) = [v℄[u℄ ;
0(t) = [p(u)℄[v℄ : (3.25)On se pla
e sur (0; L) et on �etudie le syst�emeut + (v � 
0(t)u)� = 0;vt + (p(u)� 
0(t)v)� = �b0(� + 
(t)) + f(u)� v: (3.26)Le probl�eme �etant invariant par des translations � ! � + L, on obtient lesroll-waves en translatant la solution obtenue sur (0; L). Les 
onditions deRankine-Hugoniot deviennent alors
0(t) = v(L;t)�v(0;t)u(L;t)�u(0;t) ;
0(t) = p(u(L;t))�p(u(0;t))v(L;t)�v(0;t) : (3.27)L'existen
e de roll-waves se r�eduit alors au probl�eme suivant.Trouver (u; v) 2 C1(℄0; L[�T) solutions 
lassiques deut + (v � v(L; t)� v(0; t)u(L; t)� u(0; t)u)� = 0;vt + (p(u)� v(L; t)� v(0; t)u(L; t)� u(0; t)v)� = �b0(� + 
(t)) + f(u)� v:tel que les valeurs aux bords v�eri�entp(u(L; t))� p(u(0; t))v(L; t)� v(0; t) = v(L; t)� v(0; t)u(L; t)� u(0; t) : (3.28)
122



3.3.2 Roll-waves de petite amplitudeOn diagonalise le p-syst�eme (3.24) en introduisant les invariants de Rie-mann r = v + �(u) et s = v� �(u). La fon
tion � v�eri�e �0(x) =pp0(x). Lesyst�eme (3.24) s'�e
rit alorsrt +rp0 Æ ��1(r � s2 )rx = �b0(x) + f Æ ��1(r � s2 )� r + s2 ;st �rp0 Æ ��1(r � s2 )sx = �b0(x) + f Æ ��1(r � s2 )� r + s2 : (3.29)On s'inspire pour la re
her
he des solutions de type roll-waves (
as des solu-tions de petite amplitude) de la d�erivation des �equations de Burgers �a partirdu p-syst�eme par une m�ethode de relaxation [10℄. Il existe de nombreuses�etudes sur la stabilit�e des solutions d'ondes progressives pour les syst�emes derelaxation [13℄. L'originalit�e de 
e travail tient au fait qu'on �etudie des insta-bilit�es pr�esentant des 
ho
s pour un syst�eme de relaxation ave
 un for�
agespatial.On re
her
he des solutions autour de l'�etat 
onstant (r0; s0) (
et �etat v�eri�antr0+s02 = f Æ ��1( r0�s02 )) sous la forme r = r0 + �R(�;omegat) et s = s0 +�S(�; !t) o�u � = x�
(!t)� , R et S sont des fon
tions r�eguli�eres en espa
e pour� 2℄� 1; 1[ et 1 p�eriodiques en temps (voir la se
tion pr�e
�edente). La p�eriodeT = 1! de r et s est �a d�eterminer. La vitesse 
 est d�e�nie au moyen des
onditions de Rankine-Hugoniot. Dans 
e 
as le p-syst�eme s'�e
rit!R� + 1� (pp0(u0) + � p00(u0)4p0(u0)(R� S)� !
0(�) + �2P (R; S; �))R� == 12( f 0(u0)pp0(u0) � 1)R� 12( f 0(u0)pp0(u0) + 1)S + b0(�� + 
(�)) ++�Q(R; S; �); (3.30)!S� � 1� (pp0(u0) + � p00(u0)4p0(u0)(R� S) + !
0(�) + �2P (R; S; �))S� == 12( f 0(u0)pp0(u0) � 1)R� 12( f 0(u0)pp0(u0) + 1)S + b0(�� + 
(�)) ++�Q(R; S; �); (3.31)o�u � = T t. Les fon
tions P et Q sont r�eguli�eres et v�eri�ent P (R; S; �) =O(jRj2 + jSj2), Q(R; S; �) = O(jRj2 + jSj2). Ces �equations ont un sens dansl'ensemble des fon
tions 1-p�eriodique en temps si et seulement si 
(� + 1)�
(�) 2 Z 123



Comme dans le premier 
hapitre, le petit param�etre � induit une dynamiquelente et une dynamique rapide. Le syst�eme (3.30,3.31) est �e
rit ave
 lesvariables lentes. Lorsque � = 0, on obtient une \vari�et�e" lente invarianteS(t; �) = S(t) et la dynamique est donn�ee par l'�equation de BurgersRt + p00(u0)4p0(u0)(R� R(1; t) +R(�1; t)2 )R� = AR �BS + b0(
(t)): (3.32)On va suivre la d�emar
he de Feni
hel [7℄, [11℄(�a 
e
i pr�es qu'on est en di-mension in�nie) : on d�emontre dans un premier temps �a partir de l'�equation(3.31) l'existen
e d'un \graphe" invariant. On 
al
ule alors le 
ot sur 
e \gra-phe" et on d�erive une �equation de Burgers "modi��ee" �a partir de l'�equation(3.30). On montre ensuite l'existen
e de solutions roll-waves.Les 
onditions de Rankine Hugoniot donnentT 2
0(�)2 = [p Æ ��1( r0�s0+�(R�S)2 )℄1�1[��1( r0�s0+�(R�S)2 )℄1�1 : (3.33)La vitesse 
0 n'est don
 pas 
onstante : on 
her
he don
 une vitesse 
 telleque 
(� + 1) = 
(�) + 1. L'in
onnue T peut alors s'exprimer en fon
tion deR et S. En utilisant l'�equation (3.33), on aT = T (R; S; �) = Z 10 vuut [p Æ ��1( r0�s0+�(R�S)2 )℄1�1[��1( r0�s0+�(R�S)2 )℄1�1 d�:Apr�es un d�eveloppement limit�e de (3.33), on obtientT
0(�) =pp0(u0)+� p00(u0)4p0(u0)(R(1; �) +R(�1; �)2 �S(1; �) + S(�1; �)2 )+O(�2):(3.34)D'o�u T =pp0(u0) +O(�). De même, la 
ondition aux bords[p Æ ��1( r0�s0+�(R�S)2 )℄1�1[ r0+s0+�(R+S)2 ℄1�1 = [ r0+s0+�(R+S)2 ℄1�1[��1( r0�s0+�(R�S)2 )℄1�1s'�e
rit S(1; t) = S(�1; t) + �RH(S(�1; t); R(1; t); R(�1; t); �); (3.35)et RH(x; y; z; ; �) = O(x2 + y2 + z2).124



On 
al
ule dans un premier temps un graphe (R; S(R)) invariant. On �xela fon
tion R et on s'int�eresse �a l'�equation (3.31) ave
 la 
ondition aux bords(3.35). On rempla
e 
0 par son d�eveloppement limit�e dans (3.31) et on obtientl'�equation
0St� 1� (2
0+�Q(R; S; t; �))S� = AR�BS+b0(��+
0t+�h(t; �))+�P (R; S; �);(3.36)o�u 
0 =pp0(u0), A = 12( f 0(u0)pp0(u0) � 1) et B = 12( f 0(u0)pp0(u0) +1). La fon
tion h estenti�erement d�etermin�ee par R(�1; t) et S(�1; t).En introduisant un res
aling en temps, � = pp0(u0)t, on peut supposer
0 = 1. On d�emontre alors le lemme suivant.Lemme 1 Soit s1, s2 solutions 1-p�eriodiques des �equationsds1dt �Bs1 = �b0(t)ds2dt +Bs2 = A2 Z 1�1R(u; t)du: (3.37)Alors il existe une solution S� 2 C1((�1; 1) � T), 1-p�eriodique en temps telque S�(x; t) = s1(t)+s2(t)+O(�) et v�eri�ant les 
onditions aux bords (3.35).Preuve. Pour traiter les 
onditions aux bords, on introduit la fon
tion auxi-liaire S d�e�nie parS(x; t) = S(x; t) ++�1� x2 RH(S(�1; t); R(1; t); R(�1; t); �): (3.38)La 
ondition aux bords (3.35) est alors rempla
�ee par une 
ondition p�eriodiqueS(1; t) = S(�1; t). On r�ee
rit alors l'�equation (3.36) ave
 S. On obtientSt � 2� (1 + �Q(R; S; t; �))S� = AR �BS + b0(�� + t+ �h(t; �)) + �P (R; S; �):(3.39)Dans le but de simpli�er les notations, on enl�eve les barres. Pour r�esoudrel'�equation (3.39), on introduit les 
ara
t�eristiquesdXdt = �2� �Q(R; S; t; �)(X(t))ave
 X(0) = �. On d�e�nit �egalement la 
ara
t�eristique inversedYdt = +2� +Q(R; S;�t; �)(Y (t))125



et Y (0) = �. On d�emontre la d�ependan
e lips
hitz vis �a vis de S. On faitle 
al
ul sur les 
ara
t�eristiques dire
tes, le 
al
ul sur les 
ara
t�eristiquesinverses �etant identique. On adXdt � dXdt = Q(R; S; t; �)(X(t))�Q(R; S; t; �)(X(t)) ++Q(R; S; t; �)(X(t))�Q(R; S; t; �)(X(t)):On travaille sur l'ensemble des fon
tions R; S tel quesupt2T kR(:; t)kC1(�1;1) �M;supt2T kS(:; t)kC1(�1;1) �M:On obtient alorskdXdt � dXdt k � K(kS � Sk1 + kX �Xk1):En appliquant le lemme de Gronwall, on montre quekX �Xk1 � KkS � Sk1:On fait le 
hangement de variable s(�; t) = S(X(t; �); t) dans (3.39). Lafon
tion s v�eri�edsdt +Bs = b0(�X(t; �) + t+ �h(t; �)) + AR(X(t; �); t) + �P (R; S; �)(X(t; �))(3.40)Au moyen d'une m�ethode de variation de la 
onstante, on obtients(�; t) = A Z t0 R(X(u; �); u) expB(u� t)du+Z t0 b0(�X(u; �) + u+ �h(u; �)) expB(u� t)du++� Z t0 P (R; s; �)(X(u; �); u) expB(u� t)du; (3.41)La fon
tion S est alors donn�ee parS(�; t) = S0(Y (t; �)) exp(�Bt) + A Z t0 R(X(u; Y (t; �)); u) expB(u� t)du+Z t0 b0(�X(u; Y (t; �)) + u+ �h(u; �)) expB(u� t)du++� Z t0 P (R; S; �)(X(u; Y (t; �)); u) expB(u� t)du; (3.42)126



On va 
hoisir la fon
tion S0 de telle sorte que la solution S soit 1-p�eriodique.Les �equations �etant invariantes par t ! t + 1, il suÆt de 
hoisir S0 detelle sorte que S(1; :) = S(0; :). La fon
tion S apparait 
omme le point �xed'un op�erateur agissant sur C(T; C1(�1; 1)). Montrons que 
et op�erateur est
ontra
tant. Consid�eronsT1(S)(�; t) = Z t0 P (R; S; �)(X(u; Y (t; �)); u) expB(u� t)du:En supposant les d�eriv�ees de p et f bor�ees sur un 
ompa
t, on akT1(S)� T1(S)k � C(kS � Sk1 + kX �Xk1 + kY � Y k1); (3.43)Don
 pour � suÆsamment petit, on obtient�kT1(S)� T1(S)k � 14kS � Sk1:On �etudie alors l'op�erateurT2(S)(�; t) = S2(Y (t; �)) exp(�Bt) ++ Z t0 b0(�X(u; Y (t; �)) + u+ �h(u; �)) expB(u� t)du:o�u S2 est 
hoisit de telle sorte que T2(S) soit p�eriodique. On peut �e
rireT2(S)(�; t) = S2(Y (t; �)) exp(�Bt) ++ Z t0 b0(2t� u) expB(u� t)du++T2(S);o�u T2(S) = Z t0 �b0(�(X(u; Y (t; �)) + 2(u� t)� ) + 2t� u+ �h(u; �))�� b0(2t� u)�� expB(u� t)du:On peut montrer que X(u; Y (t; �)) = 2(t�u)� +M(S; �) et M est un op�erateurlips
hitz en la variable S. Comme pour l'op�erateur �T1 et en utilisant lad�ependan
e lips
hitz des 
ara
t�eristiques vis �a vis de S, on akT2(S)� T2(S)k � C�kb00k1kS � Sk1:127



Don
 pour � suÆsamment petit, l'op�erateur T2 est 14 -lips
hitz. On examinealors l'int�egrale I(b; t) = Z t0 b0(2t� u) expB(u� t)du:= Z t0 exp(�Bv)b0(t+ v)dvSoit n = [t℄, on peut montrer queI(b; t) = n�1Xk=0 exp(�Bk) Z 10 exp(�Bv)b0(t + v)dv ++ Z tn exp(�Bv)b0(t + v)dv:On peut en
ore �e
rireI(b; t) = 11� exp�B Z 10 exp(�Bv)b0(t + v)dv + exp(�Bt)f(t):On 
hoisit alors S2 de telle sorte que S2(y) = �f( �2y). On montre alors queS2(X(t; �)) = �f(t) + �N(S; �) et N est lips
hitz vis �a vis de S. On note s1la fon
tion 1-p�eriodiques1(t) = 11� exp�B Z 10 exp(�Bv)b0(t + v)dv:Pour r�esumer, on a don
T2(S) = s1(t) + �N2(S;R; �)ave
 k�N2(S;R; �)� �N2(S;R; �)k � C�kS � Sk1:On termine par l'�etude de l'op�erateurT3(S) = S3(Y (t; �)) exp(�Bt) + A Z t0 expB(s� t)R(X(s; Y (t; �)); s)duo�u on 
hoisit S3 de telle sorte que T3(S) soit p�eriodique. Comme pour le 
aspr�e
�edent, en utilisant X(s; Y (t; �)) = 2(t�s)� +M(S; �), on peut montrer queT3(S) = A Z t0 expB(s� t)R(2(t� s)� ; s)ds++S3(X(t; �)) exp(�Bt) + �T3(S; �);128



et l'op�erateur �T3 est lips
hitz en la variable S, de 
onstante de lips
hitzd'ordre O(�). On s'int�eresse �a l'int�egraleI(R; �) = A Z t0 expB(s� t)R(2(t� s)� ; s)ds:On fait le 
hangement de variable v = 2(t�s)� dans l'int�egrale : on obtient alorsI(R; �) = A�2 Z 2t�0 exp��Bu2 R(u; t� �u2 )du:On peut �e
rire I(R; �) sous la formeI(R; �) = A�2 Z 2n0 exp��Bu2 R(u; t� �u2 )du+O(�);ave
 n = [ t� ℄. En utilisant la p�eriodi
it�e spatiale de R, on aI(R; �) = A�2 n�1Xk=0 exp(��Bk) Z 20 exp(��Bu2 )R(u; t� �k)du+O(�):On re
onnait alors une somme de Riemann et on obtientI(R; �) = A Z t0 exp�Bu12 Z 20 R(x; t� u)dxdu+O(�):On peut alors �e
rire I(R; �) sous la formeI(R; �) = s2(t) + exp(�Bt)g(t; �) +O(�);o�u s2 d�esigne la solution p�eriodique deds2dt +Bs2 = A2 Z 1�1R(x; t)dx:Comme dans le 
as de l'op�erateur T2, on 
hoisit S3(y) = �g( �y2 ; �). On montrealors que S3(X(t; �)) = �g(t; �) + �P (S; �) et P est lisps
hitz vis �a vis de S.Pour r�esumer, on peut �e
rireT3(S) = s2(t) + �N3(S;R; �)ave
 k�N3(S;R; �)� �N3(S;R; �)k � C�kS � Sk1:129



Finalement, on a montr�e que S solution de (3.31) ave
 les 
onditions auxbords (3.35) v�eri�ait :S(t; �) = s1(t) + s2(t) + �N (R; S; �); (3.44)o�u N est un op�erateur lips
hitz. On 
on
lut alors la d�emonstration du lemmeen appliquant le th�eor�eme d'inversion global sur C(T� (�1; 1)). Finalement,on obtient S(t; �) = s1(t) + s2(t) + �P(R; �): (3.45)2On a don
 d�emontr�e l'existen
e d'un graphe invariant (R; S(R)). On vad�eterminer le 
ot sur 
e graphe. On s'int�eresse maintenant �a l'�equation (3.30).On rappelle le d�eveloppement limit�e de 
0(t) :T
0(t) = 
0 + � p00(u0)4p0(u0)(R(1; t) +R(�1; t)2 � s(t)) +O(�2); (3.46)o�u s(t) = s1(t)+s2(t). On inje
te alors (3.45) et (3.46) dans (3.30), l'�equations'�e
rit
0Rt + p00(u0)4p0(u0)(R � R(1; T ) +R(�1; t)2 + �P (R; S(R); �))R� == AR� Bs(t) + b0(t+ ��) + �Q(R; S(R); �):(3.47)ave
 Q(R; S(R)�) = O(R2) et P (R; S(R); �) = O(R2). On rappelle que parun 
hangement d�e
helle en temps, on peut supposer 
0 = 1. Pour � = 0, onobtient une �equation de type Burgers. On d�emontre le lemme suivant.Lemme 2 Il existe une fon
tion Rp 2 C(T; C1(�1; 1)) solution de type roll-waves de l'�equation de Burgers modi��eeRt + p00(u0)4p0(u0)(R� R(1; t) +R(�1; t)2 )R� = AR� Bs(t) + b0(t); (3.48)Preuve. On re
her
he une solution Rp dans C(T; C1℄� 1; 1[) sous la formeRp(�; t) = H(�)+F (t) etH(�1)+H(1) = 0. On 
hoisitH tel que p00(u0)4p0(u0)H 0(�) =A. On a don
 H(�) = 4p0(u0)Ap00(u0) �. La fon
tion F v�eri�e alors l'�equation di��e-rentielle F 0 = AF �Bs1(t)� Bs2(t) + b0(t);= AF �Bs2(t)� ds1dt : (3.49)130



En exploitant le fait que s2 v�eri�e s02(t) = �Bs2 + AF (t) et en d�erivantl'�equation (3.49), on obtientF 00 = (A� B)F 0 � ddt(Bs1(t) + ds1dt ); (3.50)qu'on peut �e
rire F 0 + F = �Bs1(t)� ds1dt : (3.51)On 
hoisit alors F solution de (3.51) 1-p�eriodique. La solution Rp(�; t) =H(�) + F (t) est d�e�nie pour � 2℄� 1; 1[. On obtient la solution de type roll-waves en translatant le pro�l obtenu.2On �etudie le probl�eme 
omplet (3.30) pour � � 0. On d�emontre le r�esultatsuivant.Lemme 3 Il existe une fon
tion R 2 C(T; C1(�1; 1)) solution de type roll-waves de l'�equationRt + p00(u0)4p0(u0)(R � R(1; t) +R(�1; t)2 + �F(R; �))R� == AR �Bs(t) + b0(t) + �G(R; �; �); (3.52)o�u F(R; �) = P (R; S(R); �) + P(R; �)(1; t) + P(R; �)(�1; t)2 ;et G(R; �; �) = Q(R; S(R); �) + b0(�� + T )� b0(t)� :La fon
tion R s'�e
rit R(�; t) = Rp(�; t) +O(�).Preuve. On re
her
he la solution R de (3.52) sous la formeR(�; t) = Rp(�; t) + �uave
 u 2 C1(T; C1(�1; 1)). La fon
tion u v�eri�eut + A(� + �P1(R; u; �))u� = �AF(R + �u; �) + G(R + �u; �; �) ++Au(�1; t) + u(1; t)2 �Bs(u)(t); (3.53)o�u P1(R; u; �) = 4p0(u0)p00(u0)A�F(R + �u; �) + u� u(�1; t) + u(1; t)2 �131



et s(u) d�esigne la solution p�eriodique dedsdt +Bs = A2 Z 1�1 u(x; t)dxOn �e
rit alors l'�equation (3.53) de mani�ere plus 
ondens�eeut + A(� + �K�(u))u� = L�(R + �u) ++Au(�1; t) + u(1; t)2 � Bs(u)(t); (3.54)La fon
tion u apparait alors 
omme un point �xe de l'op�erateur H d�e�nipar H : C(T; C1(�1; 1)) ! C(T; C1(�1; 1))v ! H(v) = u;o�u u 2 C(T; C1(�1; 1)) est solution deut + A(� + �K�(v))u� = L�(R + �v) ++Au(�1; t) + u(1; t)2 �Bs(u)(t); (3.55)On �e
rit alors (3.55) 
omme une �equation d'�evolution dans X = C1(�1; 1).On a ut + L�vu = L�(R + �v)(t; :) (3.56)o�u L�v d�esigne l'op�erateur lin�eaire d�e�ni sur XL�vu = Bs(u)� Au(1; t) + u(�1; t)2 + A(� + �K�(v))u�:On �etudie le semi-groupe S(t) = exp�tL�v g�en�er�e par l'op�erateur born�e L�vsur X. On �etudie don
 le probl�emeut + L�vu = 0;u(0; x) = u0(x): (3.57)On pose w = u�, la fon
tion w v�eri�ewt + A(� + �K�(v))w� + A(1 + �K�0(v)v�)w = 0: (3.58)On introduit alors les 
ara
t�eristiquesdXdt = A(X(t) + �K�(v)(X(t)));132



et les 
ara
t�eristiques inversesdYdt = �A(Y (t) + �K�(v)(Y (t)));tel que X(0) = Y (0) = �. Par une m�ethode de variation de la 
onstante, onobtient Y (t) = exp�At� � A� Z t0 exp�A(t� s)K�(v)(Y (s))ds:On peut alors montrer que Y (t; �) = exp(�At)�(1 + O(�)). De même on aX(t; �) = exp(At)�(1 +O(�)). La fon
tion w est donn�ee parw(�; t) = w0(Y (t; �)) exp��A Z t0 (1 + �K�0(v)v�(X(u; Y (t; �))))du� (3.59)On a don
 l'estimationkux(t; :)k1 � ku0kX exp�A(1� �C(kvkX))t (3.60)On peut �egalement montrerku(t; :)� < u(t; :) > k1 � ku0kX exp�A(1� �C(kvkX))t; (3.61)o�u < u >= 12 R 1�1 u(x)dx. On prend la moyenne spatiale sur l'�equationut + L�vu = 0:On obtient d < u >dt � A < u >= �A� < K�(v)u� > �Bs(u);ds(u)dt +Bs(u) = A < u > : (3.62)On soustrait les deux �equations :ds(u)dt = d < u >dt + A� < K�(v)u� > (3.63)On a don
 s(u) =< u > �A� R +1t < K�(v)u�(:; s) > ds;s(u) =< u > +O(� exp(�At)): (3.64)On obtient don
 �nalementd < u >dt + (B � A) < u >= O(� exp(�At))133



et B � A = 1. On a don
< u(t) >= �K(u0; v) +O(exp�t):Finalement on obtient l'estimationku(t; :)� �K(u0; v)k1 � ku0kX exp��(�; u0; v)t; (3.65)ave
 �(�; u0; v) = min(A(1� �C(kvkX)); 1) > 0pour � suÆsamment petit. On 
al
ule alors l'op�erateur H en utilisant laformule de Duhamel sur l'�equationut + L�vu = L�(R + �v)(t; :): (3.66)On obtient alorsu(:; t) = exp�tLvu0 + Z t0 exp�(t� s)LvL�(R + �v)(s; :)ds = H(v): (3.67)Comme pour la d�emonstration du lemme 1, on 
hoisit u0 (fon
tion de v) detelle sorte que H(v) soit p�eriodique. Grâ
e aux estimations (3.65) et (3.60),on montre que supT kH(v1)�H(v2)kX � K� supT kv1 � v2kX: (3.68)Il existe don
 un point �xe u 2 C(T; C1(�1; 1)) de l'op�erateur H et le lemmeest d�emontr�e. 2Dans les 
oordonn�ees initiales, la solution s'�e
ritr(x; t) = r0 + p00(u04p0(u0)(x�pp0(u0)t+ �h(t)) +O(�2)s(x; t) = s0 + ��s1(t) + s2(t)�+O(�2) (3.69)o�u la fon
tion h est p�eriodique et d�e�nie par h(t) = F (t)� s1(t)� s2(t). Ona don
 une solution de type roll-wave dont la vitesse d'onde est os
illanteautour de la valeur moyenne 
0 = pp0(u0). Ce ph�enom�ene est tr�es similaireaux ondes pulsatoires observ�ees dans les syst�emes de r�ea
tion/di�usion nonhomog�enes [4℄. 134



r
� = x� 
0t� �h(t) +O(�2)�

Fig. 3.2 { Allure des roll-waves dans le p-syst�eme3.4 Roll-waves dans le syst�eme de Saint Ve-nant ave
 fond p�eriodiqueDans 
ette se
tion, on �etudie le syst�eme de Saint Venant ave
 fond p�erio-diquement modul�e.ht + (hu)x = 0;ut + uux +Ghx = �G�b0(x) + 12(1� u2h ) (3.70)o�u G = 1F 2 et F d�esigne le nombre de Froude. Dans un premier temps, onsuit la d�emar
he de la se
tion pr�e
�edente et on d�erive (formellement) une�equation de type Burgers.3.4.1 Roll-waves de petite amplitudeOn diagonalise le syst�eme de Saint Venant en introduisant les invariantsde Riemann r = u+ 2pgh et s = u� 2pgh. Le syst�eme (3.1) s'�e
rit alorsrt + (34r + 14s)rx = �b0(x) + 12(1� (r + sr � s)2);st + (34s+ 14r)sx = �b0(x) + 12(1� (r + sr � s)2): (3.71)On re
her
he alors des solutions autour de l'�etat stationnaire r0 = 1 + 2F ets0 = 1� 2F sous la forme r = r0 + �R(�; t) et s = s0 + �S(�; t) o�u � = x�
(t)� .Les fon
tions R et S v�eri�entRt + 1� (1 + 1F + �S4 � 
0 + �3R4 )R� == 12 �(F2 � 1)R� (F2 + 1)S�++ b0(�� + 
(t)) + �M(R; S; �); (3.72)135



