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Ò ➽ ❼ ➽ ❼ ➶❃✇✎❣❇❆✥❁q➪➇✾❀❉❊❁◗✽③▲r❁▼▲r❋❊❋❍✇✥❋❍✇✥✽❂❉❊✽❢✇✎◆♥❉❍②❳✿❢❆ ▲❲➪➇❆✎❞❏✽✌❆✥❈❢◆❢▲r■➇❆ ➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï❲❻❑Ñ

Ò ➽ Ð ➚ ✾❀❈❢❞✥❋❊✿❢❣q❉❍✾❀❈⑦◆♥✿☞❞▼❡③▲r✽❂❉❊❅q❁❇❆ ➽✕➽❏➽✕➽❏➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï❲❻✬★
� ✠✤⑤✱✰➆❙❯❶➳❴☎➩❲⑥r④❢❫❵❚➯❙❩➩❲⑧➆❙❩⑥r❴ ✗✛✗ ✗

Ñ ➽ Ï ✩✺❞✥❁q❉❊❅q✿❂❁❇❆✑◆♥✿✂♣✜✾✉◆❂✈✥❋❍❆✑▲r✽❂❁❇✈✎❣◗❅q❁▼▲r❈❢❣q♠❪✾❀❁q♣✹▲r❅q❉❍✾❀❈✚◆❂❆✷✱❵▲r✽❂❋➛▲❀❞✎❆ ➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï❑Ï❑Ï
Ñ ➽ ❺ ➱➒❁❇✾❀❄❂❋❍✈✥♣✜❆✕❋❊❉❊❈❢✇❲▲r❉❊❁❇❆✳✲❪❞✎✾❀❈❢◆♥✿❢❞✥❅q❉❊➪❳❉❊❅❇✇✑❉❊❈✩✙❢❈❂❉❍❆✵✴ ➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï❑Ï❲❼

Ñ ➽ ❺ ➽ Ï ➚ ▲❀❣●✾✌☞ pwf ❆✎❣q❅●◆❂✾❀❈❂❈❢✇✎❆✗✕③❆✥❅ Q ❉❊❈❢❞✎✾❀❈❂❈❳✿ ➽✕➽❏➽✕➽❏➽✕➽❏➽✑➽✕➽❏➽✕➽❏➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽ Ï❑Ï❲❼
Ñ ➽ ❺ ➽ ❺ ➚ ▲❀❣●✾✌☞ pwf ❆✎❣q❅◗❉❊❈❢❞✎✾❀❈❂❈①✿❢❆✗✕➆❆✥❅●✾✌☞ Q ❆✎❣q❅◗❉❊♣★✽✌✾❑❣❇✇ ➽❏➽✑➽✕➽❏➽✕➽❏➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽ Ï❑Ï❲Ñ
Ñ ➽ ❺ ➽ ❼ ➚ ✾❀❈❢❞✥❋❊✿❢❣q❉❍✾❀❈ ➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï❑Ï✧✦

Ñ ➽ ❼ ➱➒❁❇✾❀❄❂❋❍✈✥♣✜❆✕❈❢✾❀❈ ➘ ❋❊❉❊❈❢✇❲▲r❉❊❁❇❆✶✲❪❞✎✾❀❈❢◆♥✿❢❞✥❅q❉❊➪❳❉❊❅❇✇✷✙❢❈❂❉❍❆✵✴ ➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï❑Ï✧★
Ñ ➽ ❼ ➽ Ï ✩✺❞✥❁q❉❊❅q✿❂❁❇❆✑◆♥✿☎✽❂❁❇✾❀❄❂❋❍✈✥♣✜❆✘◆❂❆✲✽➆✾❀❉❊❈❳❅✸✙❂❮♥❆ ➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï❑Ï✧★
Ñ ➽ ❼ ➽ ❺ ➚ ✾❀❈❢❞✥❋❊✿❢❣q❉❍✾❀❈ ➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï❲❺♥Ï

Ñ ➽ Ð ➬✵❆✎❣●♣✜✇✥❅q❡❢✾❳◆❂❆✎❣❃❉❊❈①❅❇✇✥■❑❁▼▲r❋❍❆✎❣✡✽➆✾❀✿❂❁●❁❇✇✎❣▼✾❀✿❢◆♥❁❇❆❏❋✐❤❦✇✎②①✿③▲r❅q❉❍✾❀❈⑦◆❂❆✕◆♥❉✫✪➆✿❢❣❇❉❍✾❀❈ ✓♥✿❂❈❢❆❏❄❂❉❊❄❂❋❊❉❍✾❀■❑❁▼▲r✽❂❡❂❉❍❆ Ï❲❺❑❺
Ñ ➽ Ð ➽ Ï ✃❢✾❀❁q♣✑✿❂❋➛▲r❅q❉❍✾❀❈❢❣✡❉❊❈①❅❇✇✥■❑❁▼▲r❋❍❆✎❣✵❞✥❋➛▲❀❣❇❣q❉❍②❳✿❢❆✎❣●◆♥✿✂✽❂❁❇✾❀❄❂❋❍✈✥♣✜❆ ➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï❲❺❑❺
Ñ ➽ Ð ➽ ❺ ➼ ✇✥❅q❡❢✾✉◆❂❆✎❣◗❈①✿❂♣✜✇✥❁q❉❍②❳✿❢❆✎❣ ➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï❲❺❑❼
Ñ ➽ Ð ➽ ❼ ➚ ✾❀❈❢❞✥❋❊✿❢❣q❉❍✾❀❈☞❆✥❅●♣✜✇✥❅q❡❢✾✉◆❂✾❀❋❍✾❀■❑❉❍❆✕❁❇❆✥❅❇❆✥❈❳✿❢❆ ➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï❲❼♥Ï



✍➀④ ✚❷❬❯❴✚➫➓❴❳❚✜❶❸④♥➩➯❙❯➲①⑥r❴①❚ ✹

Ñ ➽ Ò ➚ ✾❀❈❢❞✥❋❊✿❢❣q❉❍✾❀❈⑦◆♥✿☞❞▼❡③▲r✽❂❉❊❅q❁❇❆ ➽✕➽❏➽✕➽❏➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï❲❼♥Ï
✖✑⑧⑩❫➓❱①❬❪⑨➓❚➯❙❯⑧⑩❫ ✗ ✘ ✘

❽↕➉➀➉✺➌❂➡➒➌③➍ �✂✁☎✄

✹ ✮✤❫➓❫➓❴ ✝➣❴✚✮ ❛➀✖✑④❢❬❯❱①⑨❷❬➀➫❷❴①❚✱❙❯❫➆➩❲⑤✸✰③⑥r④❢❬❯❴①❚✜➫❭❙❯❚❲❱➇⑥r➲➇➩❲❴①❚✹❚➯⑨❵⑥✱➫➓❴❳❚★➩❲⑥❀❙❩④❢❫ ✰⑩❬❯❴❳❚ ✗ ✘ ✹
❹ ➽ Ï ➚ ▲r❋❍❞✥✿❂❋➓◆❂❆✲❋✐❤ ❉❊❈①❅❇✇✥■❑❁▼▲r❋❍❆ Sij

➽❏➽✕➽❏➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï❲❼➇❹
❹ ➽ Ï ➽ Ï ➚ ▲r❋❍❞✥✿❂❋❵◆❂❆✎❣◗❅❇❆✥❁q♣✜❆✎❣

P
0 ➽❏➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï❲❼✬✦

❹ ➽ Ï ➽ ❺ ➚ ▲r❋❍❞✥✿❂❋❵◆❂❆✎❣◗❅❇❆✥❁q♣✜❆✎❣
P

1 ➽❏➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï✥Ð❢Ï
❹ ➽ ❺ ➚ ▲r❋❍❞✥✿❂❋➓◆❂❆✲❋✐❤ ❉❊❈①❅❇✇✥■❑❁▼▲r❋❍❆ Hij

➽❏➽✕➽❏➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï✥Ð①❺
❹ ➽ ❺ ➽ Ï ➚ ▲r❋❍❞✥✿❂❋❵◆❂❆✎❣◗❅❇❆✥❁q♣✜❆✎❣

P
0 ➽❏➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï✥Ð①❼

❹ ➽ ❺ ➽ ❺ ➚ ▲r❋❍❞✥✿❂❋❵◆❂❆✎❣●✇✥❋❍✇✥♣✜❆✥❈①❅❇❣
P

1 ➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï✥Ð①Ò
❹ ➽ ❼ ➚ ▲r❋❍❞✥✿❂❋➓◆❂❆✲❋✐❤ ❉❊❈①❅❇✇✥■❑❁▼▲r❋❍❆✘❡①t✉✽✌❆✥❁❇❣q❉❊❈❂■❑✿❂❋❊❉❍✈✥❁❇❆ Dij

➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï✥Ð①Ñ
❹ ➽ ❼ ➽ Ï ➼ ❉❊❋❊❉❍❆✥✿☎❉❍❣❇✾❀❅q❁❇✾❀✽✌❆ ➽✕➽❏➽✕➽❏➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï✥Ð①Ñ
❹ ➽ ❼ ➽ ❺ ➼ ❉❊❋❊❉❍❆✥✿☞▲r❈❂❉❍❣❇✾❀❅q❁❇✾❀✽✌❆ ➽❏➽✕➽❏➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï✥Ð①Ñ

✖ ✮✤❫➓❫➓❴ ✝➣❴⑦✰❖❛ ✖✑④❢❬❯❱①⑨❷❬✯➫❷❴①❚✱❙❯❫➆➩❲⑤✸✰③⑥r④❢❬❯❴①❚✹❚✷⑨❵⑥✹❬❯❴⑦❨❷⑨❷❙❩➩❲❚ ✗ � ✗
✦ ➽ Ï ➚ ▲r❋❍❞✥✿❂❋➓◆❂❆✲❋✐❤ ❉❊❈①❅❇✇✥■❑❁▼▲r❋❍❆ ❣q❉❊♣★✽❂❋❍❆ Mij

➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï❲Ò♥Ï
✦ ➽ ❺ ➚ ▲r❋❍❞✥✿❂❋➓◆❂❆✲❋✐❤ ❉❊❈①❅❇✇✥■❑❁▼▲r❋❍❆ Hij

➽❏➽✕➽❏➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï❲Ò❑❺
✦ ➽ ❺ ➽ Ï ➚ ▲❀❣◗❁❇✇✥■❑✿❂❋❊❉❍❆✥❁ ✓ i < j − 2 ✾❀✿ i > j + 2

➽✕➽❏➽✕➽❏➽✕➽❏➽✑➽✕➽❏➽✕➽❏➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽ Ï❲Ò❑❼
✦ ➽ ❺ ➽ ❺ ➚ ▲❀❣●❣q❉❊❈❂■❑✿❂❋❊❉❍❆✥❁ ✓ j − 2 ≤ i ≤ j + 2

➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï❲Ò❑Ñ
✦ ➽ ❼ ➚ ▲r❋❍❞✥✿❂❋➓◆❂❆✲❋✐❤ ❉❊❈①❅❇✇✥■❑❁▼▲r❋❍❆ Sij

➽❏➽✕➽❏➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï❲Ñ♥Ï
✦ ➽ ❼ ➽ Ï ➚ ▲❀❣◗❁❇✇✥■❑✿❂❋❊❉❍❆✥❁ ✓ i < j − 2 ✾❀✿ i > j + 2

➽✕➽❏➽✕➽❏➽✕➽❏➽✑➽✕➽❏➽✕➽❏➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽ Ï❲Ñ♥Ï
✦ ➽ ❼ ➽ ❺ ➚ ▲❀❣●❣q❉❊❈❂■❑✿❂❋❊❉❍❆✥❁ ✓ j − 2 ≤ i ≤ j + 2

➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï❲Ñ❑Ò
✦ ➽ Ð ➚ ▲r❋❍❞✥✿❂❋❍❣❃◆✼❤ ❉❊❈①❅❇✇✥■❑❁▼▲r❋❍❆✎❣✲❞✎✾❀♣★✽❂❋❍✇✥♣✜❆✥❈❳❅▼▲r❉❊❁❇❆✎❣ ➽❏➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï➯❹❀❻

✦ ➽ Ð ➽ Ï ➚ ▲r❋❍❞✥✿❂❋❵◆❂❆ I ➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽❏➽✑➽✕➽❏➽✕➽❏➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽ Ï➯❹❀❻
✦ ➽ Ð ➽ ❺ ➚ ▲r❋❍❞✥✿❂❋❵◆❂❆ I ′ ➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï➯❹✉Ï
✦ ➽ Ð ➽ ❼ ➚ ▲r❋❍❞✥✿❂❋❵◆❂❆ I1 ❆✥❅ I2

➽❏➽✕➽❏➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï➯❹✉Ï
☛ ✮✤❫➓❫➓❴ ✝➣❴❸✖ ❛➀✖✑④❢❬❯❱①⑨❷❬ ➫➓❴❳❚✜❙❪❫➆➩❲⑤✱✰③⑥r④❢❬❯❴①❚✤❶➳❙ ✝✼➩❲❴①❚ ✗ ✹ ✘

★ ➽ Ï ➚ ▲r❋❍❞✥✿❂❋➓◆❂❆ H ′
ij

➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï➯❹❀❼
★ ➽ ❺ ➚ ▲r❋❍❞✥✿❂❋➓◆❂❆ Dij

➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï➯❹❑❹
★ ➽ ❼ ➚ ▲r❋❍❞✥✿❂❋❍❣❃◆✼❤ ❉❊❈①❅❇✇✥■❑❁▼▲r❋❍❆✎❣✵❉❊❈❳❅❇❆✥❁q♣✜✇✎◆♥❉➛▲r❉❊❁❇❆✎❣ ➽✑➽❏➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï✧✦❑Ò

★ ➽ ❼ ➽ Ï ❥❧❈❳❅❇✇✥■❑❁▼▲r❋❍❆✎❣❃❆✥❈ 1 + a2sin2θ ✓ ➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽❏➽✑➽✕➽❏➽✕➽❏➽✕➽✕➽❏➽✑➽❏➽✕➽❏➽✕➽✕➽ Ï✧✦❑Ò
★ ➽ ❼ ➽ ❺ ❥❧❈❳❅❇✇✥■❑❁▼▲r❋❍❆✎❣❃❆✥❈ (1 + a2sin2θ

)2 ✓ ➽❏➽✕➽❏➽✕➽✕➽❏➽✕➽❏➽✑➽❏➽✕➽✕➽❏➽✕➽❏➽✕➽✑➽❏➽✕➽❏➽✕➽❏➽✕➽✕➽ Ï✧✦❑Ñ
✰★❙✢✚❷❬❪❙❯⑧✛✰⑩⑥✷④❂❨❭➭➓❙❯❴ ✗ ✖ ✖





☛

�✂✁ ✍ ✓☎✄ ✠✝✆✝✞ ✍✑✏✟✄ ✁

✱➣❆☞❄❂✿❂❅✱◆❂❆⑦❞✎❆✥❅q❅❇❆✂❅q❡❢✈✎❣❇❆⑦❆✎❣q❅✹◆❂❆✂❣q❉❊♣✘✿❂❋❍❆✥❁✱✽③▲r❁✤◆❂❆✎❣✜♣✜✇✥❅q❡❢✾✉◆❂❆✎❣✹❉❊❈❳❅❇✇✥■❑❁▼▲r❋❍❆✎❣✤❋✐❤❦✇✎❞✎✾❀✿❂❋❍❆✥♣✜❆✥❈①❅☎◆❂❆✂✽✌✇✥❅q❁❇✾❀❋❍❆
◆❢▲r❈❢❣ ❆✥❅ ▲r✿➳➪➇✾❀❉❍❣❇❉❊❈③▲r■➇❆✱◆❂❆✎❣✑✽❂✿❂❉❊❅❇❣✘◆❢▲r❈❢❣✘✿❂❈➳❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁✪❣q❅q❁▼▲r❅q❉✚✙③✇✧✜✟■➇✇✎✾❀♣✜✇✥❅q❁q❉❍❆✟②①✿❢❆✥❋❍❞✎✾❀❈❢②❳✿❢❆ ➽➒➚ ❆✎❣✑❣q❉❊♣✘✿❂❋➛▲ ➘
❅q❉❍✾❀❈❢❣★✽✌❆✥❁q♣✜❆✥❅q❅❇❆✥❈①❅✟▲r✿♥❮➾❉❊❈❂■➇✇✥❈❂❉❍❆✥✿❂❁❇❣✹✽➆✇✥❅q❁❇✾❀❋❊❉❍❆✥❁❇❣✜◆✼❤ ✿❂❈❢❆✂✽③▲r❁q❅✹◆❂❆✟✽❂❁❇✇✎◆♥❉❊❁❇❆☎❋➛▲✚✽❂❁❇✾✉◆♥✿❢❞✥❅q❉❊➪❳❉❊❅❇✇✂◆❂❆✎❣✜✽❂✿❂❉❊❅❇❣★✕➒❆✥❅
◆❂✾❀❈❢❞✲◆✼❤❦✾❀✽❂❅q❉❊♣★❉❍❣❇❆✥❁✢❋➛▲✕❁❇❆✥❈❳❅▼▲r❄❂❉❊❋❊❉❊❅❇✇❏◆♥✿✱■❑❉❍❣▼❆✥♣✜❆✥❈①❅◗❆✥❈✤♠❪✾❀❈❢❞✥❅q❉❍✾❀❈✟◆❂❆❃❋✐❤❦❆✥♣★✽❂❋➛▲❀❞✎❆✥♣✜❆✥❈❳❅❃✾❀✿✟◆❂❆❃❋✐❤ ▲r❁❇❞▼❡❂❉❊❅❇❆✎❞✥❅q✿❂❁❇❆✕◆♥✿
✽❂✿❂❉❊❅❇❣★✕❢❆✥❅●◆✼❤ ▲r✿❂❅q❁❇❆✑✽③▲r❁q❅●◆❂❆✲♠✐▲r❉❊❁❇❆❏◆❂❆✎❣●❅❇❆✎❣q❅❇❣●◆❂❆✲✽❂✿❂❉❊❅❇❣ ➽

➷ ✾❀✿❢❣❭❈❢✾❀✿❢❣➒❉❊❈①❅❇✇✥❁❇❆✎❣▼❣❇✾❀❈❢❣✺◆❂✾❀❈❢❞✢✜✲◆❂❆✥✿♥❮✘♣✜✾✉◆❂✈✥❋❍❆✎❣✺◆♥❉✫✪✼✇✥❁❇❆✥❈①❅❇❣✢✓❀❋❍❆ ✽❂❁❇❆✥♣★❉❍❆✥❁★✕➇❆✥❈★❁❇✇✥■❑❉❊♣✜❆✢✽✌❆✥❁q♣✹▲r❈❢❆✥❈①❅★✕➇❈❢✾❀✿❢❣
◆❂✾❀❈❂❈❢❆✕✿❂❈❢❆✘✇✥➪❀▲r❋❊✿③▲r❅q❉❍✾❀❈❜◆❂❆✕❋➛▲★✽❂❁❇✾❳◆♥✿❢❞✥❅q❉❊➪✉❉❊❅❇✇✘◆♥✿☞✽❂✿❂❉❊❅❇❣★✕③❆✥❅✡❋❍❆✕❣❇❆✎❞✎✾❀❈❢◆✻✕③❆✥❈⑦❁❇✇✥■❑❉❊♣✜❆✑❅q❁▼▲r❈❢❣❇❉❊❅❇✾❀❉❊❁❇❆✗✕❢❉❊❈①❅❇❆✥❁q✽❂❁❇✈✥❅❇❆
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❆ ✪✼❆✎❞✥❅q✿❢✇✎❣✹◆❢▲r❈❢❣✜❋❍❆☞❞❲▲❀◆♥❁❇❆☞◆❂❆✂❞✎❆✥❅q❅❇❆☞❅q❡❢✈✎❣❇❆☎❈❢❆✂❣❇✾❀❈❳❅✹➪❑▲r❋➛▲r❄❂❋❍❆✎❣✹②❳✿❢❆☎✽✌✾❀✿❂❁✜✿❂❈ ✽❂✿❂❉❊❅❇❣✜❡❢✾❀❁q❉ ☎ ✾❀❈❳❅▼▲r❋✥✕✯♣✹▲r❉❍❣✹❋➛▲
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� ✄ ✌ ✞ ✁ ✞ ✆ ✂✎✍☎✆✡✓ ✞

Ω ❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁✡✽❂❁q❉❊➪✉✇❏◆♥✿✂✽❂✿❂❉❊❅❇❣
∂Ω ✾❀✿ Γ ♠❯❁❇✾❀❈❳❅q❉❍✈✥❁❇❆✑◆♥✿✂❁❇✇✎❣▼❆✥❁q➪➇✾❀❉❊❁
ΓD

✽③▲r❁q❅q❉❍❆✘◆❂❆✲❋➛▲ ♠❯❁❇✾❀❈❳❅q❉❍✈✥❁❇❆✕❆✝❮♥❅❇✇✥❁q❉❍❆✥✿❂❁❇❆✑◆♥✿☎❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁ ✜★❋➛▲❀②①✿❢❆✥❋❊❋❍❆✕✾❀❈☞▲r✽❂✽❂❋❊❉❍②❳✿❢❆✕◆❂❆✎❣
❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈❢❣✵◆❂❆❏➬✵❉❊❁q❉❍❞❇❡❂❋❍❆✥❅ ✲❯✽❂❁❇❆✎❣▼❣q❉❍✾❀❈✂❉❊♣★✽✌✾❑❣❇✇✎❆✵✴

ΓN
✽③▲r❁q❅q❉❍❆✘◆❂❆✲❋➛▲ ♠❯❁❇✾❀❈❳❅q❉❍✈✥❁❇❆✕❆✝❮♥❅❇✇✥❁q❉❍❆✥✿❂❁❇❆✑◆♥✿☎❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁ ✜★❋➛▲❀②①✿❢❆✥❋❊❋❍❆✕✾❀❈☞▲r✽❂✽❂❋❊❉❍②❳✿❢❆✕◆❂❆✎❣
❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈❢❣✵◆❂❆ ➷ ❆✥✿❂♣✹▲r❈❂❈ ✲ ✠❢✿♥❮✤❉❊♣★✽✌✾❑❣❇✇✵✴

Γw
♠❯❁❇✾❀❈❳❅q❉❍✈✥❁❇❆✕◆♥✿✂✽❂✿❂❉❊❅❇❣

rw
❁▼▲✎t➇✾❀❈☞◆♥✿☞✽❂✿❂❉❊❅❇❣

l ➪❀▲r❁q❉➛▲r❄❂❋❍❆✑▲✷❮♥❉➛▲r❋❍❆✲❋❍❆❏❋❍✾❀❈❂■✹◆♥✿☎✽❂✿❂❉❊❅❇❣
Γw,l

➪➇✾❀❉❊❁✮✙❢■❑✿❂❁❇❆✹Ï ➽ Ð★✽③▲r■➇❆✑❺❑❼
qw

◆❂✇✥❄❂❉❊❅❃❆✥❈☎✿❂❈❢❆✕❣❇❆✎❞✥❅q❉❍✾❀❈⑦◆❂✾❀❈❂❈❢✇✎❆✕◆♥✿✂✽❂✿❂❉❊❅❇❣
Q ◆❂✇✥❄❂❉❊❅●❅❇✾❀❅▼▲r❋❵◆♥✿☎✽❂✿❂❉❊❅❇❣
IP ❉❊❈❢◆♥❉❍❞✎❆✕◆❂❆✲✽❂❁❇✾❳◆♥✿❢❞✥❅q❉❊➪✉❉❊❅❇✇✑◆♥✿☎✽❂✿❂❉❊❅❇❣

Ωr r ✁✄✂✆☎ ❞✎✾❀✿❢❞▼❡❢❆✑◆♥✿✂❁❇✇✎❣▼❆✥❁q➪➇✾❀❉❊❁
Γr

♠❯❁❇✾❀❈❳❅q❉❍✈✥❁❇❆✑◆❂❆✲❋➛▲★❞✎✾❀✿❢❞▼❡❢❆ Ωr

NR
❈❢✾❀♣✑❄❂❁❇❆✑◆❂❆✑❞✎✾❀✿❢❞❇❡❢❆✎❣❃◆❢▲r❈❢❣●❋❍❆❏❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁

Γrs = Γr ∩ Γs
❉❊❈①❅❇❆✥❁➟♠✐▲❀❞✎❆✑❆✥❈①❅q❁❇❆✑◆❂❆✥✿♥❮☎❞✎✾❀✿❢❞▼❡❢❆✎❣ Ωr

❆✥❅ Ωs

Γr,ext = Γr \ ∪s∈J Γrs
♠❯❁❇✾❀❈❳❅q❉❍✈✥❁❇❆✑❆✝❮♥❅❇✇✥❁q❉❍❆✥✿❂❁❇❆✕◆❂❆ Ωr

Γr,D = Γr ∩ ΓD
✽③▲r❁q❅q❉❍❆✕◆❂❆❏❋➛▲✘♠❪❁❇✾❀❈①❅q❉❍✈✥❁❇❆ Γr

▲❲➪➇❆✎❞✕◆❂❆✎❣●❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈❢❣✵◆❂❆❏➬✵❉❊❁q❉❍❞❇❡❂❋❍❆✥❅
Γr,N = Γr ∩ ΓN

✽③▲r❁q❅q❉❍❆✕◆❂❆❏❋➛▲✘♠❪❁❇✾❀❈①❅q❉❍✈✥❁❇❆ Γr
▲❲➪➇❆✎❞✕◆❂❆✎❣●❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈❢❣✵◆❂❆ ➷ ❆✥✿❂♣✹▲r❈❂❈

Γr,w = Ωr ∩ Γw
✽③▲r❁q❅q❉❍❆✕◆❂❆❏❋➛▲✘♠❪❁❇✾❀❈①❅q❉❍✈✥❁❇❆✑◆♥✿☞✽❂✿❂❉❊❅❇❣●②①✿❂❉❵▲r✽❂✽③▲r❁q❅q❉❍❆✥❈❳❅ ✜ ❋➛▲✪❞✎✾❀✿❢❞▼❡❢❆ Ωr

K ❅❇❆✥❈❢❣❇❆✥✿❂❁❃◆❂❆✕✽➆❆✥❁q♣✜✇❲▲r❄❂❉❊❋❊❉❊❅❇✇✘◆♥✿☎❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁★✕❢❆✥❈✂■➇✇✥❈❢✇✥❁▼▲r❋❵❣❇✿❂✽❂✽➆✾❑❣❇✇❏◆♥❉➛▲r■➇✾❀❈③▲r❋✥✕
◆❂❆✕❞✎✾✉❆✶✵✹❞✥❉❍❆✥❈①❅❇❣ k1

✕ k2
✕ k3

k ❞✎✾✉❆✶✵✹❞✥❉❍❆✥❈①❅✡◆❂❆✕✽➆❆✥❁q♣✜✇❲▲r❄❂❉❊❋❊❉❊❅❇✇✗✕③❋❍✾❀❁❇❣❇②①✿➣❤ ❉❊❋➣❆✎❣❇❅◗❁❇✇✎❆✥❋✥✕
k̃ ✝ (k1k2k3)

1/3

φ ✽✌✾❀❁❇✾❑❣q❉❊❅❇✇✕◆♥✿☎❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁

S ❣▼▲r❅q✿❂❁▼▲r❅q❉❍✾❀❈☞◆✼❤ ✿❂❈✂✠❢✿❂❉❍◆❂❆ ✲❪❆❲▲r✿ ✕❢■①▲ ☎ ✕❂✽❢✇✥❅q❁❇✾❀❋❍❆✵✴
ρ ♣✹▲❀❣❇❣❇❆✲➪➇✾❀❋❊✿❂♣★❉❍②❳✿❢❆✑◆♥✿ ✠❢✿❂❉❍◆❂❆
~V ➪❳❉❊❅❇❆✎❣❇❣▼❆❏◆❂❆✒✙❢❋❊❅q❁▼▲r❅q❉❍✾❀❈⑦◆♥✿✂✠❢✿❂❉❍◆❂❆
cf

❞✎✾❳❆✶✵✹❞✥❉❍❆✥❈❳❅✡◆❂❆❏❞✎✾❀♣★✽❂❁❇❆✎❣❇❣❇❉❊❄❂❉❊❋❊❉❊❅❇✇✑◆♥✿✂✠❢✿❂❉❍◆❂❆
µ ➪❳❉❍❣❇❞✎✾❑❣❇❉❊❅❇✇❏◆♥t❳❈③▲r♣★❉❍②❳✿❢❆✕◆♥✿✂✠❢✿❂❉❍◆❂❆
f ❞✎✾❳❆✶✵✹❞✥❉❍❆✥❈❳❅✡◆❂❆✵♠❪❁q❉❍❞✥❅q❉❍✾❀❈☞❣q✿❂❁●❋❍❆✲✽❂✿❂❉❊❅❇❣

Cw
❞✎✾❀❈❢❣q❅▼▲r❈①❅❇❆✑❉❊❈①❅❇❆✥❁q➪➇❆✥❈③▲r❈❳❅✵◆❢▲r❈❢❣◗❋➛▲✜❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈⑦◆❂❆❏❞✎✾❀❈❢◆♥✿❢❞✥❅q❉❊➪✉❉❊❅❇✇ ✙❢❈❂❉❍❆✕❣q✿❂❁◗❋❍❆✲✽❂✿❂❉❊❅❇❣ ✓ Cw =

fρ

π2r5w

➽



✗ ✆ ✁☎⑧➆❶❸❴✉❫❵❱①❬❯④♥➩➯⑨➓⑥✷❴

kf
❞✎✾✉❆✶✵✹❞✥❉❍❆✥❈①❅✵◆❂❆❏✽➆❆✥❁q♣✜✇❲▲r❄❂❉❊❋❊❉❊❅❇✇✘◆❂❆✲❋➛▲ ♠❪❁▼▲❀❞✥❅q✿❂❁❇❆ ✲❪❣q✿❂✽❂✽✌✾❑❣❇✇✲❁❇✇✎❆✥❋ ✴

x = (x1, x2, x3) ∈ R
3 ➪❑▲r❁q❉➛▲r❄❂❋❍❆✕◆✼❤❦❆✎❣q✽③▲❀❞✎❆

~n ❈❢✾❀❁q♣✹▲r❋❍❆✘❆✝❮✉❅❇✇✥❁q❉❍❆✥✿❂❁❇❆ ✜ ❋➛▲✪♠❯❁❇✾❀❈❳❅q❉❍✈✥❁❇❆✕◆♥✿✂❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁
t ➪❑▲r❁q❉➛▲r❄❂❋❍❆✕◆❂❆❏❅❇❆✥♣★✽❢❣★✕ t ∈ [0, T ]
T ❅❇❆✥♣★✽❢❣✢✙❢❈③▲r❋❵◆✼❤❦✾❀❄❢❣❇❆✥❁q➪❑▲r❅q❉❍✾❀❈

G ❈❢✾➯t①▲r✿⑦◆❂❆✑➸✵❁❇❆✎❆✥❈
L[v] = ṽ ❅q❁▼▲r❈❢❣➟♠❪✾❀❁q♣✜✇✎❆✑◆❂❆✷✱❵▲r✽❂❋➛▲❀❞✎❆✑◆❂❆ v

Γh
▲r✽❂✽❂❁❇✾✎❮♥❉❊♣✹▲r❅q❉❍✾❀❈✚◆❂❆✲❋➛▲ ♠❪❁❇✾❀❈①❅q❉❍✈✥❁❇❆ Γ

Γh
D

▲r✽❂✽❂❁❇✾✎❮♥❉❊♣✹▲r❅q❉❍✾❀❈✚◆❂❆✲❋➛▲ ♠❪❁❇✾❀❈①❅q❉❍✈✥❁❇❆ ΓD
Γh

N
▲r✽❂✽❂❁❇✾✎❮♥❉❊♣✹▲r❅q❉❍✾❀❈✚◆❂❆✲❋➛▲ ♠❪❁❇✾❀❈①❅q❉❍✈✥❁❇❆ ΓN

Γh
rs

▲r✽❂✽❂❁❇✾✎❮♥❉❊♣✹▲r❅q❉❍✾❀❈✚◆❂❆✲❋➛▲ ♠❪❁❇✾❀❈①❅q❉❍✈✥❁❇❆ Γrs
Γh

ext ✝ ΓhD ∪ ΓhN

ζh
i

♠♦✾❀❈❢❞✥❅q❉❍✾❀❈❢❣❃◆❂❆✲❄③▲❀❣❇❆✑✇✥❋❍✇✥♣✜❆✥❈①❅❇❣✸✙❢❈❂❉❍❣
P

1

ψh
i

♠♦✾❀❈❢❞✥❅q❉❍✾❀❈❢❣❃◆❂❆✲❄③▲❀❣❇❆✑✇✥❋❍✇✥♣✜❆✥❈①❅❇❣✸✙❢❈❂❉❍❣
P

1 ❣q✿❂❁●◆❂❆✎❣◗❅q❁q❉➛▲r❈❂■❑❋❍❆✎❣
ϕh

i
♠♦✾❀❈❢❞✥❅q❉❍✾❀❈❢❣❃◆❂❆✲❄③▲❀❣❇❆✑✇✥❋❍✇✥♣✜❆✥❈①❅❇❣✸✙❢❈❂❉❍❣

P
1 ❣q✿❂❁◗❋❍❆❏✽❂✿❂❉❊❅❇❣



✗ �

� ✁✄✂✆☎ ✟ ✌ ☎ ✁ ✝

✞ ✆ ✟ ✓ ✄ ✄✝✆✟✒✕✌ ✞ ✟✡✠☞☛ ☛ ✏✍✌ ✆✡✞ ✎ ✞✕✓✑☛ ✆✟✞ ✌ ✄ ✠✡✒✕✆✟✞

✁ ✆ ✌ ✏✕✓✑✏✍✌ ✆✡✞

✑✓✒✔✑ ✕✆✖✘✗✓✙✛✚✢✜✤✣✦✥★✧✪✩✬✫✮✭✰✯✢✱✮✲✳✥
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✴✡❈★■❑❉❍❣❇❆✥♣✜❆✥❈①❅✺❆✎❣❇❅➒✿❂❈★♣★❉❊❋❊❉❍❆✥✿★✽➆✾❀❁❇❆✥✿♥❮ ♠❪✾❀❁q♣✜✇◗◆✼❤ ✿❂❈✜✾❀✿★✽❂❋❊✿❢❣❇❉❍❆✥✿❂❁❇❣➒❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁❇❣➒❁❇✾✉❞❇❡❢❆✥✿♥❮★❣❇✾❀✿❂❅❇❆✥❁q❁▼▲r❉❊❈❢❣✺◆❂✾❀❈❳❅
❋❍❆✎❣ ✽➆✾❀❁❇❆✎❣✢❞✎✾❀❈❳❅q❉❍❆✥❈❂❈❢❆✥❈①❅❃◆❂❆✎❣ ❡①t♥◆♥❁❇✾✉❞❲▲r❁q❄❂✿❂❁❇❆✎❣◗❋❊❉❍②①✿❂❉❍◆❂❆✎❣✢❆✥❅✔✵r✾❀✿✟■①▲ ☎ ❆✥✿♥❮✤❆✥❈✤■➇✇✥❈❢✇✥❁▼▲r❋➣◆✼❤❦✾❀❁q❉❊■❑❉❊❈❢❆✲❣❇✇✎◆♥❉❊♣✜❆✥❈①❅▼▲r❉❊❁❇❆ ➽
✱❵▲✹❁❇✾❳❞▼❡❢❆✕❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁✲❆✎❣q❅✡✽➆✾❀❁❇❆✥✿❢❣❇❆✘❆✥❅❃✽✌❆✥❁q♣✜✇❲▲r❄❂❋❍❆✗✕✌❆✥❅❃❋➛▲✜❣❇❅q❁q✿❢❞✥❅q✿❂❁❇❆✘❆✎❣q❅✡❋❊❉❊♣★❉❊❅❇✇✎❆✑✽③▲r❁✵◆❂❆✎❣❃❄③▲r❁q❁q❉❍✈✥❁❇❆✎❣✵❉❊♣★✽✌❆✥❁ ➘
♣✜✇❲▲r❄❂❋❍❆✎❣❃②❳✿❂❉✼✽❂❉❍✈✥■➇❆✥❈①❅✡❋❍❆✎❣◗❡①t♥◆♥❁❇✾✉❞❲▲r❁q❄❂✿❂❁❇❆✎❣ ➽
✱❵▲✲◆♥❉❍❣q✽✌✾❑❣q❉❊❅q❉❍✾❀❈★➪➇❆✥❁q❅q❉❍❞❲▲r❋❍❆●◆❂❆✎❣ ✠❢✿❂❉❍◆❂❆✎❣✯❞✎✾❀❈①❅❇❆✥❈①✿❢❣➀◆❢▲r❈❢❣➒❋➛▲✵❣q❅q❁q✿❢❞✥❅q✿❂❁❇❆●❆✎❣q❅❭❁❇✇✥■❑❉❍❆✢✽③▲r❁➒❋➛▲✵✽✌❆✎❣▼▲r❈①❅❇❆✥✿❂❁ ➽ ✱❵▲ ✙❢■❑✿❂❁❇❆
Ï ➽ Ï❏❁❇❆✥✽❂❁❇✇✎❣❇❆✥❈❳❅❇❆✕✿❂❈❢❆❏❞✎✾❀✿❂✽✌❆✕◆❂✾❀❈❂❈③▲r❈①❅✡✿❂❈☞❆✝❮❂❆✥♣★✽❂❋❍❆✕◆❂❆✲■❑❉❍❣❇❆✥♣✜❆✥❈①❅✵◆✼❤ ❡①t♥◆♥❁❇✾❳❞❲▲r❁q❄❂✿❂❁❇❆✎❣ ➽

✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶✮✶

✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷✮✷

gaz

eau eau

   huile

✸✺✹✼✻✽✸✿✾✽❀❂❁❄❃❆❅❇❀✺❈❉❃❋❊❍●✔■✽❏❄❀

❑▼▲❖◆▼P Ï ➽ Ï❘◗ ➚ ✾❀✿❂✽✌❆❏◆❂❆❏■❑❉❍❣❇❆✥♣✜❆✥❈❳❅

✱➣❆✕❄❂✿❂❅❃◆❂❆✲❋✐❤❦✇✥❅q✿❢◆❂❆✑◆✼❤ ✿❂❈✂■❑❉❍❣▼❆✥♣✜❆✥❈①❅❃❞✎✾❀❈❢❣q❉❍❣❇❅❇❆❏❅❇✾❀✿❂❅❃◆✼❤ ▲r❄✌✾❀❁❇◆ ✜✪◆❂✇✥❅❇❆✥❁q♣★❉❊❈❢❆✥❁❃❋❍❆✎❣●❞❲▲r❁▼▲❀❞✥❅❇✇✥❁q❉❍❣❇❅q❉❍②①✿❢❆✎❣✵◆✼❤ ✿❂❈
❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁ ✲❯✽❂❡③▲❀❣❇❆✢◆✼❤❦❆✝❮♥✽❂❋❍✾❀❁▼▲r❅q❉❍✾❀❈ ✴✶✕❑✽❂✿❂❉❍❣ ✜✵✇✥❅▼▲r❄❂❋❊❉❊❁➒✿❂❈✪✽❂❁❇✾✰✑➟❆✥❅✺◆❂❆✢◆❂✇✥➪➇❆✥❋❍✾❀✽❂✽✌❆✥♣✜❆✥❈①❅✺✽✌✾❀✿❂❁✺✾❀✽❂❅q❉❊♣★❉❍❣❇❆✥❁➒❋➛▲✡❁❇✇✎❞✥✿ ➘
✽✌✇✥❁▼▲r❅q❉❍✾❀❈✂◆❂❆✎❣◗❡①t♥◆♥❁❇✾❳❞❲▲r❁q❄❂✿❂❁❇❆✎❣ ➽ ✱➣❆✎❣●❣q✽✌✇✎❞✥❉➛▲r❋❊❉❍❣q❅❇❆✎❣✢■❑❉❍❣❇❆✥♣✜❆✥❈❳❅❇❣❃❞✎✾❀❈❳❅q❉❊❈①✿❢❆✥❈①❅ ✜✪✇✥❅q✿❢◆♥❉❍❆✥❁◗❋❍❆✲■❑❉❍❣❇❆✥♣✜❆✥❈①❅❃✽➆❆✥❈❢◆❢▲r❈❳❅
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❅❇✾❀✿❂❅❇❆✤❋➛▲✚◆♥✿❂❁❇✇✎❆☎◆❂❆✱➪✉❉❍❆✤◆♥✿✻❞▼❡③▲r♣★✽➦▲ ✙❢❈➝◆✼❤❦❆✥❈➾❅q❉❊❁❇❆✥❁★❋❍❆✎❣ ❉❊❈♥♠♦✾❀❁q♣✹▲r❅q❉❍✾❀❈❢❣★❈❢✇✎❞✎❆✎❣❇❣▼▲r❉❊❁❇❆✎❣✯✜⑦❣❇✾❀❈➝❆✝❮♥✽❂❋❍✾❀❉❊❅▼▲r❅q❉❍✾❀❈
✾❀✽❂❅q❉❊♣✹▲r❋❍❆ ➽ ❥➂❋✵♠♦▲r✿❂❅☎❄❂❉❍❆✥❈ ❣❇✾❀✿❂❋❊❉❊■❑❈❢❆✥❁✂②❳✿❢❆✚❋✐❤ ❉❊❈❂■➇✇✥❈❂❉❍❆✥✿❂❁✂■❑❉❍❣❇❆✥♣✜❆✥❈❳❅✂❈❢❆↕◆♥❉❍❣q✽✌✾❑❣❇❆❜②①✿❢❆❜◆✼❤ ✿❂❈ ❈❢✾❀♣✑❄❂❁❇❆➳❋❊❉❊♣★❉❊❅❇✇
◆✼❤ ❉❊❈♥♠♦✾❀❁q♣✹▲r❅q❉❍✾❀❈❢❣★✕✌②①✿➣❤ ❉❊❋❷◆❂✾❀❉❊❅✡❉❊❈❳❅❇❆✥❁q✽❂❁❇✇✥❅❇❆✥❁❏▲r✿✚♣★❉❍❆✥✿♥❮⑦▲ ✙❢❈❜◆✼❤❦✾❀❄❂❅❇❆✥❈❂❉❊❁✵✿❂❈❢❆✑❁❇❆✥✽❂❁❇✇✎❣❇❆✥❈①❅▼▲r❅q❉❍✾❀❈↕❋➛▲✜✽❂❋❊✿❢❣✵❁❇✇❲▲r❋❊❉❍❣q❅❇❆
✽✌✾❑❣❇❣q❉❊❄❂❋❍❆❏◆♥✿✂■❑❉❍❣❇❆✥♣✜❆✥❈❳❅ ➽

✖✑④❂⑥r④❂❱❑➩❲⑤①⑥❀❙❯❚❲④♥➩➯❙❯⑧⑩❫ ➫❷❴①❚✟⑥r⑧✼❱r➭➓❴①❚ ✱➣❆✎❣✵❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁❇❣❏❣❇✾❀❈①❅❏❣❇✾❀✿❂➪➇❆✥❈❳❅✲❡❢✇✥❅❇✇✥❁❇✾❀■➇✈✥❈❢❆✎❣★✕✼❞❑❤❦❆✎❣q❅ ➘ ✜ ➘ ◆♥❉❊❁❇❆✪②①✿➣❤ ❉❊❋❍❣✲❣❇✾❀❈❳❅
❞✎✾❀♣★✽✌✾❑❣❇✇✎❣●◆❂❆✲✽❂❋❊✿❢❣q❉❍❆✥✿❂❁❇❣●❞✎✾❀✿❢❞▼❡❢❆✎❣❃◆❂❆✲❁❇✾✉❞❇❡❢❆✎❣●◆♥❉✫✪✼✇✥❁❇❆✥❈①❅❇❆✎❣ ✕❢❞❇❡③▲❀❞✥✿❂❈❢❆✕❞❲▲r❁▼▲❀❞✥❅❇✇✥❁q❉❍❣▼✇✎❆❏✽③▲r❁❃❣▼▲✘❡③▲r✿❂❅❇❆✥✿❂❁★✕❢❣▼▲✘✽✌✾ ➘
❁❇✾❑❣q❉❊❅❇✇✗✕❢❣ ▲✪❣▼▲r❅q✿❂❁▼▲r❅q❉❍✾❀❈☞❆✥❈✂❡❳✿❂❉❊❋❍❆✗✕❢❆✥❈☞❆❲▲r✿☞❆✥❅●❆✥❈✂■①▲ ☎ ✕❂❣ ▲✪❞✎✾❀♣★✽❂❁❇❆✎❣❇❣q❉❊❄❂❉❊❋❊❉❊❅❇✇✑❆✥❅✡❣▼▲ ✽➆❆✥❁q♣✜✇❲▲r❄❂❉❊❋❊❉❊❅❇✇ ➽

✂ ✫✵⑧③⑥r⑧③❚➯❙❩➩❲⑤❸❛
s❳❉✢✾❀❈➾❞✎✾❀❈❢❣q❉❍◆❂✈✥❁❇❆✤✿❂❈✻✇✎❞❇❡③▲r❈❳❅q❉❊❋❊❋❍✾❀❈➦◆❂❆✹❁❇✾✉❞❇❡❢❆✗✕❭❣❇✾❀❈➥➪➇✾❀❋❊✿❂♣✜❆✤❅❇✾❀❅▼▲r❋ Vt ❆✎❣❇❅ ❞✎✾❀❈❢❣q❅q❉❊❅q✿❢✇✟◆✼❤ ✿❂❈➾➪➇✾❀❋❊✿❂♣✜❆✟❣❇✾❀❋❊❉❍◆❂❆
Vs
✕③❆✥❅✵◆✼❤ ✿❂❈☞➪➇✾❀❋❊✿❂♣✜❆ ◆❂❆✕✽✌✾❀❁❇❆✎❣ Vp

➽ ✱❵▲✹✽✌✾❀❁❇✾❑❣q❉❊❅❇✇ φ ✲❪❆✝❮♥✽❂❁q❉❊♣✜✇✎❆✘❆✥❈⑦✽➆✾❀✿❂❁❇❞✎❆✥❈❳❅▼▲r■➇❆✵✴✡❆✎❣q❅✡▲r❋❍✾❀❁❇❣✵◆❂✇✶✙❢❈❂❉❍❆✘◆❂❆✑❋➛▲
♣✹▲r❈❂❉❍✈✥❁❇❆✕❣q✿❂❉❊➪❑▲r❈①❅❇❆ ✓

φ =
Vp
Vt
.

✱❵▲✜✽➆✾❀❁❇✾❑❣❇❉❊❅❇✇❏❅q❁▼▲❀◆♥✿❂❉❊❅❃❋➛▲✹❞✥❉❊❁❇❞✥✿❂❋➛▲r❅q❉❍✾❀❈✚◆❂❆✎❣ ✠❢✿❂❉❍◆❂❆✎❣❃❣❇❆❏❅q❁❇✾❀✿❂➪❑▲r❈①❅✵◆❢▲r❈❢❣❃❋❍❆✎❣❃✽➆✾❀❁❇❆✎❣ ✓❂✽❂❋❊✿❢❣●❋➛▲★✽➆✾❀❁❇✾❑❣q❉❊❅❇✇✘❆✎❣q❅
■❑❁▼▲r❈❢◆❂❆✗✕❷❆✥❅✕✽❂❋❊✿❢❣✑❋❍❆✌✠❢✿❂❉❍◆❂❆✹❣❲❤❦✇✎❞✎✾❀✿❂❋❍❆✜♠♦▲❀❞✥❉❊❋❍❆✥♣✜❆✥❈❳❅ ➽ ➱❷✾❀✿❂❁✪◆❂✾❀❈❂❈❢❆✥❁✘✿❂❈➾✾❀❁❇◆♥❁❇❆✹◆❂❆✜■❑❁▼▲r❈❢◆❂❆✥✿❂❁★✕❷✾❀❈➳✽③▲r❁q❋❍❆✥❁▼▲☞◆❂❆
✽✌✾❀❁❇✾❑❣q❉❊❅❇✇✲♠✐▲r❉❊❄❂❋❍❆❏❣q❉ φ < 5

✄ ✕❂❆✥❅❃❆✝❮♥❞✎❆✥❋❊❋❍❆✥❈❳❅❇❆✑❣q❉ φ > 30
✄ ➽

✂ ☛✼④♥➩➯⑨❵⑥r④♥➩➯❙❯⑧⑩❫ ❛
✥✡❈➾❈❢✾❀❅❇❆✹❁❇❆✎❣q✽✌❆✎❞✥❅q❉❊➪➇❆✥♣✜❆✥❈①❅ Vo ✕ Vw ✕❷❆✥❅ Vg ❋❍❆✎❣ ➪➇✾❀❋❊✿❂♣✜❆✎❣✪❆✥❈➥❡❳✿❂❉❊❋❍❆✗✕❭❆❲▲r✿➾❆✥❅ ■①▲ ☎ ➽ ✱❵❆✎❣ ❣ ▲r❅q✿❂❁▼▲r❅q❉❍✾❀❈❢❣ So ❆✥❈
❡①✿❂❉❊❋❍❆✗✕ Sw ❆✥❈☞❆❲▲r✿ ✕❂❆✥❅ Sg ❆✥❈☎■①▲ ☎ ❣❇✾❀❈❳❅❃◆❂✇✶✙❢❈❂❉❍❆✎❣●✽③▲r❁ ✓

So =
Vo
Vp
, Sw =

Vw
Vp
, Sg =

Vg
Vp
.

❒➒❋❊❋❍❆✎❣✡❣❇✾❀❈①❅✡❆✝❮✉✽❂❁q❉❊♣✜✇✎❆✎❣✡❆✥❈☎✽➆✾❀✿❂❁❇❞✎❆✥❈❳❅▼▲r■➇❆✑❆✥❅●❋❍❆✥✿❂❁❃❣▼✾❀♣★♣✜❆❏❆✎❣q❅❃✇✥■①▲r❋❍❆ ✜✟Ï ➽

✂ ✖✑⑧⑩❶➳❨➓⑥r❴①❚➯❚➯❙✢✚❷❙❪❬❪❙❩➩❲⑤↕❛
✱➣❆✕❞✎✾✉❆✶✵✹❞✥❉❍❆✥❈①❅✵◆❂❆❏❞✎✾❀♣★✽❂❁❇❆✎❣❇❣q❉❊❄❂❉❊❋❊❉❊❅❇✇✘❆✎❣q❅●◆❂✇✶✙❢❈❂❉➣✽③▲r❁ ✓

cf = −(
1

V

∂V

∂p
)T .

❥➂❋➒❁❇❆✥✽❂❁❇✇✎❣❇❆✥❈①❅❇❆★❋➛▲✤➪❑▲r❁q❉➛▲r❅q❉❍✾❀❈➳◆♥✿↕➪➇✾❀❋❊✿❂♣✜❆★✿❂❈❂❉❊❅▼▲r❉❊❁❇❆✜✽③▲r❁✕❁▼▲r✽❂✽➆✾❀❁q❅ ✜✤❋➛▲✤➪❑▲r❁q❉➛▲r❅q❉❍✾❀❈➳◆❂❆★✽❂❁❇❆✎❣▼❣q❉❍✾❀❈ ✕✼❆✥❅✑▲✤❋➛▲✟◆♥❉ ➘
♣✜❆✥❈❢❣q❉❍✾❀❈☞◆❂❆✕❋✐❤ ❉❊❈①➪➇❆✥❁❇❣❇❆✕◆✼❤ ✿❂❈❢❆✕✽❂❁❇❆✎❣❇❣q❉❍✾❀❈ ➽

✂ ✫✵❴①⑥❀❶❸⑤①④ ✚❭❙❪❬❪❙➛➩❲⑤➥❛
✱❵▲✘✽✌❆✥❁q♣✜✇❲▲r❄❂❉❊❋❊❉❊❅❇✇✲❅q❁▼▲❀◆♥✿❂❉❊❅ ❋✐❤ ▲r✽❂❅q❉❊❅q✿❢◆❂❆❏◆❂❆✡❋➛▲✘❁❇✾❳❞▼❡❢❆ ✜✕❋➛▲r❉❍❣❇❣▼❆✥❁✢❞✥❉❊❁❇❞✥✿❂❋❍❆✥❁✢✜✑❅q❁▼▲✎➪➇❆✥❁❇❣●❣▼❆✎❣✯✽✌✾❀❁❇❆✎❣✢✿❂❈ ✠❢✿❂❉❍◆❂❆✲◆❂✾❀❈❳❅
❆✥❋❊❋❍❆✕❆✎❣q❅●❣ ▲r❅q✿❂❁❇✇✎❆ ➽ ❒➒❋❊❋❍❆✕❆✎❣q❅●❞❲▲r❁▼▲❀❞✥❅❇✇✥❁q❉❍❣▼✇✎❆✕✽③▲r❁●❋➛▲ ❋❍✾❀❉❵◆❂❆❏➬❏▲r❁❇❞✥t ➽
➚ ✾❀❈❢❣q❉❍◆❂✇✥❁❇✾❀❈❢❣◗✿❂❈✂✇✎❞▼❡③▲r❈①❅q❉❊❋❊❋❍✾❀❈☞◆❂❆✲❋❍✾❀❈❂■❑✿❢❆✥✿❂❁ dx ❆✥❅◗◆❂❆✲❣❇❆✎❞✥❅q❉❍✾❀❈ A ✕♥❣▼▲r❅q✿❂❁❇✇❏◆✼❤ ✿❂❈ ✠❢✿❂❉❍◆❂❆❏◆❂❆✵➪✉❉❍❣❇❞✎✾❑❣q❉❊❅❇✇✲◆♥t❳❈③▲ ➘
♣★❉❍②❳✿❢❆ µ ✕❂❅q❁▼▲✎➪➇❆✥❁❇❣❇✇✑❡❢✾❀❁q❉ ☎ ✾❀❈①❅▼▲r❋❍❆✥♣✜❆✥❈❳❅✵✽③▲r❁❃✿❂❈⑦◆❂✇✥❄❂❉❊❅ Q ☎ ❆✥❈✂❁❇✇✥■❑❉❊♣✜❆✕✽✌❆✥❁q♣✹▲r❈❢❆✥❈①❅★✕③❋➛▲✪✽❂❁❇❆✎❣❇❣q❉❍✾❀❈✚▲r♣✜✾❀❈①❅✲❆✎❣q❅
p ✕♥❋➛▲ ✽❂❁❇❆✎❣❇❣q❉❍✾❀❈✚▲✎➪❑▲r❋❵❆✎❣q❅ p− dp

➽

✱✺❤❦✇✥❅▼▲r❈❢❞▼❡❢✇✥❉❊❅❇✇✑❆✎❣q❅➀♠✐▲r❉❊❅❇❆✵❣❇✿❂❁ ❋❍❆✎❣ ♠✐▲❀❞✎❆✎❣ ❋➛▲r❅❇✇✥❁▼▲r❋❍❆✎❣ ➽ s➆❤ ❉❊❋✌❈➣❤ t✤▲✘✽③▲❀❣◗◆❂❆✵❁❇✇❲▲❀❞✥❅q❉❍✾❀❈✂◆♥✿ ✠❢✿❂❉❍◆❂❆✕▲✎➪➇❆✎❞✵❋➛▲✘❁❇✾❳❞▼❡❢❆✗✕
❞✎❆❏②❳✿❂❉❵❆✎❣q❅●❆✥❈☎■➇✇✥❈❢✇✥❁▼▲r❋❵❋❍❆❏❞❲▲❀❣ ✕❂✾❀❈⑦▲✧✓



✗ � ✗✁�➐✫✕⑥r⑧✛✚❭❬❯➲❳❶➳❴✂❨❷➭➆➻➣❚✷❙ ✜➣⑨➓❴ ✗ ✹

✁✂✁✂✁✂✁✂✁✂✁✁✂✁✂✁✂✁✂✁✂✁✁✂✁✂✁✂✁✂✁✂✁✁✂✁✂✁✂✁✂✁✂✁✁✂✁✂✁✂✁✂✁✂✁✁✂✁✂✁✂✁✂✁✂✁✁✂✁✂✁✂✁✂✁✂✁✁✂✁✂✁✂✁✂✁✂✁✁✂✁✂✁✂✁✂✁✂✁✁✂✁✂✁✂✁✂✁✂✁

✄✂✄✂✄✂✄✂✄✂✄✄✂✄✂✄✂✄✂✄✂✄✄✂✄✂✄✂✄✂✄✂✄✄✂✄✂✄✂✄✂✄✂✄✄✂✄✂✄✂✄✂✄✂✄✄✂✄✂✄✂✄✂✄✂✄✄✂✄✂✄✂✄✂✄✂✄✄✂✄✂✄✂✄✂✄✂✄✄✂✄✂✄✂✄✂✄✂✄✄✂✄✂✄✂✄✂✄✂✄

Q
A

dx

☎✝✆✟✞✝✠☛✡✌☞✎✍✑✏✓✒✕✔✗✖✙✘✛✚✢✜✤✣✦✥✦✥★✧✩✚✪✔✫✧✩✚✭✬✤✣★✮✂✯✱✰✲✯

Q = −A k

µ

dp

dx
,

✘✴✳✶✵✫✔
k
✥★✵✷✔✫✧✸✵✺✹✻✔✱✣★✵✱✚✸✜✼✮✂✵✷✽✾✵✱✰✤✿❀✯✴✘✛❁✂✣✦✥✦✣✦✜✲✯❂✣✦✚✭✮✂✯✱✽✾✵✱✚✭✮✭✘✛✚✢✜❃✮❅❄❇❆✭❄✂✣★✮✂✵✑✔✫✧✩✚✭✬✤✣★✮✂✯✱✰✲✯✌☞

❈❉✘❊✽❋✵✱✰✤✿❀✯✴✘✛❁✂✣✦✥✦✣✦✜✲✯●✘✪✥❍✘■✮❅✣✦✿❀✵✱✚✭✬✤✣★✧✩✚❏✮▲❑ ❄✂✚✭✵▼✬✤❄✂✰❖◆P✘✩✔✫✵✌◗✕✵✱✜✻✵✱✥✦✥★✵▼✬✴❑❘✵✺❙❚✽✂✰✤✣✦✿❀✵❯❄✭✬✤❄✭✵✱✥✦✥★✵✱✿❀✵✱✚✢✜❇✵✱✚❱✿❲✣✦✥✦✥✦✣★✮✭✘✛✰✲✔✱❳
❨ ✿❀❩❂❬❪❭

1
✿❀❩ ≈ 10−15 ✿ 2 (1

✮✭✘✛✰✲✔✱❳
= 10−12 ✿ 2).

❈❉✘❫✽✾✵✱✰✤✿❀✯✴✘✛❁✂✣✦✥✦✣✦✜✲✯❴✽✾✵✱❄✂✜❛❵✱✜✤✰✲✵❇✮❅✣❝❜▲✯✱✰✲✵✱✚✢✜✲✵❴✬✲✵✱✥★✧✩✚❞✥❍✘●✮❅✣✦✰✲✵✫✔✱✜✤✣★✧✩✚❱✔✫✧✩✚✭✬✤✣★✮✂✯✱✰✲✯✫✵✌◗❡✧✩✚❞✽✙✘✛✰✤✥★✵❯✘✛✥★✧✩✰✲✬❛✮✂✵✓✿❲✣✦✥✦✣★✵✱❄
✘✛✚✂✣★✬✲✧✩✜✤✰✲✧✩✽✾✵✌☞
❈❢✵❛✔✫✧❚✵✺✹✻✔✱✣★✵✱✚✢✜❂✮✂✵❣✽❋✵✱✰✤✿❀✯✴✘✛❁✂✣✦✥✦✣✦✜✲✯

k
✵✫✬✤✜❃❄✂✚●✚✭✧✩✿❤❁✂✰✲✵❛✰✲✯✫✵✱✥❡✮✭✘✛✚✭✬❪✥★✵❤✔✴✘✩✬✷✧✩✐●✥★✵❣✿❲✣✦✥✦✣★✵✱❄✪✵✫✬✲✜❃✣★✬✗✧✩✜✤✰✲✧✩✽❋✵✌◗❋✧✩❄✪❄✂✚

✜✲✵✱✚✭✬✲✵✱❄✂✰✴◗✙✘✛✥★✧✩✰✲✬❥✚✭✧✩✜✲✯
K
◗✂✮✭✘✛✚✭✬❥✥★✵✷✔✴✘✩✬❥✘✛✚✂✣★✬✲✧✩✜✤✰✲✧✩✽✾✵✌◗✭✥★✵❪✽✂✥✦❄✭✬❦✬✗✧✩❄✂✳✶✵✱✚✢✜✼✬✲❄✂✽✂✽❋✧✌✬✲✯✷✮❅✣❍✘✛❧✶✧✩✚✙✘✛✥♠❭

K =




k1 0 0
0 k2 0
0 0 k3


 .

♥✓♦✸♣❊q✂r✛s❢t☛♦■✉✇✈❉①③②❝④✩⑤⑦⑥✢⑧✷⑨✑①✌⑩❖❶✱❷❴⑥✢❸✫❶✗④✩❹✸②★⑧✻⑧✱❺❲❻✱①✩⑤❽❼♠⑥☛❾ ❹❚❺❋⑧❤②✦④✩⑤✾❿➀②➁❹✢➂❪➃✢❸✺❺❋❸✺⑩✤①✩②★⑧➅➄❦①➅❿✶❿✂⑧✺②★❸✴⑧❲②❝①③②✦④✩⑤♠⑥✢⑧❦❿✂⑧✱⑩✺❼➆⑧❲⑥✸⑧
❶✺➇❚①✌⑩❽➃✢⑧❪➃✸❸✺❺❋❸✺⑩✤①✩②➁⑤❍➂✴❸✴⑧❇➈➉❶➊❻❦➋➆➌❚➍❖➎➆➏③➐

dp = −µQm
Akρ

(
1 +

uQm
µA

)
dx,

❨ ✡✌☞✦✡➑❬

④✩➒●➐
Qm

⑥✢❸✺➂➅⑤✦➃✩❺❋⑧✑②✦⑧❣⑥✢❸➑➓✺⑤➔❼♠→❀①✛➂✗➂✺⑤❽➣✫❹✂⑧➅➄
ρ
②❝①③→❀①✛➂✗➂✴⑧✷↔✛④✩②↕❹❚→❛⑤❽➣✫❹✂⑧❛⑥✩❹✑➙♠❹❚⑤❽⑥✸⑧➅➄

u
⑧➅➂✺❼♠❹✸❺✻❿❅①✩⑩✤①✩→✻➛✱❼❽⑩✲⑧❲❶✲①✩⑩✤①✶❶✫❼➆❸✱⑩➅⑤✟➂✱①✩❺➀❼♠②✦①❥❻✱④✩⑩✺→✻⑧❣⑥✢⑧➅➂⑦❿❅④✩⑩✲⑧➅➂③➈➜⑥✢⑧✑②✤❾ ④✩⑩✤⑥✩⑩✤⑧❣⑥✢⑧

10−5 ➝ 10−4 →❃➏✌➞

✈❢①❤②✦④✩⑤☛⑥✢⑧✕❿✭⑧✺⑩✺❼➆⑧❂⑥✢⑧❃❶✺➇❚①✩⑩➊➃✢⑧❦➃✸❸✺❺❋❸✺⑩✤①✩②➁⑤❍➂✴❸✲⑧✼➂✂❾ ①➅❿✶❿❋②↕⑤➊➣✱❹✭⑧✕❿❅④✩❹❚⑩✼②★⑧➅➂♠➃✶①➑➟✱➄➠④✩❹❴⑧✺❺➀❶✲④✩⑩✲⑧❃②★⑧➅➂❉➙⑦❹✸⑤➊⑥✢⑧➅➂ ➝ ↔➑⑤➔❼➆⑧➅➂➅➂✫⑧✷❸✺②★⑧✺↔✛❸✗⑧✴➞
➡➢④✩❹❚⑩❥②★⑧➅➂❥②➁⑤➊➣✱❹✸⑤➊⑥✢⑧➅➂❪⑥✶④✩❺✙❼☛②❝①❣↔➑⑤➔❼➆⑧➅➂➅➂✫⑧✼❺▲❾ ⑧➅➂✱❼✂❿✂①✛➂✼❼❽⑩✴➛➅➂❪❸✺②★⑧✺↔✛❸✲⑧✺➄➤②★⑧❃❼➆⑧✺⑩✺→✻⑧ uQm

µA

⑧➅➂✱❼➠❺❋❸➊➃✩②➁⑤❝➃✸⑧✤①✢➓✺②★⑧✑⑥✸⑧✺↔➥①✩❺✙❼
1
➄❡⑧✫❼➤④✌❺

❿✂⑧✺❹❅❼⑦➂➅❹➑❿✶❿❅④✩➂✫⑧✺⑩ Qm

ρ = Q
➄⑦❶✗⑧❲➣✫❹✸⑤♠❺➀④✩❹✸➂❂⑩❖①✩→✻➛✺❺✾⑧ ➝ ②❝①✓②✦④✩⑤♠⑥✢⑧✷⑨❤①✩⑩✤❶✱❷✢➞❦➦✕⑧➅➂✷➇✸❷✗❿✂④✌❼➔➇❅➛➅➂✴⑧➅➂✑➂✫④✩❺✙❼♠⑩❖①✩⑤✟➂✱④✌❺✭❺➀①✢➓✺②★⑧➅➂

⑥✶①✩❺✭➂❪❺❋④✌❼❽⑩✤⑧❣❶✲①✢⑥✩⑩✤⑧❛⑥☛❾ ❸✱❼❽❹✂⑥✢⑧❲⑧✱❼➧➂✱④✌❺✙❼❡❹✸➂➅❹✭⑧✺②✟②★⑧✺→✻⑧✺❺✙❼❋❻✫①✩⑤❽❼➆⑧➅➂✑⑥✶①✩❺✂➂✷②★⑧❂→❛⑤➔②↕⑤P⑧✺❹❣❿✂❸✫❼❽⑩❖④✩②➁⑤P⑧✺⑩✫➞

➨▲➩➆➨❢➩✟➫ ➭❯➯⑦➲➥➳✙➵✌➸❋➺❋➻✶➼P➽☛➾➪➚➧➶➘➹➴➼➆➷➆➼➆➳✙➶
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✽❂✿❂❉❊❅❇❣ Q ✽③▲r❁◗❋➛▲ ◆♥❉✫✪✌✇✥❁❇❆✥❈❢❞✎❆❏❆✥❈❳❅q❁❇❆❏❋➛▲✘✽❂❁❇❆✎❣❇❣q❉❍✾❀❈✟♣✜✾❲t➇❆✥❈❂❈❢❆ p ◆❢▲r❈❢❣✢❋❍❆✲❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁●❆✥❅✢❋➛▲✑✽❂❁❇❆✎❣▼❣q❉❍✾❀❈☞▲r✿✟✽➆✾❀❉❊❈❳❅●◆❂❆
❣❇✾❀✿❂❅q❉❊❁▼▲r■➇❆ pwf ✓

IP =
Q

(p− pwf )
. ✲➟Ï ➽ ❺ ✴

✱✺❤❦❥➴➱➦◆✼❤ ✿❂❈☞✽❂✿❂❉❊❅❇❣●➪❑▲r❁q❉❍❆✲❅q❡❢✇✎✾❀❁q❉❍②①✿❢❆✥♣✜❆✥❈❳❅✵◆❂❆✕❻✪✽✌✾❀✿❂❁◗✿❂❈✂✽❂✿❂❉❊❅❇❣◗❈❢✾❀❈☞✽❂❁❇✾❳◆♥✿❢❞✥❅❇❆✥✿❂❁ ✑➴✿❢❣❇②❳✿➣❤ ✜ ❋✐❤ ❉❊❈✩✙❢❈❂❉➣✽✌✾❀✿❂❁
✿❂❈✻✽❂✿❂❉❊❅❇❣★▲r✿♥❮➾❞❲▲r❁▼▲❀❞✥❅❇✇✥❁q❉❍❣q❅q❉❍②❳✿❢❆✎❣✪❉❍◆❂✇❲▲r❋❍❆✥♣✜❆✥❈①❅✜❄✌✾❀❈❂❈❢❆✎❣ ➽ ➱➓✾❀✿❂❁✜◆❂✾❀❈❂❈❢❆✥❁✪✿❂❈➝✾❀❁❇◆♥❁❇❆✟◆❂❆✤■❑❁▼▲r❈❢◆❂❆✥✿❂❁★✕➒✾❀❈➥✽✌❆✥✿❂❅
◆♥❉❊❁❇❆✑②❳✿➣❤ ✿❂❈✂✽❂✿❂❉❊❅❇❣✒✜✪❡①✿❂❉❊❋❍❆✑❅q❁❇✈✎❣●♣✜✇✎◆♥❉❍✾✉❞✥❁❇❆✘▲✪✿❂❈ IP ➪❑▲r❁q❉➛▲r❈①❅❏▲r✿❂❅❇✾❀✿❂❁❃◆❂❆✹Ï❏♣ 3 ✵ ✑✢✵✷❄③▲r❁★✕③▲r❋❍✾❀❁❇❣✡②①✿➣❤ ✿❂❈✣✢❧❄➆✾❀❈✍☞
✽❂✿❂❉❊❅❇❣✡▲r✿❂❁▼▲ ✿❂❈ IP ❣q✿❂✽✌✇✥❁q❉❍❆✥✿❂❁ ✜✟Ï❲❻✩✕❂➪➇✾❀❉❊❁❇❆✜Ï❲❻❑❻✜✾❀✿❸Ï❲❻❑❻❑❻✪♣ 3 ✵ ✑ ✵✷❄③▲r❁ ➽

✱❵▲✂✽❂❁❇✇✎❣❇❆✥❈❢❞✎❆✹◆❂❆★♠❯❁▼▲❀❞✥❅q✿❂❁❇❆✎❣ ▲r♣✜✇✥❋❊❉❍✾❀❁❇❆✱❞✎✾❀❈❢❣q❉❍◆❂✇✥❁▼▲r❄❂❋❍❆✥♣✜❆✥❈❳❅✘❋✐❤ ❉❊❈❢◆♥❉❍❞✎❆✤◆❂❆★✽❂❁❇✾✉◆♥✿❢❞✥❅q❉❊➪❳❉❊❅❇✇✱◆✼❤ ✿❂❈❸✽❂✿❂❉❊❅❇❣ ➽ ❒➒❈
❆ ✪✼❆✥❅●❋❍❆✎❣●❡❳t✉◆♥❁❇✾✉❞❲▲r❁q❄❂✿❂❁❇❆✎❣✲❣❲❤❦✇✎❞✎✾❀✿❂❋❍❆✥❈①❅✵❅q❁❇✈✎❣◗♠✐▲❀❞✥❉❊❋❍❆✥♣✜❆✥❈①❅✲◆❢▲r❈❢❣●❋❍❆✎❣●♠❯❁▼▲❀❞✥❅q✿❂❁❇❆✎❣ ✓❢❋➛▲✪✽✌❆✥❁q♣✜✇❲▲r❄❂❉❊❋❊❉❊❅❇✇✑✽✌❆✥✿❂❅●➪❑▲r❁q❉❍❆✥❁
◆❂❆✜Ï✑♣✜➬ ◆❢▲r❈❢❣❃❋❍❆✎❣❃❁❇✾❳❞▼❡❢❆✎❣ ✑➟✿❢❣❇②①✿➣❤ ✜✂Ï❲❻❑❻❑❻❑❻★♣✜➬ ◆❢▲r❈❢❣❃❋❍❆✎❣◗♠❪❁▼▲❀❞✥❅q✿❂❁❇❆✎❣ ➽➆➚ ❤❦❆✎❣q❅✡◆✼❤ ▲r❉❊❋❊❋❍❆✥✿❂❁❇❣✡✽✌✾❀✿❂❁❃❞✎❆✥❅q❅❇❆✑❁▼▲r❉❍❣❇✾❀❈
②❳✿➣❤❦✾❀❈①❅✡✇✥❅❇✇✘◆❂✇✥➪➇❆✥❋❍✾❀✽❂✽❢✇✎❆✎❣✡◆❂❆✎❣❃❅❇❆✎❞❇❡❂❈❂❉❍②❳✿❢❆✎❣✵✽➆✾❀✿❂❁◗♠♦✾❀❁q♣✜❆✥❁❃◆❂❆✎❣❃♠❯❁▼▲❀❞✥❅q✿❂❁❇❆✎❣✵▲r❁q❅q❉✚✙③❞✥❉❍❆✥❋❊❋❍❆✎❣❏▲r✿❂❅❇✾❀✿❂❁✡◆❂❆✎❣●✽❂✿❂❉❊❅❇❣✡◆❂❆
✽❂❁❇✾✉◆♥✿❢❞✥❅q❉❍✾❀❈ ➽

�✼➨ �➣➨ ✁ ✤✱→➇➈☞✥r➌❂➅✚➊✺➌➝➊✺➏❂➜➓➌③❿✐➈➣❾➀❾◗➌③➎➐➌③➉➓➅

➸✵❁✘✜❀❞✎❆✪▲r✿❜❣❇❞❇❡❢✇✥♣✹▲✤◆♥✿✚■❑❉❍❣❇❆✥♣✜❆✥❈①❅✕▲r❉❊❈❢❣q❉❭✾❀❄❂❅❇❆✥❈①✿ ✕✌❋✐❤ ❉❊❈❂■➇✇✥❈❂❉❍❆✥✿❂❁❏❆✎❣q❅✲❆✥❈⑦♣✜❆✎❣❇✿❂❁❇❆✘◆✼❤❦✇✥❅▼▲r❄❂❋❊❉❊❁✲✿❂❈✚✽❂❁❇✾✰✑➟❆✥❅✲◆❂❆
◆❂✇✥➪➇❆✥❋❍✾❀✽❂✽✌❆✥♣✜❆✥❈①❅❃②❳✿❂❉✌▲✘✽✌✾❀✿❂❁✢❄❂✿❂❅✢◆✼❤❦✾❀✽❂❅q❉❊♣★❉❍❣▼❆✥❁◗❋➛▲✕❁❇❆✥❈❳❅▼▲r❄❂❉❊❋❊❉❊❅❇✇✕◆♥✿✟❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁◗❣q✿❂❉❊➪❀▲r❈❳❅✢❋❍❆✡❈❢✾❀♣✘❄❂❁❇❆❏◆❂❆✵✽❂✿❂❉❊❅❇❣★✕
❋❍❆✥✿❂❁❃❆✥♣★✽❂❋➛▲❀❞✎❆✥♣✜❆✥❈❳❅★✕⑩❋❍❆✥✿❂❁✵▲r❁❇❞❇❡❂❉❊❅❇❆✎❞✥❅q✿❂❁❇❆✗✕⑩❋❍❆✎❣●✽❂❁❇✾✉❞✎✇✎◆❂✇✎❣❃◆✼❤ ❉❊❈✘✑q❆✎❞✥❅q❉❍✾❀❈ ➽❊➽❊➽ ➱❷✾❀✿❂❁✡❞✎❆✥❋➛▲✩✕❂❉❊❋❵◆❂✾❀❉❊❅●♠♦▲r❉❊❁❇❆❏✿❂❈⑦❞✎❆✥❁q❅▼▲r❉❊❈
❈❢✾❀♣✑❄❂❁❇❆✘◆✼❤ ❡①t✉✽➆✾❀❅q❡❢✈✎❣▼❆✎❣❃❆✥❈☞▲❀❞✎❞✎✾❀❁❇◆⑦▲❲➪➇❆✎❞❏❋❍❆✎❣●◆❂✾❀❈❂❈❢✇✎❆✎❣❃❁❇❆✎❞✥✿❢❆✥❉❊❋❊❋❊❉❍❆✎❣●❋❍✾❀❁❇❣❃◆❂❆✲❋➛▲★✽❂❡③▲❀❣❇❆❏◆✼❤❦❆✝❮✉✽❂❋❍✾❀❁▼▲r❅q❉❍✾❀❈ ➽
➱❷✾❀✿❂❁❃❞✎✾❀♣★✽③▲r❁❇❆✥❁●❋➛▲✘❁❇❆✥❈①❅▼▲r❄❂❉❊❋❊❉❊❅❇✇✘❆✥❈☎❅❇❆✥❁q♣✜❆✎❣◗◆❂❆✲✽❂❁❇✾❳◆♥✿❢❞✥❅q❉❍✾❀❈☞◆❂❆✎❣◗◆♥❉✫✪✼✇✥❁❇❆✥❈①❅❇❣❃❅❧t✉✽➆❆✎❣◗◆❂❆✵✽❂✿❂❉❊❅❇❣●❆✥❈❳➪❳❉❍❣ ▲r■➇✇✎❣★✕❂✾❀❈
✿❂❅q❉❊❋❊❉❍❣❇❆✵❞✥❋➛▲❀❣❇❣q❉❍②❳✿❢❆✥♣✜❆✥❈①❅ ❋➛▲❏❈❢✾❀❅q❉❍✾❀❈✟◆✼❤ ❉❊❈❢◆♥❉❍❞✎❆✲◆❂❆●✽❂❁❇✾✉◆♥✿❢❞✥❅q❉❊➪❳❉❊❅❇✇ ✲ IP ✴✺◆♥✿✱✽❂✿❂❉❊❅❇❣★✕✉▲r❉❊❈❢❣q❉✌②①✿❢❆❃❋❍❆❃❞✎✾✞✦❂❅✢◆❂❆◗♠♦✾❀❁▼▲r■➇❆
◆♥✿✂✽❂✿❂❉❊❅❇❣★✕❂②❳✿❂❉➣◆❂✇✥✽✌❆✥❈❢◆✂◆❂❆✕❣▼▲✪❞✎✾❀♣★✽❂❋❍❆✝❮♥❉❊❅❇✇✗✕❢❆✥❅❃◆❂❆✲❋✐❤ ❉❊❈❢❞✎❆✥❁q❅q❉❊❅q✿❢◆❂❆ ❣q✿❂❁◗❋❍❆✎❣●◆❂✾❀❈❂❈❢✇✎❆✎❣❃❈③▲r❅q✿❂❁❇❆✥❋❊❋❍❆✎❣ ➽

➵ ✿❢❣▼②①✿➣❤ ▲r✿♥❮➳▲r❈❂❈❢✇✎❆✎❣ ✦❑❻✩✕✌❋❍❆✹❞❇❡❢✾❀❉ ❮❸◆❂❆✪❋✐❤ ▲r❁❇❞❇❡❂❉❊❅❇❆✎❞✥❅q✿❂❁❇❆✤◆❂❆✎❣✕✽❂✿❂❉❊❅❇❣✕✇✥❅▼▲r❉❊❅✑♣✜✾❀❉❊❈❢❣✑❞✎✾❀♣★✽❂❋❍❆✝❮❂❆✗✕✼✽❂✿❂❉❍❣❇②❳✿❢❆★❋❍❆✎❣
❞✎✾❀♣★✽③▲r■❑❈❂❉❍❆✎❣✱✽❢✇✥❅q❁❇✾❀❋❊❉❍✈✥❁❇❆✎❣✜❈❢❆☎♣✹▲✁�❍❅q❁q❉❍❣▼▲r❉❍❆✥❈❳❅✱②❳✿❢❆✟❋❍❆✟♠♦✾❀❁▼▲r■➇❆✂◆❂❆✟✽❂✿❂❉❊❅❇❣✜➪➇❆✥❁q❅q❉❍❞❲▲r✿♥❮ ✾❀✿ ❋❍✇✥■➇✈✥❁❇❆✥♣✜❆✥❈❳❅✱◆❂✇✥➪✉❉❍✇✎❣ ➽
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✽✌✾❀❁❇❆✥✿♥❮✠✜✪✿❂❈❢❆❏✇✎❞▼❡❢❆✥❋❊❋❍❆✕♣✹▲❀❞✥❁❇✾❑❣❇❞✎✾❀✽❂❉❍②❳✿❢❆✑❣❇✿✩✵✹❣▼▲r❈①❅❇❆❏✽✌✾❀✿❂❁●✽✌✾❀✿❂➪➇✾❀❉❊❁●❋❍❆❏❞✎✾❀❈❢❣q❉❍◆❂✇✥❁❇❆✥❁❃❞✎✾❀♣★♣✜❆✘❞✎✾❀❈①❅q❉❊❈❳✿ ✓

~V =
~Q

A
= −K

µ
∇p, ✲➟Ï ➽ ❼ ✴

✾✌☞ p ❆✎❣q❅●❋➛▲ ✽❂❁❇❆✎❣▼❣q❉❍✾❀❈ ✕ ~V ❋➛▲✪➪❳❉❊❅❇❆✎❣▼❣❇❆✲◆❂❆ ✙❢❋❊❅q❁▼▲r❅q❉❍✾❀❈ ✕③❆✥❅ ~Q ❋❍❆✕◆❂✇✥❄❂❉❊❅ ➽
✥✡❈☞✇✎❞✥❁q❉❊❅❃❆✥❈❢❣❇✿❂❉❊❅❇❆✲❋✐❤❦✇✎②①✿③▲r❅q❉❍✾❀❈✚◆❂❆❏❞✎✾❀❈❢❣❇❆✥❁q➪❀▲r❅q❉❍✾❀❈✚◆❂❆✲❋➛▲✪♣✹▲❀❣❇❣❇❆✞✓

∂(φρ)

∂t
+ ◆♥❉❊➪ (ρ~V ) = 0. ✲➟Ï ➽ Ð✸✴

✥✡❈★❞✎✾❀♣★✽❂❋❍✈✥❅❇❆●▲r❋❍✾❀❁❇❣➒❞✎❆✢❣qt✉❣❇❅❇✈✥♣✜❆➀✽③▲r❁❭✿❂❈❢❆✢✇✎②❳✿③▲r❅q❉❍✾❀❈✜◆✼❤❦✇✥❅▼▲r❅➒❅q❁▼▲❀◆♥✿❂❉❍❣▼▲r❈①❅➒❋➛▲✵❞✎✾❀♣★✽❂❁❇❆✎❣❇❣q❉❊❄❂❉❊❋❊❉❊❅❇✇ ✲❪❆✥❈✪❣❇✿❂✽❂✽➆✾❑❣▼▲r❈❳❅
②❳✿❢❆✲❋➛▲✪❁❇✾❳❞▼❡❢❆✕❆✎❣q❅◗❉❊❈❢❞✎✾❀♣★✽❂❁❇❆✎❣❇❣❇❉❊❄❂❋❍❆✵✴ ✓

cf = − 1

V

∂V

∂p
=

1

ρ
(
∂ρ

∂p
)T .