St + 1� (1� 1F � 
0 + �(3S4 + R4 ))S� == 12 �(F2 � 1)R� (F2 + 1)S�++ b0(�� + 
(t)) + �M(R; S; �): (3.73)Les 
onditions de Rankine Hugoniot sont donn�ees par[hu(T; t)� hu(0; t)℄ = 
0(t)[h(T; t)� h(0; t)℄;[(Gh22 + hu2)(T; t)� (Gh22 + hu2)(0; t)℄ = 
0(t)[hu(T; t)� hu(0; t)℄: (3.74)Un d�eveloppement limit�e des 
onditions (3.74) donne
0(t) = 1 + 1F + �34R(1; t) +R(�1; t)2 ++�14 S(1; t) + S(�1; t)2 +O(�2) (3.75)et la 
ondition aux bordsS(1; t) = S(�1; t) + �RH(R(1; t); R(�1; t); S(�1; t); �): (3.76)On �xe R. En rempla�
ant (3.75) dans (3.73), on obtientSt � 2F�(1 +O(�))S� = AR �BS + b0((1 + 1F )t+ ��) +O(�); (3.77)o�u A = 12(F2 �1) et B = 12(F2 +1). On peut montrer l'existen
e d'une solutionS(R) de (3.73) tel que S(R) = s(t) +O(�). On inje
te dans l'�equation (3.72)et on obtientRt + 34(R� R(1; t) +R(�1; t)2 +O(�))R� = AR� Bs(t) +O(�): (3.78)Les �equations poss�edent la même stru
ture que 
elles venant du p-syst�emeet on peut d�emontrer un r�esultat d'existen
e de solutions de type roll-wavesave
 une vitesse de propagation os
illant autour d'une vitesse moyenne.3.5 Con
lusion et perspe
tivesDans 
e 
hapitre, on a tent�e d'expliquer l'apparition de roll-waves dansles �e
oulements de shallow water ave
 fond p�eriodique et la s�ele
tion d'unelongueur d'onde. D'une part, on a mis en �eviden
e le fait que les perturba-tions p�eriodiques de plus grandes p�eriodes sont les moins stables. D'autre136



part pour un s
aling donn�e, on a d�emontr�e l'existen
e de roll-waves de pe-tite amplitude. Cela n'explique pourtant pas le ph�enom�ene de s�ele
tion dela longueur d'onde. Cependant, on 
onje
ture que l'attra
teur global pournotre syst�eme est 
onstitu�e des solutions de type roll-waves et qu'il existeun s
aling (du type F = F
 + O(�)) pour lequel on observerait 
e type deph�enom�ene. Les te
hniques qu'on a d�evelopp�ees dans les 
hapitres 2 et 3jointes �a l'analyse du syst�eme dans une �e
helle 
orre
te doit permettre de
on
lure �a l'apparition pr�ef�erentielle de roll-waves de p�eriode 2.Pour 
on
lure 
ette premi�ere partie, on peut indiquer quelques perspe
tivesde re
her
he (outre 
elles pr�esent�ees pr�e
�edemment) pour 
ontinuer 
e tra-vail.Dans le premier 
hapitre, on rappelle qu'on a montr�e l'existen
e de roll-wavesO(p�) pro
hes des roll-waves 
onstruites par Dressler pour des param�etresO(�) pro
hes des param�etres de Dressler. Cette 
onstru
tion reste 
ependanttr�es fragile et on peut se demander si il n'y aurait pas un moyen "plus natu-rel" de les obtenir. Il existe des mod�eles de Saint Venant prenant en 
ompteune d�eriv�ee d'ordre 3 (et pas la vis
osit�e) : dans 
e 
as on peut montrerl'existen
e de roll-waves 
ontinues de type 
noidale mais on perd l'aspe
t
ho
 des roll-waves. Un mod�ele prenant en 
ompte 
es deux ph�enom�enes de-vrait permettre d'obtenir plus naturellement les roll-waves et une d�erivationrigoureuse des �equations de Saint Venant est don
 i
i tr�es importante.Dans le deuxi�eme 
hapitre, on a �etudi�e la stabilit�e lin�eaire des roll-wavesdis
ontinues de Dressler. On peut se demander si 
ette �etude peut nouspermettre de donner des indi
ations sur la stabilit�e lin�eaire des roll-wavesvisqueuses obtenues dans le premier 
hapitre. Le point 
ru
ial est de faire lelien entre le probl�eme spe
tral li�e �a la stabilit�e des roll-waves dis
ontinues etle probl�eme li�e �a la stabilit�e lin�eaire des roll-waves visqueuses. Il existe d�ej�aquelques travaux �etablissant le lien entre la stabilit�e des pro�ls visqueux etla stabilit�e des 
ho
s pour les syst�emes de lois de 
onservation [8℄,[24℄,[3℄. Endistinguant une dynamique lente et une dynamique rapide, on doit pouvoirfaire 
e lien dans le 
as des roll-waves. En�n, une autre dire
tion possibleserait de savoir si la stabilit�e lin�eaire des roll-waves dis
ontinues impliqueleur stabilit�e non lin�eaire.
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Chapitre 4Existen
e de breathers dans lesr�eseaux de Fermi Pasta UlamdiatomiquesDans 
e 
hapitre, on d�emontre l'existen
e de breathers (os
illations p�erio-diques et lo
alis�ees en espa
e) dans les r�eseaux Fermi Pasta Ulam (FPU)diatomiques ave
 un rapport de masse arbitraire. On 
ompl�ete i
i les preuvesd'existen
e de Livi Spi

i Ma
 Kay obtenues pour les grands rapports demasse. On formule le probl�eme au moyen d'un mapping dans un espa
e defon
tions p�eriodique et on analyse 
elui 
i par une r�edu
tion �a une vari�et�e
entrale dis
r�ete en espa
e. Les solutions ondes progressives du syst�emelin�earis�e poss�ede des fr�equen
es dans deux bandes : une bande a
oustiqueet une bande optique 
orrespondant �a des fr�equen
es sup�erieures. Pour desfr�equen
es pro
hes des bords des bandes, toutes les solutions de petites am-plitudes du syst�eme 
omplet sont sur une vari�et�e de dimension �nie, 
e quir�eduit lo
alement le probl�eme �a l'�etude d'un mapping en dimension �nie.Pour 
ertaines valeurs des param�etres, le mapping poss�ede des orbites ho-mo
lines �a 0 
orrespondant �a des solutions breathers. Lorsque le potentield'intera
tion FPU v�eri�e une 
ondition potentiel dur, on trouve des brea-thers de fr�equen
e l�eg�erement sup�erieur �a 
elles de la bande optique et dansle gap entre les deux bandes juste au dessus de la bande a
oustique. Lorsque lepotentiel d'intera
tion v�eri�e une hypoth�ese de potentiel mou, on d�emontrel'existen
e de breathers dans le gap entre les bandes, pour des fr�equen
esl�eg�erement inf�erieures �a 
elles de la bande optique.
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Breathers on diatomi
 Fermi-Pasta-Ulamlatti
esGuillaume JAMESy and Pas
al NOBLEzy Laboratoire MIP, UMR 5640D�epartement GMM, Institut National des S
ien
es Appliqu�ees,135 avenue de Rangueil, 31077 Toulouse Cedex 4, Fran
e.e-mail : Guillaume.James�gmm.insa-tlse.frz Laboratoire MIP, UMR 5640UFR MIG, Universit�e Paul Sabatier,118 route de Narbonne, 31 062 Toulouse Cedex, Fran
e.e-mail : noble�mip.ups-tlse.frAbstra
tWe prove the existen
e of breathers (spatially lo
alized and time-periodi
os
illations) in diatomi
 Fermi-Pasta-Ulam (FPU) 
hains with arbitrary massratio. This 
ompletes an existen
e result by Livi, Spi

i and Ma
Kay validfor large mass ratio. The problem is formulated as a mapping in a loopspa
e and analyzed via a dis
rete spatial 
entre manifold redu
tion. Spatiallypeiriodi
 travelling wave solutions of the linearized system have frequen
iesin a higher \opti
" band or a lower \a
ousti
" band. For frequen
ies 
loseto band edges, all small amplitude solutions of the nonlinear system lie on a�nite-dimensional 
entre manifold, whi
h redu
es the problem lo
ally to thestudy of a �nite-dimensional mapping. For good parameter values, the mapadmits homo
lini
 orbits to 0 
orresponding to dis
rete breathers. When theFPU intera
tion potential satis�es a hardening 
ondition, we �nd breatherswith frequen
ies slightly above the opti
 band, or in the gap slightly abovethe a
ousti
 band. For a potential satisfying the opposite softening 
ondition,we obtain breathers with frequen
ies in the gap slightly below the opti
 band.Keywords: diatomi
 Fermi-Pasta-Ulam latti
e; dis
rete breather; 
entre man-ifold redu
tion; reversible map4.1 Introdu
tionA Fermi-Pasta-Ulam (FPU) 
hain 
onsists in a one-dimensional 
hain ofmasses 
onne
ted by anharmoni
 springs. In this paper we 
onsider an142



in�nite diatomi
 FPU 
hain with two alternating di�erent masses m1, m2(m1 < m2). This system is des
ribed by the set of equationsmn d2dt2xn = V 0(xn+1 � xn)� V 0(xn � xn�1); n 2 Z; (4.1)where m2n+1 = m1, m2n = m2, xn represents mass displa
ements from theirreferen
e position and V denotes a smooth intera
tion potential with V 0(0) =0. For the sake of simpli
ity we assume V analyti
 in the neighbourhood of0. This paper deals with the existen
e of dis
rete breathers (DB), i.e. time-periodi
 solutions of (4.1) with spatially lo
alized os
illations. More pre
isely,a solution of (4.1) is 
alled dis
rete breather if xn(t+T ) = xn(t) for some T >0 and if there exist 
onstants 
� 2 R su
h that limn!�1 k xn � 
� kL1(0;T ) =0. We also require that dxndt is not identi
ally 0 (this eliminates equilibria andin parti
ular simple shifts).Dis
rete breather solutions are sustained by many nonlinear latti
es andappear in di�erent physi
al models, 
on
erning e.g. DNA denaturation ([29℄),dynami
al properties of 
rystals ([33℄) or Josephson jun
tion arrays ([11℄).We refer the reader to [12℄, [18℄, [30℄, [32℄ for reviews on the subje
t.In diatomi
 FPU 
hains, DB have been 
onsidered in 
onne
tion with thevibrational dynami
s of ioni
 
rystals. Their existen
e has been extensivelystudied numeri
ally, see e.g. [26℄, [2℄, [13℄, [8℄, [14℄, [15℄. These works explorevarious types of mass ratio (m2m1 large or not) and intera
tion potentials (hardor soft ones). They are based on dire
t numeri
al integrations or rotating-wave approximations in whi
h only the �rst frequen
y 
omponents are keptin the time dependen
e.Mathemati
al results 
on
erning DB in diatomi
 FPU 
hains have beenobtained in several 
ontexts.On the one hand, Arioli et al ([3℄, [4℄, [5℄) have used variational te
hniques.They have 
onsidered a 
lass of potentials V superquadrati
 at in�nity, 
orre-sponding to intera
tion for
es anti-restoring at small amplitudes (V 00(0) < 0)and restoring at large amplitudes (x V 0(x) > 0 for jxj large enough). Inthis 
ase, the linearization of (4.1) at xn = 0 does not possess plane wavesolutions. The authors have shown that DB of period T exist provided T islarge enough. Moreover, if one modi�es the above assumptions by assumingV 00(0) = 0 (purely restoring for
es), then there exist DB of any period T > 0([3℄). Note that their results apply to more general latti
es with mn+p = mnin (4.1).On the other hand, Livi, Spi

i and Ma
Kay ([27℄) have studied themore 
lassi
al situation when nearest neighbours intera
tions a
t lo
ally asrestoring for
es (� = V 00(0) > 0). In this 
ase, the linearization of (4.1) at143



xn = 0 has plane wave solutions with frequen
ies ! in two separated bands,namely an \opti
 band" (!2 2 [ 2�m1 ; 2�( 1m1 + 1m2 )℄) and an \a
ousti
 band"(!2 2 [0; 2�m2 ℄). Livi et al 
onsider hard intera
tion potentials having the formV (x) = k2 x2 + k4 x4;where k2; k4 > 0. For a large mass ratio m2=m1, they prove the existen
eof DB with frequen
ies above the opti
 band by 
ontinuation from the limitm2=m1 = +1. In this un
oupled limit (also 
alled anti
ontinuous limit),heavy masses do not move and trivial DB 
an be 
onstru
ted by ex
itingonly one light mass and keeping the others at rest. Note that numeri
al
ontinuation results up to m1 = m2 have been obtained in [8℄.In this paper we assume � > 0 and prove the existen
e of small amplitudeDB for arbitrary mass ratiom2=m1. Moreover, we both treat the 
ase of hardand soft intera
tion potentials. When V satis�es the hardening 
ondition�2 V (4)(0) � (V (3)(0))2 > 0, we �nd DB with frequen
ies slightly above theopti
 band, or in the gap slightly above the a
ousti
 band. When V satis�esthe opposite softening 
ondition �2 V (4)(0) � (V (3)(0))2 < 0, we obtain DBwith frequen
ies in the gap slightly below the opti
 band. It is interesting tonote that these 
onditions are independent of the mass ratio m2m1 . We statethese results more pre
isely in the following theorem.Theorem 4 Fix values of B = �2 V (4)(0)� (V (3)(0))2 and m1, m2 with m2 >m1. Problem (4.1) has the following families of small amplitude dis
retebreather solutions, parametrized by their frequen
y !.i) For B < 0, ! � !
 = � 2�m1�1=2 and ! < !
, there exist DB solutions x1n,x2n having the symmetriesx1�n(t) = �x1n�2(t+ �! ); x2�n(t) = �x2n(t):ii) For B > 0, ! � !
 = h2�( 1m1 + 1m2 )i1=2 and ! > !
, there exist DBsolutions x1n, x2n having the symmetriesx1�n(t) = �x1n�2(t+ �! ); x2�n(t) = �x2n(t+ �! ):iii) If B > 0, m2m1 2 (k2; k(k+2)) (for some integer k � 1), ! � !
 = � 2�m2�1=2and ! > !
, there exist DB solutions x1n, x2n having the symmetriesx1�n(t) = �x1n�2(t); x2�n(t) = �x2n(t+ �! ):144



In ea
h 
ase these solutions have the formxin(t) = dn +X in(t)where X in has 0 time-average and kX inkL1 de
ays exponentially as n !�1. The stationary term dn satis�es dn = O(j! � !
j) for any �xed n,limn!�1 dn = O(j! � !
j1=2) and has a kink shape if V (3)(0) 6= 0. Theos
illatory parts X in have the following form. In 
ase i)X i2n(t) = O(j! � !
j); X i2n�1(t) = An 
os(!t) +O(j! � !
j); (4.2)in 
ase ii)X i2n(t) = �m1m2 An 
os(!t)+O(j!�!
j); X i2n�1(t) = An 
os(!t)+O(j!�!
j);(4.3)in 
ase iii)X i2n(t) = An 
os(!t) +O(j! � !
j); X i2n�1(t) = O(j! � !
j); (4.4)where 0 < An � C j! � !
j1=2 ��jnj, � = 1 +O(j! � !
j1=2) > 1.These results are 
onsistent with the numeri
al works previously men-tioned. Note that an additional 
ondition on m2m1 is required in the 
ase when! lies slightly above the a
ousti
 band (
ase iii)). This 
ondition 
an beinterpreted as a non-resonan
e 
ondition with plane waves. More pre
isely,if this 
ondition is not ful�lled (i.e. if m2m1 2 [k(k+2); (k+1)2℄, k � 1) and !is suÆ
iently 
lose to ( 2�m2 )1=2, then (k + 1)! belongs to the opti
 band.Our proof also provides expli
it expressions of DB solutions at leadingorder in !�!
. Their os
illatory parts de
ay exponentially at in�nity and 
anbe viewed as spatial modulations of linear standing waves with frequen
ies! = !
. Os
illatory parts are O(j! � !
j1=2) and superpose to O(j! � !
j)stati
 distorsions of the latti
e.The proof of theorem 4 is based on the fa
t that one 
an rewrite (4.1) asan ill-posed re
urren
e relation on a loop spa
e and analyze small amplitudesolutions using an adapted 
entre manifold redu
tion theorem. This methodwas initially introdu
ed for studying dis
rete breathers in monoatomi
 FPUlatti
es ([23℄) and has been extended to more general dis
rete systems in [24℄.To be more pre
ise, V 0 is lo
ally invertible (V 00(0) > 0) and thus one 
anreformulate (4.1) using the res
aled for
e variable fn(t) = V 0(xn�xn�1)(t=!).This yields the equations!2m1m2 d2dt2 (V 0)�1(fn) = mn�1 fn+1�(m1+m2) fn+mn fn�1; n 2 Z (4.5)145



(re
all m2n+1 = m1, m2n = m2), where ! is viewed as a bifur
ation parame-ter. Setting Yn = (f2n; f2n�1), problem (4.5) 
an be rewritten as a mappingon a loop spa
e Yn+1 = F!(Yn) in X; (4.6)where equation (4.6) holds in a Sobolev spa
e X of 2�-periodi
 fun
tionsof t and Yn belongs to the domain D � X of F! for all n 2 Z. The mapF! is reversible due to the invarian
e fn ! f�n�1 in (4.5). It has a �xedpoint Y = 0 
orresponding to the latti
e at rest and the linearized operatorL! = DF!(0) is unbounded in X (hen
e the re
urren
e relation (4.6) is ill-posed). Dis
rete breathers 
orrespond to solutions of (4.6) homo
lini
 to 0,i.e. satisfying limn!�1 kYn kD = 0.When ! takes one of the 
riti
al values !
 given in theorem 4, L! hasa double eigenvalue +1 or �1 and the remaining part of the spe
trum liesaway from the unit 
ir
le. This spe
tral separation allows us to apply a 
entremanifold theorem ([24℄), whi
h ensures that all small amplitude solutions of(4.6) with ! � !
 lie on a 2-dimensional 
entre manifold invariant under F!.This property redu
es the lo
al study of (4.6) to that of a two-dimensionalreversible mapping, whi
h admits homo
lini
 orbits to 0 for good parametervalues. These orbits 
orrespond to DB solutions of (4.6).Note that the 
entre manifold theorem used in the present paper is a dis-
rete analogue of 
entre manifold theorems for ill-posed di�erential equationsin Bana
h spa
es ([25℄, [28℄, [35℄). These te
hniques have been used re
entlyfor studying travelling waves in di�erent types of in�nite one-dimensionallatti
es (Iooss and Kir
hg�assner [22℄, Iooss [21℄). These problems take theform of s
alar advan
e-delay reversible di�erential equations (written in themoving frame), where the 
ontinuous spa
e 
oordinate plays the role of time.Note that other te
hniques have been used for studying di�erent kinds oftravelling waves in FPU latti
es (see [16℄, [17℄, [20℄ and referen
es therein).In the present 
ase when V 00(0) > 0 (and with additional 
onvexity as-sumptions), variational te
hniques should also work in prin
iple and allow usto �nd �nite amplitude dis
rete breathers (see [7℄ in the 
ase of monoatomi
FPU 
hains). In 
omparison, 
entre manifold theory is only lo
al but pro-vides more pre
ise results 
on
erning the shape of solutions, and works forgeneral potentials.Another advantage of 
entre manifold theory is that it does not �x a priorithe spatial behaviour of solutions, sin
e all small amplitude solutions withnear-
riti
al frequen
ies lie on a 
entre manifold. As a result, our analysisis not limited to DB and provides other types of time-periodi
 solutions.For good parameter values, we prove the existen
e of \dark breathers" (see[1℄ and referen
es therein), whi
h 
onne
t at in�nity two spatially periodi
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solutions and have a smaller amplitude at the 
entre (these solutions arenot spatially lo
alized). Althought this point is not treated in the presentpaper, a more extended analysis of the redu
ed mapping would also providespatially periodi
 and quasi-periodi
 solutions.An interesting generalization of this work would be to analyze 
ase iii)of theorem 4 when m2m1 belongs to the \forbidden" bands [k(k + 2); (k + 1)2℄(k � 1). In this 
ase, the spe
trum of L!
 on the unit 
ir
le 
onsists in adouble eigenvalue �1 and a pair of simple imaginary eigenvalues (the 
entremanifold is 4-dimensional). It would be interesting to know if there still existDB in this parameter regime. A possibility would be that DB do not existin this 
ase and are repla
ed by "nanopterons" having small os
illatory tails.The outline of the paper is as follows. In se
tion 4.2 we formulate (4.1)as a mapping in an adapted fun
tion spa
e, and we determine the spe
trumof the linearized operator in se
tion 4.3 (depending on the parameters !,m1=m2). Next we perform a 
entre manifold redu
tion when the frequen
yof solutions is 
lose to one of the 
riti
al frequen
ies given in theorem 4.This is done in se
tion 4.4, where we 
ompute the (two-dimensional) 
entremanifolds and the reversible redu
ed mappings in normal form (some 
om-putations are detailed in appendix 4.6.2). The redu
tion is an appli
ation ofthe general result [24℄, ex
ept for the treatment of reversibility. In our 
asethe reversibility symmetry is an unbounded operator in D and thus we haveto redo a part of the proof (se
tion 4.4.2 and appendix 4.6.2). We studysmall amplitude bifur
ating orbits in se
tion 4.5 (reversibility is importantat this stage). We des
ribe the 
orresponding latti
e vibrations in se
tion 4.6and 
ompare our results with previous numeri
al works.4.2 Formulation of the mathemati
al prob-lemIn this se
tion we formulate the FPU system for time-periodi
 solutions as amapping in an adapted fun
tion spa
e.We �rst res
ale equation (4.1) for de
reasing the number of parameters.Setting xn(t) = ~xn((V 00(0)=m2)1=2 t), V = V 00(0) ~V in (4.1) and then droppingthe tildes for 
onvenien
e, we getd2dt2x2n = V 0(x2n+1 � x2n)� V 0(x2n � x2n�1);m d2dt2x2n+1 = V 0(x2n+2 � x2n+1)� V 0(x2n+1 � x2n); (4.7)where m = m1=m2 2 (0; 1), V 0(0) = 0 and V 00(0) = 1. We look for solutions147



of (4.7) with frequen
y !. To 
ut o� the invarian
e of (4.7) under translations,we use the res
aled for
e variable yn = V 0(xn�xn�1)( t! ). Note that yn is 2�-periodi
 in time. By integrating (4.7) one observes that the time average ofyn is independent of n. Sin
e we are interested in spatially lo
alized solutions,we �x R 2�0 yn(t)dt = 0 in the sequel.Using variables yn, problem (4.7) leads to the new system:m!2 d2dt2 (W (y2n+1)) = y2n+2 � (m+ 1)y2n+1 +my2n;m!2 d2dt2 (W (y2n)) = my2n+1 � (m+ 1)y2n + y2n�1; (4.8)where W (y) = (V 0)�1(y) is the lo
al inverse of V 0 and satis�es W (0) = 0,W 0(0) = 1.Breather solutions of (4.7) with frequen
y ! 
orrespond to 2�-periodi
 solu-tions of (4.8) satisfying limjnj!1 kynkL1 = 0.We now formulate (4.8) as a �rst order re
urren
e relation in a loop spa
e.For this purpose, we de�ne un = y2n, vn = y2n�1 and Yn = (un; vn). Problem(4.8) 
an be rewritten Yn+1 = Fm;!(Yn) (4.9)with Fm;!(u; v) = �B( 1m(B(u)� v))�mu1m(B(u)� v) � (4.10)and B(u) = m!2 d2dt2W (u)+(m+1)u. Now (m;!) play the role of bifur
ationparameters.We now de�ne appropriate fun
tion spa
es on whi
h Fm;! is a
ting. Thesystem (4.8) is invariant under the time reversibility t! �t. Thus we restri
tour attention to even fun
tions of t. Moreover, this restri
tion divides by twothe dimension of the 
entre manifold. We introdu
e the spa
es Hn# (n � 0)de�ned by Hn# = f y 2 Hn(R=2�Z) = y even; Z 2�0 y dt = 0 g;whereHn denotes the 
lassi
al Sobolev spa
e (withH0(R=2�Z) = L2(R=2�Z)).We look for (un; vn) 2 D = H4# �H2#. The re
urren
e relation (4.9) holds inX = H0# �H2#. The operator Fm;! : D ! X is analyti
 in a neighbourhoodU of Y = 0 in D . Note that the �xed point Y = 0 of Fm;! 
orresponds to thelatti
e at rest.We now examine the symmetry properties of equation (4.9). On theone hand, equation (4.9) is invariant under the symmetry T Y = Y (� + �).148



Moreover, if yn is a solution of (4.8) then ~yn = y�n�1 also satis�es (4.8).As a 
onsequen
e, if (un; vn) is a solution of (4.9) then (v�n; u�n) is alsoa solution, i.e. equation (4.9) is reversible with respe
t to the symmetryR(u; v) = (v; u). Note that this statement is only formal at the presentstage sin
e R does not map D into itself (we shall make this point rigorousin se
tion 4.4.2). Reversibility is 
hara
terized by the property that for allY 2 U su
h that RY 2 U and RFm;!(RY ) 2 U , one has (Fm;! ÆR)2Y = Y .4.3 Spe
tral properties of the linearized op-eratorThe linearized operator Lm;! = DFm;!(0) readsLm;!(u; v) = �A( 1m(Au� v))�mu1m(Au� v) � ;where Au = m!2d2udt2 + (m + 1)u: (4.11)The operator Lm;! : D � X ! X is unbounded in X (of domain D ) and
losed. Its spe
trum is invariant under z ! z�1 (due to reversibility) andz ! �z. The following lemma states the spe
tral properties of Lm;! in moredetail.Lemma 7 For all m 2 (0; 1) and ! > 0, the spe
trum of Lm;! is unbounded,dis
rete and 
an be written �(Lm;!) = f0g [ �m;!, where 0 belongs to theessential spe
trum and �m;! 
onsists in non-zero eigenvalues. The set �m;!is 
ontained in the union of the real axis and the unit 
ir
le, and invariantunder z ! �z, z ! z�1. The eigenvalues form sequen
es (zk)k�1 and (z�1k )k�1(with jzkj � 1 and Im zk � 0) determined by the equation12 (zk + z�1k ) = 1 + k2!2 (m2 k2!2 �m� 1); k � 1: (4.12)Proof. For z 2 C and (f; g) 2 X we 
onsider the spe
tral problem(Lm;! � zI) (u; v) = (f; g); (u; v) 2 D ; (4.13)whi
h readsA( 1m(Au� v))� (m + z) u = f; 1m(Au� v)� z v = g:149



The system is simpli�ed by setting w = 1m(Au � v) (the operator (u; v) 7!(u; w) is bounded and invertible in D ). This yieldsAw � (m+ z) u = f; (1 +mz)w � zAu = g: (4.14)We �rst examine the 
ase when z = 0. One obtainsmu = Ag � f; w = g;hen
e u =2 H4# and thus z = 0 belongs to the essential spe
trum.We now 
onsider the 
ase when z 6= 0. Problem (4.14) 
an be writtenAw � (m+ z) u = f; (4.15)�Au+ (m+ z�1)w = z�1 g: (4.16)For z 6= �m�1, equation (4.16) 
an be solved with respe
t to w, whi
hyields A2 u� (m + z)(m + z�1) u = (m + z�1) f � z�1Ag; (4.17)w = 11 +mz (zAu+ g): (4.18)We now solve equation (4.17). The operator A2 is unbounded in H0# (ofdomain H4#), 
losed with a 
ompa
t resolvent. It follows that (4.17) hasa unique solution (u; w) 2 D if and only if (m + z)(m + z�1) is not aneigenvalue of A2. Moreover, if (m+z)(m+z�1) is an eigenvalue of A2 then zis an eigenvalue of Lm;!. This o

urs when z satis�es the dispersion relation(m + z)(m + z�1) = (m+ 1�mk2!2)2; k 2 N� (4.19)whi
h 
an be written12 (z + z�1) = 1 + k2!2 (m2 k2!2 �m� 1): (4.20)There remains to investigate the 
ase when z = �m�1. In this 
ase, thesystem (4.15)-(4.16) readsAw = f + (m�m�1) u; (4.21)Au = mg: (4.22)Note that A : Hn# ! Hn�2# is invertible if and only if m+1m!2 6= k2 for all k 2 N�(see (4.11) for the de�nition of A). When this is the 
ase, (4.21)-(4.22) hasa unique solution (u; w) 2 D and z = �m�1 belongs to the resolvent set of150



Lm;!. Lastly, we 
onsider the 
ase when m+1m!2 = k2 (k 2 N�). In this 
ase, onehas Au = m+1k2 (d2udt2 + k2 u). Equations (4.21) and (4.22) yield the solvability
onditions Z 2�0 u 
os (kt) dt = m1�m Z 2�0 f 
os (kt) dt; (4.23)Z 2�0 g 
os (kt) dt = 0: (4.24)When 
ondition (4.24) is satis�ed, equations (4.22) and (4.23) determineu 2 H4# uniquely. Then equation (4.21) has an in�nite number of solutionsw 2 H2#, de�ned up to an additive term C 
os (kt). This shows that z =�m�1 is an eigenvalue of Lm;! when m+1m!2 = k2 (k 2 N�). For these parametervalues, we note that z = �m�1 satis�es the dispersion relation (4.19) (orequivalently (4.20)).It follows from the above analysis that Lm;! has essential spe
trum atz = 0, while its eigenvalues are determined by the dispersion relation (4.20).Equation (4.20) shows that z + z�1 2 R for all eigenvalue z, hen
e thespe
trum of Lm;! is 
ontained in the union of the real axis and the unit
ir
le. Moreover, equation (4.20) shows that the spe
trum is invariant underz ! �z, z ! z�1 and is unbounded (one of the solutions of (4.20) tends toin�nity as k ! +1). This 
ompletes the proof. 2We now study the variations of the spe
trum of Lm;! as we vary theparameter (!2; m) 2 S, S = (0;+1)�(0; 1). Equation (4.12) 
an be writtenz2k � 2( 1 + k2!2 (m2 k2!2 �m� 1) ) zk + 1 = 0: (4.25)The dis
riminant of equation (4.25) is negative if and only if�2 � k2!2 (m2 k2!2 �m� 1) � 0;or equivalently 2m � k2!2 � 2(1 + 1m) or 0 < k2!2 � 2:In this 
ase, the eigenvalues zk, z�1k belong to the unit 
ir
le. Note that theintervals [0; 2℄ and [ 2m ; 2(1+ 1m)℄ are often referred as a
ousti
 and opti
 bandrespe
tively.The eigenvalues zk, z�1k belong to the positive real axis when k2!2 �2(1 + 1m) and 
ollide at z = +1 when k2!2 = 2(1 + 1m). Note that all theeigenvalues belong to the positive real axis (and lie outside the unit 
ir
le)when !2 > 2(1 + 1m). 151



The eigenvalues zk, z�1k belong to the negative real axis when 2 � k2!2 �2m and 
ollide at z = �1 when k2!2 = 2m and k2!2 = 2. One 
an see thatzk does not vary monotoni
ally for !2 2 [ 2k2 ; 2k2m ℄, and rea
hes its minimumzk = �1=m at the mid value !2 = m+1k2m . This frequen
y 
orresponds to the
ase when A is non-invertible.The above analysis leads us to 
onsider the following 
urves in the pa-rameter spa
e S �+k : !2 = 2k2 (1 + 1m);��k : !2 = 2k2m;�ak : !2 = 2k2 :The in�nite 
olle
tion of 
urves �+k , ��k , �ak (k � 1) divides S in di�erentregions 
orresponding to di�erent numbers of eigenvalues on the unit 
ir
le(these 
urves are depi
ted in �gure 4.1 for k = 1; 2).
m

1

2 4  0

acoustic band optic band

��1 �+1�a1�a2 ��2M+2M�2 �+3��3 !212
�+2

Figure 4.1: Spe
trum of Lm;! near the unit 
ir
le in some parameter regions.In the shaded regions, z1, z�11 are the only eigenvalues 
lose to the unit 
ir
leand the �xed point Y = 0 is hyperboli
.Note that in our parameter spa
e the anti
ontinuous limit developped in[27℄ 
onsists in following a 
urve !2 = 
2m , where 
 > p2 is �xed and m! 0.This is due to the fa
t that the system (4.1) is res
aled di�erently in thisreferen
e (the FPU 
hain 
onsists in masses 1 and M = m2=m1 > 1).The set of possible bifur
ation s
enarios is broad. With the aim of �ndingdis
rete breathers as homo
lini
 orbits to Y = 0, we shall restri
t ourselvesto the situation when z1, z�11 are the only eigenvalues 
lose to the unit 
ir
leand the �xed point Y = 0 is hyperboli
. The 
orresponding regions in the152



parameter spa
e S are depi
ted in �gure 4.1 (shaded regions). One of theseregions is lo
ated in the neighbourhood of �+1 , at the right side (i.e. abovethe top of the opti
 band). An other region is in the neighbourhood of ��1 , atthe left side (i.e. below the bottom of the opti
 band). The situation is more
ompli
ated when (!2; m) is 
lose to �a1 and at the right side (i.e. above thetop of the a
ousti
 band), sin
e the 
urves �a1 and ��k (k � 2) interse
t atthe point (!2; m) = (2;M�k ) withM+k = 1k2 � 1 ; M�k = 1k2 : (4.26)We shall only 
onsider the 
ase when m 2 (M+k+1;M�k ) (k � 1) is �xed and!2 � 2, sin
e z1, z�11 are the only eigenvalues 
lose to the unit 
ir
le. Inthe 
ase when m 2 (M�k ;M+k ) (k � 2) is �xed and !2 � 2, there are twoadditional eigenvalues zk, z�1k on the unit 
ir
le and the bifur
ation problemis more 
ompli
ated. Note that these eigenvalues indi
ate that k ! belongsto the opti
 band, and 
onsequently resonan
e phenomena may o

ur inthese parameter regimes. In the sequel, we shall 
onsider the following linesegments in the parameter spa
e S�k1 : !2 = 2; m 2 (M+k+1;M�k ):We note that equation (4.8) has the invarian
e (yn; !)! (yn(kt); !k ) (forany integer k � 2), and 
onsequently the existen
e of a given solution ynfor (!2; m) � ��;a1 implies the existen
e of an other solution ~yn = yn(kt)for (!2; m) � ��;ak . This new solution is arti�
ial sin
e yn and ~yn both
orrespond to the same solution of (4.7). However, this remark would beuseful for studying bifur
ations near ��;ak involving several modes.Although we shall not investigate these 
ases in the present paper, we notethe presen
e of simultaneous or multiple 
ollisions of eigenvalues for parti
u-lar values of (!2; m) (
odimension two bifur
ations). This phenomenon mayyield the existen
e of new interesting types of solutions when the mass ra-tio is 
lose to su
h 
riti
al values. For (!2; m) = (2;M+k ), the 
entral partof the spe
trum is 
omposed of two double eigenvalues z1 = �1, zk = +1,and for (!2; m) = (2;M�k ) it is 
omposed of one quadruple eigenvalue �1(z�11 = z�1k = �1). Moreover, the 
urves ��k and �+k+1 (k � 3) 
ross at(!2; m) = ( 22k+1 ; mk), with mk = (2k + 1)=k2 (then zk = �1, zk+1 = +1 aredouble eigenvalues, and a �nite number of other eigenvalues lie on the unit
ir
le). One 
an even observe a triple 
rossing of ��(p2�1)=2, �+(p2+1)=2 and �apwhen p � 3 is odd (then z = �1, z = +1 are respe
tively quadruple anddouble eigenvalues, and a �nite number of other eigenvalues lie on the unit
ir
le). 153



Note also that a study of the 
odimension two bifur
ation (!2; m) � (2; 1)should be of interest. Indeed, we shall see in se
tion 4.6 that small amplitudebreathers exist for (!2; m) � (2; 1) if one 
hooses good parameter values inthe domain between �a1 and ��1 . This domain vanishes as m ! 1, and form = 1 the limiting frequen
y ! = p2 lies inside the a
ousti
 band.The following lemma des
ribes the 
entre spa
e X
 (invariant subspa
eunder Lm;! asso
iated with the eigenvalues on the unit 
ir
le) when param-eters lie on the 
urves �+1 ;��1 ;�k1.Lemma 8 If (!2; m) 2 �+1 , z = +1 is a double non-semi-simple eigenvalueof Lm;!. If (!2; m) 2 ��1 or (!2; m) 2 �k1 (k � 1), z = �1 is a double non-semi-simple eigenvalue of Lm;!. Moreover, the 
entre spa
e X
 is the same forall these parameter values and is spanned by the ve
tors Vu = (
os t; 0) andVv = (0; 
os t). The spe
tral proje
tion �
 on X
 reads �
(u; v) = (�
u; �
v),where �
u = 1� R 2�0 u(t) 
os t dt 
os t.Proof. The operators Lm;! and �
 
ommute sin
e �
 
ommutes with d2dt2 . Wenow de�ne X
 = �
X = Span fVu; Vvg, �h = IX��
, Xh = �hX, D h = �hD ,L
 = Lm;! jX
 and Lh = Lm;! jXh. Going ba
k to lemma 7 and repla
ingX, D by Xh, D h , one obtains �(Lh) = �(Lm;!) n f1g for (!2; m) 2 �+1 and�(Lh) = �(Lm;!) n f�1g for (!2; m) 2 ��1 or (!2; m) 2 �k1. Moreover, �(Lh)is purely hyperboli
. Now we have in the basis fVu; VvgL
 = � 
 ��� �m�1 � ; (4.27)where � = 1+m�1�!2 and 
 = m (�2 � 1). Consequently, z = �1 (respe
-tively z = +1) is a double non-semi-simple eigenvalue of L
 for (!2; m) 2 ��1or (!2; m) 2 �k1 (respe
tively (!2; m) 2 �+1 ).24.4 Centre manifold redu
tionIn this se
tion we lo
ally redu
e the in�nite-dimensional mapping (4.9) toa �nite-dimensional one on a 
entre manifold, for parameter values 
lose tothe bifur
ation 
urves �k1 (k � 1), �+1 , ��1 . Se
tion 4.4.1 states the redu
tiontheorem, and we show in se
tion 4.4.2 that the redu
ed mapping inherits thesymmetries of the in�nite-dimensional system. At this step one has to dealwith a te
hni
al diÆ
ulty, due to the fa
t that the reversibility symmetry isan unbounded operator in D . In se
tion 4.4.3 we 
ompute the prin
ipal termsin the Taylor expansions of the 
entre manifold and the redu
ed mapping,whi
h is written in a simpler normal form in se
tion 4.4.4.154



4.4.1 Redu
tion theoremWe now 
onsider the bifur
ations at a double eigenvalue �1 o

uring on the
urves �k1 (k � 1), �+1 , ��1 . We set !2 = !2
 + �, where � � 0 is a smallbifur
ation parameter and !2
 , m are as followsfor (!2
 ; m) 2 �+1 : m 2 (0; 1); !2
 = 2(1 + 1m);for (!2
 ; m) 2 ��1 : m 2 (0; 1); !2
 = 2m ;for (!2
 ; m) 2 �k1 : m 2 (M+k+1;M�k ); !2
 = 2: (4.28)The re
urren
e (4.9) 
an be written in the form:Yn+1 = LYn +N (Yn; �) (4.29)with L = DFm;!
(0) and N (Y; �) = Fm;!(Y ) � LY = O(kY k2D + j�jkY kD ).We now use the notation � = 1=m. Setting Y = (u; v) and Qu = (!2
 d2dt2 +(1 + �))u, one has: L� uv � = � 1�(Q2 � 1)u�QvQu� �v �and N is given by:N (Y; �) = � 1�(QN(u; �) +N(Qu� �v +N(u; �); �))N(u; �) �with N(u; �) = d2dt2 (�W (u) + !2
 (W (u)� u)): (4.30)Note that W = (V 0)�1 
an be expanded asW (y) = y +W2y2 +W3y3 +O(y4);with W2 = �12 V (3)(0); W3 = 12(V (3)(0))2 � 16 V (4)(0): (4.31)Thus we haveN(u; �) = d2dt2 (�u+ !2
W2u2 +W2�u2 + !2
W3u3) + h.o.t: (4.32)The part of the spe
trum of L lying on the unit 
ir
le 
onsists in a doubleeigenvalue +1 or �1, whi
h is isolated from the rest of the spe
trum. Conse-quently, the 
entre manifold theorem applies (see theorem 1 in [24℄). There-fore one 
an redu
e lo
ally the study of (4.29) to that of a two-dimensionalmap on the generalized eigenspa
e X
. In the sequel, we denote by �
 thespe
tral proje
tion on X
 (see lemma 8) and de�ne �h = Id��
, Xh = �hX,Lh = LjXh, L
 = LjX
, Y 
 = �
Y , Y h = �hY . A dire
t appli
ation of the
entre manifold theorem gives the following result:155



Theorem 5 Let us �x m and !
 as in (4.28) and k � 4. There exist neigh-bourhoods 
, � of 0 in D , R respe
tively and a map 	 2 Ck(X
��; D h) with	(0; �) = 0 and D	(0; 0) = 0 su
h that for any � 2 �, the manifoldM� = fY 2 D =Y = Y 
 +	(Y 
; �); Y 
 2 X
ghas the following properties.(i) M� is lo
ally invariant under L + N (:; �), i.e. if Y 2 M� \ 
 thenLY +N (Y; �) 2 M�.(ii) If Yn is a solution of (4.29) su
h that Yn 2 
 for all n 2 Z, then Yn 2 M�for all n 2 Z and Y 
n satis�es the re
urren
e relation8n 2 Z; Y 
n+1 = f(Y 
n ; �) (4.33)with f(Y; �) = L
Y +�
N (Y +	(Y; �); �).(iii)Conversely, if Y 
n is a solution of (4.33) su
h that Y 
n 2 
 for all n 2 Z,then Yn = Y 
n +	(Y 
n ; �) satis�es (4.29).Note that the validity domain of the redu
tion (i.e. the size of the neigh-bourhood 
 � �) depends on the spe
tral gap between the unit 
ir
le andthe hyperboli
 part of the spe
trum (see [24℄). More pre
isely, this neigh-bourhood shrinks as other eigenvalues approa
h the unit 
ir
le, whi
h is the
ase when !2
 = 2 and m!M�k (k � 2). It also shrinks as m! 0 sin
e thislimit is singular in (4.9).The situation is di�erent as m ! 1 on �+1 , ��1 and �a1 (the hyperboli
part of the spe
trum remains at a nonzero distan
e). In these limits, thevalidity domain of the redu
tion is uniform with respe
t to m. However, thefrequen
y domains in whi
h di�erent 
lasses of bifur
ating solutions of theredu
ed mapping (4.33) exist may vanish as m ! 1. Indeed, the redu
edmapping stru
ture 
hanges drasti
ally at (!2; m) = (2; 1) sin
e the doubleeigenvalue �1 be
omes semi-simple (see (4.27)).4.4.2 SymmetriesWe have seen in se
tion 4.2 that the mapping (4.29) is equivariant withrespe
t to the symmetry T Y = Y (� + �) and reversible with respe
t toR(u; v) = (v; u). We now have to 
he
k that the 
entre manifold redu
tionpreserves these symmetries. This means that the 
entre manifold is invariantunder T and R, and that the redu
ed mapping is equivariant under T andreversible under R. As we shall see, these properties simplify the 
omputationof the 
entre manifold and play a fundamental role in the redu
ed mappingdynami
s.We now state the main result of this se
tion.156



Theorem 6 The maps f and 	 in theorem 5 satisfy8Y 2 X
 \ 
; R	(Y; �) = 	(RY; �); (f(�; �) ÆR)2 = Id; (4.34)8Y 2 X
 \ 
; T	(Y; �) = 	(TY; �); f(TY; �) = Tf(Y; �): (4.35)The main diÆ
ulty is related to the reversibility symmetry R. Indeed,the proof of theorem 6 requires to modify (4.29) by a 
ut-o� preservingreversibility. The existen
e of a suitable 
ut-o� is not as automati
 for mapsas for ve
tor �elds, due to the fa
t that a reversible ve
tor �eld F is 
onjugateto �F whereas a reversible map is 
onjugate to its inverse. This diÆ
ultyhas been treated in [24℄ for a 
lass of problems in whi
h R is bounded in D .However, these results are not dire
tly appli
able here sin
e R is un-bounded in D . More pre
isely, R : D R � D ! D is 
losed and the domainD R of R is D R = H4# � H4#. Consequently we have to adapt the proof ofreversibility preservation given in [24℄ (se
tions 4 and 5.1). The idea 
onsistsin using a 
ut-o� fun
tion on the �nite-dimensional 
entre spa
e X
 (insteadof D ) sin
e R is bounded in X
 . We shall only point out whi
h steps aremodi�ed and refer to [24℄ for the 
omplete proof.The modi�
ation of (4.29) by a 
ut-o� 
onsists in repla
ing N (:; �) by amapN�(:; �) equal toN (:; �) in a small neighbourhood of 0, globally boundedand lips
hitzian on X
 (with small Lips
hitz 
onstant). This 
omes from thene
essity of using the 
ontra
tion mapping theorem in a spa
e of sequen
eswith possibly unbounded 
entral parts (see se
tion 3.1 in [24℄). One �rstproves a global 
entre manifold redu
tion result for the trun
ated problemYn+1 = LYn +N�(Yn; �); (4.36)whi
h gives a lo
al 
entre manifold redu
tion result for the original prob-lem (4.29). In order to prove that the 
entre manifold redu
tion preservesreversibility, one has to 
onstru
t N� su
h that the mapping (4.36) is alsoreversible. This means that one has to modify the nonlinear terms in (4.8)in su
h a way that the invarian
e yn ! y�n�1 is preserved. In what follows,we introdu
e an adapted 
ut-o� of (4.8).Setting !2 = !2
 + � and � = m�1 in (4.8), one obtains!2
 d2dt2 (y2n+1) +N(y2n+1; �) = �y2n+2 � (1 + �)y2n+1 + y2n;!2
 d2dt2 (y2n) +N(y2n; �) = y2n+1 � (1 + �)y2n + �y2n�1; (4.37)where N(y; �) = d2dt2 g(y; �) and g(y; �) = �W (y) + !2
 (W (y) � y). We now157




onsider the trun
ated problem!2
 d2dt2 (y2n+1) +N�(y2n+1; �) = �y2n+2 � (1 + �)y2n+1 + y2n;!2
 d2dt2 (y2n) +N�(y2n; �) = y2n+1 � (1 + �)y2n + �y2n�1; (4.38)where N�(y; �) = d2dt2 g�(y; �), g�(y; �) = g(y; �)�(��1 j(y; 
os t)j), (y; 
os t) =R 2�0 y(t) 
os t dt and � 2 C1([0;+1); [0; 1℄) is a 
ut-o� fun
tion satisfying�(x) = 1 for x 2 [0; 1℄ and �(x) = 0 for x � 2. One 
an 
he
k that theinvarian
e yn ! y�n�1 is preserved in (4.38).Setting Yn = (un; vn) = (y2n; y2n�1), problem (4.38) takes the form (4.36)with L� uv � = � 1�(Q2 � 1)u�QvQu� �v � ;Qu = (!2
 d2dt2 + (1 + �))u;N�(Y; �) = � 1�(QN�(u; �) +N�(Qu� �v +N�(u; �); �))N�(u; �) � :The 
ut-o� in (4.38) is only performed on the (�nite-dimensional) 
entrespa
e. Indeed, sin
e R is unbounded in D it is not possible to use a 
ut-o�fun
tion on the whole of D (as it is done in [24℄). This pro
edure will slightlymodify the subsequent 
hoi
e of spa
es.We now detail some important properties of N�. Let us 
onsider the stripBh� = fY 2 D = kY hkD � � g:One 
an �nd �0 > 0 su
h that N� 2 Ckb (Bh�0 � (��0; �0);X). Moreover, oneobtains using lemma 17 of appendix 4.6.2kN�kC0b (Bh� �(��;�);X) = O(�2); kDYN�kC0b (Bh� �(��;�);L(D;X)) = O(�) (4.39)as � ! 0+. In addition, one has N�(:; �) = N (:; �) in a ball B� having theform B� = fY 2 D = kY kD < C � g;and thus problems (4.29) and (4.36) are lo
ally identi
al.We now examine more 
losely the reversibility symmetry in (4.36). One
an 
he
k that if u 2 D R , Ru 2 Bh�0, (L +N�(:; �)) Æ Ru 2 D R and R (L +N�(:; �)) Æ Ru 2 Bh�0, then((L+N�(:; �)) Æ R)2u = u: (4.40)158



This property is due to the invarian
e yn ! y�n�1 in (4.38) and 
hara
terizesthe fa
t that (4.36) is reversible with respe
t to R.In the 
ase when R is bounded in D , property (4.40) immediately impliesthat for any solution Yn of (4.36), Zn = RY�n is also a solution. The situationis more 
ompli
ated in our 
ase sin
e R is unbounded in D and Y�n does nota priori belong to D R .However, one 
an show that the solutions of (4.36) have more regularitythan the regularity of D and it turns out that Y�n 2 D R . More pre
isely, thefollowing result is proved in appendix 4.6.2 (see lemma 21).Lemma 9 Fix p � 2. There exist �0; 
 > 0 (depending on p) su
h that forall � < �0, � 2 [��; �℄, any solution of (4.36) su
h that Yn 2 Bh� for all n 2 Zsatis�es Yn 2 Hp+2# �Hp# and kY hn kHp+2# �Hp# � 
� for all n 2 Z.For proving lemma 9 one rewrites (4.36) as an evolutionnary systemd2dt2 (!2
 y2n+1 + g�(y2n+1; �)) = �y2n+2 � (1 + �)y2n+1 + y2n;d2dt2 (!2
 y2n + g�(y2n; �)) = y2n+1 � (1 + �)y2n + �y2n�1; (4.41)where the right side belongs to H i# �H i# (with i = 2), and one pro
eeds byindu
tion on i.Now property (4.40) and lemma 9 yield the following result.Lemma 10 If Yn is a solution of (4.36), then Zn = RY�n is also a solution.Proof. A

ording to lemma 9 we have Yn 2 H6# � H4# � D R , with theestimate kY hn kH6#�H4# � 
�. Consequently, we have Zn; RZn 2 D R andZn; RZn 2 Bh�0 for � small enough. Setting n! �n in (4.36) yields(L +N�(:; �))(RZn) = RZn�1 2 D R ;with R (L+N�(:; �))(RZn) 2 Bh�0. Consequently, property (4.40) impliesZn = ((L+N�(:; �))R)2Zn = (L+N�(:; �))Zn�1;whi
h 
ompletes the proof. 2We now give a global 
entre manifold redu
tion result (theorem 7 below)whi
h preserves the reversible 
hara
ter of the trun
ated problem (4.36). Theproof is 
ompletely parallel to [24℄ (se
tion 4), ex
ept one has to make some159



obvious 
hanges of spa
es (sin
e the 
ut-o� is performed on X
 instead of D ).In appendix 4.6.2 we re
all the prin
ipal steps of the proof and detail themodi�
ations spe
i�
 to our 
ase.We �rst introdu
e a suitable spa
e of sequen
es for Y = (Yn)n2Z. Givena Bana
h spa
e E and � 2 (0; 1℄, we de�ne the Bana
h spa
eB�(E) = f Y = Yn 2 E; kY kB�(E) < +1 g;where kY kB�(E) = Supn2Z �jnj kYnkE (note that B1(E) = `1(E)). Now we lookfor Y in the setB��(D ) = f Y 2 B�(D ) = Y h 2 B1(D h); kY hkB1(Dh ) � � g(sequen
es Y 2 B��(D ) 
an have an unbounded 
entral part). The set B��(D )is a 
losed (
onvex) subset of B�(D ) and 
onsequently a 
omplete metri
spa
e for the distan
e d(Y; Z) = kY � ZkB�(D) .One 
an prove the following global redu
tion result using (4.39), the spe
-tral properties of L and lemma 10 (see appendix 4.6.2).Theorem 7 There exists r 2 (0; 1) su
h that for r < � < �k < � < 1, for �small enough, for all � 2 [��; �℄ and x 2 X
, the problemYn+1 = LYn +N�(Yn; �); Y 2 B��(D ); Y 
0 = x; (4.42)has a unique solution Yn = ��n(x; �) with�� 2 C0(X
 � [��; �℄ ; B��(D )) \ Ck(X
 � [��; �℄ ; B�(D )):Moreover one has Y hn =  �(Y 
n ; �), where  � = �h ��0 2 Ck(X
 � [��; �℄; D h)and k �kC0b (X
�[��;�℄;Dh ) = O(�2). The 
entral part of Yn satis�es the redu
edre
urren
e relation Y 
n+1 = f�(Y 
n ; �) 8n 2 Z; (4.43)where f�(x; �) = L
 x+�
N�(x +  �(x; �); �):We have in addition R �(:; �) =  �(:; �) ÆR and (f�(:; �) ÆR)2 = I.We now turn ba
k to theorems 5 and 6, where 
 denotes the ball of radius�=2 in D , � the interval (��; �) and 	 =  �. Note that f(x; �) = f�(x; �) forall x 2 X
 \
 sin
e kx+	(x; �)kD < � (one has k �kC0b (X
�(��;�);Dh ) = O(�2)).It follows immediately from theorem 7 that the maps f and 	 in theorem 5satisfy8Y 2 X
 \ 
; R	(Y; �) = 	(RY; �); (f(�; �) ÆR)2 = Id: (4.44)160



Consequently, we have shown that reversibility is preserved throughout theredu
tion.There remains to 
he
k that the redu
tion preserves the equivarian
eunder T Y = Y (� + �). Sin
e T 
ommutes with L +N�(:; �), it follows thatthe maps  �(:; �) and f�(:; �) in theorem 7 
ommute with T (see [24℄ p.39),whi
h 
ompletes the proof of theorem 6.4.4.3 Centre manifold 
omputationIn this se
tion we 
ompute the Taylor expansions of the fun
tion 	 and theredu
ed map f . For 
al
ulating 	, we proje
t (4.29) on Xh and X
:Y hn+1 = LhY hn +�hN (Y 
n + Y hn ; �);Y 
n+1 = L
Y 
n +�
N (Y 
n + Y hn ; �):Choosing Yn 2 M� \ 
 and using property (i) of theorem 1, we �nd:	(Y 
n+1; �) = Lh	(Y 
n ; �) + �hN (Y 
n +	(Y 
n ; �); �); (4.45)Y 
n+1 = L
Y 
n +�
N (Y 
n +	(Y 
n ; �); �) = f(Y 
n ; �): (4.46)Repla
ing (4.46) into (4.45) yields:	(L
Y 
n +�
N (Y 
n +	(Y 
n ; �); �); �) = Lh	(Y 
n ; �)+�hN (Y 
n +	(Y 
n ; �); �): (4.47)The Taylor expansion of 	 at (Y 
; �) = 0 
an be 
omputed by identifying theterms of equal orders in (Y 
n ; �) obtained by expanding (4.47). We identifyX
 with R2 by setting: Y 
 = � ab � 
os(t):The symmetry properties of 	 (theorem 6) imply thatT	(a; b; �) = 	(�a;�b; �);R	(a; b; �) = 	(b; a; �): (4.48)Consequently, the Taylor expansion of 	 has the form:	(a; b; �) = �	011a�+	101b� +	020a2 +	110ab +	200b2	101a�+	011b� +	200a2 +	110ab +	020b2�+h.o.t. (4.49)where 	pqr 2 H4#. Due to the invarian
e under T , we have also:	011;	101 2 h
os((2k + 1)t)=k 2 Zi = Vodd ;	020;	110;	200 2 h
os(2kt)=k 2 Zi = Veven : (4.50)161



Setting Y 
n = � anbn � 
os(t);in (4.47), expanding (4.47) in powers of (an; bn; �) and identifying quadrati
terms leads to a linear system for the 
orresponding 
oeÆ
ients 	pqr (
al
u-lations are given in the appendix). Solving this system yields:	011 = 	101 = 0and 	020;	200;	110 have the general form:	020 = p(m)W2 
os(2t);	200 = q(m)W2 
os(2t);	110 = r(m)W2 
os(2t); (4.51)with p; q; r depending on the 
onsidered value of !2
 in (4.28). For !2
 =2(1 + �) we �nd: p(m) = � 116 8m� 1m ;q(m) = 116m;r(m) = 18m: (4.52)For !2
 = 2� we get: p(m) = � 116 7m2 � 34m+ 3m(m� 3) ;q(m) = 116m2 � 6m� 3m(m� 3) ;r(m) = 18m2 + 2m� 3m(m� 3) : (4.53)
Considering the 
ase !2
 = 2 yields:p(m) = � 116 24m3 + 5m2 � 6m+ 1m2(3m� 1) ;q(m) = 116 3m2 + 6m� 1m2(3m� 1) ;r(m) = 18 5m2 � 6m+ 1m2(3m� 1) : (4.54)
When !2
 = 2, note that 	 is not de�ned for m = 1=3 = M+2 (see the
omments following theorem 5). 162