✲➟Ï ➽ Ò ✴

✱➣❆✵❞✎✾❳❆✶✵✹❞✥❉❍❆✥❈❳❅◗◆❂❆❃❞✎✾❀♣★✽❂❁❇❆✎❣❇❣q❉❊❄❂❉❊❋❊❉❊❅❇✇ cf ❆✎❣q❅➀❣q✿❂✽❂✽✌✾❑❣❇✇✡❞✎✾❀❈❢❣q❅▼▲r❈①❅ ➽ ✱✺❤❦✇✎②❳✿③▲r❅q❉❍✾❀❈✤❞✥❉ ➘ ◆❂❆✎❣▼❣q✿❢❣✯✽✌❆✥✿❂❅ ✎✥❅q❁❇❆❃❉❊❈❳❅❇✇✥■❑❁❇✇✎❆✗✕
❆✥❅●✾❀❈☞✾❀❄❂❅q❉❍❆✥❈❳❅ ✓

ρ = ρ0 exp[cf (p− p0)],
✲➟Ï ➽ Ñ ✴

✾✌☞ ρ0
❆✎❣❇❅◗❋➛▲✪♣✹▲❀❣❇❣❇❆✲➪➇✾❀❋❊✿❂♣★❉❍②❳✿❢❆❏✽✌✾❀✿❂❁●❋➛▲ ✽❂❁❇❆✎❣❇❣q❉❍✾❀❈☞◆❂❆✲❁❇✇✝♠♦✇✥❁❇❆✥❈❢❞✎❆ p0

➽

✠✤❴❳❶❸④❂⑥ ✜➣⑨➓❴ ✯✟✞ ✟ ✂✆☎ ✟✡✠ ✂ ✒ ✟ ☛☞☛ cf ✠ ✌ ✠✍✌✞✒✏✎ ✟ ☛ ✏✓✒ ☎✞☛✑✌ ✟ ✌✓✒ ✒✚☛✕✔✑✟ ✝✓✏ ✟✖✌✗✒ ✘ ☛ ✟✗✙ ✝✄✟✓✏✓✏✓✒ ☎✞☛✛✚✜✌ ✟ ✏ ☎✞✝✢☛ ✟✤✣✥✘ ✟ ✌✦✒ ✟✓✧✢✙ ☎✑✏ ✠ ☛☞☛
cf (p− p0)

✌ ✟ ✌✓✒ ✟✓✧★✙ ☎✞☛ ✟ ☛☞☛ ✒ ✟ ✌✚✌ ✟ ✟✓✏✥☛ ✠✩✌✞✒✁✎ ✟ ☛ ✏✓✒ ☎✞☛ ☛ ✟ ✌✫✪

✥✡❈✤❣q✿❂✽❂✽➆✾❑❣▼❆●②①✿❢❆❃❋❍❆✎❣✺✽❂❁❇✾❀✽❂❁q❉❍✇✥❅❇✇✎❣✢◆♥✿✌✠❢✿❂❉❍◆❂❆✡❣❇✾❀❈①❅ ❞✎✾❀❈❢❣q❅▼▲r❈①❅❇❆✎❣ ✕❳②❳✿❢❆●❋❍❆◗❅❇❆✥❈❢❣▼❆✥✿❂❁ ◆❂❆◗✽✌❆✥❁q♣✜✇❲▲r❄❂❉❊❋❊❉❊❅❇✇ K ❆✎❣q❅
◆♥❉➛▲r■➇✾❀❈③▲r❋✥✕❂❆✥❅✢✾❀❈✟✾❀❄❂❅q❉❍❆✥❈❳❅●❆✥❈✱❉❊❈✘✑q❆✎❞✥❅▼▲r❈①❅ ✲➟Ï ➽ Ñ ✴➀❆✥❅ ✲➟Ï ➽ ❼ ✴➀◆❢▲r❈❢❣ ✲➟Ï ➽ Ð✸✴✶✕❳❋✐❤❦✇✎②❳✿③▲r❅q❉❍✾❀❈☎◆♥❉✫✪✌✇✥❁❇❆✥❈❳❅q❉❍❆✥❋❊❋❍❆✲❈❢✾❀❈✟❋❊❉❊❈❢✇❲▲r❉❊❁❇❆
❣q✿❂❉❊➪❑▲r❈①❅❇❆ ✲❯➪➇✾❀❉❊❁ ✆ ✦✡✞✢✴ ✓

∇(K. ~grad p) + cfK( ~grad p)2 − (φµcf )
∂p

∂t
= 0. ✲➟Ï ➽ ❹✬✴

➬❏▲r❈❢❣ ❋❍❆✡❞❲▲❀❣ ✾✌☞✟❋❍❆ ✠❢✿❂❉❍◆❂❆✡♣✜✾❀❄❂❉❊❋❍❆✲❆✎❣q❅➀❋✐❤ ❡❳✿❂❉❊❋❍❆✗✕✉❋➛▲✑❞✎✾❀♣★✽❂❁❇❆✎❣❇❣❇❉❊❄❂❉❊❋❊❉❊❅❇✇ cf ❆✎❣q❅✢❆✥❈✱■➇✇✥❈❢✇✥❁▼▲r❋➆♠✐▲r❉❊❄❂❋❍❆✡❆✥❅✢❞✎✾❀❈❢❣q❅▼▲r❈❳❅❇❆✗✕
❆✥❅ ❋❍❆✎❣✯➪❑▲r❋❍❆✥✿❂❁❇❣✢◆♥✿✱■❑❁▼▲❀◆♥❉❍❆✥❈❳❅●◆❂❆❃✽❂❁❇❆✎❣❇❣❇❉❍✾❀❈✤❣❇✾❀❈❳❅✢▲r✿❢❣▼❣q❉❢♠✐▲r❉❊❄❂❋❍❆✎❣★✕✉✾❀❈✱✽✌❆✥✿❂❅ ◆❂✾❀❈❢❞✡❈❢✇✥■❑❋❊❉❊■➇❆✥❁✢❋❍❆✡◆❂❆✥✿♥❮♥❉❍✈✥♣✜❆✵❅❇❆✥❁q♣✜❆
◆❂❆◗❋✐❤❦✇✎②❳✿③▲r❅q❉❍✾❀❈ ✲➟Ï ➽ ❹✬✴❭❆✥❅✺✾❀❈✹✾❀❄❂❅q❉❍❆✥❈❳❅ ▲r❋❍✾❀❁❇❣➒❋✐❤❦✇✎②❳✿③▲r❅q❉❍✾❀❈✱◆❂❆◗◆♥❉✫✪✌✿❢❣q❉❍✾❀❈✹❞✥❋➛▲❀❣▼❣q❉❍②①✿❢❆✥♣✜❆✥❈❳❅✯✇✥❅q✿❢◆♥❉❍✇✎❆❃◆❢▲r❈❢❣✺❋❍❆✢♣★❉❊❋❊❉❍❆✥✿
✽❢✇✥❅q❁❇✾❀❋❊❉❍❆✥❁ ✓

∇(K. ~grad p) − (φµcf )
∂p

∂t
= 0. ✲➟Ï ➽ ✦ ✴

✥✡❈✂❉❊♣★✽✌✾❑❣❇❆✲✽③▲r❁✡▲r❉❊❋❊❋❍❆✥✿❂❁❇❣❃✿❂❈❢❆❏❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈☞❉❊❈❂❉❊❅q❉➛▲r❋❍❆✕❅q❁▼▲❀◆♥✿❂❉❍❣ ▲r❈①❅●❋✐❤❦✇✎②❳✿❂❉❊❋❊❉❊❄❂❁❇❆✕❡❳t✉◆♥❁❇✾❑❣q❅▼▲r❅q❉❍②❳✿❢❆✯✓

p(x, 0) = p0(x) x ∈ Ω. ✲➟Ï ➽ ★ ✴



✯✛✯ ✖✘➭➓④❂❨❭❙➛➩❲⑥r❴ ✗✁�➐✒✂⑨➦❨➓⑥r⑧✛✚❭❬❯➲❳❶➳❴✂❨❷➭➆➻➣❚✷❙ ✜➣⑨➓❴✤✣➆❴①⑥r❚✜❬❩❴✚❶❸⑧✼➫❷➲❳❬❯❴⑦❫✼⑨❷❶❸⑤❳⑥r❙✢✜➣⑨➓❴

�✼➨✁�➒➨✁� ✴✤➈❵➉✯➊➀➁♦➅➇➁✐➈❵➉➀➍✟➄✼↔➒➡✁�◗➈➣→①➊✯➍⑦➊✯↔✴→➇➏⑩➍✷➌③→❑➜❵➈❵➁❧→

✥✡❈➝✽✌❆✥✿❂❅✱▲✎➪➇✾❀❉❊❁✱◆❂❆✎❣✜❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈❢❣✱▲r✿♥❮✻❋❊❉❊♣★❉❊❅❇❆✎❣✜◆♥❉✫✪✼✇✥❁❇❆✥❈①❅❇❆✎❣✹❣▼❆✥❋❍✾❀❈➝❋❍❆✎❣★✽③▲r❁q❅q❉❍❆✎❣✹◆❂❆✟❋➛▲⑦♠❪❁❇✾❀❈①❅q❉❍✈✥❁❇❆ Γ ◆♥✿
❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁ ➽ ❒✺❈✂■➇✇✥❈❢✇✥❁▼▲r❋✥✕③✾❀❈☎❉❊♣★✽✌✾❑❣❇❆✕◆❂❆✥✿♥❮✟❅❧t✉✽➆❆✎❣❃◆❂❆✕❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈❢❣✡▲r✿♥❮✟❋❊❉❊♣★❉❊❅❇❆✎❣❃◆♥✿✂❁❇✇✎❣▼❆✥❁q➪➇✾❀❉❊❁ ✓

✂ ❱➇⑧⑩❫➓➫❭❙➛➩➯❙❯⑧➆❫ ➫❷❴☞✒✂❙❯⑥r❙❯❱❀➭➓❬❯❴①➩✤❛
p = pD

❣❇✿❂❁ ΓD
✕

❋➛▲➳✽❂❁❇❆✎❣❇❣q❉❍✾❀❈ ❆✎❣q❅✟❞✎✾❀❈❢❣q❅▼▲r❈①❅❇❆❜❣q✿❂❁✤✿❂❈❢❆✚✽③▲r❁q❅q❉❍❆ ΓD
◆❂❆✚❋➛▲↕♠❪❁❇✾❀❈①❅q❉❍✈✥❁❇❆ Γ ✕ ❆✥❅✟❆✥❋❊❋❍❆✚❆✎❣❇❅✤✇✥■①▲r❋❍❆✄✜➳❋➛▲❸✽❂❁❇❆✎❣❇❣❇❉❍✾❀❈

❉❊❈❂❉❊❅q❉➛▲r❋❍❆ ◆♥✿☞❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁✏✓③❞✎❆✥❋➛▲✜❅q❁▼▲❀◆♥✿❂❉❊❅✡❋❍❆✕♠♦▲r❉❊❅✵②①✿❢❆✑❋➛▲ ☎ ✾❀❈❢❆ ❞✎✾❀♣★✽❂❁❇❆✎❣❇❣q❉❊❄❂❋❍❆✪▲r❅q❅❇❆✥❉❊❈①❅✵✽③▲r❁✵❆✝❮❂❆✥♣★✽❂❋❍❆✕✿❂❈❢❆ ☎ ✾❀❈❢❆
✜✟■①▲ ☎ ✾❀✿➳✿❂❈➥▲❀②①✿❂❉ ♠♦✈✥❁❇❆★❅q❁❇✈✎❣✑▲❀❞✥❅q❉ ♠●②❳✿❂❉✺❁❇❆✥✽❂❁❇✇✎❣❇❆✥❈❳❅❇❆✜✿❂❈❢❆★❁❇✇✎❣❇❆✥❁q➪➇❆✹◆✼❤❦✇✥❈❢❆✥❁q■❑❉❍❆✗✕❵❆✥❅✑②❳✿❂❉✺♣✹▲r❉❊❈①❅q❉❍❆✥❈❳❅✪▲r❉❊❈❢❣❇❉✺✿❂❈❢❆
✽❂❁❇❆✎❣❇❣q❉❍✾❀❈⑦❞✎✾❀❈❢❣q❅▼▲r❈①❅❇❆ pD ▲r✿☞❄➆✾❀❁❇◆☎◆♥✿✂❁❇✇✎❣▼❆✥❁q➪➇✾❀❉❊❁ ➽

✂ ❱➇⑧⑩❫➓➫❭❙➛➩➯❙❯⑧➆❫ ➫❷❴⑦✁☎❴✉⑨➓❶➳④❢❫➓❫ ❛ ∂p

∂n
= 0 ❣q✿❂❁ ΓN
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▲✎➪➇❆✎❞ n ❋➛▲★❈❢✾❀❁q♣✹▲r❋❍❆✕❆✝❮✉❅❇✇✥❁q❉❍❆✥✿❂❁❇❆ ✜✪❋➛▲✘♠❯❁❇✾❀❈❳❅q❉❍✈✥❁❇❆ ΓN ☎❞✎❆✥❋➛▲ ❅q❁▼▲❀◆♥✿❂❉❊❅◗❋❍❆✡♠♦▲r❉❊❅◗②❳✿❢❆✵❋❍❆ ✠❢✿♥❮✟❆✎❣q❅✢❈①✿❂❋ ✜✘❋➛▲✘✽③▲r❁❇✾❀❉ ✓♥❞❑❤❦❆✎❣q❅✢❋❍❆✵❞❲▲❀❣✢❋❍✾❀❁❇❣▼②①✿❢❆✵❋➛▲ ☎ ✾❀❈❢❆❏❞✎✾❀♣★✽❂❁❇❆✎❣❇❣q❉❊❄❂❋❍❆✕▲r❅q❅❇❆✥❉❊❈❳❅
✿❂❈❢❆❏❄③▲r❁q❁q❉❍✈✥❁❇❆❏❉❊♣★✽✌❆✥❁q♣✜✇❲▲r❄❂❋❍❆✗✕❢✽③▲r❁✡❆✝❮♥❆✥♣★✽❂❋❍❆❏✿❂❈❢❆❏♠♦▲r❉❊❋❊❋❍❆✗✕♥❋❍❆❏❅❇✾❀❉❊❅✡✾❀✿☎❋❍❆❏♣✑✿❂❁❃◆♥✿☎❁❇✇✎❣▼❆✥❁q➪➇✾❀❉❊❁★✕ ➽❊➽❊➽
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➷ ✾❀✿❢❣➀❞✎✾❀❈❢❣❇❉❍◆❂✇✥❁❇❆✥❁❇✾❀❈❢❣◗◆❢▲r❈❢❣➀❋❍❆✡❞❲▲❀◆♥❁❇❆✲◆❂❆❃❞✎❆✡❅q❁▼▲✎➪❑▲r❉❊❋➆◆❂❆✎❣ ✽❂✿❂❉❊❅❇❣ ❁❇❆✎❞✥❅q❉❊❋❊❉❊■❑❈❢❆✎❣★✕✉❞✥t❳❋❊❉❊❈❢◆♥❁q❉❍②❳✿❢❆✎❣★✕✉◆❂❆❃❁▼▲❲t➇✾❀❈ rw❆✥❅✺◆❂❆✢❋❍✾❀❈❂■❑✿❢❆✥✿❂❁ L ✕❀❆✥❅➒❈❢✾❀✿❢❣✺◆❂✇✎❣❇❉❊■❑❈❢❆✥❁❇✾❀❈❢❣✺✽③▲r❁ Γw
❋❍❆✥✿❂❁❭♠❯❁❇✾❀❈❳❅q❉❍✈✥❁❇❆ ✲ Γw = [0, L]× [0, 2π] ✴ ➽ ➱❷✾❀✿❂❁✯❣q❉❊♣★✽❂❋❊❉✚✙③❆✥❁★✕

❈❢✾❀✿❢❣✑❣❇✿❂✽❂✽➆✾❑❣❇✾❀❈❢❣✑◆❢▲r❈❢❣✕✿❂❈❸✽❂❁❇❆✥♣★❉❍❆✥❁✘❅❇❆✥♣★✽❢❣✑②❳✿❢❆✪❈❢✾❀✿❢❣✑❣❇✾❀♣★♣✜❆✎❣✘❆✥❈❸♣★❉❊❋❊❉❍❆✥✿❸❉❍❣❇✾❀❅q❁❇✾❀✽✌❆✔✓✼❋❍❆✜❞✎✾✉❆✶✵✹❞✥❉❍❆✥❈①❅ ◆❂❆
✽✌❆✥❁q♣✜✇❲▲r❄❂❉❊❋❊❉❊❅❇✇ k ❆✎❣❇❅◗▲r❋❍✾❀❁❇❣●✿❂❈✟❣▼❞❲▲r❋➛▲r❉❊❁❇❆ ➽❢➷ ✾❀✿❢❣✢➪➇❆✥❁q❁❇✾❀❈❢❣✢✜ ❋➛▲ ✙❢❈✂◆♥✿✟✽③▲r❁▼▲r■❑❁▼▲r✽❂❡❢❆ ✲❯❁❇❆✥♣✹▲r❁❇②❳✿❢❆✲Ð✸✴➀❞✎✾❀♣★♣✜❆✥❈①❅
❣❇❆✲■➇✇✥❈❢✇✥❁▼▲r❋❊❉❍❣❇❆✥❈❳❅❃❋❍❆✎❣●❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈❢❣✲▲r✿☎✽❂✿❂❉❊❅❇❣●✽✌✾❀✿❂❁◗✿❂❈✂♣★❉❊❋❊❉❍❆✥✿⑦▲r❈❂❉❍❣▼✾❀❅q❁❇✾❀✽➆❆ ➽
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❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈❢❣✯▲r✿♥❮ ❋❊❉❊♣★❉❊❅❇❆✎❣➒❣q✿❂❁➓❋❍❆ ✽❂✿❂❉❊❅❇❣✸✓r❋➛▲✡✽❂❁❇❆✎❣❇❣q❉❍✾❀❈✜▲r✿ ♠❪✾❀❈❢◆✪◆♥✿✪✽❂✿❂❉❊❅❇❣★✕r❋➛▲✡✽❂❁❇❆✎❣❇❣q❉❍✾❀❈✜▲r✿✪✽➆✾❀❉❊❈❳❅➒◆❂❆ ❣▼✾❀✿❂❅q❉❊❁▼▲r■➇❆✗✕
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➬✲❆✥✿♥❮✟❞❲▲❀❣●✽❂❡①t♥❣q❉❍②①✿❢❆✎❣❃✽➆❆✥✿❂➪➇❆✥❈❳❅❃❣❇❆✲✽❂❁❇✇✎❣❇❆✥❈❳❅❇❆✥❁ ✓

◗➐✾❀✿✪❄❂❉❍❆✥❈★✾❀❈★❉❊♣★✽✌✾❑❣❇❆✯❋➛▲✵✽❂❁❇❆✎❣▼❣q❉❍✾❀❈✜▲r✿ ✽✌✾❀❉❊❈①❅➒◆❂❆◗❣❇✾❀✿❂❅q❉❊❁▼▲r■➇❆✗✕❑②❳✿❢❆➀❋✐❤❦✾❀❈★❈❢✾❀❅❇❆✥❁▼▲ pwf ✕❀❆✥❅✺▲r❋❍✾❀❁❇❣➒✾❀❈★❞❇❡❢❆✥❁❇❞❇❡❢❆
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❣❇✾❀❈❳❅ ❉❊♣★✽✌✾❑❣❇✇✎❆✎❣ ❆✥❈☎❣q✿❂❁➟♠♦▲❀❞✎❆✗✕✉❞✎❆✥❋➛▲✑❈❢✇✎❞✎❆✎❣❇❣q❉❊❅❇❆✲◆❂❆●♠✐▲r❉❊❁❇❆✡✿❂❈✤❞❲▲r❋❍❞✥✿❂❋✼◆❂❆✎❣ ✽➆❆✥❁q❅❇❆✎❣✢◆❂❆✵❞❇❡③▲r❁q■➇❆❏❆✥❈❳❅q❁❇❆✡❋❍❆❃♠♦✾❀❈❢◆✱❆✥❅ ❋➛▲
❣q✿❂❁➟♠✐▲❀❞✎❆ ➽❂➷ ✾❀✿❢❣❃❣q✿❂✽❂✽➆✾❑❣▼❆✥❁❇✾❀❈❢❣❃◆❂✾❀❈❢❞✕②❳✿❢❆✲❋❍❆✎❣◗✽❂❁❇❆✎❣❇❣q❉❍✾❀❈❢❣✬✵✪◆❂✇✥❄❂❉❊❅❇❣●❣❇✾❀❈❳❅●❉❊♣★✽➆✾❑❣▼✇✎❣●❆✥❈☞❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈☎♠♦✾❀❈❢◆ ➽
➬✲❆✥✿♥❮✘◆♥❉✫✪✼✇✥❁❇❆✥❈①❅❇❆✎❣➒❋❍✾❀❉❍❣❭◆✼❤❦✇✎❞✎✾❀✿❂❋❍❆✥♣✜❆✥❈①❅➒✽✌❆✥✿❂➪➇❆✥❈①❅✏✎✥❅q❁❇❆✢❞✎✾❀❈❢❣q❉❍◆❂✇✥❁❇✇✎❆✎❣➒◆❢▲r❈❢❣❷❋❍❆➀✽❂✿❂❉❊❅❇❣✸✓➯❋➛▲✡❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈✜◆❂❆ ❞✎✾❀❈❢◆♥✿❢❞ ➘
❅q❉❊➪✉❉❊❅❇✇❏❉❊❈✩✙❢❈❂❉❍❆✗✕❢✾❀✿✂❋➛▲✪❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈✚◆❂❆❏❞✎✾❀❈❢◆♥✿❢❞✥❅q❉❊➪❳❉❊❅❇✇✷✙❢❈❂❉❍❆ ➽

➷ ✾❀✿❢❣ ❈❢✾❀❅❇✾❀❈❢❣ pw ❋➛▲✘✽❂❁❇❆✎❣❇❣q❉❍✾❀❈☎▲r✿✤✽❂✿❂❉❊❅❇❣ ✕✉❆✥❅✢❈❢✾❀✿❢❣ ❋➛▲ ❣q✿❂✽❂✽✌✾❑❣❇✾❀❈❢❣ ❉❊❈❢◆❂✇✥✽➆❆✥❈❢◆❢▲r❈❳❅❇❆✕◆❂❆✵❋➛▲✕➪❑▲r❁q❉➛▲r❄❂❋❍❆✕▲r❈❂■❑✿ ➘



✗ � ✯ �➐✩✬⑧✼➫➓➲✉❬❯❴①❚✹❶➳④♥➩➯➭❵⑤✉❶❸④♥➩➯❙✢✜➣⑨❵❴❳❚ ✯ ✘

❋➛▲r❉❊❁❇❆ θ ∈ [0, 2π] ✓
p(x, t) = pw(l, t) ❣q✿❂❁ Γw × [0, T ], ❣q❉ x = (l, θ), ▲✎➪➇❆✎❞ l ∈ [0, L], θ ∈ [0, 2π]. ✲➟Ï ➽ Ï❲❻ ✴

✲ ❉❊❈❢❣q❉✥✕♥❋➛▲✪✽❂❁❇❆✎❣❇❣❇❉❍✾❀❈ pwf ▲r✿☞✽➆✾❀❉❊❈❳❅❃◆❂❆❏❣❇✾❀✿❂❅q❉❊❁▼▲r■➇❆✕❣❲❤❦✇✎❞✥❁q❉❊❅✒✜ ❋✐❤ ❉❊❈❢❣q❅▼▲r❈①❅ t ✓
pw(0, t) = pwf(t), t ∈ [0, T ], ✲➟Ï ➽ Ï❑Ï✵✴

❆✥❅◗❋❍❆✕◆❂✇✥❄❂❉❊❅●❅❇✾❀❅▼▲r❋➓◆♥✿✂✽❂✿❂❉❊❅❇❣ Q ❆✎❣q❅●◆❂✇✶✙❢❈❂❉❵✽③▲r❁ ✓

Q(t) =
k

µ

∫

Γw

∂p(x, t)

∂n
dγ(x), t ∈ [0, T ]. ✲➟Ï ➽ Ï❲❺ ✴

✱➣❆✪◆❂✇✥❄❂❉❊❅✲❅❇✾❀❅▼▲r❋ Q ✜✜❋✐❤ ❉❊❈❢❣q❅▼▲r❈❳❅ t > 0 ❆✎❣❇❅✡❈❢✇✥■①▲r❅q❉ ♠ ❋❍✾❀❁❇❣❇②①✿❢❆ ❋❍❆✘✽❂✿❂❉❊❅❇❣❏❆✎❣q❅✲❆✥❈✚❉❊❈✘✑q❆✎❞✥❅q❉❍✾❀❈ ✕✌✽✌✾❑❣q❉❊❅q❉ ♠✯❋❍✾❀❁❇❣❇②❳✿❢❆✑❋❍❆
✽❂✿❂❉❊❅❇❣❃❆✎❣❇❅●❆✥❈☎✽❂❁❇✾❳◆♥✿❢❞✥❅q❉❍✾❀❈ ➽

✱➣❆✑◆❂✇✥❄❂❉❊❅❃◆❢▲r❈❢❣◗❋❍❆❏✽❂✿❂❉❊❅❇❣●❣➯❤❦❆✝❮✉✽❂❁q❉❊♣✜❆✗✕❢❆✥❈☞❈❢✇✥■❑❋❊❉❊■➇❆❲▲r❈①❅❃❋✐❤❦❆ ✪✼❆✥❅❃◆❂❆❏❞✎✾❀♣★✽❂❁❇❆✎❣❇❣❇❉❊❄❂❉❊❋❊❉❊❅❇✇✗✕❢✽③▲r❁●❋➛▲ ❁❇❆✥❋➛▲r❅q❉❍✾❀❈ ✓

qw(l, t) =
k

µ

∫

Γw,l

∂p(x, t)

∂n
dγ(x), t ∈ [0, T ], ✲➟Ï ➽ Ï❲❼ ✴

✾✌☞ Γw,l
◆❂✇✎❣q❉❊■❑❈❢❆✕❋✐❤❦❆✥❈❢❣❇❆✥♣✑❄❂❋❍❆✘◆❂❆❏❋➛▲✪✽③▲r❁q❅q❉❍❆✕◆❂❆❏❋➛▲✘♠❪❁❇✾❀❈①❅q❉❍✈✥❁❇❆✘◆♥✿✂✽❂✿❂❉❊❅❇❣ Γw

❣q❉❊❅q✿❢✇✎❆ ✜✜◆♥❁❇✾❀❉❊❅❇❆✕◆♥✿✂✽✌✾❀❉❊❈①❅✡▲✷❮♥❉➛▲r❋
l ✲❯➪➇✾❀❉❊❁✸✙❢■❑✿❂❁❇❆✜Ï ➽ Ð✸✴ ➽⑩➚ ❤❦❆✎❣q❅❃❋❍❆❏◆❂✇✥❄❂❉❊❅❃②①✿❂❉✼❅q❁▼▲❲➪➇❆✥❁❇❣❇❆ ✜ ❋✐❤ ❉❊❈❢❣❇❅▼▲r❈①❅ t ❋➛▲ ✂ ✝✄☎✑✏✘✏✄✂ ✏✙✟✄✂ ☛ ✒ ☎✞☛✤◆♥✿☞✽❂✿❂❉❊❅❇❣❃▲r✿✂✽✌✾❀❉❊❈①❅ l ➽

Γw

Γw,l

qw(l, t)

l

�✂✁☎✄
✆✞✝✠✟☛✡✌☞✎✍ ✏✒✑✔✓✖✕✘✗✚✙✚✛✢✜

Γw,l ✣ ✜✥✤✦✕★✧✩✗☎✪✬✫✭✙✚✛✢✮✯✗☎✜ Γw ✣✱✰✳✲✴✰ ✛✵✙☎✶ ✲ ✪ ✰ ✗ ✰ ✫ ✲✴✰ ✛✵✙☎✶✸✷✹✪✬✺ ✲ ✤✢✜✼✻✴✜✎✍

✽ ✜✯✙✚✙☎✜ ✲ ✕✘✗✚✙✚✛✢✜ ✣✱✰✾✲✴✰ ✛✵✙☎✶✿✷✹✪✬❀❁✫❂✷✯✛ ✣ ✜✔✕✹❃❄✜✹✷✒✤❆❅❇✜✯✫❂✶☎✜✯✺❉❈✴✤✢✜ ✣ ✜✹✶✥❈✴✗❊✕✘✫❂✷☎❋❂✜✹✶ ✣✱✰✾✲✴✰ ✛✵✙☎✶ ✲ ✕✘✗✿✪✬●❍✕✘✗✚✗✚✛✵❃❄✜✒✤✢✜ ✣✴■ ❈✴✛✵✙❏ ✰ ✶☎❑ ✰ ❅▲✕ ✰▼✲ ✪✬✛✵✫✭✙◆✕❖✻P✛✦✕✘✤ l ✍
◗❘✕✳✷✹✪✬✫✭✙✚✗❊✕✘✛✵✫❙✙☎✜❚✶ ✰ ✗❯✤✢✜✹✶❲❱ ✰ ✻❨❳❩☞✎✍✵☞❭❬✭❪✿✷✹✪✬✗✚✗☎✜✹✶ ✲ ✪✬✫ ✣❴❫ ✤❆❅ ■ ❑ ✰ ✕✘✙✚✛✢✪✬✫❵❳❩☞✎✍✵☞❭❛✭❪ ✲ ✗✚✛✢✶☎✜✔✕ ✰❴✲ ✪✬✛✵✫❙✙ ✣ ✜❜✶❊✪ ✰ ✙✚✛✵✗❊✕✘❝❄✜❳✦❞❢❡✚❣❭❤✬✐✴❥✹❦✩❧❁❣✬♠♦♥✂♠❢❤❖❪q♣

Q(t) = qw(L, t), t ∈ [0, T ]
✍

r◆✪ ✰ ✶q✕✘✤✵✤✢✪✬✫❂✶✸✺s✕✘✛✵✫✭✙☎✜✯✫t✕✘✫✭✙ ✣ ✪✬✫✴✫❂✜✯✗q✤✢✜✹✶✸✷✹✪✬✫ ✣ ✛✵✙✚✛✢✪✬✫❂✶✥✕ ✰ ✻✉✤✵✛✵✺✈✛✵✙☎✜✹✶q✶ ✰ ✗✇✤✢✜ ✲✴✰ ✛✵✙☎✶①✍t②✥✜ ✰ ✻❚✙④③ ✲ ✜✹✶ ✣ ✜❯✷✹✪✬✫ ✣ ✛⑥⑤✙✚✛✢✪✬✫❂✶ ✲ ✜ ✰ ❃❄✜✯✫✭✙⑦✛✵✫❙✙☎✜✯✗✚❃❄✜✯✫✴✛✵✗❉♣✴✷✹✪✬✫ ✣✱✰ ✷✯✙✚✛✵❃P✛✵✙ ■ ✛✵✫✱⑧❂✫✴✛✢✜❲✜✯✙✇✷✹✪✬✫ ✣✱✰ ✷✯✙✚✛✵❃❙✛✵✙ ■ ⑧❂✫✴✛✢✜✎✍✴◗❘✕✒✷✹✪✬✫ ✣ ✛✵✙✚✛✢✪✬✫ ✣ ✜❲✷✹✪✬✫ ✣✱✰ ✷✯✙✚✛✵❃P✛✵✙ ■✛✵✫✱⑧❂✫✴✛✢✜✿✜✹✶✚✙ ✰ ✫❂✜❯✷✹✪✬✫ ✣ ✛✵✙✚✛✢✪✬✫⑨✶✚✛✵✺ ✲ ✤✵✛⑥⑧ ■ ✜✎✍



✯ ✆ ✖✘➭➓④❂❨❭❙➛➩❲⑥r❴ ✗✁�➐✒✂⑨➦❨➓⑥r⑧✛✚❭❬❯➲❳❶➳❴✂❨❷➭➆➻➣❚✷❙ ✜➣⑨➓❴✤✣➆❴①⑥r❚✜❬❩❴✚❶❸⑧✼➫❷➲❳❬❯❴⑦❫✼⑨❷❶❸⑤❳⑥r❙✢✜➣⑨➓❴

✖✑⑧⑩❫➓➫❭⑨❵❱❑➩➯❙ ✣❵❙❩➩❲⑤⑦❙❪❫ ✟❭❫❷❙❯❴↕❛ ✥✡❈✂❣q✿❂✽❂✽✌✾❑❣❇❆❏②①✿❢❆✕❋➛▲ ✽❂❁❇❆✎❣❇❣q❉❍✾❀❈☞❆✎❣q❅●❞✎✾❀❈❢❣❇❅▼▲r❈①❅❇❆✕❋❍❆✲❋❍✾❀❈❂■✱◆♥✿☎✽❂✿❂❉❊❅❇❣ ✓

pw(l, t) := pwf (t) l ∈ [0, L], t ∈ [0, T ]. ✲➟Ï ➽ Ï✥Ð✸✴
✱➣❆ ♣✜✾✉◆❂✈✥❋❍❆✘❣q✿❂❁✵❋❍❆✘✽❂✿❂❉❊❅❇❣✵❆✎❣❇❅✲▲r❋❍✾❀❁❇❣❏❞✎✾❀♣★✽❂❋❍✇✥❅❇✇ ✽③▲r❁✵❋❍❆✎❣✵✇✎②❳✿③▲r❅q❉❍✾❀❈❢❣ ✲➟Ï ➽ Ï❲❻ ✴✡❆✥❅ ✲➟Ï ➽ Ï❲❺ ✴ ➽ ✱➣❆✎❣✲❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈❢❣✕▲r✿♥❮
❋❊❉❊♣★❉❊❅❇❆✎❣ ❣q✿❂❁✕❋❍❆✜✽❂✿❂❉❊❅❇❣ ❣❲❤❦✇✎❞✥❁q❉❊➪➇❆✥❈❳❅✪▲r❋❍✾❀❁❇❣★✕❵◆❢▲r❈❢❣✑❋❍❆✜❞❲▲❀❣ ◆❂❆★❋➛▲☞❞✎✾❀❈❢◆♥✿❢❞✥❅q❉❊➪❳❉❊❅❇✇✱❉❊❈✩✙❢❈❂❉❍❆✗✕➓❆✥❅✘◆❢▲r❈❢❣✑✿❂❈➥❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁
❉❍❣❇✾❀❅q❁❇✾❀✽✌❆✯✓





p(x, t) = pwf(t)
❣❇✿❂❁ Γw × [0, T ],

Q(t) =
k

µ

∫

Γw

∂p(x, t)

∂n
dγ(x), t ∈ [0, T ].

✲➟Ï ➽ Ï❲Ò ✴

✖✑⑧⑩❫➓➫❭⑨❵❱❑➩➯❙ ✣❵❙❩➩❲⑤ ✟➒❫➓❙❯❴ ❛ ➬❏▲r❈❢❣✤❋❍❆✚❞❲▲❀❣✤◆❂❆⑦❋➛▲➾❞✎✾❀❈❢◆♥✿❢❞✥❅q❉❊➪❳❉❊❅❇✇✆✙❢❈❂❉❍❆✗✕✢✾❀❈➐❈❢❆✚❣❇✿❂✽❂✽➆✾❑❣❇❆⑦✽❂❋❊✿❢❣✤❋➛▲❸✽❂❁❇❆✎❣▼❣q❉❍✾❀❈
❞✎✾❀❈❢❣q❅▼▲r❈❳❅❇❆✂❋❍❆☎❋❍✾❀❈❂■➾◆♥✿ ✽❂✿❂❉❊❅❇❣★✕➒♣✹▲r❉❍❣✱✾❀❈✸▲❜✿❂❈❢❆✂✇✎②❳✿③▲r❅q❉❍✾❀❈➦✽❂❡❳t✉❣q❉❍②❳✿❢❆✂②❳✿❂❉◗❈❢✾❀✿❢❣✹◆❂✾❀❈❂❈❢❆☞❋✐❤❦❆✝❮✉✽❂❁❇❆✎❣❇❣❇❉❍✾❀❈➦◆♥✿
■❑❁▼▲❀◆♥❉❍❆✥❈①❅★◆❂❆✹❋➛▲✂✽❂❁❇❆✎❣❇❣❇❉❍✾❀❈➥❆✥❈➥♠❪✾❀❈❢❞✥❅q❉❍✾❀❈✻◆♥✿ ✠❢✿♥❮➳◆❢▲r❈❢❣ ❋❍❆✜✽❂✿❂❉❊❅❇❣ ✕➓❆✥❅ ◆❂✾❀❈❢❞✹❅q❁▼▲❀◆♥✿❂❉❊❅ ❋❍❆✎❣✑✽✌❆✥❁q❅❇❆✎❣ ◆❂❆✱❞▼❡③▲r❁q■➇❆
◆❢▲r❈❢❣◗❋❍❆❏✽❂✿❂❉❊❅❇❣ ➽
➚ ❆✥❅q❅❇❆✕✇✎②❳✿③▲r❅q❉❍✾❀❈✂✽✌❆✥✿❂❅❃❣❲❤❦✇✎❞✥❁q❉❊❁❇❆✕❣❇✾❀✿❢❣✢❋➛▲✪♠❪✾❀❁q♣✜❆❏❣q❉❊♣★✽❂❋❊❉✚✙③✇✎❆✘❣q✿❂❉❊➪❑▲r❈①❅❇❆✯✓

∂pw(l, t)

∂l
= Cw q

2
w(l, t), t ∈ [0, T ], ✲➟Ï ➽ Ï❲Ñ ✴

✾✌☞ qw ▲✪✇✥❅❇✇✕◆❂✇✶✙❢❈❂❉❍❆❏✽③▲r❁ ✲➟Ï ➽ Ï❲❼ ✴ ➽
✠✤❴❳❶❸④❂⑥ ✜➣⑨➓❴ ✘✁� ✠✞☛ ✏ ✌ ✟✓✏ ✠✞✝✥☛ ✒ ✂ ✌ ✟✓✏ ✙☞✌ ✘ ✏ ✠✞☛☞✂ ✒ ✟ ☛ ✏★✚ ☎✞☛ ✙ ✝✄✟ ☛ ✠✞✒✏☛ ✠ ✘ ✏✓✏✓✒ ✟ ☛ ✂✆☎ ✎ ✙ ☛ ✟ ✘✛☛ ✂✆☎ ✟✏✠ ✂ ✒ ✟ ☛☞☛ α ✣✥✘ ✒
✌✄✂ ✙ ✟ ☛ ✌ ✠✞✒✡☛✤✌ ✟ ✌ ✠✡✝✢✘✞✗ ☎✞✏✓✒✡☛☎✂ ✌ ✟ ✌ ✠ ✏★✘ ✝✝✆ ✠ ✂✘✟✢✚ ✟✥☛ ✙ ☎ ✘ ✔✁✠ ✒✏☛✖✔✑✠✞✝✓✒ ✟ ✝ ✌ ✟ 0 ✙ ☎ ✘ ✝ ✌✛✟✓✏ ✏★✘ ✝✞✆ ✠ ✂✓✟✓✏ ☛ ✝✠✟✓✏ ✝✢✘ ✗ ✘ ✟✥✘ ✏✙✟✓✏☛✡
0.25 ✙ ☎ ✘✛✝ ✌ ✟✓✏ ✏★✘ ✝✞✆ ✠ ✂✓✟✓✏✖✙☞✌ ✘ ✏ ✌✎✒ ✏✓✏ ✟✓✏ ✪ ✞ ✒ ✂ ✣✥✘ ✠ ☛ ✒ ☎✞☛ ✠✞✌✖☎ ✝✘✏ ✂✆☎✞☛ ✏✓✒☎✌✄✂ ✝✠✂✙✟ ✏✛✒ ✂ ✂ ✝ ✒✁✔✑✠✞✒✏☛ ✏ ☎ ✘ ✏ ✌ ✠☞✆ ☎✞✝✢✎ ✟✍✌

∂pw(l, t)

∂l
= Cw,α q

2−α
w (l, t), l ∈ [0, L], t ∈ [0, T ].

➚ ❆✥❅q❅❇❆⑦♠❪✾❀❁q♣✘✿❂❋❍❆❜✇✥❅▼▲r❈①❅☎✾❀❄❂❅❇❆✥❈①✿❢❆✚✽③▲r❁☎❆✝❮✉✽❢✇✥❁q❉❊♣✜❆✥❈❳❅▼▲r❅q❉❍✾❀❈ ✕◗❋➛▲➳➪❀▲r❋❍❆✥✿❂❁✟◆♥✿➐❞✎✾✉❆✶✵✹❞✥❉❍❆✥❈①❅ Cw ❈➣❤❦❆✎❣q❅✤✽③▲❀❣✤❄❂❉❍❆✥❈
◆❂✇✥❅❇❆✥❁q♣★❉❊❈❢✇✎❆ ➽ ❒➒❋❊❋❍❆●❆✎❣q❅✺❆✥❈❢❞✎✾❀❁❇❆✡◆♥❉❍❣❇❞✥✿❂❅❇✇✎❆❃❣❇❆✥❋❍✾❀❈★❋❍❆✎❣ ▲r✿❂❅❇❆✥✿❂❁❇❣ ➽ ❒➒❋❊❋❍❆✡◆❂✇✥✽➆❆✥❈❢◆✹◆♥✿✜❁▼▲✎t➇✾❀❈✤◆♥✿✜✽❂✿❂❉❊❅❇❣★✕➇◆❂❆◗❋➛▲❏♣✹▲❀❣❇❣❇❆
➪➇✾❀❋❊✿❂♣★❉❍②❳✿❢❆✗✕➣◆❂❆★❋➛▲✱♠❪❁q❉❍❞✥❅q❉❍✾❀❈ ✜✤❋➛▲✟❣q✿❂❁➟♠✐▲❀❞✎❆✜◆♥✿↕✽❂✿❂❉❊❅❇❣ ✲❯➪➇✾❀❉❊❁✕❅q❁▼▲❲➪❀▲r✿♥❮❸◆❂❆✱➸✲✾➯➪❳❉❍❆✥❁✕❆✥❅ ✲ ☎ ❉ ☎ Ï✧★➇❹❀❺ ✆ ❼❑Ñ✡✞ ✕ ➵ ▲r❉❊❈ ✕
Ï✧★➇❹❀Ñ ✆ Ð①❺✡✞ ✕ ✥✡✿❂t①▲r❈❂■✪❆✥❅●▲r❋❭Ï✧★✬★❑Ñ ✆ Ñ✬✦✡✞ ✕✉➬✵❉ ✁ ✁➇❆✥❈✚Ï✧★✬★❑❻ ✆ ❺rÐ ✞ ✕♥▲r❉❊❈❢❣q❉✌②①✿❢❆✡❋➛▲✘❅q❡❢✈✎❣❇❆✵◆❂❆ ✡ ➽ ➶ ➽ ➱❷❆✥❈❂♣✹▲r❅❇❞❇❡③▲ ✆ ❹✷Ð ✞✢✴ ➽
➬❏▲r❈❢❣◗❋❍❆✕❞❲▲❀◆♥❁❇❆✕◆❂❆❏❞✎❆✥❅q❅❇❆✕❅q❡❢✈✎❣❇❆✗✕❂❈❢✾❀✿❢❣❃▲❀◆❂✾❀✽❂❅❇❆✥❁❇✾❀❈❢❣✡❋➛▲✪◆❂✇✶✙❢❈❂❉❊❅q❉❍✾❀❈⑦❣q✿❂❉❊➪❑▲r❈①❅❇❆✕✽➆✾❀✿❂❁●❋➛▲✪❞✎✾❀❈❢❣❇❅▼▲r❈①❅❇❆ Cw ✓

Cw =
fρ

π2r5w
,

▲✎➪➇❆✎❞ f ❋❍❆❏❞✎✾✉❆✶✵✹❞✥❉❍❆✥❈①❅✵◆❂❆✲♠❪❁q❉❍❞✥❅q❉❍✾❀❈ ✕ ρ ❋➛▲ ♣✹▲❀❣❇❣▼❆❏➪➇✾❀❋❊✿❂♣★❉❍②①✿❢❆✗✕③❆✥❅ rw ❋❍❆✕❁▼▲✎t➇✾❀❈☞◆♥✿✂✽❂✿❂❉❊❅❇❣ ➽
✱❵▲⑦❞✎✾❀❈❢◆♥✿❢❞✥❅q❉❊➪❳❉❊❅❇✇✟❉❊❈✩✙❢❈❂❉❍❆✟❆✎❣q❅ ❆✥❈➳♠✐▲r❉❊❅ ✿❂❈➾❞❲▲❀❣ ✽③▲r❁q❅q❉❍❞✥✿❂❋❊❉❍❆✥❁✜◆❂❆✱❋➛▲☞❞✎✾❀❈❢◆♥✿❢❞✥❅q❉❊➪✉❉❊❅❇✇ ✙❢❈❂❉❍❆ ✲❯✽❂❁❇❆✥❈❢◆♥❁❇❆ Cw = 0◆❢▲r❈❢❣◗❋✐❤❦✇✎②❳✿③▲r❅q❉❍✾❀❈ ✲➟Ï ➽ Ï❲Ñ ✴ ✴ ➽

✱❵▲✚❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈➝◆❂❆✤❞✎✾❀❈❢◆♥✿❢❞✥❅q❉❊➪❳❉❊❅❇✇ ✙❢❈❂❉❍❆✟❆✎❣q❅✘✿❂❈❢❆✤❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈✻❈❢✾❀❈ ➘ ❋❊❉❊❈❢✇❲▲r❉❊❁❇❆✗✕✺❆✥❅ ❈❢✾❀❈ ➘ ❋❍✾✉❞❲▲r❋❍❆✗✕➓✽❂✿❂❉❍❣▼②①✿❢❆✱❋➛▲
❣❇✾❀❋❊✿❂❅q❉❍✾❀❈ pw(l, .) ✜☞❋➛▲☞✽➆✾❑❣q❉❊❅q❉❍✾❀❈ l ❣❇✿❂❁✘❋❍❆✱✽❂✿❂❉❊❅❇❣✪◆❂✇✥✽➆❆✥❈❢◆➾◆❂❆✎❣✪❣❇✾❀❋❊✿❂❅q❉❍✾❀❈❢❣✪❣q✿❂❁ Γw,l

✕❷◆✼❤ ▲r✽❂❁❇✈✎❣✶✲➟Ï ➽ Ï❲Ñ ✴✘❆✥❅ ❋➛▲
◆❂✇✶✙❢❈❂❉❊❅q❉❍✾❀❈✔✲➟Ï ➽ Ï❲❼ ✴ ◆❂❆ qw(l, .)

➽ ➱❷✾❀✿❂❁★✿❂❈➝✽❂✿❂❉❊❅❇❣★❡❢✾❀❁q❉ ☎ ✾❀❈①❅▼▲r❋●✽③▲r❁✜❆✝❮❂❆✥♣★✽❂❋❍❆✗✕❭❋➛▲❜❣❇✾❀❋❊✿❂❅q❉❍✾❀❈ pw(l, .) ◆❂✇✥✽➆❆✥❈❢◆
◆❂❆✎❣ ❣❇✾❀❋❊✿❂❅q❉❍✾❀❈❢❣ pw(l′, .) ✕➓✽➆✾❀✿❂❁ l′ ➪❀▲r❁q❉➛▲r❈❳❅ ◆❂❆ 0 ✜ l ❣❇✿❂❁✕❋✐❤ ▲✷❮♥❆✱◆♥✿➳✽❂✿❂❉❊❅❇❣ ➽ ✱➣❆✹♠♦▲r❉❊❅✑②❳✿❢❆✜❋➛▲☞❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈➾❣▼✾❀❉❊❅
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p(x, t) = pw(l, t) ❣q✿❂❁ Γw × [0, T ], ❣q❉ x = (l, θ), l ∈ [0, L], θ ∈ [0, 2π],
pw(0, t) = pwf(t), t ∈ [0, T ],
∂pw(l, t)

∂l
= Cw q

2
w(l, t), t ∈ [0, T ],

qw(l, t) =
k

µ

∫

Γw,l

∂p(x, t)

∂n
dγ(x), t ∈ [0, T ],

Q(t) =
k

µ

∫

Γw

∂p(x, t)

∂n
dγ(x), t ∈ [0, T ].

✲➟Ï ➽ Ï➯❹✬✴
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∂p

∂(Kn)
=

1

k̃
K∇p.n, ✠ ✔✑✟✆✂ k̃ = (k1k2k3)

1/3. ✲➟Ï ➽ Ï✧✦ ✴
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Q(t) =
k̃

µ

∫

Γw

∂p(x, t)

∂(Kn)
dγ(x), ✲➟Ï ➽ Ï✧★ ✴
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qw(l, t) =
k̃

µ

∫

Γw,l

∂p(x, t)

∂(Kn)
dγ(x), t ∈ [0, T ]. ✲➟Ï ➽ ❺❑❻ ✴
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p(x, t) = pwf(t)
✏★✘ ✝ Γw × [0, T ],

Q(t) =
k̃

µ

∫

Γw

∂p(x, t)

∂(Kn)
dγ(x), t ∈ [0, T ],

✲➟Ï ➽ ❺♥Ï✵✴
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p(x, t) = pw(l, t) ✏✢✘✛✝ Γw × [0, T ], ✏✓✒ x = (l, θ), l ∈ [0, L], θ ∈ [0, 2π],
pw(0, t) = pwf(t), t ∈ [0, T ],
∂pw(l, t)

∂l
= Cw q

2
w(l, t), t ∈ [0, T ],

qw(l, t) =
k̃

µ

∫

Γw,l

∂p(x, t)

∂(Kn)
dγ(x), t ∈ [0, T ],

Q(t) =
k̃

µ

∫

Γw

∂p(x, t)

∂(Kn)
dγ(x), t ∈ [0, T ].

✲➟Ï ➽ ❺❑❺ ✴
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∆p(x, t) − φµcf
kf

∂p(x, t)

∂t
= 0, x ∈ F, t ∈ [0, T ], ✲➟Ï ➽ ❺❑❼ ✴
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∆p(x, t) − φµcf
k

∂p(x, t)

∂t
= 0, ✽➆✾❀✿❂❁ (x, t) ∈ Ω × [0, T ]. ✲➟Ï ➽ ❺rÐ✸✴
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✥✡❈ ❣q✿❂✽❂✽➆✾❑❣▼❆✺②①✿➣❤❦✾❀❈ ▲✢✿❂❈❢❆✯❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈✪◆❂❆✺➬✵❉❊❁q❉❍❞❇❡❂❋❍❆✥❅❭❣q✿❂❁➣✿❂❈❢❆✯✽③▲r❁q❅q❉❍❆ ΓD
◆❂❆✺❋➛▲ ♠❯❁❇✾❀❈❳❅q❉❍✈✥❁❇❆ Γ ◆♥✿✕❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁✬✓

p = pD
❣q✿❂❁ ΓD × [0, T ], ✲➟Ï ➽ ❺❑Ò ✴

❆✥❅●✿❂❈❢❆❏❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈✚◆❂❆ ➷ ❆✥✿❂♣✹▲r❈❂❈✂❡❢✾❀♣✜✾❀■➇✈✥❈❢❆✑❣q✿❂❁ ΓN = Γ\ΓD ✓
∂p

∂n
= 0 ❣q✿❂❁ ΓN × [0, T ]. ✲➟Ï ➽ ❺❑Ñ ✴

✥✡❈✂❉❊♣★✽✌✾❑❣❇❆❏❞✎✾❀♣★♣✜❆✕❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈⑦❉❊❈❂❉❊❅q❉➛▲r❋❍❆ ✓
p(x, 0) = p0(x), x ∈ Ω. ✲➟Ï ➽ ❺➇❹✬✴

➱❷✾❀✿❂❁✕❋❍❆✎❣❏❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈❢❣✑▲r✿↕✽❂✿❂❉❊❅❇❣★✕✌✾❀❈❸❣❇❆ ✽❂❋➛▲❀❞✎❆★◆❢▲r❈❢❣✲❋✐❤ ❡❳t❳✽✌✾❀❅q❡❢✈✎❣❇❆✪■➇✇✥❈❢✇✥❁▼▲r❋❍❆✜◆❂❆✪❞✎✾❀❈❢◆♥✿❢❞✥❅q❉❊➪✉❉❊❅❇✇✏✙❢❈❂❉❍❆✗✕✌❋❍❆
❣qt♥❣q❅❇✈✥♣✜❆❏❆✎❣q❅●◆❂✾❀❈❢❞✕❞✎✾❀♣★✽❂❋❍✇✥❅❇✇✑✽③▲r❁◗❋❍❆✕❣qt♥❣q❅❇✈✥♣✜❆❏◆✼❤❦✇✎②❳✿③▲r❅q❉❍✾❀❈❢❣ ✲➟Ï ➽ Ï➯❹✬✴ ➽

➷ ✾❀✿❢❣✡▲❲➪➇✾❀❈❢❣✡◆❂✾❀❈❢❞✏✜✪❁❇✇✎❣❇✾❀✿❢◆♥❁❇❆✑❋❍❆✕♣✜✾✉◆❂✈✥❋❍❆✕♣✹▲r❅q❡❢✇✥♣✹▲r❅q❉❍②❳✿❢❆✕♠♦✾❀❁q♣✜✇✕✽③▲r❁✡❋❍❆✎❣❃✇✎②❳✿③▲r❅q❉❍✾❀❈❢❣ ✲➟Ï ➽ ❺rÐ✸✴✶✕ ✲➟Ï ➽ ❺❑Ò ✴✶✕
✲➟Ï ➽ ❺❑Ñ ✴✶✕ ✲➟Ï ➽ ❺➇❹✬✴✶✕ ✲➟Ï ➽ Ï➯❹✬✴ ➽
✖✑④❂❚✜➫➀P❍⑨➓❫➝⑥r⑤①❚➯❴①⑥ ✣⑩⑧⑩❙❯⑥✜④❢❫❷❙❯❚❲⑧❢➩❲⑥r⑧③❨✯❴ � ➬❏▲r❈❢❣◗❋❍❆❏❞❲▲❀❣●◆✼❤ ✿❂❈☎❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁✡▲r❈❂❉❍❣▼✾❀❅q❁❇✾❀✽➆❆✗✕♥❋✐❤❦✇✎②❳✿③▲r❅q❉❍✾❀❈☞◆❂❆❏◆♥❉✫✪✌✿❢❣q❉ ➘
➪✉❉❊❅❇✇ ✲➟Ï ➽ ❺rÐ✸✴✢❣❇❆✲■➇✇✥❈❢✇✥❁▼▲r❋❊❉❍❣❇❆✘❣❇✾❀✿❢❣◗❋➛▲✘♠♦✾❀❁q♣✜❆✯✓

k1
∂2p(x, t)

∂x2
1

+ k2
∂2p(x, t)

∂x2
2

+ k3
∂2p(x, t)

∂x2
3

= φµcf
∂p(x, t)

∂t
, ✲➟Ï ➽ ❺✬✦ ✴

✽✌✾❀✿❂❁ x = (x1, x2, x3) ∈ Ω, t ∈ [0, T ]
➽

✥✡❈✜❁▼▲ ✑q✾❀✿❂❅❇❆●❆✥❈❢❣q✿❂❉❊❅❇❆❃❋➛▲✵♣✌✎✥♣✜❆❃❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈✱❉❊❈❂❉❊❅q❉➛▲r❋❍❆ ✲➟Ï ➽ ❺➇❹✬✴✶✕❑❋❍❆✎❣✯♣✌✎✥♣✜❆✎❣✯❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈❢❣✢▲r✿♥❮ ❋❊❉❊♣★❉❊❅❇❆✎❣ ✲➟Ï ➽ ❺❑Ò ✴✶✕
✲➟Ï ➽ ❺❑Ñ ✴✶✕❢❆✥❅●❋❍❆✎❣❃❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈❢❣✡▲r✿♥❮☎✽❂✿❂❉❊❅❇❣●❆✥❈✂♣★❉❊❋❊❉❍❆✥✿⑦▲r❈❂❉❍❣▼✾❀❅q❁❇✾❀✽➆❆ ✲➟Ï ➽ ❺❑❺ ✴ ➽
✠✤❴❳❶❸④❂⑥ ✜➣⑨➓❴ �✆☎ ☛ ✙ ✟✢✘ ☛ ✏ ✟ ✝✄✠ ✎ ✟ ☛ ✟ ✝ ✙ ✠ ✝ ✘ ☛ ✂✞✝ ✠✞☛✛✗✛✟✢✎ ✟ ☛☞☛ ✌ ✟ ✔✁✠ ✝✓✒ ✠ ☎ ✌ ✟✓✏ ✡ ✌✦✒ ✂ ✣✥✘ ✠ ☛ ✒ ☎✞☛ ✂✠✟ ✪ ☛✠✟ ✝ ✠ ✔✞✟✄✂ ✙ ☎ ✘✛✝
✙ ✟ ✝✢✎ ✂ ✠ ☎ ✒✚✌✎✒✏☛☎✂ k̃ ✂ ✔✁☎✞✒✚✝ ✙ ✠✞✝✄✠✙✗✞✝✄✠★✙✡✝ ✟ ✏ ✪ ☛ ✪ ✏ ✝ ✪



✗ � ✯ �➐✩✬⑧✼➫➓➲✉❬❯❴①❚✹❶➳④♥➩➯➭❵⑤✉❶❸④♥➩➯❙✢✜➣⑨❵❴❳❚ ✯✺✹

�✼➨✁�➒➨✁� �✧➈❭➊✂✁③❿✐➌➝➎➐➄➆➅➇➑✺➏③➎➐➄➆➅➇➁❧➧❭↔✺➌➥❾◗➈❵↔✺→↕↔✯➉✴→①➏③➍r➌❢→❑➜❵➈❵➁❧→⑦➍✷➅❑→➇➄➆➅➇➁♦➢➀➏

➱❷✾❀✿❂❁➀❣q❉❊♣★✽❂❋❊❉✚✙③❆✥❁★✕①✾❀❈✜❣❇❆ ✽❂❋➛▲❀❞✎❆●◆❢▲r❈❢❣➒❋❍❆◗❞❲▲❀❣✺◆✼❤ ✿❂❈✜♣★❉❊❋❊❉❍❆✥✿✹❉❍❣❇✾❀❅q❁❇✾❀✽➆❆✗✕❀♣✹▲r❉❍❣✯✾❀❈★✽➆❆✥✿❂❅❭♠✐▲❀❞✥❉❊❋❍❆✥♣✜❆✥❈①❅➀■➇✇✥❈❢✇✥❁▼▲r❋❊❉ ➘
❣❇❆✥❁➓❋❍❆✯♣✜✾✉◆❂✈✥❋❍❆✯②❳✿❢❆✯❈❢✾❀✿❢❣❭▲r❋❊❋❍✾❀❈❢❣❭✇✥❅▼▲r❄❂❋❊❉❊❁ ✜●✿❂❈✘♣★❉❊❋❊❉❍❆✥✿★▲r❈❂❉❍❣❇✾❀❅q❁❇✾❀✽✌❆✗✕✷❞✎✾❀♣★♣✜❆ ◆❢▲r❈❢❣❷❋❍❆✺✽③▲r❁▼▲r■❑❁▼▲r✽❂❡❢❆ ✽❂❁❇✇✎❞✎✇✎◆❂❆✥❈①❅ ➽

✥✡❈✚◆♥❉❊➪❳❉❍❣❇❆✕❋❍❆❏❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁❃❡❢✇✥❅❇✇✥❁❇✾❀■➇✈✥❈❢❆ Ω ❆✥❈⑦✽❂❋❊✿❢❣q❉❍❆✥✿❂❁❇❣❃◆❂✾❀♣✹▲r❉❊❈❢❆✎❣ Ωr, r = 1, . . . ,NR
✕❢②❳✿❢❆❏❋✐❤❦✾❀❈✚❞✎✾❀❈❢❣q❉ ➘

◆❂✈✥❁❇❆❏❡❢✾❀♣✜✾❀■➇✈✥❈❢❆✎❣ ✲❪◆✼❤ ▲r✽❂❁❇✈✎❣●❋➛▲✪❁❇✇✝♠♦✇✥❁❇❆✥❈❢❞✎❆ ✆ Ñ➇❹✡✞✢✴✶✕❂◆❂❆❏✽✌❆✥❁q♣✜✇❲▲r❄❂❉❊❋❊❉❊❅❇✇ kr ❆✥❅●◆❂❆✕✽➆✾❀❁❇✾❑❣q❉❊❅❇✇ φr
➽

➚ ❆✎❣●◆❂✾❀♣✹▲r❉❊❈❢❆✎❣❃✽➆❆✥✿❂➪➇❆✥❈❳❅❃✽③▲r❁❃❆✝❮❂❆✥♣★✽❂❋❍❆✕❞✎✾❀❁q❁❇❆✎❣q✽✌✾❀❈❢◆♥❁❇❆✑▲r✿♥❮☎❣q❅q❁▼▲r❅❇❆✎❣❃◆❢▲r❈❢❣◗❋❍❆✑❞❲▲❀❣●◆✼❤ ✿❂❈✂❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁❃❣❇❅q❁▼▲r❅q❉✚✙③✇ ➽

✁☎⑧③➩❲④♥➩➯❙❩⑧➆❫ �✄✂ ☎ ✘ ✝ ☛ ☎ ✘ ☛ r = 1, . . . ,NR
✚ ☎✞☛ ☛☞☎ ☛ ✟ Γr

✌ ✠ ✆ ✝ ☎✞☛ ☛ ✒ ✟ ✝✆✟ ✌ ✘ ✌ ☎ ✎ ✠✞✒✔☛ ✟ Ωr
✪ ☎ ☛ ✌ ✂✓✏✓✒ ✗✞☛ ✟✝✙ ✠✞✝

Γrs
✌ ✠ ✆ ✝ ☎ ☛☞☛ ✒ ✟ ✝✄✟ ✂✆☎ ✎ ✎ ✘ ☛ ✟ ✠ ✘ ✧ ✌ ☎ ✎ ✠✞✒✔☛ ✟✓✏ Ωr

✟✥☛ Ωs
✌

Γrs = Γr ∩ Γs,
✙ ☎ ✘ ✝ ☛ ☎ ✘ ☛ s ∈ J = {s = 1, . . . ,NR / Γr ∩ Γs 6= ∅}.

☎ ☛✦✥ ☛✛✚ ☎✞☛ ☛ ☎ ☛ ✟ ✝✄✠ Γr,ext = Γr \ ∪s∈J Γrs.

✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✝✆✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞✝✞
Ω1 Ω2 Ω3 Ω4

Γ1,2Γ2,3
Γ3,4

ΓD

ΓN

Γw

❑▼▲❖◆▼P Ï ➽ Ò ◗ ✲ ✽❂✽❂❋❊❉❍❞❲▲r❅q❉❍✾❀❈☞◆❂❆✎❣◗❈❢✾❀❅▼▲r❅q❉❍✾❀❈❢❣✡✽➆✾❀✿❂❁◗❋➛▲✏✙❢■❑✿❂❁❇❆✜Ï ➽ ❼ ➽

➱❷✾❀✿❂❁❏❞❇❡③▲❀②❳✿❢❆ ◆❂✾❀♣✹▲r❉❊❈❢❆ Ωr
✕③✾❀❈❸▲r✽❂✽❂❋❊❉❍②❳✿❢❆✑❋❍❆✘♣✜✾✉◆❂✈✥❋❍❆✘◆♥✿✚✽③▲r❁▼▲r■❑❁▼▲r✽❂❡❢❆☎Ï ➽ ❺ ➽ Ò✩✕✌✾❀❈❜▲✹◆❂✾❀❈❢❞✘❋❍❆ ❣qt♥❣q❅❇✈✥♣✜❆

◆✼❤❦✇✎②❳✿③▲r❅q❉❍✾❀❈❢❣●✽✌✾❀✿❂❁●❅❇✾❀✿❂❅ r = 1, . . . ,NR
✓





∆pr(x, t) −
φr µ cf
kr

∂pr(x, t)

∂t
= 0 ✽✌✾❀✿❂❁ (x, t) ∈ Ωr × (0, T ]

pr = pD
❣q✿❂❁ Γr,D × [0, T ]

∂pr
∂n

= 0 ❣❇✿❂❁ Γr,N × [0, T ]

pr(x, 0) = p0,r(x)
✽✌✾❀✿❂❁ x ∈ Ωr

✲➟Ï ➽ ❺✬★ ✴

▲✎➪➇❆✎❞ Γr,D = Γr,ext ∩ ΓD
❆✥❅ Γr,N = Γr,ext ∩ ΓN

➽
✠✤❴❳❶❸④❂⑥ ✜➣⑨➓❴ ✹

Γr,D
☎ ✘✠✟ ✟✥☛ Γr,N

✙ ✟✢✘ ✔✑✟ ☛☞☛✢✌ ☛ ✝✄✟ ✂✄✗ ✠ ✘ ✧ ✡ ✌✦✒ ✟ ☛ ✏ ✟✢✎✍☎ ✌ ✟ ✔✙✒✡✌✛✟ ✪
➱❷✾❀✿❂❁✟❣❇❉❊♣★✽❂❋❊❉✚✙③❆✥❁★✕➀✾❀❈ ❣q✿❂✽❂✽✌✾❑❣❇❆✥❁▼▲❸✽③▲r❁☎▲r❉❊❋❊❋❍❆✥✿❂❁❇❣✟②①✿❢❆☞❋❍❆☞❁❇✇✎❣▼❆✥❁q➪➇✾❀❉❊❁✱❈❢❆✚❞✎✾❀♣★✽❂❁❇❆✥❈❢◆ ②①✿➣❤ ✿❂❈ ❣❇❆✥✿❂❋❃✽❂✿❂❉❊❅❇❣ W ✕
❞✎✾❀❈①❅❇❆✥❈❳✿☎◆❢▲r❈❢❣✺✿❂❈❢❆❃❣▼❆✥✿❂❋❍❆❃❞✎✾❀✿❢❞❇❡❢❆ Ωr

➽ ➱❷✾❀✿❂❁➀❞❇❡③▲❀②❳✿❢❆✡❉❊❈❢◆♥❉❍❞✎❆ rp ❅❇❆✥❋➆②①✿❢❆●❋➛▲✕❞✎✾❀✿❢❞❇❡❢❆ Ωrp
❞✎✾❀❈①❅q❉❍❆✥❈❳❅➀✿❂❈✱✽❂✿❂❉❊❅❇❣★✕

❋❍❆❏❣qt♥❣q❅❇✈✥♣✜❆❏❞✥❉ ➘ ◆❂❆✎❣❇❣q✿❢❣✡❣❇❆✥❁▼▲✪❞✎✾❀♣★✽❂❋❍✇✥❅❇✇✕✽③▲r❁◗❋❍❆✎❣❃❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈❢❣✵▲r✿♥❮✟✽❂✿❂❉❊❅❇❣ ✲➟Ï ➽ Ï➯❹✬✴ ➽



✯ ✖ ✖✘➭➓④❂❨❭❙➛➩❲⑥r❴ ✗✁�➐✒✂⑨➦❨➓⑥r⑧✛✚❭❬❯➲❳❶➳❴✂❨❷➭➆➻➣❚✷❙ ✜➣⑨➓❴✤✣➆❴①⑥r❚✜❬❩❴✚❶❸⑧✼➫❷➲❳❬❯❴⑦❫✼⑨❷❶❸⑤❳⑥r❙✢✜➣⑨➓❴

✖✑⑧⑩❫➓➫❭❙➛➩➯❙❯⑧➆❫❵❚⑦④❢⑨ ✝ ❙❪❫➆➩❲❴①⑥✁�❧④❂❱➇❴❳❚
Γrs

➱❷✾❀✿❂❁✘♠♦❆✥❁q♣✜❆✥❁✑❋❍❆✤❣qt♥❣q❅❇✈✥♣✜❆✗✕✼❉❊❋ ❁❇❆✎❣q❅❇❆ ✜☞✇✥❅▼▲r❄❂❋❊❉❊❁✘❋❍❆✎❣ ❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈❢❣✪◆❂❆
❁▼▲❀❞✎❞✎✾❀❁❇◆☞▲r✿♥❮☎❉❊❈①❅❇❆✥❁➟♠✐▲❀❞✎❆✎❣ Γrs

❆✥❈①❅q❁❇❆✑◆❂❆✥✿♥❮☎◆❂✾❀♣✹▲r❉❊❈❢❆✎❣ Ωr
❆✥❅ Ωs

➽
✥✡❈☎✇✎❞✥❁q❉❊❅❃▲r❋❍✾❀❁❇❣★✕✉✽➆✾❀✿❂❁✢❅❇✾❀✿❢❣ r, s = 1, . . . ,NR

❅❇❆✥❋❍❣◗②❳✿❢❆ Γr ∩ Γs 6= ∅ ✕♥❋❍❆✎❣✢✇✎②❳✿③▲r❅q❉❍✾❀❈❢❣●◆❂❆✲❞✎✾❀❈①❅q❉❊❈①✿❂❉❊❅❇✇✑❣q✿❂❁✢❋➛▲
✽❂❁❇❆✎❣❇❣q❉❍✾❀❈⑦❆✥❅●❣q✿❂❁◗❋❍❆☛✠❢✿♥❮✄✓

pr(x, t) = ps(x, t)
✽✌✾❀✿❂❁ x ∈ Γrs, t ∈ [0, T ], ✲➟Ï ➽ ❼❑❻ ✴

kr
∂pr(x, t)

∂nr
= −ks

∂ps(x, t)

∂ns

✽➆✾❀✿❂❁ x ∈ Γrs, t ∈ [0, T ], ✲➟Ï ➽ ❼♥Ï✵✴

▲✎➪➇❆✎❞ nr ❋➛▲ ❈❢✾❀❁q♣✹▲r❋❍❆ ✜ ❋✐❤ ❉❊❈❳❅❇❆✥❁➟♠♦▲❀❞✎❆ Γrs
✾❀❁q❉❍❆✥❈①❅❇✇✎❆✑➪➇❆✥❁❇❣◗❋✐❤❦❆✝❮✉❅❇✇✥❁q❉❍❆✥✿❂❁✡◆❂❆ Ωr

✕❂❆✥❅ ns ❋➛▲ ❈❢✾❀❁q♣✹▲r❋❍❆ ✜ ❋✐❤ ❉❊❈①❅❇❆✥❁➟♠✐▲❀❞✎❆
Γrs

✾❀❁q❉❍❆✥❈①❅❇✇✎❆✕➪➇❆✥❁❇❣●❋✐❤❦❆✝❮✉❅❇✇✥❁q❉❍❆✥✿❂❁❃◆❂❆ Ωs
➽

➱❷✾❀✿❂❁❃✿❂❈☎♣★❉❊❋❊❉❍❆✥✿❜▲r❈❂❉❍❣❇✾❀❅q❁❇✾❀✽➆❆✗✕③❞✎❆✎❣◗❁❇❆✥❋➛▲r❅q❉❍✾❀❈❢❣❃❣❲❤❦✇✎❞✥❁q❉❊➪➇❆✥❈❳❅★✕③❆✥❈☎✿❂❅q❉❊❋❊❉❍❣▼▲r❈❳❅❃❋➛▲✪❈❢✾❀❅▼▲r❅q❉❍✾❀❈ ✲➟Ï ➽ Ï✧✦ ✴ ✓

pr(x, t) = ps(x, t)
✽✌✾❀✿❂❁ x ∈ Γrs, t ∈ [0, T ], ✲➟Ï ➽ ❼❑❺ ✴

k̃r
∂pr(x, t)

∂(Krnr)
= −k̃s

∂ps(x, t)

∂(Ksns)

✽➆✾❀✿❂❁ x ∈ Γrs, t ∈ [0, T ]. ✲➟Ï ➽ ❼❑❼ ✴

�✼➨✁�➒➨✄✂ ❽↕↔✺➅❑→➇➌➳➅✆☎❭❾◗➌➝➊✯➌➾➎➐➈➒➊ ✁③❿❧➌➥❾◗➈➓↔✺→❜➎✸➈➒➊✯➏③❿❧➁➂➍✷➌③→⑦❿✐➌➾❾➀↔➀➁♦➅➇➍

➬❏▲r❈❢❣ ❋❍❆✤♣✜✾❳◆❂✈✥❋❍❆✤❞✥❉ ➘ ◆❂❆✎❣❇❣q✿❢❣★✕➓❋❍❆✤✽❂✿❂❉❊❅❇❣★▲☞✇✥❅❇✇✤♣✜✾✉◆❂✇✥❋❊❉❍❣❇✇✱❞✎✾❀♣★♣✜❆✟✿❂❈ ✢❧❅q❁❇✾❀✿✍☞✤◆❢▲r❈❢❣ ❋❍❆✱♣★❉❊❋❊❉❍❆✥✿✻✽➆✾❀❁❇❆✥✿♥❮ ➽
➚ ❆✥❅q❅❇❆✤❁❇❆✥✽❂❁❇✇✎❣❇❆✥❈①❅▼▲r❅q❉❍✾❀❈✸❆✎❣q❅✪❅q❁❇✈✎❣✘✽❂❁❇✾✉❞❇❡❢❆☎◆❂❆✱❋➛▲⑦✽❂❡①t♥❣q❉❍②❳✿❢❆✗✕➓♣✹▲r❉❍❣✪❈➣❤❦❆✎❣❇❅ ✽③▲❀❣✪❆✥❈✻■➇✇✥❈❢✇✥❁▼▲r❋✢✿❂❅q❉❊❋❊❉❍❣❇✇✎❆✟✽③▲r❁✪❋❍❆✎❣
❉❊❈❂■➇✇✥❈❂❉❍❆✥✿❂❁❇❣ ◆♥✿✹♣★❉❊❋❊❉❍❆✥✿✹✽✌✇✥❅q❁❇✾❀❋❊❉❍❆✥❁ ➽✉➚ ❆✎❣➀◆❂❆✥❁q❈❂❉❍❆✥❁❇❣✺✽❂❁❇✇✝♠♦✈✥❁❇❆✥❈①❅✢❆✥❈✹❆ ✪✼❆✥❅✺❈❢✇✥■❑❋❊❉❊■➇❆✥❁➀❋❍❆ ✢❧❅q❁❇✾❀✿✍☞◗◆❢▲r❈❢❣ Ω′ ♠♦✾❀❁q♣✜✇◗✽③▲r❁
❋❍❆✲✽❂✿❂❉❊❅❇❣★✕❂❆✥❅◗♣✜✾✉◆❂✇✥❋❊❉❍❣❇❆✥❁●❋❍❆✲✽❂✿❂❉❊❅❇❣●❞✎✾❀♣★♣✜❆✲✿❂❈☞❅❇❆✥❁q♣✜❆❏❣❇✾❀✿❂❁❇❞✎❆✑▲r✽❂✽③▲r❁▼▲r❉❍❣❇❣▼▲r❈❳❅❃◆❢▲r❈❢❣◗❋✐❤❦✇✎②❳✿③▲r❅q❉❍✾❀❈☞◆❂❆❏◆♥❉✫✪✌✿❢❣q❉❍✾❀❈ ➽
➚ ❆✥❋➛▲✤✽✌❆✥✿❂❅✲❣▼❆✢✑➟✿❢❣q❅q❉✚✙③❆✥❁✲✽③▲r❁❏❋➛▲✤◆♥❉✫✪✌✇✥❁❇❆✥❈❢❞✎❆★◆✼❤❦✇✎❞▼❡❢❆✥❋❊❋❍❆✜❆✥❈①❅q❁❇❆✪❋➛▲✱❅▼▲r❉❊❋❊❋❍❆★◆♥✿❜✽❂✿❂❉❊❅❇❣❏❆✥❅❏❞✎❆✥❋❊❋❍❆★◆♥✿✚❁❇✇✎❣▼❆✥❁q➪➇✾❀❉❊❁ ➽ ✱➣❆
✽❂✿❂❉❊❅❇❣●✽✌❆✥✿❂❅ ✎✥❅q❁❇❆✑▲r❋❍✾❀❁❇❣●❞✎✾❀❈❢❣❇❉❍◆❂✇✥❁❇✇✕❞✎✾❀♣★♣✜❆✕✿❂❈☎✽✌✾❀❉❊❈①❅❃❆✥❈✚❺❀➬ ✕❂✾❀✿⑦❞✎✾❀♣★♣✜❆❏✿❂❈❢❆❏❋❊❉❊■❑❈❢❆✕❆✥❈⑦❼❀➬ ➽

✱➣❆❏♣✜✾✉◆❂✈✥❋❍❆✕❣❲❤❦✇✎❞✥❁q❉❊❅❃▲r❋❍✾❀❁❇❣ ✓




k

µ
∆p(x, t) − φ cf

∂p(x, t)

∂t
= Q(x, t) ✽➆✾❀✿❂❁ (x, t) ∈ Ω′ × [0, T ],

p = pD
❣❇✿❂❁ ΓD × [0, T ],

∂p

∂n
= 0 ❣q✿❂❁ ΓN × [0, T ],

p(x, 0) = p0(x)
✽✌✾❀✿❂❁ x ∈ Ω′.