The Taylor expansion of f is obtained by inje
ting (4.51) in equation(4.46) One obtains (see appendix 4.6.2)� an+1bn+1 � = �F1(an; bn; �)F2(an; bn; �)� = f(an; bn; �) (4.55)with �F1(a; b; �) = (�2 � 1)a� ��b� 2�a�+ �b��!2
 � (�4a3 + �5a2b + �6ab2 + �7b3)+o(k(a; b)k�+ k(a; b)k3);F2(a; b; �) = �a� �b� a��!2
 (�1a3 + �2ab2 + �3a2b)+o(k(a; b)k�+ k(a; b)k3);�1 = p(m)W 22 + 34W3;�2 = q(m)W 22 ;�3 = r(m)W 22 ; (4.56)��4 = ��1 + �3�1 + �
2�2 + �2
�3;��5 = �3�2��1 � (�
2 + 2
�2)�2 + (� � �3 � 2��
)�3;��6 = 3��2�1 + (� + �3 + 2��
)�2 + (2�2�+ �2
)�3;�7 = ��2�1 � �2�2 � ���3; (4.57)and � = 1 + �� !2
 , 
 = �2�1� .The redu
ed map f has the stru
ture:f(a; b; �) = L
� ab �+�f11� ab �+ f30(a; b)+ o(k(a; b)k�+k(a; b)k3) (4.58)where L
 = � 
 ��� ��� ; (4.59)f11 = ��2�� 1�1 0� ; (4.60)f30 = � P3Q3� ; (4.61)and P3, Q3 are homogeneous 
ubi
 polynomials in (a; b). The redu
ed mapf inherits the symmetry properties of (4.29), i.e.f(�a;�b; �) = �f(a; b; �); (4.62)(f(�; �) ÆR)2 = Id; or equivalently f�1(:; �) = R Æ f(:; �) ÆR: (4.63)163



4.4.4 Normal form 
omputationIn this se
tion, we write the redu
ed mapping (4.55) in normal form, i.e.we perform a 
hange of variables whi
h only keeps its essential terms. Thisgreatly simpli�es the re
urren
e relation, whi
h takes the formAn+1 � 2An + An�1 = 
�An + dA3n + h.o.t.;the sign � depending whether the bifur
ation o

urs at a double eigenvalue�1 or +1. Moreover, one 
an 
hoose the 
hange of variables su
h that the re-versibility symmetry is transformed into an involution (nonlinear symmetry)whi
h remains linear up to higher order terms. These results are detailed inthe following lemma.Lemma 11 There exists a Ck�2 lo
al di�eomorphism h� de�ned on a neigh-bourhood of (a; b) = 0 whi
h transforms (4.55) into the following mapping:�An+1Bn+1� = G� �AnBn� ; (4.64)where (An; Bn) = h�(an; bn) andG��AnBn� = �� 1 10 1��AnBn� + g�(An; Bn)� 11� ; (4.65)with a + sign in (4.65) for (!2; m) 2 �+1 and a � sign for (!2; m) 2 ��1 or�p1 (p � 1),g�(An; Bn) = ���(2�An� B!2
8 A3n) + o(k(An; Bn)k3 + �k(An; Bn)k); (4.66)with B = 12V (4)(0)� (V (3)(0))2: (4.67)The 
oeÆ
ient � in (4.66) depends on the value of (!2
 ; m) 
onsidered in(4.28) and one has: for (!2
 ; m) 2 �+1 : � = �1� �;for (!2
 ; m) 2 ��1 : � = 1� �;for (!2
 ; m) 2 �p1 : � = �� 1: (4.68)The maps h� and G� 
ommute with �Id. Moreover, the map G� is reversiblewith respe
t to the involution:R� = h� ÆR Æ h�1� ; (4.69)164



whi
h depends on the 
onsidered value of (!2
 ; m).For (!2
 ; m) 2 �+1 , we note R� = R+� and one has:R+� �AB� = ��1 10 1��AB� + o(k(A;B)k3 + �k(A;B)k): (4.70)For (!2
 ; m) 2 ��1 , we note R� = R�� with:R�� �AB� = ��1 10 1��AB� + o(k(A;B)k3 + �k(A;B)k): (4.71)For (!2
 ; m) 2 �p1, we note R� = Ra� with:Ra� �AB � = � 1 �10 �1��AB � + o(k(A;B)k3 + �k(A;B)k): (4.72)The prin
ipal part of h� is given by:for (!2
 ; m) 2 �+1 : h� = � �(� + 2) ���2(1 + �) �2(1 + �)� + o(k(a; b)k);for (!2
 ; m) 2 ��1 : h� = � �� 2 ��2(1� �) �2(1� �)� + o(k(a; b)k);for (!2
 ; m) 2 �p1 : h� = � � 2� �2(�� 1) 2(1� �)� + o(k(a; b)k): (4.73)
Proof. In the sequel, the � sign has to be understood as a + sign for(!2
 ; m) 2 �+1 and a � sign for (!2
 ; m) 2 ��1 or �p1.We look for a 
hange of variables (An; Bn) = h�(an; bn) having the form:An = P (an; bn; �);Bn = An � (�An�1) = P (an; bn; �)� (�P Æ f�1(an; bn; �)); (4.74)whi
h transforms (4.55) into (4.64). We 
hoose P su
h that the term g� in(4.65) has the form:g�(A;B) = 
�A+ dA3 + o(�k(A;B)k+ k(A;B)k3):The mapping (4.64) 
an be written as a se
ond order s
alar re
urren
e of theform:An+1 � 2(�An) + An�1 = 
�An + dA3n+ o(k(An; An�1)k3 + �k(An; An�1)k): (4.75)We 
hoose P as a 
ubi
 polynomial in (a; b; �) whi
h preserves the symmetry�Id of (4.55), hen
e P (�a;�b; �) = �P (a; b; �). Note that the mapping165



(4.64) is reversible with respe
t to the involution R� = h� Æ R Æ h�1� . Wewrite P = M1 + �M11 +Q with M1, M11 linear andQ(a; b) = Æ1a3 + Æ2a2b+ Æ3ab2 + Æ4b3:Equation (4.75) yields:P Æ f(an; bn; �)� 2(�P (an; bn; �)) + P Æ f�1(an; bn; �)= 
�P (an; bn; �) + dP (an; bn; �)3 + h.o.t : (4.76)Using property (4.63), equation (4.76) 
an be written:P Æ f(an; bn; �)� 2(�P (an; bn; �)) + P ÆR Æ f ÆR(an; bn; �)= 
�P (an; bn; �) + dP (an; bn; �)3 + h.o.t : (4.77)Moreover, we 
hoose a 
hange of variable whi
h transforms the reversibilitysymmetry R into an involution R� whi
h has the simplest possible form. Inthe 
ase when (!2
 ; m) 2 �+1 , equation (4.70) is equivalent toP ÆR Æ f(a; b; �) = �P (a; b; �) + o(k(a; b)k3 + �k(a; b)k) (4.78)(use equations (4.69), (4.74), (4.63)). For (!2
 ; m) 2 ��1 , equation (4.71)yields similarlyP ÆR Æ f(a; b; �) = P (a; b; �) + o(k(a; b)k3 + �k(a; b)k): (4.79)For (!2
 ; m) 2 �a1, equation (4.72) leads toP ÆR Æ f(a; b; �) = �P (a; b; �) + o(k(a; b)k3 + �k(a; b)k): (4.80)We now start by 
omputing P and the normal form (4.75) for (!2
 ; m) 2 �+1 .Let us determine M1;M11; Q; 
; d by identi�
ation in the Taylor expansionsof equations (4.77) and (4.78).The identi�
ation of the linear terms in (4.77) and (4.78) leads to:M1 Æ L
 � 2M1 +M1 Æ L�1
 = 0; (4.81)M1 ÆRL
 = �M1: (4.82)We re
all that L
 = � 
 ��� ��� = � � + 2 1 + ��1� � �� � : (4.83)Sin
e L
 + L�1
 = 2Id, it follows that (4.81) is satis�ed for all M1. Let usnote M1(x; y) = a1x + b1y. Equation (4.82) gives the 
ondition:a1�� b1
 = 0:166



Consequently, M1 is de�ned up to a multipli
ative 
onstant and we takeM1(x; y) = �(
x + �y). Then the prin
ipal part of h� is given by:h� = � �(� + 2) ���2(1 + �) �2(1 + �)�+ o(k(a; b)k) = M + o(k(a; b)k):Note that M is invertible and thus h� de�nes a lo
al di�eomorphism.The identi�
ation of O(�) linear terms in (4.77) and (4.78) leads to:M11 Æ (L
 � 2Id+ L�1
 ) +M1 Æ (f11 +Rf11R� 
Id) = 0; (4.84)M11 Æ (RL
 + Id) = �M1Rf11; (4.85)where f11 is de�ned in (4.60). We note that f11 + Rf11R = �2��Id. Conse-quently, equation (4.84) yields 
 = �2�� . Let us note M11(x; y) = a11x+b11y.Then equation (4.85) is equivalent to:�a11� + b11
 = ��;hen
e one 
an �x M11(x; y) = x (others 
hoi
es are possible).The identi�
ation of the 
ubi
 terms in equations (4.77) and (4.78) leadsto: Q Æ L
 � 2Q+Q Æ L�1
 = dM31 �M1 Æ (f30 +R Æ f30 ÆR); (4.86)Q ÆRL
 +Q = �M1 ÆRf30; (4.87)where f30 is de�ned in (4.61). The identi�
ation of the powers aibj in (4.86)and (4.87) leads to a 
ouple of linear systems:A10BB� Æ1Æ2Æ3Æ41CCA = V1; A20BB� Æ1Æ2Æ3Æ41CCA = V2 (4.88)with A1 = 0BB� 
3 � �3 � 2 
2� � ��2 
�2 � ��2 03��2 � 3
2� Æ 0 3�2
 � 3�2�3�2
 � 3�2� 0 Æ 3��2 � 3
2�0 
�2 � ��2 
2� � ��2 
3 � �3 � 2 1CCA ;Æ = �2
 + 2��2 � �
2 � 2
�2 � 2,V1 = 0BB� �d
3 � !2
(
�4 + �(�7 + �1))�3d�
2 � !2
 (
(�5 + �2) + �(�3 + �6))�3d�2
 � !2
 (�(�5 + �2) + 
(�3 + �6))�d�3 � !2
 (��4 + 
(�7 + �1)) 1CCA ;167



A2 = 0BB� �3 + 1 
�2 
2� 
3�3�2� 1� �3 � 2��
 ��
2 � 2
�2 �3�
23��2 
�2 + 2��2 1 + �3 + 2��
 3
�2��3 ��2� ��2� 1� �31CCAand V2 = �!2
 0BB���4 + 
�1��5 + 
�3��6 + 
�2��7 1CCA ;where the 
oeÆ
ients �i are de�ned in (4.56) and (4.57). The 
ouple ofsystems seems to be overdetermined but we shall see in the sequel that thisis not the 
ase for a suitable 
hoi
e of d.We now solve (4.88) and start with the linear system:A10BB� Æ1Æ2Æ3Æ41CCA = V1 (4.89)whi
h 
orresponds to the identi�
ation of 
ubi
 terms in (4.86). Sin
e 
 =� + 2 and � = �1� �, A1 has a simpler formA1 = �20BB� 6 �4 2 012 �6 0 66 0 �6 120 2 �4 6 1CCA :We have rank(A1) = 2. This yields the 
onditions of 
ompatibility:det0� 0 2 �d�3 � !2
 (��4 + 
(�7 + �1))6 0 �3d�2
 � !2
 (�(�5 + �2) + 
(�3 + �6))12 �6 �3d�
2 � !2
 (
(�5 + �2) + �(�3 + �6))1A = 0 (4.90)and det0� 0 2 �d�3 � !2
 (��4 + 
(�7 + �1))6 0 �3d�2
 � !2
 (�(�5 + �2) + 
(�3 + �6))6 �4 �d
3 � !2
 (
�4 + �(�7 + �1)) 1A = 0: (4.91)Thanks to relations (4.57) (whi
h are due to the reversibility of f) , 
onditions(4.90) and (4.91) are both satis�ed for:3d = �!2
 (3
(�1 + �7) + 3��4 + (�� 2
)(�3 + �6) + (
 � 2�)(�2 + �5))(�3 + �
2 � 2�2
) :(4.92)168



Inje
ting equations (4.57) in (4.92) yields:12�d = �6!2
�(�1 + �2 � �3):Using (4.56) and (4.52) gives d = �!2
8� B;where B is given in (4.67). Consequently, we have 
omputed the 
oeÆ
ients
; d in the normal form (4.75).There remains to 
he
k the existen
e of a solution (Æ1; Æ2; Æ3; Æ4) of (4.88).The system (4.89) is equivalent to:�2� 6 0 �6 120 2 �4 6 �0BB� Æ1Æ2Æ3Æ41CCA = �V13V14�where V13 and V14 are respe
tively the third and the fourth 
omponent of V1.We now study the se
ond linear system in (4.88) 
orresponding to the identi-�
ation of 
ubi
 terms in (4.87). We have rank(A2) = 2. The 
ompatibility
onditions read:det0� �3 + 1 
�2 �!2
 (��4 + 
�1)��3 ��2� �!2
 (��7)�3�2� 1� �3 � 2��
 �!2
 (��5 + 
�3)1A = 0 (4.93)and det0��3 + 1 
�2 �!2
 (��4 + 
�1)��3 ��2� �!2
 (��7)3��2 
�2 + 2��2 �!2
 (��6 + 
�2)1A = 0: (4.94)Thanks to relations (4.57), 
onditions (4.93) and (4.94) are both satis�edand the se
ond system is equivalent to:� �3 + 1 
�2 
2� 
3��3 ��2� ��2� 1� �3�0BB� Æ1Æ2Æ3Æ41CCA = �V21V24� :Here we denote by V21 and V24 respe
tively the �rst and the fourth 
omponentof V2.As a 
on
lusion, (4.88) is equivalent to:d = �!2
8� B169



and A3(Æ1; Æ2; Æ3; Æ4)t = (V13; V14; V21; V24)t; (4.95)where A3 = 0BB� 6�2 0 �6�2 12�20 2�2 �4�2 6�2�3 + 1 
�2 
2� 
3��3 ��2� ��2� 1� �31CCA :We have rank(A3) = 3. The 
ompatibility 
ondition readsdet0BB� 6�2 0 �6�2 V130 2�2 �4�2 V14�3 + 1 
�2 
2� V21��3 ��2� ��2� V241CCA = 0:Thanks to equations (4.57), this 
ondition is again satis�ed and thus we 
an�nd a (non unique) solution to (4.88). As a 
on
lusion, we have provedlemma 11 in the 
ase when (!2
 ; m) 2 �+1 .We now 
onsider the 
ase when (!2
 ; m) 2 ��1 . Sin
e the 
omputationsare similar to previous ones, we keep the same notations and only give theoutline of the proof. We re
all that !2
 = 2�, � = 1� � and 
 = �� 2.The identi�
ation of the linear terms in (4.77) and (4.79) leads to M1(x; y) =
x+ �y. Then the prin
ipal part of h� is given byh� = � �� 2 ��2(1� �) �2(1� �)�+ o(k(a; b)k) = M + o(k(a; b)k):We note that M is invertible and h� de�nes a lo
al di�eomorphism. Theidenti�
ation of O(�) linear terms in (4.77) and (4.79) leads to 
 = �2�� andM11(x; y) = x (this 
hoi
e is non unique). The identi�
ation of 
ubi
 termsin (4.77) and (4.79) leads to:A10BB� Æ1Æ2Æ3Æ41CCA = V1; A20BB� Æ1Æ2Æ3Æ41CCA = V2 (4.96)with A1 = 0BB� 
3 � �3 + 2 
2� � ��2 
�2 � ��2 03��2 � 3
2� Æ 0 3�2
 � 3�2�3�2
 � 3�2� 0 Æ 3��2 � 3
2�0 
�2 � ��2 
2� � ��2 
3 � �3 + 2 1CCA ;170



Æ = �2
 + 2��2 � �
2 � 2
�2 + 2,V1 = 0BB� d
3 + !2
 (
�4 + �(�7 + �1))3d�
2 + !2
 (
(�5 + �2) + �(�3 + �6))3d�2
 + !2
 (�(�5 + �2) + 
(�3 + �6))d�3 + !2
 (��4 + 
(�7 + �1)) 1CCA ;
A2 = 0BB� �3 � 1 
�2 
2� 
3�3�2� �1� �3 � 2��
 ��
2 � 2
�2 �3�
23��2 
�2 + 2��2 �1 + �3 + 2��
 3
�2��3 ��2� ��2� �1� �31CCAand V2 = !2
 0BB���4 + 
�1��5 + 
�3��6 + 
�2��7 1CCA ;where the 
oeÆ
ients �i are de�ned in (4.56) and (4.57).Let us study the �rst system in (4.96). Sin
e � = 1� � and 
 = � � 2, A1has a simpler form: A1 = �20BB� �6 4 �2 0�12 6 0 �6�6 0 6 �120 �2 4 �6 1CCA :The 
ompatibility 
onditions have the same form (4.90) and (4.91) and we�nd: d = ��!2
2� (�1 + �2 � �3): (4.97)Inje
ting (4.56) and (4.53) into (4.97), we obtain d = �!2
2� B. Then it islenghty but straightforward to 
he
k the existen
e of a solution (Æ1; Æ2; Æ3; Æ4)of (4.96) (these 
al
ulations are similar to previous ones). This 
ompletesthe proof of lemma 11 for (!2
 ; m) 2 ��1 .We now give the main steps of the proof for (!2
 ; m) 2 �p1. We re
all that!2
 = 2, � = �� 1 and 
 = � + 2.The identi�
ation of the linear terms in (4.77) and (4.80) leads toM1(x; y) =�x� 
y. Then the prin
ipal part of h� is given byh� = � � 2� �2(�� 1) 2(1� �)�+ o(k(a; b)k) = M + o(k(a; b)k):Note that M is invertible and thus h� de�nes a lo
al di�eomorphism. Theidenti�
ation of O(�) linear terms in (4.77) and (4.80) leads to 
 = �2�� and171



M11(x; y) = x (this 
hoi
e is non unique). The identi�
ation of 
ubi
 termsin (4.77) and (4.80) leads to:A10BB� Æ1Æ2Æ3Æ41CCA = V1; A20BB� Æ1Æ2Æ3Æ41CCA = V2 (4.98)with A1 = 0BB� 
3 � �3 + 2 
2� � ��2 
�2 � ��2 03��2 � 3
2� Æ 0 3�2
 � 3�2�3�2
 � 3�2� 0 Æ 3��2 � 3
2�0 
�2 � ��2 
2� � ��2 
3 � �3 + 2 1CCA ;Æ = �2
 + 2��2 � �
2 � 2
�2 + 2,V1 = 0BB� d�3 + !2
 (��4 � 
(�7 + �1))�3d�2
 + !2
 (�(�5 + �2)� 
(�3 + �6))3d�
2 + !2
 (�
(�5 + �2) + �(�3 + �6))�d
3 + !2
(�
�4 + �(�7 + �1)) 1CCA ;
A2 = 0BB� �3 + 1 
�2 
2� 
3�3�2� 1� �3 � 2��
 ��
2 � 2
�2 �3�
23��2 
�2 + 2��2 1 + �3 + 2��
 3
�2��3 ��2� ��2� 1� �31CCAand V2 = !2
 0BB��
�4 + ��1�
�5 + ��3�
�6 + ��2�
�7 1CCA ;where the 
oeÆ
ients �i are de�ned in (4.56) and (4.57).We now study the �rst system in (4.98). Sin
e � = �� 1 and 
 = �� 2, A1has a simpler form: A1 = �20BB��6 �4 �2 012 6 0 �6�6 0 6 120 �2 �4 �61CCA :The 
ompatibility 
onditions yield:d = ��!2
2� (�1 + �2 + �3)172



(note that this expression is slightly di�erent from (4.97)).Using (4.56) and (4.54), we obtain d = �!2
2� B and one 
he
ks as above thatthere exists a solution (Æ1; Æ2; Æ3; Æ4) of (4.98). This 
omplete the proof oflemma 11. 24.5 Study of the redu
ed mappingIn this se
tion we study small amplitude bifur
ating solutions of the redu
edmapping (4.55). We fo
us our attention on homo
lini
 and hetero
lini
 so-lutions, whi
h will be related in se
tion 4.6 to breather and \dark breather"solutions of the FPU system. As we shall see, these results heavily rely onthe reversibility of the redu
ed system. Note that one 
ould 
omplete ouranalysis by studying the existen
e of quasi-periodi
 orbits on invariant tori([31℄) and periodi
 orbits.We shall not examine the question of transverse interse
tions of stableand unstable manifolds in homo
lini
 orbits. The 
ase of a transverse inter-se
tion is generi
 and yields a ri
h variety of solutions, be
ause there existsan invariant Cantor set on whi
h some iterate of the map is topologi
ally
onjugate to a full shift on N symbols ([6℄). Proving transverse interse
tionsis parti
ularly diÆ
ult in our 
ontext be
ause the splitting size is beyondall orders in � (hen
e Melnikov theory 
annot be applied dire
tly) and themap is a priori not analyti
 (see [24℄). The la
k of analyti
ity enables us touse re
ent te
hniques for proving exponentially small splitting of separatri
es(see [19℄, [9℄, [10℄ and referen
es therein).For studying the redu
ed mapping we shall 
onsider the normal form(4.64). A mapping having the same form as (4.64) has been studied in [24℄(see se
tion 6.2.3). The di�eren
e with respe
t to [24℄ is that higher orderterms are present in the reversibility symmetry (see (4.70)-(4.72)) but thisdetail does not 
hange the results. Consequently we shall refer to [24℄ for thestudy of the normal form (existen
e of homo
lini
 and hetero
lini
 orbits areobtained using reversibility and approximation by a 
ow).Let us start with the 
ase when (!2
 ; m) 2 �+1 .Lemma 12 Assume (!2
 ; m) 2 �+1 and B = 12V (4)(0) � (V (3)(0))2 6= 0. For� = !2 � !2
 = !2 � 2(1 + 1m) � 0, the re
urren
e relation (4.55) has thefollowing solutions.i) For � > 0 and B > 0, (4.55) has at least two homo
lini
 solutions(a1+n ; b1+n ), (a2+n ; b2+n ) su
h that limn!�1 (ai+n ; bi+n ) = 0. These solutions havethe symmetries�R(a1+�n; b1+�n) = (a1+n ; b1+n ); �R(a2+�n+1; b2+�n+1) = (a2+n ; b2+n )173



and satisfy for some C > 0 : 0 < bi+n � C �1=2 jz1j�jnj, �C �1=2 jz1j�jnj �ai+n < 0 and jai+n + bi+n j � C � jz1j�jnj (i = 1; 2), where jz1j = 1+O(�1=2) > 1.ii) If � and B have the same sign, (4.55) has two symmetri
 �xed points�(a�;�a�) with a� = O(j�j1=2).iii) For � < 0 and B < 0, (4.55) has at least two hetero
lini
 solutions(a3+n ; b3+n ), (a4+n ; b4+n ) (with the other solutions �(a3+n ; b3+n ), �(a4+n ; b4+n )) su
hthat limn!�1 (ai+n ; bi+n ) = �(a�;�a�). These solutions have the symmetriesR (a3+�n; b3+�n) = (a3+n ; b3+n ); R (a4+�n+1; b4+�n+1) = (a4+n ; b4+n ):Moreover, (a3+n ; b3+n ), (a4+n ; b4+n ) are O(j�j1=2) as n ! �1 and O(j�j) forbounded values of n.Let us summarize the di�erent situations that o

ur for the 
ase � > 0,B > 0 the 
ase �B < 0 and the 
ase � < 0 and B < 0.

No homoclinic solutions

un
un�1Ws(0)Wu(0)

The 
ase B� < 0
un

un�1
Wu(0) Ws(0)The 
ase � > 0 and B > 0Existen
e of homo
lini
 solutions
un�1

un Wu(a�)
Ws(�a�)

Ws(a�)
0Wu(�a�)

The 
ase B < 0 and � < 0: Existen
e of hetero
lini
 solutions
174



Proof. Using lemma 11, we write (4.55) in the normal form�An+1Bn+1� = G��AnBn� ; (4.99)where G��AnBn� = � 1 10 1��AnBn� + g�(An; Bn)� 11� ; (4.100)g�(An; Bn) = 2(m+1)�An�m4 (1+�)2BA3n+o(k(An; Bn)k3+�k(An; Bn)k):(4.101)The map G� 
ommutes with �I. Moreover, (4.99) is reversible with respe
tto involutions R+� and �R+� given byR+� �AB � = ��1 10 1��AB �+ o(k(A;B)k3 + �k(A;B)k) (4.102)and R+� 
ommutes with �I. Sin
e the involutions �R+� are reversors of(4.99), it is a 
lassi
al result that (4.99) is also reversible with respe
t to�R+� Gp� (p 2 Z). For example, �S+� = �R+� G� are also reversors. Anorbit (An; Bn) is said to be reversible with respe
t to R+� if it has the sym-metry (A�n; B�n) = R+� (An; Bn). One 
an 
he
k that any reversible orbitwith respe
t to �R+� Gp� is a shift of a reversible orbit under �R+� or �S+� .Consequently, we only 
onsider the reversors �R+� and �S+� in the sequel.We now dis
uss the existen
e of small amplitude homo
lini
 and hetero-
lini
 solutions of (4.99) for � � 0. The proof of their existen
e for the fullsystem 
an be found e.g. in [24℄, se
tion 6.2.3. These results heavily rely onthe reversibility of (4.99). One also uses the fa
t that the map G� is almost
onjuged (up to higher order terms) to the time one map of the integrableve
tor �eld v00 = 2(m+ 1)�v � m4 (1 + �)2Bv3:The di�eren
e with respe
t to [24℄ is that higher order terms are present in(4.102), but this detail does not 
hange the results.The �xed point (A;B) = 0 of (4.99) is hyperboli
 for � > 0 and ellipti
for � < 0. In the 
ase when � and B have the same sign, (4.99) has two othersymmetri
 �xed points (�A�; 0) satisfyingR+� (A�; 0) = (�A�; 0). These �xedpoints are ellipti
 for � > 0, B > 0, hyperboli
 for � < 0, B < 0 and one hasA� = ( 8�(1+�)B )1=2 +O(j�j).In the 
ase when � > 0 and B > 0, (4.99) has reversible solutions(A1+n ; B1+n ), (A2+n ; B2+n ) homo
lini
 to (A;B) = 0 and satisfying�R+� (A1+�n; B1+�n) = (A1+n ; B1+n ); �S+� (A2+�n; B2+�n) = (A2+n ; B2+n )175



(the same holds for the symmetri
 solutions �(A1+n ; B1+n ), �(A2+n ; B2+n )).Moreover, one has 0 < Ai+n � C �1=2 jz1j�jnj and jBi+n j � C � jz1j�jnj (i =1; 2), where jz1j = 1 +O(�1=2) > 1.In the 
ase when B < 0 and � > 0 (� � 0), the lo
al stable and unstablemanifolds of (A;B) = 0 do not interse
t in a small neighbourhood of 0.Consequently, there exist no small amplitude homo
lini
 orbits to (A;B) = 0in this parameter range.In the 
ase when � < 0 and B < 0, (4.99) has reversible hetero
lini
solutions (A3+n ; B3+n ), (A4+n ; B4+n ) (with also �(A3+n ; B3+n ), �(A4+n ; B4+n )) 
on-ne
ting the hyperboli
 �xed points (�A�; 0). They satisfylimn!�1 (Ai+n ; Bi+n ) = (�A�; 0);with R+� (A3+�n; B3+�n) = (A3+n ; B3+n ); S+� (A4+�n; B4+�n) = (A4+n ; B4+n ):Moreover, B3+n , B4+n are O(j�j), and A3+n , A4+n are O(j�j1=2) as n ! �1,O(j�j) for bounded values of n.The above analysis of the normal form (4.64) allows us to des
ribe smallamplitude homo
lini
 and hetero
lini
 solutions of the original mapping (4.55),whi
h 
ompletes the proof. 2We now 
onsider the 
ase when (!2
 ; m) 2 ��1 .Lemma 13 Assume (!2
 ; m) 2 ��1 and B = 12V (4)(0) � (V (3)(0))2 6= 0. For� = !2 � !2
 = !2 � 2m � 0, the re
urren
e relation (4.55) has the followingsolutions.i) For � < 0 and B < 0, (4.55) has at least two homo
lini
 solutions(a1�n ; b1�n ), (a2�n ; b2�n ) su
h that limn!�1 (ai�n ; bi�n ) = 0. These solutions havethe symmetries�R(a1��n; b1��n) = (a1�n ; b1�n ); R(a2��n+1; b2��n+1) = (a2�n ; b2�n )and satisfy for some C > 0 : 0 < bi�n � C j�j1=2 jz1j�jnj, �C j�j1=2 jz1j�jnj �ai�n < 0 and jai�n + bi�n j � C j�j jz1j�jnj (i = 1; 2), where jz1j = 1+O(j�j1=2) >1.ii) If � and B have the same sign, (4.55) has a period-2 orbit (a0n; b0n) =(�1)n (a�;�a�) with a� = O(j�j1=2).iii) For � > 0 and B > 0, (4.55) has at least two hetero
lini
 solutions(a3�n ; b3�n ), (a4�n ; b4�n ) (with the other solutions �(a3�n ; b3�n ), �(a4�n ; b4�n )) su
h176



that limn!�1 j (ai�n ; bi�n )� (a0n; b0n) j = 0. These solutions have the symme-tries R (a3��n; b3��n) = (a3�n ; b3�n ); �R (a4��n+1; b4��n+1) = (a4�n ; b4�n ):Moreover, (a3�n ; b3�n ), (a4�n ; b4�n ) are O(�1=2) as n ! �1 and O(�) forbounded values of n.Proof. Using lemma 11, we write (4.55) in the normal form�An+1Bn+1� = G��AnBn� ; (4.103)where G��AnBn� = ��1 �10 �1��AnBn�+ g�(An; Bn)� 11� ; (4.104)g�(An; Bn) = 2(1�m)�An + 1� �4 BA3n + o(k(An; Bn)k3 + �k(An; Bn)k):(4.105)In order to re
over the 
ase of a double eigenvalue +1 
onsidered above,one makes the 
hange of variable ( ~An; ~Bn) = (�1)n (An; Bn) (this yields anautonomous mapping sin
e G� 
ommutes with �I). We obtain� ~An+1~Bn+1� = ~G�� ~An~Bn� ; (4.106)where ~G� = �G� has the same stru
ture as (4.100). The maps G�, ~G�
ommute with �I and are reversible with respe
t to involutions �R�� havingthe formR�� �AB � = ��1 10 1��AB �+ o(k(A;B)k3 + �k(A;B)k): (4.107)We shall also 
onsider the 
omplementary reversors �S�� = �R�� G�.The des
ription of small amplitude homo
lini
 and hetero
lini
 solutionsof (4.106) has been done previously and yields the following results for theoriginal mapping (4.103).The �xed point (A;B) = 0 of (4.103) is hyperboli
 for � < 0 and ellipti
for � > 0. In the 
ase when � and B have the same sign, (4.103) hasa period-2 orbit (A0n; B0n) = (�1)n(A�; 0) with R�� (A�; 0) = (�A�; 0) andA� = (8mB �)1=2+O(j�j). This orbit is ellipti
 for � < 0, B < 0 and hyperboli
for � > 0, B > 0. 177



In the 
ase when � < 0 and B < 0, (4.103) has reversible solutions(A1�n ; B1�n ), (A2�n ; B2�n ) homo
lini
 to (A;B) = 0 and satisfying�R�� (A1��n; B1��n) = (A1�n ; B1�n ); S�� (A2��n; B2��n) = (A2�n ; B2�n )(the same holds for the symmetri
 solutions �(A1�n ; B1�n ), �(A2�n ; B2�n )).Moreover, one has 0 < (�1)nAi�n � C �1=2 jz1j�jnj and jBi�n j � C � jz1j�jnj(i = 1; 2), where jz1j = 1 +O(�1=2) > 1.In the 
ase when B > 0 and � < 0 (� � 0), the stable and unstablemanifolds of (A;B) = 0 do not interse
t in a small neighbourhood of 0 andthus there exist no small amplitude homo
lini
 orbits to (A;B) = 0.In the 
ase when � > 0 and B > 0, (4.103) has reversible homo
lini
solutions (A3�n ; B3�n ), (A4�n ; B4�n ) (with also �(A3�n ; B3�n ), �(A4�n ; B4�n )) 
on-ne
ting the period-2 orbit (A0n; B0n) with the shifted orbit (A0n+1; B0n+1). Notethat these solutions 
an be 
onsidered as hetero
lini
 solutions 
onne
ting(A0n; B0n) with �(A0n; B0n) (one has (A0n+1; B0n+1) = �(A0n; B0n)). They satisfylimn!�1 (�1)n(Ai�n ; Bi�n ) = (�A�; 0), withR�� (A3��n; B3��n) = (A3�n ; B3�n ); �S�� (A4��n; B4��n) = (A4�n ; B4�n ):Moreover, B3�n , B4�n are O(j�j), and A3�n , A4�n are O(j�j1=2) as n ! �1,O(j�j) for bounded values of n.The above analysis of the normal form (4.64) provides small amplitudehomo
lini
 and hetero
lini
 solutions of the original mapping (4.55), whi
h
ompletes the proof. 2Lastly, we 
onsider the 
ase when (!2
 ; m) 2 �p1 (p � 1).Lemma 14 Assume (!2
 ; m) 2 �p1 (p � 1) and B = 12V (4)(0)� (V (3)(0))2 6=0. For � = !2 � !2
 = !2 � 2 � 0, the re
urren
e relation (4.55) has thefollowing solutions.i) For � > 0 and B > 0, (4.55) has at least two homo
lini
 solutions (a1an ; b1an ),(a2an ; b2an ) su
h that limn!�1 (aian ; bian ) = 0. These solutions have the symme-tries R(a1a�n; b1a�n) = (a1an ; b1an ); �R(a2a�n+1; b2a�n+1) = (a2an ; b2an )and satisfy for some C > 0 : 0 < aian � C �1=2 jz1j�jnj, 0 < bian � C �1=2 jz1j�jnj,and jaian � bian j � C � jz1j�jnj (i = 1; 2), where jz1j = 1 + O(�1=2) > 1.ii) If � and B have the same sign, (4.55) has a period-2 orbit (a0n; b0n) =(�1)n (a�; a�) with a� = O(j�j1=2).iii) For � < 0 and B < 0, (4.55) has at least two hetero
lini
 solutions(a3an ; b3an ), (a4an ; b4an ) (with the other solutions �(a3an ; b3an ), �(a4an ; b4an )) su
h178



that limn!�1 j (aian ; bian )� (a0n; b0n) j = 0. These solutions have the symmetries�R (a3a�n; b3a�n) = (a3an ; b3an ); R (a4a�n+1; b4a�n+1) = (a4an ; b4an ):Moreover, (a3an ; b3an ), (a4an ; b4an ) are O(j�j1=2) as n ! �1 and O(j�j) forbounded values of n.Proof. Using lemma 11, we write (4.55) in the normal form�An+1Bn+1� = G��AnBn� ; (4.108)where G��AnBn� = ��1 �10 �1��AnBn�+ g�(An; Bn)� 11� ; (4.109)g�(An; Bn) = 2(m� 1)�An + 1�m4 BA3n + o(k(An; Bn)k3 + �k(An; Bn)k):(4.110)The map G� 
ommutes with �I and is reversible with respe
t to involutions�Ra� having the formRa� �AB � = � 1 �10 �1��AB �+ o(k(A;B)k3 + �k(A;B)k): (4.111)We shall also 
onsider the 
omplementary reversors �Sa� = �Ra�G�.The stru
ture of (4.109) is the same as in (4.104) but 
oeÆ
ients of g� haveopposite signs. Moreover, reversors (4.71), (4.72) have opposite prin
ipalparts. These variations indu
e several di�eren
es with the bifur
ation resultsobtained for (4.104).The �xed point (A;B) = 0 of (4.103) is hyperboli
 for � > 0 and ellipti
for � < 0. In the 
ase when � and B have the same sign, (4.108) has aperiod-2 orbit (A0n; B0n) = (�1)n(A�; 0) with Ra�(A�; 0) = (A�; 0) and A� =(8�B )1=2 + O(j�j). This orbit is ellipti
 for � > 0, B > 0 and hyperboli
 for� < 0, B < 0.In the 
ase when � > 0 and B > 0, (4.103) has reversible solutions(A1an ; B1an ), (A2an ; B2an ) homo
lini
 to (A;B) = 0 and satisfyingRa�(A1a�n; B1a�n) = (A1an ; B1an ); �Sa�(A2a�n; B2a�n) = (A2an ; B2an )(the same holds for the symmetri
 solutions�(A1an ; B1an ), �(A2an ; B2an )). More-over, one has 0 < (�1)nAian � C �1=2 jz1j�jnj and jBian j � C � jz1j�jnj (i =1; 2), where jz1j = 1 +O(�1=2) > 1. 179



In the 
ase when B < 0 and � > 0 (� � 0), the stable and unstablemanifolds of (A;B) = 0 do not interse
t in a small neighbourhood of 0 andthus there exist no small amplitude homo
lini
 orbits to (A;B) = 0.In the 
ase when � < 0 and B < 0, (4.108) has reversible homo
lini
 solu-tions (A3an ; B3an ), (A4an ; B4an ) (with also �(A3an ; B3an ), �(A4an ; B4an )) 
onne
tingthe period-2 orbit (A0n; B0n) with (A0n+1; B0n+1). These solutions 
an againbe 
onsidered as hetero
lini
 solutions 
onne
ting (A0n; B0n) with �(A0n; B0n),sin
e (A0n+1; B0n+1) = �(A0n; B0n). They satisfy limn!�1 (�1)n(Aian ; Bian ) =(�A�; 0), with�Ra�(A3a�n; B3a�n) = (A3an ; B3an ); Sa�(A4a�n; B4a�n) = (A4an ; B4an ):Moreover, B3an , B4an are O(j�j), and A3an , A4an are O(j�j1=2) as n ! �1,O(j�j) for bounded values of n.This analysis of the normal form (4.64) provides small amplitude ho-mo
lini
 and hetero
lini
 solutions of the original mapping (4.55), whi
h
ompletes the proof. 2If (!2
 ; m) 2 �+1 or (!2
 ; m) 2 �p1, B < 0 and � > 0 (� � 0), note that thelo
al stable and unstable manifolds of (a; b) = 0 do not interse
t and thus(4.55) has no small amplitude homo
lini
 solution. In the same way, (4.55)has no small amplitude homo
lini
 solution to (a; b) = 0 for (!2
 ; m) 2 ��1 ,B > 0 and � < 0 (� � 0).4.6 Breathers and \dark" breathersIn this se
tion, we dedu
e the existen
e of breathers and \dark" breathersfrom the redu
ed mapping properties and study their spatial geometry. Theirsymmetries are of interest sin
e they seem strongly related to stability (see[26℄ and referen
es therein). We have divided our analysis into two parts.Se
tion 4.6.1 des
ribes the solutions of (4.9) 
orresponding to the ho-mo
lini
 and hetero
lini
 orbits found in se
tion 4.5 (breathers and \dark"breathers). It gives also a rather simple explanation of the fa
t that the
oeÆ
ient B determining their existen
e is independent of m.Se
tion 4.6.2 des
ribes the shape of DB using the original displa
ementvariable xn of system (4.7). These results are 
ompared to di�erent numeri
alstudies ([8℄, [26℄, [14℄). 180



4.6.1 Existen
e resultsA

ording to theorem 5, ea
h solution (an; bn) in lemma 12, 13 and 14 
or-responds to a solution Yn = (un; vn) of (4.9) for !2 = � + !2
 . This solutionis given by Yn = (an; bn) 
os t +	(an; bn; �); (4.112)where 	 2 Ck(R3 ; D h) has the symmetriesT	(a; b; �) = 	(�a;�b; �);R	(a; b; �) = 	(b; a; �): (4.113)We des
ribe some of these solutions in theorems 8-10 below (these resultsfollow dire
tly from lemma 12-14 and equations (4.112),(4.113)). SolutionsY 1�n , Y 2�n , Y 1an , Y 2an below 
orrespond to dis
rete breathers (they are time-periodi
 and spatially lo
alized). They have a large extent (ln jz1j)�1 (jz1j �1) but de
ay exponentially at in�nity. Solutions Y 3�n , Y 4�n , Y 3an , Y 4an aresometimes referred as dark breathers, by analogy with dark solitons (see e.g.[1℄). Indeed, os
illations have an amplitude O(j! � !
j)1=2 as n ! �1 anda smaller amplitude O(j! � !
j) in the 
entre.Let us start with the 
ase when (!2
 ; m) 2 �+1 .Theorem 8 Suppose B = 12 V (4)(0) � (V (3)(0))2 6= 0 and m 2 (0; 1). For! � !
 = (2 + 2m)1=2, problem (4.9) has the following solutions with Yn 2 Dfor all n 2 Z.i) For ! > !
 and B > 0, (4.9) has at least two homo
lini
 solutions Y 1+n ,Y 2+n (and also T Y 1+n , T Y 2+n ) su
h that limn!�1 kY i+n kD = 0. These solu-tions satisfy T RY 1+�n = Y 1+n ; T R Y 2+�n+1 = Y 2+n ;or equivalently T v1+�n = u1+n ; T v2+�n+1 = u2+n :They have the formY i+n = (�bi+n ; bi+n ) 
os t +O(j! � !
j);where 0 < bi+n � C (! � !
)1=2 jz1j�jnj, jz1j = 1 +O((! � !
)1=2) > 1.ii) If !�!
 and B have the same sign, (4.9) has two symmetri
 �xed pointsY 0+; TY 0+ 2 D . They have the form Y 0+ = (y0; T y0) with y0(t) = a� 
os t+O(j! � !
j) (y0 2 H4#) and a� = O(j! � !
j1=2).iii) For ! < !
 and B < 0, (4.9) has at least two hetero
lini
 solutionsY 3+n , Y 4+n (and also T Y 3+n , T Y 4+n ) su
h that limn!�1 kY i+n � TY 0+kD = 0,limn!+1 kY i+n � Y 0+kD = 0. These solutions satisfyRY 3+�n = Y 3+n ; R Y 4+�n+1 = Y 4+n ;181



or equivalently v3+�n = u3+n ; v4+�n+1 = u4+n :Moreover, kY 3+n kD , kY 4+n kD are O(j! � !
j1=2) as n! �1 and O(j! � !
j)for bounded values of n.We now 
onsider the 
ase when (!2
 ; m) 2 ��1 .Theorem 9 Suppose B = 12 V (4)(0) � (V (3)(0))2 6= 0 and m 2 (0; 1). For! � !
 = ( 2m)1=2, problem (4.9) has the following solutions with Yn 2 D forall n 2 Z.i) For ! < !
 and B < 0, (4.9) has at least two homo
lini
 solutions Y 1�n ,Y 2�n (and also T Y 1�n , T Y 2�n ) su
h that limn!�1 kY i�n kD = 0. These solu-tions satisfy T RY 1��n = Y 1�n ; R Y 2��n+1 = Y 2�n ;or equivalently T v1��n = u1�n ; v2��n+1 = u2�n :They have the formY i�n = (�bi�n ; bi�n ) 
os t+O(j! � !
j);where 0 < bi�n � C j! � !
j1=2 jz1j�jnj, jz1j = 1 +O(j! � !
j1=2) > 1.ii) If ! � !
 and B have the same sign, (4.9) has a solution Y 0�n being 2-periodi
 in n. It has the form Y 0�n = (T n y0; T n+1 y0) with y0(t) = a� 
os t+O(j! � !
j) (y0 2 H4#) and a� = O(j! � !
j1=2).iii) For ! > !
 and B > 0, (4.9) has at least two hetero
lini
 solutionsY 3�n , Y 4�n (and also T Y 3�n , T Y 4�n ) su
h that limn!�1 kY i�n � TY 0�n kD = 0,limn!+1 kY i�n � Y 0�n kD = 0. These solutions satisfyRY 3��n = Y 3�n ; T R Y 4��n+1 = Y 4�n ;or equivalently v3��n = u3�n ; T v4��n+1 = u4�n :Moreover, kY 3�n kD , kY 4�n kD are O(j! � !
j1=2) as n! �1 and O(j! � !
j)for bounded values of n.Lastly, we 
onsider the 
ase when (!2
 ; m) 2 �k1 (k � 1).Theorem 10 Suppose B = 12 V (4)(0) � (V (3)(0))2 6= 0 and m 2 ( 1k(k+2) ; 1k2 )(k � 1). For ! � !
 = p2, problem (4.9) has the following solutions withYn 2 D for all n 2 Z. 182



i) For ! > !
 and B > 0, (4.9) has at least two homo
lini
 solutions Y 1an ,Y 2an (and also T Y 1an , T Y 2an ) su
h that limn!�1 kY ian kD = 0. These solutionssatisfy RY 1a�n = Y 1an ; T R Y 2a�n+1 = Y 2an ;or equivalently v1a�n = u1an ; T v2a�n+1 = u2an :They have the form Y ian = (bian ; bian ) 
os t +O(j! � !
j);where 0 < bian � C j! � !
j1=2 jz1j�jnj, jz1j = 1 +O(j! � !
j1=2) > 1.ii) If ! � !
 and B have the same sign, (4.9) has a solution Y 0an being 2-periodi
 in n. It has the form Y 0an = T n (y0; y0) with y0(t) = a� 
os t+O(j!�!
j) (y0 2 H4#) and a� = O(j! � !
j1=2).iii) For ! < !
 and B < 0, (4.9) has at least two hetero
lini
 solutionsY 3an , Y 4an (and also T Y 3an , T Y 4an ) su
h that limn!�1 kY ian � TY 0an kD = 0,limn!+1 kY ian � Y 0an kD = 0. These solutions satisfyT RY 3a�n = Y 3an ; R Y 4a�n+1 = Y 4an ;or equivalently T v3a�n = u3an ; v4a�n+1 = u4an :Moreover, kY 3an kD , kY 4an kD are O(j! � !
j1=2) as n ! �1 and O(j! � !
j)for bounded values of n.In addition, note that for B < 0 and (!2
 ; m) 2 �+1 or �k1, there exists nosmall amplitude dis
rete breather solution Yn 2 D with ! > !
 and ! � !
(sin
e (4.55) has no small amplitude solution homo
lini
 to 0). In the sameway, for B > 0 and (!2
 ; m) 2 ��1 there exists no small amplitude breatherYn 2 D with ! < !
 and ! � !
.We shall also mention that the validity domain of the redu
tion dependson the spe
tral gap between the unit 
ir
le and the hyperboli
 part of thespe
trum. This domain shrinks as other eigenvalues approa
h the unit 
ir
lewhi
h does happen here when m!M�k (k � 2).We now dis
uss the a priori surprising fa
t that 
oeÆ
ient B in the DBexisten
e 
onditions is independent of m. Let us �rst investigate the 
asewhen (!2
 ; m) 2 �+1 . We have a bifur
ation at a double eigenvalue +1 and theanalysis of the redu
ed mapping shows that the existen
e of small amplitudehomo
lini
 solutions Yn = (un; vn) is equivalent to the existen
e of a pair ofbifur
ating �xed points. Consequently, let us look for non trivial solutions183



(un; vn) = (u; v) of (4.9), where u; v are time-periodi
 fun
tions. The system(4.8) reads m!2 d2dt2 (W (v)) = (m+ 1)(u� v);m!2 d2dt2 (W (u)) = (m + 1)(v � u): (4.114)We note !2 = !2
 + (1 + 1m)�� = (1 + 1m)(2 + �) where � � 0. This yields(2 + �) d2dt2 (W (v)) = (u� v);(2 + �) d2dt2 (W (u)) = (v � u): (4.115)The 
ondition B > 0 leading to a pair of time-periodi
 solutions bifur
atingfrom (u; v) = (0; 0) as � � 0+ 
ould be obtained from (4.115) by a standardLyapounov-S
hmidt pro
edure. We shall not detail this point here but it is
lear that the 
ondition B > 0 is independent of the mass ratio (sin
e (4.115)does not depend on m).We now 
onsider the 
ase when (!2
 ; m) 2 ��1 . We have a bifur
ation at adouble eigenvalue �1 and the study of the redu
ed mapping proves that theexisten
e of small amplitude dis
rete breathers is equivalent to the existen
eof a small amplitude period 2 orbit Y 0n = (un; vn) = (T n y0; T n+1 y0) (seeproperty ii) of theorem 9). Consequently, let us look for solutions of (4.9)with u2n = u, v2n = v, u2n�1 = v and v2n�1 = u where u; v are time-periodi
fun
tions. Let us note in this 
ase !2 = !2
 + 1m� = 1m(2 + �) (� � 0). Thensystem (4.8) again takes the form (4.115) independent of m. Consequently,the 
ondition B < 0 for the existen
e of small amplitude DB is independentof the mass ration m.We 
on
lude with the 
ase (!2
 ; m) 2 �a1, whi
h also 
orresponds to abifur
ation at a double eigenvalue �1. The existen
e of small amplitude ho-mo
lini
 solutions is equivalent to the existen
e of a small amplitude solutionY 0n = (un; vn) = T n (y0; y0) being 2 periodi
 in n (see property ii) of theorem10). Consequently, let us look for solutions of (4.9) with u2n = u, v2n = u,u2n�1 = v and v2n�1 = v where u; v are time-periodi
 fun
tions. Setting!2 = !2
 + �� = 2 + � (� � 0), system (4.8) again takes the form (4.115)independent of m.Note that we have not investigated all the possible breather solutions fora given bifur
ation. As we pre
ised in se
tion 4.5 for the redu
ed map, theinterse
tion of stable and unstable manifolds is generi
ally transverse. In this
ase, the redu
ed map admits an in�nity of homo
lini
 orbits to 0, ea
h one
orresponding to a di�erent breather solution of the FPU system.184



The next se
tion examines the shape of the dis
rete breathers des
ribedin theorems 8-10, using the original displa
ement variable xn. We shall fo
usour attention on breather solutions, but the 
ase of dark breathers 
ould betreated in the same way.4.6.2 Dis
rete breathers geometryThe displa
ement variable xn 
an be re
overed using the following formula(integrate (4.7) and use the evenness of xn)Mn xn(t) = Mn xn(0) + 1!2 Z !t0 Z �0 (yn+1(s)� yn(s)) ds d� ; (4.116)whereM2n = 1,M2n+1 = m and xn(0) is obtained up to an arbitrary 
onstantx0(0) by the 
ase t = 0 ofxn(t) = x0(t) +Pnk=1W (yk(!t)); n � 1;xn(t) = x0(t)�P�1k=nW (yk+1(!t)); n � �1: (4.117)Given a solution Yn of (4.9), formula (4.116)-(4.117) determine xn up to anadditive 
onstant 
, due to the invarian
e xn ! xn + 
 in (4.7).In the sequel, x1�n ; x2�n denote displa
ement variables asso
iated with thehomo
lini
 solutions Y 1�n ; Y 2�n , and similarly x1an ; x2an 
orrespond to the ho-mo
lini
 solutions Y 1an ; Y 2an . Displa
ements are des
ribed in the followinglemma.Lemma 15 Solutions Y i�n , Y ian (i = 1; 2) of (4.9) provided by theorems 8,9, 10 (property i)) 
orrespond via formula (4.116)-(4.117) to DB solutionsof (4.7) xi�n , xian having the formxin(t) = 
+ dn +X in(t)whereX in is time-periodi
 (with frequen
y !), with 0 time-average and kX inkL1de
ays exponentially as n ! �1. The stationary term dn satis�es dn =O(j�j) for any �xed n and limn!�1 dn = O(j�j1=2). It has a kink shape ifV (3)(0) 6= 0 (de
reasing if V (3)(0) > 0 and in
reasing if V (3)(0) < 0). One hasdn = 0 in the spe
ial 
ase when V is even. The 
onstant 
 2 R is arbitrary.The os
illatory parts X in have the formX i+2n (t) = �2bi+n!2 
os(!t) +O(j�j); X i+2n�1(t) = 2bi+nm!2 
os(!t) +O(j�j);(4.118)185



X i�2n (t) = O(j�j); X i�2n�1(t) = 2bi�nm!2 
os(!t) +O(j�j); (4.119)X ia2n(t) = 2bian!2 
os(!t) +O(j�j); X ia2n�1(t) = O(j�j); (4.120)where bin = O(j�j1=2) are the homo
lini
 solutions of the redu
ed mappingdes
ribed in lemma 12, 13, 14 (property i)).Proof. We re
all that Yn = (un; vn) = (y2n; y2n�1) with in addition yn =V 0(xn � xn�1)( t! ). Equation (4.7) yieldsX 002n(t) = vn+1(!t)� un(!t);mX 002n�1(t) = un(!t)� vn(!t): (4.121)Let us 
onsider the 
ase when (!2
 ; m) 2 �+1 (we drop the i+ index in thenotations). One obtains using (4.121) and theorem 8 (property i))X 002n(t) = (bn + bn+1) 
os (!t) +O(j�j);mX 002n�1(t) = �2bn 
os (!t) +O(j�j): (4.122)The orbits (an; bn) in lemma 12 (property i)) satisfy(an+1; bn+1) = L
 (an; bn) +O(j�j 32 ); (4.123)where L
 = � �+ 2 1 + ��1� � �� �(� = 1=m) and an = �bn +O(j�j). This implies thatbn+1 = bn +O(j�j): (4.124)One obtains equation (4.118) by inserting (4.124) in (4.122) and integratingtwi
e.We now turn to the 
ase when (!2
 ; m) 2 ��1 . Using (4.121) and theorem9 (property i)) leads again to equations (4.122) and (4.123), withL
 = ��� 2 �� 11� � �� �and an = �bn +O(j�j) (see lemma 13, property i)). This implies thatbn+1 = �bn +O(j�j) (4.125)186



and equation (4.119) follows by inserting (4.125) in (4.122) and integratingtwi
e.We now 
onsider the 
ase when (!2
 ; m) 2 �a1. One obtains using (4.121)and theorem 10 (property i))X 002n(t) = (�bn + bn+1) 
os (!t) +O(j�j);mX 002n�1(t) = O(j�j): (4.126)In equation (4.123) we haveL
 = ��� 2 1� ��� 1 �� �and an = bn +O(j�j) (see lemma 14, property i)). This implies thatbn+1 = �bn +O(j�j) (4.127)and equation (4.120) follows by inserting (4.127) in (4.126) and integratingtwi
e.We now 
onsider the steady part of xn. A

ording to equation (4.117)one has xn = 
 + dn (the bar denotes time-average) wheredn = Pnk=1W (yk(!t)); n � 1;dn = �P0k=n+1W (yk(!t)); n � �1; (4.128)d0 = 0 and 
 = x0. We re
all that W (yn) = yn � 12V (3)(0) y2n + O(jy3nj) andyn = 0. The estimates on dn follow from the de
ay properties of yn (theorems8, 9, 10, property i)). In addition, if V (3)(0) 6= 0 then dn+1 � dn has the signof �V (3)(0) for � small enough.If V is even thenW is odd and equation (4.9) is invariant under �I. It fol-lows that the 
entre manifold is invariant under �I, and 
onsequently T Yn =�Yn (sin
e T = �I on the 
entre spa
e). This implies that W (yn(!t)) = 0and thus dn = 0. 2A suitable 
hoi
e of the additive 
onstant 
 yields the symmetri
 DBsolutions of (4.7) listed in lemma 16. In what follows we note ~Tx = x(:+�=!).Lemma 16 One 
an 
hoose a 
onstant 
 = O(j�j) in lemma 15 su
h thatx1+�n(t) = � ~T x1+n�2(t); x2+�n(t) = �T x2+n (t);x1��n(t) = � ~T x1�n�2(t); x2��n(t) = �x2�n (t);x1a�n(t) = �x1an�2(t); x2a�n(t) = � ~T x2an (t):187