✲➟Ï ➽ ❼rÐ✸✴

✱➣❆✑✽❂❋❊✿❢❣❃❣❇✾❀✿❂➪➇❆✥❈❳❅★✕③❋➛▲✪♠❪✾❀❈❢❞✥❅q❉❍✾❀❈ Q ❆✎❣❇❅●❁❇❆✥✽❂❁❇✇✎❣❇❆✥❈①❅❇✇✎❆✘✽③▲r❁❃◆❂❆✎❣✡♣✹▲❀❣❇❣❇❆✎❣●◆❂❆✘➬✵❉❊❁▼▲❀❞✘▲r✿✂✽❂✿❂❉❊❅❇❣★✕③♣✑✿❂❋❊❅q❉❊✽❂❋❊❉❍✇✎❆✎❣
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◆♥❉❊➪ (Kr.∇pr(x, t)) = φµcf
∂pr(x, t)

∂t
✽✌✾❀✿❂❁ (x, t) ∈ Ωr × [0, T ]

pr = pD
❣q✿❂❁ Γr,D × [0, T ]

∂pr
∂nr

= 0 ❣q✿❂❁ Γr,N × [0, T ]

pr(x, 0) = p0,r(x)
✽➆✾❀✿❂❁ x ∈ Ωr

pr = ps
❣q✿❂❁ Γrs × [0, T ]

k̃r
∂pr

∂(Krnr)
= −k̃s

∂ps

∂(Ksns)

❣q✿❂❁ Γrs × [0, T ]

pr(x, t) = pw(l, t) ❣❇✿❂❁ Γw × [0, T ], ❣q❉ x = (l, θ), l ∈ [0, L], θ ∈ [0, 2π],
w = 1, . . . ,NW

pw(0, t) = pwf(t), t ∈ [0, T ], w = 1, . . . ,NW

∂pw(l, t)

∂l
= Cw q

2
w(l, t), l ∈ [0, L], t ∈ [0, T ], w = 1, . . . ,NW

qw(l, t) =
k̃r
µ

∫

Γw,l

∂pr(x, t)

∂(Krnr)
dγ(x), l ∈ [0, L], t ∈ [0, T ], w = 1, . . . ,NW

Qw(t) =
k̃r
µ

∫

Γw

∂pr(x, t)

∂(Krnr)
dγ(x), t ∈ [0, T ], w = 1, . . . ,NW .
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✽❂❁❇✾✉◆♥✿❢❞✥❅q❉❊➪❳❉❊❅❇✇ ✲ IP ✴❏②❳✿❂❉✯❣❇❆✹❞❲▲r❋❍❞✥✿❂❋❍❆✜✽✌✾❀✿❂❁✘◆❂❆✎❣✕❅❇❆✥♣★✽❢❣✑❅q❁❇✈✎❣✑❋❍✾❀❈❂■➇❣ ➽ ✭✔❞✎❆✎❣✕❉❊❈❢❣q❅▼▲r❈❳❅❇❣ ➘ ❋✹✜✩✕❵❋✐❤❦✇✎❞✎✾❀✿❂❋❍❆✥♣✜❆✥❈❳❅★❆✎❣q❅
❣q❅▼▲r❄❂❉❊❋❊❉❍❣❇✇✗✕③✾❀❈☎✽③▲r❁q❋❍❆✕◆✼❤❦✇✎❞✎✾❀✿❂❋❍❆✥♣✜❆✥❈①❅✵✽➆❆✥❁q♣✹▲r❈❢❆✥❈❳❅ ➽➆➚ ❆✥❋➛▲✪❣❲❤❦❆✝❮♥✽❂❁q❉❊♣✜❆❏♣✹▲r❅q❡❢✇✥♣✹▲r❅q❉❍②❳✿❢❆✥♣✜❆✥❈①❅✵✽③▲r❁●❋✐❤ ▲r❈❂❈①✿❂❋➛▲r❅q❉❍✾❀❈
◆❂❆❏❋➛▲✪◆❂✇✥✽✌❆✥❈❢◆❢▲r❈❢❞✎❆✑❆✥❈☎❅❇❆✥♣★✽❢❣✡◆❢▲r❈❢❣◗❋❍❆❏♣✜✾✉◆❂✈✥❋❍❆❏✽❂❁❇✇✎❞✎✇✎◆❂❆✥❈①❅ ➽
✱➣❆❏♣✜✾✉◆❂✈✥❋❍❆❏✽✌✾❀✿❂❁◗❋✐❤❦✇✎❞✎✾❀✿❂❋❍❆✥♣✜❆✥❈①❅✵✽➆❆✥❁q♣✹▲r❈❢❆✥❈❳❅✡❣❲❤❦✇✎❞✥❁q❉❊❅✵▲r❋❍✾❀❁❇❣✷✓



✘ � ✖✘➭➓④❂❨❭❙➛➩❲⑥r❴ ✗✁�➐✒✂⑨➦❨➓⑥r⑧✛✚❭❬❯➲❳❶➳❴✂❨❷➭➆➻➣❚✷❙ ✜➣⑨➓❴✤✣➆❴①⑥r❚✜❬❩❴✚❶❸⑧✼➫❷➲❳❬❯❴⑦❫✼⑨❷❶❸⑤❳⑥r❙✢✜➣⑨➓❴





◆♥❉❊➪ (Kr.∇pr(x)) = 0 ✽➆✾❀✿❂❁ x ∈ Ωr

pr = pD
❣q✿❂❁ Γr,D

∂pr
∂nr

= 0 ❣q✿❂❁ Γr,N

pr = ps
❣q✿❂❁ Γrs

k̃r
∂pr

∂(Krnr)
= −k̃s

∂ps

∂(Ksns)

❣❇✿❂❁ Γrs

pr(x) = pw(l) ❣q✿❂❁ Γw,
❣❇❉ x = (l, θ), l ∈ [0, L], θ ∈ [0, 2π],
w = 1, . . . ,NW

pw(0) = pwf , w = 1, . . . ,NW

∂pw(l)

∂l
= Cw q

2
w(l), l ∈ [0, L], w = 1, . . . ,NW

qw(l) =
k̃r
µ

∫

Γw,l

∂pr(x)

∂(Krnr)
dγ(x), l ∈ [0, L], w = 1, . . . ,NW

Qw =
k̃r
µ

∫

Γw

∂pr(x)

∂(Krnr)
dγ(x), w = 1, . . . ,NW .

✲➟Ï ➽ ❼❑Ñ ✴

➬❏▲r❈❢❣❭❋❍❆✢❞❲▲❀◆♥❁❇❆◗◆❂❆ ❋➛▲❃❅q❡❢✈✎❣▼❆✗✕r❣▼❆✥✿❂❋✉❋❍❆ ♣✜✾✉◆❂✈✥❋❍❆✢◆✼❤❦✇✎❞✎✾❀✿❂❋❍❆✥♣✜❆✥❈①❅✯✽✌❆✥❁q♣✹▲r❈❢❆✥❈①❅✺❣▼❆✥❁▼▲✵▲r❄✌✾❀❁❇◆❂✇ ❈①✿❂♣✜✇✥❁q❉❍②❳✿❢❆✥♣✜❆✥❈①❅
◆❢▲r❈❢❣✵❋❍❆✎❣✡❞▼❡③▲r✽❂❉❊❅q❁❇❆✎❣✑❼ ✜✤Ò✩✕⑩♣✹▲r❉❍❣✡❋❍❆✎❣✵◆❂❆✥✿♥❮☞✽❂❁❇✾❀❄❂❋❍✈✥♣✜❆✎❣❏◆✼❤❦✇✎❞✎✾❀✿❂❋❍❆✥♣✜❆✥❈❳❅❏✽➆❆✥❁q♣✹▲r❈❢❆✥❈❳❅✕❆✥❅✡❅q❁▼▲r❈❢❣q❉❊❅❇✾❀❉❊❁❇❆ ❣❇❆✥❁❇✾❀❈❳❅
❅q❁▼▲r❉❊❅❇✇✎❣●❅q❡❢✇✎✾❀❁q❉❍②❳✿❢❆✥♣✜❆✥❈①❅✡❁❇❆✎❣q✽✌❆✎❞✥❅q❉❊➪➇❆✥♣✜❆✥❈①❅✲◆❢▲r❈❢❣◗❋❍❆✎❣●❞❇❡③▲r✽❂❉❊❅q❁❇❆✎❣✲❺✪❆✥❅✡Ñ ➽

�✼➨✁�➒➨ �✁� ✂ ❾✯→①➈➣❾◗➈❵➍☞➊✯➌③➍☞➊➀➁❧➎➐➌③➉➀➍r➁❧➈❵➉✯➍

➬❏▲r❈❢❣●❞✎❆✲✽③▲r❁▼▲r■❑❁▼▲r✽❂❡❢❆✗✕❂❈❢✾❀✿❢❣✡▲r❋❊❋❍✾❀❈❢❣◗❁❇✇✥✽➆❆✥❁q❅❇✾❀❁q❉❍❆✥❁❃❋❍❆✎❣●◆♥❉❊♣✜❆✥❈❢❣q❉❍✾❀❈❢❣●◆❂❆✲❅❇✾❀✿❂❅❇❆✎❣◗❋❍❆✎❣❃②①✿③▲r❈❳❅q❉❊❅❇✇✎❣◗✽❂❡①t♥❣q❉❍②❳✿❢❆✎❣
✽❂❁❇✇✎❣❇❆✥❈❳❅❇❆✎❣✡◆❢▲r❈❢❣❃❋❍❆❏♣✜✾❳◆❂✈✥❋❍❆✑❆✥❈☞❣qt♥❣q❅❇✈✥♣✜❆✘s ➽ ❥ ➽ ✕❢❆✥❅❃❆✥❈✂♣✌✎✥♣✜❆❏❅❇❆✥♣★✽❢❣❃❈❢✾❀✿❢❣❃◆❂✾❀❈❂❈❢❆✥❁❇✾❀❈❢❣✡✿❂❈❢❆✕❉❍◆❂✇✎❆✕◆❂❆✎❣❃■❑❁▼▲r❈ ➘
◆❂❆✥✿❂❁❇❣➒✽❂❡❳t✉❣q❉❍②❳✿❢❆✎❣✺②❳✿❢❆ ✽➆❆✥✿❂➪➇❆✥❈❳❅✺✽❂❁❇❆✥❈❢◆♥❁❇❆●❞❇❡③▲❀❞✥✿❂❈❢❆✡◆❂❆◗❞✎❆✎❣➒②①✿③▲r❈❳❅q❉❊❅❇✇✎❣ ➽❳➚ ❆✥❅q❅❇❆✢✽③▲r❁q❅q❉❍❆●❞✎✾❀♣★✽❂❋❍✈✥❅❇❆●❋➛▲✵✽❂❁❇❆✥♣★❉❍✈✥❁❇❆
❣❇❆✎❞✥❅q❉❍✾❀❈✑✲➟Ï ➽ Ï✵✴◗◆❂❆❏❞✎❆✕❞❇❡③▲r✽❂❉❊❅q❁❇❆ ➽

✗ � ✯ �✢✗ � � ✗ ✫✕⑥r❴①❚❲❚✷❙❩⑧➆❫

➚ ✾❀♣★♣✜❆✥❈✖✛✎✾❀❈❢❣✑✽③▲r❁❏❋➛▲✹✽❂❁❇❆✎❣▼❣q❉❍✾❀❈ ➽ ✱❵▲✱✽❂❁❇❆✎❣❇❣q❉❍✾❀❈➳▲✱✽✌✾❀✿❂❁✕◆♥❉❊♣✜❆✥❈❢❣q❉❍✾❀❈↕✿❂❈❢❆ ♠❪✾❀❁❇❞✎❆ ✽③▲r❁❏✿❂❈❂❉❊❅❇✇★◆❂❆✪❣q✿❂❁➟♠✐▲❀❞✎❆✗✕
❣❇✾❀❉❊❅✷✓

➱❭▲ =
➷ × ♣ −2 = ( ✁✉■ × ♣ × ❣ −2) × ♣ −2 = ✁❳■ × ♣ −1 × ❣ −2. ✲➟Ï ➽ ❼➇❹✬✴

➶✵▲r✽❂✽➆❆✥❋❍✾❀❈❢❣◗❋❍❆✎❣❃❞✎✾❀❁q❁❇❆✎❣q✽➆✾❀❈❢◆❢▲r❈❢❞✎❆✎❣✵❆✥❈①❅q❁❇❆✑◆♥❉❊➪➇❆✥❁❇❣❇❆✎❣●✿❂❈❂❉❊❅❇✇✎❣❃✿❢❣q✿❢❆✥❋❊❋❍❆✎❣●◆❂❆❏✽❂❁❇❆✎❣❇❣❇❉❍✾❀❈ ✓

➚ ✾❀❈①➪➇❆✥❁❇❣q❉❍✾❀❈✚◆❂❆ ❆✥❈ ♣✘✿❂❋❊❅q❉❊✽❂❋❊❉❍❆✥❁✡✽③▲r❁
▲r❅q♣✜✾❑❣q✽❂❡❢❆✥❁❇❆✗✕❢❣q❅▼▲r❈❢◆❢▲r❁❇◆✑✲♦▲r❅q♣ ✴ ✽③▲❀❣▼❞❲▲r❋ ✲❪➱❷▲ ✴ Ï ➽ ❻♥Ï❲❼❑❺❑Ò✹❒☎✄✲❻❑Ò
▲r❅q♣✜✾❑❣q✽❂❡❢❆✥❁❇❆✗✕❢❣q❅▼▲r❈❢◆❢▲r❁❇◆✑✲♦▲r❅q♣ ✴ ✁✉❉❊❋❍✾❀✽③▲❀❣❇❞❲▲r❋ ✲ ✁♥➱❭▲ ✴ Ï ➽ ❻♥Ï❲❼❑❺❑Ò✹❒☎✄✲❻❑❺
▲r❅q♣✜✾❑❣q✽❂❡❢❆✥❁❇❆✗✕❂❅❇❆✎❞▼❡❂❈❂❉❍❞❲▲r❋ ✲♦▲r❅ ✴ ✽③▲❀❣▼❞❲▲r❋ ✲❪➱❷▲ ✴ ★ ➽ ✦❑❻❑Ñ❑Ñ❑Ò✹❒☎✄✲❻rÐ
▲r❅q♣✜✾❑❣q✽❂❡❢❆✥❁❇❆✗✕❂❅❇❆✎❞▼❡❂❈❂❉❍❞❲▲r❋ ✲♦▲r❅ ✴ ✁✉❉❊❋❍✾❀✽③▲❀❣❇❞❲▲r❋ ✲ ✁♥➱❭▲ ✴ ★ ➽ ✦❑❻❑Ñ❑Ñ❑Ò✹❒☎✄✲❻♥Ï
❄③▲r❁ ✲❯❄③▲r❁ ✴ ✽③▲❀❣▼❞❲▲r❋ ✲❪➱❷▲ ✴ Ï ➽ ❻✜❒☎✄✲❻❑Ò
❄③▲r❁ ✲❯❄③▲r❁ ✴ ✁✉❉❊❋❍✾❀✽③▲❀❣❇❞❲▲r❋ ✲ ✁♥➱❭▲ ✴ Ï ➽ ❻✜❒☎✄✲❻❑❺
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✆❏④❢❬❯❴❳⑨➓⑥✷❚✚❨✺⑧⑩⑨➓⑥❜⑨➓❫➋⑤①❱➇⑧➆⑨➓❬❯❴✉❶❸❴❳❫➆➩ ✱➣❆✎❣✕➪❑▲r❋❍❆✥✿❂❁❇❣✑◆❂❆✜❋➛▲✟✽❂❁❇❆✎❣❇❣q❉❍✾❀❈ pD
➪❀▲r❁q❉❍❆✥❈❳❅✘❆✥❈❸♠♦✾❀❈❢❞✥❅q❉❍✾❀❈➳◆❂❆✹❋➛▲✟✽❂❁❇✾ ➘

♠♦✾❀❈❢◆❂❆✥✿❂❁✡▲✎➪➇❆✎❞✑✿❂❈☎❁▼▲r✽❂✽➆✾❀❁q❅✡▲r✽❂✽❂❁❇✾❲❮✉❉❊♣✹▲r❅q❉ ♠✯◆❂❆✘❻ ➽ Ï❏❄③▲r❁✔✵✷♣ ✓❂✽③▲r❁❃❆✝❮❂❆✥♣★✽❂❋❍❆✗✕❂✽✌✾❀✿❂❁◗✿❂❈✂❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁❃◆❂❆✘❺❑❻❑❻❑❻✪♣
◆❂❆✵✽❂❁❇✾r♠❪✾❀❈❢◆❂❆✥✿❂❁★✕✉❋➛▲✘✽❂❁❇❆✎❣❇❣q❉❍✾❀❈✟❣❇❆✥❁▼▲ ◆✼❤❦❆✥❈①➪✉❉❊❁❇✾❀❈✂❺❑❻❑❻✘❄③▲r❁★✕❳✽✌✾❀✿❂❁ ✿❂❈✤❁❇✇✎❣▼❆✥❁q➪➇✾❀❉❊❁✢◆❂❆✪Ï❲❻❑❻❑❻✘♣✔◆❂❆✡✽❂❁❇✾r♠♦✾❀❈❢◆❂❆✥✿❂❁★✕✉❋➛▲
✽❂❁❇❆✎❣❇❣q❉❍✾❀❈⑦❣❇❆✥❁▼▲✪◆❂❆★Ï❲❻❑❻✪❄③▲r❁ ➽

✗ � ✯ �✢✗ � � ✯ ✆☎❙❩❚➯❱➇⑧③❚➯❙❩➩❲⑤✚➫❵➻❵❫➓④❢❶➳❙✢✜➣⑨➓❴

✡✡❉❍❣▼❞✎✾❑❣q❉❊❅❇✇❏◆♥t❳❈③▲r♣★❉❍②❳✿❢❆ =
➷ × ❣ × ♣ −2 = ✁❳■ × ♣ −1 × ❣ −1 = ➱❷▲ × ❣ . ✲➟Ï ➽ ❼✬✦ ✴

➚ ✾❀❈①➪➇❆✥❁❇❣❇❉❍✾❀❈⑦◆❂❆ ❆✥❈ ♣✑✿❂❋❊❅q❉❊✽❂❋❊❉❍❆✥❁✵✽③▲r❁
❞✎❆✥❈①❅q❉❊✽✌✾❀❉❍❣❇❆✳✲❪❞✎➱ ✴ ✽③▲❀❣▼❞❲▲r❋❵❣❇❆✎❞✎✾❀❈❢◆❂❆ ✲❪➱❭▲✁�➯❣ ✴ Ï ➽ ❻★❒ ➘ ❻❑❼
✽✌✾❀❉❍❣❇❆ ✲❪➱ ✴ ✽③▲❀❣▼❞❲▲r❋❵❣❇❆✎❞✎✾❀❈❢◆❂❆ ✲❪➱❭▲✁�➯❣ ✴ Ï ➽ ❻★❒ ➘ ❻♥Ï

✆❏④❢❬❯❴❳⑨➓⑥✷❚✘➫➓❴✟❬❯④✤✣❵❙❯❚❲❱➇⑧③❚✷❙➛➩❲⑤ ➱❷✾❀✿❂❁➀❋❍❆❃✽❢✇✥❅q❁❇✾❀❋❍❆✗✕①❋➛▲✕➪❳❉❍❣❇❞✎✾❑❣❇❉❊❅❇✇◗✽➆❆✥✿❂❅➀➪❀▲r❁q❉❍❆✥❁ ◆❂❆✑Ï✡❞✥✽ ✜✜Ï❲❻❑❻❑❻❑❻✑❞✥✽ ➽ ✱❵❆✎❣✯❡❳✿❂❉❊❋❍❆✎❣
◆❂❆●➪✉❉❍❣❇❞✎✾❑❣q❉❊❅❇✇✑Ï❲❻❑❻❑❻❑❻✕❞✥✽✱❣▼✾❀❈①❅➀◆❂❆✎❣✯❡①✿❂❉❊❋❍❆✎❣➀❅q❁❇✈✎❣✯❋❍✾❀✿❂❁❇◆❂❆✎❣ ➽ ➱❷✾❀✿❂❁✯✿❂❈✹■①▲ ☎ ✕①❋➛▲❏➪✉❉❍❣❇❞✎✾❑❣q❉❊❅❇✇●❆✎❣❇❅✯◆❂❆●❋✐❤❦✾❀❁❇◆♥❁❇❆✡◆❂❆✑Ï❲❻ −2 ✕
➪➇✾❀❉❊❁❇❆ 10−1 ❞✥✽ ➽

✗ � ✯ �✢✗ � � ✘ ✁☎⑧➆❶ ✚❷⑥r❴✂➫➓❴⑦✠✱❴①➻❵❫❵⑧➆❬❯➫➓❚

❈❢✾❀♣✑❄❂❁❇❆✑◆❂❆❏➶✡❆✥t❳❈❢✾❀❋❍◆❂❣ = Re =
ρvDw

µ
= ▲❀◆♥❉❊♣✜❆✥❈❢❣q❉❍✾❀❈❂❈❢❆✥❋ . ✲➟Ï ➽ ❼✬★ ✴

ρ ✝ ♣✹▲❀❣❇❣▼❆✲➪➇✾❀❋❊✿❂♣★❉❍②①✿❢❆ ✝ ✁❳■ ✵✷♣ 3 ✕
v ✝ ➪✉❉❊❅❇❆✎❣❇❣❇❆❏◆♥✿ ✠❢✿❂❉❍◆❂❆ ✝ ♣ ✵r❣★✕
Dw ✝ ◆♥❉➛▲r♣✜✈✥❅q❁❇❆✑◆♥✿✂✽❂✿❂❉❊❅❇❣ ✝ ♣✔✕
µ ✝ ➪✉❉❍❣❇❞✎✾❑❣q❉❊❅❇✇❏◆♥t✉❈③▲r♣★❉❍②①✿❢❆ ✝ ➱❷▲ × ❣ ➽

Re < 2000 ✓❂✇✎❞✎✾❀✿❂❋❍❆✥♣✜❆✥❈❳❅✡❋➛▲r♣★❉❊❈③▲r❉❊❁❇❆✗✕
Re > 4000 ✓❂✇✎❞✎✾❀✿❂❋❍❆✥♣✜❆✥❈❳❅✡❅q✿❂❁q❄❂✿❂❋❍❆✥❈❳❅★✕
❒➒❈❳❅q❁❇❆✕❋❍❆✎❣●◆❂❆✥✿♥❮✄✓❂❉❊❈❢❣q❅▼▲r❄❂❋❍❆ ➽

➚ ▲r❋❍❞✥✿❂❋❍✾❀❈❢❣❃❋❍❆❏❈❢✾❀♣✑❄❂❁❇❆✘◆❂❆❏➶❃❆✥t✉❈❢✾❀❋❍◆❂❣●◆❂❆❏❋✐❤❦✇✎❞✎✾❀✿❂❋❍❆✥♣✜❆✥❈①❅✲◆❢▲r❈❢❣◗❋❍❆❏✽❂✿❂❉❊❅❇❣ ➽ ❥❧❋✼➪✉❉❍❆✥❈①❅

v =
Q

πr2w
=

10−3 ♣ 3 × ❣ −1

π × 10−2 ♣ 2
= 10−1 ♣ × ❣ −1.

◆✼❤❦✾✌☞
Re =

ρvD

µ
=

(103 ✁✉■ × ♣ −3) × (10−1 ♣ × ❣ −1) × 10−1 ♣
10−3 ✁✉■ × ♣ −1 × s−1

= 104.

➷ ✾❀✿❢❣●❣❇✾❀♣★♣✜❆✎❣❃❄❂❉❍❆✥❈✂◆❢▲r❈❢❣●❋❍❆❏◆❂✾❀♣✹▲r❉❊❈❢❆✑◆❂❆✎❣❃✇✎❞✎✾❀✿❂❋❍❆✥♣✜❆✥❈①❅❇❣✡❅q✿❂❁q❄❂✿❂❋❍❆✥❈①❅❇❣ ➽

✗ � ✯ �✢✗ � � ✆ ✫✵❴①⑥❀❶❸⑤①④ ✚❭❙❪❬❪❙➛➩❲⑤
➷ ✾❀✿❢❣❃▲✎➪➇✾❀❈❢❣❃➪❳✿✂②❳✿❢❆❏❋➛▲ ✽✌❆✥❁q♣✜✇❲▲r❄❂❉❊❋❊❉❊❅❇✇✑❣❲❤❦❆✝❮♥✽❂❁q❉❊♣✜❆✕❆✥❈✂◆❢▲r❁❇❞✥t♥❣★✕❂❆✥❅❃②❳✿❢❆✞✓

1 ♣✜➬ = 10−15 ♣ 2 (1 ◆❢▲r❁❇❞✥t = 10−12 ♣ 2).

➚ ✾❀❈①➪➇❆✥❁❇❣q❉❍✾❀❈✚◆❂❆ ❆✥❈ ♣✘✿❂❋❊❅q❉❊✽❂❋❊❉❍❆✥❁✡✽③▲r❁
◆❢▲r❁❇❞✥t ♣✜✈✥❅q❁❇❆✑❞❲▲r❁q❁❇✇ ✲❯♣ 2 ✴ ★ ➽ ✦❑Ñ✬★❑❺❑❼❑❼✹❒ ➘ Ï❲❼



✘ ✯ ✖✘➭➓④❂❨❭❙➛➩❲⑥r❴ ✗✁�➐✒✂⑨➦❨➓⑥r⑧✛✚❭❬❯➲❳❶➳❴✂❨❷➭➆➻➣❚✷❙ ✜➣⑨➓❴✤✣➆❴①⑥r❚✜❬❩❴✚❶❸⑧✼➫❷➲❳❬❯❴⑦❫✼⑨❷❶❸⑤❳⑥r❙✢✜➣⑨➓❴

✗ � ✯ �✢✗ � � � ✫✵⑧③⑥r⑧③❚➯❙❩➩❲⑤

φ = Vp/Vt
✕③②①✿❢✾❀❅q❉❍❆✥❈❳❅❃◆♥✿✂➪➇✾❀❋❊✿❂♣✜❆✕◆❂❆✎❣◗✽✌✾❀❁❇❆✎❣◗✽③▲r❁●❋❍❆✕➪➇✾❀❋❊✿❂♣✜❆❏❅❇✾❀❅▼▲r❋ ✓♥■❑❁▼▲r❈❢◆❂❆✥✿❂❁✵▲❀◆♥❉❊♣✜❆✥❈❢❣❇❉❍✾❀❈❂❈❢❆✥❋❊❋❍❆ ➽

✗ � ✯ �✢✗ � � � ✏ ✜➣⑨❵④♥➩➯❙❯⑧⑩❫✸➫❷❴☞➫❭❙✁� ⑨❵❚➯❙ ✣❵❙❩➩❲⑤

∇(k.∇p) + cfk(∇p)2 − (φµcf )
∂p

∂t
= 0. ✲➟Ï ➽ Ð①❻ ✴

cf = − 1

V

∂V

∂p
=

1

ρ
(
∂ρ

∂p
)T = ➱❷▲ −1.

∇(k.∇p) = ♣ −1 × ♣ 2 × ➱❭▲ × ♣ −1 = ➱❷▲ , ✲➟Ï ➽ Ð❢Ï✵✴
cfk(∇p)2 = ➱❭▲ −1 × ♣ 2 × ( ➱❭▲ × ♣ −1)2 = ➱❭▲ , ✲➟Ï ➽ Ð①❺ ✴
(φµcf )

∂p

∂t
= ➱❭▲ × ❣ × ➱❭▲ −1 × ➱❭▲ × ❣ −1 = ➱❷▲ . ✲➟Ï ➽ Ð①❼ ✴

✗ � ✯ �✢✗ � � ✹ ✏ ✜➣⑨❵④♥➩➯❙❯⑧⑩❫✸➫❷❴☞❱➇⑧➆❫❵➫❭⑨❵❱➇➩➯❙ ✣❵❙❩➩❲⑤ ✟➒❫❷❙❩❴
➷ ✾❀✿❢❣❏▲✎➪➇✾❀❈❢❣✲➪✉✿⑦②❳✿❢❆✑❋✐❤❦✇✎②❳✿③▲r❅q❉❍✾❀❈❸◆❂❆✘❞✎✾❀❈❢◆♥✿❢❞✥❅q❉❊➪✉❉❊❅❇✇ ✙❢❈❂❉❍❆✗✕✌②①✿❂❉❷❁❇❆✥❋❊❉❍❆ ❋➛▲✜✽✌❆✥❁q❅❇❆✘◆❂❆✪❞▼❡③▲r❁q■➇❆✪▲r✿❜◆❂✇✥❄❂❉❊❅❏◆♥✿

✽❂✿❂❉❊❅❇❣★✕❢❣➯❤❦✇✎❞✥❁q❉❊❅✷✓

∂pw
∂l

(l) = Cwq
2
w(l), ∀0 ≤ l ≤ L. ✲➟Ï ➽ Ð❑Ð✸✴

✱❵▲✜❞✎✾❀❈❢❣q❅▼▲r❈①❅❇❆ Cw ➪✉✇✥❁q❉✚✙③❆ ✓

Cw =
fρ

π2r5w
.

➚ ❆✥❅q❅❇❆✕❞✎✾❀❈❢❣q❅▼▲r❈❳❅❇❆ Cw ❆✎❣q❅●◆❂❆✲❋✐❤❦✾❀❁❇◆♥❁❇❆✑◆❂❆★Ï❲❻❑❻❑❻ ✁✉■ ✵ m8 ➽ ❒➒❈✂❆ ✪✼❆✥❅ ✓
Ï ➽ f ❆✎❣q❅◗❋❍❆ ✂✘☎ ✟✏✠ ✂ ✒ ✟ ☛☞☛✖✌ ✟ ✆ ✝✓✒ ✂ ☛ ✒ ☎✞☛✳✕❢▲❀◆♥❉❊♣✜❆✥❈❢❣q❉❍✾❀❈❂❈❢❆✥❋❷❆✥❅●◆❂❆❏❋✐❤❦✾❀❁❇◆♥❁❇❆✕◆❂❆ 10−4 ➽
❺ ➽ ρ ❆✎❣q❅●❋➛▲ ♣✹▲❀❣❇❣❇❆✲➪➇✾❀❋❊✿❂♣★❉❍②❳✿❢❆✗✕③◆❂❆✲❋✐❤❦✾❀❁❇◆♥❁❇❆✘◆❂❆ 103 ✁✉■ ✵ m3 ➽
❼ ➽ rw ❆✎❣q❅◗❋❍❆❏❁▼▲❲t➇✾❀❈☞◆♥✿✂✽❂✿❂❉❊❅❇❣★✕❂◆❂❆✕❋✐❤❦✾❀❁❇◆♥❁❇❆✕◆❂❆ 0, 1 ♣ ➽
Ð ➽ π2 ❆✎❣❇❅❃▲❀◆♥❉❊♣✜❆✥❈❢❣q❉❍✾❀❈❂❈❢❆✥❋➓❆✥❅❃◆❂❆✲❋✐❤❦✾❀❁❇◆♥❁❇❆✑◆❂❆✜Ï❲❻ ➽
➱❭▲r❁❃▲r❉❊❋❊❋❍❆✥✿❂❁❇❣★✕❂✾❀❈☎❣▼▲r❉❊❅✢②①✿➣❤ ✿❂❈❢❆✲✽❂❁❇❆✎❣❇❣❇❉❍✾❀❈ p ▲✘✽➆✾❀✿❂❁◗◆♥❉❊♣✜❆✥❈❢❣q❉❍✾❀❈☎✿❂❈❢❆✡♠♦✾❀❁❇❞✎❆✵✽③▲r❁ ✿❂❈❂❉❊❅❇✇❏◆❂❆✲❣q✿❂❁➟♠✐▲❀❞✎❆✗✕♥❣❇✾❀❉❊❅ ✓

( ♣✹▲❀❣▼❣❇❆ × ▲❀❞✎❞✎✇✥❋❍✇✥❁▼▲r❅q❉❍✾❀❈ ) / ❣❇✿❂❁➟♠♦▲❀❞✎❆ = ♣✹▲❀❣❇❣❇❆ × ( ❋❍✾❀❈❂■❑✿❢❆✥✿❂❁ / ❅❇❆✥♣★✽❢❣ / ❅❇❆✥♣★✽❢❣ ) / ❋❍✾❀❈❂■❑✿❢❆✥✿❂❁ 2
= ✁✉■ × ( ♣ × ❣ −2) × ♣ −2 = ✁❳■ × ♣ −1 × ❣ −2

➬✲✾❀❈❢❞✗✕❂❋❍❆✲♣✜❆✥♣✘❄❂❁❇❆✑◆❂❆❏■①▲r✿❢❞▼❡❢❆✑◆❂❆ ✲➟Ï ➽ Ð❑Ð✸✴◗▲✪✽✌✾❀✿❂❁●◆♥❉❊♣✜❆✥❈❢❣q❉❍✾❀❈ ✁❳■ × ♣ −2 × ❣ −2 ➽
➱❭▲r❁❃▲r❉❊❋❊❋❍❆✥✿❂❁❇❣★✕♥✿❂❈☎◆❂✇✥❄❂❉❊❅●▲✑✽✌✾❀✿❂❁◗◆♥❉❊♣✜❆✥❈❢❣q❉❍✾❀❈❢❣◗♣ 3/ ❣★✕♥◆❂✾❀❈❢❞ q2w ▲✘✽➆✾❀✿❂❁◗◆♥❉❊♣✜❆✥❈❢❣q❉❍✾❀❈☎♣ 6 × ❣ −2 ✕✉♣✘✿❂❅q❉❊✽❂❋❊❉❍✇

✽③▲r❁ Cw ✕❢❈❢✾❀✿❢❣●✾❀❄❂❅❇❆✥❈❢✾❀❈❢❣★✕❂✽✌✾❀✿❂❁●❋➛▲✪◆♥❉❊♣✜❆✥❈❢❣q❉❍✾❀❈✚◆♥✿☎♣✜❆✥♣✑❄❂❁❇❆✑◆❂❆✑◆♥❁❇✾❀❉❊❅❇❆✕◆❂❆ ✲➟Ï ➽ Ð❑Ð✸✴ ✓
( ♣ 6 × ❣ −2

)
×
( ✁✉■ × ♣ −8

)
= ✁❳■ × ♣ −2 × ❣ −2.

✱➣❆✎❣✡◆♥❉❊♣✜❆✥❈❢❣q❉❍✾❀❈❢❣❃◆❂❆✎❣❃◆❂❆✥✿♥❮✤♣✜❆✥♣✘❄❂❁❇❆✎❣✡❞✎✾✄✂♦❈❢❞✥❉❍◆❂❆✥❈❳❅❃❄❂❉❍❆✥❈ ➽



✗ � ✘ � ✖✑⑧➆❫❵❱①❬❪⑨➓❚➯❙❯⑧⑩❫➝➫❭⑨ ❱❀➭➓④❂❨❷❙❩➩❲⑥r❴ ✘ ✘

✗ � ✯ �✢✗ � � ✖ ✖✑⑧⑩❫➓❱①❬❪⑨➓❚➯❙❯⑧⑩❫
➚ ❆✚❅q❁▼▲✎➪❑▲r❉❊❋❏❆ ✪✌❆✎❞✥❅q✿❢✇❜❣q✿❂❁✤❋❍❆✎❣✟◆♥❉❊♣✜❆✥❈❢❣q❉❍✾❀❈❢❣✟❈❢✾❀✿❢❣✟✽✌❆✥❁q♣✜❆✥❅✟◆❂❆⑦➪❑▲r❋❊❉❍◆❂❆✥❁✟②❳✿❢❆⑦❋❍❆✎❣✤✇✎②❳✿③▲r❅q❉❍✾❀❈❢❣☎◆❂❆✚❈❢✾❀❅q❁❇❆

♣✜✾✉◆❂✈✥❋❍❆✘✾❀❈❳❅✵❄❂❉❍❆✥❈❜✿❂❈❜❣❇❆✥❈❢❣✵✽❂❡①t♥❣q❉❍②❳✿❢❆✗✕⑩❆✥❅✵❈❢✾❀✿❢❣✲❣❇❆✥❁▼▲✜✿❂❅q❉❊❋❍❆ ✽✌✾❀✿❂❁✡❋✐❤ ▲r❈③▲r❋❊t♥❣❇❆✘❅q❡❢✇✎✾❀❁q❉❍②①✿❢❆✪◆♥✿✚♣✜✾❳◆❂✈✥❋❍❆ ➽✌➷ ✾❀✿❢❣
❞✎✾❀♣★✽❂❋❍✈✥❅❇❆✥❁❇✾❀❈❢❣✵❞✎❆✥❅q❅❇❆❏✽③▲r❁q❅q❉❍❆✑▲r✿☎♠❪✿❂❁●❆✥❅ ✜✪♣✜❆✎❣q✿❂❁❇❆❏◆❂❆❏❈❢✾❑❣●❄➆❆✎❣❇✾❀❉❊❈❢❣❃◆❢▲r❈❢❣●❋➛▲✪❣q✿❂❉❊❅❇❆❏◆♥✿✂♣✹▲r❈❳✿❢❣❇❞✥❁q❉❊❅ ➽

✑✓✒✁� ✂ ✗☎✄✝✆ ✚✢✲✛✭ ✯ ✗☎✄✟✞✛✲✠✆ ✩✝✡❆✧✪✯☞☛ ✖ ✥
✱❵▲✑♣✜✾✉◆❂✇✥❋❊❉❍❣▼▲r❅q❉❍✾❀❈✤◆♥✿✤✽❂❁❇✾❀❄❂❋❍✈✥♣✜❆✵✽❂❡①t♥❣q❉❍②❳✿❢❆●❈❢✾❀✿❢❣◗▲❏✽✌❆✥❁q♣★❉❍❣➀◆✼❤❦✾❀❄❂❅❇❆✥❈❂❉❊❁◗◆❂❆✥✿♥❮✜♣✜✾✉◆❂✈✥❋❍❆✎❣★✕❳❋✐❤ ✿❂❈✤❆✥❈✱❁❇✇✥■❑❉❊♣✜❆

✽✌❆✥❁q♣✹▲r❈❢❆✥❈①❅★✕✉❋✐❤ ▲r✿❂❅q❁❇❆✡❆✥❈✤❁❇✇✥■❑❉❊♣✜❆✡❅q❁▼▲r❈❢❣q❉❊❅❇✾❀❉❊❁❇❆ ➽ ➬✲▲r❈❢❣➀❋❍❆✵❞❲▲❀◆♥❁❇❆✡◆❂❆✵❞✎❆✥❅q❅❇❆❃❅q❡❢✈✎❣▼❆✗✕➇❈❢✾❀✿❢❣ ❈❢✾❀✿❢❣✯❋❊❉❊♣★❉❊❅❇❆✥❁❇✾❀❈❢❣✢✜✕✿❂❈
❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁❃❣ ▲r❈❢❣✢♠❯❁▼▲❀❞✥❅q✿❂❁❇❆✗✕③❆✥❅❃❞✎✾❀♣★✽❂❁❇❆✥❈③▲r❈①❅✡✿❂❈☞❣❇❆✥✿❂❋✼✽❂✿❂❉❊❅❇❣ ➽
✴✡❈❢❆✜◆❂❆✎❣✘◆♥❉✚✵✹❞✥✿❂❋❊❅❇✇✎❣ ②❳✿❢❆✜❋✐❤❦✾❀❈➳➪➇✾❀❉❊❅ ◆❂✇ ✑ ✜☞▲r✽❂✽③▲r❁▼▲✁�❍❅q❁❇❆✱❆✎❣q❅✑❋➛▲✂❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈➾❈❢✾❀❈ ➘ ❋❊❉❊❈❢✇❲▲r❉❊❁❇❆✱❆✥❅✘❈❢✾❀❈ ➘ ❋❍✾❳❞❲▲r❋❍❆✱❣q✿❂❁
❋❍❆✂✽❂✿❂❉❊❅❇❣ ✲❪❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈➐◆❂❆⑦❞✎✾❀❈❢◆♥✿❢❞✥❅q❉❊➪❳❉❊❅❇✇ ✙❢❈❂❉❍❆✵✴ ➽✯➷ ✾❀✿❢❣✱♣✜✾❀❈①❅q❁❇❆✥❁❇✾❀❈❢❣✟◆❢▲r❈❢❣✜❋❍❆⑦❞❇❡③▲r✽❂❉❊❅q❁❇❆❜❺❸②❳✿❢❆☎❋❍❆✂♣✜✾✉◆❂✈✥❋❍❆
❆✥❈✂❁❇✇✥■❑❉❊♣✜❆❏✽✌❆✥❁q♣✹▲r❈❢❆✥❈①❅✵❆✎❣q❅●❄❂❉❍❆✥❈✂✽✌✾❑❣❇✇✗✕♥✽✌✾❀✿❂❁❃❞❇❡③▲❀❞✥✿❂❈❢❆✘◆❂❆✎❣●❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈❢❣ ✲❯❋❊❉❊❈❢✇❲▲r❉❊❁❇❆✑❆✥❅◗❈❢✾❀❈ ➘ ❋❊❉❊❈❢✇❲▲r❉❊❁❇❆✵✴❃❣q✿❂❁◗❋❍❆
✽❂✿❂❉❊❅❇❣ ➽ ✱➣❆✺♣✜✾✉◆❂✈✥❋❍❆➀❋❊❉❊❈❢✇❲▲r❉❊❁❇❆ ❆✥❈✘❁❇✇✥■❑❉❊♣✜❆✯✽✌❆✥❁q♣✹▲r❈❢❆✥❈①❅➒❣❇❆✥❁▼▲❃❉❊♣★✽❂❋❍✇✥♣✜❆✥❈①❅❇✇ ❈❳✿❂♣✜✇✥❁q❉❍②①✿❢❆✥♣✜❆✥❈❳❅✺◆❢▲r❈❢❣➓❋❍❆✎❣❷❞❇❡③▲r✽❂❉❊❅q❁❇❆✎❣
❼✞✜✜Ò ➽
✱➣❆✪❞❇❡③▲r✽❂❉❊❅q❁❇❆✱Ñ✜♣✜✾❀❈❳❅q❁❇❆✥❁▼▲☎②①✿❢❆ ❋❍❆✘♣✜✾❳◆❂✈✥❋❍❆★❆✥❈❜❁❇✇✥■❑❉❊♣✜❆ ❅q❁▼▲r❈❢❣q❉❊❅❇✾❀❉❊❁❇❆✜▲❀◆♥♣✜❆✥❅❏✿❂❈❢❆ ✿❂❈❂❉❍②❳✿❢❆ ❣▼✾❀❋❊✿❂❅q❉❍✾❀❈✚✽✌✾❀✿❂❁✲❋➛▲
❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈☞❋❊❉❊❈❢✇❲▲r❉❊❁❇❆✑❣q✿❂❁◗❋❍❆❏✽❂✿❂❉❊❅❇❣ ➽
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✲ ➪❀▲r❈❳❅✯◆✼❤ ▲r❄✌✾❀❁❇◆❂❆✥❁✯❋❍❆◗♣✜✾✉◆❂✈✥❋❍❆●❆✥❈✜❁❇✇✥■❑❉❊♣✜❆❃❅q❁▼▲r❈❢❣q❉❊❅❇✾❀❉❊❁❇❆✗✕➇❈❢✾❀✿❢❣✯❈❢✾❀✿❢❣✺❉❊❈①❅❇✇✥❁❇❆✎❣▼❣❇✾❀❈❢❣✯❅❇✾❀✿❂❅➀◆✼❤ ▲r❄➆✾❀❁❇◆ ✜❏❋✐❤❦✇✥❅q✿❢◆❂❆
❅q❡❢✇✎✾❀❁q❉❍②❳✿❢❆❃◆♥✿✹♣✜✾✉◆❂✈✥❋❍❆●✽❂❋❊✿❢❣➀❣q❉❊♣★✽❂❋❍❆❃◆✼❤❦✇✎❞✎✾❀✿❂❋❍❆✥♣✜❆✥❈❳❅✢✽➆❆✥❁q♣✹▲r❈❢❆✥❈❳❅ ➽❳➷ ✾❀✿❢❣✯❁▼▲r✽❂✽✌❆✥❋❍✾❀❈❢❣✯②❳✿❢❆●❋❍❆●♣✜✾❳◆❂✈✥❋❍❆✡◆✼❤❦✇✎❞✎✾❀✿ ➘
❋❍❆✥♣✜❆✥❈①❅➒✽✌❆✥❁q♣✹▲r❈❢❆✥❈①❅➀❆✎❣q❅➒❣q✿✩✵✹❣▼▲r❈①❅❭✽✌✾❀✿❂❁➒✾❀❄❂❅❇❆✥❈❂❉❊❁➒✿❂❈❢❆◗❆✎❣q❅q❉❊♣✹▲r❅q❉❍✾❀❈✜◆❂❆ ❋➛▲❃✽❂❁❇✾✉◆♥✿❢❞✥❅q❉❊➪✉❉❊❅❇✇ ◆♥✿★✽❂✿❂❉❊❅❇❣ ✕✷❋❍❆ ♣✜✾✉◆❂✈✥❋❍❆
❅q❁▼▲r❈❢❣q❉❊❅❇✾❀❉❊❁❇❆❏▲✎t①▲r❈❳❅✢✿❂❈✤▲r✿❂❅q❁❇❆✵❞❇❡③▲r♣★✽☎◆✼❤ ▲r✽❂✽❂❋❊❉❍❞❲▲r❅q❉❍✾❀❈❢❣★✕✡✜✑❣ ▲✎➪➇✾❀❉❊❁ ❋❍❆✎❣✯❅❇❆✎❣q❅❇❣ ◆❂❆✡✽❂✿❂❉❊❅❇❣ ➽ ✱❵❆✎❣✯♣✜✾✉◆❂✈✥❋❍❆✎❣ ❋❊❉❊❈❢✇❲▲r❉❊❁❇❆✎❣
❆✥❅◗❈❢✾❀❈ ➘ ❋❊❉❊❈❢✇❲▲r❉❊❁❇❆✎❣✵❣❇❆✥❁❇✾❀❈①❅✡❅q❁▼▲r❉❊❅❇✇✎❣●❣❇✇✥✽③▲r❁❇✇✥♣✜❆✥❈①❅ ➽
➬❏▲r❈❢❣●❞✎❆✕❞▼❡③▲r✽❂❉❊❅q❁❇❆✗✕❢❈❢✾❀✿❢❣◗❅q❁▼▲❲➪❀▲r❉❊❋❊❋❍❆✥❁❇✾❀❈❢❣✵❣❇❆✥✿❂❋❍❆✥♣✜❆✥❈①❅✵❆✥❈✂♣★❉❊❋❊❉❍❆✥✿✂❡❢✾❀♣✜✾❀■➇✈✥❈❢❆✑❉❍❣❇✾❀❅q❁❇✾❀✽➆❆ ➽

☎✮✒✔✑ ✕✆✖✘✗✓✙✛✚✢✜✤✣✦✥ ✚✢✯ ✄✝✆ ✡✓✯✢✖✘✥✟✞ ✆ ✗☎✄✝✞✳✲✝✆ ☛✰✯✡✠ ✯☞☛☛✆ ✯ ✄✌☞ ✄✳✯ ✥✎✍
➷ ✾❀✿❢❣★❈❢✾❀✿❢❣✱▲r❅q❅▼▲❀❞▼❡❢✾❀❈❢❣✱◆❢▲r❈❢❣✹✿❂❈ ✽❂❁❇❆✥♣★❉❍❆✥❁✜❅❇❆✥♣★✽❢❣ ✜❜❋✐❤❦✇✥❅q✿❢◆❂❆☎❅q❡❢✇✎✾❀❁q❉❍②❳✿❢❆☞◆♥✿ ♣✜✾✉◆❂✈✥❋❍❆✂◆✼❤❦✇✎❞✎✾❀✿❂❋❍❆✥♣✜❆✥❈①❅

✽✌❆✥❁q♣✹▲r❈❢❆✥❈①❅●❋❊❉❊❈❢✇❲▲r❉❊❁❇❆✗✕❢②❳✿❂❉➣❞✎✾❀❁q❁❇❆✎❣q✽✌✾❀❈❢◆✔✜✘❋➛▲✪❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈☞◆❂❆❏❞✎✾❀❈❢◆♥✿❢❞✥❅q❉❊➪❳❉❊❅❇✇✕❉❊❈✩✙❢❈❂❉❍❆✕❣q✿❂❁✢❋❍❆✲✽❂✿❂❉❊❅❇❣ ➽ ✱➣❆✲♣✜✾✉◆❂✈✥❋❍❆
❣❲❤❦✇✎❞✥❁q❉❊❅ ✓





◆♥❉❊➪ (k.∇p(x)) = 0 ✽✌✾❀✿❂❁ x ∈ Ω, (i)
p = pD

❣q✿❂❁ ΓD, (ii)
∂p

∂n
= 0 ❣q✿❂❁ ΓN , (iii)

p = pwf
❣q✿❂❁ Γw, (iv)

Q =
k

µ

∫

Γw

∂p(x)

∂n
dγ(x), (v)

✲♦❺ ➽ Ï✵✴

▲✎➪➇❆✎❞ pwf ❞✎✾❀❈❢❣❇❅▼▲r❈①❅❇❆ ➽
✥✡❈❜❣q✿❂✽❂✽➆✾❑❣▼❆✑②❳✿❢❆✕❋❍❆✑◆❂✾❀♣✹▲r❉❊❈❢❆ Ω ➪✉✇✥❁q❉✚✙③❆✑❅❇✾❀✿❂❅❇❆✎❣✡❋❍❆✎❣✡❡①t✉✽✌✾❀❅q❡❢✈✎❣❇❆✎❣✡◆❂❆✘❁❇✇✥■❑✿❂❋➛▲r❁q❉❊❅❇✇ ❈❢✇✎❞✎❆✎❣❇❣▼▲r❉❊❁❇❆✎❣★✕ ✜✹❣ ▲✎➪➇✾❀❉❊❁ Ω❆✎❣q❅◗❄✌✾❀❁q❈❢✇✗✕❢◆❂❆✵♠❪❁❇✾❀❈①❅q❉❍✈✥❁❇❆ Γ ❁❇✇✥■❑✿❂❋❊❉❍✈✥❁❇❆✗✕ Ω ✇✥❅▼▲r❈❳❅●❋❍✾❳❞❲▲r❋❍❆✥♣✜❆✥❈❳❅✡◆✼❤ ✿❂❈☞❣▼❆✥✿❂❋➣❞ ✪❀❅❇✇✕◆❂❆ Γ

➽
➱❷✾❀✿❂❁✲❣❇❉❊♣★✽❂❋❊❉✚✙③❆✥❁★✕➆✾❀❈❜❣q✿❂✽❂✽✌✾❑❣❇❆✕❋➛▲✹✽✌❆✥❁q♣✜✇❲▲r❄❂❉❊❋❊❉❊❅❇✇ k ❣❇❞❲▲r❋➛▲r❉❊❁❇❆ ➽ ✱❵▲✱✽❂❁❇❆✥♣★❉❍✈✥❁❇❆ ✇✎②❳✿③▲r❅q❉❍✾❀❈❜◆♥✿⑦♣✜✾✉◆❂✈✥❋❍❆✘◆❂❆✥➪✉❉❍❆✥❈①❅
▲r❋❍✾❀❁❇❣✷✓

∆p(x) = 0 ✽➆✾❀✿❂❁ x ∈ Ω.

➬✲❆✥✿♥❮☎❞❲▲❀❣●✽✌❆✥✿❂➪➇❆✥❈①❅✡▲r❋❍✾❀❁❇❣✡❣❇❆✲✽❂❁❇✇✎❣❇❆✥❈①❅❇❆✥❁ ✓
Ï ➽ ❋❍❆✑◆❂✇✥❄❂❉❊❅●❅❇✾❀❅▼▲r❋ Q ❆✎❣q❅●◆❂✾❀❈❂❈❢✇✗✕③❆✥❅●❋➛▲ ✽❂❁❇❆✎❣❇❣q❉❍✾❀❈ pwf ▲r✿✂✽✌✾❀❉❊❈①❅✡◆❂❆❏❣❇✾❀✿❂❅q❉❊❁▼▲r■➇❆✑❆✎❣q❅◗❉❊❈❢❞✎✾❀❈❂❈❳✿❢❆✗✕
❺ ➽ ✾❀✿☞❋➛▲ ✽❂❁❇❆✎❣❇❣q❉❍✾❀❈ pwf ▲r✿☎✽✌✾❀❉❊❈①❅❃◆❂❆✕❣▼✾❀✿❂❅q❉❊❁▼▲r■➇❆✕❆✎❣q❅●◆❂✾❀❈❂❈❢✇✎❆✗✕❢❆✥❅●❋❍❆❏◆❂✇✥❄❂❉❊❅❃❅❇✾❀❅▼▲r❋ Q ❆✎❣q❅●❉❊❈❢❞✎✾❀❈❂❈❳✿ ➽

✱➣❆◗❣▼❆✎❞✎✾❀❈❢◆✜❞❲▲❀❣★✕❀❞✥❋➛▲❀❣❇❣q❉❍②❳✿❢❆✗✕❑❣❇❆✥❁▼▲✵❅q❁▼▲r❉❊❅❇✇◗◆❢▲r❈❢❣➒❋❍❆✢✽③▲r❁▼▲r■❑❁▼▲r✽❂❡❢❆❃❺ ➽ Ï ➽ Ï✗✕➇❅▼▲r❈❢◆♥❉❍❣✺②①✿❢❆✢❋❍❆ ✽❂❁❇❆✥♣★❉❍❆✥❁✯❞❲▲❀❣ ✕❀♣✜✾❀❉❊❈❢❣
✇✥➪✉❉❍◆❂❆✥❈①❅★✕③❣▼❆✥❁▼▲✪✇✥❅q✿❢◆♥❉❍✇✕◆❢▲r❈❢❣●❋❍❆✲✽③▲r❁▼▲r■❑❁▼▲r✽❂❡❢❆ ❺ ➽ Ï ➽ ❺ ➽



✘ � ✖✘➭➓④❂❨❭❙➛➩❲⑥r❴ ✯ �➐✠✤⑤✱✰➆❙❪❶❸❴☞❨✯❴①⑥❀❶❸④❢❫➓❴❳❫➆➩

�❭➨ �➣➨ � ✤✱→➇➌③➍❀➍❀➁✐➈❵➉✴➍❀↔✺→↕❿❧➌➳❾➀↔➀➁♦➅➇➍✂➊✯➈❵➉✯➉✯➏❢➌

➬❏▲r❈❢❣◗❋❍❆✕❣▼❆✎❞✎✾❀❈❢◆✂❞❲▲❀❣★✕♥❋❍❆✲♣✜✾✉◆❂✈✥❋❍❆✯✓

(I)





∆p(x) = 0 ✽➆✾❀✿❂❁ x ∈ Ω,
p = pD

❣q✿❂❁ ΓD,
∂p

∂n
= 0 ❣❇✿❂❁ ΓN ,

p = pwf
❣q✿❂❁ Γw,

✲♦❺ ➽ ❺ ✴

②❳✿❂❉◗❈➣❤❦❆✎❣q❅✹▲r✿❂❅q❁❇❆☎②①✿❢❆✟❋❍❆✟♣✜✾✉◆❂✈✥❋❍❆ ✲♦❺ ➽ Ï✵✴ ❣▼▲r❈❢❣✪❋➛▲❜❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈ (v) ❣q✿❂❁✪❋❍❆☎◆❂✇✥❄❂❉❊❅✜❅❇✾❀❅▼▲r❋ Q ✕➒❆✎❣q❅★✿❂❈➝♣✜✾❳◆❂✈✥❋❍❆
❞✥❋➛▲❀❣❇❣q❉❍②❳✿❢❆✑◆❂✾❀❈❳❅✵✾❀❈❜❞✎✾❀❈❂❈③▲✁�❍❅✵❋✐❤❦❆✝❮✉❉❍❣q❅❇❆✥❈❢❞✎❆✘❆✥❅✡❋✐❤ ✿❂❈❂❉❍❞✥❉❊❅❇✇ ◆✼❤ ✿❂❈❢❆ ❣❇✾❀❋❊✿❂❅q❉❍✾❀❈ p ◆❢▲r❈❢❣ H1(Ω)

➽ ✱➣❆ ◆❂✇✥❄❂❉❊❅✵❅❇✾❀❅▼▲r❋ Q❣❇❆✥❁▼▲✪❞❲▲r❋❍❞✥✿❂❋❍✇✘❣❇❆✥❋❍✾❀❈☎❋✐❤❦✇✎②①✿③▲r❅q❉❍✾❀❈ ✲♦❺ ➽ Ï✵✴ ➘ (v) ✿❂❈❢❆✵♠♦✾❀❉❍❣◗❋❍❆❏♣✜✾✉◆❂✈✥❋❍❆ ✲♦❺ ➽ ❺ ✴➀❁❇✇✎❣❇✾❀❋❊✿ ➽
✱✺❤❦❆✎❣q✽③▲❀❞✎❆ H1(Ω) ❆✎❣q❅◗♣✘✿❂❈❂❉➓◆♥✿☎✽❂❁❇✾✉◆♥✿❂❉❊❅❃❣❇❞❲▲r❋➛▲r❉❊❁❇❆❏✿❢❣q✿❢❆✥❋ ✓

(u, v)H1(Ω) =

∫

Ω
u(x) v(x) dx+

∫

Ω
∇u(x)∇v(x) dx. ✲♦❺ ➽ ❼ ✴

➱❷✾❀✿❂❁★♣✜✾❀❈①❅q❁❇❆✥❁★❋✐❤❦❆✝❮♥❉❍❣q❅❇❆✥❈❢❞✎❆✱◆✼❤ ✿❂❈❢❆✟❣❇✾❀❋❊✿❂❅q❉❍✾❀❈ ▲r✿✻♣✜✾✉◆❂✈✥❋❍❆ ✲♦❺ ➽ ❺ ✴✶✕❭✾❀❈➾✿❂❅q❉❊❋❊❉❍❣❇❆✤❋❍❆✱❞▼❡③▲r❈❂■➇❆✥♣✜❆✥❈①❅✹◆❂❆✤➪❑▲r❁q❉➛▲r❄❂❋❍❆
u = p− pwf

➽ ✱➣❆❏♣✜✾✉◆❂✈✥❋❍❆✕❣❇❆✲❁❇✇✎✇✎❞✥❁q❉❊❅✡▲r❋❍✾❀❁❇❣ ✓




∆u(x) = 0 ✽✌✾❀✿❂❁ x ∈ Ω,
u(x) = pD(x) − pwf

✽➆✾❀✿❂❁ x ∈ ΓD,
∂u

∂n
= 0 ❣q✿❂❁ ΓN ,

u = 0 ❣❇✿❂❁ Γw.

✲♦❺ ➽ Ð✸✴

✥✡❈✂❉❊❈❳❅q❁❇✾❳◆♥✿❂❉❊❅✡▲r❋❍✾❀❁❇❣❃❋✐❤❦❆✎❣q✽③▲❀❞✎❆✕❞✥❋➛▲❀❣❇❣❇❉❍②①✿❢❆✥♣✜❆✥❈❳❅●❈❢✾❀❅❇✇ H1(∆,Ω) ✕❂◆❂✇✶✙❢❈❂❉➓✽③▲r❁✷✓

H1(∆,Ω) = {v ∈ H1(Ω);∆v ∈ L2(Ω)}. ✲♦❺ ➽ Ò ✴
➚ ❆✥❅❃❆✎❣q✽③▲❀❞✎❆❏❆✎❣❇❅●♣✑✿❂❈❂❉❵◆❂❆✕❋➛▲ ❈❢✾❀❁q♣✜❆ ‖.‖H1(∆,Ω)

✓

‖u‖H1(∆,Ω) =
(
‖u‖2

H1(Ω) + ‖∆u‖2
L2(Ω)

)1/2
. ✲♦❺ ➽ Ñ ✴

✥✡❈✂✿❂❅q❉❊❋❊❉❍❣❇❆✲❋❍❆✕❅q❡❢✇✎✾❀❁❇✈✥♣✜❆✑◆❂❆✲❁❇❆✥❋❍✈✥➪➇❆✥♣✜❆✥❈①❅✲❣q✿❂❉❊➪❑▲r❈①❅✷✓
❣q❉ pD ∈ H1/2(ΓD) ✕③▲r❋❍✾❀❁❇❣◗❉❊❋➣❆✝❮♥❉❍❣q❅❇❆❏✿❂❈☎❁❇❆✥❋❍✈✥➪➇❆✥♣✜❆✥❈❳❅ ✲❯❈❢✾❀❈☞✿❂❈❂❉❍②①✿❢❆✵✴ r ∈ H1(∆,Ω) ✕❂❆✥❅ η > 0 ✕❂❅❇❆✥❋❍❣●②❳✿❢❆✯✓

r(x) =

{
pD(x) − pwf

❣q✿❂❁ ΓD,
0 ❣q✿❂❁ Γw,

❆✥❅ ‖r‖H1(∆,Ω) ≤ C ‖pD − pwf‖H1/2(ΓD) .

✥✡❈☞❆ ✪✼❆✎❞✥❅q✿❢❆❏❋❍❆❏❞▼❡③▲r❈❂■➇❆✥♣✜❆✥❈①❅✲◆❂❆❏➪❀▲r❁q❉➛▲r❄❂❋❍❆✎❣ ✓ t = u− r ✕❂❆✥❅●✾❀❈⑦✾❀❄❂❅q❉❍❆✥❈①❅❃❋❍❆✲♣✜✾✉◆❂✈✥❋❍❆✕❣q✿❂❉❊➪❑▲r❈①❅ ✓




∆t(x) = −∆r(x) ✽➆✾❀✿❂❁ x ∈ Ω,
t(x) = 0 ✽➆✾❀✿❂❁ x ∈ ΓD,
∂t(x)

∂n
= −∂r(x)

∂n
✽✌✾❀✿❂❁ x ∈ ΓN ,

t(x) = 0 ✽➆✾❀✿❂❁ x ∈ Γw.

✱❵▲✪♠❪✾❀❁q♣✘✿❂❋➛▲r❅q❉❍✾❀❈☞➪❑▲r❁q❉➛▲r❅q❉❍✾❀❈❂❈❢❆✥❋❊❋❍❆✑❣❲❤❦✇✎❞✥❁q❉❊❅ ✓

a(t, v) = L(v) ✽➆✾❀✿❂❁◗❅❇✾❀✿❂❅ v ∈ V, ✲♦❺ ➽ ❹✬✴



✯ � ✗✁�➐✫✕⑥r⑧✛✚❭❬❯➲❳❶➳❴☞❬❪❙❯❫➓⑤①④❢❙❯⑥r❴✁�➟❱➇⑧➆❫❵➫❭⑨➓❱❑➩➯❙ ✣❵❙➛➩❲⑤✚❙❪❫ ✟➒❫➓❙❯❴✄✂ ✘ ✹

✾✌☞ ✓
V = {v ∈ H1(Ω) ; v/ΓD

= 0, v/Γw = 0},
❆✥❅✷✓

a(t, v) =

∫

Ω
∇t(x)∇v(x) dx,

L(v) = −
∫

Ω
∇r(x)∇v(x) dx−

∫

ΓN

∂r(x)

∂n
v(x) dγ(x).

✱❵▲✜❞✎✾❀❈①❅q❉❊❈①✿❂❉❊❅❇✇ ❆✥❅◗❋➛▲★❞✎✾✉❆✥❁❇❞✥❉❊➪❳❉❊❅❇✇✑◆❂❆✲❋➛▲ ♠❪✾❀❁q♣✜❆✲❄❂❉❊❋❊❉❊❈❢✇❲▲r❉❊❁❇❆ a(., .) ◆❢▲r❈❢❣◗❋✐❤❦❆✎❣❇✽③▲❀❞✎❆ V ❣▼✾❀❈①❅◗❉❊♣★♣✜✇✎◆♥❉➛▲r❅❇❆✎❣ ➽
➬✪❤ ▲r✿❂❅q❁❇❆❏✽③▲r❁q❅★✕❂❉❊❋❵❆✎❣❇❅●✇✥➪❳❉❍◆❂❆✥❈❳❅❃②①✿❢❆✲❋➛▲✪♠❪✾❀❁q♣✜❆✲❋❊❉❊❈❢✇❲▲r❉❊❁❇❆ L ❆✎❣q❅●❞✎✾❀❈①❅q❉❊❈❳✿❢❆✘❣❇✿❂❁ V ➽
✱➣❆ ❅q❡❢✇✎✾❀❁❇✈✥♣✜❆★◆❂❆✏✱❵▲✷❮ ➘❧➼ ❉❊❋❊■❑❁▼▲r♣ ❈❢✾❀✿❢❣❏◆❂✾❀❈❂❈❢❆✜▲r❋❍✾❀❁❇❣✵❋✐❤❦❆✝❮♥❉❍❣q❅❇❆✥❈❢❞✎❆★❆✥❅✲❋✐❤ ✿❂❈❂❉❍❞✥❉❊❅❇✇★◆✼❤ ✿❂❈❢❆ ❣▼✾❀❋❊✿❂❅q❉❍✾❀❈ t ✜✹❋➛▲✜♠♦✾❀❁ ➘
♣✑✿❂❋➛▲r❅q❉❍✾❀❈✻➪❑▲r❁q❉➛▲r❅q❉❍✾❀❈❂❈❢❆✥❋❊❋❍❆ ✲♦❺ ➽ ❹✬✴❏✽✌✾❀✿❂❁ r ✙❂❮♥✇ ➽ ✱❵▲✂♠❪✾❀❁q♣✘✿❂❋➛▲r❅q❉❍✾❀❈➾➪❑▲r❁q❉➛▲r❅q❉❍✾❀❈❂❈❢❆✥❋❊❋❍❆ ✲♦❺ ➽ ❹✬✴✑❣❲❤ ❉❊❈①❅❇❆✥❁q✽❂❁❇✈✥❅❇❆✟❆✥❈➾❋❍❆
✽❂❁❇✾❀❄❂❋❍✈✥♣✜❆✘▲r✿♥❮✟❋❊❉❊♣★❉❊❅❇❆✎❣★✕❂✽✌✾❀✿❂❁ r ✙❂❮♥✇✞✓





∆t(x) = −∆r(x) ✽✌✾❀✿❂❁ x ∈ Ω,
t(x) = 0 ✽✌✾❀✿❂❁ x ∈ ΓD,
∂t(x)

∂n
= −∂r(x)

∂n
✽➆✾❀✿❂❁ x ∈ ΓN ,

t(x) = 0 ✽✌✾❀✿❂❁ x ∈ Γw,
t ∈ H1(Ω).

❥➂❋⑩❆✥❈✤◆❂✇✎❞✎✾❀✿❂❋❍❆✡❋✐❤❦❆✝❮♥❉❍❣q❅❇❆✥❈❢❞✎❆✡◆✼❤ ✿❂❈❢❆✡❣❇✾❀❋❊✿❂❅q❉❍✾❀❈ u ◆❢▲r❈❢❣ H1(Ω) ▲r✿✱♣✜✾❳◆❂✈✥❋❍❆ (2.4)
➽ ➶✡❆✎❣q❅❇❆ ✜✑♣✜✾❀❈①❅q❁❇❆✥❁✢❋✐❤ ✿❂❈❂❉ ➘

❞✥❉❊❅❇✇✕◆❂❆✲❋➛▲★❣▼✾❀❋❊✿❂❅q❉❍✾❀❈ ➽

�✂❫❷❙❯❱①❙❩➩❲⑤✸❛ s✉✾❀❉❍❆✥❈①❅ u1
❆✥❅ u2

◆❂❆✥✿♥❮➳❣❇✾❀❋❊✿❂❅q❉❍✾❀❈❢❣ ◆♥✿➳♣✜✾✉◆❂✈✥❋❍❆ ✲♦❺ ➽ Ð✸✴✶✕❷✾❀❈➳❈❢✾❀❅❇❆ u ❋❍❆✥✿❂❁✪◆♥❉✫✪✌✇✥❁❇❆✥❈❢❞✎❆✆✓ u =
u1 − u2

➽ ❥❧❋➣❣❇✿✩✵✜❅✡▲r❋❍✾❀❁❇❣●◆❂❆❏♣✜✾❀❈❳❅q❁❇❆✥❁✡②❳✿❢❆✲❋❍❆✲♣✜✾❳◆❂✈✥❋❍❆✕❣❇✿❂❉❊➪❀▲r❈❳❅ ✓




∆u(x) = 0 ✽➆✾❀✿❂❁ x ∈ Ω,
u(x) = 0 ✽➆✾❀✿❂❁ x ∈ ΓD,
∂u(x)

∂n
= 0 ✽✌✾❀✿❂❁ x ∈ ΓN ,

u(x) = 0 ✽➆✾❀✿❂❁ x ∈ Γw,

▲❀◆♥♣✜❆✥❅❃❞✎✾❀♣★♣✜❆✑✿❂❈❂❉❍②①✿❢❆❏❣❇✾❀❋❊✿❂❅q❉❍✾❀❈☞❋➛▲★❣❇✾❀❋❊✿❂❅q❉❍✾❀❈✂❈❳✿❂❋❊❋❍❆✗✕❢❞✎❆✕②❳✿❂❉➣❆✎❣q❅●✇✥➪❳❉❍◆❂❆✥❈❳❅ ➽

✥✡❈↕▲✜◆❂✾❀❈❢❞✘♣✜✾❀❈①❅q❁❇✇ ❋✐❤❦❆✝❮♥❉❍❣q❅❇❆✥❈❢❞✎❆✘❆✥❅✵❋✐❤ ✿❂❈❂❉❍❞✥❉❊❅❇✇✪◆✼❤ ✿❂❈❢❆✘❣▼✾❀❋❊✿❂❅q❉❍✾❀❈ u ◆❢▲r❈❢❣ H1(Ω) ▲r✿☞♣✜✾✉◆❂✈✥❋❍❆✳✲♦❺ ➽ Ð✸✴✶✕➆②①✿❂❉
❉❊♣★✽❂❋❊❉❍②❳✿❢❆❏❋✐❤❦❆✝❮✉❉❍❣❇❅❇❆✥❈❢❞✎❆✕❆✥❅●❋✐❤ ✿❂❈❂❉❍❞✥❉❊❅❇✇✕◆✼❤ ✿❂❈❢❆✕❣▼✾❀❋❊✿❂❅q❉❍✾❀❈ p ▲r✿✂♣✜✾✉◆❂✈✥❋❍❆ ✲♦❺ ➽ ❺ ✴ ➽

✴✡❈❢❆✵♠❪✾❀❉❍❣●❋❍❆❏♣✜✾❳◆❂✈✥❋❍❆ (2.2) ❁❇✇✎❣❇✾❀❋❊✿ ✕❢❋❍❆✕◆❂✇✥❄❂❉❊❅●❅❇✾❀❅▼▲r❋ Q ❆✎❣q❅●❞❲▲r❋❍❞✥✿❂❋❍✇✕❣❇❆✥❋❍✾❀❈✂❋✐❤❦✇✎②❳✿③▲r❅q❉❍✾❀❈ ✲♦❺ ➽ Ï✵✴ ➘ (v) ✓

Q =
k

µ

∫

Γw

∂p(x)

∂n
dγ(x).

�❭➨ �➣➨✁� ✂❸➏ �➀➁✐➅✂➅❑➈✼➅❑➄✌❿✵➊✯↔✴❾ ↔✯➁✐➅❑➍☎➊✯➈❵➉✯➉✯➏

✥✡❈✟❣❇❆✡✽❂❋➛▲❀❞✎❆✡♣✹▲r❉❊❈❳❅❇❆✥❈③▲r❈①❅●◆❢▲r❈❢❣ ❋❍❆✵❣❇❆✎❞✎✾❀❈❢◆✟❞❲▲❀❣✒✓ Q ❆✎❣q❅ ◆❂✾❀❈❂❈❢✇✗✕♥❆✥❅✢✾❀❈✤❞▼❡❢❆✥❁❇❞❇❡❢❆✲❋➛▲✘❞✎✾❀❈❢❣q❅▼▲r❈①❅❇❆ pwf
➽ ✥✡❈

◆♥❉❍❣q❅q❉❊❈❂■❑✿❢❆✥❁▼▲✑❋❍❆❃❞❲▲❀❣➀✾✌☞✹❋➛▲✕◆❂✾❀❈❂❈❢✇✎❆✡◆❂❆❃➬✵❉❊❁q❉❍❞❇❡❂❋❍❆✥❅ pD ❆✎❣❇❅✯❞✎✾❀❈❢❣q❅▼▲r❈①❅❇❆✗✕✉❆✥❅✯❋❍❆✡❞❲▲❀❣✯✾✌☞ pD ❈➣❤❦❆✎❣q❅✯✽③▲❀❣ ❞✎✾❀❈❢❣q❅▼▲r❈❳❅❇❆ ➽



✘✛✖ ✖✘➭➓④❂❨❭❙➛➩❲⑥r❴ ✯ �➐✠✤⑤✱✰➆❙❪❶❸❴☞❨✯❴①⑥❀❶❸④❢❫➓❴❳❫➆➩

✯ � ✗✁� ✯ � ✗ ✖✑④❂❚✜⑧✁�
pD

❴①❚✎➩✜❱➇⑧➆❫❵❚❲➩❲④❢❫➆➩❲❴➳❛

➬❏▲r❈❢❣⑦✿❂❈ ✽❂❁❇❆✥♣★❉❍❆✥❁⑦❅❇❆✥♣★✽❢❣ ✕❃✾❀❈➋❣❇✿❂✽❂✽➆✾❑❣❇❆➳②①✿❢❆↕❋➛▲➦◆❂✾❀❈❂❈❢✇✎❆ pD
❣❇✿❂❁✂❋❍❆❸❄✌✾❀❁❇◆ ◆❂❆❸➬✵❉❊❁q❉❍❞▼❡❂❋❍❆✥❅ ΓD

❆✎❣q❅
❞✎✾❀❈❢❣q❅▼▲r❈❳❅❇❆✗✕③❞✎❆❏②❳✿❂❉❵❆✎❣q❅●❞✎✾❀✿❂❁▼▲r❈①❅✵❆✥❈☎✽❂❁▼▲r❅q❉❍②①✿❢❆ ➽

✥✡❈✚❆ ✪✌❆✎❞✥❅q✿❢❆✑▲r❋❍✾❀❁❇❣✡❋❍❆✕❞▼❡③▲r❈❂■➇❆✥♣✜❆✥❈①❅❏◆❂❆❏➪❑▲r❁q❉➛▲r❄❂❋❍❆ u = p− pD
✽✌✾❀✿❂❁✡❣❇❆✲❁▼▲r♣✜❆✥❈❢❆✥❁ ✜✪✿❂❈❢❆✑❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈✚◆❂❆

➬✵❉❊❁q❉❍❞❇❡❂❋❍❆✥❅✡❡❢✾❀♣✜✾❀■➇✈✥❈❢❆ ➽ ✱➣❆❏♣✜✾✉◆❂✈✥❋❍❆✕❣❇❆✵❁❇✇✎✇✎❞✥❁q❉❊❅✲▲r❋❍✾❀❁❇❣✷✓




∆u = 0 ◆❢▲r❈❢❣ Ω,
u = 0 ❣q✿❂❁ ΓD,
∂u

∂n
= 0 ❣q✿❂❁ ΓN ,

u = cte (= pwf − pD) ❣q✿❂❁ Γw,

Q =
k

µ

∫

Γw

∂u(x)

∂n
dγ(x).

✲♦❺ ➽ ✦ ✴

✥✡❈☞❣▼❆✲✽❂❋➛▲❀❞✎❆✕◆❢▲r❈❢❣◗❋✐❤❦❆✎❣q✽③▲❀❞✎❆✯✓

V = {v ∈ H1(Ω) ; v/ΓD
= 0, v/Γw = cte ✾✌☞ cte ❆✎❣q❅●✿❂❈❢❆❏❞✎✾❀❈❢❣q❅▼▲r❈❳❅❇❆✕❉❊❈❢❞✎✾❀❈❂❈❳✿❢❆ }.

✥✡❈✤♣✑✿❂❈❂❉❊❅ V ◆♥✿✱✽❂❁❇✾✉◆♥✿❂❉❊❅✢❣❇❞❲▲r❋➛▲r❉❊❁❇❆❃✿❢❣❇✿❢❆✥❋✟✲♦❺ ➽ ❼ ✴➀◆❢▲r❈❢❣ H1(Ω)
➽
V ❆✎❣q❅➀✿❂❈✤❣❇✾❀✿❢❣ ➘ ❆✎❣q✽③▲❀❞✎❆❃➪➇❆✎❞✥❅❇✾❀❁q❉❍❆✥❋➆♠♦❆✥❁q♣✜✇✡◆❂❆

❋✐❤❦❆✎❣q✽③▲❀❞✎❆✕◆❂❆ ❐ ❉❊❋❊❄✌❆✥❁q❅ H1(Ω) ✕❢❞❑❤❦❆✎❣q❅●◆❂✾❀❈❢❞✕✿❂❈ ❐ ❉❊❋❊❄✌❆✥❁q❅ ➽
✱❵▲ ♠♦✾❀❁q♣✑✿❂❋➛▲r❅q❉❍✾❀❈⑦➪❀▲r❁q❉➛▲r❅q❉❍✾❀❈❂❈❢❆✥❋❊❋❍❆✘◆♥✿✂✽❂❁❇✾❀❄❂❋❍✈✥♣✜❆ ✲♦❺ ➽ ✦ ✴✢❣➯❤❦✇✎❞✥❁q❉❊❅ ✓

a(u, v) = L(v), ✽✌✾❀✿❂❁●❅❇✾❀✿❂❅ v ∈ V, ✲♦❺ ➽ ★ ✴
▲✎➪➇❆✎❞ ✓ 




a(u, v) =

∫

Ω
∇u(x)∇v(x) dx

L(v) = Q v/Γw .

✱❵▲✘♠♦✾❀❁q♣✜❆✲❄❂❉❊❋❊❉❊❈❢✇❲▲r❉❊❁❇❆ a ❆✎❣❇❅✢◆❂❆✲❅❇✾❀✿❂❅❇❆❏✇✥➪✉❉❍◆❂❆✥❈❢❞✎❆❏❞✎✾❀❈①❅q❉❊❈❳✿❢❆✑◆❢▲r❈❢❣ V × V ✕❂❞✎✾❳❆✥❁❇❞✥❉❊➪➇❆❏❣❇✿❂❁ V ✕♥❆✥❅✢❋➛▲✘♠❪✾❀❁q♣✜❆
❋❊❉❊❈❢✇❲▲r❉❊❁❇❆ L ❆✎❣❇❅❃❞✎✾❀❈①❅q❉❊❈❳✿❢❆✑◆❢▲r❈❢❣ V ➽

✥✡❈☎✽✌❆✥✿❂❅◗◆❂✾❀❈❢❞✕▲r✽❂✽❂❋❊❉❍②①✿❢❆✥❁◗❋❍❆✵❅q❡❢✇✎✾❀❁❇✈✥♣✜❆❏◆❂❆ ✱❵▲✷❮ ➘❧➼ ❉❊❋❊■❑❁▼▲r♣✧②❳✿❂❉➣▲❀❣❇❣q✿❂❁❇❆✵❋✐❤❦❆✝❮♥❉❍❣q❅❇❆✥❈❢❞✎❆❏❆✥❅✢❋✐❤ ✿❂❈❂❉❍❞✥❉❊❅❇✇✕◆✼❤ ✿❂❈❢❆
❣❇✾❀❋❊✿❂❅q❉❍✾❀❈ u ◆❢▲r❈❢❣ V ✜✪❋➛▲✪♠❪✾❀❁q♣✘✿❂❋➛▲r❅q❉❍✾❀❈⑦➪❑▲r❁q❉➛▲r❅q❉❍✾❀❈❂❈❢❆✥❋❊❋❍❆✳✲♦❺ ➽ ★ ✴ ➽✌➚ ❆✥❅q❅❇❆❏♠♦✾❀❁q♣✑✿❂❋➛▲r❅q❉❍✾❀❈✚➪❀▲r❁q❉➛▲r❅q❉❍✾❀❈❂❈❢❆✥❋❊❋❍❆✘❣❲❤ ❉❊❈①❅❇❆✥❁ ➘
✽❂❁❇✈✥❅❇❆✕❆✥❈✂❋❍❆✲✽❂❁❇✾❀❄❂❋❍✈✥♣✜❆ ▲r✿♥❮✤❋❊❉❊♣★❉❊❅❇❆✎❣ ✓





∆u = 0 ◆❢▲r❈❢❣ Ω,
u = 0 ❣❇✿❂❁ ΓD,
∂u

∂n
= 0 ❣q✿❂❁ ΓN ,

u = cte inconnue ❣❇✿❂❁ Γw,

Q =
k

µ

∫

Γw

∂u(x)

∂n
dγ(x),

u ∈ H1(Ω).

✱➣❆✑♣✜✾❳◆❂✈✥❋❍❆✳✲♦❺ ➽ ✦ ✴●▲❀◆♥♣✜❆✥❅✲◆❂✾❀❈❢❞✕✿❂❈❢❆✘❣❇✾❀❋❊✿❂❅q❉❍✾❀❈☞✿❂❈❂❉❍②❳✿❢❆ u ◆❢▲r❈❢❣ H1(Ω)
➽ ✥✡❈⑦❆✥❈✚◆❂✇✎◆♥✿❂❉❊❅❃❋✐❤❦❆✝❮♥❉❍❣q❅❇❆✥❈❢❞✎❆✑❆✥❅

❋✐❤ ✿❂❈❂❉❍❞✥❉❊❅❇✇✑◆✼❤ ✿❂❈❢❆✑❣❇✾❀❋❊✿❂❅q❉❍✾❀❈ p ◆❢▲r❈❢❣ H1(Ω) ✽➆✾❀✿❂❁◗❋❍❆✕♣✜✾❳◆❂✈✥❋❍❆ ✲♦❺ ➽ Ï✵✴✶✕③◆❢▲r❈❢❣◗❋❍❆✕❞❲▲❀❣●✾✌☞ pD ❆✎❣q❅●❞✎✾❀❈❢❣q❅▼▲r❈①❅❇❆ ➽



✯ � ✗✁�➐✫✕⑥r⑧✛✚❭❬❯➲❳❶➳❴☞❬❪❙❯❫➓⑤①④❢❙❯⑥r❴✁�➟❱➇⑧➆❫❵➫❭⑨➓❱❑➩➯❙ ✣❵❙➛➩❲⑤✚❙❪❫ ✟➒❫➓❙❯❴✄✂ ✘ ☛

✯ � ✗✁� ✯ � ✯ ✖✑④❂❚✜⑧✁�
pD

❫✺P❊❴①❚❲➩✜❨➓④❂❚★❱➇⑧➆❫❵❚❲➩❲④❢❫➆➩❲❴➳❛
➷ ✾❀✿❢❣◗❁▼▲r✽❂✽✌❆✥❋❍✾❀❈❢❣●❋❍❆✲♣✜✾✉◆❂✈✥❋❍❆✯✓





∆p = 0 ◆❢▲r❈❢❣ Ω,
p = pD

❣❇✿❂❁ ΓD,
∂p

∂n
= 0 ❣❇✿❂❁ ΓN ,

p = pwf
❣q✿❂❁ Γw,

Q =
k

µ

∫

Γw

∂p(x)

∂n
dγ(x).