Proof.We prove the lemma for x1+n , the other 
ases being similar. To shortennotations we drop the 1+ index in the 
omputations. We shall prove thatx�n = � ~T xn�2 for all n 2 Z, for a suitable 
hoi
e of the translation 
onstant
. Note that it suÆ
es to show this equality for n � 0 (the 
ase n � �1follows by symmetry).A

ording to theorem 8 (i), the homo
lini
 solution Yn = (un; vn) has thesymmetry T v�n = un:Re
alling (un; vn) = (y2n; y2n�1), this means thatT y�n+1 = yn�2: (4.129)Using (4.117), we have for n � 1x�n(t) = �P�1i=�nW (yi+1(!t)) + x0(t)= �Pni=1W (y�i+1(!t)) + x0(t)= � ~T Pni=1W (yi�2(!t)) + x0(t)= � ~T xn�2(t) + x0(t) + ~Tx�2(t):Now one observes that x0+ ~Tx�2 is independent of t (di�erentiate twi
e, use(4.7) and (4.129)). Consequently, one 
an use the invarian
e xn ! xn + 
 in(4.7) and 
hoose the 
onstant 
 su
h that x0 + ~Tx�2 = 0. In this 
ase onehas 
 = O(j�j) (use lemma 15 and equation (4.124)) and one obtainsx�n = � ~T xn�2 (4.130)for all n � 0. 2Lemma 15 and 16 allow us to sket
h the shape of the above dis
retebreather solutions. We plot their 
os (!t) Fourier 
omponent in �gures 4.2-4.7 (the error with respe
t to xn is O(j�j)). These results are in agreementwith previous numeri
al works (see e.g. [8℄, [26℄, [14℄).A
knowledgements. This work has been supported by the European Unionunder the RTN proje
t LOCNET (HPRN-CT-1999-00163).AppendixGlobal redu
tion preserving reversibilityThis appendix is aimed at proving theorem 7 of se
tion 4.4.2 (to whi
h werefer for part of the notations). Our analysis is organized as follows.188
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Figure 4.2: Sket
h of the breather solution x1+n , as a fun
tion of n and at�xed t. Cir
les indi
ate the light atoms, while squares refer to heavy masses.One has the site-
entred symmetry �x1+�n(t) = x1+n�2(t + �=!). Light massesdispla
ements are larger and nearest neighbours are out of phase.
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Figure 4.3: Sket
h of the breather solution x2+n , as a fun
tion of n and at�xed t. Cir
les indi
ate the light atoms, while squares refer to heavy masses.One has the site-
entred symmetry �x2+�n(t) = x2+n (t + �=!). Light massesdispla
ements are larger and nearest neighbours are out of phase.189
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Figure 4.4: Sket
h of the breather solution x1�n , as a fun
tion of n and at�xed t. Cir
les indi
ate the light atoms, while squares refer to heavy masses.One has the site-
entred symmetry �x1��n(t) = x1�n�2(t + �=!). Light massesare out of phase and have larger displa
ements than heavy masses.
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Figure 4.5: Sket
h of the breather solution x2�n , as a fun
tion of n and at�xed t. Cir
les indi
ate the light atoms, while squares refer to heavy masses.One has the site-
entred symmetry �x2��n(t) = x2�n (t). Light masses are outof phase and have larger displa
ements than heavy masses.190



n0�1�2
x1an 
osine
omponent

Figure 4.6: Sket
h of the breather solution x1an , as a fun
tion of n and at�xed t. Cir
les indi
ate the light atoms, while squares refer to heavy masses.One has the site-
entred symmetry �x1a�n(t) = x1an�2(t). Heavy masses areout of phase and have larger displa
ements than light masses.
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Figure 4.7: Sket
h of the breather solution x2an , as a fun
tion of n and at�xed t. Cir
les indi
ate the light atoms, while squares refer to heavy masses.One has the site-
entred symmetry �x2a�n(t) = x2an (t + �=!). Heavy massesare out of phase and have larger displa
ements than light masses.191



We �rst derive basi
 estimates on N� and use them (in 
onjun
tion withthe spe
tral properties of L) to obtain a global 
entre manifold redu
tionresult for the trun
ated problem. This part is merely an adaptation of [24℄(the di�eren
e is that the 
ut-o� is performed on X
 instead of D ).Next we show that our global redu
tion pro
edure preserves reversibility.The reversibility symmetry R is unbounded in D and thus we need a regu-larity result on ea
h solution Yn (lemma 9) for proving that RY�n is also asolution. The remainder of the proof is identi
al to [24℄, se
tion 5.1.The trun
ated problem readsYn+1 = LYn +N�(Yn; �); (4.131)where L� uv � = � 1�(Q2 � 1)u�QvQu� �v � ;Qu = (!2
 d2dt2 + (1 + �))u;N�(Y; �) = � 1�(QN�(u; �) +N�(Qu� �v +N�(u; �); �))N�(u; �) � ;N�(y; �) = d2dt2 g�(y; �) and g�(y; �) = g(y; �)�(��1 j(y; 
os t)j). We re
allthat g(y; �) = �W (y) + !2
 (W (y) � y), (y; 
os t) = R 2�0 y(t) 
os t dt and� 2 C1([0;+1); [0; 1℄) is a 
ut-o� fun
tion satisfying �(x) = 1 for x 2 [0; 1℄and �(x) = 0 for x � 2.The �rst step 
onsists in estimating g�(y; �). In the sequel we use thenotations �
u = 1� R 2�0 u(t) 
os t dt 
os t and �h = I � �
. Given n � 1, wedenote by Hne the subspa
e of Hn(R=2�Z) 
onsisting in even fun
tions of t(equiped with the usual norm k kHn). We shall also 
onsiderHn# = f y 2 Hne = Z 2�0 y dt = 0 g; Hn� = f y 2 Hn# = k �h y kHn � � g:The following estimates follow from the fa
t that g(0; �) = 0, �g�y (0; 0) = 0.Lemma 17 There exists �0 > 0 su
h that for all � < �0, g� : Hn� ! Hne isC1. Moreover, there exists C > 0 (depending on n) su
h that for all y 2 Hn�and � 2 [��; �℄ one has kg�(y; �)kHn � C �2;kDyg�(y; �)kL(Hn#;Hne ) � C �:192



We are now ready to estimate N� in the strip Bh� = fY 2 D = kY hkD � � g.An appli
ation of lemma 17 yields as �! 0+kN�kC0b (Bh� �(��;�);X) = O(�2); kDYN�kC0b (Bh� �(��;�);L(D ;X)) = O(�): (4.132)Our next step is to prove a global 
entre manifold redu
tion theorem for(4.131), where we look for Yn in the following 
losed subspa
e of B�(D )B��(D ) = f Y 2 B�(D ) = Y h 2 B1(D h); kY hkB1(Dh ) � � g:The method 
onsists in formulating (4.131) as a �xed point equation inB��(D )and then apply the 
ontra
tion mapping theorem.For this purpose, the following results on the proje
ted aÆne equationsare essential. They have been proved in [24℄ (se
tion 3) and originate fromthe spe
tral properties of L.Lemma 18 The aÆne re
urren
e relation in X
Y 
0 = a; Y 
n+1 = L
 Y 
n + f 
n 8n 2 Z (4.133)has a unique solution Y 
 = Ln
 a+K
 f 
: (4.134)For all � 2 (0; 1) one has Y 
 2 B�(X
) and K
 2 L(B�(X
)).Lemma 19 There exists r 2 (0; 1) su
h that for all � 2 (r; 1℄, for anyfh 2 B�(Xh), the problemY h 2 B�(D h); Y hn+1 = Lh Y hn + fhn 8n 2 Z (4.135)has a unique solution Y h = Kh fh with Kh 2 L(B�(Xh); B�(D h)).In lemma 19, the 
onstant r must be 
hosen so that �(Lh) lies stri
tly insidethe ball of radius r or outside the ball of radius r�1.Splitting (4.131) on X
 , Xh and 
hoosing � 2 (r; 1) as in lemmas 18, 19,one obtains the equivalent problemY 2 B��(D ); Y = Ln
 Y 
0 + (K
�
 +Kh�h)N�(Y; �): (4.136)We now solve (4.136) when � is small enough and (Y 
0 ; �) 2 X
 � [��; �℄ isgiven. In (4.136) we view N�(:; �) as a map from B��(D ) into B�(X). Using(4.132) gives SupY 2B��(D);j�j�� kN�(Y; �)kB1(X) = O(�2); (4.137)193



SupY 6=Z2B��(D);j�j�� kN�(Y; �)�N�(Z; �)kB�(X)kY � ZkB�(D) = O(�): (4.138)By 
ombining (4.137)-(4.138) with lemmas 18 and 19, one �nds �0(�) > 0su
h that for all � < �0 and (x; �) 2 X
 � [��; �℄, the mapY 7! F�(Y; x; �) = Ln
 x + (K
�
 +Kh�h)N�(Y; �)maps B��(D ) into itself and is a 
ontra
tion. Consequently, for a given(Y 
0 ; �) 2 X
 � [��; �℄ it follows from the 
ontra
tion mapping theoremthat (4.136) has a unique solution Y = ��(Y 
0 ; �) with �� 2 C0;1(X
 �[��; �℄; B��(D )). Sin
e for any �xed p 2 Z the shifted sequen
e Yn+p is alsoa solution, one has by uniqueness Yn+p = ��n+p(Y 
0 ; �) = ��n(Y 
p ; �). Settingn = 0 gives in parti
ularYp = ��p(Y 
0 ; �) = ��0(Y 
p ; �) 8p 2 Z:Consequently, Y is solution of (4.136) if and only ifYn = ��0(Y 
n ; �) 8n 2 Z: (4.139)This implies that Y hn =  �(Y 
n ; �); (4.140)where  � = �h ��0 2 C0b (X
 � [��; �℄; D h) (with  � = O(�2)). The next stepis to prove that  � 2 Ck(X
 � [��; �℄); D h). This property does not followdire
tly from the impli
it fun
tion theorem sin
e N�(:; �) : B��(D ) ! B�(X)is not di�erentiable (due to the possible divergen
e of Y 2 B��(D )). TheCk-regularity of  � is obtained in the same way as in [24℄, [35℄, [34℄, to whi
hwe refer for details. The proof is based on the �ber 
ontra
tion theorem andthe fa
t that N�(:; �) 2 Ck(B��(D ); B� (X)) for � < �k < � < 1.Di�erentiability in B��(D ) has to be understood as follows. Consider a Ba-na
h spa
e E and an operator N : B��(D ) ! E. One has N 2 C1(B��(D ); E)if there exists a mapping DN 2 C0(B��(D );L(B� (D ); E)) su
h that for allY; Z 2 B��(D )kN(Y )�N(Z)�DN(Z)(Y �Z) kE = o(kY �Z kB�(D)); kY �Z kB�(D) ! 0:Obviously one has N 2 Ck(B��(D ); E) if DjN 2 C1(B��(D );Lj (B�(D ); E)) forall j = 0; : : : ; k � 1.Thanks to property (4.140), one obtains a (global) redu
ed re
urren
erelation by proje
ting (4.131) on X
 . This yieldsY 
n+1 = f�(Y 
n ; �) 8n 2 Z; (4.141)194



where f�(x; �) = L
 x +�
N�(x +  �(x; �); �):We now address the question of the reversibility of (4.141) and the invarian
eunder R of the 
entre manifold. As we mentioned previously, one has to provelemma 9 as a �rst step. For this purpose we need the following intermediateresult.Lemma 20 There exist �0; 
 > 0 (depending on n) su
h that for all � < �0,� 2 [��; �℄ and f 2 Hn� , the problemd2dt2 (!2
y + g�(y; �)) = f; y 2 Hn+2
� (4.142)has a unique solution y.Proof. We de�ne �0 u = u� 12� R 2�0 u(t) dt. Applying �0 to equation (4.142)and integrating twi
e yields!2
y + �0 g�(y; �) = F; (4.143)where d2Fdt2 = f and F 2 Hn+2� (this determines F uniquely). Consequently,we are led to solve the �xed point equationy = U�;�(y); (4.144)where U�;�(y) = 1!2
 (F � �0 g�(y; �)). Choosing 
 > 1!2
 and � small enough,it follows from lemma 17 that U�;� is a 
ontra
tion on Hn+2
� . Therefore,a

ording to the 
ontra
tion mapping theorem (4.142) has a unique solutiony in Hn+2
� . 2We are now ready to prove lemma 9, whi
h 
an be formulated in thefollowing way.Lemma 21 Fix p � 2. There exist �0; 
 > 0 (depending on p) su
h thatfor all � < �0 and � 2 [��; �℄, any solution Y 2 B��(D ) of (4.131) satis�esYn 2 Hp+2
� �Hp
�.Proof. We prove this result by indu
tion. Firstly we have Yn 2 H4� � H2� .Se
ondly, assume p > 2 and Yn 2 Hk+2�� � Hk�� with 2 � k < p. SettingYn = (un; vn), problem (4.131) yields[Q+N�(:; �) ℄ vn+1 = �un+1 + un; (4.145)[Q+N�(:; �) ℄ un = �vn + vn+1: (4.146)195



Equation (4.145) 
an be writtend2dt2 (!2
vn+1 + g�(vn+1; �)) = �un+1 + un � (1 + �) vn+1 2 Hk� �:Consequently, lemma 20 ensures that vn 2 Hk+2
 � �. Turning to equation(4.146), we getd2dt2 (!2
un + g�(un; �)) = �vn + vn+1 � (1 + �) un 2 Hk+2� �and lemma 20 yields un 2 Hk+4
 � �. Consequently we have obtained Yn 2Hk+4
 � �Hk+2
 � , and the proof follows by indu
tion. 2From lemma 21 it follows that if Yn is a solution of (4.131) then RY�n isalso a solution (see lemma 10 of se
tion 4.4.2). Pro
eeding as in [24℄ (lemma5 p.41), one obtains in this 
ase R �(:; �) =  �(:; �)ÆR and (f�(:; �)ÆR)2 = I.This 
ompletes the proof of theorem 7.Centre manifold 
omputationWhen � is small, the 
entre manifold theorem 5 ensures that the solutions of(4.9) staying in the neighbourhood of Y = 0 in D for any n 2 Z have the formYn = � anbn � 
os(t) + 	(an; bn; �), where 	 2 Ck(R3 ; D h). The 
oordinates(an; bn) satisfy a re
urren
e relation in R2 :� an+1bn+1 � = �F1(an; bn; �)F2(an; bn; �)� = f(an; bn; �): (4.147)In this appendix we 
ompute the leading order terms in the Taylor expansionsof 	 and the redu
ed map (4.147).Computation of 	:We �rst 
ompute the Taylor expansion of 	 in (a; b; �) at (a; b; �) = 0. Dueto the invarian
e under R, it has the form:	(a; b; �) = �	011a�+	101b�+	020a2 +	110ab +	200b2	101a�+	011b�+	200a2 +	110ab +	020b2� + h.o.t.(4.148)The invarian
e under T implies that:T	011 = �	011; T	101 = �	101;T	020 = 	020; T	110 = 	110; T	200 = 	200: (4.149)196



Hen
e we have: 	011;	101 2 h
os((2k + 1)t)=k 2 Zi = Vodd ;	020;	110;	200 2 h
os(2kt)=k 2 Zi = Veven : (4.150)Setting Yn = (un; vn), one has:un = an 
os(t) + 	011an�+	101bn�+	020a2n +	110anbn +	200b2n + h.o.t;vn = bn 
os(t) + 	101an�+	011bn�+	200a2n + 	110anbn +	020b2n + h.o.t:(4.151)Problem (4.9) 
an be writtenm!2 d2dt2W (vn+1) = un+1 � (m + 1)vn+1 +mun;m!2 d2dt2W (un) = mvn+1 � (m + 1)un + vn; (4.152)or equivalently(�+ !2
 ) d2dt2W (vn+1) = �un+1 � (1 + �)vn+1 + un;(�+ !2
 ) d2dt2W (un) = vn+1 � (1 + �)un + �vn; (4.153)with � = 1=m. We 
al
ulate the Taylor expansion of 	 as explained inse
tion 4.4.3. We identify the quadrati
 terms an�, bn�, a2n, b2n and anbn inthe Taylor expansion of (4.47). Due to the symmetries of 	 (see (4.148)), wejust need the se
ond 
omponent of (4.47) to perform the identi�
ation. Inthe sequel we use the notations �
u = 1� R 2�0 u(t) 
os t dt 
os t and �h = I��
.We �rst derive a system whi
h allows to 
ompute (	020;	200;	110). Theidenti�
ation at order a2n gives:!2
 d2dt2	020 +W2!2
 d2dt2�h(
os2(t)) = � �2�1� 	110 + (��)2	200+�2	020 � (1 + �)	020 + �	200; (4.154)where W2 is de�ned in (4.31) and � = 1+��!2
 . Moreover the identi�
ationat order b2n yields:!2
 d2dt2	200 = �2	200 + ��	110+�2	020 � (1 + �)	200 + �	020: (4.155)Identi�
ation at order anbn leads to:�!2
 d2dt2	110 = 2� �2�1� 	200 + 2�2	110+2��	020: (4.156)197



By expanding 	200;	020;	110 in Fourier series in (4.154), (4.155) and (4.156),one shows that these fun
tions are 
olinear to 
os(2t). Let us note 	200 = 200 
os(2t) and de�ne  110 and  020 in the same way. Equations (4.154),(4.155) and (4.156) yield:D(�; !2
)0� 200 020 1101A = b(W2; !2
) (4.157)with b(W2; !2
 ) = 0��2W2!2
00 1Aand D(�; !2
) = 0� (�2�1� )2 + � �2 � (� � 3!2
 ) � �2�1��2 � (� � 3!2
 ) �(� + 1) ��� �2�1� �� �2 � 2!2
 1A : (4.158)Now we solve the linear system (4.157) for the di�erent 
riti
al values listedin (4.28).Starting with !2
 = 2(1 + �), we �nd:	020 = � 116 8m� 1m W2 
os(2t);	200 = 116mW2 
os(2t);	110 = 18mW2 
os(2t): (4.159)For !2
 = 2�, one has:	020 = � 116 7m2 � 34m+ 3m(m� 3) W2 
os(2t);	200 = 116m2 � 6m� 3m(m� 3) W2 
os(2t);	110 = 18m2 + 2m� 3m(m� 3) W2 
os(2t): (4.160)Considering the 
ase !2
 = 2, we obtain:	020 = � 116 24m3 + 5m2 � 6m+ 1m2(3m� 1) W2 
os(2t);	200 = 116 3m2 + 6m� 1m2(3m� 1) W2 
os(2t);	110 = 18 5m2 � 6m + 1m2(3m� 1) W2 
os(2t): (4.161)
198



The 
omputations of the other 
oeÆ
ients 	011 and 	101 are similar. Iden-ti�
ation at order an� and bn� leads to 	011 = 0 and 	101 = 0.As a 
on
lusion we have a
hieved the 
entre manifold 
omputation. Tosimplify the notations, we shall write	020 = p(m)W2 
os(2t);	200 = q(m)W2 
os(2t);	110 = r(m)W2 
os(2t): (4.162)Redu
ed map 
omputation:Now we 
ompute the leading order terms in the Taylor expansion of theredu
ed map (4.147). Proje
ting (4.153) on X
 yields (we use the fa
t that�
( d2dt2 ) = ��
)�(� + !2
)(v
n+1 + �
G(vn+1)) = �u
n+1 � (1 + �)v
n+1 + u
n;�(� + !2
)(u
n + �
G(un)) = v
n+1 � (1 + �)u
n + �v
n; (4.163)where (u
n; v
n) = �
(un; vn) = (�
 un; �
 vn) = (an; bn) 
os (t) andG(y) = W (y)� y = W2y2 +W3y3 +O(y4):The re
urren
e relation (4.147) is obtained by inserting expressions (4.151)in equation (4.163). The se
ond equation of (4.163) then gives:bn+1 = �an � �bn � an�� (�+ !2
 )I�
G(un)where we note I(a 
os(t)) = a. To simplify the 
omputation of �
G(un), wenote that �
Veven = 0 (see de�nition (4.150)). Using expressions (4.151),(4.162) and the symmetry properties (4.150), one obtains:G(un) = (2W2	020 
os(t) +W3 
os3(t))a3n + 2W2	110 
os(t) a2nbn+2W2	200 
os(t) anb2n + kn(t) + h.o.twith kn 2 Veven . Finally, we have:bn+1 = F2(an; bn; �)= �an � �bn � an�� !2
 (�1a3n + �2anb2n + �3a2nbn) + h.o.t (4.164)with: �1 = I�
(2W2	020 
os(t) +W3 
os3(t)) = p(m)W 22 + 34W3;�2 = I�
(2W2	110 
os(t)) = q(m)W 22 ;�3 = I�
(2W2	200 
os(t)) = r(m)W 22 : (4.165)199



In the sequel we noteF2(a; b; �) = L2(a; b)� a�+Q(a; b) + h.o.t ; (4.166)where L2(a; b) = �a� �b and Q(a; b) = �!2
 (�1a3 + �2ab2 + �3a2b).We now expand the �rst equation an+1 = F1(an; bn; �) in (4.147). Let usnote F1(a; b; �) = L1(a; b) + �M1(a; b) + P (a; b) + h.o.t ; (4.167)where L1, M1 are linear forms and P is a homogeneous 
ubi
 polynomial.The �rst equation of (4.163) yields�an+1 = �bn+1 � an � �bn+1 � (�+ !2
)I�
G(vn+1): (4.168)Inserting (4.164) in equation (4.168), one �ndsL1(a; b) = �2 � 1� a� �b; M1(a; b) = �2��a+ b:Cubi
 terms of (4.167) 
ould be obtained by 
ombining equations (4.168),(4.164), (4.153) (vn+1 is expressed as a fun
tion of (un; vn)) and (4.151).Here we pro
eed in a simpler way, using the reversibility of (4.147) underR (a; b) = (b; a) (see theorem 6). One hasf ÆR Æ f ÆR = Id (4.169)and 
onsequently F2(F2(b; a; �); F1(b; a; �)) = b: (4.170)Now we identify 
ubi
 terms in (4.170) and �ndL2(Q(b; a); P (b; a)) +Q(L2(b; a); L1(b; a)) = 0:This yields �P (b; a) = �Q(b; a) +Q(L2(b; a); L1(b; a)): (4.171)One obtains 
onsequently P (a; b) = �!2
 (�4a3 + �5a2b+ �6ab2 + �7b3), with��4 = ��1 + �3�1 + �
2�2 + �2
�3;��5 = �3�2��1 � (�
2 + 2
�2)�2 + (� � �3 � 2��
)�3;��6 = 3��2�1 + (� + �3 + 2��
)�2 + (2�2� + �2
)�3;�7 = ��2�1 � �2�2 � ���3 (4.172)and 
 = �2�1� . As a 
on
lusion, we �ndan+1 = F1(an; bn; �)= 
an � �bn � 2��an�+ bn�� !2
 (�4a3n + �5a2nbn + �6anb2n + �7b3n)+h.o.t: (4.173)200
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Chapitre 5Existen
e de breathers dans les
hâ�nes de spinsDans 
e 
hapitre, on �etudie la dynamique d'une 
hâ�ne de spins inter-agissant ave
 leurs plus pro
hes voisins et poss�edant une anisotropie lo
ale("on site") au voisinage de deux 
on�gurations bien parti
uli�eres. Dans unpremier temps, on se pla
e au voisinage d'un �etat de base (i.e. une solutionstatique des �equations du mouvement minimisant en plus une 
ertaine fon
-tionnelle d'�energie) o�u tous les spins sont dans un plan (qu'on supposeraêtre le plan XY ), parall�eles et point�es dans le même sens. On parle alors der�eseaux ferromagn�etiques ave
 une anisotropie \easy plane". On d�emontrerigoureusement l'existen
e de breathers \out of plane" : dans 
e 
as, un ouplusieurs spins ont un mouvement de pr�e
ession autour de l'axe Z (appel�e\hard axis") tandis que les autres spins restent pro
hes d'un axe in
lus dansle plan XY . Bien que les ondes progressives du syst�eme lin�earis�e aient leursfr�equen
es dans une bande a
oustique, on peut en
ore utiliser la m�ethode dela limite anti
ontinue introduite par Aubry et Ma
Kay, en restreignant lesespa
es fon
tionnels. Cette d�emonstration est ind�ependante de la dimensiondu r�eseau et on la fait en dimension 1.On �etudie ensuite le mouvement des spins au voisinage d'un �etat de baseo�u tous les spins sont align�es le long d'un même axe (qu'on supposera êtrel'axe Z) et dans le même sens : on parle de 
hâ�ne ferromagn�etique de typeeasy axis. Dans 
e 
as, on d�emontre l'existen
e de breathers de petite am-plitude (o�u les spins tournent autour du même axe ave
 un mouvement depr�e
ession dont l'amplitude est petite et d�e
rô�t lorsqu'on s'�eloigne du 
entredu r�eseau). On formule le probl�eme au moyen d'un mapping dans un espa
ede fon
tions p�eriodiques et on analyse 
elui-
i par une r�edu
tion �a une vari�et�e
entrale. Les r�esultats ainsi obtenus 
ompl�etent les d�emonstrations de Fla
het Speight utilisant la m�ethode de la limite anti
ontinue.205