✲♦❺ ➽ Ï❲❻ ✴

❥➴❞✥❉❷✾❀❈❜❣q✿❂✽❂✽✌✾❑❣❇❆✘②❳✿❢❆ pD ❈➣❤❦❆✎❣q❅✵✽❂❋❊✿❢❣✲❞✎✾❀❈❢❣q❅▼▲r❈①❅❇❆✗✕ Q ❆✎❣q❅✲◆❂✾❀❈❂❈❢✇✗✕✌❆✥❅ pwf ∈ R
❉❊❈❢❞✎✾❀❈❂❈①✿❢❆ ➽ ❒✺❈⑦✽❂❁▼▲r❅q❉❍②❳✿❢❆✗✕➆❋❍❆

❞❲▲❀❣✑✾✌☞ pD
❈➣❤❦❆✎❣q❅✕✽③▲❀❣ ❞✎✾❀❈❢❣q❅▼▲r❈❳❅❇❆✹❞✎✾❀❁q❁❇❆✎❣q✽✌✾❀❈❢◆❸■➇✇✥❈❢✇✥❁▼▲r❋❍❆✥♣✜❆✥❈❳❅★▲r✿➾❞❲▲❀❣✑✾✌☞ pD

❣❇❆✥❁▼▲☎❞✎✾❀❈❢❣q❅▼▲r❈❳❅❇❆✹✽③▲r❁✘♣✜✾❀❁ ➘
❞✎❆❲▲r✿♥❮➥❣q✿❂❁ ΓD

➽ ➱➒❡❳t✉❣q❉❍②❳✿❢❆✥♣✜❆✥❈①❅★✕➒❞✎❆✥❋➛▲✚❣q❉❊■❑❈❂❉✚✙③❆✤②❳✿➣❤❦✾❀❈➾❉❊♣★✽✌✾❑❣❇❆✤◆❂❆✎❣✪❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈❢❣★◆❂❆✱✽❂❁❇❆✎❣▼❣q❉❍✾❀❈➾◆♥❉✫✪✼✇✥❁❇❆✥❈①❅❇❆✎❣
❣q✿❂❁✕◆❂❆✥✿♥❮↕✽③▲r❁q❅q❉❍❆✎❣✑◆❂❆✪❋➛▲✟♠❯❁❇✾❀❈❳❅q❉❍✈✥❁❇❆ ΓD

➽ ➱❭▲r❁✑❆✝❮❂❆✥♣★✽❂❋❍❆✗✕❵✾❀❈↕✽✌❆✥✿❂❅✕❉❊♣★✽➆✾❑❣▼❆✥❁ p = p1
❣q✿❂❁ ΓD,1

✕➣❆✥❅ p = p2❣q✿❂❁ ΓD,2
✕✼▲✎➪➇❆✎❞ p1 6= p2

✕ ΓD,1 ∪ ΓD,2 = ΓD
✕✌❆✥❅ ΓD,1 ∩ ΓD,2 = ∅ ➽➣➚ ✾❀❈❢❞✥❁❇✈✥❅❇❆✥♣✜❆✥❈①❅★✕➓◆❢▲r❈❢❣✲❋❍❆✪❞❲▲❀❣❏◆✼❤ ✿❂❈

❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁✯❆✥❈✪♠♦✾❀❁q♣✜❆◗◆❂❆✢❄✌✾✑�❍❅❇❆✗✕ ΓD,1 ✽➆❆✥✿❂❅➒❁❇❆✥✽❂❁❇✇✎❣▼❆✥❈①❅❇❆✥❁✺❋❍❆✢❅❇✾❀❉❊❅✯◆♥✿★❁❇✇✎❣▼❆✥❁q➪➇✾❀❉❊❁★✕➇❆✥❅ ΓD,2
❋❍❆✢♣✑✿❂❁✯◆♥✿★❁❇✇✎❣▼❆✥❁q➪➇✾❀❉❊❁ ➽

➷ ✾❀✿❢❣◗✽❂❁❇✾❀✽✌✾❑❣❇✾❀❈❢❣●❉❍❞✥❉❵◆❂❆✥✿♥❮✂◆❂✇✥♣✜✾❀❈❢❣q❅q❁▼▲r❅q❉❍✾❀❈❢❣✵◆♥❉✫✪✼✇✥❁❇❆✥❈①❅❇❆✎❣★✕③❋➛▲✪✽❂❁❇❆✥♣★❉❍✈✥❁❇❆✑✇✥❅▼▲r❈❳❅✡▲r❈❢✾❀❋❍✾❀■❑✿❢❆ ✜★❞✎❆✥❋❊❋❍❆✑◆❂❆❏❋➛▲
❣❇❆✎❞✥❅q❉❍✾❀❈↕❺ ➽ Ï ➽ Ï✑✽✌✾❀✿❂❁❃❋➛▲✜✽❂❁❇❆✎❣❇❣q❉❍✾❀❈❜◆❂✾❀❈❂❈❢✇✎❆✗✕⑩❆✥❅✵❋➛▲✜◆❂❆✥✿♥❮♥❉❍✈✥♣✜❆✘❁❇❆✥✽➆✾❑❣▼▲r❈❳❅✵❣❇✿❂❁❃❋❍❆✘✽❂❁q❉❊❈❢❞✥❉❊✽➆❆ ◆❂❆✑❣q✿❂✽✌❆✥❁q✽✌✾❑❣q❉❊❅q❉❍✾❀❈ ➽
➚ ❆✢✽❂❁q❉❊❈❢❞✥❉❊✽✌❆◗❣❇❆✥❁▼▲✡❋✐❤ ✿❂❈✜◆❂❆✎❣➒✇✥❋❍✇✥♣✜❆✥❈①❅❇❣✯❞✥❋❍✇✎❣➒◆❂❆✢❋➛▲✵◆❂✇✥♣✜✾❀❈❢❣q❅q❁▼▲r❅q❉❍✾❀❈✱◆✼❤❦❆✝❮✉❉❍❣q❅❇❆✥❈❢❞✎❆◗❆✥❅✺◆✼❤ ✿❂❈❂❉❍❞✥❉❊❅❇✇❃◆✼❤ ✿❂❈❢❆◗❣❇✾❀❋❊✿❂❅q❉❍✾❀❈
▲r✿↕✽❂❁❇✾❀❄❂❋❍✈✥♣✜❆★❈❢✾❀❈ ➘ ❋❊❉❊❈❢✇❲▲r❉❊❁❇❆ ➽➓➷ ✾❀✿❢❣❏❋✐❤ ❉❊❈❳❅q❁❇✾❳◆♥✿❂❉❍❣▼✾❀❈❢❣✕❉❍❞✥❉✺◆❢▲r❈❢❣❏❋❍❆★❞❲▲❀◆♥❁❇❆★✽❂❋❊✿❢❣✑❣q❉❊♣★✽❂❋❍❆★◆♥✿❸♣✜✾✉◆❂✈✥❋❍❆✪❋❊❉❊❈❢✇❲▲r❉❊❁❇❆✗✕
▲ ✙❢❈☞◆❂❆✵♠✐▲❀❞✥❉❊❋❊❉❊❅❇❆✥❁●❋➛▲★❞✎✾❀♣★✽❂❁❇✇✥❡❢❆✥❈❢❣q❉❍✾❀❈✚◆♥✿✂❋❍❆✎❞✥❅❇❆✥✿❂❁ ➽

✗✁�❷✫✑⑥✷❴✉❶➳❙❯➲①⑥r❴☞➫❷⑤❳❶➳⑧⑩❫➓❚✎➩❲⑥✷④♥➩➯❙❯⑧➆❫ ❛
✱➓▲✲✽❂❁❇❆✥♣★❉❍✈✥❁❇❆●◆❂✇✥♣✜✾❀❈❢❣q❅q❁▼▲r❅q❉❍✾❀❈✤❆✎❣q❅➀▲r❈③▲r❋❍✾❀■❑✿❢❆ ✜❏❞✎❆✥❋❊❋❍❆❃❆ ✪✌❆✎❞✥❅q✿❢✇✎❆●◆❢▲r❈❢❣✺❋➛▲❏❣❇❆✎❞✥❅q❉❍✾❀❈✜✽❂❁❇✇✎❞✎✇✎◆❂❆✥❈❳❅❇❆●❋❍✾❀❁❇❣❇②❳✿❢❆
❋➛▲ ✽❂❁❇❆✎❣▼❣q❉❍✾❀❈ pwf ▲r✿☎✽✌✾❀❉❊❈①❅✡◆❂❆❏❣❇✾❀✿❂❅q❉❊❁▼▲r■➇❆✕❆✎❣q❅◗◆❂✾❀❈❂❈❢✇✎❆ ➽ ❥➂❋✼❣q✿✩✵✜❅●◆✼❤ ✿❂❅q❉❊❋❊❉❍❣❇❆✥❁●✿❂❈☎❅q❡❢✇✎✾❀❁❇✈✥♣✜❆✑◆❂❆✲❁❇❆✥❋❍✈✥➪➇❆ ➘
♣✜❆✥❈❳❅ ✓
❣❇❉ pD ∈ H1/2(ΓD) ✕➆▲r❋❍✾❀❁❇❣❃❉❊❋❵❆✝❮♥❉❍❣q❅❇❆❏✿❂❈⑦❁❇❆✥❋❍✈✥➪➇❆✥♣✜❆✥❈①❅ ✲❯❈❢✾❀❈☞✿❂❈❂❉❍②❳✿❢❆✵✴ r ∈ H1(∆,Ω) ✕⑩❆✥❅ η > 0 ✕❂❅❇❆✥❋❍❣②❳✿❢❆✞✓

r(x) =

{
pD(x) ❣q✿❂❁ ΓD,
1 ❣❇✿❂❁ Γw,

❆✥❅ ‖r‖H1(∆,Ω) ≤ C(‖pD‖H1/2(ΓD) + ‖1‖H1/2(Γw)).

✥✡❈✂❆ ✪✼❆✎❞✥❅q✿❢❆✑▲r❋❍✾❀❁❇❣❃❋❍❆❏❞❇❡③▲r❈❂■➇❆✥♣✜❆✥❈①❅❏◆❂❆✲➪❑▲r❁q❉➛▲r❄❂❋❍❆✎❣ u = p− r
➽ ✱❵❆✲♣✜✾❳◆❂✈✥❋❍❆✕◆❂❆✥➪✉❉❍❆✥❈①❅✲▲r❋❍✾❀❁❇❣✷✓





∆u(x) = −∆r(x) ✽➆✾❀✿❂❁ x ∈ Ω,
u(x) = 0 ✽✌✾❀✿❂❁ x ∈ ΓD,
∂u(x)

∂n
= −∂r(x)

∂n
✽➆✾❀✿❂❁ x ∈ ΓN ,

u(x) = pwf − 1 = ✂ ☛ ✟ ✒✔☛☞✂✘☎✞☛ ☛✕✘ ✟ ❣q✿❂❁ Γw,

Q =
k

µ

∫

Γw

∂u(x)

∂n
dγ(x) +

k

µ

∫

Γw

∂r(x)

∂n
dγ(x).

✲♦❺ ➽ Ï❑Ï✵✴

✥✡❈✂❣▼❆✲✽❂❋➛▲❀❞✎❆✕◆❢▲r❈❢❣●❋✐❤❦❆✎❣q✽③▲❀❞✎❆ ✓

V = {v ∈ H1(Ω) ; v/ΓD
= 0, v/Γw = cte ✾✌☞ cte ❆✎❣q❅◗✿❂❈❢❆✕❞✎✾❀❈❢❣❇❅▼▲r❈①❅❇❆✕❉❊❈❢❞✎✾❀❈❂❈❳✿❢❆ }.

➷ ✾❀✿❢❣✜▲✎➪➇✾❀❈❢❣✜➪❳✿ ◆❢▲r❈❢❣✪❋❍❆✟✽③▲r❁▼▲r■❑❁▼▲r✽❂❡❢❆☎✽❂❁❇✇✎❞✎✇✎◆❂❆✥❈❳❅✱②❳✿❢❆ V ✕❷♣✑✿❂❈❂❉✡◆♥✿➝✽❂❁❇✾❳◆♥✿❂❉❊❅✜❣❇❞❲▲r❋➛▲r❉❊❁❇❆✟✿❢❣❇✿❢❆✥❋●◆❂❆
H1(Ω) ✕❢❆✎❣q❅◗✿❂❈ ❐ ❉❊❋❊❄➆❆✥❁q❅ ➽ ✱➓▲ ♠❪✾❀❁q♣✘✿❂❋➛▲r❅q❉❍✾❀❈☞➪❑▲r❁q❉➛▲r❅q❉❍✾❀❈❂❈❢❆✥❋❊❋❍❆✑◆♥✿✂♣✜✾✉◆❂✈✥❋❍❆ ✲♦❺ ➽ Ï❑Ï✵✴◗❣➯❤❦✇✎❞✥❁q❉❊❅❃▲r❋❍✾❀❁❇❣ ✓

a(u, v) = L(v), ✽➆✾❀✿❂❁●❅❇✾❀✿❂❅ v ∈ V, ✲♦❺ ➽ Ï❲❺ ✴



✆ � ✖✘➭➓④❂❨❭❙➛➩❲⑥r❴ ✯ �➐✠✤⑤✱✰➆❙❪❶❸❴☞❨✯❴①⑥❀❶❸④❢❫➓❴❳❫➆➩

▲❲➪➇❆✎❞✯✓ 



a(u, v) =

∫

Ω
∇u(x)∇v(x) dx,

L(v) = −
∫

Ω
∇r(x)∇v(x) dx −

∫

ΓN

∂r(x)

∂n
v(x) dγ(x)

+

(
Q− k

µ

∫

Γw

∂r(x)

∂n
dγ(x)

)
v/Γw .

✥✡❈✹✽➆❆✥✿❂❅❭♠✐▲❀❞✥❉❊❋❍❆✥♣✜❆✥❈①❅➀♣✜✾❀❈①❅q❁❇❆✥❁✢②①✿❢❆✢❋➛▲✵♠♦✾❀❁q♣✜❆✢❄❂❉❊❋❊❉❊❈❢✇❲▲r❉❊❁❇❆ a(., .) ❆✎❣q❅✯❞✎✾❀❈❳❅q❉❊❈①✿❢❆❃◆❢▲r❈❢❣ V ×V ✕➇❞✎✾✉❆✥❁❇❞✥❉❊➪➇❆❣❇✿❂❁ V ✕❂❆✥❅❃②❳✿❢❆✲❋➛▲ ♠♦✾❀❁q♣✜❆✲❋❊❉❊❈❢✇❲▲r❉❊❁❇❆ L ❆✎❣❇❅●❞✎✾❀❈①❅q❉❊❈①✿❢❆✘❣q✿❂❁ V ➽
➷ ✾❀✿❢❣✲✽✌✾❀✿❂➪➇✾❀❈❢❣✕◆❂✾❀❈❢❞✜▲r✽❂✽❂❋❊❉❍②①✿❢❆✥❁❏❋❍❆✪❅q❡❢✇✎✾❀❁❇✈✥♣✜❆✹◆❂❆✞✱❵▲✷❮ ➘❧➼ ❉❊❋❊■❑❁▼▲r♣❖②❳✿❂❉❭❈❢✾❀✿❢❣✑▲❀❣❇❣q✿❂❁❇❆ ❋✐❤❦❆✝❮♥❉❍❣q❅❇❆✥❈❢❞✎❆★❆✥❅
❋✐❤ ✿❂❈❂❉❍❞✥❉❊❅❇✇❏◆✼❤ ✿❂❈❢❆✑❣❇✾❀❋❊✿❂❅q❉❍✾❀❈ u ✜ ❋➛▲✑♠❪✾❀❁q♣✘✿❂❋➛▲r❅q❉❍✾❀❈☞➪❑▲r❁q❉➛▲r❅q❉❍✾❀❈❂❈❢❆✥❋❊❋❍❆ ✲♦❺ ➽ Ï❲❺ ✴➀✽➆✾❀✿❂❁ r ✙❂❮♥✇ ➽③➚ ❆✥❅q❅❇❆✵♠♦✾❀❁q♣✑✿❂❋➛▲ ➘
❅q❉❍✾❀❈☞➪❀▲r❁q❉➛▲r❅q❉❍✾❀❈❂❈❢❆✥❋❊❋❍❆✘❣❲❤ ❉❊❈①❅❇❆✥❁q✽❂❁❇✈✥❅❇❆✘❆✥❈☎❋❍❆❏✽❂❁❇✾❀❄❂❋❍✈✥♣✜❆✑▲r✿♥❮☎❋❊❉❊♣★❉❊❅❇❆✎❣ ✓





∆u(x) = −∆r(x) ✽➆✾❀✿❂❁ x ∈ Ω,
u(x) = 0 ✽➆✾❀✿❂❁ x ∈ ΓD,
∂u(x)

∂n
= −∂r(x)

∂n
✽✌✾❀✿❂❁ x ∈ ΓN ,

u(x) = ✂ ☛ ✟ ✒✔☛ ✂✆☎✞☛ ☛✕✘ ✟ ✽✌✾❀✿❂❁ x ∈ Γw,

Q =
k

µ

∫

Γw

∂u(x)

∂n
dγ(x) +

k

µ

∫

Γw

∂r(x)

∂n
dγ(x),

u ∈ H1(Ω).

➷ ✾❀✿❢❣✢❆✥❈✂◆❂✇✎◆♥✿❂❉❍❣❇✾❀❈❢❣✢❋✐❤❦❆✝❮♥❉❍❣q❅❇❆✥❈❢❞✎❆❏◆✼❤ ✿❂❈❢❆✲❣❇✾❀❋❊✿❂❅q❉❍✾❀❈ p ▲r✿☎♣✜✾✉◆❂✈✥❋❍❆ ✲♦❺ ➽ Ï❲❻ ✴ ➽ ➶❃❆✎❣q❅❇❆ ✜✘♣✜✾❀❈①❅q❁❇❆✥❁●❋✐❤ ✿❂❈❂❉❍❞✥❉❊❅❇✇
◆❂❆✲❋➛▲✜❣❇✾❀❋❊✿❂❅q❉❍✾❀❈ ➽

s✉✾❀❉❍❆✥❈❳❅ p1
✕ p2

◆❂❆✥✿♥❮❜❣❇✾❀❋❊✿❂❅q❉❍✾❀❈❢❣✑◆♥✿✚♣✜✾✉◆❂✈✥❋❍❆ ✲♦❺ ➽ Ï❲❻ ✴✶✕✼✾❀❈↕❈❢✾❀❅❇❆ u ❋❍❆✥✿❂❁✕◆♥❉✫✪✼✇✥❁❇❆✥❈❢❞✎❆✠✓ u = p1 − p2
➽ ❥➂❋

❣❇✿✩✵✜❅●◆❂❆❏♣✜✾❀❈①❅q❁❇❆✥❁✵②①✿❢❆✲❋❍❆❏♣✜✾✉◆❂✈✥❋❍❆✞✓




∆u(x) = 0 ✽✌✾❀✿❂❁ x ∈ Ω,
u(x) = 0 ✽✌✾❀✿❂❁ x ∈ ΓD,
∂u(x)

∂n
= 0 ✽➆✾❀✿❂❁ x ∈ ΓN ,

u(x) = ✂ ☛ ✟ ✒✚☛☞✂✆☎✞☛ ☛☞✘ ✟ ✽✌✾❀✿❂❁ x ∈ Γw,

0 =
k

µ

∫

Γw

∂u(x)

∂n
dγ(x),

✲♦❺ ➽ Ï❲❼ ✴

▲❀◆♥♣✜❆✥❅✡❞✎✾❀♣★♣✜❆❏✿❂❈❂❉❍②①✿❢❆✑❣❇✾❀❋❊✿❂❅q❉❍✾❀❈✂❋➛▲★❣❇✾❀❋❊✿❂❅q❉❍✾❀❈☞❈①✿❂❋❊❋❍❆ ➽
✱➓▲ ♠❪✾❀❁q♣✘✿❂❋➛▲r❅q❉❍✾❀❈☞➪❑▲r❁q❉➛▲r❅q❉❍✾❀❈❂❈❢❆✥❋❊❋❍❆✑◆♥✿☎♣✜✾✉◆❂✈✥❋❍❆ ✲♦❺ ➽ Ï❲❼ ✴✢❣❲❤❦✇✎❞✥❁q❉❊❅★✕❢✽➆✾❀✿❂❁ v ∈ V ✓

0 =

∫

Ω
∇u(x)∇v(x) dx −

∫

Γ

∂u(x)

∂n
v(x) dγ(x),

❣▼✾❀❉❊❅✷✓ ∫

Ω
∇u(x)∇v(x) dx = v|Γw

∫

Γw

∂u(x)

∂n
dγ(x),

✾❀❁★✕❂◆✼❤ ▲r✽❂❁❇✈✎❣❃❋➛▲★◆❂❆✥❁q❈❂❉❍✈✥❁❇❆✕✇✎②❳✿③▲r❅q❉❍✾❀❈☞◆♥✿✂♣✜✾✉◆❂✈✥❋❍❆ ✲♦❺ ➽ Ï❲❼ ✴✶✕❢✾❀❈⑦▲✧✓
∫

Γw

∂u(x)

∂n
dγ(x) = 0,

◆✼❤❦✾✌☞ ✓ ∫

Ω
∇u(x)∇v(x) dx = 0, ✽✌✾❀✿❂❁◗❅❇✾❀✿❂❅ v ∈ V,



✯ � ✗✁�➐✫✕⑥r⑧✛✚❭❬❯➲❳❶➳❴☞❬❪❙❯❫➓⑤①④❢❙❯⑥r❴✁�➟❱➇⑧➆❫❵➫❭⑨➓❱❑➩➯❙ ✣❵❙➛➩❲⑤✚❙❪❫ ✟➒❫➓❙❯❴✄✂ ✆ ✗

❞✎❆❏②❳✿❂❉➣❆✥❈①❅q❁▼▲✁�❍❈❢❆ u = 0
➽

➷ ✾❀✿❢❣✡▲❲➪➇✾❀❈❢❣●❄❂❉❍❆✥❈✚◆❂✇✥♣✜✾❀❈①❅q❁❇✇ ②①✿❢❆❏❋❍❆✕♣✜✾❳◆❂✈✥❋❍❆✳✲♦❺ ➽ Ï❲❼ ✴●▲❀◆♥♣✜❆✥❅✡❞✎✾❀♣★♣✜❆✑✿❂❈❂❉❍②①✿❢❆✘❣❇✾❀❋❊✿❂❅q❉❍✾❀❈✂❋➛▲✹❣❇✾❀❋❊✿❂❅q❉❍✾❀❈
❈❳✿❂❋❊❋❍❆ ➽

➷ ✾❀✿❢❣ ❆✥❈✤◆❂✇✎◆♥✿❂❉❍❣❇✾❀❈❢❣ ②❳✿❢❆❃❋❍❆❃♣✜✾❳◆❂✈✥❋❍❆ ✲♦❺ ➽ Ï❲❻ ✴ ▲❀◆♥♣✜❆✥❅➀✿❂❈❢❆✡✿❂❈❂❉❍②①✿❢❆✵❣❇✾❀❋❊✿❂❅q❉❍✾❀❈✟◆❢▲r❈❢❣ H1(Ω) ✕❳❆✥❅ ◆❂✾❀❈❢❞❃❋❍❆
♣✜✾✉◆❂✈✥❋❍❆ ✲♦❺ ➽ Ï✵✴◗▲❀◆♥♣✜❆✥❅❃✿❂❈❢❆❏✿❂❈❂❉❍②①✿❢❆❏❣▼✾❀❋❊✿❂❅q❉❍✾❀❈☞◆❢▲r❈❢❣ H1(Ω) ✕③②①✿③▲r❈❢◆☎❋❍❆❏◆❂✇✥❄❂❉❊❅❃❅❇✾❀❅▼▲r❋ Q ❆✎❣q❅●◆❂✾❀❈❂❈❢✇ ➽

�

✯ �❷✒☎❴✉⑨ ✝❵❙❯➲✉❶❸❴☞➫❷⑤❳❶➳⑧⑩❫➓❚✎➩❲⑥r④♥➩➯❙❩⑧➆❫ ❛
➷ ✾❀✿❢❣✺✽❂❁❇✾❀✽✌✾❑❣❇✾❀❈❢❣➀❉❍❞✥❉⑩✿❂❈❢❆✵▲r✿❂❅q❁❇❆✡◆❂✇✥♣✜✾❀❈❢❣❇❅q❁▼▲r❅q❉❍✾❀❈✤◆❂❆✡❋✐❤❦❆✝❮✉❉❍❣❇❅❇❆✥❈❢❞✎❆❃❆✥❅➀◆❂❆✡❋✐❤ ✿❂❈❂❉❍❞✥❉❊❅❇✇✵◆✼❤ ✿❂❈❢❆❃❣❇✾❀❋❊✿❂❅q❉❍✾❀❈☎▲r✿
♣✜✾✉◆❂✈✥❋❍❆ ✲♦❺ ➽ Ï✵✴✶✕❂❄③▲❀❣▼✇✎❆❏❣q✿❂❁◗❋❍❆❏✽❂❁q❉❊❈❢❞✥❉❊✽✌❆✕◆❂❆✕❣q✿❂✽✌❆✥❁q✽➆✾❑❣❇❉❊❅q❉❍✾❀❈ ➽

✥✡❈✚❁❇❆✥♣✹▲r❁❇②❳✿❢❆✘②❳✿❢❆✑❋➛▲✱❣❇✾❀❋❊✿❂❅q❉❍✾❀❈ p ◆♥✿✚♣✜✾❳◆❂✈✥❋❍❆✶✲♦❺ ➽ Ï✵✴✡◆❂✇✥✽➆❆✥❈❢◆⑦❋❊❉❊❈❢✇❲▲r❉❊❁❇❆✥♣✜❆✥❈①❅✕◆❂❆✘❋➛▲✱❞✎✾❀❈❢❣q❅▼▲r❈①❅❇❆ pwf
➽

✥✡❈☎✽❂❁❇✾✉❞✎✈✎◆❂❆✕❆✥❈☞◆❂❆✥✿♥❮☎✇✥❅▼▲r✽✌❆✎❣ ✓
Ï ➽ ✾❀❈➾❁❇✇✎❣❇✾❀✿❂❅ ❅❇✾❀✿❂❅★◆✼❤ ▲r❄➆✾❀❁❇◆➥❋❍❆✹♣✜✾✉◆❂✈✥❋❍❆ ✲♦❺ ➽ ❺ ✴✶✕➓②❳✿❂❉ ❈➣❤❦❆✎❣q❅✪▲r✿❂❅q❁❇❆✟②❳✿❢❆✹❋❍❆✱♣✜✾✉◆❂✈✥❋❍❆ ✲♦❺ ➽ Ï✵✴✘❣▼▲r❈❢❣✘❋➛▲

❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈ (v) ❣q✿❂❁◗❋❍❆❏◆❂✇✥❄❂❉❊❅●❅❇✾❀❅▼▲r❋ Q ✕❂❆✥❈☎♠♦✾❀❈❢❞✥❅q❉❍✾❀❈☞◆❂❆ pwf ✕
❺ ➽ ✽❂✿❂❉❍❣➀✾❀❈✹❞❲▲r❋❍❞✥✿❂❋❍❆◗❋➛▲❏❞✎✾❀❈❢❣❇❅▼▲r❈①❅❇❆ pwf ◆❂❆◗♠♦▲✘✛✎✾❀❈ ✜✕❣▼▲r❅q❉❍❣➟♠✐▲r❉❊❁❇❆✢❋➛▲❏❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈ ✲♦❺ ➽ Ï✵✴ ➘ (v) ❣q✿❂❁✺❋❍❆●◆❂✇✥❄❂❉❊❅

❅❇✾❀❅▼▲r❋ Q ➽
➱❭▲r❁●❋❊❉❊❈❢✇❲▲r❁q❉❊❅❇✇✗✕⑩✾❀❈✂✽➆❆✥✿❂❅●◆❂✇✎❞✎✾❀✿❂✽✌❆✥❁●❋❍❆❏♣✜✾✉◆❂✈✥❋❍❆ ✲♦❺ ➽ ❺ ✴✢❆✥❈☞◆❂❆✥✿♥❮✟♣✜✾❀❁❇❞✎❆❲▲r✿♥❮ ✓

(II ′)





❝ ❁❇✾❀✿❂➪➇❆✥❁ F1
❅❇❆✥❋➣②❳✿❢❆✯✓

∆F1 = 0 ◆❢▲r❈❢❣ Ω,
F1 = pD

❣q✿❂❁ ΓD,
∂F1

∂n
= 0 ❣q✿❂❁ ΓN ,

F1 = 0 ❣❇✿❂❁ Γw.

✲♦❺ ➽ Ï✥Ð✸✴

(II ′′)





❝ ❁❇✾❀✿❂➪➇❆✥❁ F2
❅❇❆✥❋❵②❳✿❢❆✞✓

∆F2 = 0 ◆❢▲r❈❢❣ Ω,
F2 = 0 ❣❇✿❂❁ ΓD,
∂F2

∂n
= 0 ❣q✿❂❁ ΓN ,

F2 = 1 ❣❇✿❂❁ Γw.

✲♦❺ ➽ Ï❲Ò ✴

❥➂❋➣❆✎❣q❅●✇✥➪✉❉❍◆❂❆✥❈①❅❃②❳✿➣❤ ▲r❋❍✾❀❁❇❣ ✓
p = F1 + pwfF2.

✲♦❺ ➽ Ï❲Ñ ✴
✱❵❆✎❣✲♣✜✾❳◆❂✈✥❋❍❆✎❣ (II ′) ❆✥❅ (II ′′) ▲❀◆♥♣✜❆✥❅q❅❇❆✥❈❳❅✕✿❂❈❢❆★❣❇✾❀❋❊✿❂❅q❉❍✾❀❈❜✿❂❈❂❉❍②①✿❢❆✗✕➆❁❇❆✎❣q✽✌❆✎❞✥❅q❉❊➪➇❆✥♣✜❆✥❈①❅ F1

❆✥❅ F2
✕⑩❞▼❡③▲ ➘

❞✥✿❂❈❢❆✵◆❢▲r❈❢❣ H1(Ω)
➽ ✱✯❤❦❆✝❮✉❉❍❣q❅❇❆✥❈❢❞✎❆✲❆✥❅➀❋✐❤ ✿❂❈❂❉❍❞✥❉❊❅❇✇✵◆❂❆✎❣ ❣❇✾❀❋❊✿❂❅q❉❍✾❀❈❢❣ F1

❆✥❅ F2
◆❢▲r❈❢❣ H1(Ω) ❣▼✾❀❈①❅✢✾❀❄❂❅❇❆✥❈①✿❢❆✎❣

✽③▲r❁✯✿❂❈❢❆❃◆❂✇✥♣✜✾❀❈❢❣q❅q❁▼▲r❅q❉❍✾❀❈✟▲r❈③▲r❋❍✾❀■❑✿❢❆✒✜❏❞✎❆✥❋❊❋❍❆❃❆ ✪✌❆✎❞✥❅q✿❢✇✎❆❃✽❂❁❇✇✎❞✎✇✎◆❂❆✥♣★♣✜❆✥❈①❅✢✽➆✾❀✿❂❁✯❋❍❆◗♣✜✾❳◆❂✈✥❋❍❆ ✲♦❺ ➽ Ð✸✴ ➽ ➱❷✾❀✿❂❁
F1
✕❢❋❍❆✘❁❇❆✥❋❍✈✥➪➇❆✥♣✜❆✥❈①❅❏❆✎❣q❅❃♠♦▲r❉❊❅✲❣q✿❂❁✡❋➛▲★♠♦✾❀❈❢❞✥❅q❉❍✾❀❈✚✇✥■①▲r❋❍❆✏✜ pD ❣q✿❂❁ ΓD

✕③❆✥❅✵✽➆✾❀✿❂❁ F2
✕③❋❍❆✑❁❇❆✥❋❍✈✥➪➇❆✥♣✜❆✥❈❳❅✕❆✎❣q❅

♠✐▲r❉❊❅●❣q✿❂❁◗❋➛▲ ♠♦✾❀❈❢❞✥❅q❉❍✾❀❈✂❉❍◆❂❆✥❈❳❅q❉❍②①✿❢❆✥♣✜❆✥❈❳❅✵✇✥■①▲r❋❍❆ ✜✟Ï✑❣q✿❂❁ Γw
➽

✱✯❤❦❆✝❮✉❉❍❣q❅❇❆✥❈❢❞✎❆★❆✥❅❏❋✐❤ ✿❂❈❂❉❍❞✥❉❊❅❇✇★◆❂❆ p ◆❂✇✥✽✌❆✥❈❢◆❂❆✥❈①❅✑▲r❋❍✾❀❁❇❣✕◆❂❆ ❋✐❤❦❆✝❮♥❉❍❣q❅❇❆✥❈❢❞✎❆★❆✥❅✕◆❂❆ ❋✐❤ ✿❂❈❂❉❍❞✥❉❊❅❇✇✜◆❂❆ ❋➛▲✟❞✎✾❀❈❢❣q❅▼▲r❈①❅❇❆
pwf

✕❢◆✼❤ ▲r✽❂❁❇✈✎❣ ✲♦❺ ➽ Ï❲Ñ ✴ ➽ ✥✡❁◗❋➛▲★❞✎✾❀❈❢❣q❅▼▲r❈❳❅❇❆ pwf ✽➆❆✥✿❂❅ ✎✥❅q❁❇❆✑◆❂✇✥❅❇❆✥❁q♣★❉❊❈❢✇✎❆✑◆❂❆✲♣✹▲r❈❂❉❍✈✥❁❇❆✕✿❂❈❂❉❍②❳✿❢❆✕◆❂❆✵♠✐▲✘✛✎✾❀❈
✜✪❣ ▲r❅q❉❍❣➟♠♦▲r❉❊❁❇❆✲❋➛▲✜❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈⑦◆❂❆❏◆❂✇✥❄❂❉❊❅ ✲♦❺ ➽ Ï✵✴ ➘ (v) ✓

Q =
k

µ

∫

Γw

∂p(x)

∂n
dγ(x),

②❳✿❂❉➣❣❲❤❦❆✝❮♥✽❂❁q❉❊♣✜❆✕❆✥❈☎✿❂❅q❉❊❋❊❉❍❣▼▲r❈❳❅ ✲♦❺ ➽ Ï❲Ñ ✴✢❞✎✾❀♣★♣✜❆✯✓

Q =
k

µ

∫

Γw

∂F1(x)

∂n
dγ(x) + pwf

k

µ

∫

Γw

∂F2(x)

∂n
dγ(x) = Q1 + pwfQ2.



✆ ✯ ✖✘➭➓④❂❨❭❙➛➩❲⑥r❴ ✯ �➐✠✤⑤✱✰➆❙❪❶❸❴☞❨✯❴①⑥❀❶❸④❢❫➓❴❳❫➆➩

✥✡❈✂❆✥❈⑦◆❂✇✎◆♥✿❂❉❊❅❃②①✿❢❆✞✓

pwf =
Q−Q1

Q2
, ✲♦❺ ➽ Ï➯❹✬✴

❣▼✾❀✿❢❣◗❁❇✇✎❣❇❆✥❁q➪➇❆✕②❳✿❢❆ Q2
❣❇✾❀❉❊❅◗❈❢✾❀❈✂❈❳✿❂❋✥✕③❞✎❆❏②❳✿❂❉➣❆✎❣q❅●✇✎②❳✿❂❉❊➪❀▲r❋❍❆✥❈❳❅✒✜✪❞✎❆✕②❳✿❢❆✲❋✐❤ ❉❊❈①❅❇✇✥■❑❁▼▲r❋❍❆ ✓

I2 =

∫

Γw

∂F2(x)

∂n
dγ(x)(=

µ

k
Q2)

❣▼✾❀❉❊❅◗❈❢✾❀❈✂❈①✿❂❋❊❋❍❆ ➽

➼ ✾❀❈①❅q❁❇✾❀❈❢❣✡②①✿❢❆ I2 ❆✎❣❇❅◗❈❢✾❀❈✂❈①✿❂❋❊❋❍❆ ➽
✱➓▲✹❣❇✾❀❋❊✿❂❅q❉❍✾❀❈ F2

▲❀◆♥♣✜❆✥❅✵✿❂❈❢❆✑❅q❁▼▲❀❞✎❆ ∂F2/∂n
✽③▲r❁➟♠♦▲r❉❊❅❇❆✥♣✜❆✥❈❳❅✕◆❂✇✶✙❢❈❂❉❍❆✘❣q✿❂❁ Γ

➽⑩➷ ✾❀❅❇✾❀❈❢❣ g ❞✎❆✥❅q❅❇❆✑❅q❁▼▲❀❞✎❆ ➽
✲ ❋❍✾❀❁❇❣ F2

✕❂❣❇✾❀❋❊✿❂❅q❉❍✾❀❈☞◆❂❆ (II ′′) ✕❂❆✎❣q❅❃▲r✿❢❣❇❣q❉✼❋✐❤ ✿❂❈❂❉❍②❳✿❢❆✕❣❇✾❀❋❊✿❂❅q❉❍✾❀❈☞◆♥✿☞✽❂❁❇✾❀❄❂❋❍✈✥♣✜❆ ✓

(II ′′V )





❝ ❁❇✾❀✿❂➪➇❆✥❁ u ∈ V ❅❇❆✥❋❵②❳✿❢❆✞✓
∀v ∈ V,

∫

Γ
∇u(x).∇v(x) dγ(x) =< g, v >Γ,

✾✌☞ < ., . > ◆❂✇✥❈❢✾❀❅❇❆ ❋➛▲❃◆♥✿③▲r❋❊❉❊❅❇✇ H−1/2(Γ)×H1/2(Γ)
➽ ➱❷✾❀✿❂❁➒◆❂❆✎❣❭◆❂✾❀❈❂❈❢✇✎❆✎❣❷❣❇✿✩✵✹❣▼▲r♣★♣✜❆✥❈①❅❭❁❇✇✥■❑✿❂❋❊❉❍✈✥❁❇❆✎❣★✕

❞✎❆✥❅q❅❇❆◗◆♥✿③▲r❋❊❉❊❅❇✇◗❣➯❤❦❆✝❮✉✽❂❁q❉❊♣✜❆✢✽③▲r❁➒❋✐❤ ❉❊❈❳❅❇✇✥■❑❁▼▲r❋❍❆ ∫
Γ g v dγ

➽❑➼ ▲r❉❍❣➒❞✎✾❀♣★♣✜❆ g ❆✎❣q❅❭❋➛▲✲◆❂✇✥❁q❉❊➪♥✇✎❆◗◆❂❆ F2
✕❑❣❇✾❀❋❊✿❂❅q❉❍✾❀❈

◆❂❆ (II ′′) ✕ g ➪♥✇✥❁q❉✚✙③❆ g = 0 ❣q✿❂❁ ΓN
➽ ❒➒❈✚✾❀✿❂❅q❁❇❆✗✕ v ∈ V ➪♥✇✥❁q❉✚✙③❆ v/ΓD

= 0 ✕③◆❂❆✑❣▼✾❀❁q❅❇❆✑②❳✿❢❆✕❋❍❆✑❣▼❆✎❞✎✾❀❈❢◆
♣✜❆✥♣✘❄❂❁❇❆⑦◆❂❆ (II ′′V ) ❣❇❆☞❁❇✇✎◆♥✿❂❉❊❅ ✜❸✿❂❈❢❆⑦◆♥✿③▲r❋❊❉❊❅❇✇✚❣q✿❂❁ Γw

➽✢➚ ❡❢✾❀❉❍❣q❉❍❣❇❣❇✾❀❈❢❣✱♣✹▲r❉❊❈①❅❇❆✥❈③▲r❈❳❅✤✽✌✾❀✿❂❁ v ✕ F2❣▼✾❀❋❊✿❂❅q❉❍✾❀❈☞◆❂❆ (II ′′) ✕❢◆❂✾❀❈❢❞✕◆❂❆ (II ′′V ) ✕♥❉❊❋➣➪❳❉❍❆✥❈❳❅ ✓
∫

Γ
|∇F2|2 dγ =

∫

Γw

∂F2

∂n
F2 dγ =

∫

Γw

∂F2

∂n
dγ = I2.

✲♦❺ ➽ Ï✧✦ ✴

s❳❉❃❋✐❤ ❉❊❈①❅❇✇✥■❑❁▼▲r❋❍❆☞◆♥✿✸❣❇❆✎❞✎✾❀❈❢◆➝♣✜❆✥♣✑❄❂❁❇❆⑦✇✥❅▼▲r❉❊❅✹❈❳✿❂❋❊❋❍❆✗✕✯▲r❋❍✾❀❁❇❣ u ∈ V ❣❇❆✥❁▼▲r❉❊❅✜❈❳✿❂❋✥✕✺✽❂✿❂❉❍❣❇②❳✿❢❆☎❋❍❆✟✽❂❁❇❆✥♣★❉❍❆✥❁
♣✜❆✥♣✘❄❂❁❇❆✪◆❂❆ ✲♦❺ ➽ Ï✧✦ ✴❃❆✎❣q❅✡❣q✿❂❁ V ✿❂❈❢❆✑❈❢✾❀❁q♣✜❆ ✇✎②①✿❂❉❊➪❑▲r❋❍❆✥❈①❅❇❆✏✜★❋➛▲✜❈❢✾❀❁q♣✜❆✘◆❂❆ H1(Ω) ✕⑩♣✹▲r❉❍❣ u ❈❢❆✑✽➆❆✥✿❂❅
✽③▲❀❣ ✎✥❅q❁❇❆❏❈①✿❂❋✥✕❂✽❂✿❂❉❍❣▼②①✿❢❆✕❞✎❆✥❋➛▲✪❞✎✾❀❈❳❅q❁❇❆✎◆♥❉❊❁▼▲r❉❊❅ u/Γw

= 1
➽

➬✲✾❀❈❢❞❏❋✐❤ ❉❊❈❳❅❇✇✥■❑❁▼▲r❋❍❆ I2 ❆✎❣q❅●❈❢✾❀❈☎❈❳✿❂❋❊❋❍❆✗✕③❆✥❅◗❉❊❋❵❣➯❤❦❆✥❈❢❣q✿❂❉❊❅●②①✿❢❆ Q2
❆✎❣q❅◗❈❢✾❀❈✂❈❳✿❂❋ ➽

✥✡❈☞▲★➪❳✿✂②❳✿❢❆✲❋➛▲★❣❇✾❀❋❊✿❂❅q❉❍✾❀❈ p ◆♥✿✂♣✜✾✉◆❂✈✥❋❍❆ ✲♦❺ ➽ ❺ ✴✢❣➯❤❦❆✝❮✉✽❂❁q❉❊♣✜❆✕❞✎✾❀♣★♣✜❆ ✓

p = F1 + pwf F2.

✱✯❤❦❆✝❮✉❉❍❣q❅❇❆✥❈❢❞✎❆☞❆✥❅★❋✐❤ ✿❂❈❂❉❍❞✥❉❊❅❇✇✂◆❂❆ F1
❆✥❅ F2

❈❢✾❀✿❢❣✜◆❂✾❀❈❂❈❢❆✥❈❳❅✹❋✐❤❦❆✝❮♥❉❍❣q❅❇❆✥❈❢❞✎❆☎❆✥❅✜❋✐❤ ✿❂❈❂❉❍❞✥❉❊❅❇✇✂◆❂❆ p ✽✌✾❀✿❂❁ pwf✙❂❮❂✇✎❆✗✕➒❆✥❅✪❋➛▲❜❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈✸▲r✿✻✽❂✿❂❉❊❅❇❣ ✲♦❺ ➽ Ï✵✴ ➘ (v) ❈❢✾❀✿❢❣★✽✌❆✥❁q♣✜❆✥❅✜◆❂❆☎◆❂✇✥❅❇❆✥❁q♣★❉❊❈❢❆✥❁✜❋➛▲✚❞✎✾❀❈❢❣q❅▼▲r❈❳❅❇❆ pwf ◆❂❆
♣✹▲r❈❂❉❍✈✥❁❇❆✵✿❂❈❂❉❍②❳✿❢❆✗✕①✽❂✿❂❉❍❣▼②①✿❢❆✡❋✐❤ ❉❊❈①❅❇✇✥■❑❁▼▲r❋❍❆ I2 ❆✎❣q❅➀❈❢✾❀❈✤❈①✿❂❋❊❋❍❆ ➽✩✲ ❉❊❈❢❣q❉③❈❢✾❀✿❢❣◗▲❲➪➇✾❀❈❢❣◗◆❂✇✥♣✜✾❀❈①❅q❁❇✇✲❋✐❤❦❆✝❮♥❉❍❣q❅❇❆✥❈❢❞✎❆
❆✥❅✵❋✐❤ ✿❂❈❂❉❍❞✥❉❊❅❇✇ ◆❂❆ p ❣❇✾❀❋❊✿❂❅q❉❍✾❀❈❜◆♥✿⑦♣✜✾✉◆❂✈✥❋❍❆✘◆❢▲r❈❢❣✵❋❍❆✘❞❲▲❀❣✵◆❂❆✘❋➛▲✜❞✎✾❀❈❢◆♥✿❢❞✥❅q❉❊➪✉❉❊❅❇✇✪❉❊❈✩✙❢❈❂❉❍❆✶✲♦❺ ➽ Ï✵✴✶✕⑩❋❍✾❀❁❇❣▼②①✿❢❆✑❋❍❆
◆❂✇✥❄❂❉❊❅❃❅❇✾❀❅▼▲r❋ Q ❆✎❣q❅●◆❂✾❀❈❂❈❢✇ ➽

�

➚ ❆✥❅q❅❇❆✵◆❂✇✥♣✜✾❀❈❢❣q❅q❁▼▲r❅q❉❍✾❀❈✟❆✎❣q❅✯✿❂❈❢❆✵▲r❋❊❅❇❆✥❁q❈③▲r❅q❉❊➪➇❆ ✜❏❋➛▲❏✽❂❁❇❆✥✿❂➪➇❆✵②❳✿❢❆✵➸✵✿❂t ➚ ❡③▲✎➪➇❆✥❈❳❅●❆✥❅ ➵ ✇✥❁✫✪❀♣✜❆ ➵ ▲ ✪✌❁❇✇❃✾❀❈❳❅
♠✐▲r❉❊❅❇❆❏◆❢▲r❈❢❣ ✆❊Ï✧✦✡✞ ➽
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�❭➨ �➣➨ ✁ ✴✤➈❵➉✯➃❂❿➂↔✯➍❀➁✐➈❵➉
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❋❍❆★♣✜✾✉◆❂✈✥❋❍❆✜❆✎❣q❅✘▲r❋❍✾❀❁❇❣✕❄❂❉❍❆✥❈➳✽✌✾❑❣❇✇ ➽ ✱❵▲☎◆❂✇✥♣✜✾❀❈❢❣q❅q❁▼▲r❅q❉❍✾❀❈➾✽③▲r❁✕✽❂❁q❉❊❈❢❞✥❉❊✽✌❆✜◆❂❆✜❣q✿❂✽✌❆✥❁q✽✌✾❑❣q❉❊❅q❉❍✾❀❈➳②❳✿❢❆★❈❢✾❀✿❢❣✘▲❲➪➇✾❀❈❢❣
❉❊❈①❅q❁❇✾✉◆♥✿❂❉❊❅❇❆✲✽✌✾❀✿❂❁➀❋❍❆✲❞❲▲❀❣✢✾✌☞✟❋❍❆✡◆❂✇✥❄❂❉❊❅✢❅❇✾❀❅▼▲r❋ Q ❆✎❣q❅◗◆❂✾❀❈❂❈❢✇✲▲r✿❂❁▼▲r❉❊❅●▲r✿❢❣❇❣❇❉⑩✽❂✿✂✎✥❅q❁❇❆❏▲r✽❂✽❂❋❊❉❍②①✿❢✇✎❆✲◆❢▲r❈❢❣ ❋❍❆✲❞❲▲❀❣✢✾✌☞
❋➛▲ ✽❂❁❇❆✎❣❇❣q❉❍✾❀❈ pwf ▲r✿☎✽✌✾❀❉❊❈①❅✡◆❂❆✕❣❇✾❀✿❂❅q❉❊❁▼▲r■➇❆✕❆✎❣q❅●❞✎✾❀❈❂❈❳✿❢❆ ➽➆➚ ❆✥❅q❅❇❆❏♣✜✇✥❅q❡❢✾✉◆❂❆✕❣❇❆✥❁▼▲✞✜ ❈❢✾❀✿❂➪➇❆❲▲r✿⑦✿❂❅q❉❊❋❊❉❍❣❇✇✎❆❏✽✌✾❀✿❂❁◗❋❍❆
✽❂❁❇✾❀❄❂❋❍✈✥♣✜❆✕❈❢✾❀❈ ➘ ❋❊❉❊❈❢✇❲▲r❉❊❁❇❆✗✕⑩②①✿➣❤ ❉❊❋✼❈❢✾❀✿❢❣❃❁❇❆✎❣q❅❇❆✷✜★✇✥❅q✿❢◆♥❉❍❆✥❁❃◆❢▲r❈❢❣❃❋➛▲✪❣❇❆✎❞✥❅q❉❍✾❀❈☞❣q✿❂❉❊➪❑▲r❈①❅❇❆ ➽

☎✮✒ ☎ ✕✆✖✘✗✓✙✛✚✢✜✤✣✦✥ ✄✛✗☎✄✁� ✚ ✯ ✄✝✆ ✡❋✯❍✖✘✥✟✞ ✆ ✗☎✄✝✞✛✲ ✆ ☛✰✯✡✠ ✯☞☛☛✆ ☞✝✄✛✯✢✥✎✍
✥✡❈☞❞✎✾❀❈❢❣❇❉❍◆❂✈✥❁❇❆❏❋❍❆✲♣✜✾❳◆❂✈✥❋❍❆✑❣q✿❂❉❊➪❀▲r❈❳❅ ✓




∆p(x) = 0 ✽✌✾❀✿❂❁ x ∈ Ω, (i)
p(x) = pD(x) ✽✌✾❀✿❂❁ x ∈ ΓD, (ii)
∂p(x)

∂n
= 0 ✽✌✾❀✿❂❁ x ∈ ΓN , (iii)

p(x) = pw(l) ✽✌✾❀✿❂❁ x ∈ Γw, x = (l, θ), l ∈ [0, L], θ ∈ [0, 2π], (iv)
pw(0) = pwf , (v)
∂pw(l)

∂l
= Cw q

2
w(l), ✽✌✾❀✿❂❁ l ∈ [0, L], (vi)

qw(l) =
k

µ

∫

Γw,l

∂p(x)

∂n
dγ(x), ✽✌✾❀✿❂❁ l ∈ [0, L], (vii)

Q =
k

µ

∫

Γw

∂p(x)

∂n
dγ(x) (= qw(L)), (viii)

✲♦❺ ➽ Ï✧★ ✴

✾✌☞ Ω ◆❂✇✎❣q❉❊■❑❈❢❆✵❋❍❆✡❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁✢✽❂❁q❉❊➪✉✇✵◆♥✿✤✽❂✿❂❉❊❅❇❣★✕ ΓD ∪ΓN
◆❂✇✎❣q❉❊■❑❈❢❆✵❋➛▲❏♠❪❁❇✾❀❈①❅q❉❍✈✥❁❇❆❏❆✝❮♥❅❇✇✥❁q❉❍❆✥✿❂❁❇❆✲◆♥✿✱❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁★✕ Γw❋➛▲✘♠❪❁❇✾❀❈①❅q❉❍✈✥❁❇❆✑◆♥✿☞✽❂✿❂❉❊❅❇❣★✕❂❆✥❅ Γw,l

✿❂❈❢❆❏✽③▲r❁q❅q❉❍❆✕◆❂❆✲❋➛▲✪♠❯❁❇✾❀❈❳❅q❉❍✈✥❁❇❆✕◆♥✿✂✽❂✿❂❉❊❅❇❣ ✲ Γw,l ▲✪✇✥❅❇✇✑◆❂✇✶✙❢❈❂❉❍❆❏✽③▲r■➇❆✑❺❑❼ ✴ ➽
➷ ✾❀✿❢❣✕❁▼▲r✽❂✽✌❆✥❋❍✾❀❈❢❣✑②❳✿❢❆✪❋➛▲☎❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈➾▲r✿♥❮↕❋❊❉❊♣★❉❊❅❇❆✎❣✘❣q✿❂❁✕❋❍❆★✽❂✿❂❉❊❅❇❣✘❆✎❣q❅❏❈❢✾❀❈ ➘ ❋❊❉❊❈❢✇❲▲r❉❊❁❇❆✗✕➓❆✥❅✑❈❢✾❀❈ ➘ ❋❍✾❳❞❲▲r❋❍❆ ➽ ✱❵▲
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■➇✾❀✿❂➪➇❆✥❁q❈❢❆✱❋❍❆✜♣✜✾✉◆❂✈✥❋❍❆ ➽ ✥✡❈➥❅q❁❇✾❀✿❂➪➇❆✹✿❂❈❢❆✹❋❊❉❊❅q❅❇✇✥❁▼▲r❅q✿❂❁❇❆✤▲r❄✌✾❀❈❢◆❢▲r❈①❅❇❆✟◆❢▲r❈❢❣ ❞✎❆✹◆❂❆✥❁q❈❂❉❍❆✥❁✪❞❲▲❀❣ ➽ ➱❷✾❀✿❂❁✘❋❍❆✱❞❲▲❀❣✑②❳✿❂❉
❈❢✾❀✿❢❣ ❉❊❈①❅❇✇✥❁❇❆✎❣❇❣▼❆✗✕♥❈❢✾❀✿❢❣ ◆♥❉❍❣❇✽➆✾❑❣❇✾❀❈❢❣✢◆❂❆✵❋✐❤ ▲r❈③▲r❋❊t♥❣❇❆❃♣✹▲r❅q❡❢✇✥♣✹▲r❅q❉❍②❳✿❢❆❏◆✼❤ ✿❂❈✟♣✜✾❳◆❂✈✥❋❍❆✵■➇✾❀✿❂➪➇❆✥❁q❈❢✇✲✽③▲r❁✢❋❍❆✡❋➛▲r✽❂❋➛▲❀❞✥❉❍❆✥❈
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✽③▲❀❣◗✿❂❅q❉❊❋❊❉❍❣❇❆✥❁❃❋❍❆✎❣◗❅q❁▼▲✎➪❑▲r✿♥❮✂◆❂❆✕➶●✿❢✾❀❅❇❣▼▲r❋➛▲r❉❊❈❢❆✥❈⑦❆✥❅ ✝❸❆✥❈❢◆♥❋➛▲r❈❢◆ ➽
➷ ✾❀✿❢❣◗❈❢✾❀✿❢❣◗✽❂❁❇✾❀✽✌✾❑❣❇✾❀❈❢❣❃◆❂✾❀❈❢❞✕◆❂❆❏◆❂✇✥♣✜✾❀❈❳❅q❁❇❆✥❁✵②❳✿❢❆✲❈❢✾❀❅q❁❇❆❏✽❂❁❇✾❀❄❂❋❍✈✥♣✜❆✳✲♦❺ ➽ Ï✧★ ✴✢❆✎❣q❅◗❄❂❉❍❆✥❈✂✽✌✾❑❣❇✇ ➽

✥✡❈❜▲★❣q✿❂✽❂✽✌✾❑❣❇✇✕◆❢▲r❈❢❣ ✲♦❺ ➽ Ï✧★ ✴ ➘ (iv) ②❳✿❢❆✕❋➛▲★✽❂❁❇❆✎❣❇❣q❉❍✾❀❈ pw ❣❇✿❂❁●❋❍❆✕✽❂✿❂❉❊❅❇❣✡❆✎❣q❅❃❞✎✾❀❈❢❣q❅▼▲r❈❳❅❇❆✑✽③▲r❁✡❁▼▲r✽❂✽➆✾❀❁q❅ ✜ θ ➽✥✡❈✂✽✌❆✥✿❂❅◗❁❇✇✎✇✎❞✥❁q❉❊❁❇❆ ✲♦❺ ➽ Ï✧★ ✴ ➘ (vi) ❞✎✾❀♣★♣✜❆ ✓




pw(l) = pwf + g(l), ❞❲▲r❁ pwf = pw(0) ◆✼❤ ▲r✽❂❁❇✈✎❣ (2.19) − (v),

g(l) = Cw

∫ l

0
q2w(t) dt.

✲♦❺ ➽ ❺❑❻ ✴

➚ ✾❀♣★♣✜❆✪✽✌✾❀✿❂❁✵❋❍❆ ♣✜✾✉◆❂✈✥❋❍❆★◆❂❆✪❞✎✾❀❈❢◆♥✿❢❞✥❅q❉❊➪❳❉❊❅❇✇★❉❊❈✩✙❢❈❂❉❍❆✗✕✼◆❂❆✥✿♥❮❜❞❲▲❀❣✲✽➆❆✥✿❂➪➇❆✥❈❳❅✕❣❇❆ ✽❂❁❇✇✎❣❇❆✥❈①❅❇❆✥❁✯✓✌✾❀✿❜❄❂❉❍❆✥❈❸✾❀❈❜❉❊♣ ➘
✽✌✾❑❣❇❆✕❋❍❆✘◆❂✇✥❄❂❉❊❅✡❅❇✾❀❅▼▲r❋ Q ✕③✾❀✿⑦❄❂❉❍❆✥❈✚✾❀❈⑦❉❊♣★✽➆✾❑❣▼❆✕❋➛▲✹✽❂❁❇❆✎❣❇❣q❉❍✾❀❈✚▲r✿⑦❄➆✾❀✿❂❅✲◆♥✿☞✽❂✿❂❉❊❅❇❣ ✓ pwf ➽ ❥➂❞✥❉➓❈❢✾❀✿❢❣❃❅q❁▼▲r❉❊❅❇❆✥❁❇✾❀❈❢❣
❣❇❆✥✿❂❋❍❆✥♣✜❆✥❈❳❅❃❋❍❆❏❞❲▲❀❣●✾✌☞✂❋➛▲ ✽❂❁❇❆✎❣▼❣q❉❍✾❀❈ pwf ❆✎❣q❅●◆❂✾❀❈❂❈❢✇✎❆ ➽



✆ ✆ ✖✘➭➓④❂❨❭❙➛➩❲⑥r❴ ✯ �➐✠✤⑤✱✰➆❙❪❶❸❴☞❨✯❴①⑥❀❶❸④❢❫➓❴❳❫➆➩

✱❵▲✜◆❂✇✶✙❢❈❂❉❊❅q❉❍✾❀❈⑦◆❂❆ qw(t) ✽➆❆✥✿❂❅✡❣❇❆✲❁❇✇✎✇✎❞✥❁q❉❊❁❇❆✯✓

qw(t) =
krw
µ

∫ t

0

(∫ 2π

0

∂p

∂n
(t′, θ) dθ

)
dt′. ✲♦❺ ➽ ❺♥Ï✵✴

✥✡❈☞❣❇❆✲❁❇❆✥❅q❁❇✾❀✿❂➪➇❆✘▲r❉❊❈❢❣q❉➓▲✎➪➇❆✎❞✕❋❍❆✲✽❂❁❇✾❀❄❂❋❍✈✥♣✜❆ ✓

(Ĩg)





Trouver p tel que :
∆p = 0 dans Ω,
p = pD sur ΓD,
∂p/∂n = 0 sur ΓN ,
p(x) = pw(l) sur Γw, (x = (l, θ), l ∈ [0, L], θ ∈ [0, 2π]),
pw(0) = pwf ,
pw(l) = pwf + g(l) sur Γw,

g(l) = Cw

∫ l

0
q2w(t) dt sur Γw,

qw(t) =
krw
µ

∫ t

0

(∫ 2π

0

∂p

∂n
(t′, θ) dθ

)
dt′.

✲♦❺ ➽ ❺❑❺ ✴

➬✲❆✲❋➛▲✘♣✌✎✥♣✜❆❏♣✹▲r❈❂❉❍✈✥❁❇❆❏②①✿❢❆✲✽✌✾❀✿❂❁◗❋❍❆✵✽❂❁❇✾❀❄❂❋❍✈✥♣✜❆❏❋❊❉❊❈❢✇❲▲r❉❊❁❇❆✗✕❂❈❢✾❀✿❢❣❃▲r❋❊❋❍✾❀❈❢❣●✿❂❅q❉❊❋❊❉❍❣❇❆✥❁◗❋❍❆✲✽❂❁q❉❊❈❢❞✥❉❊✽➆❆❏◆❂❆❏❣❇✿❂✽➆❆✥❁q✽✌✾❑❣q❉ ➘
❅q❉❍✾❀❈ ➽❢➷ ✾❀✿❢❣◗✽✌✾❀✿❂➪➇✾❀❈❢❣●◆❂✇✎❞✎✾❀♣★✽➆✾❑❣▼❆✥❁✡❞✎❆✲♣✜✾✉◆❂✈✥❋❍❆✕❆✥❈☎❅q❁❇✾❀❉❍❣●♣✜✾❀❁❇❞✎❆❲▲r✿♥❮ ✓

(II ′)





Trouver F1 tel que :
∆F1 = 0 dans Ω,
F1 = pD sur ΓD,
∂F1/∂n = 0 sur ΓN ,
F1 = 0 sur Γw.

➱❷✾❑❣❇✾❀❈❢❣ ✓ h1 =
∂F1

∂n |Γw

. ✲♦❺ ➽ ❺❑❼ ✴

(II ′′)





Trouver F2 tel que :
∆F2 = 0 dans Ω,
F2 = 0 sur ΓD,
∂F2/∂n = 0 sur ΓN ,
F2 = pwf sur Γw.

➱➓✾❑❣▼✾❀❈❢❣ ✓ h2 =
∂F2

∂n |Γw

. ✲♦❺ ➽ ❺rÐ✸✴

(II ′′′)





Trouver F3 tel que :
∆F3 = 0 dans Ω,
F3 = 0 sur ΓD,
∂F3/∂n = 0 sur ΓN ,
F3(l, θ) = g(l) sur Γw.

➱❷✾❑❣❇✾❀❈❢❣ ✓ h3(l, θ) =
∂F3

∂n |Γw

. ✲♦❺ ➽ ❺❑Ò ✴

➷ ✾❀✿❢❣◗❉❊❈①❅q❁❇✾✉◆♥✿❂❉❍❣❇✾❀❈❢❣❃❋✐❤❦✾❀✽➆✇✥❁▼▲r❅❇❆✥✿❂❁ Λ ◆❂✇✶✙❢❈❂❉➣✽③▲r❁ ✓

Λg =
∂F3

∂n |Γw

. ✲♦❺ ➽ ❺❑Ñ ✴
✲ ➪➇❆✎❞❏❞✎❆✥❅q❅❇❆❏❈❢✾❀❅▼▲r❅q❉❍✾❀❈ ✕③✾❀❈✂✽✌❆✥✿❂❅●✇✎❞✥❁q❉❊❁❇❆✗✕❂✽✌✾❀✿❂❁●❋❍❆✲♣✜✾✉◆❂✈✥❋❍❆ (II ′′) ✕❢②❳✿❢❆✞✓

Λpwf =
∂F2

∂n |Γw

. ✲♦❺ ➽ ❺➇❹✬✴
✱➣❆✎❣❃♠❪❁❇✾❀❈①❅q❉❍✈✥❁❇❆✎❣✲❆✝❮✉❅❇✇✥❁q❉❍❆✥✿❂❁❇❆✎❣ ΓD ∪ ΓN

❆✥❅ Γw
✇✥❅▼▲r❈①❅❏◆♥❉❍❣ ✑q✾❀❉❊❈①❅❇❆✎❣★✕⑩✾❀❈⑦✽✌❆✥✿❂❅❃♣✜✾❀❈❳❅q❁❇❆✥❁❏◆❂❆✕♣✹▲r❈❂❉❍✈✥❁❇❆ ❞✥❋➛▲❀❣ ➘

❣q❉❍②❳✿❢❆✑②❳✿❢❆✕❋✐❤❦✾❀✽✌✇✥❁▼▲r❅❇❆✥✿❂❁ Λ ✲❪❞✎✾❀♣★♣✜❆ ❋✐❤❦✾❀✽✌✇✥❁▼▲r❅❇❆✥✿❂❁❏➬✡❉❊❁q❉❍❞▼❡❂❋❍❆✥❅ ➘❧➷ ❆✥✿❂♣✹▲r❈❂❈ ✴✵❆✎❣❇❅✡◆✼❤❦✾❀❁❇◆♥❁❇❆✟Ï ➽➆➚ ❆✥❋➛▲✹❈❢✾❀✿❢❣✵❉❊❈❢❞✥❉❊❅❇❆



✯ � ✯ �➐✫✕⑥r⑧✛✚❭❬❯➲❳❶➳❴☞❫❵⑧➆❫ ✂ ❬❪❙❪❫➓⑤①④❢❙❯⑥✷❴✁�➟❱➇⑧⑩❫➓➫❷⑨➓❱❑➩➯❙ ✣❵❙❩➩❲⑤ ✟➒❫➓❙❯❴✄✂ ✆✺�

✜✪❞❇❡❢❆✥❁❇❞▼❡❢❆✥❁✡❋➛▲✘♠♦✾❀❈❢❞✥❅q❉❍✾❀❈ g ◆❢▲r❈❢❣ H1([0, L])
➽

➱❷✾❀✿❂❁✢❋❍❆❃♣✜✾✉◆❂✈✥❋❍❆ (II ′) ✕✉❈❢✾❀✿❢❣➀❈➣❤ ▲❲➪➇✾❀❈❢❣ ✽③▲❀❣✢▲ ✪➣▲r❉❊❁❇❆✲▲r✿✱♣✌✎✥♣✜❆✲✾❀✽✌✇✥❁▼▲r❅❇❆✥✿❂❁★✕❳✽❂✿❂❉❍❣▼②①✿❢❆✡❋❍❆✎❣✢❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈❢❣ ❣❇✿❂❁
❋❍❆✎❣✘♠❯❁❇✾❀❈❳❅q❉❍✈✥❁❇❆✎❣ ΓN

❆✥❅ Γw
❣❇✾❀❈①❅✪❡❢✾❀♣✜✾❀■➇✈✥❈❢❆✎❣★✕❭❆✥❅ ❋➛▲☞❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈➝❣q✿❂❁ ΓD

❈❢❆✹❋✐❤❦❆✎❣❇❅✘✽③▲❀❣ ➽❷➷ ✾❀✿❢❣✘◆❂✇✶✙❢❈❂❉❍❣❇❣▼✾❀❈❢❣
▲r❋❍✾❀❁❇❣◗✿❂❈✂❈❢✾❀✿❂➪➇❆✥❋➓✾❀✽➆✇✥❁▼▲r❅❇❆✥✿❂❁ Λ1

✽③▲r❁ ✓

Λ1pD =
∂F1

∂n |Γw

. ✲♦❺ ➽ ❺✬✦ ✴
➱➒✿❂❉❍❣❇②❳✿❢❆ Γw

❆✎❣q❅✡◆♥❉❍❣ ✑➟✾❀❉❊❈❳❅❃◆❂❆ ΓD
✕③❆✥❅ F1

❆✎❣q❅●❈①✿❂❋❷❣q✿❂❁ Γw
✕ ∂F1/∂n

❆✎❣q❅✡▲r✿❢❣❇❣❇❉✼❁❇✇✥■❑✿❂❋❊❉❍❆✥❁✵②❳✿❢❆❏❋➛▲✪■➇✇✎✾❀♣✜✇✥❅q❁q❉❍❆
◆♥✿✂✽❂✿❂❉❊❅❇❣◗❋❍❆✕✽➆❆✥❁q♣✜❆✥❅ ➽

➱❷✾❑❣❇✾❀❈❢❣ ✓

Λ̄g(l) = rw

∫ 2π

0
(Λg)(l, θ) dθ,

❆✥❅ Λ̄1pD(l) = rw

∫ 2π

0
(Λ1pD)(l, θ) dθ.

➷ ✾❀✿❢❣❃▲✎➪➇✾❀❈❢❣✡❞✎✾❀♣★♣✜❆❏✽➆✾❀✿❂❁❃❋❍❆✲♣✜✾❳◆❂✈✥❋❍❆❏❋❊❉❊❈❢✇❲▲r❉❊❁❇❆ ✓

p = F1 + F2 + F3,
◆✼❤❦✾✌☞ ∂p

∂n |Γw

= h1 + h2 + h3
❆✥❅ Q = Q1 +Q2 +Q3(g),

▲✎➪➇❆✎❞ ✓

Q1 =
k

µ

∫

Γw

∂F1(x)

∂n
dγ(x) =

k

µ

∫

Γw

Λ1pD(x) dγ(x),

Q2 =
k

µ

∫

Γw

∂F2(x)

∂n
dγ(x) =

k

µ

∫

Γw

Λpwf (x) dγ(x),

Q3(g) =
k

µ

∫

Γw

∂F3(x)

∂n
dγ(x) =

k

µ

∫

Γw

Λg(x) dγ(x).

❥➂❋➣❆✥❈✂◆❂✇✎❞✎✾❀✿❂❋❍❆✑◆❂❆✲♣✌✎✥♣✜❆✕②❳✿❢❆✯✓

qw(t) =
k

µ


q1(t) + q2(t)︸ ︷︷ ︸

q0(t)

+

∫ t

0
Λ̄g(t′) dt′


 .

▲✎➪➇❆✎❞

q1(t) =

∫ t

0
Λ̄1(pD)(t′) dt′,

q2(t) =

∫ t

0
Λ̄pwf (t

′) dt′.

✥✡❈✂❈❢✾❀❅❇❆✥❁▼▲★◆❂❆✲❋➛▲★♣✌✎✥♣✜❆❏♣✹▲r❈❂❉❍✈✥❁❇❆ ✓
q3(t) =

∫ t

0
Λ̄g(t′) dt′.

✲ ❉❊❈❢❣q❉✥✕ g ❆✎❣q❅●❣❇✾❀❋❊✿❂❅q❉❍✾❀❈⑦◆❂❆❏❋✐❤❦✇✎②①✿③▲r❅q❉❍✾❀❈☞❈❢✾❀❈✂❋❊❉❊❈❢✇❲▲r❉❊❁❇❆✯✓

g(l) = Cw
k2

µ2

∫ l

0

(
q0(t) +

∫ t

0
Λ̄g(t′) dt′

)2

dt = (Tg)(l)
✲♦❺ ➽ ❺✬★ ✴
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➷ ✾❀✿❢❣❃▲r❋❊❋❍✾❀❈❢❣●❁❇✇✎❣▼✾❀✿❢◆♥❁❇❆✕❞✎❆✥❅q❅❇❆✑✇✎②❳✿③▲r❅q❉❍✾❀❈✂❈❢✾❀❈✂❋❊❉❊❈❢✇❲▲r❉❊❁❇❆❏✽③▲r❁❃✿❂❈❢❆❏♣✜✇✥❅q❡❢✾❳◆❂❆✑◆❂❆❏✽➆✾❀❉❊❈❳❅✸✙❂❮❂❆ ➽❢➷ ✾❀✿❢❣✡▲r❋❊❋❍✾❀❈❢❣
✽✌✾❀✿❂❁✡❞✎❆✥❋➛▲✹✿❂❅q❉❊❋❊❉❍❣❇❆✥❁❃❋❍❆✘❅q❡❢✇✎✾❀❁❇✈✥♣✜❆✘◆❂❆✪s✉❞❇❡③▲r✿❢◆❂❆✥❁★✕➆♣✹▲r❉❍❣✡❋❍❆✎❣✡❆✎❣q❅q❉❊♣✹▲r❅q❉❍✾❀❈❢❣✲②❳✿❢❆✕❈❢✾❀✿❢❣✲▲r❋❊❋❍✾❀❈❢❣✲✇✎❞✥❁q❉❊❁❇❆✑❈➣❤ ▲r✿❂❁❇✾❀❈❳❅
◆❂❆ ❣❇❆✥❈❢❣✡②❳✿➣❤ ✿❂❈❢❆✘♠❪✾❀❉❍❣✡➪♥✇✥❁q❉✚✙③✇✎❆✎❣✡❋❍❆✎❣✲◆♥❉❊♣✜❆✥❈❢❣q❉❍✾❀❈❢❣✲◆❂❆✎❣✲◆❂❆✥✿♥❮☞♣✜❆✥♣✘❄❂❁❇❆✎❣❏◆❂❆✑❋✐❤❦✇✎②❳✿③▲r❅q❉❍✾❀❈ ✲♦❺ ➽ ❺✬★ ✴ ➽➆➷ ✾❀✿❢❣✲▲r❋❊❋❍✾❀❈❢❣
◆❂✾❀❈❢❞✪❁❇❆✥➪➇❆✥❈❂❉❊❁✕❣q✿❂❁✲❋✐❤❦✇✥❅q✿❢◆❂❆★◆❂❆✎❣❏◆♥❉❊♣✜❆✥❈❢❣q❉❍✾❀❈❢❣✕◆❂❆✎❣✲■❑❁▼▲r❈❢◆❂❆✥✿❂❁❇❣✕✽❂❡①t♥❣q❉❍②①✿❢❆✎❣❏◆❂❆✪❞✎❆ ✽❂❁❇✾❀❄❂❋❍✈✥♣✜❆✗✕➣◆❂✇ ✑✫✜✟▲r♣✜✾❀❁❇❞✎✇✎❆
◆❢▲r❈❢❣◗❋❍❆✕❞▼❡③▲r✽❂❉❊❅q❁❇❆✹Ï✗✕❂❆✥❅●❈❢✾❀✿❢❣✡▲r❋❊❋❍✾❀❈❢❣●❋➛▲✪❞✎✾❀♣★✽❂❋❍✇✥❅❇❆✥❁✵▲ ✙❢❈⑦◆❂❆❏✽➆✾❀✿❂➪➇✾❀❉❊❁❃❅q❁▼▲r❉❊❅❇❆✥❁❃❞✎❆✲✽❂❁❇✾❀❄❂❋❍✈✥♣✜❆✑◆❂❆❏✽✌✾❀❉❊❈①❅✢✙❂❮♥❆ ➽

�❭➨✁�➒➨ � �❜➌❂➅❑➈❵↔✯→✚➍❀↔✯→❜❿❧➌③➍☎➊✯➁➂➎➐➌③➉✯➍❀➁✐➈➓➉✯➍
➷ ✾❀✿❢❣❵❈❢✾❀✿❢❣➒▲r❅q❅▼▲❀❞▼❡❢✾❀❈❢❣❷◆❂✾❀❈❢❞➀❉❍❞✥❉✡✜◗❋✐❤❦✇✥❅q✿❢◆❂❆✢◆❂❆✎❣➓◆♥❉❊♣✜❆✥❈❢❣❇❉❍✾❀❈❢❣❷◆❂❆✎❣❷◆❂❆✥✿♥❮✑♣✜❆✥♣✘❄❂❁❇❆✎❣❷◆❂❆➀❋✐❤❦✇✎②❳✿③▲r❅q❉❍✾❀❈✶✲♦❺ ➽ ❺✬★ ✴ ✓

g(l) = Cw
k2

µ2

∫ l

0

(
q0(t) +

∫ t

0
Λ̄g(t′) dt′

)2

dt = (Tg)(l).

✱➣❆✎❣●◆♥❉❊♣✜❆✥❈❢❣❇❉❍✾❀❈❢❣❃◆♥✿✂✽❂❁❇❆✥♣★❉❍❆✥❁✡♣✜❆✥♣✑❄❂❁❇❆✑❣▼✾❀❈①❅✷✓

g = ➱❭▲ = ✁❳■ × ♣ −1 × ❣ −2.

➱❷✾❀✿❂❁❃❋❍❆❏❣❇❆✎❞✎✾❀❈❢◆☎♣✜❆✥♣✘❄❂❁❇❆✗✕❢❈❢✾❀✿❢❣❃▲❲➪➇✾❀❈❢❣ ✓
∫ t

0
Λ̄g(t′) dt′ = rw

∫ t

0

∫ 2π

0
(Λg)(l, θ) dθdl =

∫

Γw,t

(Λg)(x) dγ(x)

= ( ➱❭▲ × ♣ −1) × ♣ 2

= ( ✁✉■ × ♣ −1 × ❣ −2) × ♣ 2 = ✁❳■ × ❣ −2,

❆✥❅●◆❂❆❏♣✌✎✥♣✜❆✗✕
q0 = ✁✉■ × ❣ −2.

➚ ✾❀❈❳❅q❉❊❈①✿❢✾❀❈❢❣

k

µ
= ♣ 2 × ( ✁✉■ × ♣ −1 × ❣ −1)−1 = ✁✉■ −1 × ♣ 3 × ❣ ,

k2

µ2
= ✁❳■ −2 × ♣ 6 × ❣ 2.

Cw
k2

µ2

∫ l

0

(
q0(t) +

∫ t

0
Λ̄g(t′) dt′

)2

dt = ( ✁❳■ × ♣ −8) × ( ✁❳■ −2 × ♣ 6 × ❣ 2) × ( ✁✉■ 2 × ❣ −4) × ♣ ,

= ✁❳■ × ♣ −1 × ❣ −2 = ➱❭▲ .
✥✡❈☞✾❀❄❂❅q❉❍❆✥❈❳❅❃❄❂❉❍❆✥❈☎❋➛▲★◆♥❉❊♣✜❆✥❈❢❣q❉❍✾❀❈⑦◆✼❤ ✿❂❈❢❆❏✽❂❁❇❆✎❣❇❣q❉❍✾❀❈ ✕❢❆✥❅ T (g) = ➱❷▲ ➽

✯ � ✯ �✢✗✁� ✗ ✖✘➭❵⑧➆❙ ✝➝➫❷❴⑦❬❯④❸❫➓⑧③⑥❀❶❸❴
➷ ✾❀✿❢❣✪◆❂❆✥➪➇✾❀❈❢❣★❞❇❡❢✾❀❉❍❣q❉❊❁★✿❂❈❢❆✤❈❢✾❀❁q♣✜❆✟②①✿❂❉ ❁❇❆✎❣q✽✌❆✎❞✥❅❇❆✥❁▼▲✚❋❍❆✎❣✪◆♥❉❊♣✜❆✥❈❢❣q❉❍✾❀❈❢❣ ➽❭➷ ✾❀✿❢❣★▲❲➪➇✾❀❈❢❣✜◆❂✇ ✑ ✜☞♣✜❆✥❈①❅q❉❍✾❀❈❂❈❢✇

❈❢✾❀❅q❁❇❆ ❉❊❈①❅❇❆✥❈❳❅q❉❍✾❀❈➳◆❂❆ ❅q❁▼▲✎➪❑▲r❉❊❋❊❋❍❆✥❁✲◆❢▲r❈❢❣ H1([0, L]) ✕➓▲r✿⑦➪✉✿✚◆❂❆ ❋➛▲✹❁❇✇✥■❑✿❂❋➛▲r❁q❉❊❅❇✇★◆❂❆ ❋✐❤❦✾❀✽❢✇✥❁▼▲r❅❇❆✥✿❂❁ Λ
➽ ✱❵▲✹❈❢✾❀❁q♣✜❆

✿❢❣q✿❢❆✥❋❊❋❍❆✕◆❢▲r❈❢❣ H1([0, L]) ❆✎❣q❅●◆❂✾❀❈❂❈❢✇✎❆✕✽➆✾❀✿❂❁●✿❂❈❢❆✵♠♦✾❀❈❢❞✥❅q❉❍✾❀❈ g ∈ H1([0, L]) ✕❢✽③▲r❁ ✓

‖g‖H1([0,L]) =

(
‖g‖2

L2([0,L]) + ‖ d
dl
g(l)‖2

L2([0,L])

)1/2

.

❥➂❋✌♠♦▲r✿❂❅◗➪➇✇✥❁q❉✚✙③❆✥❁✵②①✿❢❆❏❞▼❡③▲❀❞✥✿❂❈⑦◆❂❆✎❣◗❅❇❆✥❁q♣✜❆✎❣✡◆❂❆❏◆♥❁❇✾❀❉❊❅❇❆✑▲✪❋➛▲ ♣✌✎✥♣✜❆✕◆♥❉❊♣✜❆✥❈❢❣q❉❍✾❀❈⑦✽➆✾❀✿❂❁◗❋➛▲✪♠❪✾❀❈❢❞✥❅q❉❍✾❀❈ Tg ➽
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➚ ✾❀♣★♣✜❆✥❈✖✛✎✾❀❈❢❣✡✽③▲r❁●❁❇❆✥■①▲r❁❇◆❂❆✥❁ ‖Tg‖L2([0,L])
✓

‖Tg‖2
L2([0,L]) =

∫ L

0
(Tg(l))2 dl

= ( ✁✉■ 2 × ♣ −2 × ❣ −4) × ♣
= ✁✉■ 2 × ♣ −1 × ❣ −4.

➼ ▲r❉❊❈①❅❇❆✥❈③▲r❈①❅★✕⑩❁❇❆✥■①▲r❁❇◆❂✾❀❈❢❣ ‖ d
dl

(Tg)(l)‖L2([0,L])
➽ ✥✡❈☞▲✠✓

d

dl
(Tg)(l) = Cw

k2

µ2

(
q0(l) +

∫ l

0
(Λ̄g)(t)2 dt

)2

,

= ( ✁✉■ × ♣ −8) × ( ✁✉■ −2 × ♣ 6 × ❣ 2) × ( ✁✉■ 2 × ❣ −4),

= ✁✉■ × ♣ −2 × ❣ −2.

❥➂❋➣❣❲❤❦❆✥❈❢❣q✿❂❉❊❅✷✓

‖ d
dl

(Tg)(l)‖2
L2([0,L]) =

∫ L

0

∣∣∣∣
d

dl
Tg(l)

∣∣∣∣
2

dl

= ( ✁❳■ 2 × ♣ −4 × ❣ −4) × ♣
= ✁❳■ 2 × ♣ −3 × ❣ −4.

✥✡❈☞❞✎✾❀❈❢❣q❅▼▲r❅❇❆✑②①✿❢❆✲❋❍❆✎❣●◆❂❆✥✿♥❮☎❈❢✾❀❁q♣✜❆✎❣◗❈➣❤❦✾❀❈❳❅❃✽③▲❀❣◗❋➛▲★♣✌✎✥♣✜❆✕◆♥❉❊♣✜❆✥❈❢❣q❉❍✾❀❈ ✓

‖Tg‖2
L2([0,L]) = ✁✉■ 2 × ♣ −1 × ❣ −4,

‖ d
dl

(Tg)(l)‖2
L2([0,L]) = ✁✉■ 2 × ♣ −3 × ❣ −4,

❞✎❆✺②❳✿❂❉➇❈➣❤❦❆✎❣q❅➓✽③▲❀❣❵❣q✿❂❁q✽❂❁❇❆✥❈③▲r❈❳❅★✕✰✜◗❞❲▲r✿❢❣▼❆✺◆❂❆✺❋➛▲◗◆❂✇✥❁q❉❊➪❑▲r❅q❉❍✾❀❈✘◆❂❆ Tg ✽③▲r❁➓❁▼▲r✽❂✽➆✾❀❁q❅ ✜ l ◆❢▲r❈❢❣➣❋➛▲◗◆❂❆✥✿♥❮♥❉❍✈✥♣✜❆✺❈❢✾❀❁q♣✜❆ ➽

➱❷✾❀✿❂❁➒❡❢✾❀♣✜✾❀■➇✇✥❈❢✇✥❉❍❣❇❆✥❁✺❋❍❆✎❣➒◆♥❉❊♣✜❆✥❈❢❣q❉❍✾❀❈❢❣ ✕❀❈❢✾❀✿❢❣✺▲r❋❊❋❍✾❀❈❢❣✺▲r❋❍✾❀❁❇❣❭❅q❁▼▲✎➪❑▲r❉❊❋❊❋❍❆✥❁✯▲✎➪➇❆✎❞✢❋➛▲✡❈❢✾❀❁q♣✜❆✢❈❢✾❀❅❇✇✎❆ ‖.‖1
◆❂✇✶✙❢❈❂❉❍❆

✽③▲r❁ ✓

‖u‖1 =

(
‖u‖2

L2([0,L]) + L2 ‖ d
dl
u(l)‖2

L2([0,L])

)1/2

. ✲♦❺ ➽ ❼❑❻ ✴
➚ ❆✥❅q❅❇❆✲❈❢✾❀❁q♣✜❆✲❆✎❣q❅◗✇✎②①✿❂❉❊➪❑▲r❋❍❆✥❈①❅❇❆✷✜✘❋➛▲✘❈❢✾❀❁q♣✜❆❏❞✥❋➛▲❀❣❇❣q❉❍②❳✿❢❆✲◆❢▲r❈❢❣ H1([0, L]) ✕❢❆✥❅✢❋❍❆✵✽❂❁❇✾❀❄❂❋❍✈✥♣✜❆❏◆❂❆✎❣◗◆♥❉❊♣✜❆✥❈❢❣q❉❍✾❀❈❢❣
❆✎❣q❅◗❁❇✇✎❣❇✾❀❋❊✿ ➽
✱✺❤❦❆✎❣q✽③▲❀❞✎❆ H1([0, L]) ✕❢♣✘✿❂❈❂❉❵◆♥✿✂✽❂❁❇✾✉◆♥✿❂❉❊❅❃❣❇❞❲▲r❋➛▲r❉❊❁❇❆✑▲❀❣❇❣▼✾❳❞✥❉❍✇✷✜✪❞✎❆✥❅q❅❇❆❏❈❢✾❀❁q♣✜❆✗✕③❆✎❣q❅●✿❂❈ ❐ ❉❊❋❊❄➆❆✥❁q❅ ➽

�❭➨✁�➒➨✁� �★➍✷➅➇➁❧➎➐➄➆➅➇➁✐➈❵➉➀➍✱❾➀→➇➏③❿➂➁❧➎ ➁❧➉✯➄✌➁❧→➇➌③➍
✲ ➪❀▲r❈❳❅★◆❂❆✟❁❇✇✎❣❇✾❀✿❢◆♥❁❇❆✤❋❍❆✱✽❂❁❇✾❀❄❂❋❍✈✥♣✜❆☞◆❂❆✱✽✌✾❀❉❊❈①❅✏✙❂❮❂❆ ✲♦❺ ➽ ❺✬★ ✴✶✕❭❈❢✾❀✿❢❣✜▲r❋❊❋❍✾❀❈❢❣✪♠♦▲r❉❊❁❇❆✟②❳✿❢❆✥❋❍②①✿❢❆✎❣★❆✎❣❇❅q❉❊♣✹▲r❅q❉❍✾❀❈❢❣

✽❂❁❇✇✥❋❊❉❊♣★❉❊❈③▲r❉❊❁❇❆✎❣✵②①✿❂❉✼❈❢✾❀✿❢❣✡❣❇❆✥❁❇✾❀❈①❅●✿❂❅q❉❊❋❍❆✎❣●✽③▲r❁●❋➛▲★❣q✿❂❉❊❅❇❆ ➽

➬❏▲r❈❢❣◗✿❂❈✂✽❂❁❇❆✥♣★❉❍❆✥❁❃❅❇❆✥♣★✽❢❣★✕❂❈❢✾❀✿❢❣●❈❢✾❀✿❢❣●✽❂❁❇✾❀✽➆✾❑❣❇✾❀❈❢❣❃◆✼❤❦❆✎❣q❅q❉❊♣✜❆✥❁
∣∣∣∣
∫ t

0
Λ̄g(t′) dt′

∣∣∣∣
➽

➬✪❤ ▲r✽❂❁❇✈✎❣●❋✐❤ ❉❊❈❢✇✥■①▲r❋❊❉❊❅❇✇✘◆❂❆ ➚ ▲r✿❢❞❇❡❳t ➘ s✉❞▼❡✂✁ ▲r❁ ☎ ✕✼✾❀❈✚▲✧✓
∣∣∣∣
∫ t

0
Λ̄g(t′) dt′

∣∣∣∣
2

≤
(∫ t

0
12 dt′

)(∫ t

0

∣∣(Λ̄g)(t′)
∣∣2 dt′

)
= t

∫ t

0

∣∣(Λ̄g)(t′)
∣∣2 dt′.



✆ ✖ ✖✘➭➓④❂❨❭❙➛➩❲⑥r❴ ✯ �➐✠✤⑤✱✰➆❙❪❶❸❴☞❨✯❴①⑥❀❶❸④❢❫➓❴❳❫➆➩

✥✡❁
∣∣(Λ̄g

)
(t′)
∣∣2 = r2w

∣∣∣∣
∫ 2π

0
(Λg)(t′, θ) dθ

∣∣∣∣
2

≤ r2w

(∫ 2π

0
12 dθ

)(∫ 2π

0

∣∣(Λg)(t′, θ)
∣∣2 dθ

)
,

❣❇✾❀❉❊❅
∣∣(Λ̄g

)
(t′)
∣∣2 ≤ 2πr2

w

(∫ 2π

0

∣∣(Λg)(t′, θ)
∣∣2 dθ

)

❆✥❅
∣∣∣∣
∫ t

0
Λ̄g(t′) dt′

∣∣∣∣
2

≤ 2πr2
wt

∫ t

0

(∫ 2π

0

∣∣(Λg)(t′, θ)
∣∣2 dθ

)
dt′

❣❇✾❀❉❊❅●❆✥❈❢❞✎✾❀❁❇❆

∣∣∣∣
∫ t

0
Λ̄g(t′) dt′

∣∣∣∣ ≤ (2πrw)1/2
√
t

(∫

Γw,t

|(Λg)(x)|2 dγ(x)
)1/2

. ✲♦❺ ➽ ❼♥Ï✵✴
✾❀✿ ✓ ∣∣∣∣

∫ t

0
Λ̄g(t′) dt′

∣∣∣∣ ≤ (2πrw)1/2
√
t‖Λg‖L2(Γw).

✥✡❁☞❞✎✾❀♣★♣✜❆➳❋✐❤❦✾❀✽➆✇✥❁▼▲r❅❇❆✥✿❂❁ Λ ❆✎❣q❅✂◆✼❤❦✾❀❁❇◆♥❁❇❆✸Ï✗✕●❆✥❅✂◆✼❤ ▲r✽❂❁❇✈✎❣✂❋✐❤❦✇✎②❳✿❂❉❊➪❑▲r❋❍❆✥❈❢❞✎❆➳❆✥❈①❅q❁❇❆➳❋❍❆✎❣☎❈❢✾❀❁q♣✜❆✎❣ ‖.‖1
❆✥❅

‖.‖H1([0,L])
◆❢▲r❈❢❣ H1([0, L]) ✕⑩✾❀❈☞❣▼▲r❉❊❅●②❳✿➣❤ ❉❊❋➣❆✝❮✉❉❍❣❇❅❇❆❏✿❂❈❢❆❏❞✎✾❀❈❢❣q❅▼▲r❈①❅❇❆ C > 0 ❅❇❆✥❋❊❋❍❆✕②❳✿❢❆✯✓

‖Λg‖L2(Γw) ≤ (2πrw)1/2 C‖g‖1.
✲♦❺ ➽ ❼❑❺ ✴

➬✲✾❀❈❢❞✯✓
∣∣∣∣
∫ t

0
Λ̄g(t′) dt′

∣∣∣∣ ≤ (2πrw)
√
t C‖g‖1.

✲♦❺ ➽ ❼❑❼ ✴

➬✲❆✲♣✌✎✥♣✜❆✗✕③✾❀❈☎✽✌❆✥✿❂❅●♣✜✾❀❈❳❅q❁❇❆✥❁✡②❳✿❢❆✞✓

|q2(t)| =

∣∣∣∣
∫ t

0
Λ̄pwf (t

′) dt′
∣∣∣∣

|q2(t)| ≤ (2πrw)
√
t C ‖pwf‖1.

✲♦❺ ➽ ❼rÐ✸✴
❆✥❅✷✓

|q1(t)| =

∣∣∣∣
∫ t

0
Λ̄1(pD)(t′) dt′

∣∣∣∣

≤ (2πrw)1/2
√
t C1 ‖pD‖L2(ΓD).

✠✤❴❳❶❸④❂⑥ ✜➣⑨➓❴ ✖ ✞ ✟✓✏ ✂✆☎✞☛ ✏✥☛ ✠✞☛☞☛ ✟✓✏ C ✟✥☛ C1
✌✄✂ ✙ ✟ ☛ ✌ ✟ ☛☞☛ ✘ ☛ ✒✡✣ ✘ ✟✢✎ ✟ ☛ ☛ ✌ ✟ ✌✖✠ ✗✄✂ ☎ ✎ ✂✥☛ ✝ ✒ ✟ ✌ ✘ ✌ ☎ ✎ ✠ ✒✔☛ ✟ Ω ✌ ✟✓✏

✎ ☎ ✌✄✟ ✌ ✟✓✏ (II ′) ✚ (II ′′) ✚ ✟ ☛ (II ′′′) ✚ ✟✥☛ ☛ ☎✞☛ ✙ ✠✑✏✝✌✛✟✓✏ ✙ ✠ ✝ ✠ ✎ ✟✥☛ ✝✆✟✓✏ ✙✡✝ ✍✑✏✓✒☎✣✥✘ ✟✓✏ ✪ ☎ ☛ ✙☞✝✆✟ ☛ ✌✞✝✄✠ ✌ ✟ ✏★✘ ✙ ✌ ✟✓✏✝✌ ✟✢✘ ✧ ✚
✣✥✘ ✟ ✌✓✒ ☎✞☛ ☛☞☎ ☛ ✟ ✝✄✠ ✡ ☛ ☎ ✘ ✔✞✟✄✠ ✘ C ✪

✱❵▲✜◆❂❆✥❁q❈❂❉❍✈✥❁❇❆✑❆✎❣q❅q❉❊♣✹▲r❅q❉❍✾❀❈☞❣❇✿❂❁ |q1(t)| ◆❂❆✥➪✉❉❍❆✥❈①❅✵▲r❋❍✾❀❁❇❣ ✓

|q1(t)| ≤ (2πrw)1/2
√
t C ‖pD‖L2(ΓD).

✲♦❺ ➽ ❼❑Ò ✴
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✽✌✾❀❉❊❈①❅✸✙❂❮❂❆ ✲♦❺ ➽ ❺✬★ ✴ ✽③▲r❁●❋❍❆❏❅q❡❢✇✎✾❀❁❇✈✥♣✜❆✑◆❂❆❏✽➆✾❀❉❊❈❳❅✸✙❂❮❂❆❏◆❂❆✘s✉❞❇❡③▲r✿❢◆❂❆✥❁ ➽

➷ ✾❀✿❢❣◗✽✌✾❀✿❂➪➇✾❀❈❢❣❃✇✥❈❢✾❀❈❢❞✎❆✥❁●❋❍❆❏❅q❡❢✇✎✾❀❁❇✈✥♣✜❆✑❣q✿❂❉❊➪❀▲r❈❳❅ ✓
✍✑➭➓⑤①⑧⑩⑥✷➲✉❶❸❴ ☛✁� ☎ ☛ ☎✞☛ ✏✍✌

a = (2πrw)−1/2 ‖pD‖L2(ΓD) + ‖pwf‖1,

b =
µ2

k2 CgeoCw
,

✠ ✔✑✟✄✂ Cgeo =

(
92

15

)1/2

(πrw)2 L5/2 C2,

✟✥☛ C ✌ ✠ ✂✆☎✞☛ ✏✥☛ ✠✞☛☞☛ ✟ ✒✔☛ ☛ ✝ ☎ ✌ ✘✛✒✡☛ ✟✖✙ ✠✙✗ ✟ ✟✄✂ ✪

✂ ✒ ✝ � ✒ a ≤ b

4
✚ ✠✞✌✖☎ ✝✘✏ ✌ ✟✖✙☞✝ ☎✆☎ ✌ ✟✥✎ ✟ ✌✛✟ ✙ ☎✞✒✔☛ ☛ ✥✗✧ ✟ ✠ ✌ ✎ ✟ ☛ ✘ ☛ ✟ ✏ ☎✞✌ ✘ ☛ ✒ ☎✞☛ g ∈ H1([0, L]) ✪

✂ ✒✔✒ ✝ � ✒ ✌ ✟✖✙☞✌ ✘✛✏ a ≤ b

8
✚ ✟✥☛ a 6= 0 ✚ ✠✞✌ ☎✞✝✘✏ ✌ ✠ ✏ ☎✞✌ ✘ ☛ ✒ ☎✞☛ ✟✓✏✢☛ ✘ ☛ ✒✡✣ ✘ ✟ ✪

✫✕⑥r❴❳⑨ ✣⑩❴➳❛

➷ ✾❀✿❢❣✵▲r❋❊❋❍✾❀❈❢❣✡❅❇✾❀✿❂❅✵◆✼❤ ▲r❄✌✾❀❁❇◆⑦♣✜✾❀❈①❅q❁❇❆✥❁ (i)
➽ ➱❷✾❀✿❂❁✵◆❂✇✥♣✜✾❀❈❳❅q❁❇❆✥❁✲❋✐❤❦❆✝❮✉❉❍❣q❅❇❆✥❈❢❞✎❆ ◆✼❤ ✿❂❈❢❆ ❣❇✾❀❋❊✿❂❅q❉❍✾❀❈ ✕③❈❢✾❀✿❢❣✡✿❂❅q❉❊❋❊❉❍❣❇✾❀❈❢❣

❋❍❆✲❅q❡❢✇✎✾❀❁❇✈✥♣✜❆✑◆❂❆ s✉❞❇❡③▲r✿❢◆❂❆✥❁ ✓
✍✑➭➓⑤①⑧⑩⑥✷➲✉❶❸❴⑦➫➓❴❜☛✼❱❀➭❵④❢⑨➓➫➓❴❳⑥
� ☎✞✒✡☛ K ✘ ☛✣✏ ☎ ✘ ✏✄✂ ✟ ☛ ✏✙✟✢✎✍☎ ✌ ✟ ✆✙✟ ✝✢✎ ✂ ✂✆☎ ☛✕✔✑✟✓✧ ✟ ✌✗✒ ✘ ☛ ✟✓✏ ✙ ✠ ✂✘✟ ✌✛✟✆☎ ✠✞☛☞✠ ✂ ✝ B ✪ � ☎✞✒✏☛ T ✘✛☛ ✟ ✠★✙✩✙☞✌ ✒ ✂✆✠ ☛ ✒ ☎✞☛ ✂✆☎✞☛☞☛ ✒ ✂
☛✕✘ ✟ ✌ ✟ K ✌ ✠ ☛ ✏ ✌ ✘ ✒ ✂ ✎✍✌✢✎ ✟★✚ ☛ ✟ ✌✔✌ ✟ ✣✥✘ ✟ ✌✓✒ ✒✏✎ ✠ ✗ ✟ TK ✏ ☎✞✒✏☛ ✙☞✝ ✂✄✂✆☎ ✎ ✙ ✠ ✂ ☛ ✟ ✪✞✝ ✌✖☎ ✝✘✏★✚ T ✠ ✌ ✎ ✟✥☛ ✘✛☛ ✙ ☎✞✒✔☛ ☛ ✥✗✧✛✟★✚
✠ ✘ ☛ ✝✄✟✥✎ ✟ ☛☞☛✖✌✞✒✏☛ ✒✔✌ ✟✦✧✞✒ ✏✥☛ ✟ x ∈ K ☛ ✟ ✌✗✣ ✘ ✟ Tx = x ✪

➷ ✾❀✿❢❣✜▲r❋❊❋❍✾❀❈❢❣✪❅q❁▼▲✎➪❑▲r❉❊❋❊❋❍❆✥❁✜◆❢▲r❈❢❣✪❋✐❤❦❆✎❣q✽③▲❀❞✎❆✟◆❂❆ ❐ ❉❊❋❊❄✌❆✥❁q❅ B = H1([0, L]) ✕✺❆✥❅ ❈❢✾❀✿❢❣✪✽❂❁❇❆✥❈❢◆♥❁❇✾❀❈❢❣★✽✌✾❀✿❂❁ K✿❂❈❢❆✲❄✌✾❀✿❂❋❍❆❃♠♦❆✥❁q♣✜✇✎❆ B̄(0,M) ◆❂❆❏❞✎❆✥❈①❅q❁❇❆ 0 ❆✥❅◗◆❂❆✲❁▼▲✎t➇✾❀❈ M ✕❢▲✎➪➇❆✎❞ M ❁❇✇✎❆✥❋ ✜ ◆❂✇✥❅❇❆✥❁q♣★❉❊❈❢❆✥❁★✕❢②❳✿❂❉✼❆✎❣q❅✢❄❂❉❍❆✥❈☎✿❂❈
❣❇✾❀✿❢❣ ➘ ❆✥❈❢❣▼❆✥♣✑❄❂❋❍❆❏♠♦❆✥❁q♣✜✇❏❞✎✾❀❈①➪➇❆✝❮❂❆✑◆❂❆✲❋✐❤❦❆✎❣❇✽③▲❀❞✎❆✕◆❂❆ ❐ ❉❊❋❊❄➆❆✥❁q❅ B = H1([0, L])

➽

➷ ✾❀✿❢❣●◆❂❆✥➪➇✾❀❈❢❣❃◆❂✾❀❈❢❞✕♣✜✾❀❈①❅q❁❇❆✥❁✡②❳✿❢❆✞✓
◗ T ❆✎❣❇❅●❞✎✾❀❈①❅q❉❊❈①✿❢❆✗✕
◗ T (K) ❆✎❣q❅◗✽❂❁❇✇✎❞✎✾❀♣★✽③▲❀❞✥❅❇❆✗✕
◗ T : K → K

➽
✥✡❈✂➪❑▲✪❞❇❡❢❆✥❁❇❞▼❡❢❆✥❁ g ◆❢▲r❈❢❣❃❋✐❤❦❆✎❣q✽③▲❀❞✎❆✕◆❂❆✎❣✢♠♦✾❀❈❢❞✥❅q❉❍✾❀❈❢❣ H1([0, L])

➽

• ✩➋⑧➆❫➆➩❲⑥✷⑧➆❫❵❚ ✜➣⑨➓❴⑦❬➂P❍❙❪❶❸④ ✰⑩❴
T(K)

❴①❚✎➩✜❨❷⑥✷⑤❳❱➇⑧⑩❶➳❨➓④❂❱➇➩❲❴ �

✱➣❆✎❣✯♠♦✾❀❈❢❞✥❅q❉❍✾❀❈❢❣ h1, h2, h3
❣❇✾❀❈①❅ ◆❢▲r❈❢❣ L2(Γw) ✕①❆✥❅➀❋❍❆✎❣➒♠♦✾❀❈❢❞✥❅q❉❍✾❀❈❢❣ q1, q2, q3 ❣❇✾❀❈①❅ ◆❂✾❀❈❢❞❃◆❢▲r❈❢❣ H1([0, L]) ✕❆✥❅❭❞✎✾❀♣★♣✜❆ H1(0, L) →֒ C0[0, L] ✕❑❆✥❋❊❋❍❆✎❣❭❣❇✾❀❈❳❅❷❄✌✾❀❁q❈❢✇✎❆✎❣❭❆✥❅➓❋❍❆✥✿❂❁❇❣➒❞❲▲r❁q❁❇✇✎❣❭❣❇✾❀❈❳❅➒◆❂✾❀❈❢❞ ❆✥❈❢❞✎✾❀❁❇❆✢◆❢▲r❈❢❣ H1([0, L]) ✕❆✥❅ Tg ❆✎❣❇❅●❆✥❈☎♠♦▲r❉❊❅◗✿❂❈❢❆❏♠❪✾❀❈❢❞✥❅q❉❍✾❀❈☞◆❂❆ H2([0, L])

➽
➱➒❋❊✿❢❣✵✽❂❁❇✇✎❞✥❉❍❣❇✇✥♣✜❆✥❈❳❅★✕➆✾❀❈❜▲ g ∈ 0H

1([0, L]) ✲❯❉ ➽ ❆ ➽ g ∈ H1([0, L]) ❆✥❅ g(0) = 0 ✴✶✕➆❆✥❅ Tg ∈ 0H
1([0, L]) ∩

H2([0, L])
➽



� � ✖✘➭➓④❂❨❭❙➛➩❲⑥r❴ ✯ �➐✠✤⑤✱✰➆❙❪❶❸❴☞❨✯❴①⑥❀❶❸④❢❫➓❴❳❫➆➩

❒➒❅✵❞✎✾❀♣★♣✜❆✕❋✐❤ ❉❊❈❢❞✥❋❊✿❢❣q❉❍✾❀❈❜◆❂❆ H2([0, L]) ◆❢▲r❈❢❣ H1([0, L]) ❆✎❣q❅❃❞✎✾❀♣★✽③▲❀❞✥❅❇❆✗✕➆✾❀❈✚▲★❄❂❉❍❆✥❈⑦②❳✿❢❆ T ❆✎❣❇❅❃❞✎✾❀♣★✽③▲❀❞✥❅★✕
❆✥❅◗❋✐❤ ❉❊♣✹▲r■➇❆ T (K) ❆✎❣q❅◗✽❂❁❇✇✎❞✎✾❀♣★✽③▲❀❞✥❅❇❆ ➽

• ✩➋⑧➆❫➆➩❲⑥✷⑧➆❫❵❚ ✜➣⑨➓❴
T : K → K

�

✲ ✿❂❅q❁❇❆✥♣✜❆✥❈①❅✵◆♥❉❊❅★✕❂❈❢✾❀✿❢❣◗➪➇✾❀✿❂❋❍✾❀❈❢❣●♣✜✾❀❈❳❅q❁❇❆✥❁✡②❳✿❢❆✞✓
❣q❉ g ∈ B̄(0,M) ✕➆▲r❋❍✾❀❁❇❣ Tg ∈ B̄(0,M) ✕✾❀✿☞❆✥❈❢❞✎✾❀❁❇❆✕❣❇❉ ‖g‖1 ≤M ✕❢▲r❋❍✾❀❁❇❣ ‖Tg‖1 ≤M

➽

➚ ✾❀♣★♣✜❆✥❈✖✛✎✾❀❈❢❣✡✽③▲r❁❃❆✎❣q❅q❉❊♣✜❆✥❁ ‖Tg‖L2([0,L])
➽

Tg(l) = Cw
k2

µ2

∫ l

0

(
q0(t) +

∫ t

0
Λ̄g(t′) dt′

)2

dt.

➬✪❤ ▲r✽❂❁❇✈✎❣●❋❍❆✎❣❃❆✎❣q❅q❉❊♣✹▲r❅q❉❍✾❀❈❢❣ ✲♦❺ ➽ ❼❑Ò ✴✢❆✥❅ ✲♦❺ ➽ ❼rÐ✸✴➀♠♦▲r❉❊❅❇❆✎❣●✽❂❁❇✇✎❞✎✇✎◆❂❆✥♣★♣✜❆✥❈①❅★✕➆✾❀❈⑦▲✧✓

|q0(t)| ≤ (2πrw)1/2
√
t C
(
‖pD‖L2(ΓD) + (2πrw)1/2‖pwf‖1

)
.

❒➒❈➝✿❂❅q❉❊❋❊❉❍❣▼▲r❈❳❅✜❋➛▲✚❈❢✾❀❅▼▲r❅q❉❍✾❀❈ a = (2πrw)−1/2 ‖pD‖L2(ΓD) + ‖pwf‖1
✕❭❉❊❈❳❅q❁❇✾❳◆♥✿❂❉❊❅❇❆✂◆❢▲r❈❢❣✜❋❍❆✟❅q❡❢✇✎✾❀❁❇✈✥♣✜❆ ★✩✕

❞✎❆✥❅q❅❇❆❏❉❊❈❢✇✥■①▲r❋❊❉❊❅❇✇✘❣❲❤❦✇✎❞✥❁q❉❊❅✷✓
|q0(t)| ≤ (2πrw)

√
t C a. ✲♦❺ ➽ ❼❑Ñ ✴

❥➂❋➣❣❲❤❦❆✥❈❢❣q✿❂❉❊❅●◆✼❤ ▲r✽❂❁❇✈✎❣●❋✐❤❦❆✎❣❇❅q❉❊♣✹▲r❅q❉❍✾❀❈ ✲♦❺ ➽ ❼❑❼ ✴✶✕❢②❳✿❢❆✯✓
∣∣∣∣q0(t) +

∫ t

0
Λ̄g(t′) dt′

∣∣∣∣ ≤ (2πrw)
√
t C (a+ ‖g‖1) ,

✲♦❺ ➽ ❼➇❹✬✴

❆✥❅✷✓
|Tg(l)| ≤ 2Cw

k2

µ2
(πrw)2l2C2 (a+ ‖g‖1)

2 ,

◆✼❤❦✾✌☞ ✓

‖Tg‖2
L2([0,L]) =

∫ L

0
|Tg(l)|2 dl

≤ 4C2
w

k4

µ4
(πrw)4

L5

5
C4 (a+ ‖g‖1)

4 .

➼ ▲r❉❊❈①❅❇❆✥❈③▲r❈❳❅✡✽❂❁❇✾✉❞✎✇✎◆❂✾❀❈❢❣✡▲r✿♥❮☎❆✎❣q❅q❉❊♣✹▲r❅q❉❍✾❀❈❢❣❃◆❂❆ ‖ d
dl

(Tg)(l)‖L2([0,L])
➽

➷ ✾❀✿❢❣❃▲✎➪➇✾❀❈❢❣ ✓
d

dl
(Tg)(l) = Cw

k2

µ2

(
q0(l) +

∫ l

0
(Λ̄g)(t) dt

)2

,

❆✥❅●◆✼❤ ▲r✽❂❁❇✈✎❣ ✲♦❺ ➽ ❼➇❹✬✴✶✕③❉❊❋✼➪❳❉❍❆✥❈❳❅ ✓
∣∣∣∣
d

dl
(Tg)(l)

∣∣∣∣ ≤ Cw
k2

µ2
(2πrw)2 lC2 (a+ ‖g‖1)

2 ,

❆✥❅✷✓
‖ d
dl

(Tg)(l)‖2
L2([0,L]) ≤ C2

w

k4

µ4
(2πrw)4

L3

3
C4 (a+ ‖g‖1)

4 .
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✥✡❈☞✾❀❄❂❅q❉❍❆✥❈❳❅✵▲r❋❍✾❀❁❇❣◗❋✐❤❦❆✎❣❇❅q❉❊♣✹▲r❅q❉❍✾❀❈⑦❣q✿❂❉❊➪❑▲r❈①❅❇❆✯✓

‖Tg‖1 ≤ Cw Cgeo
k2

µ2
(a+ ‖g‖1)

2 ,

▲✎➪➇❆✎❞ ✓ Cgeo =

(
92

15

)1/2

(πrw)2 L5/2 C2 ➽
❒➒❈✂✿❂❅q❉❊❋❊❉❍❣ ▲r❈①❅●❋➛▲✪❈❢✾❀❅▼▲r❅q❉❍✾❀❈ b ❉❊❈❳❅q❁❇✾❳◆♥✿❂❉❊❅❇❆✘◆❢▲r❈❢❣◗❋❍❆✲❅q❡❢✇✎✾❀❁❇✈✥♣✜❆ ★✩✕❢❋✐❤ ❉❊❈❢✇✥■①▲r❋❊❉❊❅❇✇✑❣❲❤❦✇✎❞✥❁q❉❊❅✷✓

‖Tg‖1 ≤ 1

b
(a+ ‖g‖1)

2 , ✲♦❺ ➽ ❼✬✦ ✴
➷ ✾❀✿❢❣★❁▼▲r✽❂✽➆❆✥❋❍✾❀❈❢❣✹②①✿❢❆✟❈❢✾❀✿❢❣★➪➇✾❀✿❂❋❍✾❀❈❢❣✹♣✜✾❀❈①❅q❁❇❆✥❁✹②❳✿❢❆✟❋✐❤ ❉❊♣✹▲r■➇❆ TK ❆✎❣q❅✪❅❇✾❀✿✘✑q✾❀✿❂❁❇❣✹◆❢▲r❈❢❣ K ✕❷❉ ➽ ❆ ➽ ②①✿❢❆✄✓➒❣❇❉
‖g‖1 ≤M ✕③▲r❋❍✾❀❁❇❣ ‖Tg‖1 ≤M ✕❢▲✎➪➇❆✎❞ M ∈ R

✜✪◆❂✇✥❅❇❆✥❁q♣★❉❊❈❢❆✥❁ ➽
➬✪❤ ▲r✽❂❁❇✈✎❣●❋✐❤❦❆✎❣q❅q❉❊♣✹▲r❅q❉❍✾❀❈ ✲♦❺ ➽ ❼✬✦ ✴✶✕❢❉❊❋➣❣q✿✩✵✜❅●✽✌✾❀✿❂❁●❞✎❆✥❋➛▲★◆❂❆✲❅q❁❇✾❀✿❂➪➇❆✥❁ M ❅❇❆✥❋❵②❳✿❢❆✞✓

1

b
(a+M)2 ≤M, ✲♦❺ ➽ ❼✬★ ✴

✾❀✿☞❆✥❈❢❞✎✾❀❁❇❆✯✓
(a+M)2 − bM ≤ 0. ✲♦❺ ➽ Ð①❻ ✴

✥✡❈☞❣❲❤ ❉❊❈❳❅❇✇✥❁❇❆✎❣❇❣❇❆✑▲r❋❍✾❀❁❇❣✡▲r✿✂❅q❁q❉❊❈✖✪❀♣✜❆✕◆♥✿☞❣❇❆✎❞✎✾❀❈❢◆☎◆❂❆✥■❑❁❇✇ ✓

x2 + (2a− b)x+ a2 = 0. ✲♦❺ ➽ Ð❢Ï✵✴
s✉✾❀❈☞◆♥❉❍❣❇❞✥❁q❉❊♣★❉❊❈③▲r❈❳❅✡❆✎❣q❅✷✓

∆ = b2 − 4ab.

➬✲✈✎❣●②❳✿❢❆ b ≥ 4a ✕❂❋❍❆✕◆♥❉❍❣❇❞✥❁q❉❊♣★❉❊❈③▲r❈❳❅✡❆✎❣q❅◗✽✌✾❑❣q❉❊❅q❉ ♠ ➽ ✱➣❆✎❣●❣❇✾❀❋❊✿❂❅q❉❍✾❀❈❢❣✡◆♥✿✂❅q❁q❉❊❈✖✪❀♣✜❆✕❣❇✾❀❈❳❅ ✓

x− =
b− 2a−

√
b2 − 4ab

2
, ✲♦❺ ➽ Ð①❺ ✴

x+ =
b− 2a+

√
b2 − 4ab

2
. ✲♦❺ ➽ Ð①❼ ✴

✥✡❈☞❆✥❈✂◆❂✇✎◆♥✿❂❉❊❅❃②❳✿❢❆✯✓❂❣q❉ x− ≤ ‖g‖1 ≤ x+
✕③▲r❋❍✾❀❁❇❣ ‖Tg‖1 ≤ x+

➽
➚ ❆✥❋➛▲★❈➣❤❦❆✎❣❇❅❃✽③▲❀❣✵❣q✿✩✵✹❣▼▲r❈①❅✵✽✌✾❀✿❂❁✡②❳✿❢❆ T ❞✎✾❀❈❢❣❇❆✥❁q➪➇❆✑❋➛▲★❄✌✾❀✿❂❋❍❆ B̄(0, x+)

➽ ➶❃❆✥■①▲r❁❇◆❂✾❀❈❢❣✲▲r❋❍✾❀❁❇❣✡❞✎❆✘②①✿❂❉❷❣❇❆✕✽③▲❀❣▼❣❇❆
②❳✿③▲r❈❢◆ ‖g‖1 ≤ x−

✲❪✾❀❈⑦▲ ❄❂❉❍❆✥❈ x− ≥ 0 ✴ ➽s❳❉ ‖g‖1 ≤ x−
✕❢▲r❋❍✾❀❁❇❣●◆✼❤ ▲r✽❂❁❇✈✎❣ ✲♦❺ ➽ ❼✬✦ ✴✶✕③✾❀❈☞▲✧✓

‖Tg‖1 ≤ 1

b
(a+ x−)2.

➱❷✾❀✿❂❁✡❞✎✾❀❈❢❞✥❋❊✿❂❁❇❆✗✕❂❉❊❋✼♠✐▲r✿❢◆♥❁▼▲r❉❊❅●♣✜✾❀❈❳❅q❁❇❆✥❁✡②❳✿❢❆ ‖Tg‖1 ≤ x+
✕♥❉ ➽ ❆ ➽ ✓

(a+ x−)2 ≤ bx+.

✥✡❁★✕ x− ❆✎❣❇❅◗❁▼▲❀❞✥❉❊❈❢❆✕◆♥✿✂❅q❁q❉❊❈✖✪❀♣✜❆ ✲♦❺ ➽ Ð❢Ï✵✴✶✕⑩❆✥❅●◆❂✾❀❈❢❞✯✓

(a+ x−)2 = bx−,

◆❂❆✕❣❇✾❀❁q❅❇❆❏②❳✿❢❆✞✓
bx− ≤ bx+.
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➚ ❆✥❅q❅❇❆❏❉❊❈❢✇✥■①▲r❋❊❉❊❅❇✇✘❆✎❣q❅◗➪➇✇✥❁q❉✚✙③✇✎❆✗✕❂✽❂✿❂❉❍❣❇②❳✿❢❆ x− ≤ x+
✕❂❆✥❅ b > 0

➽

✖✑⑧⑩❫➓❱①❬❪⑨➓❚➯❙❯⑧⑩❫✬❛➓➷ ✾❀✿❢❣❏▲✎➪➇✾❀❈❢❣✕◆❂✾❀❈❢❞ ♣✜✾❀❈❳❅q❁❇✇✗✕✼②①✿❢❆✪◆❂✈✎❣✲②①✿❢❆ b ≥ 4a ✕ ‖g‖1 ≤ x+
❆✥❈❳❅q❁▼▲✁�❍❈❢❆ ‖Tg‖1 ≤ x+

➽
✱✺❤❦✾❀✽✌✇✥❁▼▲r❅❇❆✥✿❂❁ T ❞✎✾❀❈❢❣❇❆✥❁q➪➇❆✑◆❂✾❀❈❢❞❏❋➛▲ ❄➆✾❀✿❂❋❍❆❏♠❪❆✥❁q♣✜✇✎❆ B̄(0, x+)

➽ ✥✡❈✂✽❂❁❇❆✥❈❢◆✂◆❂✾❀❈❢❞ M = x+
➽

• ✩➋⑧➆❫➆➩❲⑥✷⑧➆❫❵❚ ✜➣⑨➓❴
T

❴①❚✎➩✱❱➇⑧⑩❫➆➩➯❙❪❫✼⑨➓❴ �

➱❷✾❀✿❂❁◗◆❂✇✥♣✜✾❀❈①❅q❁❇❆✥❁◗❋❍❆✡❅q❡❢✇✎✾❀❁❇✈✥♣✜❆✵◆❂❆✡✽✌✾❀❉❊❈①❅ ✙❂❮♥❆✗✕❳❉❊❋⑩❈❢✾❀✿❢❣ ❁❇❆✎❣q❅❇❆ ✜❏♣✜✾❀❈❳❅q❁❇❆✥❁◗❋➛▲✕❞✎✾❀❈❳❅q❉❊❈①✿❂❉❊❅❇✇✕◆❂❆ T ➽ ❒➒❈✱♠✐▲r❉❊❅★✕
❈❢✾❀✿❢❣❃▲r❋❊❋❍✾❀❈❢❣✡◆❂✇✥♣✜✾❀❈①❅q❁❇❆✥❁✡②❳✿❢❆ T ❆✎❣q❅◗❋❊❉❊✽❢❣▼❞❇❡❂❉❊❅ ☎ ❉❍❆✥❈ ✲❪❞✎❆✑②①✿❂❉➣❆✥❈❳❅q❁▼▲✁�❍❈❢❆ T ❞✎✾❀❈❳❅q❉❊❈①✿ ✴ ➽
✥✡❈✂➪➇❆✥✿❂❅●♣✜✾❀❈❳❅q❁❇❆✥❁✡②❳✿➣❤ ❉❊❋➣❆✝❮✉❉❍❣❇❅❇❆✲✿❂❈❢❆✕❞✎✾❀❈❢❣q❅▼▲r❈①❅❇❆ γ = γ(x+) > 0 ❅❇❆✥❋❊❋❍❆✕②❳✿❢❆✞✓

‖Tg1 − Tg2‖1 ≤ γ‖g1 − g2‖1,

✽✌✾❀✿❂❁◗❅❇✾❀✿❢❣ g1, g2 ∈ B̄(0, x+)
➽

➱❷✾❑❣❇✾❀❈❢❣

Fg(t) =

(
q0(t) +

∫ t

0
Λ̄g(t′) dt′

)2

. ✲♦❺ ➽ Ð❑Ð✸✴
✲ ❋❍✾❀❁❇❣◗❋✐❤❦✾❀✽❢✇✥❁▼▲r❅❇❆✥✿❂❁ T ❣➯❤❦✇✎❞✥❁q❉❊❅

Tg(l) = Cw
k2

µ2

∫ l

0
Fg(t) dt,

❆✥❅●◆❂✾❀❈❢❞✯✓
Tg1(l) − Tg2(l) = Cw

k2

µ2

∫ l

0
(Fg1(t) − Fg2(t)) dt,

▲✎➪➇❆✎❞ ✓

Fg1(t) − Fg2(t) =

(
q0(t) +

∫ t

0
Λ̄g1(t

′) dt′
)2

−
(
q0(t) +

∫ t

0
Λ̄g2(t

′) dt′
)2

=

(∫ t

0
Λ̄(g1 − g2)(t

′) dt′
)(

2q0(t) +

∫ t

0
Λ̄(g1 + g2)(t

′) dt′
)
.

✲♦❺ ➽ Ð①Ò ✴
➬✪❤ ▲r✽❂❁❇✈✎❣ ✲♦❺ ➽ ❼❑❼ ✴ ✓

∣∣∣∣
∫ t

0
Λ̄(g1 − g2)(t

′) dt′
∣∣∣∣ ≤ (2πrw)C

√
t‖g1 − g2‖1,

❆✥❅✷✓
∣∣∣∣
∫ t

0
Λ̄(g1 + g2)(t

′) dt′
∣∣∣∣ ≤ (2πrw)C

√
t‖g1 + g2‖1,

≤ (2πrw)C
√
t (‖g1‖1 + ‖g2‖1) .

➬✪❤ ▲r✽❂❁❇✈✎❣❏❞✎❆✪②①✿❂❉❭✽❂❁❇✇✎❞✎✈✎◆❂❆★❆✥❅❏◆✼❤ ▲r✽❂❁❇✈✎❣✲❋✐❤❦❆✎❣q❅q❉❊♣✹▲r❅q❉❍✾❀❈ ✲♦❺ ➽ ❼❑Ñ ✴✶✕✌❋➛▲✹♠♦✾❀❈❢❞✥❅q❉❍✾❀❈✚❉❊❈❳❅❇✇✥■❑❁▼▲r❈①❅❇❆✱◆❢▲r❈❢❣ Tg ▲❀◆♥♣✜❆✥❅
❋✐❤❦❆✎❣q❅q❉❊♣✹▲r❅q❉❍✾❀❈ ✓

|Fg1(t) − Fg2(t)| ≤ (2πrw)2 C2 t‖g1 − g2‖1 × (2 a+ ‖g1‖1 + ‖g2‖1) .
✲♦❺ ➽ Ð①Ñ ✴

❥➂❋➣❣❲❤❦❆✥❈❢❣q✿❂❉❊❅✷✓

|Tg1(l) − Tg2(l)| ≤ 2Cw
k2

µ2
l2 (πrw)2C2 (2 a+ ‖g1‖1 + ‖g2‖1) ‖g1 − g2‖1,
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❆✥❅✷✓

‖Tg1 − Tg2‖2
L2([0,L]) =

∫ L

0
(Tg1(l) − Tg2(l))

2 dl

≤ 4C2
w

k4

µ4

L5

5
(πrw)4C4 (2 a+ ‖g1‖1 + ‖g2‖1)

2 ‖g1 − g2‖2
1.

❒➒❅❃❞✎✾❀♣★♣✜❆ g1, g2 ∈ B̄(0, x+) ✕❢✾❀❈☞▲✧✓

‖Tg1 − Tg2‖2
L2([0,L]) ≤ γ2

0‖g1 − g2‖2
1,

✲♦❺ ➽ Ð❳❹✬✴
▲✎➪➇❆✎❞ ✓

γ2
0 = C2

w

k4

µ4

L5

5
(2πrw)4C4 (a+ x+)2 . ✲♦❺ ➽ Ð✱✦ ✴

❥➂❋✼❈❢✾❀✿❢❣◗❁❇❆✎❣q❅❇❆❏♣✹▲r❉❊❈❳❅❇❆✥❈③▲r❈①❅ ✜✪◆❂✇✥♣✜✾❀❈①❅q❁❇❆✥❁✲②①✿➣❤ ❉❊❋➣❆✝❮♥❉❍❣q❅❇❆✲✿❂❈❢❆✕❞✎✾❀❈❢❣❇❅▼▲r❈①❅❇❆ γ1 > 0 ❅❇❆✥❋❊❋❍❆✕②❳✿❢❆✞✓

‖ d
dl

(Tg1)(l) −
d

dl
(Tg2)(l)‖L2([0,L]) ≤ γ1 ‖g1 − g2‖1.

➷ ✾❀✿❢❣❃▲✎➪➇✾❀❈❢❣ ✓
d

dl
(Tg)(l) = Cw

k2

µ2

(
q0(l) +

∫ l

0
(Λ̄g)(t) dt

)2

.

➬✲✾❀❈❢❞✯✓
d

dl
(Tg1)(l) −

d

dl
(Tg2)(l)

= Cw
k2

µ2

(∫ t

0
Λ̄(g1 − g2)(t

′) dt′
)(

2q0(t) +

∫ t

0
Λ̄(g1 + g2)(t

′) dt′
)

= Cw
k2

µ2
(Fg1(l) − Fg2(l)) .

➬✪❤ ▲r✽❂❁❇✈✎❣ ✲♦❺ ➽ Ð①Ñ ✴✶✕❂❉❊❋➣❆✎❣❇❅●❉❊♣★♣✜✇✎◆♥❉➛▲r❅❃②❳✿❢❆✯✓
∣∣∣∣
d

dl
(Tg1)(l) −

d

dl
(Tg2)(l)

∣∣∣∣ ≤ Cw
k2

µ2
(2πrw)2 C2 l‖g1 − g2‖1 × (2 a+ ‖g1‖1 + ‖g2‖1) ,

❆✥❅✷✓
‖ d
dl

(Tg1)(l) −
d

dl
(Tg2)(l)‖2

L2([0,L]) ≤ γ2
1‖g1 − g2‖2

1,
✲♦❺ ➽ Ð✱★ ✴

▲✎➪➇❆✎❞ ✓
γ2
1 =

4

3
C2
w

k4

µ4
(2πrw)4 L3C4 (a+ x+)2 . ✲♦❺ ➽ Ò❑❻ ✴

✱➣❆✎❣◗❁❇❆✥❋➛▲r❅q❉❍✾❀❈❢❣ ✲♦❺ ➽ Ð❳❹✬✴✢❆✥❅ ✲♦❺ ➽ Ð✱★ ✴ ❉❊♣★✽❂❋❊❉❍②❳✿❢❆✥❈①❅✲▲r❋❍✾❀❁❇❣❃②❳✿❢❆✞✓

‖Tg1 − Tg2‖2
1 ≤ (γ2

0 + L2γ2
1)‖g1 − g2‖2

1.

✥✡❁ ✓
γ2
0 + L2γ2

1 =
368

15
C2
w

k4

µ4
L5 (πrw)4 C4 (a+ x+)2.

➷ ✾❀❅❇✾❀❈❢❣ C ′
geo =

(
368

15

)1/2

L5/2 (πrw)2 C2 = 2Cgeo
✕❂✾❀❈☞▲✜▲r❋❍✾❀❁❇❣✷✓

‖Tg1 − Tg2‖1 ≤ γ‖g1 − g2‖1,
✲♦❺ ➽ Ò♥Ï✵✴
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▲✎➪➇❆✎❞ ✓

γ = 2Cw Cgeo
k2

µ2
(a+ x+). ✲♦❺ ➽ Ò❑❺ ✴

✲ ❉❊❈❢❣q❉➣✾❀❈⑦▲ ♣✜✾❀❈①❅q❁❇✇✘②①✿❢❆✲❋✐❤❦✾❀✽✌✇✥❁▼▲r❅❇❆✥✿❂❁ T ❆✎❣q❅❃❋❊❉❊✽❢❣❇❞❇❡❂❉❊❅ ☎ ❉❍❆✥❈ ✕⑩❆✥❅●◆❂✾❀❈❢❞✕❞✎✾❀❈①❅q❉❊❈❳✿ ➽

✖✑⑧➆❫❵❱①❬❪⑨➓❚➯❙❯⑧⑩❫ ❛ ✱✺❤❦✾❀✽✌✇✥❁▼▲r❅❇❆✥✿❂❁ T ❆✎❣q❅◗❞✎✾❀♣★✽③▲❀❞✥❅★✕❢❞✎✾❀❈①❅q❉❊❈❳✿⑦❆✥❅◗❞✎✾❀❈❢❣❇❆✥❁q➪➇❆❏❋➛▲✘❄✌✾❀✿❂❋❍❆✵♠❪❆✥❁q♣✜✇✎❆ B̄(0, x+) ✕✉◆❂✈✎❣②❳✿❢❆ 4 a ≤ b
➽ ✱➣❆✕❅q❡❢✇✎✾❀❁❇✈✥♣✜❆✑◆❂❆✘s✉❞▼❡③▲r✿❢◆❂❆✥❁❃❈❢✾❀✿❢❣●◆❂✾❀❈❂❈❢❆ ▲r❋❍✾❀❁❇❣◗❋✐❤❦❆✝❮✉❉❍❣❇❅❇❆✥❈❢❞✎❆✑◆✼❤ ✿❂❈✂✽✌✾❀❉❊❈①❅✸✙❂❮❂❆ g = Tg ✕❢◆❢▲r❈❢❣❋➛▲ ❄✌✾❀✿❂❋❍❆ B̄(0, x+)

➽✡✲ ❉❊❈❢❣❇❉✼❈❢✾❀✿❢❣✡▲✎➪➇✾❀❈❢❣❃♣✜✾❀❈①❅q❁❇✇ (i)
➽

�✂❫❷❙❯❱①❙❩➩❲⑤➝❛ ✴✡❈❢❆✪❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈➳❣q✿✩✵✹❣▼▲r❈❳❅❇❆✪✽➆✾❀✿❂❁✕▲❲➪➇✾❀❉❊❁✕❋✐❤ ✿❂❈❂❉❍❞✥❉❊❅❇✇★◆❂❆ ❋➛▲✟❣❇✾❀❋❊✿❂❅q❉❍✾❀❈↕❆✎❣q❅❏②①✿❢❆ ❋✐❤❦✾❀✽✌✇✥❁▼▲r❅❇❆✥✿❂❁ T❣❇✾❀❉❊❅✵❋❊❉❊✽❢❣❇❞❇❡❂❉❊❅ ☎ ❉❍❆✥❈↕❞✎✾❀❈❳❅q❁▼▲❀❞✥❅▼▲r❈①❅ ➽ ➱❷✾❀✿❂❁❏❞✎❆✥❋➛▲✩✕⑩❉❊❋➓♠✐▲r✿❢◆♥❁▼▲r❉❊❅✵②❳✿❢❆✑❋➛▲✱❞✎✾❀❈❢❣q❅▼▲r❈❳❅❇❆ ◆❂❆ ❞✎✾❀❈①❅q❉❊❈❳✿❂❉❊❅❇✇ γ ❣❇✾❀❉❊❅✵❣❇❅q❁q❉❍❞✥❅❇❆ ➘
♣✜❆✥❈①❅❃❉❊❈♥♠❪✇✥❁q❉❍❆✥✿❂❁❇❆ ✜✟Ï ➽ ❒✺❣❇❣▼▲❲t➇✾❀❈❢❣❃◆❂✾❀❈❢❞❏◆✼❤❦❆✎❣q❅q❉❊♣✜❆✥❁✵❞✎❆✥❅q❅❇❆✕❞✎✾❀❈❢❣q❅▼▲r❈❳❅❇❆ ➽

❒➒❈☞✿❂❅q❉❊❋❊❉❍❣▼▲r❈①❅✡❋✐❤❦❆✝❮✉✽❂❁❇❆✎❣❇❣❇❉❍✾❀❈ ✲♦❺ ➽ Ð①❼ ✴✢◆❂❆ x+
✕❂✾❀❈✂✽✌❆✥✿❂❅◗❁❇✇✎✇✎❞✥❁q❉❊❁❇❆✕❋➛▲✪❞✎✾❀❈❢❣❇❅▼▲r❈①❅❇❆ γ ❞✎✾❀♣★♣✜❆ ✓

γ = 2
1

b
(a+ x+) = 1 +

√
1 − 4a

b
.

❥➂❋➣❆✎❣q❅✡▲r❋❍✾❀❁❇❣❃✇✥➪✉❉❍◆❂❆✥❈①❅✵②①✿❢❆✲❋➛▲✜❞✎✾❀❈❢❣q❅▼▲r❈①❅❇❆ γ ❆✎❣q❅❃❣❇✿❂✽➆✇✥❁q❉❍❆✥✿❂❁❇❆✕✾❀✿⑦✇✥■①▲r❋❍❆ ✜☎Ï ➽ ✱✺❤❦✾❀✽✌✇✥❁▼▲r❅❇❆✥✿❂❁ T ❈➣❤❦❆✎❣q❅❃◆❂✾❀❈❢❞❏✽③▲❀❣
❞✎✾❀❈①❅q❁▼▲❀❞✥❅▼▲r❈❳❅★✕⑩❆✥❅✡✾❀❈☎❈❢❆❏✽➆❆✥✿❂❅●✾❀❄❂❅❇❆✥❈❂❉❊❁✡❋✐❤ ✿❂❈❂❉❍❞✥❉❊❅❇✇✕❣❇✾❀✿❢❣◗❋✐❤ ❡❳t❳✽✌✾❀❅q❡❢✈✎❣❇❆ 4a ≤ b

➽

➷ ✾❀✿❢❣➀▲r❋❊❋❍✾❀❈❢❣✯♣✜✾❀❈①❅q❁❇❆✥❁➀②❳✿❢❆◗❈❢✾❀✿❢❣✯✽➆✾❀✿❂➪➇✾❀❈❢❣➀✾❀❄❂❅❇❆✥❈❂❉❊❁✯❋✐❤ ✿❂❈❂❉❍❞✥❉❊❅❇✇❃❆✥❈✱✇✥❋➛▲r❁q■❑❉❍❣❇❣▼▲r❈①❅✯❋✐❤ ❡①t✉✽➆✾❀❅q❡❢✈✎❣❇❆✡❣q✿❂❁ 4a ≤ b
➽

s❳❉❵▲r✿✂❋❊❉❍❆✥✿☞◆❂❆❏◆❂❆✥♣✹▲r❈❢◆❂❆✥❁ ✲♦❺ ➽ ❼✬★ ✴✶✕❢✾❀❈☞◆❂❆✥♣✹▲r❈❢◆❂❆✑✿❂❈☎✽➆❆✥✿☎✽❂❋❊✿❢❣★✕③❞❑❤❦❆✎❣q❅ ➘ ✜ ➘ ◆♥❉❊❁❇❆ ✓
1

b
(a+M)2 ≤ M

2
,

▲r❋❍✾❀❁❇❣●❆✥❈✂❈❢✾❀❅▼▲r❈❳❅ b∗ =
b

2
✕❂✾❀❈☞✾❀❄❂❅q❉❍❆✥❈❳❅❃❋✐❤ ❉❊❈❢✇✥■①▲r❋❊❉❊❅❇✇✯✓

(a+M)2 ≤ b∗M,

②❳✿❂❉➣◆❂✾❀❈❂❈❢❆❏❋❊❉❍❆✥✿✆✜ ❋➛▲✪❁❇✇✎❣❇✾❀❋❊✿❂❅q❉❍✾❀❈⑦◆♥✿✂❅q❁q❉❊❈✖✪❀♣✜❆✕◆♥✿☞❣❇❆✎❞✎✾❀❈❢◆☞◆❂❆✥■❑❁❇✇✯✓
x2 + (2a− b∗)x+ a2 = 0.

✥✡❈✂✽✌❆✥✿❂❅✡▲r❋❍✾❀❁❇❣●❁❇❆✥✽❂❁❇❆✥❈❢◆♥❁❇❆✑❋❍❆✎❣●❞❲▲r❋❍❞✥✿❂❋❍❣◗♠✐▲r❉❊❅❇❣◗✽❂❁❇✇✎❞✎✇✎◆❂❆✥♣★♣✜❆✥❈❳❅✲❆✥❈☞❁❇❆✥♣★✽❂❋➛▲✘✛❲▲r❈①❅ b ✽③▲r❁ b∗ ➽ ✱❵❆✕◆♥❉❍❣❇❞✥❁q❉❊♣★❉❊❈③▲r❈①❅
◆♥✿✜✽✌✾❀❋❊t❳❈✖✪❀♣✜❆❃❆✎❣q❅✺✽✌✾❑❣q❉❊❅q❉ ♠✌◆❂✈✎❣➀②①✿❢❆ b∗ ≥ 4a ✕➇❉ ➽ ❆ ➽ ◆❂✈✎❣➀②①✿❢❆ b ≥ 8a

➽ ✱❵▲✲✽❂❋❊✿❢❣✯■❑❁▼▲r❈❢◆❂❆●❁▼▲❀❞✥❉❊❈❢❆❃◆❂❆✥➪✉❉❍❆✥❈①❅ ▲r❋❍✾❀❁❇❣ ✓

x∗+ =
b∗ − 2a+

√
b∗2 − 4ab∗

2
.

✲♦❺ ➽ Ò❑❼ ✴

✥✡❈❸✽✌❆✥✿❂❅✑◆❂✇✥♣✜✾❀❈①❅q❁❇❆✥❁✪❆✥❈➥❣❇✿❂❉❊➪❀▲r❈❳❅✕❋➛▲✟♣✌✎✥♣✜❆✹◆❂✇✥♣✹▲r❁❇❞▼❡❢❆✱②❳✿❢❆★✽❂❁❇✇✎❞✎✇✎◆❂❆✥♣★♣✜❆✥❈❳❅✪②❳✿❢❆ T ❞✎✾❀❈❢❣❇❆✥❁q➪➇❆✹❋➛▲✟❄✌✾❀✿❂❋❍❆
♠♦❆✥❁q♣✜✇✎❆ B̄(0, x∗+)

➽

➼ ▲r❉❊❈①❅❇❆✥❈③▲r❈❳❅✵❁❇❆✥➪➇❆✥❈❢✾❀❈❢❣ ✜★❋➛▲✹❞✎✾❀❈❢❣q❅▼▲r❈①❅❇❆ ◆❂❆✕❞✎✾❀❈❳❅q❉❊❈①✿❂❉❊❅❇✇ ➽ ❒➒❋❊❋❍❆ ❣❲❤❦✇✎❞✥❁q❉❊❅✵▲r❋❍✾❀❁❇❣✡❆✥❈✂♠♦✾❀❈❢❞✥❅q❉❍✾❀❈⑦◆❂❆ x∗+ ✕③◆❂❆ a ✕❆✥❅●◆❂❆ b∗ ✓

γ∗ =
1

b∗
(a+ x∗+)

=
1

2

(
1 +

√
1 − 4a

b∗

)
.



✯ � ✘ � ✖✑⑧➆❫❵❱①❬❪⑨➓❚➯❙❯⑧⑩❫➝➫❭⑨ ❱❀➭➓④❂❨❷❙❩➩❲⑥r❴ � �

➶❃❆✥■①▲r❁❇◆❂✾❀❈❢❣✡❣q❉✼❋➛▲✪❞✎✾❀❈❢❣q❅▼▲r❈❳❅❇❆ γ∗ ❆✎❣❇❅●❣q❅q❁q❉❍❞✥❅❇❆✥♣✜❆✥❈①❅✡❉❊❈♥♠❪✇✥❁q❉❍❆✥✿❂❁❇❆ ✜✟Ï ✓

γ∗ < 1 ⇐⇒ 1 +

√
1 − 4a

b∗
< 2,

⇐⇒ −1 < 1 − 4a

b∗
< 1,

⇐⇒ −2 < −4a

b∗
< 0.

➱❭▲r❁✲◆❂✇✶✙❢❈❂❉❊❅q❉❍✾❀❈ ✕ a ❆✎❣q❅✡✽➆✾❑❣q❉❊❅q❉ ♠✯✾❀✿⑦❈①✿❂❋✥✕✌❆✥❅ b∗ > 0 ✲❪❞❲▲r❁ µ 6= 0 ✴ ➽ ✱✺❤ ❉❊❈❢✇✥■①▲r❋❊❉❊❅❇✇✪◆❂❆✘◆♥❁❇✾❀❉❊❅❇❆ ❆✎❣q❅✡◆❂✾❀❈❢❞✘➪➇✇✥❁q❉✚✙③✇✎❆
◆❂✈✎❣✑②❳✿❢❆ a 6= 0

➽ ✱✯❤ ❉❊❈❢✇✥■①▲r❋❊❉❊❅❇✇✱◆❂❆★■①▲r✿❢❞▼❡❢❆✹❆✎❣q❅✘✇✎②①✿❂❉❊➪❑▲r❋❍❆✥❈①❅❇❆ ✜ b∗ > 2a
➽➓➚ ❆✥❅q❅❇❆✹❉❊❈❢✇✥■①▲r❋❊❉❊❅❇✇✹❆✎❣q❅✑❣ ▲r❅q❉❍❣➟♠♦▲r❉❊❅❇❆✯✜

❞✎✾❀❈❢◆♥❉❊❅q❉❍✾❀❈⑦②❳✿❢❆ a ❣▼✾❀❉❊❅●◆♥❉✫✪✌✇✥❁❇❆✥❈❳❅✡◆❂❆ 0 ✕♥✽❂✿❂❉❍❣❇②❳✿❢❆❏❈❢✾❀✿❢❣❃▲❲➪➇✾❀❈❢❣❃❣q✿❂✽❂✽✌✾❑❣❇✇ b∗ ≥ 4a
➽

✱❵▲★❞✎✾❀❈❢❣❇❅▼▲r❈①❅❇❆ γ∗ ❆✎❣q❅●❣q❅q❁q❉❍❞✥❅❇❆✥♣✜❆✥❈①❅✵❉❊❈♥♠♦✇✥❁q❉❍❆✥✿❂❁❇❆ ✜✟Ï✗✕❢❣q❉ a 6= 0 ✕❢❆✥❅ b ≥ 8a
➽

✱✺❤❦✾❀✽❢✇✥❁▼▲r❅❇❆✥✿❂❁ T ❆✎❣q❅★◆❂✾❀❈❢❞☎❋❊❉❊✽❢❣❇❞▼❡❂❉❊❅ ☎ ❉❍❆✥❈✸❞✎✾❀❈①❅q❁▼▲❀❞✥❅▼▲r❈❳❅★✕➀❣❇❉ a 6= 0 ✕➒❆✥❅✜❣q❉ b ≥ 8 a
➽ ➚ ❆✎❞✥❉◗❈❢✾❀✿❢❣✹◆❂✾❀❈❂❈❢❆
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➽

�

✠✤❴❳❶❸④❂⑥ ✜➣⑨➓❴ ✗✁� ✞ ✒ ✝ ✍★✙ ☎ ☛ ✝ ✟ ✏ ✟ ✣✥✘ ✟ 4a ≤ b ✏★✘✢✠ ☛ ✙ ☎ ✘✛✝ ✠ ✔✑☎✞✒✔✝ ✌✦✒ ✟✓✧ ✒ ✏✥☛ ✟ ☛☞✂✘✟ ✌ ✒ ✘✛☛ ✟ ✏ ☎✞✌ ✘ ☛ ✒ ☎✞☛ ✠ ✘ ✙☞✝✄☎ ☎ ✌ ✟✢✎ ✟
✌ ✟✤✙ ☎ ✒✔☛☞☛ ✥✗✧✛✟★✚ ✎ ✠✞✒✔✏ ✙ ✠✑✏ ✌✦✒ ✘ ☛ ✒ ✂ ✒✡☛☎✂ ✪ ✂ ☎ ✘✛✝ ✠ ✔✁☎✞✒✚✝ ✌✦✒ ✘ ☛ ✒ ✂ ✒✡☛☎✂★✚ ✒✚✌ ✆ ✠ ✘ ☛ ✏★✘ ✙ ✙ ☎✞✏ ✟ ✝ ✣✥✘ ✟ 8a ≤ b ✚ ✟✥☛✖✣✥✘ ✟ a 6= 0 ✚
✒ ✪✔✟ ✪ pD 6= 0 ☎ ✘ pwf 6= 0 ✪

✠✤❴❳❶❸④❂⑥ ✜➣⑨➓❴ ✗✛✗ ✞ ✠ ✂✆☎✞☛ ✌✞✒✡☛ ✒ ☎✞☛ ✣ ✘ ✟ b ✟✓✏✥☛ ✏✢✘★✠ ✏ ✠ ✎ ✎ ✟ ☛☞☛ ✗✞✝✄✠✞☛ ✌✍✙ ✠✞✝ ✝✄✠★✙ ✙ ☎✞✝✢☛ ✡ a ✙ ✟✢✘ ☛ ✌✥☛ ✝✆✟ ✌ ☎✞☛ ☛ ✂✙✟✖✙ ✠✞✝
✌✦✒ ✝ ✍★✙ ☎ ☛ ✝ ✟✓✏ ✟ ✣✥✘ ✟ ✌ ✟ ✂✘☎ ✟✏✠ ✂ ✒ ✟ ☛☞☛ ✌ ✟☞✆ ✝✓✒ ✂ ☛ ✒ ☎✞☛ f ✠✢✙ ✙ ✠✞✝✄✠✞✒✔✏✘✏ ✠ ☛☞☛ ✌ ✠✞☛ ✏ ✌✖✠ ✂✆☎✞☛ ✏✢☛ ✠✞☛☞☛ ✟ Cw ✟✓✏✥☛ ✏✢✘★✠ ✏ ✠ ✎ ✎ ✟ ☛☞☛
✙ ✟✥☛ ✒✡☛ ✌

Cw =
fρ

π2r5w
.

� ☎ ✘✛✌✎✒✖✗ ☛☞☎✞☛ ✏ ✣ ✘ ✟ ✙ ☎ ✘ ✝ ✌ ✟ ✙☞✝✄☎ ☎ ✌ ✟✢✎ ✟ ✌✎✒✚☛ ✂ ✠✞✒✚✝✄✟✤✂ ✙☞✝✄☎ ☎ ✌ ✟✢✎ ✟ ✌ ✟ ✂✆☎✞☛ ✌ ✘ ✂ ☛ ✒✏✔✙✒✡☛☎✂ ✒✚☛✦✥ ☛ ✒ ✟ ✝ ✚ ✌ ✟ ✂✘☎ ✟✏✠ ✂ ✒ ✟ ☛☞☛ ✌✛✟
✆ ✝✓✒ ✂ ☛ ✒ ☎✞☛ ✟✓✏✢☛ ✏★✘ ✙ ✙ ☎✑✏✠✂ ☛✕✘ ✌ ✪ ✞ ✒ ✝ ✍★✙ ☎ ☛ ✝ ✟✓✏ ✟ ✣✥✘ ✟ ✂✘✟ ✂✆☎ ✟✏✠ ✂ ✒ ✟ ☛☞☛ ✏ ☎✞✒✡☛ ✙ ✟✥☛ ✒✡☛ ✟✓✏✥☛ ✠✞✌✖☎ ✝✘✏ ☛ ☎ ✘ ☛✍✡ ✆ ✠ ✒✏☛ ✙☞✌ ✠ ✘✛✏✓✒ ☎ ✌ ✟
✙✡✝ ✍✑✏ ✒✡✣✥✘ ✟✢✎ ✟ ☛☞☛ ✪

✠✤❴❳❶❸④❂⑥ ✜➣⑨➓❴ ✗ ✯ ✞ ✠ ✏ ☎✞✌ ✘ ☛ ✒ ☎✞☛ g ✌✄✂ ✙ ✟ ☛ ✌ ✂✆☎✞☛☞☛ ✒✚☛✁� ✎ ✟ ☛☞☛✤✌ ✟✓✏ ✌ ☎✞☛ ☛ ✂✙✟✓✏ pD ✟✥☛ pwf ✂ ✌ ✒ ✠★✙☞✝✠✟✓✏ ✌ ✟ ☛ ✝ ✂✙☎✞✝ ✟✥✎ ✟
✌ ✟ ☎ ✠✞☛☞✠ ✂✞✝ ✝ ✚ ✌ ☎ ☛☞✂ ✌ ✟✖✙☞✝✄☎ ☎ ✌ ✟✢✎ ✟ ✂ ☛ ✪✡✟✑✣ ✝ ✟✓✏✥☛ ☎ ✒ ✟ ☛ ✙ ☎✑✏✠✂★✚ ✌ ✠✞☛ ✏ ✌ ✟ ✂✆✠✑✏ ☎✄✂ pwf
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✙ ☎✞✒✚☛☞☛✧✥✗✧ ✟★✚✤✙ ✠✞✝ ✟✓✧✛✟✢✎ ✙☞✌ ✟ ✌ ✟ ☛ ✝ ✂ ☎ ✝ ✟✢✎ ✟ ✌✛✟ � ✂✞✝ ✠ ✟✞✆✙✟ ✝ ✪ ✂ ☎ ✘✛✝✣✌ ✟ ✎ ☎ ✎ ✟ ☛☞☛✏✚ ☛☞☎ ✘ ✏✣☛✜✒ ✠ ✔✑☎✞☛ ✏ ✙ ✠✑✏✣✝✠✂✢✘✛✏✘✏✓✒ ✡
✂✆☎✞☛ ✂ ✌ ✘ ✝✆✟ ✪
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➷ ✾❀✿❢❣◗▲✎➪➇✾❀❈❢❣◗❁❇✇✥✿❢❣❇❣❇❉ ✜ ◆❂✇✥♣✜✾❀❈①❅q❁❇❆✥❁✡◆❢▲r❈❢❣ ❞✎❆✲❞▼❡③▲r✽❂❉❊❅q❁❇❆✲❋✐❤❦❆✝❮✉❉❍❣q❅❇❆✥❈❢❞✎❆❏❆✥❅ ❋✐❤ ✿❂❈❂❉❍❞✥❉❊❅❇✇❏◆✼❤ ✿❂❈❢❆❏❣❇✾❀❋❊✿❂❅q❉❍✾❀❈✂▲r✿✟♣✜✾ ➘

◆❂✈✥❋❍❆✤◆✼❤❦✇✎❞✎✾❀✿❂❋❍❆✥♣✜❆✥❈①❅★✽✌❆✥❁q♣✹▲r❈❢❆✥❈①❅★✕❭◆❢▲r❈❢❣ ❋❍❆✹❞❲▲❀❣ ❋❊❉❊❈❢✇❲▲r❉❊❁❇❆✹✽✌✾❀✿❂❁✪❞❇❡③▲❀❞✥✿❂❈➝◆❂❆✎❣✘❞❲▲❀❣ ✾✌☞✻❣❇✾❀❉❊❅✑❋➛▲☞✽❂❁❇❆✎❣❇❣q❉❍✾❀❈➾❣q✿❂❁
❋❍❆ ✽❂✿❂❉❊❅❇❣✕❆✎❣q❅❏◆❂✾❀❈❂❈❢✇✎❆✗✕➣❣❇✾❀❉❊❅✲❋❍❆✪◆❂✇✥❄❂❉❊❅❏❅❇✾❀❅▼▲r❋✺◆♥✿↕✽❂✿❂❉❊❅❇❣❏❆✎❣q❅❏◆❂✾❀❈❂❈❢✇✗✕➣❆✥❅❏◆❢▲r❈❢❣❏❋❍❆✪❞❲▲❀❣✲❈❢✾❀❈ ➘ ❋❊❉❊❈❢✇❲▲r❉❊❁❇❆★✽✌✾❀✿❂❁❏✿❂❈❢❆
✽❂❁❇❆✎❣❇❣q❉❍✾❀❈⑦◆❂✾❀❈❂❈❢✇✎❆✑▲r✿☎❄➆✾❀✿❂❅✡◆♥✿☎✽❂✿❂❉❊❅❇❣ ➽
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◆❂✇✥❄❂❉❊❅✕✇✥❅▼▲r❈①❅✕◆♥❉❊❁❇❆✎❞✥❅❇❆✥♣✜❆✥❈❳❅✑❋❊❉❍✇✞✜✤❋➛▲✱✽❂❁❇❆✎❣❇❣q❉❍✾❀❈➳▲r✿❜✽❂✿❂❉❊❅❇❣★✕✌❉❊❋❭t✚▲✤◆❂❆✘♠♦✾❀❁q❅❇❆✎❣✲❁▼▲r❉❍❣❇✾❀❈❢❣✕◆❂❆ ✽➆❆✥❈❢❣▼❆✥❁✲②❳✿❢❆✪❋❍❆ ♣✜✾ ➘
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∆p(x) = 0 ✽✌✾❀✿❂❁ x ∈ Ω
p = pD

❣q✿❂❁ ΓD
∂p

∂n
= 0 ❣q✿❂❁ ΓN

p = pw
❣q✿❂❁ Γw

Q =

∫

Γw

∂p(x)

∂n
dγ(x).
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∆u = 0 x ∈ Ωi,
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✽③▲r❁❃◆❂❆✎❣●✇✎②❳✿③▲r❅q❉❍✾❀❈❢❣●❉❊❈❳❅❇✇✥■❑❁▼▲r❋❍❆✎❣ ➽
➱❷✾❀✿❂❁❃❞✎❆✥❋➛▲✩✕❂❉❊❋✼❈❢✾❀✿❢❣✢♠✐▲r✿❂❅❃❞❇❡❢✾❀❉❍❣❇❉❊❁●✿❂❈❢❆✵♠❪✾❀❁q♣✘✿❂❋➛▲r❅q❉❍✾❀❈☞❉❊❈❳❅❇✇✥■❑❁▼▲r❋❍❆ ➽➆➚ ❡❢✾❀❉❍❣q❉❊❁●✿❂❈❢❆✵♠♦✾❀❁q♣✑✿❂❋➛▲r❅q❉❍✾❀❈⑦❉❊❈①❅❇✇✥■❑❁▼▲r❋❍❆✗✕⑩❞❑❤❦❆✎❣q❅
❞❇❡❢✾❀❉❍❣❇❉❊❁❷✿❂❈ ✽❂❁❇✾❀❋❍✾❀❈❂■➇❆✥♣✜❆✥❈①❅✺◆❂❆➀❋➛▲✡❣❇✾❀❋❊✿❂❅q❉❍✾❀❈★❞❇❡❢❆✥❁❇❞❇❡❢✇✎❆◗◆❢▲r❈❢❣❷❋❍❆ ◆❂✾❀♣✹▲r❉❊❈❢❆✢❞✎✾❀♣★✽❂❋❍✇✥♣✜❆✥❈①❅▼▲r❉❊❁❇❆✗✕❑❉❍❞✥❉ Ωe = R

n\Ωi
➽

✥✡❈✂❈❢✾❀❅❇❆ G ❋➛▲ ♠❪✾❀❈❢❞✥❅q❉❍✾❀❈⑦◆❂❆✑➸✵❁❇❆✎❆✥❈✑✲❪✾❀✿✂❈❢✾➯t①▲r✿☞◆❂❆✘➸✵❁❇❆✎❆✥❈ ✴◗▲❀❣▼❣❇✾❳❞✥❉❍✇✎❆✷✜ ❋✐❤❦✇✎②❳✿③▲r❅q❉❍✾❀❈⑦◆❂❆ ✱➓▲r✽❂❋➛▲❀❞✎❆ ✓

G(x− y) =
1

4π

1

|x− y|
❆✥❈☞❼❀➬ .

s♥▲ ◆❂✇✥❁q❉❊➪♥✇✎❆✡❈❢✾❀❁q♣✹▲r❋❍❆✲➪♥✇✥❁q❉✚✙③❆✗✕✉✽➆✾❀✿❂❁q➪✉✿☎②①✿❢❆✡❋➛▲✑♠❯❁❇✾❀❈❳❅q❉❍✈✥❁❇❆ Γ ❣❇✾❀❉❊❅ ❣❇✿✩✵✹❣▼▲r♣★♣✜❆✥❈①❅●❁❇✇✥■❑✿❂❋❊❉❍✈✥❁❇❆✗✕♥❋➛▲ ⑥r❴❳❬❯④♥➩➯❙❯⑧⑩❫
➫❷❴⑦❬➂P❊④❢❫ ✰➆❬❩❴⑦❚❲⑧⑩❬❪❙❯➫❷❴ ✓

∫

Γ

∂G(x− y)

∂ny
dγ(y) =





−1, x ∈ Ωi,

−1

2
, x ∈ Γ,

0, x ∈ Ωe.

✲♦❼ ➽ ❺ ✴

✲ ➪❀▲r❈❳❅✘◆❂❆★✽③▲❀❣▼❣❇❆✥❁ ▲r✿♥❮↕❁❇❆✥✽✌✇✥❁❇❣❇❆✥❈①❅▼▲r❅q❉❍✾❀❈❢❣ ❉❊❈①❅❇✇✥■❑❁▼▲r❋❍❆✎❣ ✕❵❈❢✾❀✿❢❣ ▲r❋❊❋❍✾❀❈❢❣✑❅❇✾❀✿❂❅✑◆✼❤ ▲r❄✌✾❀❁❇◆❸❁▼▲r✽❂✽✌❆✥❋❍❆✥❁✪②①✿❢❆✥❋❍②❳✿❢❆✎❣
✽❂❁❇✾❀✽❂❁q❉❍✇✥❅❇✇✎❣❃◆❂❆✎❣❃✽➆✾❀❅❇❆✥❈❳❅q❉❍❆✥❋❍❣❃◆❂❆❏❣q❉❊♣★✽❂❋❍❆✑❞✎✾❀✿❢❞❇❡❢❆✑❆✥❅●◆❂❆✑◆❂✾❀✿❂❄❂❋❍❆✕❞✎✾❀✿❢❞❇❡❢❆ ➽

✫✵⑧❢➩❲❴✉❫➆➩➯❙❩❴✉❬✢➫➓❴⑦❚➯❙❪❶❸❨❭❬❯❴✂❱➇⑧⑩⑨➓❱❀➭❵❴➳❛

✥✡❈☞❣ ▲r❉❊❅●②①✿❢❆✲❋❍❆❏✽✌✾❀❅❇❆✥❈①❅q❉❍❆✥❋➓◆❂❆✕❣q❉❊♣★✽❂❋❍❆✕❞✎✾❀✿❢❞▼❡❢❆✑◆❂✇✶✙❢❈❂❉➣✽③▲r❁✷✓

Lψ(x) =

∫

Γ
ψ(y)G(x − y) dγ(y), x /∈ Γ,

❆✎❣q❅●❞✎✾❀❈❳❅q❉❊❈①✿✄✜ ❋➛▲ ❅q❁▼▲✎➪➇❆✥❁❇❣❇✇✎❆✘◆❂❆ Γ
➽ ➱❭▲r❁❃❞✎✾❀❈①❅q❁❇❆✗✕⑩❣▼▲ ❅q❁▼▲❀❞✎❆❏❈❢✾❀❁q♣✹▲r❋❍❆ γ1

➪✉✇✥❁q❉✚✙③❆✕❋❍❆✎❣◗❁❇❆✥❋➛▲r❅q❉❍✾❀❈❢❣❃◆❂❆✕❣ ▲r✿❂❅✷✓

γ−1 (Lψ)(x) =
ψ(x)

2
+

∫

Γ
ψ(y)

∂G(x − y)

∂nx
dγ(y), ✲♦❼ ➽ ❼ ✴

γ+
1 (Lψ)(x) = −ψ(x)

2
+

∫

Γ
ψ(y)

∂G(x − y)

∂nx
dγ(y), ✲♦❼ ➽ Ð✸✴

▲✎➪➇❆✎❞ γ−1 ❋➛▲ ❅q❁▼▲❀❞✎❆❏❈❢✾❀❁q♣✹▲r❋❍❆✑❉❊❈①❅❇✇✥❁q❉❍❆✥✿❂❁❇❆✑❆✥❅ γ+
1

❋➛▲ ❅q❁▼▲❀❞✎❆❏❈❢✾❀❁q♣✹▲r❋❍❆✑❆✝❮♥❅❇✇✥❁q❉❍❆✥✿❂❁❇❆ ➽

✫✵⑧❢➩❲❴✉❫➆➩➯❙❩❴✉❬✢➫➓❴⑦➫➓⑧➆⑨ ✚❭❬❯❴✂❱➇⑧➆⑨❵❱❀➭❵❴➳❛

✱➣❆✕✽➆✾❀❅❇❆✥❈❳❅q❉❍❆✥❋➓◆❂❆❏◆❂✾❀✿❂❄❂❋❍❆✕❞✎✾❀✿❢❞▼❡❢❆✑❆✎❣q❅●◆❂✇✶✙❢❈❂❉➣✽③▲r❁ ✓

Mϕ(x) =

∫

Γ
ϕ(y)

∂G(x − y)

∂ny
dγ(y), x /∈ Γ.