Existen
e of breathers in 
lassi
alferromagneti
 latti
esPas
al NOBLEMath�ematiques pour l'Industrie et la Physique, UMR 5640Laboratoire MIP, Universit�e Paul Sabatier, 118 route de Narbonne, 31 062Toulouse Cedex, Fran
e.e-mail : noble�mip.ups-tlse.frAbstra
tIn this paper, we study the dynami
s of 
lassi
al spins intera
ting via theHeisenberg ex
hange in the presen
e of a single-ion anisotropy on spatiald-dimensional latti
es. We fo
us on easy-plane ferromagnets and easy-axisferromagnets. We present a rigorous proof for the existen
e of the so 
alled\out of plane" breathers whi
h have no analog in the 
ontinuum theory. Inthis 
on�guration, one or several spins pre
ess around an axis out of a planewhere all the other spins lie. Su
h dis
rete breathers represent ex
itationswith a tilted magnetization and possess an energy threshold. The travellingwaves of the linearized system possess frequen
ies in an a
ousti
 band butwe shall see that with a suitable restri
tion of the fun
tional spa
es, theanti
ontinuous method introdu
ed by Ma
Kay and Aubry is still working.This analysis is independent of the latti
e dimension and we make the proofin the one dimensional 
ase. On the other hand, we prove the existen
e ofsmall amplitude breathers pre
essing around an axis (so 
alled \easy" axis)using 
entre manifold redu
tion for quasilinear mappings. In this 
ase, themotion of pre
ession is small and de
reases to 0 far from the latti
e 
entre.5.1 Introdu
tionDis
rete breathers are time periodi
, spatially lo
alized solutions in networksof 
oupled os
illators (in
luding spins and rotors). They arise in very gen-eral systems due to the interplay between nonlinear and dis
rete e�e
ts [5℄.Therefore there is a lot of appli
ations in many area of physi
s in parti
u-lar in 
ondensed matter and biophysi
s. A rigorous proof for the existen
eof breathers has been given by Ma
Kay and Aubry [13℄ for weakly 
oupled
hains via the anti
ontinuous limit. They represent the breathers solutionsas zeros of a suitable mapping. Then starting from the un
oupled 
ase wheretrivial breathers exist ( several os
illators are ex
ited while the others are206



at rest), they 
ontinue these solutions using the impli
it fun
tion theorem.Re
ently, James [8℄, [9℄ has proved the existen
e of small amplitude breathersin Fermi-Pasta-Ulam 
hains (where there is no \anti
ontinuous limit") using
entre manifold redu
tion for quasilinear dis
rete systems. In this 
ase, theequations of motion are written as a re
urren
e relation in a loop spa
e toapply 
entre manifold te
hniques. It has been proved that in the monoatomi

ase, small amplitude breathers exist for a hardening potential [9℄. In thediatomi
 
ase, we �nd small amplitude breathers for hardening or softeningpotential [10℄. We shall also mention the proof of Aubry in the hardening
ase using a variational approa
h. From an experimental point of view, dis-
rete breathers have been observed in Josephson arrays [17℄, arrays of weakly
oupled waveguide [4℄, [7℄, low dimensional 
rystals [16℄ and biologi
al sys-tems [18℄.In this paper, we study the 
lassi
al equations of motion for a ferromagneti
spin 
hain with a single ion anisotropy. Due to the spatial periodi
ity, thelatti
es of intera
ting spins are ideal 
andidates to observe dis
rete breathers.Nonlinear waves in su
h systems have extensively been studied in parti
ularthe solitary wave property 
lose to the 
ontinuum limit. However, negle
tingdis
reteness e�e
ts may lead to lose important features of nonlinear wave dy-nami
s. For example, sin
e only high-symmetry 
ontinuous systems possessbreather solutions, the area of potentially interesting system is drasti
ally re-du
ed. Several numeri
al studies of dis
rete breathers have been performedin the 
ase of easy axis antiferromagnets and easy plane ferromagnets [12℄.In re
ent papers, rigorous existen
e proofs have been presented for the easyaxis ferromagnet with an isotropi
 ex
hange intera
tion or with a stronglyanisotropi
 ex
hange intera
tion in the presen
e of a single ion anisotropyvia the anti
ontinuous limit approa
h [6℄, [15℄.In this arti
le, we �rst 
onsider an easy plane ferromagnet. Several numeri
alstudies ([6℄, [11℄) have been 
arried out on su
h sytems: they exhibit a newtype of solutions, namely \out of plane" breathers where one or several spinsare pre
essing around one axis (
alled \hard" axis) while all the others arepre
essing around another axis lying in the \easy" plane (whi
h we assumeto be the XY plane). They have no analog in the 
ontinuum and possess anenergy threshold. There exists a frequen
y threshold upon whi
h breathersare stati
. Morevover, the linear stability of su
h breathers is strongly relatedto their geometry. The aim of this paper is to give a rigorous proof for theexisten
e of \out of plane" dis
rete breathers and their stati
 analogues in theanti
ontinuous limit. The travelling waves solutions of the linearized sytemhave frequen
ies in an a
ousti
 band but we shall see that the anti
ontinuousmethod is still working after a suitable restri
tion of the fun
tional spa
es.Then we 
onsider the spins dynami
 in an easy axis ferromagnet. The ground207



state 
orresponds to all spins parallels to the same axis (we assume this\easy"axis to be the Z axis). The purpose of this study is to give a rigor-ous proof for the existen
e of breathers in a larger range of parameter valuesthan those 
onsidered in [6℄, [15℄. We will 
onsider small amplitude breathers
lose to the ground state. The equations of motion 
an be written as a re-
urren
e relation in a loop spa
e and applying 
entre manifold redu
tion forquasilinear mappings [8℄, we are able to des
ribe all small amplitude periodi
solutions 
lose to the ground state.The paper is organized as follows. In the next se
tion we present the equa-tions of motion in a 
lassi
al spin 
hain. Se
tion 5.3 is devoted to the rigorousexisten
e proof of \out of plane" breathers and their stati
 analogues in easyplane ferromagnets. In se
tion 5.4, we fo
us on easy axis ferromagnets andprove the existen
e of small amplitude breathers 
lose to the ground state.5.2 Equations of motionsWe 
onsider a latti
e of 
lassi
al spins des
ribed by the \hamiltonian" withHeisenberg XYZ ex
hange intera
tion and single-ion anisotropyE = �12Xn (Jxxn+1xn + Jyyn+1yn + Jzzn+1zn)�DXn z2n: (5.1)This \hamiltonian" is more pre
isely a magneti
 energy whi
h is a 
onservedquantity. Here xn; yn; zn are the n-th spin 
omponents (n labels latti
e sites)that satisfy the normalization 
onditionx2n + y2n + z2n = 1 ; n 2 Z: (5.2)The 
onstants Jx; Jy; Jz are the ex
hange integrals and D is the on-siteanisotropy 
onstant.The equations of motions for the spin 
omponents in the one-dimensionalspin 
hain with nearest-neighbour intera
tions are the well-known Landau-Lifshitz equations0� _xn_yn_zn1A = �0�xnynzn1A� � �E�xn ; �E�yn ; �E�zn�t (5.3)whi
h reads_xn = 12 [Jyzn(yn�1 + yn+1)� Jzyn(zn�1 + zn+1)℄� 2Dynzn;_yn = 12 [Jzxn(zn�1 + zn+1)� Jxzn(xn�1 + xn+1)℄ + 2Dxnzn;_zn = 12 [Jxyn(xn�1 + xn+1)� Jyxn(yn�1 + yn+1)℄ ; n 2 Z: (5.4)208



In this paper, we 
onsider ferromagneti
 spin 
hains: Jx > 0, Jy > 0 andJz > 0 (the 
ase of antiferromagnets Jx; Jy; Jz < 0 is not treated here).We study the dynami
s in the neigbourhood of two di�erent equilibria. Onthe one hand, we 
onsider \easy axis" ferromagnets: this is a spin latti
esu
h that the ground state (stati
 solution of (5.4) whi
h minimizes E) 
or-responds to zn = �1; xn = yn = 0. This 
an be a
hieved by introdu
ingeither a strong ex
hange anisotropy Jx; Jy << Jz or an on-site anisotropyterm D > 0 with max(Jx; Jy; Jz) << D.On the other hand, we study the 
hain dynami
 in an \easy plane" ferromag-net where the ground state 
orresponds to all spins lying in the XY plane(easy plane) and parallels. For example we 
an 
hoose xn = 1; yn = zn = 0.In the sequel, we take Jx = Jy = Jz and D < 0 su
h that max(Jx; Jy; Jz) <<jDj. In this 
ase, the isotropy Jx = Jy implies that this ground state is de-generated.We will keep the term \easy axis" anisotropy when D > 0 and \easy plane"anisotropy when D < 0 even if the hypothesis max(Jx; Jy; Jz) << jDj is notsatis�ed.5.3 \Out of plane" breathers in easy planeferromagnetsIn this se
tion, we present the equations of motion in an easy plane ferromag-net for an isotropi
 ex
hange intera
tion with an \easy plane" type on-siteanisotropy (D < 0) and 
arry out a spe
tral analysis around the groundstate. Then we prove the existen
e of \out of plane" breathers with the an-ti
ontinuous limit method. In \out of plane" breathers, one or several spinsare pre
essing around the \hard" axis (we assume it is the Z axis) while allthe others lie in the \easy" plane (we assume here it is the XY plane).5.3.1 Equations of motion and linear spe
trum analy-sisIn the sequel, we will 
onsider an easy plane ferromagnet where the groundstate is given by xn = 1; yn = zn = 0. Let us 
hooseJx = Jy = Jz = 2Jand an on site anisotropy D < 0 su
h that max(Jx; Jy; Jz) << jDj. ChangingD into �D, the 
onserved magneti
 energy (5.1) has now the formE = �JXn (xn+1xn + yn+1yn + zn+1zn) +DXn z2n: (5.5)209



The equations of motion are given by the Landau-Lifshitz equations (see theprevious se
tion):_xn = J [zn(yn�1 + yn+1)� yn(zn�1 + zn+1)℄ + 2Dynzn;_yn = J [xn(zn�1 + zn+1)� zn(xn�1 + xn+1)℄� 2Dxnzn;_zn = J [yn(xn�1 + xn+1)� xn(yn�1 + yn+1)℄ ; n 2 Z: (5.6)It is also 
onvenient to introdu
e the stereographi
 
oordinates:�n = xn + i yn1 + zn :The Landau-Lifs
hitz equations (5.6) now readi _�n = J [�n�1 � �2n��n�11 + j�n�1j2 + �n+1 � �2n��n+11 + j�n+1j2�2�n(1� j�n�1j21 + j�n�1j2 + 1� j�n+1j21 + j�n+1j2 )℄+2D�n(1� j�nj21 + j�nj2 ); n 2 Z: (5.7)We study the ferromagnet 
ase J > 0 (if J < 0 this an antiferromagnet).The ground state of the latti
e 
orresponds to spins lying in the XY plane(easy plane). This ground state is degenerated and spins 
an be orientedarbitrary (but parallels) in the XY plane. Let us assume the ground stateto be the following spin distributionxn = 1 ; yn = zn = 0 ; n 2 Z: (5.8)We linearize the equations (5.6) in the neighbourhood of the ground state.Then looking for travelling waves solutions Æzn = Æz sin(qn � 
(q)t), Æyn =Æy 
os(qn� 
(q)t) and Æxn = 0, we �nd the following dispersion laws
2(q) = 4 (J2(1� 
os(q))2 + 2JD(1� 
os(q))) ;
2(0) = 0 ; 
2(�) = 8J(2J +D): (5.9)Thus travelling waves of the linearized system have frequen
ies in an a
ousti
band similarly to Fermi-Pasta-Ulam latti
es. The anti
ontinuous methodrequires in general a nonresonan
e 
ondition with the phonon band. Sin
ethe spe
trum is gapless, this 
ondition is in general never satis�ed. But thesystem still possesses periodi
 solutions with spins pre
essing around the hardaxis (whi
h is not the 
ase in FPU latti
es). Then for J = 0, we 
an 
onstru
tbreathers where one or several spins are pre
essing around the hard axis whilethe others are at rest. We shall see that we 
an avoid the eigenvalue 0 by
hoosing a suitable fun
tional spa
e and then 
ontinue breather solutions forJ 6= 0. 210



5.3.2 Existen
e of \out of plane" breathersIn the sequel, we present a rigorous proof for the existen
e of \out of plane"breathers. Following Ma
Kay and Aubry [13℄, we apply the method based onthe anti
ontinuum limit of our system. It 
onsists in de
oupling the latti
esites and ex
iting only one or several sites while the other spins are at rest.Then, the persisten
e of the lo
alized solution is shown for small values ofthe 
oupling. We fo
us here on breathers with one ex
ited site. For J = 0,let us take the following latti
e site 
on�gurationx0(t) = a0 
os(!t) ; y0(t) = a0 sin(!t) ; z(t) = z0;xn = 1 ; yn = zn = 0 if n 6= 0; (5.10)where a0 = p1� z20 and ! = 2Dz0. It is easily seen that this distributionis a solution of (5.6) when J = 0. Now, we state the main theorem of thispaper.Theorem 11 Suppose z0 2 (0; 1). For ! 6= 0 and D > 0, the periodi
orbit of the equations of motions (5.6) at J = 0 given by the spin pre
essiondistribution (5.10) has a lo
ally unique 
ontinuation as a periodi
 orbit of theequations (5.6) with the same frequen
y ! for a suÆ
iently small J.Proof. We are looking for periodi
 solutions with frequen
y ! = 2Dz0. Theres
aling in time � = !t yields! x0n = J [zn(yn�1 + yn+1)� yn(zn�1 + zn+1)℄ + 2Dynzn; (5.11)! y0n = J [xn(zn�1 + zn+1)� zn(xn�1 + xn+1)℄� 2Dxnzn; (5.12)! z0n = J [yn(xn�1 + xn+1)� xn(yn�1 + yn+1)℄; (5.13)where x0 = dxd� and xn; yn; zn are now 2�-periodi
 fun
tions. Let us introdu
ethe following fun
tional spa
esXne = f y 2 Hn(R=2�Z) = y eveng;where Hn denotes the 
lassi
al Sobolev spa
e (H0(R=2�Z) = L2(R=2�Z))and Xno = f y 2 Hn(R=2�Z) = y oddg:Let us assume that xn(�t) = xn(t), yn(�t) = �yn(t) and zn(�t) = zn(t).We shall see later that the 
hoi
e of the odd parity for yn is important. Weare looking for xn; zn 2 X1e and yn 2 X1o whi
h are 
lose to (5.10). Thusfor n 6= 0, we want xn(t) =p1� yn(t)2 � zn(t)2. The set of equations (5.6)is redundant and we just keep equations (5.12) and (5.13) to des
ribe the211



motions of the n-th spin. For n = 0, we 
hoose z0 = p1� x20 � y20 and wekeep equations (5.11) and (5.12) to des
ribe the motion of the 
entral spin.We thus are looking for solutions satisfying supt2(0;2�) jynj2 + jznj2 < 1 forn 6= 0 and supt2(0;2�) jx0j2 + jy0j2 < 1. Now following the approa
h of Fla
het al. [6℄ for the proof of breather in easy axis ferromagnet, let us introdu
ethe mapping F : O ! l2(X0o )� l2(X0e ) de�ned byF (z; J) = wwith z = f(x0; y0); fzn; yngn2Z�g ; w = fan; bngn2Zwherean = !z0n � J [yn(xn�1 + xn+1)� xn(yn�1 + yn+1)℄;bn = !y0n + 2Dxnzn � J [xn(zn�1 + zn+1)� zn(xn�1 + xn+1)℄; (5.14)for n 6= 0 anda0 = !x00 � 2Dy0z0 � J [z0(y�1 + y1)� y0(z�1 + z+1)℄;b0 = !y00 + 2Dx0z0 � J [x0(z�1 + z+1)� z0(x�1 + x+1)℄; (5.15)with the notations xn = p1� y2n � z2n (for n 6= 0) and z0 = p1� x20 � y20.The set O is an open subset of l2(X1e )� l2(X1o ) de�ned byO = f(un; vn)n2N 2 l2(X1e )� l2(X1o ) = supt2(0;2�) jun(t)j2 + jvn(t)j2 < 1g:We 
an see that F is well de�ned on O. The symmetri
 solutions of equa-tions of motions (5.6) with the \out of plane" geometry are in one-to-one
orresponden
e with zeros of F and we 
an see that for J = 0, the spin-pre
ession 
on�guration (5.10) is a zero of F whi
h lies in O. Using theimpli
it fun
tion theorem, we prove this solution to have a lo
ally unique
ontinuation z(J) for suÆ
iently small J provided its derivative with re-spe
t to z is invertible with a bounded inverse at J = 0. The derivativeDF (z(0); 0) : l2(X1e )� l2(X1o )! l2(X0o )� l2(X0e ) is given by:DF (z(0); 0)(u; v)1n = !u0n;DF (z(0); 0)(u; v)2n = !v0n + 2Dun; (5.16)when n 6= 0 andDF (z(0); 0)(u; v)10 = !(u00 � [(1 + �s2(t))v0 + �s(t)
(t)u0℄);DF (z(0); 0)(u; v)20 = !(v00 + [(1 + �
2(t))u0 + �s(t)
(t)v0℄); (5.17)212



with 
(t) = 
os(t) and s(t) = sin(t). Now let us 
hoose (fn; gn)n2Z 2 l2(X0o )�l2(X0e ). We want to prove that there exists a unique (un; vn)n2Z 2 l2(X1e )�l2(X1o ) su
h that DF (z(0); 0)(u; v)n = (fn; gn)t:Thus when n 6= 0, we have to solve the system!u0n = fn;!v0n + 2Dun = gn: (5.18)It is easily seen that in general, vn will be de�ned up to a 
onstant and thusit is non unique and DF (z(0); 0) is non invertible. The fa
t that vn(�t) =�vn(t) imposes that the 
onstant is �xed to 0 and then system (5.18) willhave a unique solution. We expand u and v into Fourier series taking intoa

ount their parity:un(t) = +1Xk=0 ukn
(kt) ; vn(t) = +1Xk=1 vkns(kt);fn(t) = +1Xk=1 fkns(kt) ; vn(t) = +1Xk=0 gkn
(kt):This yields the system of equations�k!ukn = fkn ;k!vkn + 2Dukn = gkn; k � 0: (5.19)The system (5.19) is invertible if ! 6= 0 and D 6= 0. Moreover, it is easilyseen that un 2 X1e and vn 2 X1o and we have the estimatekunkH1 + kvnkH1 � C(!;D)(kfnkL2 + kvnkL2); (5.20)where C is a 
ontinuous fun
tion on (0;+1)2. Now let us 
onsider the
ase when n = 0. We are going to use the stereographi
 
oordinates andlinearize the equations around �0(t) = 	0 exp(i!t). Let us 
onsider theperturbations �n(t) = (	0+w(t)) exp(i!t) whi
h is not a restri
tion. It doesnot 
hange the fun
tional spa
es sin
e T : Xe+ iXo ! Xe+ iXo, de�ned byT (w)(t) = exp(i!t)w(t) is an isometry. The derivative DF (z(0); 0) for n = 0reads DF (z(0); 0)(u; v)0 = !(iw0 � 2Dj	0j2(1 + j	0j2)2 (w + w�)); (5.21)where w = u + i v. Let us denote f = f0! and g = g0! . We have to �nd aunique solution (x; y) = (u0; v0) 2 X1e �X1o satisfying the systemx0 = f;y0 + 4Dj	0j2(1+j	0j2)2x = �g: (5.22)213



We expand x and y into Fourier series and under the 
ondition that4Dj	0j2(1 + j	0j2)2 6= 0and ! 6= 0 (whi
h is equivalent to z0 6= 0; 1), we 
an �nd a unique solution(x; y) 2 X1e �X1o to system (5.22). Moreover we have the estimatekxk1H + kyk1H � K(!; z0)(kfkL2 + kgkL2); (5.23)where K is a 
ontinuous fun
tion of !; z0 with ! > 0 and z0 2 (0; 1). Thuswe have proved that DF (z(0); 0) is invertible and estimates (5.23) and (5.20)show that this inverse is bounded. Then the impli
it fun
tion theorem doesapply and z(0) has a lo
ally unique 
ontinuation as a periodi
 orbit of theequations (5.6), z(J) 2 O. Sin
e z(J) 2 O, the assumptions supt2(0;2�) jynj2+jznj2 < 1 and supt2(0;2�) jx0j2+jy0j2 < 1 are automati
ally satis�ed. Moreover,sin
e (yn; zn) 2 l2(X1o )� l2(X1e ), we havelimn!�1 kynkH1 = limn!�1 kznkH1 = 0:Then the periodi
 solution z(J) is spatially lo
alized and far from the 
enter,spins pre
ess around an axis lying 
lose to the easy plane and this 
ompletesthe proof of the theorem.2Sin
e the 
ontinuation o

urs in l2 spa
es, it has weak lo
alization builtin. We 
an improve this statement to exponential spatial lo
alization (thatis there exist K; � > 1 su
h that supt2(0;2�)(jyn(t)j + jzn(t)j) � K��jnj) byapplying some results by Baesens and Ma
Kay [3℄. Fla
h et al. [6℄ have
omputed an optimal � = �opt by linearizing the equations of motion (5.6)around the ground state (5.8) in the breather tails and�opt = 1 + DJ + ((1 + DJ )2 � 1)2: (5.24)This is an easy 
omputation to extend this result to latti
es in higher dimen-sions and multibreathers with several spins pre
essing around the hard axisZ. We 
an see that for ! > 2D and J = 0, we have only stati
 solutions ofout of plane type. For J 6= 0, this threshold still exists [11℄. We present herean existen
e proof of su
h stati
 solutions.Proposition 11 For D > 0 and J 6= 0 but suÆ
iently small, there existstati
 solutions (xn; yn; zn) su
h thatlimn!�1 yn = limn!1 zn = 0;and z0 = 1 +O(J). 214



Proof. We suppose yn = 0 and xn = 
os(�n) ; zn = sin(�n). They are stati
solutions of (5.6) i�P (f�ng; J)n = D sin(2�n)� J [sin(�n+1 � �n) + sin(�n�1 � �n)℄ = 0 (5.25)Clearly, P (:; J) map l2(Z) into itself and is C1. We will use the impli
itfun
tion theorem. Let us take �0n = 0 if n 6= 0 and �00 = �2 : this is a trivialout of plane stati
 solution for J = 0. Moreover DP (�0; 0)(h)n = 2Dhn ifn 6= 0 and DP (�0; 0)(h)0 = �2Dh0. Thus DP (�0; 0) is invertible providedD 6= 0. The impli
it fun
tion theorem does apply and this 
ompletes theproof.2On
e again, we 
an prove that these solutions are exponentially lo
alized.Now let us 
onsider the 
ase of larger J . The existen
e of a \out of plane"stati
 solution is equivalent to the existen
e of a solution of (5.25) homo
lini
to 0. When r = JD ! 1, we are looking for small amplitude homo
lini
solutions whi
h is equivalent to the existen
e of a small amplitude �xedpoint. Sin
e the only �xed points solutions of (5.25) are �n = k �2 ; k 2 Z,we do not �nd small amplitude homo
lini
 solutions to 0. Thus there existsa 
riti
al ratio r
 su
h that for r > r
 there are no \out of plane" stati
solutions. This is 
oherent with the threshold observed by Zolotaryuk et al.[11℄ for the existen
e of out of plane breathers (if we 
onsider that a stati
solution is a parti
ular breather).5.4 Existen
e of small amplitude breather ineasy axis ferromagnetsIn this se
tion, we give a rigorous proof for the existen
e of small amplitudebreathers in easy axis ferromagnet 
lose to the ground state zn = 1. Theunderlying method is a 
entre manifold redu
tion for quasilinear mappings [8℄re
ently applied to the existen
e of small amplitude breathers in FPU 
hains(monoatomi
 [9℄, diatomi
 [10℄). The set of equations (5.4) 
an be writtenas a re
urren
e relation in a loop spa
e and we apply the set of theoremsproved in [8℄. We �rst make a spe
tral study of the linearized operator and
ompute the 
entre subspa
e (the generalized eigenspa
e 
orresponding tothe eigenvalues lying on the unit 
ir
le). Then we apply the 
entre manifoldredu
tion for quasilinear mappings and 
al
ulate the Taylor expansion of the
entre manifold. Then proje
ting the equations of motions on the 
entresubspa
e, we get the redu
ed form of the equations whi
h is a mapping in�nite dimension. Then we perform a 
hange of variable whi
h leads to thesimpler normal form. This only keeps the essential terms. We then make the215



proof for the existen
e of homo
lini
 orbits to 0 whi
h 
orrespond to dis
retebreather solutions of (5.4). Using a reversibility property of the whole system,we 
an prove the persisten
e of these homo
lini
 solutions.5.4.1 Formulation of the mathemati
al problemWe re
all that the equations of motion for the spin 
omponents in the one-dimensional spin 
hain with nearest neighbor intera
tions are the Landau-Lifshitz equations_xn = 12(Jyzn(yn+1 + yn�1)� Jzyn(zn+1 + zn�1))� 2Dynzn; (5.26)_yn = 12(Jzxn(zn+1 + zn�1)� Jxzn(xn+1 + xn�1)) + 2Dxnzn; (5.27)_zn = 12(Jxyn(xn+1 + xn�1)� Jyxn(yn+1 + yn�1)): (5.28)We wish to study analyti
ally the existen
e of \small amplitude" breathers
lose to the ground state zn = 1 in a large range of values for Jx; Jy; D and ex-tend the results obtained via the anti
ontinuous limit (max(Jx;Jy)Jz ! 0). Thuswe write zn = p1� x2n � y2n and the set of equations (5.26), (5.27), (5.28)is redundant: we only keep (5.26), (5.27). We look for solutions (xn; yn) of(5.26), (5.27) in the form xn(t) = xn(Jz!t) and yn(t) = yn(Jz!t) where xn; ynis 2�-periodi
 and the normalized frequen
y ! is treated as a bifur
ation pa-rameter. Dropping the lines, the system (5.26), (5.27) now reads! _xn = 12(�zn(yn+1 + yn�1)� yn(zn+1 + zn�1))� 2dynzn;! _yn = 12(xn(zn+1 + zn�1)� �zn(xn+1 + xn�1)) + 2dxnzn; (5.29)where � = JxJz , � = JyJz and d = DJz . Now, following James approa
h [8℄,[9℄,let us write the system (5.29) in the form of a re
urren
e relation in a loopspa
e Yn+1 = F (Yn; !; �; �; d); (5.30)where Yn = (xn�1; xn; yn�1; yn) is a 2�-periodi
 fun
tion of t. Dis
retebreathers solutions of (5.29) 
orrespond to solutions of (5.30) homo
lini
to 0. We now de�ne appropriate fun
tion spa
es on whi
h F is a
ting. Welook for (xn�1; xn; yn�1; yn) 2 Dwhere D = f(x1; x2; x3; x4) 2 (H 1)4; x1; x2 even; x3; x4 odd;xi(t+ �) = �xi(t) ; i = 1::4g216



and H n denotes the 
lassi
al Sobolev spa
e Hn(R=2�Z). The re
urren
erelation (5.30) holds inX = f(x1; x2; x3; x4) 2 (H 0)4; x1; x2 even; x3; x4 odd;xi(t+ �) = �xi(t) ; i = 1::4g:The operator F : D ! X is smooth in a neighbourhhood U of Y = 0 inD . Note that the �xed point Y = 0 
orresponds to the latti
e at rest. Wenow examine the symmetry properties of equations (5.30). On the one hand,equation (5.30) is invariant under the symmetry TY = Y (: + �) i.e. F
ommutes with T . Moreover, if (xn; yn) is solution of (5.29) then (x�n; y�n)is also a solution. This implies that F is reversible with respe
t to thesymmetry R(x1; x2; x3; x4) = (x2; x1; x4; x3) i.e. if Y 2 U and F (RY ) 2 U ,one has (F ÆR)2Y = Y . We 
an see also that if (xn; yn) is solution of (5.29)then (�xn;�yn) is also a solution: thus F 
ommutes with �Id. We nowstudy the spe
trum of the linearized operator at Y = 0.5.4.2 Spe
tral properties of the linearized operatorThe linearized operator L! = DF!(0) readsL!0BB� x1x2x3x41CCA = 0BB� x22�((1 + 2d)x2 � ! ddtx4)� x1x42� (! ddtx2 + (1 + 2d)x4)� x31CCA : (5.31)The operator L! : D � X ! X is unbounded in X (of domain D ) and 
losed.We now examine the spe
tral properties of L!.Lemma 22 For � > 0, � > 0, d � 0 and ! > 0, the spe
trum of L! isunbounded, dis
rete and 
an be written �(L!) = f0g[�!, where 0 belongs tothe essential spe
trum and �! 
onsists in non-zero eigenvalues. The set �! is
ontained in the union of the real axis and the unit 
ir
le, and invariant underz ! z�1 and z ! z. The eigenvalues form sequen
es (uk)k�1, (u�1k )k�1,(vk)k�1 and (v�1k )k�1 (with jukj � 1, jvkj � 1, = uk � 0 and = vk � 0)determined by the equations12(uk + u�1k ) = 12�� [(1 + 2d)(�+ �) +p(�� �)2(1 + 2d)2 + 4��(pk!)2℄;12(vk + v�1k ) = 12�� [(1 + 2d)(�+ �)�p(�� �)2(1 + 2d)2 + 4��(pk!)2℄;(5.32)where pk = 2k � 1. 217