❥➂❋✼➪✉✇✥❁q❉✚✙③❆❏❋❍❆✎❣●❁❇❆✥❋➛▲r❅q❉❍✾❀❈❢❣❃◆❂❆❏❣▼▲r✿❂❅ ✜ ❋➛▲★❅q❁▼▲✎➪➇❆✥❁❇❣❇✇✎❆✕◆❂❆ Γ ✓

γ−0 (Mϕ)(x) = −ϕ(x)

2
+

∫

Γ
ϕ(y)

∂G(x − y)

∂ny
dγ(y), ✲♦❼ ➽ Ò ✴

γ+
0 (Mϕ)(x) =

ϕ(x)

2
+

∫

Γ
ϕ(y)

∂G(x − y)

∂ny
dγ(y), ✲♦❼ ➽ Ñ ✴

▲✎➪➇❆✎❞ γ−0 ❋➛▲ ❅q❁▼▲❀❞✎❆❏❉❊❈❳❅❇✇✥❁q❉❍❆✥✿❂❁❇❆✗✕⑩❆✥❅ γ+
0

❋➛▲★❅q❁▼▲❀❞✎❆✕❆✝❮✉❅❇✇✥❁q❉❍❆✥✿❂❁❇❆ ➽
s♥▲★◆❂✇✥❁q❉❊➪➇✇✎❆❏❈❢✾❀❁q♣✹▲r❋❍❆✑❆✎❣q❅❃❞✎✾❀❈①❅q❉❊❈❳✿❢❆ ✜✪❋➛▲ ❅q❁▼▲❲➪➇❆✥❁❇❣❇✇✎❆✑◆❂❆ Γ

➽

➼ ▲r❉❊❈①❅❇❆✥❈③▲r❈❳❅➒❈❢✾❀✿❢❣❷▲r❋❊❋❍✾❀❈❢❣❷❁▼▲r✽❂✽✌❆✥❋❍❆✥❁➓❋❍❆✎❣❷❁❇❆✥✽❂❁❇✇✎❣❇❆✥❈❳❅▼▲r❅q❉❍✾❀❈❢❣❭❉❊❈①❅❇✇✥■❑❁▼▲r❋❍❆✎❣❭✽✌✾❀✿❂❁➓✿❂❈ ◆❂✾❀♣✹▲r❉❊❈❢❆➀❉❊❈❳❅❇✇✥❁q❉❍❆✥✿❂❁★✕r✽❂✿❂❉❍❣
✿❂❈☎◆❂✾❀♣✹▲r❉❊❈❢❆❏❆✝❮✉❅❇✇✥❁q❉❍❆✥✿❂❁★✕❂❆✥❅◗❆✥❈✩✙❢❈☎✽✌✾❀✿❂❁✢❋➛▲✑❁❇✇✥✿❂❈❂❉❍✾❀❈✂◆❂❆✎❣◗◆❂❆✥✿♥❮✻✕❂▲✎➪❑▲r❈①❅●◆✼❤ ▲r✽❂✽❂❋❊❉❍②❳✿❢❆✥❁❃❞✎❆✎❣ ❁❇❆✥✽❂❁❇✇✎❣❇❆✥❈①❅▼▲r❅q❉❍✾❀❈❢❣✒✜
❈❢✾❀❅q❁❇❆❏♣✜✾✉◆❂✈✥❋❍❆ ➽



✘ � ✗✁� ✷✼⑧⑩⑥r❶❜⑨❷❬❯④♥➩➯❙❩⑧➆❫❵❚✜❙❪❫➆➩❲⑤✸✰③⑥r④❢❬❩❴❳❚☎❛➒⑥✷④❂❨❷❨✺❴✉❬❩❚ � ☛

✫✕⑥r⑧✛✚❭❬❯➲❳❶➳❴☞❙❪❫➆➩❲⑤①⑥❀❙❩❴✉⑨❵⑥☞❛

✥✡❈☞❞▼❡❢❆✥❁❇❞❇❡❢❆ ✜✪❁❇✇✎❣❇✾❀✿❢◆♥❁❇❆✯✓
∆u(x) = 0 x ∈ Ωi.

• ✥✡❈➾❣▼▲r❉❊❅✑②❳✿❢❆✪❋➛▲☎❣❇✾❀❋❊✿❂❅q❉❍✾❀❈➳■➇✇✥❈❢✇✥❁▼▲r❋❍❆✱❣q✿✩✵✹❣▼▲r♣★♣✜❆✥❈❳❅✘❁❇✇✥■❑✿❂❋❊❉❍✈✥❁❇❆✱◆♥✿❸✽❂❁❇✾❀❄❂❋❍✈✥♣✜❆✱◆❂❆ ✱❵▲r✽❂❋➛▲❀❞✎❆✹◆❢▲r❈❢❣✑✿❂❈
◆❂✾❀♣✹▲r❉❊❈❢❆ Ωi

◆❂❆★♠❪❁❇✾❀❈①❅q❉❍✈✥❁❇❆ Γ ❁❇✇✥■❑✿❂❋❊❉❍✈✥❁❇❆✱✽✌❆✥✿❂❅✘❣❲❤❦✇✎❞✥❁q❉❊❁❇❆✱❆✥❈➳♠♦✾❀❈❢❞✥❅q❉❍✾❀❈➥◆❂❆✱❣❇❆✎❣✑❅q❁▼▲❀❞✎❆✎❣ ❣❇❆✥❋❍✾❀❈➥❋➛▲✟♠♦✾❀❁q♣✑✿❂❋❍❆✤◆❂❆
❁❇❆✥✽❂❁❇✇✎❣❇❆✥❈❳❅▼▲r❅q❉❍✾❀❈ ✕③✽✌✾❀✿❂❁ x ∈ Ωi

✓
u(x) = L

∂u

∂n
(x) −Mu(x),

▲✎➪➇❆✎❞ L ❆✥❅ M ❋❍❆✎❣◗✽➆✾❀❅❇❆✥❈❳❅q❉❍❆✥❋❍❣✡◆❂❆❏❣❇❉❊♣★✽❂❋❍❆✕❆✥❅●◆❂✾❀✿❂❄❂❋❍❆✑❞✎✾❀✿❢❞▼❡❢❆✕◆❂✇✶✙❢❈❂❉❍❣●✽❂❋❊✿❢❣❃❡③▲r✿❂❅ ➽

• ➬❏▲r❈❢❣◗❋❍❆❏◆❂✾❀♣✹▲r❉❊❈❢❆✘❆✝❮✉❅❇✇✥❁q❉❍❆✥✿❂❁★✕❢✾❀❈✚▲✧✓

0 = L
∂u

∂n
(x) −Mu(x), x ∈ Ωe.

• ➬✲❆✲✽❂❋❊✿❢❣★✕❂✽③▲r❁◗✽③▲❀❣▼❣▼▲r■➇❆ ✜ ❋➛▲✪❋❊❉❊♣★❉❊❅❇❆✕②❳✿③▲r❈❢◆ x ❅❇❆✥❈❢◆✂➪➇❆✥❁❇❣●✿❂❈☎✽✌✾❀❉❊❈①❅❃❣q✿❂❁❃❋➛▲✘♠❯❁❇✾❀❈❳❅q❉❍✈✥❁❇❆ Γ ✕❂✾❀❈☞▲✠✓

u(x) =

∫

Γ

∂u(y)

∂ny
G(x− y) dγ(y) + (1 − c(x))u(x) −

∫

Γ
u(y)

∂G(x − y)

∂ny
dγ(y),

❉ ➽ ❆ ➽

c(x)u(x) =

∫

Γ

∂u(y)

∂ny
G(x− y) dγ(y) −

∫

Γ
u(y)

∂G(x− y)

∂ny
dγ(y), ✲♦❼ ➽ ❹✬✴

✾✌☞ c(x) ❆✎❣q❅●◆❂✇✶✙❢❈❂❉➓❣❇❆✥❋❍✾❀❈☎❋✐❤ ▲r✽❂✽③▲r❁q❅❇❆✥❈③▲r❈❢❞✎❆✘◆❂❆ x ✜ ❋➛▲ ♠❪❁❇✾❀❈①❅q❉❍✈✥❁❇❆ Γ ✾❀✿✂❈❢✾❀❈ ✕❢❆✥❅●❣❇❆✥❋❍✾❀❈✂❋➛▲ ❁❇✇✥■❑✿❂❋➛▲r❁q❉❊❅❇✇✘◆❂❆ Γ ✓

c(x) =
θ(x)

4π
, ▲✎➪➇❆✎❞ θ(x) =





4π ❣q❉ x ∈ Ω,
2π ❣q❉ x ∈ Γ ❆✥❅ Γ ❁❇✇✥■❑✿❂❋❊❉❍✈✥❁❇❆✑▲r✿✂✽✌✾❀❉❊❈①❅ x,
θ ❣q❉❊❈❢✾❀❈ ➽

✱✺❤ ▲r❈❂■❑❋❍❆ θ ❁❇❆✥✽❂❁❇✇✎❣▼❆✥❈①❅❇❆✕❋✐❤ ▲r❈❂■❑❋❍❆✑❣❇✾❀❋❊❉❍◆❂❆✕❣❇✾❀✿❢❣◗❋❍❆✎②❳✿❢❆✥❋ x ➪➇✾❀❉❊❅❃❋➛▲ ♠❯❁❇✾❀❈❳❅q❉❍✈✥❁❇❆ Γ
➽

➬❏▲r❈❢❣➀❞✎❆✥❅q❅❇❆✵❅q❡❢✈✎❣❇❆✗✕❳❈❢✾❀✿❢❣✢▲r❋❊❋❍✾❀❈❢❣✢▲r✽❂✽❂❋❊❉❍②❳✿❢❆✥❁✢✿❂❈❢❆❃♣✜✇✥❅q❡❢✾✉◆❂❆✵◆❂❆✲➸❏▲r❋❍❆✥❁✂✁✉❉❊❈ ✕✉②①✿❂❉⑩➪❀▲ ▲r♣✜❆✥❈❢❆✥❁➀✿❂❈❢❆✡❉❊❈①❅❇✇✥■❑❁▼▲r❅q❉❍✾❀❈
❣q✿❂✽❂✽❂❋❍✇✥♣✜❆✥❈❳❅▼▲r❉❊❁❇❆ ➽✌➚ ✾❀♣★♣✜❆✑❈❢✾❀✿❢❣✡▲✎➪➇✾❀❈❢❣✡❣q✿❂✽❂✽✌✾❑❣❇✇✕②❳✿❢❆✲❋✐❤❦❆✥❈❢❣❇❆✥♣✑❄❂❋❍❆ ◆❂❆✎❣◗✽✌✾❀❉❊❈①❅❇❣✡❉❊❁q❁❇✇✥■❑✿❂❋❊❉❍❆✥❁❇❣❃❆✎❣q❅❃◆❂❆✕♣✜❆✎❣q✿❂❁❇❆
❈①✿❂❋❊❋❍❆✗✕③❈❢✾❀✿❢❣◗✽✌✾❀✿❂➪➇✾❀❈❢❣●✽❂❁❇❆✥❈❢◆♥❁❇❆ c(x) ✇✥■①▲r❋✺✜ 1/2 ✽✌✾❀✿❂❁◗❅❇✾❀✿❂❅ x ∈ Γ

➽
✱❵▲ ♠♦✾❀❁q♣✑✿❂❋❍❆✑◆❂❆❏❁❇❆✥✽❂❁❇✇✎❣❇❆✥❈①❅▼▲r❅q❉❍✾❀❈⑦✽➆✾❀✿❂❁ x ∈ Γ ◆❂❆✥➪✉❉❍❆✥❈①❅✡▲r❋❍✾❀❁❇❣ ✓

1

2
u(x) =

∫

Γ

∂u(y)

∂ny
G(x− y) dγ(y) −

∫

Γ
u(y)

∂G(x − y)

∂ny
dγ(y). ✲♦❼ ➽ ✦ ✴

➷ ✾❀✿❢❣●▲✎➪➇✾❀❈❢❣❃◆❂✾❀❈❢❞❏✇✥❅▼▲r❄❂❋❊❉❵❋❍❆✎❣ ♠❪✾❀❁q♣✘✿❂❋❍❆✎❣❃◆❂❆✲❁❇❆✥✽❂❁❇✇✎❣❇❆✥❈❳❅▼▲r❅q❉❍✾❀❈☞❉❊❈①❅❇✇✥■❑❁▼▲r❋❍❆✑✽➆✾❀✿❂❁◗❋➛▲ ❣❇✾❀❋❊✿❂❅q❉❍✾❀❈⑦◆♥✿☎✽❂❁❇✾❀❄❂❋❍✈✥♣✜❆✕◆❂❆
✱❵▲r✽❂❋➛▲❀❞✎❆✘◆❢▲r❈❢❣◗✿❂❈☞◆❂✾❀♣✹▲r❉❊❈❢❆❏❉❊❈❳❅❇✇✥❁q❉❍❆✥✿❂❁ Ωi

➽

✫✕⑥r⑧✛✚❭❬❯➲❳❶➳❴✂❴ ✝✼➩❲⑤❳⑥r❙❯❴❳⑨➓⑥⑦❛

➶✡❆✥■①▲r❁❇◆❂✾❀❈❢❣✺♣✹▲r❉❊❈①❅❇❆✥❈③▲r❈❳❅◗❞✎❆●②①✿❂❉⑩❣❇❆◗✽③▲❀❣❇❣❇❆❃◆❢▲r❈❢❣✺✿❂❈✹◆❂✾❀♣✹▲r❉❊❈❢❆✡❆✝❮✉❅❇✇✥❁q❉❍❆✥✿❂❁ Ωe
➽ ✥✡❈✤❣❲❤ ❉❊❈①❅❇✇✥❁❇❆✎❣❇❣▼❆●❞✎❆✥❅q❅❇❆◗♠♦✾❀❉❍❣

✜ ❋➛▲✪❁❇✇✎❣❇✾❀❋❊✿❂❅q❉❍✾❀❈⑦◆♥✿✂♣✜✾❳◆❂✈✥❋❍❆ ✓ {
∆u = 0 ◆❢▲r❈❢❣ Ωe,
u = 0 ✜ ❋✐❤ ❉❊❈✩✙❢❈❂❉ ➽

• ✥✡❈✻❣ ▲r❉❊❅✪▲r❋❍✾❀❁❇❣✪②❳✿❢❆✹❋➛▲⑦❣❇✾❀❋❊✿❂❅q❉❍✾❀❈➝◆❂❆✱❞✎❆✱✽❂❁❇✾❀❄❂❋❍✈✥♣✜❆☎▲❀◆♥♣✜❆✥❅✪❋➛▲✂❁❇❆✥✽❂❁❇✇✎❣❇❆✥❈❳❅▼▲r❅q❉❍✾❀❈ ❉❊❈①❅❇✇✥■❑❁▼▲r❋❍❆✟❣q✿❂❉❊➪❑▲r❈①❅❇❆✗✕
✽✌✾❀✿❂❁ x ∈ Ωe

✓
u(x) = −L∂u

∂n
(x) +Mu(x),



� � ✖✘➭❵④❂❨❭❙❩➩❲⑥✷❴ ✘ � ✷✼⑧③⑥❀❶❜⑨➓❬❯④♥➩➯❙❯⑧⑩❫➓❚✜❙❪❫➆➩❲⑤✱✰⑩⑥✷④❢❬❯❴①❚✱❨✺⑧⑩⑨➓⑥✹❬❯❴☞⑥r⑤✱✰➆❙❪❶❸❴☞❨✯❴①⑥❀❶❸④❢❫➓❴❳❫➆➩

▲✎➪➇❆✎❞ L ❆✥❅ M ❋❍❆✎❣◗✽➆✾❀❅❇❆✥❈❳❅q❉❍❆✥❋❍❣✡◆❂❆❏❣❇❉❊♣★✽❂❋❍❆✕❞✎✾❀✿❢❞❇❡❢❆✘❆✥❅●◆❂❆✕◆❂✾❀✿❂❄❂❋❍❆✕❞✎✾❀✿❢❞❇❡❢❆✘◆❂✇✶✙❢❈❂❉❍❣●✽❂❋❊✿❢❣◗❡③▲r✿❂❅ ➽

• ✥✡❈☞▲✜▲r❋❍✾❀❁❇❣ ✓
0 = −L∂u

∂n
(x) +Mu(x), ✽➆✾❀✿❂❁ x ∈ Ωi.

• ➱❷▲r❁✲✽③▲❀❣❇❣▼▲r■➇❆ ✜✜❋➛▲✹❋❊❉❊♣★❉❊❅❇❆ ②①✿③▲r❈❢◆ x ❅❇❆✥❈❢◆☞➪➇❆✥❁❇❣✡✿❂❈✚✽➆✾❀❉❊❈❳❅✵❣q✿❂❁ Γ ✕⑩✾❀❈✚✾❀❄❂❅q❉❍❆✥❈❳❅✵❋➛▲✜♠♦✾❀❁q♣✑✿❂❋❍❆✪◆❂❆✕❁❇❆✥✽❂❁❇✇ ➘
❣❇❆✥❈❳❅▼▲r❅q❉❍✾❀❈ ✕❢✽✌✾❀✿❂❁ x ∈ Γ ✓

1

2
u(x) = −

∫

Γ

∂u(y)

∂ny
G(x− y) dγ(y) +

∫

Γ
u(y)

∂G(x − y)

∂ny
dγ(y). ✲♦❼ ➽ ★ ✴

✠✤⑤❳⑨❷❫➓❙❯⑧➆❫ ➫❷❴①❚★➫❷❴❳⑨ ✝ ➫➓⑧➆❶❸④❢❙❪❫❵❴❳❚✟❛

➼ ▲r❉❊❈①❅❇❆✥❈③▲r❈❳❅✡❞✎✾❀❈❢❣q❉❍◆❂✇✥❁❇✾❀❈❢❣◗❋➛▲✪❣▼✾❀❋❊✿❂❅q❉❍✾❀❈✂◆♥✿☎✽❂❁❇✾❀❄❂❋❍✈✥♣✜❆✕◆❂❆ ✱❵▲r✽❂❋➛▲❀❞✎❆ ∆u = 0 ◆❢▲r❈❢❣ Ωe ∪ Ωi
➽ s❳❉➣❆✥❋❊❋❍❆❏❆✎❣q❅

❣q✿✩✵✹❣▼▲r♣★♣✜❆✥❈❳❅❃❁❇✇✥■❑✿❂❋❊❉❍✈✥❁❇❆✗✕⑩❆✥❋❊❋❍❆✲✽➆❆✥✿❂❅ ✎✥❅q❁❇❆✕❁❇❆✥✽❂❁❇✇✎❣❇❆✥❈①❅❇✇✎❆✘❆✥❈✟♠❪✾❀❈❢❞✥❅q❉❍✾❀❈☞◆❂❆✑❣❇❆✎❣◗❅q❁▼▲❀❞✎❆✎❣◗✽③▲r❁ ✓

u(x) =

∫

Γ

[
∂u(y)

∂ny

]
G(x− y) dγ(y) −

∫

Γ
[u(y)]

∂G(x− y)

∂ny
dγ(y), ✽➆✾❀✿❂❁ x ∈ Ωi ∪ Ωe.

✥✡❈✂❁▼▲r✽❂✽✌❆✥❋❊❋❍❆❏❋➛▲✪◆❂✇✶✙❢❈❂❉❊❅q❉❍✾❀❈⑦◆♥✿⑦❣▼▲r✿❂❅ [.] ✓

[u] = u/int Γ − u/ext Γ.

➱❷✾❀✿❂❁ x ∈ Γ ✕❂✾❀❈✂✾❀❄❂❅q❉❍❆✥❈①❅ ✓

u(x)/int Γ + u(x)/ext Γ

2
=

∫

Γ

[
∂u(y)

∂n

]
G(x− y) dγ(y) −

∫

Γ
[u(y)]

∂G(x− y)

∂n
dγ(y).

✮✱❨➓❨❭❬❪❙❯❱➇④♥➩➯❙❯⑧⑩❫✁�❸❫❵⑧③➩❲⑥✷❴✚❶❸⑧✼➫❷➲❳❬❯❴↕❛

➬❏▲r❈❢❣ ❋❍❆✱❞❲▲❀◆♥❁❇❆✟◆❂❆✤❈❢✾❀❅q❁❇❆✤♣✜✾❳◆❂✈✥❋❍❆✗✕➓❋➛▲☞♠❯❁❇✾❀❈❳❅q❉❍✈✥❁❇❆ Γ ◆♥✿➾❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁ Ω ❣❇❆✤◆❂✇✎❞✎✾❀♣★✽➆✾❑❣❇❆✤❆✥❈✻❋➛▲☎♠❪❁❇✾❀❈①❅q❉❍✈✥❁❇❆
❆✝❮♥❅❇✇✥❁q❉❍❆✥✿❂❁❇❆✕◆♥✿✂❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁ ΓD ∪ ΓN

✕❂❆✥❅●❋➛▲✘♠❯❁❇✾❀❈❳❅q❉❍✈✥❁❇❆✑◆♥✿☎✽❂✿❂❉❊❅❇❣ Γw
➽

➱❷✾❀✿❂❁✑❅q❁❇✾❀✿❂➪➇❆✥❁✕✿❂❈❢❆ ♠♦✾❀❁q♣✑✿❂❋➛▲r❅q❉❍✾❀❈➥❉❊❈①❅❇✇✥■❑❁▼▲r❋❍❆✗✕❵❈❢✾❀✿❢❣❏❁▼▲r✽❂✽➆❆✥❋❍✾❀❈❢❣✘②①✿❢❆ ❈❢✾❀✿❢❣✘◆❂❆✥➪➇✾❀❈❢❣✕❞❇❡❢✾❀❉❍❣q❉❊❁✑✿❂❈↕✽❂❁❇✾❀❋❍✾❀❈ ➘
■➇❆✥♣✜❆✥❈①❅★◆❂❆✤❋➛▲⑦❣❇✾❀❋❊✿❂❅q❉❍✾❀❈➾◆❢▲r❈❢❣ ❋❍❆✤◆❂✾❀♣✹▲r❉❊❈❢❆✟❞✎✾❀♣★✽❂❋❍✇✥♣✜❆✥❈①❅▼▲r❉❊❁❇❆✗✕✺◆❂✾❀❈❢❞✟◆❢▲r❈❢❣ ❈❢✾❀❅q❁❇❆✱❞❲▲❀❣✪◆❢▲r❈❢❣ ❋❍❆✤◆❂✾❀♣✹▲r❉❊❈❢❆
❆✝❮♥❅❇✇✥❁q❉❍❆✥✿❂❁ ➽❂➷ ✾❀✿❢❣◗❞▼❡❢✾❀❉❍❣q❉❍❣❇❣❇✾❀❈❢❣●◆❂❆✲✽❂❁❇✾❀❋❍✾❀❈❂■➇❆✥❁❃❋❍❆✡✽❂❁❇✾❀❄❂❋❍✈✥♣✜❆ ✜✑❋✐❤❦❆✝❮♥❅❇✇✥❁q❉❍❆✥✿❂❁❃◆♥✿✟❁❇✇✎❣❇❆✥❁q➪➇✾❀❉❊❁❃❆✥❅✢✜ ❋✐❤ ❉❊❈❳❅❇✇✥❁q❉❍❆✥✿❂❁❃◆♥✿
✽❂✿❂❉❊❅❇❣●✽③▲r❁◗❋➛▲✜❣❇✾❀❋❊✿❂❅q❉❍✾❀❈✂❈①✿❂❋❊❋❍❆ ➽
✱❵▲✪❁❇❆✥✽❂❁❇✇✎❣▼❆✥❈①❅▼▲r❅q❉❍✾❀❈☞❉❊❈❳❅❇✇✥■❑❁▼▲r❋❍❆✘❣➯❤❦✇✎❞✥❁q❉❊❅❃▲r❋❍✾❀❁❇❣ ✓

p(x) =

∫

Γ

∂p(y)

∂ny
G(x− y) dγ(y) −

∫

Γ
p(y)

∂G(x − y)

∂ny
dγ(y), x ∈ Ω, ✲♦❼ ➽ Ï❲❻ ✴

1

2
p(x) =

∫

Γ

∂p(y)

∂ny
G(x− y) dγ(y) −

∫

Γ
p(y)

∂G(x − y)

∂ny
dγ(y), x ∈ Γ. ✲♦❼ ➽ Ï❑Ï✵✴

✲ ✽③▲r❁q❅q❉❊❁❷◆❂❆✺❋✐❤❦✇✎②❳✿③▲r❅q❉❍✾❀❈✶✲♦❼ ➽ Ï❑Ï✵✴✶✕r✾❀❈✑✽✌❆✥✿❂❅➓✇✥❅▼▲r❄❂❋❊❉❊❁❷✿❂❈❢❆✯◆❂❆✥✿♥❮♥❉❍✈✥♣✜❆✯❁❇❆✥✽❂❁❇✇✎❣▼❆✥❈①❅▼▲r❅q❉❍✾❀❈✪❉❊❈①❅❇✇✥■❑❁▼▲r❋❍❆ ✲❪❞✝♠✳✭✢✾❀❈❂❈❢❆✥❅
✆❊Ï❲❺ ✞ ✕ ➷ ✇✎◆❂✇✥❋❍❆✎❞ ✆ ÑrÐ ✞✢✴✶✕❂✽✌✾❀✿❂❁ x ∈ Γ ✓

1

2

∂p(x)

∂nx
=

∫

Γ

∂p(y)

∂ny

∂G(x− y)

∂nx
dγ(y) − ∂

∂nx

∫

Γ
p(y)

∂G(x − y)

∂ny
dγ(y). ✲♦❼ ➽ Ï❲❺ ✴
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➱❷✾❀✿❂❁ ❣❇❉❊♣★✽❂❋❊❉✚✙③❆✥❁✑❋✐❤❦✇✎❞✥❁q❉❊❅q✿❂❁❇❆✗✕➓❈❢✾❀✿❢❣✕❈❢✾❀❅❇❆✥❁❇✾❀❈❢❣ ◆❂✇✎❣❇✾❀❁q♣✹▲r❉❍❣✑❋❍❆✎❣✘◆♥❉✫✪✌✇✥❁❇❆✥❈❳❅❇❣✘✾❀✽❢✇✥❁▼▲r❅❇❆✥✿❂❁❇❣✘❉❊❈①❅❇✇✥■❑❁▼▲r✿♥❮➾◆❂❆★❋➛▲
♣✹▲r❈❂❉❍✈✥❁❇❆✕❣q✿❂❉❊➪❑▲r❈①❅❇❆✗✕③✽➆✾❀✿❂❁ x ∈ Γ ✓

Sq(x) =

∫

Γ
G(x− y)q(y) dγ(y), ✲♦❼ ➽ Ï❲❼ ✴

Hp(x) =

∫

Γ

∂G(x− y)

∂ny
p(y) dγ(y), ✲♦❼ ➽ Ï✥Ð✸✴

H ′q(x) =

∫

Γ

∂G(x− y)

∂nx
q(y) dγ(y), ✲♦❼ ➽ Ï❲Ò ✴

Dp(x) =
∂

∂nx

∫

Γ

∂G(x − y)

∂ny
p(y) dγ(y), ✲♦❼ ➽ Ï❲Ñ ✴

✾✌☞ q ◆❂✇✎❣q❉❊■❑❈❢❆✘❋➛▲✹◆❂✇✥❁q❉❊➪♥✇✎❆ ❈❢✾❀❁q♣✹▲r❋❍❆ ◆❂❆✘❋➛▲✹✽❂❁❇❆✎❣❇❣q❉❍✾❀❈ ✕➆❣❇✾❀❉❊❅ ∂p/∂n ➽ ✱➣❆✎❣✲✾❀✽❢✇✥❁▼▲r❅❇❆✥✿❂❁❇❣❏❣❇✾❀❈❳❅✵◆❂✇✶✙❢❈❂❉❍❣❏◆❢▲r❈❢❣✵❋❍❆✎❣
❆✎❣q✽③▲❀❞✎❆✎❣●❣❇✿❂❉❊➪❀▲r❈❳❅❇❣ ✓

S : H−1/2(Γ) → H1/2(Γ),

H : H1/2(Γ) → H1/2(Γ),

H ′ : H−1/2(Γ) → H−1/2(Γ),

D : H1/2(Γ) → H−1/2(Γ).

✱✺❤❦✾❀✽❢✇✥❁▼▲r❅❇❆✥✿❂❁ H ′ ❆✎❣q❅◗❋✐❤ ▲❀◆✰✑q✾❀❉❊❈①❅✵◆❂❆✲❋✐❤❦✾❀✽➆✇✥❁▼▲r❅❇❆✥✿❂❁ H ✽✌✾❀✿❂❁◗❋➛▲✪❈❢✾❀❁q♣✜❆ L2(Γ)
➽

☛➣❙❪❫ ✰➆⑨➓❬❯④❂⑥❀❙➛➩❲⑤❳❚★➫➓❴❳❚✹❫➓⑧❳➻➆④❢⑨ ✝ ❛

➚ ❆✎❣●✾❀✽❢✇✥❁▼▲r❅❇❆✥✿❂❁❇❣✡❉❊❈①❅❇✇✥■❑❁▼▲r✿♥❮✂✽❂❁❇✇✎❣▼❆✥❈①❅❇❆✥❈①❅✵◆❂❆✎❣●❣q❉❊❈❂■❑✿❂❋➛▲r❁q❉❊❅❇✇✎❣❃✽➆✾❀✿❂❁ x ➪➇✾❀❉❍❣q❉❊❈☞◆❂❆ y ✕ x ❆✥❅ y ❣q✿❂❁ Γ ✓

S :
1

|x− y| = O(|x− y|−1),

H :
∂

∂ny

(
1

|x− y|

)
=

(y − x, ny)

|y − x|3 = O(|y − x|−1),

H ′ :
∂

∂nx

(
1

|x− y|

)
=

(y − x, nx)

|y − x|3 = O(|y − x|−1),

D :
∂2

∂nx∂ny

(
1

|x− y|

)
=

(nx, ny)

|x− y|3 − 3
(x− y, nx)(x− y, ny)

|x− y|5
= O(|x− y|−3).

✲ ❉❊❈❢❣q❉✼❋❍❆✎❣◗❈❢✾❲t①▲r✿♥❮✂◆❂❆ S ✕ H ❆✥❅ H ′ ❣❇✾❀❈①❅●❉❊❈❳❅❇✇✥■❑❁▼▲r❄❂❋❍❆✎❣ ➽
✱➣❆❏❈❢✾➯t①▲r✿☞◆❂❆ D ❈❢❆✲❋✐❤❦❆✎❣q❅●✽③▲❀❣ ➽
✱➣❆✎❣✲❅q❁❇✾❀❉❍❣❏✽❂❁❇❆✥♣★❉❍❆✥❁❇❣✲❈❢✾➯t①▲r✿♥❮❸❣❇✾❀❈①❅✵♠✐▲r❉❊❄❂❋❍❆✥♣✜❆✥❈①❅✑❣q❉❊❈❂■❑✿❂❋❊❉❍❆✥❁❇❣ ✕✼❞✎❆✎❣✲❈❢✾❲t①▲r✿♥❮↕◆❂✾❀❈❂❈❢❆✥❈①❅✕❋❊❉❍❆✥✿ ✜✤◆❂❆✎❣❏✾❀✽✌✇✥❁▼▲r❅❇❆✥✿❂❁❇❣
❞✎✾❀♣★✽③▲❀❞✥❅❇❣❃❣❇✿❂❁◗❋❍❆✎❣❃❆✎❣q✽③▲❀❞✎❆✎❣●◆❂✇✶✙❢❈❂❉❍❣❃✽❂❁❇✇✎❞✎✇✎◆❂❆✥♣★♣✜❆✥❈①❅★✕➆❆✥❅◗❋❍❆✕◆❂❆✥❁q❈❂❉❍❆✥❁❃❆✎❣q❅◗❡❳t❳✽✌❆✥❁❇❣q❉❊❈❂■❑✿❂❋❊❉❍❆✥❁ ➽

➷ ✾❀✿❢❣◗➪➇❆✥❁q❁❇✾❀❈❢❣❃◆❢▲r❈❢❣●❋➛▲★❣q✿❂❉❊❅❇❆❏❞✎✾❀♣★♣✜❆✥❈①❅✵❅q❁▼▲r❉❊❅❇❆✥❁❃❞✎❆✎❣●◆♥❉✫✪✼✇✥❁❇❆✥❈①❅❇❆✎❣✡❣q❉❊❈❂■❑✿❂❋➛▲r❁q❉❊❅❇✇✎❣ ➽
➶❃❆✥➪➇❆✥❈❢✾❀❈❢❣●♣✹▲r❉❊❈①❅❇❆✥❈③▲r❈①❅✕▲r✿♥❮☎◆♥❉✫✪✌✇✥❁❇❆✥❈❳❅❇❆✎❣◗♠♦✾❀❁q♣✑✿❂❋➛▲r❅q❉❍✾❀❈❢❣✡❉❊❈①❅❇✇✥■❑❁▼▲r❋❍❆✎❣ ➽

✱➣❆✎❣●♠❪✾❀❁q♣✘✿❂❋➛▲r❅q❉❍✾❀❈❢❣ ✲♦❼ ➽ Ï❑Ï✵✴●❆✥❅ ✲♦❼ ➽ Ï❲❺ ✴✢❣❲❤❦✇✎❞✥❁q❉❊➪➇❆✥❈①❅✡❁❇❆✎❣q✽✌❆✎❞✥❅q❉❊➪➇❆✥♣✜❆✥❈①❅ ✓

1

2
p = S q − H p x ∈ Γ, ✲♦❼ ➽ Ï➯❹✬✴

1

2
q = H ′ q − Dp x ∈ Γ. ✲♦❼ ➽ Ï✧✦ ✴
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➬❏▲r❈❢❣✢❋❍❆✵♣★❉❊❋❊❉❍❆✥✿☎✽➆✇✥❅q❁❇✾❀❋❊❉❍❆✥❁★✕❂❣▼❆✥✿❂❋❍❆✡❋➛▲ ✽❂❁❇❆✥♣★❉❍✈✥❁❇❆✵♠♦✾❀❁q♣✑✿❂❋➛▲r❅q❉❍✾❀❈ ✲♦❼ ➽ Ï➯❹✬✴✢▲✘✇✥❅❇✇✲❆✥♣★✽❂❋❍✾➯t➇✇✎❆ ✜ ❞✎❆✬✑➟✾❀✿❂❁ ➽ ➱❷✾❀✿❂❁ ➘
❅▼▲r❈①❅★✕✉❋➛▲✑◆❂❆✥✿♥❮✉❉❍✈✥♣✜❆✡♠♦✾❀❁q♣✑✿❂❋➛▲r❅q❉❍✾❀❈ ✲♦❼ ➽ Ï✧✦ ✴✺❆✎❣❇❅✯❅q❁❇✈✎❣ ✽➆✾❀✽❂✿❂❋➛▲r❉❊❁❇❆✵◆❢▲r❈❢❣ ❋❍❆✎❣ ▲r✿❂❅q❁❇❆✎❣✢◆❂✾❀♣✹▲r❉❊❈❢❆✎❣★✕❳✽③▲r❁✢❆✝❮♥❆✥♣★✽❂❋❍❆✵❆✥❈
✇✥❋❍❆✎❞✥❅q❁❇✾❀♣✹▲r■❑❈❢✇✥❅q❉❍❣q♣✜❆✗✕➆❆✥❈☎♣✜✇✎❞❲▲r❈❂❉❍②①✿❢❆✗✕⑩❆✥❈☞✇✥❋➛▲❀❣q❅q❉❍❞✥❉❊❅❇✇✗✕❢❆✥❈✂✇✥❋➛▲❀❣❇❅❇✾❳◆♥t✉❈③▲r♣★❉❍②①✿❢❆✳✲❯➪➇✾❀❉❊❁✢✭✢✾❀❈❂❈❢❆✥❅ ✆❊Ï❲❺✡✞✢✴ ➽

➱❷✾❀✿❂❁✟♣★❉❍❆✥✿♥❮➦❞✎✾❀♣★✽❂❁❇❆✥❈❢◆♥❁❇❆✚◆❢▲r❈❢❣✟②❳✿❢❆✥❋✡❞❲▲❀❣✤❆✥♣★✽❂❋❍✾❲t➇❆✥❁✟❋✐❤ ✿❂❈❢❆✚✾❀✿➦❋✐❤ ▲r✿❂❅q❁❇❆⑦♠❪✾❀❁q♣✘✿❂❋➛▲r❅q❉❍✾❀❈ ✕ ❈❢✾❀✿❢❣✹❉❊❈❳❅q❁❇✾ ➘
◆♥✿❂❉❍❣❇✾❀❈❢❣❏❋➛▲✤❈❢✾❀❅q❉❍✾❀❈➥◆✼❤❦✇✎②①✿③▲r❅q❉❍✾❀❈❢❣✑❉❊❈①❅❇✇✥■❑❁▼▲r❋❍❆✎❣ ◆❂❆✪✽❂❁❇❆✥♣★❉❍✈✥❁❇❆✹❆✎❣q✽✌✈✎❞✎❆★❆✥❅✕◆❂❆★❣❇❆✎❞✎✾❀❈❢◆❂❆✜❆✎❣q✽✌✈✎❞✎❆ ✲❯➪➇✾❀❉❊❁ ➷ ✇✎◆❂✇✥❋❍❆✎❞
✆ ÑrÐ ✞✢✴ ➽

✁❭➨ �➣➨✁� ✂★➧❭↔✺➄➆➅➇➁✐➈➓➉✯➍✂➁➂➉❵➅❑➏❢➔❵→➇➄✼❿✐➌③➍☎➊✯➌➾❾➀→➇➌③➎ ➁ ✁③→➇➌➳➌❂➅✚➊✺➌➝➍r➌③➃♥➈❵➉✯➊✯➌✻➌③➍r❾✂✁③➃♥➌
✒☎⑤ ✟➒❫❷❙➛➩➯❙❯⑧➆❫ ✗ ✆✁� ☛ ✟ ✂ ✣✥✘ ✠ ☛ ✒ ☎ ☛✣✒✔☛ ☛☎✂✄✗✞✝✄✠✞✌ ✟ ✟✓✏✢☛ ✌ ✒✏☛ ✟ ✌✛✟ ✙☞✝✆✟✢✎ ✒ ✟ ✝✆✟ ✟ ✏ ✙ ✟ ✂✓✟ ✙ ✠ ✝ ✝✄✠★✙ ✙ ☎ ✝✢☛ ✡ ✘✛☛ ✟ ✒✔☛☞✂✘☎✞☛ ☛✕✘ ✟ ✏✓✒
✌✦✒ ✒✚☛☞✂✆☎✞☛ ☛✕✘ ✟ ☛✜✒ ✠★✙✩✙ ✠✞✝✄✠✄✂✏☛✜✙ ✠✑✏ ✟ ☛ ✌ ✟ ✝ ☎✞✝✘✏ ✌ ✘ ✏✓✒ ✗✞☛ ✟ ✒✚☛☞☛☎✂✄✗✞✝✄✠✞✌✫✪
� ✒✚☛☞☎✞☛✛✚ ✌✦✒ ✂ ✣✥✘ ✠ ☛ ✒ ☎✞☛ ✒✚☛☞☛☎✂✄✗✞✝✄✠✞✌ ✟ ✟✓✏✢☛ ✌✞✒✡☛ ✟ ✌✛✟ ✏✙✟✄✂✆☎✞☛ ✌✛✟ ✟✓✏ ✙ ✟ ✂✘✟ ✪

✱✆☎✞✝✠✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕✖✝✗✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✞✝✧✦★☎✩✝✚☎✞✪✞✓✄✕✖✦★☎✩☎✞✝✒✫✭✬✞✪✞☎✩✝✚✓✄✕☞✎✗✫★✥✘☛✖✝✠✝✒✎✤✌✏✮★✥✔☎✞✝✰✯✱✦✲☛✴✳✵✌✏✑✘✎✠✦★☎✶✥✸✷✹✌✏✫★✫✍✌✏✢✒✑✘✎✒✑✔✓✄✕✺✦★☎✶✥✸✷ ✑✘✕✲✻
✪✞✓✄✕★✕✙☛✖☎✼☎✜✕✽✦★☎✜✾✖✓✄✢✚✝✿✦✲☛❀✝✒✑✘✛✣✕✖☎❁✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✸❂☞❃✗☎❁✫★✥✘☛✖✝✰✯✣✥✸✷✹✌✏✕✍✌✏✥✘❄✲✝✚☎❅✳✵✓✄✕✖✪✜✎✒✑✔✓✄✕★✕✖☎✜✥✘✥✔☎❆☎✞✝✒✎❇✫★✥✘☛✖✝❈✝✒✑✘❉❊✫★✥✔☎❁✫✱✓✄☛★✢❋✥✔☎✞✝❋✟✞✡☞☛✍✌●✻
✎✒✑✔✓✄✕✖✝✠✦★☎✩✝✚☎✞✪✞✓✄✕✖✦★☎✩☎✞✝✒✫✱✬✞✪✞☎✣❂✭❍■✟✰✌✏✕★❉❏✓✄✑✘✕✖✝✗✫✱✓✄☛★✢✼✥✔☎✞✝✠✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕✖✝✗✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✞✝✠✥✘✑✔✟✞☎✞✝▲❑✽✥✸✷▼✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕◆✦★☎✶❖P✌✏✫★✥◗✌✄✪✞☎✣✯
✓✄✕❘✦✲✑✔✝✚✫✭✓✣✝✚☎✽✦★☎❊✥✸✷✹✌✏✕✍✌✏✥✘❄❙✝✤☎✽✦★☎✞✝❚✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕✖✝✧✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✞✝✩✦★☎❏✫★✢✚☎✜❉❊✑✔✬✜✢✚☎❀☎✞✝✒✫✭✬✞✪✞☎❀✦★☎✜✫★☛★✑✔✝❚✥✸✷✹✌✏✢✒✎✒✑✔✪✜✥✔☎❀✦★☎✽❍■✟✞✦★✟✜✥✔☎✞✪
☎✜✎✼❯❋✥◗✌✏✕✖✪✚✾✍✌✏✢✚✦ ✆✹❱✣❲✡✞❨❳✍✑✘✥✔✝❩❉❏✓✄✕✙✎✒✢✚☎✜✕☞✎✗❬☞✑◗✌❏✥◗✌❏✪✞✓❙☎✜✢✚✪✜✑✘❬☞✑✘✎✚✟✧✦★☎▲✥◗✌✩✳✵✓✄✢✒❉❏☎▲✮★✑✘✥✘✑✘✕✖✟✰✌✏✑✘✢✚☎✩✌✄✝✚✝✚✓❙✪✜✑✔✟✞☎❚❑❏✥✸✷▼✓✄✫✭✟✜✢✤✌✏✎✚☎✜☛★✢✗✦★☎
❖❭✌✏✫★✥◗✌✄✪✞☎❪☎❊❬❙✑◗✌❫✥✔☎✞✝▲✎✒✾✖✟✞✓✄✢✚✬✜❉❏☎✞✝✩✦★☎❊✎✒✢✤✌✄✪✞☎✣✯P✡✙☛✖☎❊✥◗✌❴✳❵✓✄✢✒❉❏☎✽✮★✑✘✥✘✑✘✕✖✟✰✌✏✑✘✢✚☎❀✌✄✝✚✝✤✓☞✪✜✑✔✟✞☎✽❑❛✥✸✷▼✟✞✡✙☛✍✌✏✎✒✑✔✓✄✕❘✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎❪✦★☎
✳❵✢✚✓✄✕✙✎✒✑✔✬✜✢✚☎❚☎✞✝✚✎❩✪✞✓☞☎✜✢✚✪✜✑✘❬❜☎▲✝✚☛★✢ H−1/2(Γ) ❂

❖❋✷▼✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕ ✲✵❝✲❂✘❞❢❡✬✴❋☎✞✝✒✎❋✦★✓✄✕✖✪❆✦★☎❩✫★✢✚☎✜❉❊✑✔✬✜✢✚☎❆☎✞✝✒✫✱✬✞✪✞☎❩✝✒✑★✥✸✷ ✑✘✕✖✪✞✓✄✕★✕☞☛✖☎✼☎✞✝✒✎❇✥◗✌▲✦★✟✜✢✒✑✘❬❜✟✞☎❩✕✖✓✄✢✒❉✽✌✏✥✔☎ ∂p/∂n = q ✯☎✜✎❅✦★☎❆✝✚☎✞✪✞✓✄✕✖✦★☎■☎✞✝✒✫✱✬✞✪✞☎✼✝✒✑❣✥✸✷ ✑✘✕✖✪✞✓✄✕★✕✙☛✖☎✠☎✞✝✒✎❈✥◗✌✠✫★✢✚☎✞✝✚✝✚✑✔✓✄✕ p ❂☞❤✐✕☞❬❜☎✜✢✚✝✚☎✜❉❏☎✜✕✙✎✰✯✲✥✸✷▼✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕ ✲✵❝✲❂✘❞✧✦ ✴❈☎✞✝✒✎❨✦★☎✼✝✤☎✞✪✞✓✄✕✖✦★☎
☎✞✝✒✫✱✬✞✪✞☎✠✝✒✑✆✥✸✷ ✑✘✕✖✪✞✓✄✕★✕☞☛✖☎❚☎✞✝✒✎❩✥◗✌✩✦★✟✜✢✒✑✘❬❜✟✞☎❚✕✖✓✄✢✒❉✽✌✏✥✔☎ ∂p/∂n = q ✯★☎✜✎❆✦★☎✠✫★✢✚☎✜❉❊✑✔✬✜✢✚☎✧☎✞✝✒✫✱✬✞✪✞☎✠✝✒✑❥✥✸✷ ✑✘✕✖✪✞✓✄✕★✕✙☛✖☎✶☎✞✝✒✎❁✥◗✌✫★✢✚☎✞✝✚✝✒✑✔✓✄✕ p ❂

❦ ✑✘✕✖✝✒✑✗✥✔☎❧✳✵✌✏✑✘✎❴✡☞☛✆✷ ☛★✕✖☎✴✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕♠✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✺✝✚✓✄✑✘✎❴✦★☎❧✫★✢✚☎✜❉❊✑✔✬✜✢✚☎♥✓✄☛♠✦★☎♥✝✚☎✞✪✞✓✄✕✖✦★☎♦☎✞✝✒✫✖✬✞✪✞☎♥✦★✟✜✫✱☎✜✕✖✦♣✦★☎
✥✸✷ ✑✘✕✖✪✞✓✄✕★✕✙☛✖☎✧✪✞✓✄✕✖✝✒✑✔✦★✟✜✢✚✟✞☎✣✯✖☎✜✎❩✦★✓✄✕✖✪▲✦★☎✗✥◗✌✧✳❵✢✚✓✄✕✙✎✒✑✔✬✜✢✚☎❚✝✒☛★✢❁✥◗✌✄✡✙☛✖☎✜✥✘✥✔☎✠✓✄✕❛✟✞✪✜✢✒✑✘✎✼✪✞☎✜✎✒✎✚☎✠✟✞✡✙☛✍✌✏✎✒✑✔✓✄✕❛✑✘✕☞✎✚✟✜✛✣✢✤✌✏✥✔☎✣❂✍❍■✓✄☛✖✝
✌✞❬❜✓✄✕✖✝❋✌✏✥✔✓✄✢✚✝❋❑✼✪✚✾✖✓✄✑✔✝✚✑✘✢❇☛★✕✖☎❈✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕❊✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎❅✫✱✓✄☛★✢q✪✤✾✍✌✄✡✙☛✖☎❨✳❵✢✚✓✄✕✙✎✒✑✔✬✜✢✚☎✣✯✣☎✜✕✶✎✚☎✜✕✍✌✏✕✙✎❋✪✞✓✄❉❊✫★✎✚☎❁✦★☎❈✥✸✷ ✑✘✕✖✪✞✓✄✕★✕✙☛✖☎
✝✒☛★✢❁✥◗✌✶✳❵✢✚✓✄✕✙✎✒✑✔✬✜✢✚☎✣❂

� ✒ ☎ r ✆ ✖✘✯☞☛✘✲ ✖ ✥ ✞✛✥✍✭ ✆✍✱✮✲ ✡ ☛✘✯✢✗☎✄✛✭ ✯ ✄ ☛☛✆☎✄❆✖ ✡✓✚✢✥✍✭
❍■✓✄☛✖✝✽✌✞❬❜✓✄✕✖✝✽❬☞☛s✡☞☛✖☎❫✥✔☎✞✝❏✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕✖✝❊✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✞✝❪✦★☎❴✝✚☎✞✪✞✓✄✕✖✦★☎❛☎✞✝✚✫✖✬✞✪✞☎❛✟✜✎✤✌✏✑✔☎✜✕✙✎❏✫★✥✘☛✖✝✽✝✒✎✤✌✏✮★✥✔☎✞✝✽✡☞☛✖☎❫✥✔☎✞✝

✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕✖✝✼✑✘✕☞✎✚✟✜✛✣✢✤✌✏✥✔☎✞✝▲✦★☎✧✫★✢✚☎✜❉❊✑✔✬✜✢✚☎✶☎✞✝✚✫✖✬✞✪✞☎✣❂✭❍■✓✄☛✖✝✼✫★✢✚✟t✳❵✟✜✢✚☎✜✢✚✓✄✕✖✝✠✦★✓✄✕✖✪✧☛★✎✒✑✘✥✘✑✔✝✚☎✜✢✠✦★☎✞✝✼✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕✖✝✗✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✞✝
✦★☎✶✝✚☎✞✪✞✓✄✕✖✦★☎✧☎✞✝✚✫✖✬✞✪✞☎✣✯✭✦✖✌✏✕✖✝■✥◗✌✽❉❏☎✞✝✒☛★✢✚☎✶✦✲☛❧✫✱✓✣✝✚✝✒✑✘✮★✥✔☎✣❂✭❯P✓✄☛★✢✠✪✞☎✜✥◗✌✲✯❣✑✘✥P✕✖✓✄☛✖✝✼✳✸✌✏☛★✎✼✢✚✟✞✪✰✌✏✫★✑✘✎✒☛★✥✔☎✜✢✗✥✔☎✞✝■✑✘✕✖✪✞✓✄✕★✕✙☛✖☎✞✝
✦★☎❊✕✖✓✄✎✒✢✚☎❊❉❏✓❙✦★✬✜✥✔☎❏✝✒☛★✢▲✪✤✾✍✌✄✪✜☛★✕✖☎✽✦★☎✞✝✗✳❵✢✚✓✄✕✙✎✒✑✔✬✜✢✚☎✞✝❢❂q✉■✷▼☎✞✝✒✎▲✪✞☎❏✡☞☛✖☎✩✕✖✓✄☛✖✝▲✕✖✓✄☛✖✝▲✫★✢✚✓✄✫✭✓✣✝✚✓✄✕✖✝✧✦★☎✶✳✵✌✏✑✘✢✚☎✽✦✖✌✏✕✖✝✠✥✔☎
✫✍✌✏✢✤✌✏✛✣✢✤✌✏✫★✾✖☎✽✝✚☛★✑✘❬✄✌✏✕☞✎✰❂❥✈❆✕✖☎✶✳✵✓✄✑✔✝▲✪✞☎✜✥◗✌❀✳✸✌✏✑✘✎✰✯✱✕✖✓✄☛✖✝✧✌✏☛★✢✚✓✄✕✖✝✠✎✚✓✄☛✖✝✠✥✔☎✞✝❚✟✜✥✔✟✜❉❏☎✜✕✙✎✚✝▲✕✖✟✞✪✞☎✞✝✤✝✤✌✏✑✘✢✚☎✞✝✠✫✱✓✄☛★✢▲✟✞✪✜✢✒✑✘✢✚☎❊✥◗✌
✳✵✓✄✢✒❉❚☛★✥◗✌✏✎✒✑✔✓✄✕✇✑✘✕☞✎✚✟✜✛✣✢✤✌✏✥✔☎❚✦★☎✠✕✖✓✄✎✒✢✚☎▲❉❏✓☞✦★✬✜✥✔☎✣❂

✁②①✁�❇① � ③✏④✿⑤✲⑥❭④❈④②⑦❋⑧✍⑨✴⑩✿⑦❷❶❸⑥❇⑩ ✁✍❹✐⑧
❃✠✌✏✕✖✝❁☛★✕❛✫★✢✚☎✜❉❊✑✔☎✜✢❆✎✚☎✜❉❊✫✖✝✰✯★✕✖✓✄☛✖✝❆✪✞✓✄✕✖✝✚✑✔✦★✟✜✢✚✓✄✕✖✝❩✥✔☎✗❉❏✓❙✦★✬✜✥✔☎▲☎✜✕❛❉❊✑✘✥✘✑✔☎✜☛❛✾✖✓✄❉❏✓✄✛❜✬✜✕✖☎❪❺✵❝✲❂✘❞❢❻t❂

• ❼ ☛★✢✼✥◗✌✩✳❵✢✚✓✄✕✙✎✒✑✔✬✜✢✚☎❚✦★☎✧❃■✑✘✢✒✑✔✪✚✾★✥✔☎✜✎ ΓD
✯★✥✸✷ ✑✘✕✖✪✞✓✄✕★✕☞☛✖☎✶☎✞✝✚✎❩✥◗✌❏✦★✟✜✢✒✑✘❬✲✟✞☎▲✕✖✓✄✢✒❉✽✌✏✥✔☎✧✦★☎▲✥◗✌❊✫★✢✚☎✞✝✤✝✒✑✔✓✄✕✺❳✖✕✖✓✄☛✖✝❆✥◗✌

✕✖✓✄✎✚✓✄✕✖✝✧❳
α :=

∂p

∂n
✝✒☛★✢ ΓD.



� �✂✁ �☎✄✝✆✟✞✡✠✂☛✌☞✍✞✏✎✒✑✍✎✔✓✖✕✘✗✙☞✍✚✛☛✌✠✢✜✤✣✍✓✥✠✦✣✧☛★✕✘✩✤✞✪✚✬✫✢✎✘✓ ✭ �

• ❼ ☛★✢❩✥◗✌✧✳❵✢✚✓✄✕✙✎✒✑✔✬✜✢✚☎✧✦★☎✠❍✼☎✜☛★❉✽✌✏✕★✕ ΓN
✯✲✥✸✷ ✑✘✕✖✪✞✓✄✕★✕✙☛✖☎✧☎✞✝✒✎❩✥◗✌✶✫★✢✚☎✞✝✚✝✒✑✔✓✄✕✆✯✖✕✖✓✄☛✖✝❁✥◗✌✩✕✖✓✄✎✚✓✄✕✖✝▲❳

β := p ✝✒☛★✢ ΓN .

• ❼ ☛★✢❁✥◗✌❚✳❵✢✚✓✄✕✙✎✒✑✔✬✜✢✚☎▲✦✲☛❴✫★☛★✑✘✎✚✝ Γw
✯❙✾✖✓✄✢✒❉❊✑✔✝❁✥✔☎✗✪✰✌✄✝❁✓✡✮❛✓✄✕❛✪✞✓✄✕★✕✍✌✁�✔✎❁✥◗✌✶❬✣✌✏✥✔☎✜☛★✢❅✦★☎✗✥◗✌✧✫★✢✚☎✞✝✚✝✚✑✔✓✄✕ pw ✯★☎✜✎❁✓✡✮✓✄✕❪✪✚✾✖☎✜✢✚✪✤✾✖☎✼✥✔☎❆✦★✟✜✮★✑✘✎❈✎✚✓✄✎✤✌✏✥ Q ✯❜✕✖✓✄☛✖✝❨✌✞❬❜✓✄✕✖✝❅✦★☎✜☛✛✯❏✑✘✕✖✪✞✓✄✕★✕✙☛✖☎✞✝✰✯☞✥◗✌✠✫★✢✚☎✞✝✤✝✒✑✔✓✄✕✆✯✙☎✜✎❨✝✤✌✠✦★✟✜✢✒✑✘❬✲✟✞☎❆✕✖✓✄✢✒❉✽✌✏✥✔☎✧❳

ϕ := p ✝✒☛★✢ Γw,

ψ :=
∂p

∂n
✝✒☛★✢ Γw.

❃✗☎✗✳✸✌✡✰✞✓✄✕❧❑✩✢✚☎✞✪✞✓✄☛★❬❙✢✚☎✜✢❆✎✚✓✄☛✖✝❆✥✔☎✞✝❆✪✰✌✄✝✶❺ ❄❪✪✞✓✄❉❊✫★✢✒✑✔✝✼✥✔☎▲✪✰✌✄✝❩✕✖✓✄✕✲✻✸✥✘✑✘✕✖✟✰✌✏✑✘✢✚☎❢❻t✯❣✕✖✓✄☛✖✝❆✪✞✓✄✕✖✝✚✑✔✦★✟✜✢✚☎✜✢✚✓✄✕✖✝✼✦★☎✜☛✛✯
✑✘✕✖✪✞✓✄✕★✕☞☛✖☎✞✝✼✝✚☛★✢❁✥✔☎✗✫★☛★✑✘✎✚✝❚❳ ϕ ☎✜✎ ψ ✦★✟✲✱✖✕★✑✔☎✞✝✼✪✜✑ ✻✐✦★☎✞✝✚✝✒☛✖✝✰❂

✳ ①✁�❇①✁� �✵✴✍⑨✏⑧✬✶✟✷❭⑥✹✸✺✶✼✻❋⑥❭❶❸⑥✙✽ ✁✍④❋⑧✾✸✐⑨✏⑥❀✿❁✶❜⑥✹❂❁⑧
❃ ✌✏✑✘✕✙✎✚☎✜✕✍✌✏✕☞✎❚✡✙☛✖☎✶✕✖✓✄☛✖✝▲✌✰❬❜✓✄✕✖✝✗✮★✑✔☎✜✕♦✦✲✑✔✝✚✎✒✑✘✕★✛✣☛✖✟✩✎✚✓✄☛★✎✚☎✞✝✗✥✔☎✞✝✗✑✘✕✖✪✞✓✄✕★✕✙☛✖☎✞✝▲✦✲☛♦✫★✢✚✓✄✮★✥✔✬✜❉❏☎✣✯✱✕✖✓✄☛✖✝✗✫✱✓✄☛★❬❜✓✄✕✖✝

✪✚✾✖✓✄✑✔✝✚✑✘✢❩✥✸✷▼✟✞✡✙☛✍✌✏✎✒✑✔✓✄✕❧✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✧✡✙☛★✑❥✕✖✓✄☛✖✝❩✝✤☎✜❉❚✮★✥✔☎▲✥◗✌✶❉❊✑✔☎✜☛✛✯✇✌✄✦✖✌✏✫★✎✚✟✞☎✠✫✱✓✄☛★✢❆✪✤✾✍✌✄✡✙☛✖☎✗✳❵✢✚✓✄✕✙✎✒✑✔✬✜✢✚☎✣❂
� �✂✁ �❄✁ �✦❅ ❆❀☞✍✞❇✫✢✎✘✓ �❈✞✏✜✤✣✧☛✌✠✢❉✘✞✏✎✘✓❊✎✘❋❀☛★✕✘✞✡✠●✎❍☞✹✞✏✎✘✓✒■

❯q✓✄☛★✢❆✥✔☎✞✝❅✳❵✢✚✓✄✕✙✎✒✑✔✬✜✢✚☎✞✝✼☎✲✯❙✎✚✟✜✢✒✑✔☎✜☛★✢✚☎✞✝❢✯★✥✔☎▲✪✚✾✖✓✄✑❏✯❛✦★☎✗✥✸✷▼✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕✇✑✘✕☞✎✚✟✜✛✣✢✤✌✏✥✔☎❚☎✞✝✒✎❁✕✍✌✏✎✒☛★✢✚☎✜✥❨❳
• ✝✒☛★✢❁✥◗✌✩✳ ✢✚✓✄✕☞✎✒✑✔✬✜✢✚☎▲✦★☎▲❃■✑✘✢✒✑✔✪✚✾★✥✔☎✜✎ ΓD

✯✲✕✖✓✄☛✖✝❩✪✤✾✖✓✄✑✔✝✒✑✔✝✚✝✚✓✄✕✖✝❆✥◗✌✩✦★☎✜☛✛✯❙✑✔✬✜❉❏☎✧✟✞✡✙☛✍✌✏✎✒✑✔✓✄✕❘❺✵❝✲❂✘❞★❑❜❻t✯
• ✝✒☛★✢❁✥◗✌✩✳ ✢✚✓✄✕☞✎✒✑✔✬✜✢✚☎▲✦★☎▲❍■☎✜☛★❉✽✌✏✕★✕ ΓN

✯✲✕✖✓✄☛✖✝❆✓✄✫★✎✚✓✄✕✖✝❆✫✭✓✄☛★✢❁✥◗✌✩✫★✢✚☎✜❉❊✑✔✬✜✢✚☎❚✟✞✡✙☛✍✌✏✎✒✑✔✓✄✕❘❺✵❝✲❂✘❞❢❡✣❻t❂❦ ✑✘✕✖✝✒✑✖✕✖✓✄☛✖✝❅✌✞❬❜✓✄✕✖✝❈✮★✑✔☎✜✕❀✦★☎✞✝❈✟✞✡✙☛✍✌✏✎✒✑✔✓✄✕✖✝❈✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✞✝❅✦★☎❩✝✚☎✞✪✞✓✄✕✖✦★☎✼☎✞✝✒✫✖✬✞✪✞☎❆✝✚☛★✢❋✥✔☎✞✝❇✳❵✢✚✓✄✕✙✎✒✑✔✬✜✢✚☎✞✝❅☎✲✯✲✎✚✟✜✢✒✑✔☎✜☛★✢✚☎✞✝
✦✲☛❛✢✚✟✞✝✚☎✜✢✒❬❜✓✄✑✘✢✰❂
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Γw

❂❜❖✆☎❆✪✤✾✖✓✄✑❏✯❏✕✆✷▼☎✞✝✒✎❋✫✍✌✄✝❈✝✒✑✖✑✘❉❊❉❏✟✞✦✲✑◗✌✏✎❅✡✙☛✖☎❁✫✱✓✄☛★✢❋✥✔☎✞✝❋✳ ✢✚✓✄✕☞✎✒✑✔✬✜✢✚☎✞✝❈☎✲✯✲✎✚✟✜✢✒✑✔☎✜☛★✢✚☎✞✝✰✯❜✫★☛★✑✔✝✤✡✙☛✖☎❩✝✚☛★✢ Γw
✕✖✓✄☛✖✝❨✌✰❬❜✓✄✕✖✝

✦★☎✜☛✛✯✇✑✘✕✖✪✞✓✄✕★✕☞☛✖☎✞✝✶❳❣✥◗✌❊✫★✢✚☎✞✝✤✝✒✑✔✓✄✕ ϕ ☎✜✎❆✥✔☎❘◗✖☛✛✯ ψ ❂ ❦ ✥✔✓✄✢✚✝✰✯❣✪✚✾✍✌✄✪✜☛★✕✖☎✩✦★☎✞✝■✦★☎✜☛✛✯❧✟✞✡✙☛✍✌✏✎✒✑✔✓✄✕✖✝■✑✘✕☞✎✚✟✜✛✣✢✤✌✏✥✔☎✞✝✩❺✵❝✲❂✘❞❢❡✣❻☎✜✎❏❺✵❝✲❂✘❞★❑❜❻✼✝✚☎✜✢✤✌❀❉❊✑❏✯❙✎✚☎✣✯✱✪✣✷▼☎✞✝✒✎ ✻ ❑●✻✐✦✲✑✘✢✚☎❏❑✽✥◗✌✽✳❵✓✄✑✔✝✗✦★☎✶✫★✢✚☎✜❉❊✑✔✬✜✢✚☎❊☎✞✝✒✫✖✬✞✪✞☎✶✫✭✓✄☛★✢■✥✸✷ ☛★✕✖☎❊✦★☎✞✝✗✦★☎✜☛✛✯❧✑✘✕✖✪✞✓✄✕★✕☞☛✖☎✞✝✰✯❥☎✜✎
✦★☎▲✝✚☎✞✪✞✓✄✕✖✦★☎✠☎✞✝✚✫✖✬✞✪✞☎✠✫✭✓✄☛★✢❆✥✸✷✹✌✏☛★✎✒✢✚☎✣❂
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∆p = 0 ✦✖✌✏✕✖✝ CΩ,
p = 0 ❑❊✥✸✷ ✑✘✕✛✱✖✕★✑ ,
p = 1 ✝✚☛★✢ Γw,

✓✡✮ CΩ ☎✞✝✒✎❨✥✔☎✼✪✞✓✄❉❊✫★✥✔✟✜❉❏☎✜✕☞✎✤✌✏✑✘✢✚☎▲✦✲☛❀✫★☛★✑✘✎✚✝❅✦✖✌✏✕✖✝
R

3 ☎✜✎ Γw = ∂Ω ❂ ❼ ✑✭✕✖✓✄☛✖✝❅✪✚✾✖✓✄✑✔✝✒✑✔✝✚✝✤✓✄✕✖✝❨✪✞✓✄❉❊❉❏☎✼✢✚☎✜✫★✢✚✟✞✝✚☎✜✕✲✻✎✤✌✏✎✒✑✔✓✄✕❛✑✘✕☞✎✚✟✜✛✣✢✤✌✏✥✔☎▲✥◗✌❊✦★☎✜☛✛✯✲✑✔✬✜❉❏☎▲✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕❘❺✵❝✲❂✘❞★❑❜❻✗❳

(
1

2
I −H ′)

∂p

∂n
= −Dp,

✌✏✥✔✓✄✢✚✝❁✥✔☎▲✝✤☎✞✪✞✓✄✕✖✦❴❉❏☎✜❉❚✮★✢✚☎✧✝✰✷▼☎✲✯❙✫★✢✒✑✘❉❏☎✣✯✖✫✭✓✄☛★✢ x ∈ Γw
❳

Dp(x) =
∂

∂nx

∫

Γw

p(y)
∂G(x − y)

∂ny
dγ(y)

=
∂

∂nx

∫

Γw

∂G(x − y)

∂ny
dγ(y).



✭✁� ✂☎✄✹✚ ▲◆✠●☛★✞✪✎ � �✝✆❀✜ ✞✟✞✵☞✍✫✢✚✛☛✌✠✢✜✤✣✍✓✖✠✦✣✧☛★✕✘✩✤✞✪✚✬✫✢✎✘✓❇▲ ✜✤☞✍✞✥✫✢✎▼✞✏✕✘✩✧✠✠✞ ✎▼▲ ✎✘✞✟✞ ✚✬✣✍✎✔✣✧☛

✡ ✢❩✥◗✌✶✢✚☎✜✥◗✌✏✎✒✑✔✓✄✕✴✦★☎✗✥✸✷✹✌✏✕★✛✣✥✔☎▲✝✚✓✄✥✘✑✔✦★☎✽❺✵❝✲❂☞☛❜❻❨✑✘✕✖✦✲✑✔✡☞☛✖☎▲✡☞☛✖☎❊❳
∫

Γw

∂G(x− y)

∂ny
dγ(y) = 0,

☎✜✎❩✪✞☎✣✯★✫✱✓✄☛★✢❩✎✚✓✄☛★✎ x ∈C Ω ❂✡ ✕✧☎✜✕✩✦★✟✞✦✲☛★✑✘✎❇✌✏✥✔✓✄✢✚✝P✡☞☛✖☎❋✥✔☎❈✝✚☎✞✪✞✓✄✕✖✦❚❉❏☎✜❉✧✮★✢✚☎❅☎✞✝✒✎❭✕☞☛★✥❙✝✒✑☞✓✄✕✧✑✘❉❊✫✱✓✣✝✚☎❋☛★✕✖☎❈✪✞✓✄✕✖✦✲✑✘✎✒✑✔✓✄✕❊✦★☎✿❃■✑✘✢✒✑✔✪✚✾★✥✔☎✜✎❇✪✞✓✄✕✖✝✒✎✤✌✏✕☞✎✚☎
✝✒☛★✢ Γw

✯★☎✜✎❩✝✒✑✘✕✖✓✄✕✆✯★✥✔☎✠✝✤☎✞✪✞✓✄✕✖✦❴❉❏☎✜❉❚✮★✢✚☎✧☎✞✝✒✎❩✦★✟✲✱✖✕★✑P❑✩☛★✕✖☎▲✪✞✓✄✕✖✝✚✎✤✌✏✕✙✎✚☎✠✫★✢✚✬✞✝✰❂
❖❭✌✠✝✤✓✄✥✘☛★✎✒✑✔✓✄✕❀✦★☎❁✥✸✷▼✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕✽✑✘✕☞✎✚✟✜✛✣✢✤✌✏✥✔☎❆☎✞✝✒✎❈✌✏✥✔✓✄✢✚✝❨✌✏☛✖✝✚✝✒✑✖✦★✟✲✱✖✕★✑✔☎■❑✗☛★✕✖☎❩✪✞✓✄✕✖✝✒✎✤✌✏✕☞✎✚☎❩✫★✢✚✬✞✝✰✯❜☎✜✎✿✥◗✌✠✝✚✓✄✥✘☛★✎✒✑✔✓✄✕❏✕☞☛★✥✘✥✔☎
☎✞✝✒✎✩✝✚✓✄✥✘☛★✎✒✑✔✓✄✕s✟✜❬❙✑✔✦★☎✜✕✙✎✚☎❫✦★☎❪✥◗✌❧✦★☎✜☛✛✯✲✑✔✬✜❉❏☎❪✢✚☎✜✫★✢✚✟✞✝✚☎✜✕✙✎✤✌✏✎✒✑✔✓✄✕ ✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✣❂ ❃ ✌✏✑✔✝✶✥◗✌❧✝✤✓✄✥✘☛★✎✒✑✔✓✄✕ ✕☞☛★✥✘✥✔☎❫✕✆✷▼☎✞✝✒✎✶✫✍✌✄✝
✝✚✓✄✥✘☛★✎✒✑✔✓✄✕✽✦✲☛✽❉❏✓☞✦★✬✜✥✔☎✍✌✿❃■❯❘✪✞✓✄✕✖✝✒✑✔✦★✟✜✢✚✟❚❺❵✪✞✓✄✕☞✎✒✢✤✌✄✦✲✑✔✪✜✎✒✑✔✓✄✕❫✌✰❬❜☎✞✪ p = 1 ✝✒☛★✢ Γw

❻t❂✙✉❨☎✞✪✜✑✍❉❏✓✄✕✙✎✒✢✚☎❆✡☞☛✖☎❅✥✸✷▼✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕
✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✽✪✞✓✄✕✖✝✒✑✔✦★✟✜✢✚✟✞☎❊✕✆✷▼☎✞✝✒✎✗✫✍✌✄✝▲✟✞✡☞☛★✑✘❬✄✌✏✥✔☎✜✕☞✎✚☎❏✌✏☛♥❉❏✓☞✦★✬✜✥✔☎✎✌✿❃■❯q✯❥☎✜✎▲✦★✓✄✕✖✪✩✕✖☎❊✪✞✓✄✕✖✝✒✎✒✑✘✎✒☛✖☎✩✫✍✌✄✝✗☛★✕✖☎✩✮✱✓✄✕★✕✖☎
✢✚☎✜✫★✢✚✟✞✝✚☎✜✕☞✎✤✌✏✎✒✑✔✓✄✕❧✑✘✕☞✎✚✟✜✛✣✢✤✌✏✥✔☎❚✦✲☛❴✫★✢✚✓✄✮★✥✔✬✜❉❏☎✣❂
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1

2
α(x) = H ′q(x) −Dp(x) x ∈ ΓD,

1

2
β(x) = Sq(x) −Hp(x) x ∈ ΓN ,

1

2
ϕ(x) = Sq(x) −Hp(x) x ∈ Γw.

❺✵❝✲❂✘❞✓✒❜❻

✳ ①✁�❇① ✳ �✵✴✍⑨✏⑧✬✶✟✷❭⑥✹✸✺✶✼✻❋⑥❭❶❸⑥✙✽ ✁✍④❋⑧✕✔❥④ ✸ ⑨●⑥✙✿✡✶✙⑥✙❂❁⑧
❃ ✌✏✑✘✕✙✎✚☎✜✕✍✌✏✕☞✎❅✡☞☛✖☎❁✕✖✓✄☛✖✝❨✌✞❬❜✓✄✕✖✝❈✎✒✢✤✌✏✑✘✎✚✟❩☛★✕❏✢✚✟✞✝✚☎✜✢✒❬❜✓✄✑✘✢❈✾✖✓✄❉❏✓✄✛❜✬✜✕✖☎❆✑✔✝✤✓✄✎✒✢✚✓✄✫✭☎✣✯✣❉❏✓❙✦★✟✜✥✘✑✔✝✚✟❁✫✍✌✏✢❈☛★✕✖☎❆✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕

✦★☎■❖❭✌✏✫★✥◗✌✄✪✞☎✣✯✲✕✖✓✄☛✖✝❁✌✏✥✘✥✔✓✄✕✖✝❨✟✜✎✚☎✜✕✖✦✲✢✚☎■✥✔☎✞✝❅✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕✖✝❅✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✞✝❁✦★✟✜❬❜☎✜✥✔✓✄✫★✫✖✟✞☎✞✝❁✦✖✌✏✕✖✝❨✥◗✌✶✝✚☎✞✪✜✎✒✑✔✓✄✕❀✫★✢✚✟✞✪✞✟✞✦★☎✜✕☞✎✚☎▲❑
☛★✕❴❉❊✑✘✥✘✑✔☎✜☛✴✌✏✕★✑✔✝✤✓✄✎✒✢✚✓✄✫✭☎✣❂ ✡ ✕❴✢✤✌✏✫★✫✱☎✜✥✘✥✔☎▲✡☞☛✖☎✗✥✸✷▼✟✞✪✞✓✄☛★✥✔☎✜❉❏☎✜✕✙✎■✫✭☎✜✢✒❉✽✌✏✕✖☎✜✕☞✎✼☎✜✕❴❉❊✑✘✥✘✑✔☎✜☛❧✌✏✕★✑✔✝✤✓✄✎✒✢✚✓✄✫✭☎▲☎✞✝✚✎❁✢✚✟✜✛✣✑✆✫✍✌✏✢
✥✸✷▼✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕✺❳

✦✲✑✘❬ (K∇p) = 0 ✦✖✌✏✕✖✝ Ω, ❺✵❝✲❂☞☛✗✖❜❻
✌✞❬❜☎✞✪ K ✥✔☎✠✎✚☎✜✕✖✝✤☎✜☛★✢❆✦★☎✗✫✭☎✜✢✒❉❏✟✰✌✏✮★✑✘✥✘✑✘✎✚✟✧✝✒☛★✫★✫✱✓✣✝✚✟✠✦✲✑◗✌✏✛❜✓✄✕✍✌✏✥❈❳

K =




k1 0 0
0 k2 0
0 0 k3


 .

❖❋✷▼✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕ ❺✵❝✲❂☞☛✗✖❜❻❁✝✰✷▼✟✞✪✜✢✒✑✘✎❆✦★☎✗❉✽✌✏✕★✑✔✬✜✢✚☎❚✟✞✡☞☛★✑✘❬✣✌✏✥✔☎✜✕✙✎✚☎❏❳

k1
∂2p(x)

∂x2
1

+ k2
∂2p(x)

∂x2
2

+ k3
∂2p(x)

∂x2
3

= 0 ✫✱✓✄☛★✢ x ∈ Ω.

✡ ✕✽✝✤☎❁✢✤✌✏❉❏✬✜✕✖☎✼❑✗✥✸✷▼✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕❀✦★☎❆❖❭✌✏✫★✥◗✌✄✪✞☎✧❺✵✌✏☛✽✪✞✓❙☎✙✘✽✪✜✑✔☎✜✕✙✎ k̃ = (k1k2k3)
1/3 ✫★✢✚✬✞✝ ❻q✫✍✌✏✢❋✥✔☎✼✪✚✾✍✌✏✕★✛❜☎✜❉❏☎✜✕✙✎



� �✂✁ �☎✄✝✆✟✞✡✠✂☛✌☞✍✞✏✎✒✑✍✎✔✓✖✕✘✗✙☞✍✚✛☛✌✠✢✜✤✣✍✓✥✠✦✣✧☛★✕✘✩✤✞✪✚✬✫✢✎✘✓ ✭✁�

✦★☎✠❬✣✌✏✢✒✑◗✌✏✮★✥✔☎✞✝❩✝✒☛★✑✘❬✣✌✏✕✙✎✧❺❵✪t✳✿✉❈✾✍✌✏✥✘☛✖✝✄✂✘❞✰❱✆☎✐✯★❃✼✑✘✕★✛✝✂☞☛✣❲✞☎❭☎✜✎✠✟❅☎✞✝✚✝✚✓✄✕✡✂✘❞✣❞☛☎ ❻✗❳

x′ = T x, ✌✞❬❜☎✞✪ T = k̃1/2




1

k
1/2
1

0 0

0
1

k
1/2
2

0

0 0
1

k
1/2
3




:= k̃1/2K
−1/2

.

❖❭✌✶✳✵✓✄✕✖✪✜✎✒✑✔✓✄✕✇✦★☎✄☞■✢✚☎✞☎✜✕✴✌✄✝✚✝✚✓❙✪✜✑✔✟✞☎▲❑✩✥✸✷▼✟✞✡✙☛✍✌✏✎✒✑✔✓✄✕ ❺✵❝✲❂☞☛✗✖❜❻❅☎✞✝✒✎❆✌✏✥✔✓✄✢✚✝❆✦★✓✄✕★✕✖✟✞☎▲✫✍✌✏✢❚❳

G(x− y) =
1

4π|T |1/2
1

r
,

✓✡✮ r2 = (x − y)T T (x − y) ☎✜✎ |T | = ✦★☎✜✎ (T ) ❂ ✡ ✕✺✢✚☎✜❉✽✌✏✢✚✡☞☛✖☎✽✡☞☛✖☎ |T | = ✦★☎✜✎ (T ) = 1 ✯❭✪✞☎✽✡☞☛★✑❋✕✖✓✄☛✖✝✌✏❉❏✬✜✕✖☎❏❳
G(x− y) =

1

4π

1

r
. ❺✵❝✲❂☞☛✲❞❢❻

✡ ✕❊✢✚☎✜❉✽✌✏✢✚✡☞☛✖☎❩✡✙☛✖☎❅✥✔☎❅✕✖✓❢❄✙✌✏☛✽✦★☎✠☞■✢✚☎✞☎✜✕❏✦★✟✜✫✱☎✜✕✖✦❏✦✲☛❊✎✚☎✜✕✖✝✚☎✜☛★✢❋✦★☎❅✫✱☎✜✢✒❉❏✟✰✌✏✮★✑✘✥✘✑✘✎✚✟ K ❑■✎✒✢✤✌✞❬❜☎✜✢✚✝❋✥◗✌■❉✽✌✏✎✒✢✒✑✔✪✞☎ T ❂❦ ✑✘✕✖✝✒✑✸✯❢✫✱✓✄☛★✢q☛★✕✧❉❊✑✘✥✘✑✔☎✜☛❊✝✒✎✒✢✤✌✏✎✒✑❏✱✍✟✣✯✄✪✚✾✍✌✄✡☞☛✖☎❅✪✞✓✄☛✖✪✚✾✖☎ Ωr
✌✏☛★✢✤✌❆☛★✕✖☎❈✳❵✓✄✕✖✪✜✎✒✑✔✓✄✕❊✦★☎✌☞■✢✚☎✞☎✜✕✩✦✲✑✎✍✱✟✜✢✚☎✜✕☞✎✚☎❁✦★✟✜✫✭☎✜✕✖✦✖✌✏✕☞✎

✦✲☛❛✎✚☎✜✕✖✝✚☎✜☛★✢❩✦★☎▲✫✭☎✜✢✒❉❏✟✰✌✏✮★✑✘✥✘✑✘✎✚✟ Kr
✡☞☛★✑❥✥✘☛★✑✆☎✞✝✒✎❩✫★✢✚✓✄✫★✢✚☎✣❂

✏ ✌✏✫★✫✱☎✜✥✔✓✄✕✖✝❁✥◗✌✩✕✖✓✄✎✤✌✏✎✒✑✔✓✄✕❧✝✒☛★✑✘❬✄✌✏✕☞✎✚☎✠✑✘✕✙✎✒✢✚✓❙✦✲☛★✑✘✎✚☎❚✦✖✌✏✕✖✝❆✥✔☎✠✪✚✾✍✌✏✫★✑✘✎✒✢✚☎❀❞❊❳
∂p

∂(Kn)
=

1

k̃
K∇p.n. ❺✵❝✲❂☞☛✗☛❜❻

❖✆☎✞✝❩✳❵✓✄✢✒❉✧☛★✥✔☎✞✝❆✦★☎✗✢✚☎✜✫★✢✚✟✞✝✚☎✜✕☞✎✤✌✏✎✒✑✔✓✄✕ ❺✵❝✲❂✘❞✣❞❢❻❁☎✜✎✧❺✵❝✲❂✘❞✓☛❜❻❅✦★☎✜❬❙✑✔☎✜✕★✕✖☎✜✕✙✎■✌✏✥✔✓✄✢✚✝❢✯✲✫✭✓✄☛★✢ x ∈ Γ ❳

1

2
p(x) =

∫

Γ

∂p(y)

∂(Kny)
G(x− y) dγ(y) −

∫

Γ
p(y)

∂G(x− y)

∂(Kny)
dγ(y) ❺✵❝✲❂☞☛✣❝❜❻

1

2

∂p(x)

∂(Knx)
=

∫

Γ

∂p(y)

∂(Kny)

∂G(x − y)

∂(Knx)
dγ(y) − ∂

∂(Knx)

∫

Γ
p(y)

∂G(x − y)

∂(Kny)
dγ(y) ❺✵❝✲❂☞☛✒✑☞❻

❯q✓✄☛★✢✿☛★✕❏✢✚✟✞✝✤☎✜✢✒❬❜✓✄✑✘✢❨✌✏✕★✑✔✝✚✓✄✎✒✢✚✓✄✫✱☎✣✯❜✕✖✓✄☛✖✝❋✟✞✪✜✢✒✑✘✢✚✓✄✕✖✝❨✦★✓✄✕✖✪❁✥✸✷▼✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕✴❺✵❝✲❂☞☛✣❝❜❻❋✝✒☛★✢ ΓN
☎✜✎ Γw

✯✣☎✜✎❋✥✸✷▼✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕
❺✵❝✲❂☞☛✒✑☞❻❅✝✒☛★✢ ΓD

❂
✳ ①✔✓❇①✖✕ �✵✴✍⑨✏⑧✬✶✟✷❭⑥✹✸✺✶✴❶s⑦✿❹✺✿✟✸✘✗✜⑤✲⑥P⑦✿⑤✘✻✿⑧✍⑨

❃✠✌✏✕✖✝■✥✔☎✩✪✰✌✄✝■✦❥✷ ☛★✕✴✢✚✟✞✝✚☎✜✢✒❬❜✓✄✑✘✢✗❉❚☛★✥✘✎✒✑ ✻✐✪✞✓✄☛✖✪✤✾✖☎✞✝✰✯❥✕✖✓✄☛✖✝✗✢✚✟✞✝✚✓✄☛✖✦✲✢✚✓✄✕✖✝■✥✔☎✶✫★✢✚✓✄✮★✥✔✬✜❉❏☎✩☎✜✕♥✟✞✪✜✢✒✑✘❬✄✌✏✕☞✎■✥✔☎✞✝✗✟✞✡☞☛✍✌●✻
✎✒✑✔✓✄✕✖✝❁✑✘✕☞✎✚✟✜✛✣✢✤✌✏✥✔☎✞✝❆✦✖✌✏✕✖✝❩✪✤✾✍✌✄✪✜☛★✕✖☎▲✦★☎✞✝❁✪✞✓✄☛✖✪✚✾✖☎✞✝ Ωr

✦★☎■✳❵✢✚✓✄✕✙✎✒✑✔✬✜✢✚☎ Γr
✯❙✫★☛★✑✔✝❁✕✖✓✄☛✖✝❆✪✞✓✄☛★✫★✥✔☎✜✢✚✓✄✕✖✝❁✥✔☎✞✝❩✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕✖✝

✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✞✝❚✛✣✢✚✙✄✪✞☎❊✌✏☛✛✯✴✪✞✓✄✕✖✦✲✑✘✎✒✑✔✓✄✕✖✝▲✦★☎❊✪✞✓✄✕☞✎✒✑✘✕✙☛★✑✘✎✚✟❏✦★☎✶✫★✢✚☎✞✝✚✝✒✑✔✓✄✕◆☎✜✎✠✦★☎ ◗✖☛✛✯♦✌✏☛✛✯✴✑✘✕✙✎✚☎✜✢ ✳✸✌✄✪✞☎✞✝ Γrs
☎✜✕☞✎✒✢✚☎❊✥✔☎✞✝

✪✞✓✄☛✖✪✚✾✖☎✞✝✧❳ 



pr = ps
✝✒☛★✢ Γrs,

k̃r
∂pr

∂(Krnr)
= −k̃s

∂ps

∂(Ksns)

✝✒☛★✢ Γrs.

❍■✓✄☛✖✝❁✕✖✓✄✎✚☎✜✢✚✓✄✕✖✝❆✦★✟✞✝✤✓✄✢✒❉✽✌✏✑✔✝❚❳

qr :=
1

k̃r

∂pr

∂(Krnr)
, ✫✭✓✄☛★✢ r = 1, . . . ,NR.
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❯②✌✏✢✼✢✤✌✏✫★✫✱✓✄✢✒✎■✌✏☛❧❉❏✓☞✦★✬✜✥✔☎❚✫✭✓✄☛★✢✼☛★✕✇✢✚✟✞✝✚☎✜✢✒❬❜✓✄✑✘✢■✾✖✓✄❉❏✓✄✛❜✬✜✕✖☎✣✯❣✕✖✓✄☛✖✝■✌✰❬❜✓✄✕✖✝■✌✏✥✔✓✄✢✚✝■✦★☎✞✝❆✑✘✕✖✪✞✓✄✕★✕☞☛✖☎✞✝✗✝✒☛★✫★✫★✥✔✟t✻
❉❏☎✜✕✙✎✤✌✏✑✘✢✚☎✞✝■✝✒☛★✢❩✪✤✾✍✌✄✡✙☛✖☎✠✑✘✕☞✎✚☎✜✢ ✳✵✌✄✪✞☎ Γrs

✯✍❑✩✝ ✌✞❬❜✓✄✑✘✢❩✥◗✌✩✫★✢✚☎✞✝✤✝✒✑✔✓✄✕❛☎✜✎❩✥✔☎✝◗✖☛✛✯♥❳

prs := pr = ps
✝✒☛★✢ Γrs,

qrs :=
∂pr

∂(Krnr)
= qr = − k̃r

k̃s

∂ps

∂(Ksns)
= − k̃r

k̃s
qs

✝✒☛★✢ Γrs,
✫✭✓✄☛★✢ r < s.

❖❋✷ ✑✘✕✖✪✞✓✄✕★✕☞☛✖☎ qrs ☎✞✝✚✎❩✪✚✾✖✓✄✑✔✝✒✑✔☎✶✌✏✢✒✮★✑✘✎✒✢✤✌✏✑✘✢✚☎✜❉❏☎✜✕✙✎■✫✍✌✏✢❩✪✞✓✄❉❊❉❏✓☞✦✲✑✘✎✚✟✣❂❖❭✌❚✳✵✓✄✕✖✪✜✎✒✑✔✓✄✕❪✦★☎ ☞■✢✚☎✞☎✜✕❫☎✞✝✒✎❅✦✲✑✎✍✱✟✜✢✚☎✜✕☞✎✚☎✠✦✖✌✏✕✖✝❅✪✚✾✍✌✄✡☞☛✖☎■✪✞✓✄☛✖✪✤✾✖☎ Ωr
✯☞✫★☛★✑✔✝✚✡☞☛✆✷▼☎✜✥✘✥✔☎✗✦★✟✜✫✭☎✜✕✖✦❪✦★☎❆✥◗✌✧✫✱☎✜✢✒❉❏✟✰✌●✻

✮★✑✘✥✘✑✘✎✚✟ Kr
❂ ✌❇✥✘✥✔☎▲✝✚☎✜✢✤✌✶✑✘✕✖✦★☎✲✯★✟✞☎✠✫✍✌✏✢ r ❳

Gr(x− y) =
1

4π

1

(x− y)T Tr (x− y)
,

✌✞❬❜☎✞✪ Tr ✥◗✌✶❉✽✌✏✎✒✢✒✑✔✪✞☎❚✦★☎✠✪✤✾✍✌✏✕★✛❜☎✜❉❏☎✜✕✙✎✗✦★☎✠❬✣✌✏✢✒✑◗✌✏✮★✥✔☎▲✦★✟✲✱✖✕★✑✔☎▲✦✖✌✏✕✖✝❁✥✔☎✠✫✍✌✏✢✤✌✏✛✣✢✤✌✏✫★✾✖☎❚✫★✢✚✟✞✪✞✟✞✦★☎✜✕✙✎✼✫✍✌✏✢❚❳

Tr = k̃1/2
r K

−1/2

r .

❦ ✑✘✕✖✝✒✑✆☎✜✕❛✑✘✕✖✦★☎✲✯✖✌✏✕✙✎❩✥✔☎✞✝❆✓✄✫✖✟✜✢✤✌✏✎✚☎✜☛★✢✚✝❆✑✘✕☞✎✚✟✜✛✣✢✤✌✏☛✛✯✺❳

Srq(x) =

∫

Γr

Gr(x− y)q(y) dγ(y), ❺✵❝✲❂☞☛✣❲❜❻

Hrp(x) =

∫

Γr

∂Gr(x− y)

∂(Krny)
p(y) dγ(y), ❺✵❝✲❂☞☛✣❱❜❻

H ′
rq(x) =

∫

Γr

∂Gr(x− y)

∂(Krnx)
q(y) dγ(y), ❺✵❝✲❂☞☛❜❡✣❻

Drp(x) =
∂

∂(Krnx)

∫

Γr

∂Gr(x− y)

∂(Krny)
p(y) dγ(y), ❺✵❝✲❂☞☛❁❑❜❻

✓✄✕❛✫✱☎✜☛★✎❩✟✞✪✜✢✒✑✘✢✚☎✣✯✖✦✖✌✏✕✖✝❆✪✤✾✍✌✄✡✙☛✖☎❚✪✞✓✄☛✖✪✚✾✖☎ Ωr
❳





1

2
qr(x) = H ′

rpr(x) −Drqr(x), x ∈ Γr,D,

1

2
pr(x) = Srpr(x) −Hrqr(x), x ∈ Γr,N ,

1

2
pr(x) = Srpr(x) −Hrqr(x), x ∈ Γr,w.

❤ ✥✠✕✖✓✄☛✖✝❴✢✚☎✞✝✒✎✚☎♥❉✽✌✏✑✘✕☞✎✚☎✜✕✍✌✏✕✙✎♥❑ ✟✞✪✜✢✒✑✘✢✚☎♥☛★✕✖☎◆✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕ ✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✺✫✭✓✄☛★✢❴✎✒✢✚✓✄☛★❬❜☎✜✢ prs ✯❁☎✜✎❛☛★✕✖☎♥✦★☎✜☛✛✯✲✑✔✬✜❉❏☎✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕❏✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✼✫✭✓✄☛★✢✿✎✒✢✚✓✄☛★❬❜☎✜✢ qrs ❂❜❍■✓✄☛✖✝✿✌✞❬❜✓✄✕✖✝❈✫★✥✘☛✖✝✒✑✔☎✜☛★✢✚✝❇✫✱✓✣✝✚✝✒✑✘✮★✑✘✥✘✑✘✎✚✟✞✝❢✯❜☎✜✎❋✕✖✓✄☛✖✝❋✪✤✾✖✓✄✑✔✝✒✑✔✝✚✝✚✓✄✕✖✝❈✦❥✷▼✟✞✪✜✢✒✑✘✢✚☎✥✸✷▼✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕♠❺✵❝✲❂☞☛✣❝❜❻▲✫✱✓✄☛★✢ prs ✦✖✌✏✕✖✝✶✥✔☎✽✦★✓✄❉✽✌✏✑✘✕✖☎ Ωs
✯❭✝✒✑ s > r ✯❭☎✜✎✶✥✸✷▼✟✞✡✙☛✍✌✏✎✒✑✔✓✄✕ ❺✵❝✲❂☞☛✒✑☞❻▲✫✭✓✄☛★✢ qrs ✦✖✌✏✕✖✝✶✥✔☎✦★✓✄❉✽✌✏✑✘✕✖☎ Ωr

✯★✝✒✑ s < r ❳
1

2
prs(x) = Ss qs(x) − Hs ps(x),

✫✭✓✄☛★✢ x ∈ Γrs,

1

2
qrs(x) = H ′

r qr(x) − Dr pr(x),
✫✱✓✄☛★✢ x ∈ Γrs.
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❦ ✑✘✕✖✝✒✑▲✕✖✓✄☛✖✝✴✓✄✮★✎✚☎✜✕✖✓✄✕✖✝✇✥✔☎❘✝✒❄❙✝✚✎✚✬✜❉❏☎◆✦❥✷▼✟✞✡✙☛✍✌✏✎✒✑✔✓✄✕✖✝❧✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✞✝♦✝✒☛★✑✘❬✣✌✏✕✙✎✰✯❆✫✭✓✄☛★✢ r = 1, . . . ,Nr
✯❩☎✜✎ s =

1, . . . ,Nr
❳





1

2
qr(x) = H ′

r qr(x) −Dr pr(x), x ∈ Γr,D,

1

2
pr(x) = Sr qr(x) −Hr pr(x), x ∈ Γr,N ,

1

2
pr(x) = Sr qr(x) −Hr pr(x), x ∈ Γr,w,

1

2
prs(x) = Ss qs(x) −Hs ps(x) x ∈ Γrs, s > r,

1

2
qrs(x) = H ′

r qr(x) −Dr pr(x) x ∈ Γrs, s < r.
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❯q✓✄☛★✢❆✝✒✑✘❉❊✫★✥✘✑❏✱✍☎✜✢✰✯✲✕✖✓✄☛✖✝❩✪✞✓✄✕✖✝✚✑✔✦★✟✜✢✚✓✄✕✖✝❁✥✔☎✗❉❏✓☞✦★✬✜✥✔☎❏❺✵❝✲❂✘❞❢❻t✯✲✾✖✓✄❉❏✓✄✛❜✬✜✕✖☎✣✯✖✑✔✝✚✓✄✎✒✢✚✓✄✫✭☎✣✯★☎✜✎❁✦★✓✄✕☞✎❩✥✔☎✞✝❁✪✞✓✄✕✖✝✒✎✤✌✏✕✙✎✚☎✞✝
✫★✾✙❄✲✝✒✑✔✡☞☛✖☎✞✝❏✝✚✓✄✕☞✎❏✝✒☛★✫★✫✭✓✣✝✤✟✞☎✞✝❊✟✜✛✙✌✏✥✔☎✞✝✽❑ ❞✣❂❇❖✆☎❴✝✒❄✲✝✒✎✚✬✜❉❏☎❴✦❥✷▼✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕✖✝❊✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✞✝❪✡✙☛✖☎❪✕✖✓✄☛✖✝✽✌✰❬❜✓✄✕✖✝✽✪✤✾✖✓✄✑✔✝✒✑
✫✱✓✄☛★✢❁✢✚☎✜✫★✢✚✟✞✝✚☎✜✕✙✎✚☎✜✢✗✪✞☎✗❉❏✓☞✦★✬✜✥✔☎❚☎✞✝✒✎❁✥✔☎✠✝✒❄✲✝✒✎✚✬✜❉❏☎❏❺✵❝✲❂✘❞✓✒❜❻t❂ ✏ ✌✏✫★✫✭☎✜✥✔✓✄✕✖✝ ✻✸✥✔☎❊❳

(3.19)





1

2
α(x) = H ′q(x) −Dp(x) x ∈ ΓD,

1

2
β(x) = Sq(x) −Hp(x) x ∈ ΓN ,

1

2
ϕ(x) = Sq(x) −Hp(x) x ∈ Γw.

❃✠✌✏✕✖✝❇☛★✕❏✫★✢✚☎✜❉❊✑✔☎✜✢✿✎✚☎✜❉❊✫✖✝✰✯✣✕✖✓✄☛✖✝✿✌✏✥✘✥✔✓✄✕✖✝❋✝✚☛★✫★✫✭✓✣✝✚☎✜✢❋✡☞☛✖☎❁✥◗✌■✫★✢✚☎✞✝✚✝✚✑✔✓✄✕❊✥✔☎❁✥✔✓✄✕★✛▲✦✲☛❏✫★☛★✑✘✎✚✝❋☎✞✝✒✎❋✦★✓✄✕★✕✖✟✞☎❆✦✖✌✏✕✖✝
✥✔☎✗❉❏✓❙✦★✬✜✥✔☎✽❺✵❝✲❂✘❞❢❻t❂ ✡ ✕❧✌❊✌✏✥✔✓✄✢✚✝✼✦✖✌✏✕✖✝❚❺✵❝✲❂✘❞✓✒❜❻ ϕ = pw

✪✞✓✄✕★✕✙☛✖☎✣❂

❤ ✥✆☎✞✝✒✎❅✳✸✌✄✪✜✑✘✥✔☎▲✦★☎✗❉❏✓✄✕✙✎✒✢✚☎✜✢■✡✙☛✖☎✗✥◗✌❊✝✤✓✄✥✘☛★✎✒✑✔✓✄✕✇✦✲☛❴❉❏✓☞✦★✬✜✥✔☎ ✌❋❃✗❯ ❺❵✓✄✕❧✌✩✦★✟✷✶✚❑✩❉❏✓✄✕✙✎✒✢✚✟❚✦✖✌✏✕✖✝❩✥✔☎✠✪✚✾✍✌✏✫★✑✘✎✒✢✚☎ ☛
✡☞☛✆✷▼☎✜✥✘✥✔☎▲☎✲✯❙✑✔✝✚✎✚☎✠☎✜✎❩☎✞✝✒✎❩☛★✕★✑✔✡☞☛✖☎❢❻t✯✖☎✞✝✒✎❆✌✏☛✖✝✚✝✒✑✆✝✤✓✄✥✘☛★✎✒✑✔✓✄✕✇✦✲☛❛✝✒❄✲✝✒✎✚✬✜❉❏☎✠✦❥✷▼✟✞✡✙☛✍✌✏✎✒✑✔✓✄✕✖✝✼✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✞✝✼✪✜✑ ✻✐✦★☎✞✝✚✝✒☛✖✝✰❂

❍■✓✄☛✖✝❈✌✏✥✘✥✔✓✄✕✖✝❈✦★✓✄✕✖✪❩❉❏✓✄✕✙✎✒✢✚☎✜✢❈✥◗✌✗✢✚✟✞✪✜✑✘✫★✢✚✓❙✡✙☛✖☎✣✯✙✑✸❂▼☎✣❂✙✡☞☛✖☎❅✥◗✌▲✝✚✓✄✥✘☛★✎✒✑✔✓✄✕✽✦✲☛❀✝✒❄❙✝✚✎✚✬✜❉❏☎❩✦❥✷▼✟✞✡✙☛✍✌✏✎✒✑✔✓✄✕✖✝❈✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✞✝
✪✜✑ ✻✐✦★☎✞✝✚✝✒☛✖✝✿☎✞✝✒✎②✮★✑✔☎✜✕✽✝✚✓✄✥✘☛★✎✒✑✔✓✄✕❏✦✲☛❊❉❏✓❙✦★✬✜✥✔☎✍✌❋❃✗❯P❂✙❯P✓✄☛★✢✿✪✞☎✜✥◗✌✲✯❜✕✖✓✄☛✖✝✿✌✏✥✘✥✔✓✄✕✖✝❇❉❏✓✄✕✙✎✒✢✚☎✜✢❈✡✙☛✖☎❅✥✔☎❁✝✒❄✲✝✒✎✚✬✜❉❏☎❁✦❥✷▼✟✞✡☞☛✍✌●✻
✎✒✑✔✓✄✕✖✝❅✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✞✝■✌✄✦✲❉❏☎✜✎❁☛★✕✖☎■☛★✕★✑✔✡✙☛✖☎✠✝✚✓✄✥✘☛★✎✒✑✔✓✄✕✆❂ ❦ ✥✔✓✄✢✚✝❅✪✞☎✜✎✒✎✚☎✠✝✚✓✄✥✘☛★✎✒✑✔✓✄✕❴✕✖☎■✫✭✓✄☛★✢✒✢✤✌✩✡☞☛✆✷✸✴✜✎✒✢✚☎■✥◗✌✶✝✚✓✄✥✘☛★✎✒✑✔✓✄✕❛✦✲☛
❉❏✓❙✦★✬✜✥✔☎ ✌❋❃✗❯P❂



✭✁� ✂☎✄✹✚ ▲◆✠●☛★✞✪✎ �✁� ✆❀✜ ✞✟✞✵☞✍✫✢✚✛☛✌✠✢✜✤✣✍✓✖✠✦✣✧☛★✕✘✩✤✞✪✚✬✫✢✎✘✓❇▲ ✜✤☞✍✞✥✫✢✎▼✞✏✕✘✩✧✠✠✞ ✎▼▲ ✎✘✞✟✞ ✚✬✣✍✎✔✣✧☛

❯q✓✄☛★✢❁❄❊❬❜✓✄✑✘✢❅✫★✥✘☛✖✝❨✪✜✥◗✌✏✑✘✢✰✯❙✕✖✓✄☛✖✝❁✌✏✥✘✥✔✓✄✕✖✝❅✦★✟✜❬❜☎✜✥✔✓✄✫★✫✭☎✜✢❁✥✔☎■✝✒❄✲✝✒✎✚✬✜❉❏☎■☎✜✕❀✑✘✕✖✦★☎✲✯✖✌✏✕✙✎❩✦★☎✜☛✛✯❏✳✵✓✄✑✔✝❈✥✔☎✞✝❨✓✄✫✖✟✜✢✤✌✏✎✚☎✜☛★✢✚✝
✑✘✕✙✎✚✟✜✛✣✢✤✌✏☛✛✯✇✝✚☛★✑✘❬✄✌✏✕☞✎❆✪✞☎✜✎❩☎✲✯✲☎✜❉❊✫★✥✔☎✽❳

SD,Nq(x) =

∫

ΓD

G(x− y)q(y) dγ(y), x ∈ ΓN ,

☎✜✎❁✕✖✓✄☛✖✝❩✕✖✓✄✎✚☎✜✢✚✓✄✕✖✝❆✢✚☎✞✝✒✫✱☎✞✪✜✎✒✑✘❬❜☎✜❉❏☎✜✕✙✎ ID ✯ IN ✯ Iw ✯✲✥✸✷ ✑✔✦★☎✜✕☞✎✒✑✘✎✚✟❚✝✒☛★✢ ΓD
✯ ΓN ✯✖☎✜✎ Γw

❂
❖✆☎❚✝✒❄❙✝✚✎✚✬✜❉❏☎❏❺✵❝✲❂✘❞✓✒❜❻❅✝✰✷▼✟✞✪✜✢✒✑✘✎✼✌✏✥✔✓✄✢✚✝▲❳




(
1

2
ID −H ′

D,D

)
α+DN,D β −H ′

w,D ψ = −DD,D pD −Dw,D pw,

−SD,N α+

(
1

2
IN +HN,N

)
β − Sw,N ψ = −HD,N pD −Hw,N pw,

−SD,w α+HN,w β − Sw,w ψ = −HD,w pD −
(

1

2
Iw +Hw,w

)
pw.

❖❋✷▼✓✄✫✖✟✜✢✤✌✏✎✚☎✜☛★✢■❉✽✌✏✎✒✢✒✑✔✪✜✑✔☎✜✥P✌✄✝✚✝✤✓☞✪✜✑✔✟▲❑✩✪✞☎▲✝✚❄❙✝✒✎✚✬✜❉❏☎✠☎✞✝✚✎❩✦★✓✄✕✖✪❏❳

A =




1

2
ID −H ′

D,D DN,D −H ′
w,D

−SD,N
1

2
IN +HN,N −Sw,N

−SD,w HN,w −Sw,w




.

✡ ✕ ❬✄✌✇☛★✎✒✑✘✥✘✑✔✝✚☎✜✢❊✥◗✌❧✎✒✾✖✟✞✓✄✢✒✑✔☎❫✦★☎✄✂★✢✚☎✞✦✲✾✖✓✄✥✘❉ ❺ ✥✸✷▼✓✄✫✱✟✜✢✤✌✏✎✚☎✜☛★✢❏✦✲✑◗✌✏✛❜✓✄✕✍✌✏✥❩✦★☎ A ✶ ✓✄☛✍✌✏✕☞✎✶✥✔☎❪✢✑✏✄✥✔☎❫✦★☎❪✥✸✷ ✑✔✦★☎✜✕✙✎✒✑✘✎✚✟❢❻t❂
✌❇✎✒☛✖✦✲✑✔✓✄✕✖✝✼✦★✓✄✕✖✪✠✥✔☎✠✕✖✓✰❄✙✌✏☛❧✦★☎✠✥✸✷✹✌✄✦ ✶ ✓✄✑✘✕☞✎✼✦★☎✠✪✞☎✜✎❆✓✄✫✖✟✜✢✤✌✏✎✚☎✜☛★✢✼❉✽✌✏✎✒✢✒✑✔✪✜✑✔☎✜✥✸❂✖❖❋✷▼✓✄✫✖✟✜✢✤✌✏✎✚☎✜☛★✢✠✌✄✦ ✶ ✓✄✑✘✕☞✎❆✝✰✷▼✟✞✪✜✢✒✑✘✎❚❳

A∗ =




1

2
ID −HD,D −SN,D −Sw,D

DD,N
1

2
IN +H ′

N,N H ′
w,N

−HD,w −SN,w −Sw,w




.

✏ ✟✞✝✚✓✄✥✘❬❜✓✄✕✖✝ A∗x = 0 ✯✍✌✞❬❜☎✞✪ x = (α, β, ψ) ❂

❼ ✓✄✑✘✎ u ✦★✟✲✱✖✕★✑❭✦✖✌✏✕✖✝ Ω ✫✍✌✏✢▲❳
u(x) = −MD(α)(x) − LN (β)(x) − Lw(ψ)(x)

= −
∫

ΓD

α(y)
∂G(x − y)

∂ny
dγ(y) −

∫

ΓN

β(y)G(x − y) dγ(y) −
∫

Γw

ψ(y)G(x − y) dγ(y).

❖✆☎✞✝❫✓✄✫✖✟✜✢✤✌✏✎✚☎✜☛★✢✚✝❴✦★☎✇✝✚✑✘❉❊✫★✥✔☎✴☎✜✎❪✦★✓✄☛★✮★✥✔☎♦✪✞✓✄☛✖✪✚✾✖☎♦✓✄✕✙✎❴✟✜✎✚✟❧✑✘✕✖✦★☎✲✯✲✟✞✝❀✫✍✌✏✢❀✥◗✌✺✥✔☎✜✎✒✎✒✢✚☎♦✡✙☛★✑■✪✞✓✄✢✒✢✚☎✞✝✒✫✱✓✄✕✖✦♣❑◆✥◗✌
✳❵✢✚✓✄✕✙✎✒✑✔✬✜✢✚☎❚✝✚☛★✢❁✥◗✌✄✡✙☛✖☎✜✥✘✥✔☎✠✑✘✥✔✝❩✫✭✓✄✢✒✎✚☎✜✕☞✎✰❂
✡ ✕♦✝✤✌✏✑✘✎✼✦❥✷✹✌✏✫★✢✚✬✞✝■✥✔☎✞✝✼✢✚☎✜✥◗✌✏✎✒✑✔✓✄✕✖✝■✦★☎✶✝✤✌✏☛★✎■✦★☎✞✝✼✫✱✓✄✎✚☎✜✕✙✎✒✑✔☎✜✥✔✝✗✦★☎✶✝✒✑✘❉❊✫★✥✔☎❚☎✜✎✗✦★✓✄☛★✮★✥✔☎✶✪✞✓✄☛✖✪✚✾✖☎✶✢✤✌✏✫★✫✭☎✜✥✔✟✞✝✗✦✖✌✏✕✖✝✼✥◗✌
✝✚☎✞✪✜✎✒✑✔✓✄✕❧❝✲❂✘❞✣❂✘❞❚✡✙☛✖☎❊❳

γ−0 (−MD(α)) =

(
1

2
ID − HD,D

)
α ✝✚☛★✢ ΓD,

γ−1 (−LN (β)) = −
(

1

2
IN + H ′

N,N

)
β ✝✚☛★✢ ΓN .



�✁� � �✁� ✕✟☛ ✄✍✜❀✑✍✎✔✓✥✣❀☞ ✞ ✕✘✞✡✠✢✗✙☞✹✎✔✓❊▲ ✜✤☞✍✞✖✞✏✕✘✓★✜✧☞✹✑❖✞✏✎▼✫✄✂❏✕✔✗✙☞✹✚✛☛✌✠✢✜✧✣ ✠✦✣✧☛★✕✘✩✤✞✪✚✬✫✢✎ ✭✆☎

✌❇✕❏❉✧☛★✥✘✎✒✑✘✫★✥✘✑◗✌✏✕✙✎❅✥◗✌✠✝✚☎✞✪✞✓✄✕✖✦★☎✼✟✞✡✙☛✍✌✏✎✒✑✔✓✄✕❀✫✍✌✏✢ −1 ✯❜☎✜✎✿☎✜✕✽✢✚☎✜❉✽✌✏✢✚✡✙☛✍✌✏✕☞✎❨✡☞☛✖☎❁✥✔☎✞✝✿✌✏☛★✎✒✢✚☎✞✝❨✓✄✫✖✟✜✢✤✌✏✎✚☎✜☛★✢✚✝✿✑✘✕☞✎✚✟✜✛✣✢✤✌✏☛✛✯✝✚✓✄✕☞✎■✪✞✓✄✕☞✎✒✑✘✕✙☛✖✝❚❑✽✥◗✌❏✎✒✢✤✌✰❬❜☎✜✢✚✝✚✟✞☎✩✦★☎❚✥◗✌❏✳❵✢✚✓✄✕✙✎✒✑✔✬✜✢✚☎✩✝✒☛★✢■✥◗✌✄✡✙☛✖☎✜✥✘✥✔☎✶✑✘✥✔✝■✝✚✓✄✕✙✎✠✦★✟✲✱✖✕★✑✔✝✰✯❣✕✖✓✄☛✖✝■✫✭✓✄☛★❬❜✓✄✕✖✝■✢✚✟✞✟✞✪✜✢✒✑✘✢✚☎✶✥✔☎
✝✒❄✲✝✒✎✚✬✜❉❏☎ A∗x = 0 ☎✜✕❴✳✵✓✄✕✖✪✜✎✒✑✔✓✄✕✇✦★☎✞✝❁✎✒✢✤✌✄✪✞☎✞✝❆✦★☎ u ❳





γ−0 (u) = 0 ✝✒☛★✢ ΓD,
γ−1 (u) = 0 ✝✒☛★✢ ΓN ,
γ−0 (u) = 0 ✝✒☛★✢ Γw.

❃✗☎❅✫★✥✘☛✖✝✰✯ u ❬✲✟✜✢✒✑❏✱✍☎ ∆u = 0 ✦✖✌✏✕✖✝ Ω ✯✄✫★☛★✑✔✝✚✡☞☛✖☎ u ☎✞✝✒✎❇☛★✕✖☎❆✪✞✓✄❉❚✮★✑✘✕✍✌✏✑✔✝✚✓✄✕❀✥✘✑✘✕✖✟✰✌✏✑✘✢✚☎❆✦★☎✞✝❇✫✱✓✄✎✚☎✜✕✙✎✒✑✔☎✜✥✔✝❈✦★☎❩✝✒✑✘❉❊✫★✥✔☎☎✜✎✧✦★✓✄☛★✮★✥✔☎❫✪✞✓✄☛✖✪✤✾✖☎❪✌✰❬❜☎✞✪✽✥✔☎❀✕✖✓✰❄✙✌✏☛ ✦★☎ ☞✗✢✚☎✞☎✜✕ ✌✄✝✚✝✚✓❙✪✜✑✔✟❀✌✏☛❘✥◗✌✏✫★✥◗✌✄✪✜✑✔☎✜✕✆❂ ✡ ✕❘✫✱☎✜☛★✎❚✑✘✕☞✎✚☎✜✢✒✫★✢✚✟✜✎✚☎✜✢✶✥✔☎❪✝✒❄✲✝✒✎✚✬✜❉❏☎
A∗x = 0 ✪✞✓✄❉❊❉❏☎▲✥✔☎✗✫★✢✚✓✄✮★✥✔✬✜❉❏☎✶✌✏☛✛✯❪✥✘✑✘❉❊✑✘✎✚☎✞✝✼✝✒☛★✑✘❬✄✌✏✕☞✎❚❳





∆u = 0 ✦✖✌✏✕✖✝ Ω,
u = 0 ✝✒☛★✢ ΓD,
∂u

∂n
= 0 ✝✒☛★✢ ΓN ,

u = 0 ✝✒☛★✢ Γw.

❤ ✥❨☎✞✝✒✎❊✌✏✥✔✓✄✢✚✝✩✟✜❬☞✑✔✦★☎✜✕☞✎❊✡✙☛✖☎❪✪✞☎❫✝✒❄❙✝✚✎✚✬✜❉❏☎❀✌✄✦✲❉❏☎✜✎✩✫✭✓✄☛★✢✩☛★✕★✑✔✡☞☛✖☎❀✝✤✓✄✥✘☛★✎✒✑✔✓✄✕ ✥◗✌❧✝✚✓✄✥✘☛★✎✒✑✔✓✄✕ ✕✙☛★✥✘✥✔☎❫✦✖✌✏✕✖✝ H1(Ω) ❂❃✗✓✄✕✖✪ u ☎✞✝✒✎❁✕☞☛★✥❭✦✖✌✏✕✖✝ Ω ✯★☎✜✎❩✝✚☎✞✝❁✎✒✢✤✌✄✪✞☎✞✝❩✝✚✓✄✕☞✎❩✕✙☛★✥✘✥✔☎✞✝❢✯✍☎✜✕❴✫✍✌✏✢✒✎✒✑✔✪✜☛★✥✘✑✔☎✜✢ α, β ☎✜✎ ψ ❂✡ ✕◆☎✜✕♥✦★✟✞✦✲☛★✑✘✎❚✌✏✥✔✓✄✢✚✝▲✡☞☛✖☎✧✥✔☎✩✕✖✓❢❄✙✌✏☛◆✦★☎ A∗ ✝✚☎✶✢✚✟✞✦✲☛★✑✘✎❚✌✏☛♦❬❜☎✞✪✜✎✚☎✜☛★✢▲✕☞☛★✥✸❂❥❃■✓✄✕✖✪✣✯❥✦❥✷✹✌✏✫★✢✚✬✞✝▲✥✸✷✹✌✏✥✘✎✚☎✜✢✒✕✍✌✏✎✒✑✘❬❜☎❏✦★☎
✂★✢✚☎✞✦✲✾✖✓✄✥✘❉❛✯✍✥✔☎▲✝✒❄✲✝✒✎✚✬✜❉❏☎✠✦❥✷▼✟✞✡✙☛✍✌✏✎✒✑✔✓✄✕✖✝❆✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✞✝✗✌✄✦✲❉❏☎✜✎❩☛★✕✖☎✗☛★✕★✑✔✡☞☛✖☎▲✝✚✓✄✥✘☛★✎✒✑✔✓✄✕✆❂

❃✩✷✹✌✏☛★✎✒✢✚☎✠✫✍✌✏✢✒✎✰✯✍✕✖✓✄☛✖✝❆✌✞❬❜✓✄✕✖✝❆❬☞☛✇✡☞☛✖☎✗✥✔☎✠✫★✢✚✓✄✮★✥✔✬✜❉❏☎☎✌❋❃✗❯ ✌✄✦✲❉❏☎✜✎❩☛★✕✖☎✠☛★✕★✑✔✡☞☛✖☎▲✝✚✓✄✥✘☛★✎✒✑✔✓✄✕✆✯✍☎✜✎❩✥✔☎▲✝✒❄✲✝✒✎✚✬✜❉❏☎
✦❥✷▼✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕✖✝✼✑✘✕☞✎✚✟✜✛✣✢✤✌✏✥✔☎✞✝✗✦★✟✞✪✞✓✄☛★✥✔☎✧✦✲☛❧✫★✢✚✓✄✮★✥✔✬✜❉❏☎☎✌❋❃✗❯♣☎✜✎■✌✄✦✲❉❏☎✜✎■✥✘☛★✑q✌✏☛✖✝✤✝✒✑❭☛★✕✖☎❚☛★✕★✑✔✡✙☛✖☎✧✝✚✓✄✥✘☛★✎✒✑✔✓✄✕✆❂ ✡ ✕✴☎✜✕
✦★✟✞✦✲☛★✑✘✎❨✌✏✥✔✓✄✢✚✝❈✥✸✷▼✟✞✡☞☛★✑✘❬✄✌✏✥✔☎✜✕✖✪✞☎■✦✲☛❏✫★✢✚✓✄✮★✥✔✬✜❉❏☎ ✌❋❃✗❯ ☎✜✎❈✦✲☛❀✝✒❄✲✝✒✎✚✬✜❉❏☎❩✦❥✷▼✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕✖✝❨✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✞✝❅✡✙☛✖☎❩✕✖✓✄☛✖✝❨✌✰❬❜✓✄✕✖✝
✪✚✾✖✓✄✑✔✝✚✑✸❂

✝✆☎✟✞ ✠☛✡✏✜✤✬✭✧ ✲ ✍✚✙✕✛✠✟ ✰☞✡✘✒✦✡✎✝✠✟✭✍✚✙✫✗ ✧✌✟ ✒✑✒✌✡✚✙✤✧✌✟ ✲ ✒✔✍ ☞✎✍✏✡✚✝✠✟☛✣✩✜✤✡✎✧✌✛ ✡✎✛✢✜✆✡✒✑✩✒✔✣✌☞✎✍

❤ ✥✆☎✲✯❙✑✔✝✚✎✚☎✗✫★✥✘☛✖✝✒✑✔☎✜☛★✢✚✝❁❉❏✟✜✎✒✾✖✓❙✦★☎✞✝❩✕✙☛★❉❏✟✜✢✒✑✔✡☞☛✖☎✞✝❩✫✱✓✄☛★✢❆✦✲✑✔✝✚✪✜✢✚✟✜✎✒✑✔✝✤☎✜✢❁☛★✕✖☎▲✟✞✡✙☛✍✌✏✎✒✑✔✓✄✕✇✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎❀❺❵✪t✳ ❦ ✎✔✓❙✑✘✕✖✝✚✓✄✕
✂ ❡ ☎✐✯✖✕✗✢✚☎✞✝✚✝ ✂ ✑✘❑✒☎ ❻t❂☞❖❭☎✞✝❈❉❏✟✜✎✒✾✖✓❙✦★☎✞✝❁✦★☎■✪✞✓✄✥✘✥✔✓☞✪✰✌✏✎✒✑✔✓✄✕✆✯✲✦★☎ ☞✠✌✏✥✔☎✜✢✔✓❙✑✘✕❪☎✜✎❅✦★☎✗❍❆❄✲✝✒✎✒✢✘✗✄❉ ✝✤✓✄✕✙✎❅✥✔☎✞✝❨✫★✥✘☛✖✝❨✪✞✓✄✕★✕☞☛✖☎✞✝❁☎✜✎
✥✔☎✞✝✗✫★✥✘☛✖✝✗☛★✎✒✑✘✥✘✑✔✝✚✟✞☎✞✝✰❂❭✉❈✑✘✎✚✓✄✕✖✝▲✌✏☛✖✝✤✝✒✑②✥◗✌❪❉❏✟✜✎✒✾✖✓☞✦★☎❊✦★☎ ☞✠✌✏✥✔☎✜✢✔✓❙✑✘✕♥✾✙❄❙✮★✢✒✑✔✦★☎❛❺❵✪t✳✌☞■✢✤✌✏✾✍✌✏❉❛✯✚✙✗✌✄✪✘✓❙✮★☛✖✝✚✪✤✾✆✯ ❼ ✌✏☛★✎✚☎✜✢✂✹❝❜❡✞☎✐✯ ✂✹❝❁❑✞☎ ❻t✯✖✡☞☛★✑✆☎✞✝✒✎❁☛★✕✖☎❚✌✏❉❏✟✜✥✘✑✔✓✄✢✤✌✏✎✒✑✔✓✄✕✴✦★☎✠✥◗✌✶❉❏✟✜✎✒✾✖✓❙✦★☎▲✦★☎ ☞✠✌✏✥✔☎✜✢✔✓❙✑✘✕✆❂
❍■✓✄☛✖✝✇✌✏✥✘✥✔✓✄✕✖✝❴✫★✢✚✟✞✝✚☎✜✕☞✎✚☎✜✢❧✪✚✾✍✌✄✡☞☛✖☎♥❉❏✟✜✎✒✾✖✓❙✦★☎◆✦★☎♥❉✽✌✏✕★✑✔✬✜✢✚☎♥✛❜✟✜✕✖✟✜✢✤✌✏✥✔☎✺✫✭✓✄☛★✢❴✥◗✌ ✢✚✟✞✝✚✓✄✥✘☛★✎✒✑✔✓✄✕ ✦★☎♦✥✸✷▼✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕
✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✧✦★☎▲✝✚☎✞✪✞✓✄✕✖✦★☎▲☎✞✝✚✫✖✬✞✪✞☎✠✝✒☛★✑✘❬✄✌✏✕☞✎✚☎❏❳

(λI + K)u(x) = f(x), x ∈ Γ ❺✵❝✲❂☞☛✗✒❜❻
✓✡✮ Ku(x) :=

∫

Γ
k(x, y)u(y) dy ✯❣☎✜✎ k(x, y) ✦★✟✞✝✒✑✘✛✣✕✖☎✠✥✔☎▲✕✖✓✰❄✙✌✏☛✆❂

✳ ①✖✕✿①✟✛ ✜ ✴ ✿✟✻❋⑥❇⑩❋⑧ ⑩❋⑧ ⑤✲⑥❭❹ ❹✸⑥❇⑤ ✔✧✿✟✸✸⑥❭④
❖❭✌❆❉❏✟✜✎✒✾✖✓❙✦★☎❨✦★☎❨✪✞✓✄✥✘✥✔✓❙✪✰✌✏✎✒✑✔✓✄✕❴❺❵✪t✳ ✟❅✓✄✕★✕✖☎✜✎✌✂✘❞✓☛✞☎✐✯✢✕✗✢✚☎✞✝✚✝ ✂ ✑✘❑✞☎✐✯ ❦ ✎✔✓❙✑✘✕✖✝✚✓✄✕ ✂ ❡ ☎ ❻✆☎✞✝✒✎q✥◗✌❆✫★✥✘☛✖✝P✝✒✑✘❉❊✫★✥✔☎❁❑❩❉❏☎✜✎✒✎✒✢✚☎

☎✜✕✤✣✗☛★❬❙✢✚☎❊❳✖✓✄✕❛✝✚☎✠✦★✓✄✕★✕✖☎❚☛★✕❛☎✜✕✖✝✚☎✜❉❚✮★✥✔☎✧✦★☎ N ✕✥✣✗☛✖✦★✝✼✦❥✷ ✑✘✕✙✎✚☎✜✢✒✫✱✓✄✥◗✌✏✎✒✑✔✓✄✕ x1, . . . , xN
✯★☎✜✎❩☛★✕❛☎✜✕✖✝✚☎✜❉✧✮★✥✔☎ Th✦❥✷▼✟✜✥✔✟✜❉❏☎✜✕✙✎✚✝❆✎✒✢✒✑◗✌✏✕★✛✣☛★✥◗✌✏✑✘✢✚☎✞✝❆✡☞☛★✑❭✌✏✫★✫★✢✚✓☞✪✤✾✖☎✗✥◗✌✧✳ ✢✚✓✄✕☞✎✒✑✔✬✜✢✚☎ Γ ❂ ❦ ✪✤✾✍✌✄✡✙☛✖☎▲✕✥✣✗☛✖✦ xj ✯★✓✄✕✇✌✄✝✤✝✚✓☞✪✜✑✔☎■☛★✕✖☎■✳✵✓✄✕✖✪✜✎✒✑✔✓✄✕✦❥✷ ✑✘✕✙✎✚☎✜✢✒✫✱✓✄✥◗✌✏✎✒✑✔✓✄✕ φj ✯ j = 1, . . . ,N ❂★✈❆✕✖☎❚✌✏✫★✫★✢✚✓★✯❙✑✘❉✽✌✏✎✒✑✔✓✄✕✴✦★☎✠✥◗✌✶❬✣✌✏✢✒✑◗✌✏✮★✥✔☎ u ☎✞✝✒✎✼✌✏✥✔✓✄✢✚✝❆✦★✓✄✕★✕✖✟✞☎✠✫✍✌✏✢❚❳

uh(x) =

N∑

j=1

φj(x)uj ,
✓✡✮ uj := u(xj).

❺✵❝✲❂✹❝✗✖❜❻



✂✁� ✂☎✄✹✚ ▲◆✠●☛★✞✪✎ �✁� ✆❀✜ ✞✟✞✵☞✍✫✢✚✛☛✌✠✢✜✤✣✍✓✖✠✦✣✧☛★✕✘✩✤✞✪✚✬✫✢✎✘✓❇▲ ✜✤☞✍✞✥✫✢✎▼✞✏✕✘✩✧✠✠✞ ✎▼▲ ✎✘✞✟✞ ✚✬✣✍✎✔✣✧☛

✡ ✕✽✦★☎✜❉✽✌✏✕✖✦★☎✼✡✙☛✖☎❅✥✸✷▼✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕❏✑✘✕☞✎✚✟✜✛✣✢✤✌✏✥✔☎✶❺✵❝✲❂☞☛✗✒❜❻②✝✤✓✄✑✘✎❇❬❙✟✜✢✒✑❏✱✍✟✞☎❩☎✲✯✖✌✄✪✜✎✚☎✜❉❏☎✜✕✙✎❅✌✏☛✛✯❊✫✭✓✄✑✘✕☞✎✚✝✿✦★☎❁✪✞✓✄✥✘✥✔✓❙✪✰✌✏✎✒✑✔✓✄✕
x′i, i = 1, . . . ,N ′ ❂
✡ ✕❛✢✚☎✜❉❊✫★✥◗✌✄✪✞☎ u ✦✖✌✏✕✖✝❩✥✸✷▼✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕✇✑✘✕☞✎✚✟✜✛✣✢✤✌✏✥✔☎❪❺✵❝✲❂☞☛✗✒❜❻❅✫✍✌✏✢✼✝✚✓✄✕✇✌✏✫★✫★✢✚✓★✯❙✑✘❉✽✌✏✎✒✑✔✓✄✕ uh ✯✍✪✞☎✜✥◗✌❊✕✖✓✄☛✖✝✼✌✏❉❏✬✜✕✖☎✧❑✩✥◗✌✢✚✟✞✝✚✓✄✥✘☛★✎✒✑✔✓✄✕✇✦❥✷ ☛★✕❧✝✒❄❙✝✚✎✚✬✜❉❏☎✗✥✘✑✘✕✖✟✰✌✏✑✘✢✚☎✧✌✞❬❜☎✞✪▲✫✭✓✄☛★✢❩✑✘✕✖✪✞✓✄✕★✕☞☛✖☎▲✥✔☎✗❬❜☎✞✪✜✎✚☎✜☛★✢ U = (uj), j = 1, . . . ,N ❂
✉❨☎✜✎✒✎✚☎✠❉❏✟✜✎✒✾✖✓❙✦★☎▲☎✞✝✒✎❅✳❵✢✚✟✞✡✙☛✖☎✜❉❊❉❏☎✜✕☞✎❆☛★✎✒✑✘✥✘✑✔✝✚✟✞☎❚✦✖✌✏✕✖✝❩✥✔☎✗❉❊✑✘✥✘✑✔☎✜☛❛✫✖✟✜✎✒✢✚✓✄✥✘✑✔☎✜✢✰❂

✳ ①✖✕✿①✔✓ ✜ ✴ ✿✟✻❋⑥❇⑩❋⑧ ⑩❋⑧✄✂ ✔❥❹✸⑧✬✶✆☎ ✸ ④
✡ ✕✽✝✤☎❁✦★✓✄✕★✕✖☎❩✪✞✓✄❉❊❉❏☎❁✫✱✓✄☛★✢❇✥◗✌✗❉❏✟✜✎✒✾✖✓☞✦★☎❆✦★☎❁✪✞✓✄✥✘✥✔✓☞✪✰✌✏✎✒✑✔✓✄✕❀☛★✕❏☎✜✕✖✝✚☎✜❉❚✮★✥✔☎✼✦★☎❨✳❵✓✄✕✖✪✜✎✒✑✔✓✄✕✖✝❈✦★☎❅✮✍✌✄✝✚☎ φj, j =

1, . . . ,N ✯✖☎✜✎❁☛★✕✇❉✽✌✏✑✘✥✘✥◗✌✏✛❜☎✠✎✒✢✒✑◗✌✏✕★✛✣☛★✥◗✌✏✑✘✢✚☎ Th ❂❖❭✌✩❉❏✟✜✎✒✾✖✓❙✦★☎▲✦★☎✄☞✠✌✏✥✔☎✜✢✔✓❙✑✘✕✇✪✞✓✄✕✖✝✒✑✔✝✚✎✚☎❚❑✩✪✚✾✖☎✜✢✚✪✤✾✖☎✜✢✼☛★✕✖☎▲✌✏✫★✫★✢✚✓★✯❙✑✘❉✽✌✏✎✒✑✔✓✄✕♦✦★☎✠✥◗✌✩✝✚✓✄✥✘☛★✎✒✑✔✓✄✕

uh ∈ ❬❜☎✞✪✜✎ {φj , j = 1, . . . ,N},

✎✚☎✜✥✘✥✔☎▲✡☞☛✖☎❊❳
((λI + K)uh, φj) = (f, φj), j = 1, . . . ,N. ❺✵❝✲❂✹❝✲❞❢❻

✡ ✕❧✌✏✮✱✓✄☛★✎✒✑✘✎✼✌✏☛❛✝✒❄✲✝✒✎✚✬✜❉❏☎✠✦❥✷▼✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕✖✝❩✥✘✑✘✕✖✟✰✌✏✑✘✢✚☎✞✝❆✝✚☛★✑✘❬✄✌✏✕☞✎❚❳

(λM +K) U = F, ❺✵❝✲❂✹❝✗☛❜❻
✓✡✮✆✯★✫✱✓✄☛★✢ i, j = 1, . . . ,N ❳

Mij :=

∫

Γ
φi(x)φj(x) dγ(x),

Kij :=

∫

Γ

∫

Γ
k(x, y)φi(x)φj(y) dγ(x) dγ(y),

Fj :=

∫

Γ
φj(x) f(x) dγ(x).

✡ ✕✇✦★✟✞✪✞✓✄❉❊✫✱✓✣✝✚☎❚✌✏✥✔✓✄✢✚✝❁✥◗✌✩✳ ✢✚✓✄✕☞✎✒✑✔✬✜✢✚☎ Γ ☎✜✕✇✝✚✓✄❉❊❉❏☎✠✝✚☛★✢❩✥✔☎✞✝❁✎✒✢✒✑◗✌✏✕★✛✣✥✔☎✞✝ T ⊂ Th ❳

Mij :=
∑

T⊂( ✝✟✞✡✠☛✠ φi∩ ✝✟✞☛✠✡✠ φj)

∫

T
φi(x)φj(x) dγ(x),

Kij :=
∑

T⊂ ✝☞✞✡✠✡✠ φi

∑

T ′⊂ ✝☞✞✡✠✡✠ φj

∫

T

∫

T ′

k(x, y)φi(x)φj(y) dγ(x) dγ(y),

Fj :=
∑

T ′⊂ ✝✟✞✡✠☛✠ φj

φj(x) f(x) dγ(x).

❖✆☎✞✝✩✪✰✌✏✥✔✪✜☛★✥✔✝✩✦★☎✽✥◗✌❛❉✽✌✏✎✒✢✒✑✔✪✞☎ M ☎✜✎✩✦✲☛ ❬❜☎✞✪✜✎✚☎✜☛★✢ F ✕✖☎❀✫✭✓✣✝✚☎✜✕☞✎✧✫✍✌✄✝✶✦★☎❀✫★✢✚✓✄✮★✥✔✬✜❉❏☎❫✌✇✫★✢✒✑✔✓✄✢✒✑✸❂q❯q✌✏✢❊✪✞✓✄✕✙✎✒✢✚☎✣✯
✥✔✓✄✢✚✝✚✡☞☛✖☎❚✥✔☎❚✕✖✓✰❄✙✌✏☛ k ✕✆✷▼☎✞✝✚✎✼✫✍✌✄✝■✪✞✓✄✕✙✎✒✑✘✕☞☛ ❺❵✪✞☎✧✡☞☛★✑q☎✞✝✚✎❆✕✖✓✄✎✒✢✚☎✶✪✰✌✄✝✶❳✍✥✔☎❚✕✖✓❢❄✙✌✏☛♥☎✞✝✒✎■☎✜✕ 1/ |x− y| ❻t✯✍✥✸✷▼✟✜❬✣✌✏✥✘☛✍✌●✻✎✒✑✔✓✄✕❧✦★☎❚✥◗✌❊❉✽✌✏✎✒✢✒✑✔✪✞☎ K ☎✞✝✒✎■✌✄✝✚✝✤☎✡✌❚✦★✟✜✥✘✑✔✪✰✌✏✎✚☎❚✫✱✓✄☛★✢❆✥✔☎✞✝✼✟✜✥✔✟✜❉❏☎✜✕✙✎✚✝✗✝✒✑✘✎✒☛✖✟✞✝■✝✒☛★✢❆✥◗✌❏✦✲✑◗✌✏✛❜✓✄✕✍✌✏✥✔☎✶☎✜✎✗✌✏☛★✎✚✓✄☛★✢✼✦★☎❚✥◗✌
✦✲✑◗✌✏✛❜✓✄✕✍✌✏✥✔☎❛❳✱☎✜✕◆☎☛✍❥☎✜✎✰✯❣✥✔☎✞✝✗✫✱✓✄✑✘✕✙✎✚✝ x ☎✜✎ y ✝✚✓✄✕✙✎❚✌✏✥✔✓✄✢✚✝▲✫★✢✚✓☞✪✤✾✖☎✞✝✰✯❥☎✜✎✗✥✸✷ ✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎❏✫★✢✚✟✞✝✤☎✜✕✙✎✚☎❊✦★☎✞✝▲✝✒✑✘✕★✛✣☛★✥◗✌✏✢✒✑✘✎✚✟✞✝☎✜✕✇✪✞☎✞✝❁✫✱✓✄✑✘✕✙✎✚✝✒✻✸✥◗❑✲❂✖❃✗☎✞✝❁❉❏✟✜✎✒✾✖✓☞✦★☎✞✝✼✦★☎✗✢✚✟✜✛✣☛★✥◗✌✏✢✒✑✔✝✤✌✏✎✒✑✔✓✄✕❧☎✲✯✲✑✔✝✒✎✚☎✜✕☞✎❩✫✭✓✄☛★✢❆✥✔☎✜❬❜☎✜✢❆✪✞☎✜✎✒✎✚☎▲✦✲✑ ✘✽✪✜☛★✥✘✎✚✟✣❂
❖❭✌✺❉❏✟✜✎✒✾✖✓☞✦★☎✴✦★☎ ☞▲✌✏✥✔☎✜✢✔✓☞✑✘✕♣☎✞✝✒✎✽✫★✥✘☛✖✝❪✪✞✓✎✍★✎✚☎✜☛✖✝✚☎✴✡✙☛✖☎✇✥◗✌◆❉❏✟✜✎✒✾✖✓❙✦★☎✴✦★☎✇✪✞✓✄✥✘✥✔✓❙✪✰✌✏✎✒✑✔✓✄✕✆✯❈✫★☛★✑✔✝✤✡✙☛✆✷▼☎✜✥✘✥✔☎✴✌✏❉❏✬✜✕✖☎
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∫

Γ
g(x) dγ(x) ≈

N∑

j=1

wjg(xj), g ∈ C(Γ),

☎✜✎❩✓✄✕✇✓❜✌✏✫★✫★✢✚✓❙✪✚✾✖☎✶✌✏✥✔✓✄✢✚✝ u ✫✍✌✏✢▲❳

λun(x) +

N∑

j=1

wjk(x, xj)un(xj) = f(x), x ∈ Γ.

❯q✓✄☛★✢✠✎✒✢✚✓✄☛★❬❜☎✜✢■✥✔☎✞✝✗✡☞☛✍✌✏✕✙✎✒✑✘✎✚✟✞✝ un(xj) ✯❣✦★✟✞✝✚✓✄✢✒❉✽✌✏✑✔✝✗✕✖✓✄✎✚✟✞☎✞✝ uj ✯✭✓✄✕✇✳✸✌✏✑✘✎■✫✍✌✏✢✚✪✞✓✄☛★✢✒✑✘✢❚❑ x ✥✔☎✞✝■❬✄✌✏✥✔☎✜☛★✢✚✝ xi, i =
1, . . . , n ✦✖✌✏✕✖✝❩✥✸✷▼✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕❛✫★✢✚✟✞✪✞✟✞✦★☎✜✕✙✎✚☎✣❂✭❖✆☎✞✝ uj ✝✚✓✄✕✙✎■✌✏✥✔✓✄✢✚✝❩✝✚✓✄✥✘☛★✎✒✑✔✓✄✕✇✦✲☛✇✝✚❄❙✝✒✎✚✬✜❉❏☎✗✥✘✑✘✕✖✟✰✌✏✑✘✢✚☎❚✝✒☛★✑✘❬✄✌✏✕☞✎❚❳

λui +
N∑

j=1

wjk(xi, xj)uj = fi, i = 1, . . . , n,

✌✞❬❜☎✞✪ fi := f(xi)
❂

✡ ✕❛✫✱☎✜☛★✎❆✌✏✥✔✓✄✢✚✝❆✪✰✌✏✥✔✪✜☛★✥✔☎✜✢ un(x) ☎✜✕❴✎✚✓✄☛★✎❆✫✭✓✄✑✘✕☞✎ x ∈ Ω ✫✍✌✏✢❆✥◗✌✧✳❵✓✄✢✒❉✧☛★✥✔☎✽❳

un(x) =
1

λ


f(x) −

N∑

j=1

wjk(x, xj)uj


 .
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k ☎✞✝✒✎✽✪✞✓✄✕☞✎✒✑✘✕✙☛✆✯❨☎✜✎✽✪✞☎✜✎✒✎✚☎❴✑✘✕✲✳✵✓✄✢✒❉✽✌✏✎✒✑✔✓✄✕ ✕✆✷▼☎✞✝✒✎❀✫✍✌✄✝❏☎✲✯✲✫★✥✔✓✄✑✘✎✚✟✞☎❛✫✍✌✏✢❏✥◗✌♦❉❏✟✜✎✒✾✖✓❙✦★☎✇✦★☎ ☞✠✌✏✥✔☎✜✢✔✓☞✑✘✕ ✪✜✥◗✌✄✝✚✝✒✑✔✡☞☛✖☎✣❂
✉❨☎▲✝✚☎✜✢✤✌❏✦★✓✄✕✖✪❚✦✖✌✏✕✖✝❆✪✞☎❚✪✰✌✄✝ ✻✸✥◗❑❏✡☞☛✖☎▲✝✰✷✹✌✏✫★✫★✥✘✑✔✡☞☛✖☎✜✢✤✌❊✥◗✌✩✕✖✓✄☛★❬❜☎✜✥✘✥✔☎❚✢✚✬✜✛✣✥✔☎❚✦★☎▲✡☞☛✍✌✄✦✲✢✤✌✏✎✒☛★✢✚☎✣✯✭✪✣✷▼☎✞✝✒✎ ✻ ❑●✻✐✦✲✑✘✢✚☎❚✡☞☛✍✌✏✕✖✦
|xi − xj | > ζ ✯✖✌✰❬❜☎✞✪ ζ > 0 ❂
✡ ✕✇✪✞✓✄✕✖✝✒✑✔✦★✬✜✢✚☎▲✥✔☎✞✝❅✳❵✓✄✕✖✪✜✎✒✑✔✓✄✕✖✝✼✦★☎✗✮✍✌✄✝✚☎▲✪✞✓✄❉❊❉❏☎▲✦★☎✞✝❩✫✭✓✄✑✔✦★✝▲❳

∫

Γ
F (x)φi(x) dγ(x) ≈

∑

j∈Ji

wjF (xj),
❺✵❝✲❂✹❝✣❝❜❻



✂ ✁ ✂☎✄✹✚ ▲◆✠●☛★✞✪✎ �✁� ✆❀✜ ✞✟✞✵☞✍✫✢✚✛☛✌✠✢✜✤✣✍✓✖✠✦✣✧☛★✕✘✩✤✞✪✚✬✫✢✎✘✓❇▲ ✜✤☞✍✞✥✫✢✎▼✞✏✕✘✩✧✠✠✞ ✎▼▲ ✎✘✞✟✞ ✚✬✣✍✎✔✣✧☛

✌✞❬❜☎✞✪ F ☛★✕✖☎■✳❵✓✄✕✖✪✜✎✒✑✔✓✄✕✇✢✚✟✜✛✣☛★✥✘✑✔✬✜✢✚☎❚✝✒☛★✢❩✝✒☛★✫★✫ (φi) ❂❖✆☎✞✝❁✫✱✓✄✑✘✕✙✎✚✝ xj,j∈Ji

✝✚✓✄✕☞✎❩✝✚✟✜✥✔☎✞✪✜✎✒✑✔✓✄✕★✕✖✟✞✝❩✫✍✌✏✢✒❉❊✑❥✥✔☎✞✝❅✕✥✣✗☛✖✦★✝❩✝✚✑✘✎✒☛✖✟✞✝❁✫★✢✚✬✞✝❁✦★☎ xi ✯★☎✜✎❅✥✔☎✞✝❁✫✭✓✄✑✔✦★✝ wj ✦★✟✜✫✭☎✜✕✖✦★☎✜✕☞✎✦✲☛♦✪✚✾✖✓✄✑❏✯✴✦★☎✶✪✞☎✞✝✼✫✭✓✄✑✘✕☞✎✚✝✰❂❣❖✿✷▼☎✜✕✖✝✚☎✜❉❚✮★✥✔☎ Ji ✦★☎✞✝■❬❜✓✄✑✔✝✒✑✘✕✖✝✗✦★☎ xi ☎✜✎✼✥✔☎✞✝■✫✭✓✄✑✔✦★✝ wi ✌✄✝✚✝✚✓❙✪✜✑✔✟✞✝■✝✚✓✄✕✙✎✠✪✰✌✏✥✔✪✜☛★✥✔✟✞✝✗✦★☎✝✚✓✄✢✒✎✚☎❴✡☞☛✖☎◆❺✵❝✲❂✹❝✣❝❜❻✶✝✚✓✄✑✘✎❊❬✲✟✜✢✒✑❏✱✍✟✞☎✇✌✞❬❜☎✞✪❫✥◗✌✴✫★✢✚✟✞✪✜✑✔✝✒✑✔✓✄✕ ✝✚✓✄☛★✾✍✌✏✑✘✎✚✟✞☎✣✯❋✪✞☎❴✡☞☛★✑❁✢✚☎✜❬☞✑✔☎✜✕☞✎✽❑✴✢✚✟✞✝✚✓✄☛✖✦✲✢✚☎❴✥✔☎❴✝✒❄✲✝✒✎✚✬✜❉❏☎
✥✘✑✘✕✖✟✰✌✏✑✘✢✚☎▲✝✒☛★✑✘❬✣✌✏✕✙✎✧❳

∑

j∈Ji

Πi(xj)wj =

∫

Γ
Πi(x)φp(x) dγ(x), i = 1, . . . ,D(d),

✓✡✮ {Πi : i = 1, . . . ,D(d)} ☎✞✝✒✎❫☛★✕✖☎♦✮✍✌✄✝✚☎♦✦★☎♦✥✸✷▼☎✞✝✒✫✍✌✄✪✞☎♥✦★☎✞✝❫✫✭✓✄✥✘❄❙✕✁✏✄❉❏☎✞✝❛✦★☎♦✦★☎✜✛✣✢✚✟ d ✯❁☎✜✎ D(d) =
(d+ 1)(d+ 2)/2 ❂

❃✩✷✹✌✏☛★✎✒✢✚☎✼✫✍✌✏✢✒✎✰✯✙✥✔☎✞✝❈✫✭✓✄✑✘✕☞✎✚✝ xj,j∈Ji

☎✜✎✿✥✔☎✞✝❈✫✭✓✄✑✔✦★✝❅✌✄✝✚✝✚✓❙✪✜✑✔✟✞✝ wi ✯✙✦★✓✄✑✘❬❜☎✜✕☞✎❈❬❜✟✜✢✒✑❏✱✍☎✜✢❁✦★☎✞✝❨✪✞✓✄✕✖✦✲✑✘✎✒✑✔✓✄✕✖✝❅✝✒☛★✫★✫★✥✔✟t✻❉❏☎✜✕✙✎✤✌✏✑✘✢✚☎✞✝■✦★☎■✳✸✌✡✰✞✓✄✕❧❑❊✌✄✝✚✝✒☛★✢✚☎✜✢❩✥◗✌✩✝✚✎✤✌✏✮★✑✘✥✘✑✘✎✚✟✣❂
❯q✓✄☛★✢❆✫★✥✘☛✖✝❩✦★☎✠✫★✢✚✟✞✪✜✑✔✝✚✑✔✓✄✕✖✝❩✓✄☛❛✫✱✓✄☛★✢❁✥✸✷✹✌✏✥✘✛❜✓✄✢✒✑✘✎✒✾★❉❏☎✧✦★✟✜✎✤✌✏✑✘✥✘✥✔✟✣✯✖✓✄✕❧☎✜✕❴✢✚✟t✳❵✬✜✢✚☎❚❑ ✂✹❝❜❡✒☎✐❂

✳ ①✖✕✿①✁� ✜ ✴ ✿✟✻❋⑥❇⑩❋⑧ ✶❜⑧ ✿✣⑧✍④②⑦✿⑧
❖✆☎✞✝❆❉❏✟✜✎✒✾✖✓☞✦★☎✞✝■✦★☎▲✪✞✓✄✥✘✥✔✓❙✪✰✌✏✎✒✑✔✓✄✕❧☎✜✎❆✦★☎ ☞✠✌✏✥✔☎✜✢✔✓☞✑✘✕❧✝✚✓✄✕✙✎✼✥✔☎✞✝❁✫★✥✘☛✖✝❩☛★✎✒✑✘✥✘✑✔✝✚✟✞☎✞✝■☎✜✎❆✓✄✕☞✎❩✥◗✌✏✢✒✛❜☎✜❉❏☎✜✕✙✎✼✳✵✌✏✑✘✎❆✥✔☎✜☛★✢✚✝

✫★✢✚☎✜☛★❬❜☎✞✝✰❂✣❖❭✌✼❉❏✟✜✎✒✾✖✓❙✦★☎❁✦★☎❅❍❆❄✲✝✒✎✒✢✘✗✄❉❛✯✏✫✭☎✜✢ ✳✵✓✄✢✒❉✽✌✏✕✙✎✚☎❁☎✜✕ ☛✄❃✩✯✏✕✖☎❅✝✰✷✹✌✄✦✖✌✏✫★✎✚☎❅✫✍✌✄✝❋❑✼✕✖✓✄✎✒✢✚☎❈❉❏✓❙✦★✬✜✥✔☎✣✯✄✫★☛★✑✔✝✚✡☞☛✆✷▼☎✜✥✘✥✔☎
✕✖☎❏✫✱☎✜✢✒❉❏☎✜✎❚✫✍✌✄✝✧✦★☎❏✎✒✢✤✌✏✑✘✎✚☎✜✢✧✥✔☎✞✝❚✝✒✑✘✕★✛✣☛★✥◗✌✏✢✒✑✘✎✚✟✞✝✩☎✜✕❘❝✄❃✁❺ ❬❜✓✄✑✘✢ ❦ ✎✔✓☞✑✘✕✖✝✤✓✄✕ ✂ ❡ ☎ ❻t❂❭❯②✌✏✢✧✪✞✓✄✕☞✎✒✢✚☎✣✯❭✥◗✌❛❉❏✟✜✎✒✾✖✓☞✦★☎❀✦★☎
☞✠✌✏✥✔☎✜✢✔✓❙✑✘✕✆✯✭✛✣✢✚✙✄✪✞☎✩❑✽✥✸✷ ✑✘✕✙✎✚✟✜✛✣✢✤✌✏✎✒✑✔✓✄✕❘✝✒☛★✫★✫★✥✔✟✜❉❏☎✜✕✙✎✤✌✏✑✘✢✚☎✣✯❥✫✱☎✜✢✒❉❏☎✜✎✠✦★☎❚✥✔☎✜❬❜☎✜✢✗✎✚✓✄☛★✎✚☎✞✝✗✥✔☎✞✝✗✝✒✑✘✕★✛✣☛★✥◗✌✏✢✒✑✘✎✚✟✞✝✰❂✱❃✗☎✧✫★✥✘☛✖✝✰✯
☎✜✥✘✥✔☎▲☎✞✝✒✎❁✫★✥✘☛✖✝❆✝✒✎✤✌✏✮★✥✔☎▲✡☞☛✖☎✗✥◗✌✩❉❏✟✜✎✒✾✖✓☞✦★☎❚✦★☎✠✪✞✓✄✥✘✥✔✓☞✪✰✌✏✎✒✑✔✓✄✕✆✯✍❉✽✌✏✑✔✝❆✌✏☛❛✫★✢✒✑❏✯❴✦❥✷ ☛★✕✇✪✞✓✎✍★✎❩✫★✥✘☛✖✝❩☎✜✥✔☎✜❬✲✟✣❂
❤t❂ ☞✩❂ ☞✗✢✤✌✏✾✍✌✏❉❛✯ ✌ ❂ ✙✗✌✄✪✘✓❙✮★☛✖✝✚✪✚✾◆☎✜✎ ❼ ❂ ❦ ❂ ❼ ✌✏☛★✎✚☎✜✢ ✂✹❝❜❡✞☎❋✌ ✘❏✢✒❉❏☎✜✕✙✎✧✡✙☛✖☎✶✥◗✌✽❉❏✟✜✎✒✾✖✓☞✦★☎❊✦★☎ ☞✠✌✏✥✔☎✜✢✔✓❙✑✘✕♦✾✙❄❙✮★✢✒✑✔✦★☎
✢✚✟✞✦✲☛★✑✘✎■✥✔☎▲✪✞✓✎✍★✎■✦★☎✧✪✰✌✏✥✔✪✜☛★✥P✦★☎❚✥◗✌❊❉✽✌✏✎✒✢✒✑✔✪✞☎✶✦★☎ ☞✠✌✏✥✔☎✜✢✔✓❙✑✘✕✆✯✖✎✚✓✄☛★✎■☎✜✕❧✪✞✓✄✕✖✝✚☎✜✢✒❬✣✌✏✕✙✎■✥✔☎✞✝❆✫★✢✚✓✄✫★✢✒✑✔✟✜✎✚✟✞✝✗✦★☎✧✝✒✎✤✌✏✮★✑✘✥✘✑✘✎✚✟
☎✜✎❩✦★☎▲✪✞✓✄✕☞❬❜☎✜✢✒✛❜☎✜✕✖✪✞☎✣❂
❍■✓✄✎✒✢✚☎❛✪✚✾✖✓✄✑❏✯ ❬✣✌♦✦★✓✄✕✖✪❛✝✚☎❫✫✱✓✄✢✒✎✚☎✜✢✽✝✒☛★✢❏✥◗✌✴❉❏✟✜✎✒✾✖✓❙✦★☎✇✦★☎ ☞✠✌✏✥✔☎✜✢✔✓❙✑✘✕✆❂❋❖❭✌♥❉❏✟✜✎✒✾✖✓☞✦★☎❧✦★☎ ☞✠✌✏✥✔☎✜✢✔✓☞✑✘✕ ✾✙❄❙✮★✢✒✑✔✦★☎
✦★✟✜✢✒✑✘❬✣✌✏✕✙✎❴✦★☎❛✥◗✌◆❉❏✟✜✎✒✾✖✓☞✦★☎✴✦★☎ ☞▲✌✏✥✔☎✜✢✔✓☞✑✘✕✆✯❈✕✖✓✄☛✖✝✽✫✱✓✄☛★✢✒✢✚✓✄✕✖✝❫☎✜✕✙❬❙✑✔✝✤✌✏✛❜☎✜✢❫✦★☎❴✳✸✌✏✑✘✢✚☎❧✡☞☛✖☎✜✥✔✡✙☛✖☎✞✝❀✎✚☎✞✝✒✎✚✝❫✌✞❬❜☎✞✪❧✥◗✌
❉❏✟✜✎✒✾✖✓❙✦★☎▲✦★☎ ☞✠✌✏✥✔☎✜✢✔✓❙✑✘✕❴✾✙❄❙✮★✢✒✑✔✦★☎✣❂

✝✆☎✄✂ ☎ ✍✚✙ ✜✤✙✑✛ ✟ ✰☞✡✘✒✔✡✎✝✠✟☛✍✚✙

❖❭✌❧✫★✢✚☎✜❉❊✑✔✬✜✢✚☎❪✫✍✌✏✢✒✎✒✑✔☎❫✦★☎❀✪✞☎❪✪✚✾✍✌✏✫★✑✘✎✒✢✚☎❫✕✖✓✄☛✖✝❊✌✇✫✭☎✜✢✒❉❊✑✔✝✩✦❥✷▼✟✞✪✜✢✒✑✘✢✚☎❪✥◗✌✇✳❵✓✄✢✒❉✧☛★✥◗✌✏✎✒✑✔✓✄✕ ✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎❫✦★☎❪✕✖✓✄✎✒✢✚☎
❉❏✓❙✦★✬✜✥✔☎✣✯✖☎✜✎❁✥◗✌❊✦★☎✜☛✛✯✲✑✔✬✜❉❏☎✠✫✍✌✏✢✒✎✒✑✔☎▲✦★☎▲✦✲✑✔✝✚✪✜☛★✎✚☎✜✢❆✥◗✌✶❉❏✟✜✎✒✾✖✓☞✦★☎▲✦★☎❚✦✲✑✔✝✚✪✜✢✚✟✜✎✒✑✔✝✤✌✏✎✒✑✔✓✄✕✆❂
❍■✓✄☛✖✝■✌✰❬❜✓✄✕✖✝■✦★✓✄✕✖✪✶✪✚✾✖✓✄✑✔✝✚✑P☛★✕✖☎❚✕✖✓✄☛★❬❜☎✜✥✘✥✔☎❚✳✵✓✄✢✒❉❚☛★✥◗✌✏✎✒✑✔✓✄✕♦✑✘✕☞✎✚✟✜✛✣✢✤✌✏✥✔☎✣✯ ✶✚✌✏❉✽✌✏✑✔✝✼☛★✎✒✑✘✥✘✑✔✝✚✟✞☎✧✦✖✌✏✕✖✝✼✥✔☎✧❉❊✑✘✥✘✑✔☎✜☛❧✫✱✟✜✎✒✢✚✓✏✻
✥✘✑✔☎✜✢✰❂✆❖❭✌❫✦✲✑✔✝✤✪✜✢✚✟✜✎✒✑✔✝✤✌✏✎✒✑✔✓✄✕❘✦★☎✞✝▲✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕✖✝✠✑✘✕☞✎✚✟✜✛✣✢✤✌✏✥✔☎✞✝✧✝✚☎✜✢✤✌❫✓✄✫✱✟✜✢✚✟✞☎❊✫✍✌✏✢✠☛★✕✖☎❊❉❏✟✜✎✒✾✖✓❙✦★☎❏✦★☎ ☞✠✌✏✥✔☎✜✢✔✓❙✑✘✕✆❂✆❍■✓✄☛✖✝
❬❜☎✜✢✒✢✚✓✄✕✖✝❩✫✱✓✄☛★✢✚✡☞☛✖✓✄✑✆✥◗✌✶❉❏✟✜✎✒✾✖✓☞✦★☎❚✦★☎ ☞✠✌✏✥✔☎✜✢✔✓❙✑✘✕❛☎✞✝✒✎❩✫✍✌✏✢✒✎✒✑✔✪✜☛★✥✘✑✔✬✜✢✚☎✜❉❏☎✜✕✙✎■✮★✑✔☎✜✕❧✌✄✦✖✌✏✫★✎✚✟✞☎❚❑❊✕✖✓✄✎✒✢✚☎✠✫★✢✚✓✄✮★✥✔✬✜❉❏☎✣❂

✉❨☎✜✎✒✎✚☎❁✫✍✌✏✢✒✎✒✑✔☎❆☎✞✝✒✎❋✦★☎✞✝✒✎✒✑✘✕✖✟✞☎❩✌✏☛✛✯✩✫★✢✚☎✜❉❊✑✔✬✜✢✚☎✞✝❋❬✣✌✏✥✘✑✔✦✖✌✏✎✒✑✔✓✄✕✖✝✿✦★☎❁✥◗✌✼✳✵✓✄✢✒❉❚☛★✥◗✌✏✎✒✑✔✓✄✕❀✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎❩✡☞☛✖☎❅✕✖✓✄☛✖✝❈✌✰❬❜✓✄✕✖✝
✪✚✾✖✓✄✑✔✝✚✑✔☎✣❂P✉❨☎✞✝✠❬✣✌✏✥✘✑✔✦✖✌✏✎✒✑✔✓✄✕✖✝▲✝✚☎✜✢✚✓✄✕✙✎▲✳✵✌✏✑✘✎✚☎✞✝▲✝✚☛★✢✗✦★☎✞✝❚✪✰✌✄✝✠✎✒✢✚✬✞✝▲✝✒✑✘❉❊✫★✥✔☎✞✝✰✯✱✥✘✑✘❉❊✑✘✎✚✟✞✝✧❑❪☛★✕♥✢✚✟✞✝✚☎✜✢✒❬❜✓✄✑✘✢▲✮✱✓✄✢✒✕✖✟❊✝✤✌✏✕✖✝
✫★☛★✑✘✎✚✝✰✯❭✫✭✓✄☛★✢✶✦★☎✞✝❚❉❏✓❙✦★✬✜✥✔☎✞✝✧✦★✓✄✕☞✎✶✓✄✕ ✪✞✓✄✕★✕✍✌✝✆✔✎✧☛★✕✖☎❀✝✚✓✄✥✘☛★✎✒✑✔✓✄✕ ✌✏✕✍✌✏✥✘❄☞✎✒✑✔✡☞☛✖☎✣❂❭❖✆☎✞✝✩✌✏☛★✎✒✢✚☎✞✝✶✎✚☎✞✝✒✎✚✝▲✕☞☛★❉❏✟✜✢✒✑✔✡✙☛✖☎✞✝
✝✚☎✜✢✚✓✄✕☞✎❩✫★✢✚✟✞✝✚☎✜✕✙✎✚✟✞✝✼✦✖✌✏✕✖✝❩✥✔☎✞✝❩✪✤✾✍✌✏✫★✑✘✎✒✢✚☎✞✝✠✑❏☎✜✎■❲✲❂
❃ ✌✏✑✔✝❁✎✚✓✄☛★✎❆✦❥✷✹✌✏✮✱✓✄✢✚✦❥✯★✑✘✥❥✕✖✓✄☛✖✝❁✳✸✌✏☛★✎❩✦✲✑✔✝✚✪✜✢✚✟✜✎✒✑✔✝✚☎✜✢❩✥✔☎✞✝❆✟✞✡✙☛✍✌✏✎✒✑✔✓✄✕✖✝❆✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✞✝✰❂

✳ ①✁�❇①✟✛ ✞ ✸✐⑨✄⑤✛✶✟✴ ✿✟✸✐⑨ ✔✧✿✟✸✸⑥❭④ ⑩❋⑧✍⑨▼✴✠✟②⑦ ✔✧✿✟✸✸⑥❭④❈⑨✒✸✐④✍✿❁✴✬✽✙✶ ✔✱❹✐⑧✍⑨
✏ ✌✏✫★✫✭☎✜✥✔✓✄✕✖✝❅✎✚✓✄☛★✎❩✦❥✷✹✌✏✮✱✓✄✢✚✦❫✥◗✌❚✳❵✓✄✢✒❉✧☛★✥◗✌✏✎✒✑✔✓✄✕❧✌✄✦★✓✄✫★✎✚✟✞☎✠✫✱✓✄☛★✢❨☛★✕❫✢✚✟✞✝✚☎✜✢✒❬❜✓✄✑✘✢❁✮✱✓✄✢✒✕✖✟ Ω ✦★☎✼✳ ✢✚✓✄✕☞✎✒✑✔✬✜✢✚☎ ∂Ω =

ΓD ∪ ΓN
❂



�✁� � �✁� ✎✘✓ ☛★✓ ✣❀☞ ✞ ✕✘✞✡✠✢✗✙☞✹✎✔✓ ✂ �

❍■✓✄☛✖✝❆✌✞❬❜✓✄✕✖✝✼✪✚✾✖✓✄✑✔✝✒✑❭✦❥✷▼✟✞✪✜✢✒✑✘✢✚☎❚✥✔☎✞✝❩✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕✖✝❩✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✞✝✼✝✒☛★✑✘❬✣✌✏✕✙✎✚☎✞✝❚❳
1

2
q = H ′ q − Dp ✝✒☛★✢ ΓD,

❺✵❝✲❂✹❝✒✑☞❻
1

2
p = S q − H p ✝✚☛★✢ ΓN .