We now dis
uss the variation of the spe
trum of L! as we vary the parameter! 2 (0;+1). Let us �rst 
onsider (uk; u�1k )k�1. The eigenvalues (uk; u�1k )k�1belong to the positive real axis when p2k!2 � !21 (with !21 = (� � (1 +2d))(� � (1 + 2d))) and 
ollide at z = 1 when p2k!2 = !21. This situationo

urs only if min(�; �) > 1 + 2d otherwise the eigenvalues remain real andfar from z = 1. Note that all these eigenvalues belong to the positive realaxis (and lie outside the unit 
ir
le) when !2 > !21. For p2k!2 � !21, theeigenvalues uk; u�1k belong to the unit 
ir
le. We now 
onsider (vk; v�1k )k�1.The eigenvalues (vk; v�1k )k�1 belong to the negative real axis when p2k!2 � !22(with !22 = (�+(1+2d))(�+(1+2d))) and 
ollide at z = �1 when p2k!2 = !22.All these eigenvalues belong to the negative real axis when !2 > !22. For!21 � p2k!2 � !22, the eigenvalues vk; v�1k belong to the unit 
ir
le and 
ollideat z = 1 for !2 = !21. This last situation only o

urs if max(�; �) < 1 + 2d.In this 
ase for p2k!2 � !21 the eigenvalues vk; v�1k lies on the positive realaxis otherwise they remain on the unit 
ir
le. The set of possible bifur
ations
enarios is broad. With the aim of �nding dis
rete breathers as hom
lini
orbits to Y = 0, we shall restri
t ourselves to the simplest situation when(u1; u�11 ) or (v1; v�11 ) are the only eigenvalues 
lose to the unit 
ir
le andthe �xed point Y = 0 is hyperboli
. This 
orresponds to two regions. The�rst one is situated in the neighbourhood of ! = !2 at the right hand side.The other one is situated in the neighbourhood of !2 = !21 on the left handside when the parameters �; �; d satisfy the relations: max(�; �) < 1 + 2dand !21 > !229 . In the following lemma, we 
ompute the 
entre spa
e X
 i.e.the generalized eigenspa
e 
orresponding to the eigenvalues lying on the unit
ir
le.Lemma 23 If ! = !2, z = �1 is a double non-semi-simple eigenvalue ofL!. The 
entre spa
e X
 is spanned by the ve
tors U2 = (
os t; 0; 
 sin t; 0)and V2 = (0; 
os t; 0; 
 sin t) with 
 =q�+1+2d�+1+2d . If ! = !1 and the parameters�; �; d satisfy the relations: max(�; �) < 1 + 2d, !21 > !229 , z = 1 is adouble non-semi-simple eigenvalue of L!. The 
entre spa
e X
 is spannedby the ve
tors U1 = (
os t; 0; Æ sin t; 0) and V1 = (0; 
os t; 0; Æ sin t) with Æ =q��1�2d��1�2d .Let us set !2 = !2
 + � where !
 = !1 or !
 = !2 and � � 0 is a bifur
ationparameter. Problem (5.30) 
an be written Yn+1 = L!
Yn + N (Yn; �) whereN (0; �) = 0 and DYN (0; 0) = 0. 218



5.4.3 Centre manifold and normal form 
omputationUsing the 
entre manifold theorem for quasilinear mapping, one obtains for� � 0 the existen
e of a smooth lo
al manifold M� invariant under F! andthe symmetries T , R and �Id (see [8℄ for more details). This manifold 
anbe written M� = fY 2 D =Y = Y
 + 	(Y
; �); Y
 2 X \ 
g where 	(:; �) :X ! (I � �
))D is a smooth map satisfying 	(Y; �) = O(kY k2 + j�jkY k)and 
 is a small neighbourhood of 0 in D . For � � 0, the 
entre manifoldM� 
ontains all solutions Yn staying in 
 for all n 2 Z. Their 
omponentY 
n = �
Yn is given by the two dimensional mappingY 
n+1 = f(Y 
n ; �); (5.33)where f(Y 
; �) = L!
Y 
 + �
N (Y 
 + 	(Y
; �); �). The map f : X
 ! X
is smooth, reversible under R and 
ommutes with T and �Id. Now we
ompute the Taylor expansion of 	 in the 
ase when !
 = !2. SettingY
 = aU2(t) + bV2(t), we identify X
 to R2 . The symmetry properties of 	implies that 	(�a;�b; �) = �	(a; b; �). Consequently the Taylor expansionof 	 has the form	(a; b; �) = P1(t)a�+ P2(t)b� +Q(t)(a; b) + h:o:t:;where Pi 2 (I � �
)X and Q(t) is a 
ubi
 homogeneous polynom in a andb. The 
orre
tions introdu
ed by the 
entre manifold are easily seen to beo(�kY
k) and o(kY
k3). Sin
e we are only interested in the terms of orderO(�kY
k) and O(kY
k3) in the Taylor expansion of f , we do not 
ompute Piand Q. Thus (5:33) readsY 
n+1 = L!
Y 
n +�
N (Y 
n ; �) + o(�kY
k+ kY
k3): (5.34)The same argument holds for the bifur
ation !
 = !1 and in both 
ase, theTaylor expansion of the redu
ed mapping (5.33) is easily obtained.We �rst
onsider !
 = !1. Let us denote Y 
n = anU1(t) + bnV1(t), system (5.34) isequivalent to:an+1 = bnbn+1 � 2bn + bn�1 = �2Æ� bn +Q1(bn; bn�1) + h:o:t; (5.35)where Q1 is a 
ubi
 homogeneous polynom. After a suitable 
hange of vari-able un = bn + �b3n (whi
h preserves the symmerties of (5.33)), the system(5.35) 
an be written under the normal form:un+1 � 2un + un�1 = g1�(un; un�1); (5.36)219



where g1�(u; v) = �2Æ� �u+ Æ2 + 38� (�� (1 + 2d))u3+ O((juj+ jvj)((juj+ jvj)2 + j�j2)2):The same holds for !
 = !2 and the normal form of (5.33) 
an be written(with the notation Y 
n = anU2(t) + bnV2(t)):un+1 + 2un + un�1 = g2�(un; un�1); (5.37)where g2�(u; v) = �2
� �u� 
2 + 38� (�+ (1 + 2d))u3+ O((juj+ jvj)((juj+ jvj)2 + j�j2)2):As a 
on
lusion, the mapping (5.33) 
an be lo
ally transformed into the sim-pler se
ond s
alar re
urren
e relation (5.36) and (5.37) via a simple 
hangeof variable un = bn + �b3n for a suitable �.A parti
ular 
ase: Jx = Jy = JLet us use the steregographi
 
oordinates:�n = xn + i yn1 + zn :The Landau-Lifs
hitz equations (5.6) are now equivalent to2i�0n = J [�n�1 � �2n��n�11 + j�n�1j2 + �n+1 � �2n��n+11 + j�n+1j2�Jz�n(1� j�n�1j21 + j�n�1j2 + 1� j�n+1j21 + j�n+1j2 )℄�4D�n(1� j�nj21 + j�nj2 ); n 2 Z: (5.38)As in dis
rete nonlinear S
hrodinger equations, we sea
h breather solutionsunder the form �n = exp(i!t) n with  n 2 R. The system (5.38) reads:�2! n = J [ n�1 �  2n n�11 + j n�1j2 +  n+1 �  2n n+11 + j n+1j2�Jz n(1� j n�1j21 + j n�1j2 + 1� j n+1j21 + j n+1j2 )℄�4D n(1� j nj21 + j nj2 ); n 2 Z: (5.39)Breathers solutions of (5.38) then 
orrespond to  n 2 R solution of there
urren
e relation (5.39) with limn!�1  n = 0. In this 
ase, the 
entremanifold is 
at and (5.39) is the redu
ed form of (5.38).220



5.4.4 Homo
lini
 solutions of the redu
ed mappingWe now 
onsider the re
urren
e relation (5.36) for � � 0 and study the exis-ten
e of small amplitude homo
lini
 orbits to un = 0 (these orbits 
orrespondto small amplitude breather solutions of (5.29). Re
all thatun+1 � 2un + un�1 = �2Æ� �un + Æ2 + 38� (�� (1 + 2d))u3n + h:o:t: (5.40)Moe pre
isely, the normal form 
an be written�An+1Bn+1� = G��AnBn� ; (5.41)with G��AnBn� = � 1 10 1��AnBn� + g�(An; Bn)� 11� ; (5.42)and g�(An; Bn) = Æ��� 2�An � Æ2 + 38Æ �(1 + 2d)� ��A3n�++ o(k(An; Bn)k3 + j�jk(An; Bn)k); (5.43)The proof of the existen
e of su
h homo
lini
 solutions for the full system
an be found e.g. in [8℄ se
tion 6.2.3. This result heavily relies on the fa
tthat (5.40) is reversible (due to the reversibility of f). One also uses the fa
tthat G� is almost 
onjuged (up to high order terms) to the integrable ve
tor�eld v00 = Æ��� 2�v � Æ2 + 38Æ �(1 + 2d)� ��v3�:The �xed point (A;B) = 0 is hyperboli
 if � < 0. Moreover, sin
e ��(� �(1+2d)) < 0, (5.42) has two symetri
 �xed points (�A�; 0) whi
h are ellipti
.We have ��(�� (1+2d)) < 0: the lo
al stable manifoldW s(0) and unstablemanifold W u(0) interse
t and (5.42) has reversible homo
lini
 solution to(A;B) = 0 [8℄.We now 
onsider the re
urren
e relation (5.37) for � � 0. The equation ofthe normal form isun+1 + 2un + un�1 = �2
� �un � 
2 + 38� (�+ (1 + 2d))u3n + h:o:t: (5.44)We introdu
e the variable Un = (�1n)un. This yieldsUn+1 � 2Un + un�1 = 2
� �Un + 
2 + 38� (� + (1 + 2d))U3n + h:o:t: (5.45)221



The analysis is similar to the previous 
ase. Sin
e �(� + (1 + 2d)) > 0, thelo
al stable and unstable manifolds W s(0) and W u(0) do not interse
t in theneighbourhood of 0 and (5.29) admits no small amplitude breather solutionin the 
orresponding parameter range.un
un�1Ws(0)Wu(0)

No small amplitude breathers0 < ! � !2 << 1� > 0, �+ 1 + 2d > 0
un

un�1
Wu(0) Ws(0)0 < !1 � ! << 1� < 0, 1 + 2d� � > 0Existen
e of small amplitude breathersAs a 
on
lusion, we have proved the existen
e of small amplitude breathersin a parameter range where �; �; d satisfy the relations: max(�; �) < 1 + 2dand 9!21 > !22. This is equivalent to the 
ondition:0 < � < 4(1 + 2d)� 5�5(1 + 2d)� 4�(1 + 2d):Thus we have proved the following proposition.Theorem 12 Let us note � = JxJz , � = JyJz and d = DJz . In the domain0 < � < 4(1 + 2d)� 5�5(1 + 2d)� 4�(1 + 2d)and for 0 < !
 � ! << 1 with !2
 = (�� (1 + 2d))(� � (1 + 2d)), there existsmall amplitude dis
rete breathers with a period 2�Jz! solution of (5.29).The domain obtained 
ontains a large neighbourhood of the point (�; �) =(0; 0) whi
h 
orresponds to the anti
ontinuous limit and this analysis 
om-pletes the anti
ontinuous approa
h 
arried out in [6℄. We 
an also des
ribehow spins pre
ess around the easy axis: the proje
tion in the XY plane of thetraje
tory is an ellipse (sin
e yn = Æbn sin t+ h:o:t and xn = bn 
os t+ h:o:t:).222



5.5 Con
lusionWe �rst have proved in this paper the existen
e of out of plane breathers andstati
 solutions in easy plane ferromagnets using the anti
ontinuous limit.Then we have proved the existen
e of small amplitude breathers in a largerange of parameter using 
entre manifold te
hniques. A natural questionthat arises is the linear stability of su
h breather solutions. In the easy axis
ase, it is proved using the Aubry's band theory that the one site breather isstable 
lose to the anti
ontinuous limit. In the 
ase of multibreathers, whereseveral sites are ex
ited, Ar
hilla et al. [1℄ have re
ently proved stability andunstability results in Klein Gordon 
hains for two sites breathers and 
arriedout the study for three sites breathers. The method is based on a degener-ated Aubry's band theory. This approa
h should also applies in the easy axis
ase 
lose to the anti
ontinuous limit to study the linear stability of multi-breathers. In the 
ase of easy plane ferromagnets, Zolotaryuk et al. [11℄ haveinvestigated numeri
ally the linear stability of \out of plane" breathers. Theresults obtained show a strong relation between the linear stability of thesebreathers and their geometry. For instan
e, the one site ex
ited breatherseems to be unstable (but the instability is not lo
alized in [11℄). On theother hand, the two sites breather with spins pre
essing in phase is stableand the two sites breather with spins pre
essing out of phase is unstable.The equilibrium in the easy plane ferromagnet is degenerated and the math-emati
al framework introdu
ed by Ma
Kay et al. [14℄ and Aubry [2℄ do notapply. In the anti
ontinuous limit (Jx = Jy = Jz = 2J = 0), the eigenvalue 1has a multipli
ity greater than 2. The phase degenera
y and the time trans-lation invarian
e �x the eigenvalue 1 with a multipli
ity 2 when J 6= 0 butwe have no 
ontrol on the other eigenvalues. In parti
ular, they 
an es
apethe unit 
ir
le. Thus the mathemati
al analysis of the linear stability of \outof plane" breathers is still an open question.A
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ussions and useful 
omments. The author also wishes to thankthe Max Plan
k Institute for the Physi
s of Complex Systems in Dresdenwhere this paper was written for hospitality and �nan
ial support.
223



224



Bibliography[1℄ JFR. Ar
hilla, J. Cuevas, B. San
hez-Rey and A. Alvarez, Demonstra-tion of the stability or instability of multibreathers at low 
oupling, sub-mitted to Physi
a D (2003).[2℄ S. Aubry, Breathers in nonlinear latti
es: Existen
e, linear stability andquantization, Physi
a D103, 201 (1997).[3℄ C. Baesens and R.S. Ma
kay, Exponential lo
alization of linear responsein networks with exponentially de
aying 
oupling, Nonlinearity 10, 931(1997).[4℄ H.S. Eisenberg, Y. Silberberg, R. Morandotti, A.R. Boyd and J.S.Ait
hison, Phys. Rev. Lett. 81, 3383 (1998); R. Morandotti, U. Pes
hel,H.S. Eisenberg and Y. Silberberg, Phys. Rev. Lett. 83, 2726 (1999).[5℄ S. Fla
h and C.R. Willis, Dis
rete breathers, Phys. Rep. 295, 181 (1998).[6℄ S. Fla
h, Y. Zolotaryuk and V. Fleurov, Dis
rete breathers in 
lassi
alspin latti
es, Phys. Rev. B63, 214422 (2001).[7℄ J.W. Fleisher, M. Segev, N.K. Efrimidis and D.N. Christodoulides, Na-ture, 422, 147 (2003).[8℄ G. James: Centre manifold redu
tion for quasilinear dis
rete systems.Journal of Nonlinear s
ien
e, to appear.[9℄ G. James: Existen
e of breathers on FPU latti
es. C.R.A
ad.S
i.Paris,t. 332, Serie I(2001), p. 581-586.[10℄ G. James, P. Noble: Breathers on diatomi
 FPU 
hains with arbitrarymasses. preprint 2002.[11℄ J.M. Khala
k, Y. Zolotaryuk and P.L. Christiansen, Dis
rete breathersin 
lassi
al ferromagneti
 latti
es with easy plane anisotropy, preprint(2002). 225



[12℄ R. Lai and A.J. Sievers, Nonlinear nanos
ale lo
alization of magneti
ex
itations in atomi
 latti
es, Phys. Rep. 314 147 (1999).[13℄ R.S. Ma
Kay and S. Aubry, Proof of existen
e of breathers for timereversible or Hamiltonian networks of weakly 
oupled os
illators, Non-linearity 7, 1623 (1994).[14℄ R.S. Ma
Kay and J-A. Sepul
hre, Stability of dis
rete breathers, Physi
aD119, 148 (1998).[15℄ J.M. Speight and P.M. Sut
li�e, Dis
rete breathers in anisotropi
 ferro-magneti
 spin 
hains, J. Phys. A 34, 10839 (2001).[16℄ I. Swanson, J.A. Brozik, S.P. Love, G.F. Strouse, A.P. Shreve, A.R.Bishop, W.Z. Wang and M.I. Sakola, Phys. Rev .Lett. 82, 3288 (1999).[17℄ E. Trias, J.J. Mazo and T.P. Orlando, Phys. Rev. Lett 84, 741 (2000);P.Binder, D. Abraimov, A.V. Ustinov, S. Fla
h and Y. Zolotaryuk, Phys.Rev. Lett. 84, 745 (2000).[18℄ A. Xie, L. van der Meer, W. Ho� and R.H. Austin, Phys. Rev. Lett. 84,5435 (2000).

226



Chapitre 6
Stabilit�e des breathers \out ofplane" dans la limiteanti
ontinue

Dans le 
hapitre pr�e
�edent, on a d�emontr�e l'existen
e d'une famille debreathers "out of plane" dans la limite J � 0 param�etr�ee par leur fr�equen
e!. Pour les breathers ave
 un site prin
ipal ex
it�e, il existe une fr�equen
e
ritique !
, tel que pour ! � !
 le breather est une solution stationnairedes �equations de Landau Lifshitz. On s'int�eresse i
i �a la stabilit�e des brea-thers out of plane ave
 un site ex
it�e. On va montrer que 
es breathers sontinstables pour ! � !
 en �etudiant la dynamique autour de la solution sta-tionnaire. On d�emontre i
i 
e r�esultat pour un nombre �ni mais arbitrairede spins. On ne peut appliquer les m�ethodes standards d'analyse de stabilit�edes breathers dans la limite anti
ontinue introduites par Aubry et Ma
Kay[2℄. En e�et pour J = 0, le spe
tre du lin�earis�e poss�ede un grand nombrede fois le multipli
ateur de Floquet 1. L'invarian
e par translation de phaseet l'autre pour l'amplitude implique la pr�esen
e de la valeur propre 1 deuxfois pour J 6= 0, les autres valeurs propres 1 pouvant bifurquer en des modesstables ou instables. On r�ealise don
 une analyse num�erique. La premi�ereanalyse dire
te de la stabilit�e des breathers par le 
al
ul dire
t des 
oeÆ-
ients de Floquet d�ependait de la taille du r�eseau �etudi�e (voir [13℄ alors queles r�esultats standards sont ind�ependants de la taille du r�eseau. On 
om-men
e par 
al
uler num�eriquement la solution stationnaire de type \out ofplane" puis on lin�earise les �equations de Landau Lifshitz au voisinage de 
ettesolution. 227



6.1 Rappel des �equations et 
al
ul de la so-lution stationnaireOn va mener l'�etude pour deux tailles de r�eseaux 2N = 50 et 2N = 100.On �etudie le syst�eme de Landau Lifshtizx0n = J (zn(yn�1 + yn+1)� yn(zn�1 + zn+1)) + 2Dynzn;y0n = J (xn(zn�1 + zn+1)� zn(xn�1 + xn+1))� 2Dxnzn;z0n = J (yn(xn�1 + xn+1)� xn(yn�1 + yn+1)) ; 8n 2 [1; N ℄ (6.1)ave
 les 
onditions aux bords libres X0 = X1 et XN = X2N+1 o�u Xn =(xn; yn; zn). On aurait pu 
hoisir d'autres 
onditions aux bords (type 
ondi-tions p�eriodiques, bords �xes,..) pour 
al
uler notre solution breather. Ce-pendant, pour les breathers poss�edant une bande a
oustique, les 
onditionsaux bords p�eriodiques introduisent une d�e
roissan
e lente non exponentiellearti�
ielle 
e qui n'est pas le 
as pour les 
onditions aux bords libres.On introduit aussi les 
oordonn�ees st�er�eographiquesi�0n = J ��n�1 � �2n�n�11 + j�n�1j2 + �n+1 � �2n�n+11 + j�n+1j2 ��� 2�n�1� j�n�1j21 + j�n�1j2 + 1� j�n+1j21 + j�n+1j2�!+ 2D�n1� j�nj21 + j�nj2 : (6.2)On 
her
he la solution stationnaire sous la forme x0n = 
os(�n), y0n = 0 etz0n = sin(�n). En 
oordonn�ees st�er�eographiques, elle s'�e
rit  n = x0n1+z0n . Lasuite �n v�eri�e le syst�eme d'�equationsD sin(2�n) = J (sin(�n+1 � �n) + sin(�n�1 � �n)) ; 8n 2 [1; 2N ℄ (6.3)ave
 �0 = �1 et �2N = �2N+1. On peut �e
rire 
e syst�eme sous la formeF (�; J) = 0. On r�esout 
e syst�eme par une m�ethode de Newton. Pour J = 0,on a une solution out of plane triviale �N = �2 et �n = 0 pour n 6= N . Onse sert de 
ette solution 
omme solution appro
h�ee du syst�eme pour J1 petitdi��erent de 0 par la m�ethode de Newton. Pour un J0 = kJ1 �x�e, on it�ere k fois
ette op�eration, la solution 
al
ul�ee apr�es une it�eration servant de solutionappro
h�ee pour l'it�eration suivante. On a les r�esultats suivants.6.2 Etude de la stabilit�e lin�eaire de la solu-tion stationnaireOn lin�earise les �equations (6.2) au voisinage de la solution stationnaire n. On �e
rit �n =  n + �n et on obtient le syst�eme lin�earis�e (ave
 
ondition228
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aux bords libres).i�0n = 2D��n 1�  2n1 +  2n � 2  2n(1 +  2n)2 (�n + �n)� ++ J 4 n(  n�1(1 +  2n�1)2 (�n�1 + �n�1) +  n+1(1 +  2n+1)2 (�n+1 + �n+1))�� 2�n(1�  2n�11 +  2n�1 + 1�  2n+11 +  2n+1 )�� (1�  2n)(  2n�1(1 +  2n�1)2 (�n�1 + �n�1) +  2n+1(1 +  2n+1)2 (�n+1 + �n+1))�� 2 n(  n�11 +  2n�1 +  n+11 +  2n+1 )�n + �n�11 +  2n�1 + �n+11 +  2n+1 ��  2n( �n�11 +  2n�1 + �n+11 +  2n+1 )! (6.4)229



On �e
rit alors �n = an + ibn et on obtient le syst�emeddt �AB� = M �AB � : (6.5)Consid�erant la solution stationnaire 
omme une solution p�eriodique, on 
al-
ule le spe
tre de exp T
M o�u T
 = 2�!
 . On obtient les r�esultats suivants.
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Fig. 6.1 { Spe
tre de exp T
M6.3 Analyse de stabilit�e du syst�eme 
ompletOn a l'existen
e de deux 
ouples de valeurs propres instables (�; 1�) 2 Rpour le syst�eme lin�eaire pour ! = !
. On tra
e i
i les graphes des ve
teurspropres asso
i�es pour voir l'in
uen
e de 
es instabilit�es sur le r�eseau.Le premier type d'instabilit�e asso
i�e �a un 
ouple de valeur instable (�; 1�)tend �a \tordre" le r�eseau tel que les spins n ave
 n > N tournent autour del'axe Z dans le sens des aiguilles d'une montre et les spins n ave
 n < Ndans le sens 
ontraire (voir la �gure).Ce type d'instabilit�e a �et�e observ�ee num�eriquement par Zolotaryuk et al.Cependant, notre analyse est i
i ind�ependante de la taille du r�eseau. On exa-mine la situation lorsque N ! 1 et les e�ets de tron
ature �a un r�eseaude taille �ni. Pour N ! 1, Aubry et Marin [3℄ ont montr�e que le spe
trede l'op�erateur de Floquet est 
onstitu�e d'un spe
tre essentiel asso
i�e �a des230
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Fig. 6.2 { Ve
teurs propres asso
i�es �a la premi�ere instabilit�eve
teurs propres non lo
alis�es (
orrespondant �a des ondes progressives dusyst�eme sans breathers) et un spe
tre dis
ret asso
i�e �a des ve
teurs propreslo
alis�es. Le spe
tre 
ontinue se trouve sur deux bandes qui peuvent 
ollision-ner en �1 lorsque le 
ouplage augmente. Pour une r�eseau de taille in�ni, onobtient alors des ve
teurs propres non lo
alis�es qui ne 
r�eent pas d'instabilit�esalors que pour un r�eseau de taille �ni, on obtient une instabilit�e arti�
iellequi d�e
roit lorsque N ! 1. Dans notre 
as, les modes instables sont tr�eslo
alis�es. De plus, on a r�ealis�e la simulation num�erique pour 2N = 100 et onretrouve des instabilit�es de même amplitude (voir �gure 6.3). Ces instabilit�esne sont don
 pas de purs e�ets de la tron
ature et persistent pour N !1.On examine maintenant la deuxi�eme instabilit�e. Les ve
teurs propres asso
i�es�a l'autre paire (�; 1�) de valeurs propres instables sont d�e
rit sur la �gure 6.4.231
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o�u tous les spins sont parall�eles �a l'axe Z et dans le même sens. Par 
onti-nuit�e du spe
tre, 
es modes persistent pour ! � !
 et ! < !
. On a ainsiprouv�e num�eriquement et pour le syst�eme lin�earis�e l'instabilit�e des breathers\out of plane" ave
 un site prin
ipal ex
it�e. Cette m�ethode ne fon
tionne paspour des multibreathers 
ar on a alors deux types de breathers (en phaseet d�ephas�e) qui ont la même limite stationnaire alors que 
es deux typesde breathers n'ont pas les mêmes propri�et�es de stabilit�e : l'un est stable etl'autre est instable (voir [13℄).6.4 Con
lusion et perspe
tivesDans 
e dernier 
hapitre, on a fait une analyse de stabilit�e lin�eaire debreather dans la limite anti
ontinue. Les r�esultats "
lassiques" de stabilit�elin�eaire sont obtenus pour des breathers obtenus par limite anti
ontinue etpour des r�eseaux de taille arbitraire mais �nis. La m�ethode 
onsiste �a ana-lyser la situation lorsque le 
ouplage entre les parti
ules est nul. Dans le 
asdes breathers de faibles amplitudes obtenues par r�edu
tion �a une vari�et�e 
en-trale, on ne peut pas faire la même appro
he et le probl�eme est ouvert. Dessimulations num�eriques men�ees sur la stabilit�e lin�eaire des breathers dansFPU diatomiques mettent en avant le role essentiel jou�e par la g�eom�etrie desbreathers. L'�etude de la g�eom�etrie des breathers men�ees dans le 
hapitre 4est don
 un point important. Une piste possible est don
 d'�etudier d'un pointde vue analytique le probl�eme de la stabilit�e lin�eaire des breathers dans les
haines FPU diatomiques.On s'est int�eress�e i
i aux breathers dans des 
haines 1D. On peut se deman-der 
e qui se passe en dimension 2 et dimension 3 et si les m�ethodes utilis�eesdans 
ette th�ese peuvent s'appliquer. Sievers [14℄ a men�e di��erentes simula-tions num�eriques pour des r�eseaux FPU diatomique 3D et mis en �eviden
e leph�enom�ene de breathers pour un 
ristal ionique. Cependant, Fla
h [6℄ a misen �eviden
e un ph�enom�ene de seuil pour l'existen
e de breathers 2D et 3D.Ainsi, les os
illations type breathers ont une �energie et don
 une amplitudeminimale. Les te
hniques de r�edu
tion �a une vari�et�e 
entrale ne peuvent don
pas s'appliquer pour re
her
her des solutions breathers de petite amplitude.Les seules preuves 
onnues d'existen
e pour les syst�emes FPU sont valablespour des potentiels d'intera
tion homog�enes : dans 
e 
as, on peut s�eparerles variables d'espa
e et de temps et les breathers apparaissent 
omme despoints selle d'une 
ertaine fon
tionnelle [18℄ . Le probl�eme de l'existen
e debreathers dans les r�eseaux FPU en deux et trois dimensions est don
 ouvert.Le ph�enom�ene de lo
alisation de l'�energie dans des syst�emes dis
rets a denombreuses appli
ations dans des domaines aussi divers que la physique de233



la mati�ere 
ondens�ee pour l'�etude des os
illations dans des 
ristaux qu'enbiologie pour tenter d'expliquer le ph�enom�ene de d�enaturation de l'ADN [19℄et on n'a abord�e i
i que des mod�eles tr�es simpli��es. Cependant avant d'abor-der des mod�eles et des stru
tures plus 
omplexes, on peut 
ommen
er paraborder la question de la lo
alisation spatiale de l'�energie dans des mol�e
ulessimples. Elles ont �et�e observ�ees exp�erimentalement dans des petites mol�e
ules
omme SnD4 o�u l'�energie est lo
alis�ee sur une des liaisons [9℄. Le probl�emen'a pas en
ore �et�e abord�e th�eoriquement et 
onstitue une suite possible �a 
etravail, les questions essentielles portant sur les 
onditions d'existen
e de 
esmodes lo
alis�es et 
omment on peut les ex
iter.
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