❺✵❝✲❂✹❝✣❲❜❻
✉❈✾✍✌✄✪✜☛★✕✖☎✠✦★☎✞✝❅✡☞☛✍✌✏✕✙✎✒✑✘✎✚✟✞✝ p ☎✜✎ q ☎✞✝✒✎❈✦★✟✞✪✞✓✄❉❊✫✱✓✣✝✚✟✞☎✗✦✖✌✏✕✖✝❅✥◗✌▲✮✍✌✄✝✤☎✼✦★☎✞✝❈✳✵✓✄✕✖✪✜✎✒✑✔✓✄✕✖✝❁✟✜✥✔✟✜❉❏☎✜✕✙✎✚✝ ✱✖✕★✑✔✝ P

1 ✝✒☛★✢
✦★☎✞✝❁✎✒✢✒✑◗✌✏✕★✛✣✥✔☎✞✝ (ψhi )i

❳
p(x) =

∑

j

pj ψ
h
j (x), q(x) =

∑

j

qj ψ
h
j (x).

❖❭✌◆✳ ✢✚✓✄✕☞✎✒✑✔✬✜✢✚☎ Γ ✡☞☛★✑✼✝✤☎✇✪✞✓✄❉❊✫✱✓✣✝✚☎✇✑✔✪✜✑■☛★✕★✑✔✡☞☛✖☎✜❉❏☎✜✕✙✎❛✦★☎ ΓD
☎✜✎ ΓN

✫✱✓✄☛★✢✽☛★✕❸✢✚✟✞✝✚☎✜✢✒❬❜✓✄✑✘✢❫✾✖✓✄❉❏✓✄✛❜✬✜✕✖☎✣✯❅☎✜✎
✟✜❬❜☎✜✕✙✎✒☛✖☎✜✥✘✥✔☎✜❉❏☎✜✕☞✎✠✦★☎✞✝❁✑✘✕✙✎✚☎✜✢ ✳✸✌✄✪✞☎✞✝ Γrs

✫✭✓✄☛★✢❁☛★✕✇✢✚✟✞✝✚☎✜✢✒❬❜✓✄✑✘✢❆✝✒✎✒✢✤✌✏✎✒✑❏✱✍✟✣✯✖☎✞✝✚✎❆✌✏✫★✫★✢✚✓☞✪✤✾✖✟✞☎▲✫✍✌✏✢❚❳
Γh = ΓhD ∪ ΓhN ∪r<s Γhrs

✯★✓✡✮ Γh
☎✞✝✒✎❩✦✲✑✔✝✚✪✜✢✚✟✜✎✒✑✔✝✤✟✞☎✠✫✍✌✏✢❆✦★☎✞✝❁✎✒✢✒✑◗✌✏✕★✛✣✥✔☎✞✝✰❂

❖✆☎✞✝✗✟✞✡☞☛✍✌✏✎✒✑✔✓✄✕✖✝❆✑✘✕☞✎✚✟✜✛✣✢✤✌✏✥✔☎✞✝❏❺✵❝✲❂✹❝✒✑☞❻❩☎✜✎❊❺✵❝✲❂✹❝✣❲❜❻❩✝✤✓✄✕✙✎■❉❚☛★✥✘✎✒✑✘✫★✥✘✑✔✟✞☎✞✝✗✫✍✌✏✢■✥◗✌✩✳✵✓✄✕✖✪✜✎✒✑✔✓✄✕✴✎✚☎✞✝✚✎ ψhi ☎✜✎■✝✤✓✄✕✙✎✗☎✜✕✖✝✒☛★✑✘✎✚☎
✑✘✕✙✎✚✟✜✛✣✢✚✟✞☎✞✝■✝✒☛★✢ Γh

❂
✡ ✕❛✕✖✓✄✎✚☎❏❳

Mij =

∫

Γh

ψhi (x)ψ
h
j (x) dγh(x),

Sij =

∫

Γh

∫

Γh

ψhi (x)ψ
h
j (y)G(x − y) dγh(y) dγh(x),

Hij =

∫

Γh

∫

Γh

ψhi (x)ψ
h
j (y)

∂G(x − y)

∂ny
dγh(y) dγh(x),

Dij =

∫

Γh

ψhi (x)
∂

∂nx

∫

Γh

ψhj (y)
∂G(x − y)

∂ny
dγh(y) dγh(x),

H ′
ij =

∫

Γh

∫

Γh

ψhi (x)ψ
h
j (y)

∂G(x − y)

∂nx
dγh(y) dγh(x).
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2

∑

j

qjMij −
∑

j

qjH
′
ij +

∑

j

pjDij = 0 ✝✚☛★✢ ΓD,

1

2

∑

j

pjMij −
∑

j

qj Sij +
∑

j

pj Hij = 0 ✝✚☛★✢ ΓN .
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Dij = − 1

4π

∫

Γh

∫

Γh

~✢✚✓✄✎ Γh
(ψhi (x)). ~

✢✚✓✄✎
Γh

(ψhj (y))

|x− y| dγh(y) dγh(x),
❺✵❝✲❂✹❝✣❱❜❻
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✝❢✷▼✟✞✪✜✢✒✑✘✎▲❳
~✢✚✓✄✎ Γh

u = ~✢✚✓✄✎ u× n.
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∆p = 0 ✦✖✌✏✕✖✝ Ω,
p = u ✝✒☛★✢ ΓD,
∂p

∂n
=
∂u

∂n
✝✒☛★✢ ΓN .

✓✡✮❛✥◗✌✧✳✵✓✄✕✖✪✜✎✒✑✔✓✄✕ u ☎✞✝✒✎❩✦★✟✲✱✖✕★✑✔☎❚✫✍✌✏✢▲❳ u(x, y, z) = sin(x) ✪✞✓✣✝✒✾ (y) ❂

p = u
p = u
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❤ ✥❨☎✲✯✲✑✔✝✒✎✚☎❫✪✞☎✜✢✒✎✤✌✏✑✘✕✖☎✞✝❊❉❏✟✜✎✒✾✖✓❙✦★☎✞✝✩✫✭✓✄☛★✢✩✢✚☎✜❉❏✟✞✦✲✑✔☎✜✢❀❑✴✪✞☎❪✫★✢✚✓✄✮★✥✔✬✜❉❏☎✣✯❇✪✞✓✄❉❊❉❏☎❫✫✍✌✏✢❊☎✲✯✲☎✜❉❊✫★✥✔☎❫✥✔☎❪✢✤✌ ✘❏✕✖☎✜❉❏☎✜✕✙✎



✂ � ✂☎✄✹✚ ▲◆✠●☛★✞✪✎ �✁� ✆❀✜ ✞✟✞✵☞✍✫✢✚✛☛✌✠✢✜✤✣✍✓✖✠✦✣✧☛★✕✘✩✤✞✪✚✬✫✢✎✘✓❇▲ ✜✤☞✍✞✥✫✢✎▼✞✏✕✘✩✧✠✠✞ ✎▼▲ ✎✘✞✟✞ ✚✬✣✍✎✔✣✧☛

0
0.2

0.4
0.6

0.8
1

0

0.2

0.4

0.6

0.8

1
0

0.2

0.4

0.6

0.8

1

1.2

1.4

�✂✁☎✄✝✆✟✞✡✠☞☛✟✌✎✍✏✞☎✑✓✒✕✔✖✁✘✗✕✌✎✒✚✙
pex = u

0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

1
−0.02

−0.01

0

0.01

0.02

�✜✛✢✄✤✣✦✥✧✥✎✒★☛✖✥✩✙
pex − ph

�✂✁✟✄✂✆ ❝✲❂✹❱✠✝ ✏ ✟✞✝✒☛★✥✘✎✤✌✏✎✚✝❁✫✱✓✄☛★✢❩✥◗✌✶✫★✢✚☎✞✝✚✝✒✑✔✓✄✕✆❂



�✁� � �✁� ✎✘✓ ☛★✓ ✣❀☞ ✞ ✕✘✞✡✠✢✗✙☞✹✎✔✓ ✂ ☎

0
0.2

0.4
0.6

0.8
1

0

0.2

0.4

0.6

0.8

1
0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

�✂✁☎✄✝✆✟✞☎✠✏☛✟✌✎✍☞✞✡✑✓✒✕✔✖✁✡✗ ✌✎✒✚✙
qex =

∂u

∂n

0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

1
−0.1

−0.05

0

0.05

0.1

0.15

�✜✛ ✄ ✣✦✥✧✥✎✒★☛✖✥✝✙
qex − qh

�✂✁☎✄✂✆ ❝✲❂ ❡ ✝ ✏ ✟✞✝✒☛★✥✘✎✤✌✏✎✚✝❩✫✭✓✄☛★✢❩✥✔☎✝◗✖☛✛✯❥❂



� � ✂☎✄✹✚ ▲◆✠●☛★✞✪✎ �✁� ✆❀✜ ✞✟✞✵☞✍✫✢✚✛☛✌✠✢✜✤✣✍✓✖✠✦✣✧☛★✕✘✩✤✞✪✚✬✫✢✎✘✓❇▲ ✜✤☞✍✞✥✫✢✎▼✞✏✕✘✩✧✠✠✞ ✎▼▲ ✎✘✞✟✞ ✚✬✣✍✎✔✣✧☛

✦★☎✧❉✽✌✏✑✘✥✘✥◗✌✏✛❜☎✧✦✖✌✏✕✖✝■✥✔☎✞✝■✪✞✓✄✑✘✕✖✝✼☎✜✎✠✌✏☛✛✯❧✌✏✢✎✴✜✎✚☎✞✝✰✯✭✓✄☛❧☎✜✕✖✪✞✓✄✢✚☎✧✥✸✷ ☛★✎✒✑✘✥✘✑✔✝✤✌✏✎✒✑✔✓✄✕♥✦★☎▲✳✵✓✄✕✖✪✜✎✒✑✔✓✄✕✖✝✼✦★☎✧✮✍✌✄✝✚☎❚✫★✢✚☎✜✕✍✌✏✕✙✎✠☎✜✕
✪✞✓✄❉❊✫★✎✚☎✩✥✔☎✞✝✠✝✒✑✘✕★✛✣☛★✥◗✌✏✢✒✑✘✎✚✟✞✝❚✌✏☛✛✯♦✪✞✓✄✑✘✕✖✝▲✓✄☛◆✌✏☛✛✯♦✌✏✢✎✴✜✎✚☎✞✝✰✯✱❉✽✌✏✑✔✝✠✪✞☎✜✎✒✎✚☎❊✦★☎✜✢✒✕★✑✔✬✜✢✚☎✽✝✚✓✄✥✘☛★✎✒✑✔✓✄✕◆☎✞✝✒✎✗✫★✥✘☛✖✝✠✦✲✑ ✘✽✪✜✑✘✥✔☎❏❑
❉❏☎✜✎✒✎✒✢✚☎▲☎✜✕✤✣✗☛★❬❙✢✚☎✣❂
� ✓✄☛★✎✚☎t✳✵✓✄✑✔✝✰✯★✥✔☎✞✝❩✢✚✟✞✝✒☛★✥✘✎✤✌✏✎✚✝✼❑✶✥✸✷ ✑✘✕☞✎✚✟✜✢✒✑✔☎✜☛★✢■✦★☎✞✝❅✳✸✌✄✪✞☎✞✝❁✢✚☎✞✝✒✎✚☎✜✕☞✎❩✎✒✢✚✬✞✝❆✝ ✌✏✎✒✑✔✝ ✳✵✌✏✑✔✝ ✌✏✕✙✎✚✝✰❂

❃✩✷✹✌✏☛★✎✒✢✚☎✞✝❨✎✚☎✞✝✒✎✚✝❨✓✄✕✙✎❅✟✜✎✚✟✼☎☛✍❥☎✞✪✜✎✒☛✖✟✞✝❨✫✭✓✄☛★✢❈✫★✢✚☎✜✕✖✦✲✢✚☎✼☎✜✕❫✪✞✓✄❉❊✫★✎✚☎❆✥✸✷▼☎☛✍❥☎✜✎❅✦✲☛❀❉✽✌✏✑✘✥✘✥◗✌✏✛❜☎■✝✒☛★✢✿✥◗✌❚✫★✢✚✟✞✪✜✑✔✝✒✑✔✓✄✕❫✦★☎
✥✸✷✹✌✏✫★✫★✢✚✓ ✯✲✑✘❉✽✌✏✎✒✑✔✓✄✕❫✦★☎❁✥◗✌✠✝✚✓✄✥✘☛★✎✒✑✔✓✄✕✆❂☞❖✆☎❁✎✤✌✏✮★✥✔☎✰✌✏☛❪❝✲❂✘❞❆✦★✓✄✕★✕✖☎❆✡☞☛✖☎✜✥✔✡✙☛✖☎✞✝❋✪✰✌✏✢✤✌✄✪✜✎✚✟✜✢✒✑✔✝✚✎✒✑✔✡✙☛✖☎✞✝❨✦★☎✞✝❋✎✒✢✚✓✄✑✔✝❇❉✽✌✏✑✘✥✘✥◗✌✏✛❜☎✞✝
☛★✎✒✑✘✥✘✑✔✝✚✟✞✝✰❂✍❖✆☎✞✝❁✢✚✟✞✝✒☛★✥✘✎✤✌✏✎✚✝✼✓✄✮★✎✚☎✜✕✙☛✖✝❆✝✤✓✄✕✙✎❩✢✚☎✜✫✱✓✄✢✒✎✚✟✞✝❆✦✖✌✏✕✖✝❁✥✔☎✗✎✤✌✏✮★✥✔☎✰✌✏☛♦❝✲❂☞☛✲❂

❃ ✌✏✑✘✥✘✥◗✌✏✛❜☎❏❞ ❃ ✌✏✑✘✥✘✥◗✌✏✛❜☎ ☛ ❃ ✌✏✑✘✥✘✥◗✌✏✛❜☎❚❝
❍■✓✄❉❚✮★✢✚☎✧✦★☎✗✕✥✣✗☛✖✦★✝ ❞✰❱✗☛ ❲✣❲✣❱ ☛✗☛✒✑ ✑
❍■✓✄❉❚✮★✢✚☎▲✦★☎✠❉✽✌✏✑✘✥✘✥✔☎✞✝ ❝✗☛✗✖ ❞✣❞✓✖❁❑ ✑ ✑✘❑✒✑

�✂✁☎✄ ✆ ❝✲❂✘❞ ✝❛✉❅✌✏✢✤✌✄✪✜✎✚✟✜✢✒✑✔✝✒✎✒✑✔✡✙☛✖☎✞✝✼✦★☎✞✝❁✎✒✢✚✓✄✑✔✝❩❉✽✌✏✑✘✥✘✥◗✌✏✛❜☎✞✝❢❂

❤ ✕✖✪✞✓✄✕★✕✙☛✖☎ ✌❋✡☞☛✍✌✏✎✒✑✔✓✄✕❧✦★☎✗✥◗✌✩✳✵✌✄✪✞☎ ❃ ✌✏✑✘✥✘✥◗✌✏✛❜☎✽❞ ❃ ✌✏✑✘✥✘✥◗✌✏✛❜☎ ☛ ❃ ✌✏✑✘✥✘✥◗✌✏✛❜☎✧❝
✂❣✌✄✪✞☎❏❞ ✡ z = 0 ❞✣❂☞☛✗☛✗✒✒✑ ✖✲❂✹❲✒✑✙❲✲❞ ✑✙❱ ✖✲❂✘❞✓✒✣❝✣❝❜❡❙❞
✂❣✌✄✪✞☎ ☛ ✡ z = 1 ❞✣❂✹❲✣❱✣❲✣❝✗☛ ✖✲❂✹❲✣❲✣❲✒✑ ✑✙❝ ✖✲❂✘❞★❑✗✖❜❡✄❱✗☛
✂❣✌✄✪✞☎❚❝ ✫ x = 1 ❑✲❂ ❡❙❞✰❱✗☛✗✒ ❲✲❂ ✑ ✒❜❡✟✒❜❡ ❝✲❂ ❑✒✑ ✒✒✑☞❡
✂❣✌✄✪✞☎ ✑ ✫ y = 1 ❞✰❝✲❂✹❱✲❞✓☛❁❑ ❞✓✖✲❂✹❱✗☛✗☛❜❡ ❡❙❂☞☛✗✖❜❡✟✖✗✒
✂❣✌✄✪✞☎❚❲ ✫ x = 0 ❞✣❞✣❂✘❞✓✒✗✒✣❝ ❡❙❂☞☛❁❑✗☛❜❡✄❱ ❲✲❂☞✖✣❝✗✖❁❑✣❲
✂❣✌✄✪✞☎❚❱ ✫ x = 1 ❞✰❝✲❂ ✑ ✒✣❝✣❱ ❞✰❱✲❂✹❝✗✖✣❝✣❲ ☛✗☛✲❂ ✑ ✖❜❡✟☛
�✂✁☎✄ ✆ ❝✲❂☞☛ ✝ ✌❇✢✒✢✚☎✜☛★✢✚✝❩✢✚☎✜✥◗✌✏✎✒✑✘❬❜☎✞✝✩❺❵☎✜✕✝✆❊❻❅☎✜✕❴✕✖✓✄✢✒❉❏☎ L2 ✝✚☎✜✥✔✓✄✕❛✥✔☎✗❉✽✌✏✑✘✥✘✥◗✌✏✛❜☎▲☛★✎✒✑✘✥✘✑✔✝✤✟✣❂

❍■✓✄☛✖✝♥✪✞✓✄✕✖✝✒✎✤✌✏✎✚✓✄✕✖✝♥✡☞☛✖☎❘✥✸✷✹✌✏✫★✫★✢✚✓★✯❙✑✘❉✽✌✏✎✒✑✔✓✄✕ ✦★☎ ✥◗✌ ✝✤✓✄✥✘☛★✎✒✑✔✓✄✕❷✦★☎✜❬❙✑✔☎✜✕✙✎♥✫★✥✘☛✖✝♦✫★✢✚✟✞✪✜✑✔✝✤☎ ☎✜✕ ✢✤✌ ✘❏✕✍✌✏✕☞✎♥✥✔☎
❉✽✌✏✑✘✥✘✥◗✌✏✛❜☎✣✯✆☎✲✯★✪✞☎✜✫★✎✚✟✩✫✭✓✄☛★✢✠✥◗✌❀✳✸✌✄✪✞☎❊❱✲❂❥❍✼✓✄☛✖✝▲✕✖☎✶✝ ✌✞❬❜✓✄✕✖✝▲✫✍✌✄✝✠☎✲✯✲✫★✥✘✑✔✡☞☛✖☎✜✢✠✫✭✓✄☛★✢✚✡☞☛✖✓✄✑❇✥✸✷▼☎✜✢✒✢✚☎✜☛★✢✧✌✏☛★✛✣❉❏☎✜✕✙✎✚☎✽✝✒☛★✢
✪✞☎✜✎✒✎✚☎✗✳✸✌✄✪✞☎✣❂

�✁� � � ✁ �❄� ✂❘✜ ✞ ▲❖✚ ✞✏✚✬✠●✓✌✜✤✣ ✑❖✎✘✓✟✞❈✜ ✞✟✞✵☞✍✫✢✚✛☛✌✠✢✜✤✣✍✓❊✠✦✣✧☛★✕✘✩ ✞✏✚✬✫✢✎✘✓

❍■✓✄☛✖✝❨✢✤✌✏✫★✫✭☎✜✥✔✓✄✕✖✝❅✡☞☛✖☎❆✥✔☎✞✝❨❉❏✓❙✦★✬✜✥✔☎✞✝❈✫★✢✚✟✞✝✤☎✜✕✙✎✚✟✞✝❁✦✖✌✏✕✖✝❨✥✔☎✞✝❅✝✚☎✞✪✜✎✒✑✔✓✄✕✖✝❅✫★✢✚✟✞✪✞✟✞✦★☎✜✕✙✎✚☎✞✝❁✓✄✕☞✎❅✟✜✎✚✟■✢✚✟✞✝✚✓✄✥✘☛✖✝❨✫✍✌✏✢❨✥◗✌
✢✚☎✜✫★✢✚✟✞✝✚☎✜✕☞✎✤✌✏✎✒✑✔✓✄✕❧✑✘✕☞✎✚✟✜✛✣✢✤✌✏✥✔☎▲❉❊✑❏✯✲✎✚☎❊❳





1

2
p = S q − H p ✝✒☛★✢ ΓN ,

1

2
q = H ′ q − Dp ✝✒☛★✢ ΓD.
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q = H ′ q − Dp ✝✚☛★✢ ΓN ∪ ΓD,
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✦★☎❴✛❜✟✞✓✄❉❏✟✜✎✒✢✒✑✔☎❧✪✞✓✄❉❊✫★✥✔☎✲✯✲☎ ❺ ✫★☛★✑✘✎✚✝✰✯②✳❵✢✤✌✄✪✜✎✒☛★✢✚☎✞✝✰✯❇✑✘✕✙✎✚☎✜✢ ✳✸✌✄✪✞☎✞✝❪✓✄☛ ✳ ✢✚✓✄✕☞✎✒✑✔✬✜✢✚☎✞✝❀☎✲✯✲✎✚✟✜✢✒✑✔☎✜☛★✢✚☎✞✝ ❻t✯❋☎✜✎✽✥✔☎✞✝❏❉❏✟✜✎✒✾✖✓❙✦★☎✞✝
✦★☎✶❬❜✓✄✥✘☛★❉❏☎✞✝✝✱✖✕★✑✔✝✗✓✄☛♦✦❥✷▼✟✜✥✔✟✜❉❏☎✜✕☞✎✚✝ ✱✖✕★✑✔✝✠✦✖✌✏✕✖✝✗✥✔☎✧✢✚☎✞✝✒✎✚☎✩✦✲☛✴✢✚✟✞✝✤☎✜✢✒❬❜✓✄✑✘✢✰❂❥✉❨☎✩✪✞✓✄☛★✫★✥◗✌✏✛❜☎❊✦★☎✧❬❜✓✄✥✘☛★❉❏☎✞✝ ✱✖✕★✑✔✝✗✓✄☛
✟✜✥✔✟✜❉❏☎✜✕✙✎✚✝❘✱✖✕★✑✔✝✩✌✞❬❜☎✞✪❏✥✔☎✞✝❚❉❏✟✜✎✒✾✖✓☞✦★☎✞✝❚✑✘✕✙✎✚✟✜✛✣✢✤✌✏✥✔☎✞✝❊✌❴✟✜✎✚✟❊✎✒✢✤✌✏✑✘✎✚✟❀☎✜✕✺✦★☎✜☛✛✯✺✦✲✑✘❉❏☎✜✕✖✝✒✑✔✓✄✕✖✝✧✦✖✌✏✕✖✝❪❺ ✂ ✑✙❝✞☎✐✯ ✂ ✑ ✑ ☎ ❻✗☎✜✎
✦★✓✄✕★✕✖☎▲✦★☎✞✝❁✢✚✟✞✝✚☛★✥✘✎✤✌✏✎✚✝❩✫★✢✚✓✄❉❏☎✜✎✒✎✚☎✜☛★✢✚✝✰❂❣❤✐✥❥✢✚☎✞✝✒✎✚☎▲❑❊✥✔☎✗✛❜✟✜✕✖✟✜✢✤✌✏✥✘✑✔✝✚☎✜✢✼☎✜✕❴✎✒✢✚✓✄✑✔✝✼✦✲✑✘❉❏☎✜✕✖✝✒✑✔✓✄✕✖✝✰❂
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✱✳✲✵✴✷✶✹✸ ✫✻✺✽✼✿✾ ✲❀✲❂❁ ✼ ✴❂❃❅❄❆❁❇✸❅✴ ✾✷❈ ✸❊❉ ✼✿✾ ✸ ✺✽✼ ✲●❋❍✲●❄ ✼❏■ ❉ ✫ ❉ ✺✽✼ ❁▲❑▼✲ ✼ ❄❆❃ ✼ ✸❊❋◆❋❍✲●❄ ✼ ✸❊❉❖✴▲✸❊P◗✴●❉✻P ■ ✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁❏❁✿❉ ✾P◗✲ ✫ ❉ ✺✽✼ ❁▲❚❱❯❲❃❅❉❆❁☛✸❂❳❨❃❅❄❆❁☛❋❍✲●❄ ✼✿✺ ❃❅❄✻❄ ❈ ❄❆❃ ✼✿✾ ✲ ✺ ❄ ✼ ✲●❄ ✼✿✺ ❃❅❄ ■ ✲✵❩❬✸ ✺✽✾ ✲❍❉✻❄❆✲❭✸ ✫★✫✻✾ ❃❂❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄✣❫❆P❴✸ ✺✽✾ ✲❀❁✿❉ ✾ P◗✲ ✫ ❉ ✺✽✼ ❁▲❚❵ ❃❅❉ ✾✷❛ ❉❆❃ ✺ ❉✻❄❆✲✵✸ ✫★✫✻✾ ❃❂❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄❜❫❆P❴✸ ✺✽✾ ✲☛❁✿❉ ✾ P◗✲ ✫ ❉ ✺✽✼ ❁❞❝✵❯❲❃❅❉❆❁❡❁❇✸▲❳❨❃❅❄❆❁ ❛ ❉❣❢ ✺ P✤✲❤❪ ✺ ❁ ✼ ✲❏❉✻❄❆✲ ✺ ❋ ✫ ❃ ✾✿✼ ✸❊❄ ✼ ✲ ■✐✺✎✍▼❈❤❥
✾ ✲●❄❆✴❂✲ ■ ❢ ❈ ✴✷✶❆✲●P✽P◗✲✵✲●❄ ✼✿✾ ✲✌P◗✲ ✾ ✸▲❦❨❃❅❄ ■ ❉ ✫ ❉ ✺✽✼ ❁❧✲ ✼ P❴✸ ✼ ✸ ✺ P✽P◗✲ ■ ❉ ✾✷❈ ❁✷✲ ✾ ❳❨❃ ✺✽✾ ❑❞✲ ✼ ✴❂✲●P❴✸ ✺ ❋ ✫ P ✺◗❛ ❉❆✲☛❉✻❄❆✲ ✺ ❋ ✫ ❃ ✾✿✼ ✸❊❄ ✼ ✲
■✐✺✎✍▼❈●✾ ✲●❄❆✴❂✲ ■ ❢ ❈ ✴❇✶❆✲●P✽P◗✲❧✲●❄ ✼✿✾ ✲❡P◗✲ ✾ ✸▲❦❨❃❅❄ ■ ❉ ✫ ❉ ✺✽✼ ❁ rw ✲ ✼ ❁♠✸♥P◗❃❅❄ ❘ ❉❆✲●❉ ✾ L ♦ P◗✲ ✫ ❉ ✺✽✼ ❁♣✲❂❁ ✼ ✲●❄ ❘❨❈ ❄ ❈●✾ ✸❊P▼✴ ✾ ✲●❉❆❁ ❈ ❁✷❉ ✾✼ ❃❅❉ ✼ ✲✵P❴✸❭P◗❃❅❄ ❘ ❉❆✲●❉ ✾❏■ ❉ ✾✷❈ ❁✷✲ ✾ ❳❨❃ ✺✽✾♠q ❚▼r ✼ ✸❊❄ ✼❏■ ❃❅❄✻❄ ❈ ✲◆✴❂✲ ✼✿✼ ✲ ■✐✺✎✍s❈●✾ ✲●❄❆✴❂✲ ■ ❢ ❈ ✴❇✶❆✲●P✽P◗✲❙❑ ✺ P✚✲❂❁ ✼ ❄✹✸ ✼ ❉ ✾ ✲●P ■ ✲ ✾ ✲ ✫✻✾✷❈❤❥❁✷✲●❄ ✼ ✲ ✾ P❴✸◆❁✿❉ ✾ ❩t✸❅✴❂✲ ■ ❉ ✫ ❉ ✺✽✼ ❁✉❄❆❃❅❄ ✫ P✽❉❆❁ ✫ ✸ ✾ ❉✻❄✈✴●❦✠P ✺ ❄ ■✐✾ ✲❙❑✻❋❀✸ ✺ ❁ ✫ ✸ ✾ ❉✻❄❆✲♥P ✺✽❘ ❄❆✲❙❚✇ ✲ ✫✻✾ ❃❅①✻P◗②●❋❍✲ ❛ ❉ ✺ ❁✷✲ ✫ ❃❙❁✷✲❡✸❊P◗❃ ✾ ❁③✲❂❁ ✼ Pt❢④✲❤❪ ✫✻✾ ✲❂❁✷❁ ✺ ❃❅❄ ■ ✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁✉❁✿❉ ✾ P◗✲ ✫ ❉ ✺✽✼ ❁❧⑤ ✺ P⑥❩❬✸❊❉ ■✐✾ ✸ ✺✽✼❨✫ ✸❅❁✷❁✷✲ ✾♣■ ❢ ❉✻❄❆✲
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■✐✺ ❁✷✴ ✾✷❈●✼✿✺ ❁✷✲ ✾ P❴✸☛❩❸❃ ✾ ❋☛❉✻P❴✸ ✼✿✺ ❃❅❄ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❏❁✿❉ ✾ P◗✲ ✫ ❉ ✺✽✼ ❁▲❚
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✇ ❢ ❈❂❛ ❉✹✸ ✼✿✺ ❃❅❄ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ❛ ❉❆✲❧❄❆❃❅❉❆❁ ■ ✲●❳❨❃❅❄❆❁ ■✐✺ ❁✷✴ ✾✷❈●✼✿✺ ❁✷✲ ✾ ❁✿❉ ✾ P◗✲ ✫ ❉ ✺✽✼ ❁❲✲❂❁ ✼❹■ ❃❅❄❆✴♥P❴✸✵❁✿❉ ✺ ❳❙✸❊❄ ✼ ✲❀⑤
1

2
p = S q − H p.

❯❡❃❅❉❆❁♥✸❂❳❨❃❅❄❆❁❧✴✷✶❆❃ ✺ ❁ ✺ ✴❂❃❅❋◆❋❍✲✌❋ ❈●✼ ✶❆❃ ■ ✲ ■ ✲ ■✐✺ ❁✷✴ ✾✷❈●✼✿✺ ❁❇✸ ✼✿✺ ❃❅❄❜P❴✸❀❋ ❈●✼ ✶❆❃ ■ ✲ ■ ✲ ☞ ✸❊P◗✲ ✾✔✓✠✺ ❄❣❚⑥❯❡❃❅❉❆❁❧✴❂❃❅❄❆❁ ✺◗■✻❈❤❥
✾ ❃❅❄❆❁✉P❴✸✌❩t✸❊❋ ✺ P✽P◗✲ (ϕhi )i

■ ✲❧❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄❆❁ ■ ✲♥①✹✸❅❁✷✲ ❈ P ❈ ❋❍✲●❄ ✼ ❁❹❫❆❄ ✺ ❁
P

1 ❚
❯❡❃❅❉❆❁❧❩t✸ ✺ ❁✷❃❅❄❆❁♥Pt❢ ✶❺❦ ✫ ❃ ✼ ✶❆②❂❁✷✲ ❛ ❉❆✲✵P❴✸ ✫✻✾ ✲❂❁✷❁ ✺ ❃❅❄✔✲ ✼ P◗✲✵❿❆❉✐❪❖❁✷❃❅❄ ✼ ✴❂❃❅❄❆❁ ✼ ✸❊❄ ✼ ❁☛❁✿❉ ✾ ❉✻❄❆✲❍❁✷✲❂✴ ✼✿✺ ❃❅❄ ■ ❉ ✫ ❉ ✺✽✼ ❁▲❚✱✳✲❂✴ ✺❆✺ ❋ ✫ P ✺◗❛ ❉❆✲ ❛ ❉❆✲♣P◗✲❂❁✚❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄❆❁ ■ ✲✉①✹✸❅❁❇✲❹❁✷❃❅❄ ✼ ✴✷✶❆❃ ✺ ❁ ✺ ✲❂❁③✴❂❃❅❄❆❁ ✼ ✸❊❄ ✼ ✲❂❁ ✫ ✸ ✾➀✾ ✸ ✫★✫ ❃ ✾✿✼③⑨ Pt❢❷✸❊❄ ❘ P◗✲ θ ✴❂❃❅❄❆❁ ✺◗■✻❈●✾✷❈ ❑

θ ∈ [0, 2π]
❚ ✇ ✲❂❁♥❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄❆❁ ■ ✲◆①✹✸❅❁✷✲ ■✻❈✜✫ ✲●❄ ■ ✲●❄ ✼ ✸❊P◗❃ ✾ ❁❏❁✷✲●❉✻P◗✲●❋❍✲●❄ ✼☛■ ✲❀P❴✸➁❳❅✸ ✾✿✺ ✸❊①✻P◗✲❭✸➂❪ ✺ ✸❊P◗✲ l P◗✲❀P◗❃❅❄ ❘✈■ ❉✫ ❉ ✺✽✼ ❁❏⑤

ϕhi (l, θ) = ϕhi (l), ∀θ ∈ [0, 2π].

✇ ✲ ✫ ❉ ✺✽✼ ❁➃✲❂❁ ✼❹■ ❃❅❄❆✴ ■✐✺ ❁✷✴ ✾✷❈●✼✿✺ ❁ ❈ ✲●❄✈❁✷✲ ❘ ❋❍✲●❄ ✼ ❁ ■ ✲❧P◗❃❅❄ ❘ ❉❆✲●❉ ✾ ∆li
✼ ✲●P◗❁ ❛ ❉❆✲◆⑤

∆li = li+1 − li, i = 1, . . . ,NW
✸▲❳❨✲❂✴

L =

NW −1∑

i=1

∆li.
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✇ ✲❂❁♣❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄❆❁ ■ ✲ ①✹✸❅❁✷✲♥❁✷❃❅❄ ✼ ✸❊P◗❃ ✾ ❁ ■✻❈ ❫❆❄ ✺ ✲❂❁➃✴❂❃❅❋◆❋❍✲☛❁✿❉ ✺✽✼ ⑤❵ ❃❅❉ ✾ i = 1
⑤

ϕhi (l) =





l − li+1

li − li+1

❁ ✺ l ∈ [li, li+1],

0
✸ ✺ P✽P◗✲●❉ ✾ ❁▲❚

❵ ❃❅❉ ✾ i = 2, . . . ,NW − 1
⑤

ϕhi (l) =





l − li−1

li − li−1

❁ ✺ l ∈ [li−1, li],

l − li+1

li − li+1

❁ ✺ l ∈ [li, li+1],

0
✸ ✺ P✽P◗✲●❉ ✾ ❁▲❚

❵ ❃❅❉ ✾ i = NW
⑤

ϕhi (l) =





l − li−1

li − li−1

❁ ✺ l ∈ [li−1, li],

0
✸ ✺ P✽P◗✲●❉ ✾ ❁ .⑧♥✸❊❄❆❁❹❄❆❃ ✼✿✾ ✲☛✴▲✸❅❁ ✫ ✸ ✾✿✼✿✺ ✴●❉✻P ✺ ✲ ✾ ❑⑥P❴✸ ✫✻✾ ✲❂❁✷❁ ✺ ❃❅❄ ✲❂❁ ✼ ✴❂❃❅❄✻❄ ❉❆✲❏P◗✲ P◗❃❅❄ ❘❭■ ❉ ✫ ❉ ✺✽✼ ❁ ❑❆❋❀✸ ✺ ❁ ■ ✸❊❄❆❁➃P◗✲❏✴▲✸❅❁ ❘❨❈ ❄ ❈●✾ ✸❊Pt❑P❴✸ ✫✻✾ ✲❂❁✷❁ ✺ ❃❅❄❣❑s✸❊❉❆❁✷❁ ✺ ① ✺ ✲●❄ ❛ ❉❆✲❏P◗✲ ■✻❈ ① ✺✽✼ ❑s❁✷✲ ✾ ❃❅❄ ✼❧✼ ❃❅❉❆❁❡P◗✲❂❁ ■ ✲●❉✐❪ ✺ ❄❆✴❂❃❅❄✻❄❺❉❆❁ ❚❞r➀❄ ❳✠❉❆✲ ■ ❉❜✴▲✸❅❁ ❘❨❈ ❄ ❈●✾ ✸❊Pt❑❞❄❆❃❅❉❆❁

❈ ✴ ✾✿✺✽✾ ❃❅❄❆❁♣P◗✲❂❁ ❈❂❛ ❉✹✸ ✼✿✺ ❃❅❄❆❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁➃✴❂❃❅❋◆❋❍✲❡❁ ✺ P❴✸ ✫✻✾ ✲❂❁✷❁ ✺ ❃❅❄ ❈●✼ ✸ ✺✽✼③✺ ❄❆✴❂❃❅❄✻❄ ❉❆✲❙❑✻✲ ✼ ❄❆❃❅❉❆❁ ✾ ✸ ✶ ❃❅❉ ✼ ✲ ✾ ❃❅❄❆❁✉✲●❄❆❁✿❉ ✺✽✼ ✲
NW

❈❂❛ ❉✹✸ ✼✿✺ ❃❅❄❆❁ ✫ ❃❅❉ ✾ ✴❂❃❅❋ ✫ P ❈●✼ ✲ ✾ P◗✲♥❁✿❦✐❁ ✼ ②●❋❍✲❙❑ ❈ ✴ ✾✿✺✽✼ ✲❂❁➃❁✷❃❅❉❆❁❹P❴✸☛❩❸❃ ✾ ❋❍✲❍⑤
p(li) = pw, i = 1, . . . ,NW ,

❃❅❉❶① ✺ ✲●❄ ⑤
p(l1) = pw,

✲ ✼ p(li+1) = p(li), i = 1, . . . ,NW − 1.✇ ✲❂❁ ■ ✲●❉✐❪ ✺ ❄❆✴❂❃❅❄✻❄❺❉❆✲❂❁ p ✲ ✼ q ❁✷✲ ✾ ❃❅❄ ✼❹■✻❈ ❁✷❃ ✾ ❋❀✸ ✺ ❁✉❄❆❃ ✼✷❈ ✲❂❁ ■ ✸❊❄❆❁✉✴❂✲♥✴❇✶✹✸ ✫✻✺✽✼✿✾ ✲ ✴❂❃❅❄✐❩❸❃ ✾ ❋ ❈ ❋❍✲●❄ ✼ ✸❊❉✐❪➁❄❆❃ ✼ ✸ ❥✼✿✺ ❃❅❄❆❁✉✸ ■ ❃ ✫✻✼✷❈ ✲❂❁ ■ ✸❊❄❆❁③P◗✲❡✴✷✶✹✸ ✫✻✺✽✼✿✾ ✲♥⑦✐❑ ✾ ✲❂❁ ✫ ✲❂✴ ✼✿✺ ❳❨✲●❋❍✲●❄ ✼ ϕ ✲ ✼ ψ ❚✟✪❲❄ ✲❤❪ ✫✻✾✿✺ ❋❍✲❲P◗✲❂❁ ■ ✲●❉✐❪ ✺ ❄❆✴❂❃❅❄✻❄ ❉❆✲❂❁ ■ ✸❊❄❆❁✳P❴✸①✹✸❅❁✷✲
(ϕhi )i=1,NW

⑤

ϕ(x) =

NW∑

j=1

ϕj ϕ
h
j (x),

ψ(x) =

NW∑

j=1

ψj ϕ
h
j (x).

✪❲❄ ✾ ✲ ✫ ❃ ✾✿✼ ✲♥✴❂✲❂❁❹✲❤❪ ✫✻✾ ✲❂❁❇❁ ✺ ❃❅❄❆❁ ■ ✸❊❄❆❁✉Pt❢ ❈❂❛ ❉✹✸ ✼✿✺ ❃❅❄ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❙❑ ❛ ❉❆✲❡Pt❢④❃❅❄ ❋❏❉✻P ✼✿✺✘✫ P ✺ ✲☛✲●❄❆❁✿❉ ✺✽✼ ✲ ✫ ✸ ✾ ❉✻❄❆✲❧❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄
■ ✲♥①✹✸❅❁✷✲ ϕhi ❑✻✲ ✼ ❃❅❄ ✺ ❄ ✼ ② ❘❙✾ ✲ ⑨ ❄❆❃❅❉✻❳❨✲▲✸❊❉ ❁✿❉ ✾ Γw

❚✫✪❲❄✈❃❅① ✼✿✺ ✲●❄ ✼ ✸❊P◗❃ ✾ ❁✉P◗✲ ❁✿❦✐❁ ✼ ②●❋❍✲ ■✐✺ ❁✷✴ ✾✷❈●✼✿✺ ❁ ❈ ❁✷❉ ✺ ❳❅✸❊❄ ✼ ⑤

(
1

2
Mij +Hij) pj − Sij qj = 0,

✸❂❳❨✲❂✴ P❴✸◆✴❂❃❅❄❺❳❨✲●❄ ✼✿✺ ❃❅❄ ■ ✲♥❁✷❃❅❋◆❋❀✸ ✼✿✺ ❃❅❄ ■ ❢④r ✺ ❄❆❁ ✼ ✲ ✺ ❄❣❑⑥✲ ✼ ✸❂❳❨✲❂✴❀⑤

Mij =

∫

Γw

ϕhi (x)ϕ
h
j (x) dγ(x),

Sij =
1

4π

∫

Γw

∫

Γw

ϕhi (x)ϕ
h
j (y)

1

|x− y| dγ(y) dγ(x),

Hij =
1

4π

∫

Γw

∫

Γw

ϕhi (x)ϕ
h
j (y)

∂

∂ny

(
1

|x− y|

)
dγ(y) dγ(x).
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✇ ❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Mij
✲❂❁ ✼ ❩t✸❅✴ ✺ P◗✲ ⑨ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ❑✻❋❀✸ ✺ ❁➃P◗✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ Sij ✲ ✼ Hij

❁❇❃❅❄ ✼ ❩t✸ ✺ ①✻P◗✲●❋❍✲●❄ ✼ ❁ ✺ ❄ ❘ ❉✻P ✺ ② ✾ ✲❂❁▲❚⑧♥✸❊❄❆❁ P❴✸❏❁✷✲❂✴ ✼✿✺ ❃❅❄➁❁✿❉ ✺ ❳❅✸❊❄ ✼ ✲❙❑❨❄❆❃❅❉❆❁✳❳❨✲ ✾✿✾ ❃❅❄❆❁ ✫ ✸ ✾ ❋ ✺ P◗✲❂❁ ✫✻✾✿✺ ❄❆✴ ✺✘✫ ✸❊P◗✲❂❁ ❈●✼ ✸ ✫ ✲❂❁ ■ ❉❭✴▲✸❊P◗✴●❉✻Pt❑✠✴❂❃❅❋◆❋❍✲●❄ ✼ ❁▲❢④✲ ✍ ✲❂✴ ✼ ❉❆✲P◗✲ ✫ ✸❅❁✷❁❇✸ ❘ ✲ ■ ✲❲Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲♥❁✿❉ ✾ P◗✲❲✴●❦✠P ✺ ❄ ■✐✾ ✲ Γw
⑨ ❉✻❄❆✲ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲♥❁✷❉ ✾ ❉✻❄❆✲❡P ✺✽❘ ❄❆✲❙❚✻✱✳✲❲❄❣❢④✲❂❁ ✼❈✫ ✸❅❁✳P❴✸ ❩ ✾ ❃❅❄ ✼✿✺ ② ✾ ✲

Γw
❛ ❉ ✺ ✲❂❁ ✼ ✸ ✫★✫✻✾ ❃ ✴❇✶ ❈ ✲ ✫ ✸ ✾ ❉✻❄✈❁✷✲ ❘ ❋❍✲●❄ ✼ ♦ ✴❙❢④✲❂❁ ✼❩✫ ❃❅❉ ✾✷❛ ❉❆❃ ✺ ❄❆❃❅❉❆❁❹❄❆❃ ✼ ❃❅❄❆❁ ✼ ❃❅❉ ✶ ❃❅❉ ✾ ❁ Γw

❑❆✲ ✼ ❄❆❃❅❄ ✫ ✸❅❁ Γhw
q ❑❋❀✸ ✺ ❁◆Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲✈❁✿❉ ✾ P❴✸✈❩ ✾ ❃❅❄ ✼✿✺ ② ✾ ✲✈✴●❦✠P ✺ ❄ ■✐✾✿✺◗❛ ❉❆✲ Γw

❛ ❉ ✺ ✲❂❁ ✼ ✸ ✫★✫✻✾ ❃✠✴✷✶ ❈ ✲✈✸❊❄✹✸❊P✽❦ ✼✿✺◗❛ ❉❆✲●❋❍✲●❄ ✼ ❚ ✇ ✲❂❁❀✴▲✸❊P◗✴●❉✻P◗❁✴❂❃❅❋ ✫ P◗✲ ✼ ❁ ■ ✲❏✴❂✲❂❁ ✼✿✾ ❃ ✺ ❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁➃❫ ❘ ❉ ✾ ✲●❄ ✼ ✲●❄ ✸❊❄✻❄❆✲❤❪✻✲ ✟ ❚

✞ ☎✠✟ ✠☛✡✏✜✤✬✭✧ ✲ ✍ ✲ ✍ ✣✩✗✭✗☛✒✔✧☛✡✆✡✮✰✱✣✥✜✦✡✎✧✌✛ ✲ ✟ ✗ ✟✭✡ ✜✤✙✫✗ ✣✩✒ ✟☛✛✭✍ ☞✮✡✘✑✌✛✭✍

✇ ✲ ✫ ❉ ✺✽✼ ❁ ■ ✲ ✾ ✸▲❦❨❃❅❄ rw ✲ ✼❧■ ✲☛P◗❃❅❄ ❘ ❉❆✲●❉ ✾ L ❳❙✸ ✴●✼✿✾ ✲ ■✐✺ ❁✷✴ ✾✷❈●✼✿✺ ❁ ❈ ✲●❄ ❋❍❃ ✾ ✴❂✲▲✸❊❉✐❪ ✴●❦✠P ✺ ❄ ■✐✾✿✺◗❛ ❉❆✲❂❁ ■ ✲ ✾ ✸❂❦❨❃❅❄
rw

✲ ✼❹■ ✲♥P◗❃❅❄ ❘ ❉❆✲●❉ ✾ ∆lk = lk+1 − lk
❑ ✫ ❃❅❉ ✾ k = 1, . . . ,NW − 1

❑ ✼ ✲●P◗❁ ❛ ❉❆✲ ∑NW −1
k=1 ∆lk = L

❚
❯❡❃❅❉❆❁➃✸❊P✽P◗❃❅❄❆❁❲✸ ✫★✫✻✾ ❃✠✴✷✶❆✲ ✾ ✴❂✲❂❁➃❋❍❃ ✾ ✴❂✲▲✸❊❉✐❪❶✴●❦ P ✺ ❄ ■✐✾✿✺◗❛ ❉❆✲❂❁ ✫ ✸ ✾❹■ ✲❂❁❲❁✷✲ ❘ ❋❍✲●❄ ✼ ❁▲❚✇ ✸ ✫✻✾✿✺ ❄❆✴ ✺✘✫ ✸❊P◗✲ ■✐✺✌☞ ✴●❉✻P ✼✷❈✗✫ ❃❅❉ ✾❨✫ ✸❅❁❇❁✷✲ ✾✳■ ❢ ❉✻❄ ✴●❦✠P ✺ ❄ ■✐✾ ✲ ⑨ ❉✻❄❆✲❡P ✺✽❘ ❄❆✲❧✲❂❁ ✼♣❛ ❉❆✲❡P❴✸☛❄❆❃ ✾ ❋❀✸❊P◗✲❡❄❣❢④✲❂❁ ✼❅✫ ✸❅❁ ■✻❈ ❫❆❄ ✺ ✲✲●❄✔⑩❂⑧✵❚
✇ ✸ ❋ ❈●✼ ✶❆❃ ■ ✲ ■ ❢❷✸ ✫★✫✻✾ ❃❂❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄ ✾ ✲ ✫ ❃❙❁✷✲ ■ ❢ ❉✻❄❆✲ ✫ ✸ ✾✿✼ ❁✿❉ ✾ Pt❢ ✶❺❦ ✫ ❃ ✼ ✶❆②❂❁✷✲ ❛ ❉❆✲ P◗✲❂❁✌❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄❆❁ ■ ✲➁①✹✸❅❁✷✲ ϕhi ❑
i = 1, . . . ,NW

❑✳❁✷❃❅❄ ✼ ✺ ❄ ■✻❈✜✫ ✲●❄ ■ ✸❊❄ ✼ ✲❂❁ ■ ✲✈Pt❢❷✸❊❄ ❘ P◗✲ θ ❑ θ ∈ [0, 2π]
❑♣✲ ✼➁■ ❢❷✸❊❉ ✼✿✾ ✲ ✫ ✸ ✾✿✼ ❁✿❉ ✾ Pt❢ ✶❺❦ ✫ ❃ ✼ ✶❆②❂❁✷✲❁✿❉ ✺ ❳❙✸❊❄ ✼ ✲❍⑤

(H1) rw << ∆lk,
✫ ❃❅❉ ✾✉✼ ❃❅❉ ✼ k = 1, . . . ,NW − 1.

✇ ❢ ✶ ❦ ✫ ❃ ✼ ✶❆②❂❁✷✲ (H1)
✲❂❁ ✼✼✫ ✶❺❦✐❁ ✺◗❛ ❉❆✲●❋❍✲●❄ ✼ ✶ ❉❆❁ ✼✿✺ ❫ ❈ ✲ ✫ ✸ ✾ Pt❢ ✺ ❋ ✫ ❃ ✾✿✼ ✸❊❄ ✼ ✲ ■✐✺✎✍▼❈●✾ ✲●❄❆✴❂✲ ■ ❢ ❈ ✴❇✶❆✲●P✽P◗✲✵✲●❄ ✼✿✾ ✲☛P◗✲ ✾ ✸❂❦❨❃❅❄

■ ❉ ✫ ❉ ✺✽✼ ❁ rw ✲ ✼ P❴✸❡P◗❃❅❄ ❘ ❉❆✲●❉ ✾ ■ ❉ ✫ ❉ ✺✽✼ ❁ L ♦ ❃❅❄ ✾ ✸ ✫★✫ ✲●P✽P◗✲ ❛ ❉❆✲♣P◗✲ ✾ ✸▲❦❨❃❅❄ ■ ❉ ✫ ❉ ✺✽✼ ❁➀✲❂❁ ✼➀■ ✲♣Pt❢④❃ ✾✷■✐✾ ✲ ■ ✲ ❛ ❉❆✲●P ❛ ❉❆✲❂❁✴❂✲●❄ ✼✿✺ ❋❍② ✼✿✾ ✲❂❁♣✸❊P◗❃ ✾ ❁ ❛ ❉❆✲♣P❴✸❧P◗❃❅❄ ❘ ❉❆✲●❉ ✾ ■ ❉ ✫ ❉ ✺✽✼ ❁ ❁✷✲♣❋❍✲❂❁✿❉ ✾ ✲➃✲●❄ ✓ ✺ P◗❃❅❋❍② ✼✿✾ ✲❂❁ q ❚✐✱✳✲ ✼✿✼ ✲ ■✐✺✎✍▼❈●✾ ✲●❄❆✴❂✲ ■ ❢ ❈ ✴✷✶❆✲●P✽P◗✲❡✲❂❁ ✼
✼ ✲●P✽P◗✲●❋❍✲●❄ ✼✉✺ ❋ ✫ ❃ ✾✿✼ ✸❊❄ ✼ ✲ ❛ ❉❆✲❲P◗✲ ✾ ✸❂❦❨❃❅❄ rw ■ ❉ ✫ ❉ ✺✽✼ ❁✉✲❂❁ ✼ ✸❊❉❆❁✷❁ ✺ ❄ ❈●❘ P ✺✽❘ ✲▲✸❊①✻P◗✲ ✫ ✸ ✾♣✾ ✸ ✫★✫ ❃ ✾✿✼ ✸❊❉✐❪ ❈ P ❈ ❋❍✲●❄ ✼ ❁ ■ ✲P◗❃❅❄ ❘ ❉❆✲●❉ ✾ ∆lk

❑
k = 1, . . . ,NW−1

❑ ✫ ❃❅❉ ✾ ❳✠❉ ❛ ❉❆✲➀P❴✸ ■✐✺ ❁✷✴ ✾✷❈●✼✿✺ ❁❇✸ ✼✿✺ ❃❅❄✌P◗✲✚P◗❃❅❄ ❘❲■ ❉ ✫ ❉ ✺✽✼ ❁❣❄❆✲ ❁❇❃ ✺✽✼✆✫ ✸❅❁ ✼✿✾ ❃ ✫ ❫❆❄❆✲❙❚
❯❡❃❅❉❆❁♥✸❊P✽P◗❃❅❄❆❁❧❳❨❃ ✺✽✾ ✴❂❃❅❋◆❋❍✲●❄ ✼ ✸ ✫★✫ P ✺◗❛ ❉❆✲ ✾ Pt❢ ✶ ❦ ✫ ❃ ✼ ✶❆②❂❁✷✲ (H1)

■ ✸❊❄❆❁❧P◗✲❂❁ ✫✻✾✿✺ ❄❆✴ ✺✘✫ ✸❊P◗✲❂❁ ❈●✼ ✸ ✫ ✲❂❁ ■ ❉ ✴▲✸❊P◗✴●❉✻Pt❚
✇ ✸✌❋ ❈●✼ ✶❆❃ ■ ✲ ❈●✼ ✸❊❄ ✼ ✲❤❪❆✸❅✴ ✼ ✲●❋❍✲●❄ ✼ P❴✸❏❋ ✴ ❋❍✲ ✫ ❃❅❉ ✾ P◗✲❂❁ ■ ✲●❉✐❪ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ Sij ✲ ✼ Hij

❑✠❄❆❃❅❉❆❁✉Pt❢④✲❤❪ ✫ ❃❙❁✷✲ ✾ ❃❅❄❆❁ ✺ ✴ ✺❉✻❄ ✺◗❛ ❉❆✲●❋❍✲●❄ ✼❚✫ ❃❅❉ ✾ P◗✲◆✴▲✸❊P◗✴●❉✻P ■ ✲ Hij
❚ ✇ ✲◆P◗✲❂✴ ✼ ✲●❉ ✾ ✼✿✾ ❃❅❉✻❳❨✲ ✾ ✸ ✲●❄✔✸❊❄✻❄❆✲❤❪✻✲ ✟ ✼ ❃❅❉❆❁♥P◗✲❂❁ ■✻❈●✼ ✸ ✺ P◗❁ ■ ✲❂❁❏✴▲✸❊P◗✴●❉✻P◗❁

■ ✲❂❁ ■ ✲●❉✐❪ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ ❚✹❯❡❃❅❉❆❁ ✫✻✾✷❈ ❁✷✲●❄ ✼ ❃❅❄❆❁❡✸❊❉❆❁✷❁ ✺ ✴❂✲ ✼✿✼ ✲♥❋ ❈●✼ ✶❆❃ ■ ✲ ■ ✸❊❄❆❁✎✍❷⑦✑✏✓✒✯✲ ✼ ✍✕✔ ❑ ✒ ❚⑧♥✸❊❄❆❁❏❉✻❄ ✫✻✾ ✲●❋ ✺ ✲ ✾✵✼ ✲●❋ ✫ ❁▲❑❱❄❆❃❅❉❆❁☛❄❆❃❅❉❆❁☛P ✺ ❋ ✺✽✼ ❃❅❄❆❁❍✸❊❉✣✴▲✸❅❁ ■ ❢ ❉✻❄ ✫ ❉ ✺✽✼ ❁✌✶❆❃ ✾✿✺ ✌ ❃❅❄ ✼ ✸❊Pt❚ ✇ ✲❂❁✵✴▲✸❊P◗✴●❉✻P◗❁ ✫ ✲●❉✻❳❨✲●❄ ✼❁▲❢❷✸ ■ ✸ ✫✻✼ ✲ ✾ ✸❊❉✐❪ ✫ ❉ ✺✽✼ ❁❹✴❂❃❅❋ ✫ P◗✲❤❪✻✲❂❁▲❚
❯❡❃❅❉❆❁✉❄❆❃❅❉❆❁ ✫✻✾ ❃ ✫ ❃❙❁✷❃❅❄❆❁ ■ ❃❅❄❆✴ ■ ✲♥✴▲✸❊P◗✴●❉✻P◗✲ ✾ ⑤

Hij =
1

4π

∫

Γw

∫

Γw

ϕhi (x)ϕ
h
j (y)

∂

∂ny

(
1

|x− y|

)
dγ(y) dγ(x).

✪❲❄ ✸➁⑤ ∂

∂ny

(
1

|x− y|

)
= −ny.(x− y)

|x− y|3
.

✖ ✫✻✾ ②❂❁ ✴●✼✿✾ ✲ ✫ ✸❅❁✷❁ ❈ ❁✉✲●❄ ✴❂❃✠❃ ✾✷■ ❃❅❄✻❄ ❈ ✲❂❁ ✫ ❃❅P❴✸ ✺✽✾ ✲❂❁▲❑✐✲ ✼ ✸ ✫✻✾ ②❂❁ ❛ ❉❆✲●P ❛ ❉❆✲❂❁❹❁ ✺ ❋ ✫ P ✺ ❫✹✴▲✸ ✼✿✺ ❃❅❄❆❁ ♦ ❳❨❃ ✺✽✾ ✸❊❄✻❄❆✲❤❪✻✲ ✟❹q ❑Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Hij
❁▲❢ ❈ ✴ ✾✿✺✽✼ ⑤

Hij = 2 rw

∫ L

0
ϕhi (l

′) dl′
∫ L

0
ϕhj (l) dl

∫ π/2

0

2 r2w
❁ ✺ ❄ 2θ dθ

[
4 r2w

❁ ✺ ❄ 2θ + (l − l′)2
]3/2 .

❵ ❃❅❉ ✾☛■ ✲❂❁ ✾ ✸ ✺ ❁✷❃❅❄❆❁ ✫ ❉ ✾ ✲●❋❍✲●❄ ✼❏✼ ✲❂✴❇✶✻❄ ✺◗❛ ❉❆✲❂❁ ❑ ✺ P ✲❂❁ ✼✠✫ P✽❉❆❁❏✸ ✺ ❁ ❈◆■ ❢ ✺ ❄ ✼✷❈●❘❙✾ ✲ ✾❏✼ ❃❅❉ ✼☛■ ❢❷✸❊①❞❃ ✾✷■♥✫ ✸ ✾❏✾ ✸ ✫★✫ ❃ ✾✿✼ ✸❊❉✐❪❳❙✸ ✾✿✺ ✸❊①✻P◗✲❂❁ l ✲ ✼ l′ ❑❆✲ ✼ ✲●❄❆❁✷❉ ✺✽✼ ✲ ✫ ✸ ✾❹✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ θ ❚



�✁� ✂☎✄✝✆✟✞✡✠☞☛✍✌✏✎✑� �✓✒ ✞✔✞✔✌✏✕❍❋✝✠✗✖✘✆✙☛✚✠✛✕✢✜✤✣✡✥✛✆✁✠✛✌✏✎✑✦✔✧★✞✔✧✔✠☞☛✍✩

✱✳❃❅❋◆❋❍✲●❄✄✂❂❃❅❄❆❁ ■ ❃❅❄❆✴ ✫ ✸ ✾ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ⑤

IHij (θ) =

∫ L

0
ϕhi (l

′) dl′
∫ L

0
ϕhj (l) dl

2 r2w
❁ ✺ ❄ 2θ

[
4 r2w

❁ ✺ ❄ 2θ + (l − l′)2
]3/2 .

☎ ✺ i < j − 2
❃❅❉

i > j + 2
❑❆✴❂✲ ✼✿✼ ✲ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ❄❆✲ ✫✻✾✷❈ ❁✷✲●❄ ✼ ✲❏✸❊❉❆✴●❉✻❄❆✲❏❁ ✺ ❄ ❘ ❉✻P❴✸ ✾✿✺✽✼✷❈ ❚❯❡❃❅❉❆❁ ✼✿✾ ✸ ✺✽✼ ✲ ✾ ❃❅❄❆❁ ✼ ❃❅❉ ✼❡■ ❢❷✸❊①❞❃ ✾✷■ P◗✲ ✴▲✸❅❁➃❃✝✆

i < j − 2
❃❅❉

i > j + 2
❑ ✫ ❉ ✺ ❁ ■ ✸❊❄❆❁❹❉✻❄✈❁❇✲❂✴❂❃❅❄ ■ ✼ ✲●❋ ✫ ❁➃P◗✲♥✴▲✸❅❁❃✝✆

j − 2 ≤ i ≤ j + 2
❚

� �✁�✁� � � �
1 ✞✠✟☛✡

✆✟✩ ■
i < j− 2

✕✢✧
i > j + 2

☞ ✜ ☛ ✂ ☎✢✌✏✆✙☛✚✠✛✕✢✜ ✞✔✆✟✌ ✌✏✆✟✞✔✞ ✕✢✌✚☛✍✌
l
✎ ☛

l′
■ ✪❲❄❖✴❂❃❅❋◆❋❍✲●❄❆✴❂✲ ✫ ✸ ✾♥✺ ❄ ✼✷❈●❘❙✾ ✲ ✾▲✫ ✸ ✾❧✾ ✸ ✫★✫ ❃ ✾✿✼❏⑨ l ✲ ✼ l′ ❑▼✲ ✼ ❃❅❄❄❆❃ ✼ ✲❍⑤ a2 = 2 r2w

❁ ✺ ❄ 2θ
❚

⑧✵❢❷✸ ✫✻✾ ②❂❁➀Pt❢ ✶ ❦ ✫ ❃ ✼ ✶❆②❂❁✷✲ (H1)
❑❨✲ ✼ ✴❂❃❅❋◆❋❍✲ i < j−2

❃❅❉
i > j+2

❑❨P◗✲ ✼ ✲ ✾ ❋❍✲ 2 a2 ✲❂❁ ✼➀✺ ✴ ✺ ❄ ❈●❘ P ✺✽❘ ✲▲✸❊①✻P◗✲ ■ ✲●❳❅✸❊❄ ✼
(l − l′)2

❚ ✪❲❄ ✫ ✲●❉ ✼➃■ ❃❅❄❆✴☛✸ ✫★✫✻✾ ❃ ✴❇✶❆✲ ✾ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ IHij

✫ ✸ ✾ ⑤

IHij (a) ≈
∫ L

0
ϕhi (l

′) dl′
∫ L

0
ϕhj (l) dl

a2

∣∣l − l′
∣∣3

=

NW −1∑

k=1

∫ lk+1

lk

ϕhi (l
′) dl′

NW−1∑

m=1

∫ lm+1

lm

ϕhj (l) dl
a2

∣∣l − l′
∣∣3 .

✱✳❃❅❋◆❋❍✲◆P❴✸ ❋❀✸ ✼✿✾✿✺ ✴❂✲ Hij
✲❂❁ ✼ ❁✿❦ ❋ ❈●✼✿✾✿✺◗❛ ❉❆✲❙❑▼❃❅❄ ❁✷✲ ✫ P❴✸❅✴❂✲ ✫ ✸ ✾ ✲❤❪✻✲●❋ ✫ P◗✲ ■ ✸❊❄❆❁♥P◗✲◆✴▲✸❅❁♥❃✝✆ i < j − 2

❚✯✱✳✲❂✴ ✺❄❆❃❅❉❆❁ ✫ ✲ ✾ ❋❍✲ ✼➃■ ✲♥P◗✲●❳❨✲ ✾ P❴✸✌❳❙✸❊P◗✲●❉ ✾ ✸❊①❆❁✷❃❅P✽❉❆✲ ■ ✲ l − l′
❚

❯❡❃ ✼✿✾ ✲ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ■ ✲●❳ ✺ ✲●❄ ✼ ✸❊P◗❃ ✾ ❁❏⑤

IHij (a) =
∑

k∈I

∑

m∈J

Iikjm(a) =
∑

k∈I

∫ lk+1

lk

ϕhi (l
′) dl′

∑

m∈J

∫ lm+1

lm

ϕhj (l) dl
a2

(
l − l′

)3 ,
✸❂❳❨✲❂✴❀⑤

I =

{
{i− 1, i}, ❁ ✺ 2 ≤ i ≤ NW − 2,
{i}, ❁ ✺ i ∈ {1,NW − 1}, , J =

{
{j − 1, j}, ❁ ✺ 2 ≤ j ≤ NW − 2,
{j}, ❁ ✺ j ∈ {1,NW − 1}.

✎ P ✲❂❁ ✼ ❩t✸❅✴ ✺ P◗✲ ■ ✲✌❳❨❃ ✺✽✾❧❛ ❉❆✲✵✴✷✶✹✸❅✴●❉✻❄❆✲ ■ ✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ Iikjm ✫ ✲●❉ ✼ ❁✷✲ ✾✷❈❂❈ ✴ ✾✿✺✽✾ ✲ ♦ ✸❊❉❖❁ ✺✽❘ ❄❆✲ ✫✻✾ ②❂❁ q❆✫ ✸ ✾ ❉✻❄✴✷✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼❡■ ✲ ❳❅✸ ✾✿✺ ✸❊①✻P◗✲❂❁❹❁❇❃❅❉❆❁✉P❴✸✌❩❬❃ ✾ ❋❍✲◆⑤

Iikjm(a) =
1

|bik bjm|

∫ bik

0

∫ bjm

0

a2 s s′ ds ds′

(s− s′ + cikjm)3

✸▲❳❨✲❂✴
bik = li − (δiklk+1 + δik+1lk) , bjm = lj − (δjmlm+1 + δjm+1lm) ,

cikjm = (δjmlm+1 + δjm+1lm) − (δiklk+1 + δik+1lk) ,✲ ✼ δ P❴✸✌❩❸❃❅❄❆✴ ✼✿✺ ❃❅❄ ■ ✲ ✕❧✾ ❃❅❄❆✲❂✴ ✓ ✲ ✾ ❚
✪❲❄ ✾ ✲●❋❀✸ ✾✷❛ ❉❆✲ ❛ ❉❆✲ cikjm 6= 0 ✫ ❃❅❉ ✾ i < j − 2

✲ ✼ i > j + 2
❑✹✲ ✼ bik 6= 0

❑
bjm 6= 0

❚
✪❲❄✈❃❅① ✼✿✺ ✲●❄ ✼ ✸❊P◗❃ ✾ ❁➃✸ ✫✻✾ ②❂❁❲✴▲✸❊P◗✴●❉✻P◗❁ ⑤

Iikjm(a) =
1

|bik bjm|
(a2 cikjm

2

{ P✽❄ |bjm + cikjm − bik| −
P✽❄ |cikjm − bik|

+
P✽❄ |cikjm| −

P✽❄ |bjm + cikjm|
}

− a2 bik bjm
2 (bjm − bik + cikjm)

)
.
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☞ ✜ ☛ ✂ ☎✢✌✏✆✙☛✚✠✛✕✢✜ ✞✔✆✟✌ ✌ ✆✟✞ ✞ ✕✢✌✚☛ ✌
θ
■✂✁ ✸ ✺ ❄ ✼ ✲●❄✹✸❊❄ ✼❡✺ P▼❄❆❃❅❉❆❁ ✾ ✲❂❁ ✼ ✲ ⑨✌✺ ❄ ✼✷❈●❘❙✾ ✲ ✾❆✫ ✸ ✾❹✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ θ ⑤

∫
a2

2
=

∫ π/2

0
r2w

❁ ✺ ❄ 2(θ) dθ =

[
r2w

(
θ

2
−

❁ ✺ ❄ (2 θ)

4

)]π/2

0

= r2w
π

4
.

✪❲❄✈❃❅① ✼✿✺ ✲●❄ ✼ ❫❆❄✹✸❊P◗✲●❋❍✲●❄ ✼ ❑ ✫ ❃❅❉ ✾ i < j − 2
❃❅❉

i > j + 2
❑✹✸❊❉ ❁ ✺✽❘ ❄❆✲ ✫✻✾ ②❂❁❏⑤

Hij = r2w
π

4

∑

k∈I

∑

m∈J

1

|bik bjm|
{
cikjm

P✽❄ ∣∣∣∣ (bjm + cikjm − bik)cikjm
(cikjm − bik) (bjm + cikjm)

∣∣∣∣ −
bik bjm

(bjm − bik + cikjm)

}
.

� �✁�✁� � � ✝
2
✄✆☎

✞ ✡
✆✟✩▼■

j− 2 ≤ i ≤ j + 2

✇ ✲❭✴▲✸❅❁☛❃✝✆
j − 2 ≤ i ≤ j + 2

✲❂❁ ✼ ❉✻❄✣✴▲✸❅❁✌❁ ✺ ❄ ❘ ❉✻P ✺ ✲ ✾ ⑤▼❄❆❃❅❉❆❁☛❄❆✲ ✫ ❃❅❉✻❳❨❃❅❄❆❁ ✫ P✽❉❆❁☛❄ ❈●❘ P ✺✽❘ ✲ ✾ P◗✲ ✼ ✲ ✾ ❋❍✲
2 a2 ■ ✲●❳❙✸❊❄ ✼ (l − l′)

❑▼✴▲✸ ✾❡✺ ✴ ✺ (l − l′) ✫ ✲●❉ ✼ ✴●✼✿✾ ✲ ✼✿✾ ②❂❁ ✫ ✲ ✼✿✺✽✼ ❑❞❃❅❉❜❋ ✴ ❋❍✲✵❄ ❉✻Pt❚▼⑧❡✲✌P❴✸❭❋ ✴ ❋❍✲✵❋❀✸❊❄ ✺ ② ✾ ✲ ❛ ❉❆✲
✫✻✾✷❈ ✴ ❈❂■ ✲●❋◆❋❍✲●❄ ✼ ❑❞❃❅❄ ✫ ✲●❉ ✼ ❁✷✲ ✫ P❴✸❅✴❂✲ ✾➃■ ✸❊❄❆❁➃P◗✲♥✴▲✸❅❁ j − 2 ≤ i

❑✻✲ ✼➃❈ ✴ ✾✿✺✽✾ ✲❍⑤

IHij (a) =
∑

k∈I

∑

m∈J

Iikjm(a),

❃✝✆
Iikjm(a) =

1

|bik bjm|

∫ bik

0

∫ bjm

0

a2 s s′ ds ds′

[
2 a2 + (s− s′ + cikjm)2

]3/2 .

✇ ✸✌❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄ Iikjm ✲❂❁ ✼ ✴▲✸❊P◗✴●❉✻P ❈ ✲ ✲●❄ ✸❊❄✻❄❆✲❤❪✻✲ ✖ ❑✻✲●P✽P◗✲ ❳❅✸❊❉ ✼ ⑤

Iikjm(a) =
1

|bik bjm|
(ζ(a) + ζ1(a) + ζ2(a) + ζ3(a) + ζ4(a))

✸❂❳❨✲❂✴❀⑤

ζ(a) = −f(a, bjm + cikjm) − f(a, cikjm − bik)

+f(a, bjm − bik + cikjm) + f(a, cikjm)

ζ1(a) = f1(2 a
2 + (bjm − bik + cikjm)2)

ζ2(a) = f2(2 a
2 + (bjm + cikjm)2)

ζ3(a) = f3(2 a
2 + (−bik + cikjm)2)

ζ4(a) = f4(2 a
2 + c2ikjm)

✲ ✼ P◗✲❂❁✉❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄❆❁ f ❑ f1
❑
f2
❑
f3
❑✻✲ ✼ f4

❁✷❃❅❄ ✼➃■✻❈ ❫❆❄ ✺ ✲❂❁ ■ ✸❊❄❆❁✉Pt❢❷✸❊❄✻❄❆✲❤❪✻✲ ✖ ❚

☞ ✜ ☛ ✂ ☎✢✌✏✆✙☛✚✠✛✕✢✜ ✞✔✆✟✌ ✌✏✆✟✞✔✞ ✕✢✌✚☛ ✌
θ

❯❲❃❅❉❆❁ ■ ✲●❳❨❃❅❄❆❁❡❋❀✸ ✺ ❄ ✼ ✲●❄✹✸❊❄ ✼♥✺ ❄ ✼✷❈●❘❙✾ ✲ ✾ ✴✷✶✹✸❅✴●❉✻❄ ■ ✲❂❁ ✼ ✲ ✾ ❋❍✲❂❁ ζ ❑ ζ1 ❑ ζ2 ❑
ζ3
❑✻✲ ✼ ζ4 ❑ ✫ ✸ ✾❹✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ θ ❚❵ ❃❅❉ ✾ ✲ ✍ ✲❂✴ ✼ ❉❆✲ ✾ ✴❂✲ ✼✿✼ ✲ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄❣❑⑥❄❆❃❅❉❆❁➃✸❊P✽P◗❃❅❄❆❁➃❉ ✼✿✺ P ✺ ❁✷✲ ✾ Pt❢ ✶❺❦ ✫ ❃ ✼ ✶❆②❂❁❇✲ (H1)

❚
✪❲❄❀❳❙✸♥✲●❋ ✫ P◗❃ ❦❨✲ ✾ P❴✸ ❋ ✴ ❋❍✲❹❋ ❈●✼ ✶❆❃ ■ ✲ ✫ ❃❅❉ ✾ ✴✷✶✹✸❅✴●❉✻❄ ■ ✲❂❁ ✼ ✲ ✾ ❋❍✲❂❁ ζ1 ❑ ζ2 ❑ ζ3 ❑❨✲ ✼ ζ4 ❚ ✇ ✲ ✼ ✲ ✾ ❋❍✲ ζ ❁✷✲ ✾ ✸ ✼✿✾ ✸ ✺✽✼✷❈⑨✶✫ ✸ ✾✿✼ ❚
✪❲❄ ✫ ✲●❉ ✼ ❋❍❃❅❄ ✼✿✾ ✲ ✾ ❛ ❉❆✲✌✴✷✶✹✸❅✴●❉✻❄❆✲ ■ ✲❂❁ ❛ ❉✹✸❊❄ ✼✿✺✽✼✷❈ ❁ bjm − bik + cikjm

❑
bjm + cikjm

❑ −bik + cikjm
❑
cikjm✲❂❁ ✼ ❁✷❃ ✺✽✼ ❄ ❉✻P✽P◗✲❙❑✹❁✷❃ ✺✽✼ ❁✷❉ ✫❆❈●✾✿✺ ✲●❉ ✾ ✲❏✲●❄ ❳❙✸❊P◗✲●❉ ✾ ✸❊①❆❁✷❃❅P✽❉❆✲❏✸❊❉ ❋ ✺ ❄ ✺ ❋☛❉✻❋ ■ ✲❂❁ ∆k

❑ ✫ ❃❅❉ ✾ k = 1, . . . ,NW
❚

✖ P◗❃ ✾ ❁▲❑ ■ ✸❊❄❆❁ P◗✲♣✴▲✸❅❁✤❃✝✆☛Pt❢ ❉✻❄❆✲ ■ ✲❂❁ ❛ ❉✹✸❊❄ ✼✿✺✽✼✷❈ ❁✚✲❂❁ ✼ ❄❆❃❅❄✵❄❺❉✻P✽P◗✲❙❑❅❃❅❄ ✫ ✲●❉ ✼ ❄ ❈●❘ P ✺✽❘ ✲ ✾ P◗✲ ✼ ✲ ✾ ❋❍✲ 2 a2 = 4 r2w
❁ ✺ ❄ 2(θ)



�✁� ✂☎✄✝✆✟✞✡✠☞☛✍✌✏✎✑� �✓✒ ✞✔✞✔✌✏✕❍❋✝✠✗✖✘✆✙☛✚✠✛✕✢✜✤✣✡✥✛✆✁✠✛✌✏✎✑✦✔✧★✞✔✧✔✠☞☛✍✩

■ ✲●❳❙✸❊❄ ✼ P❴✸ ❛ ❉✹✸❊❄ ✼✿✺✽✼✷❈ ✴❂❃❅❄❆✴❂✲ ✾ ❄ ❈ ✲❙❑ ■ ❢❷✸ ✫✻✾ ②❂❁☛Pt❢ ✶ ❦ ✫ ❃ ✼ ✶❆②❂❁✷✲ (H1)
❚ ✖ P◗❃ ✾ ❁☛✴❇✶✹✸❅✴●❉✻❄❆✲ ■ ✲❂❁ ❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄❆❁ ✫ ✲●❉ ✼✭✴●✼✿✾ ✲✸ ✫★✫✻✾ ❃✠✴✷✶ ❈ ✲ ✫ ✸ ✾ ⑤

☎ ✺ bjm − bik + cikjm 6= 0, ζ1(a) ≈ f1((bjm − bik + cikjm)2) = ζ1(0),❁ ✺ bjm + cikjm 6= 0, ζ2(a) ≈ f2((bjm + cikjm)2) = ζ2(0),❁ ✺ − bik + cikjm 6= 0, ζ3(a) ≈ f3((−bik + cikjm)2) = ζ3(0),❁ ✺ cikjm 6= 0, ζ4(a) ≈ f4(c
2
ikjm) = ζ4(0).

✁ ✸ ✺ ❄ ✼ ✲●❄✹✸❊❄ ✼ ❑✯❁ ✺ Pt❢ ❉✻❄❆✲ ■ ✲❂❁ ❛ ❉✹✸❊❄ ✼✿✺✽✼✷❈ ❁ bjm − bik + cikjm
❑
bjm + cikjm

❑ −bik + cikjm
❑
cikjm

✲❂❁ ✼ ❄ ❉✻P✽P◗✲❙❑✸❊P◗❃ ✾ ❁ ✺ P✯✲❂❁ ✼ ❩❬✸❅✴ ✺ P◗✲ ■ ❢ ✺ ❄ ✼✷❈●❘❙✾ ✲ ✾❲■✐✺✽✾ ✲❂✴ ✼ ✲●❋❍✲●❄ ✼✼✫ ✸ ✾✉✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ θ ♦ ❳❨❃ ✺✽✾ ✸❊❄✻❄❆✲❤❪✻✲ ✟❹q ❚
✎ P▼❄❆❃❅❉❆❁ ✾ ✲❂❁ ✼ ✲ ⑨✌✺ ❄ ✼✷❈●❘❙✾ ✲ ✾ P❴✸✌❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄ ζ ✫ ✸ ✾❹✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ θ ❚❵ ❃❅❉ ✾ ✴❂✲●P❴✸✐❑ ✾ ✲ ❘ ✸ ✾✷■ ❃❅❄❆❁❲✴❂❃❅❋◆❋❍✲●❄ ✼ ❁ ❢ ❈ ✴ ✾✿✺✽✼ P❴✸☛❩❸❃❅❄❆✴ ✼✿✺ ❃❅❄ f ⑤

f(a, s) =
cikjm

2
a2 P✽❄ (s+

√
2 a2 + s2

)
.

❯❡❃ ✼ ❃❅❄❆❁ ❛ ❉❆✲ s ✫ ✲●❉ ✼❆✫✻✾ ✲●❄ ■✐✾ ✲♥P◗✲❂❁✉❳❙✸❊P◗✲●❉ ✾ ❁ bjm − bik + cikjm
❑
bjm + cikjm

❑ −bik + cikjm
❑✻❃❅❉

cikjm
❚

✎ ✴ ✺ ❄❆❃❅❉❆❁ ■ ✲●❳❨❃❅❄❆❁ ■✐✺ ❁ ✼✿✺ ❄ ❘ ❉❆✲ ✾✳✼✿✾ ❃ ✺ ❁ ■✐✺✎✍▼❈●✾ ✲●❄ ✼ ❁✉✴▲✸❅❁✳❁✷✲●P◗❃❅❄❭P◗✲❲❁ ✺✽❘ ❄❆✲ ■ ✲❹P❴✸ ❛ ❉✹✸❊❄ ✼✿✺✽✼✷❈ s ⑤❺❃❅❄➁✴❂❃❅❄❆❁ ✺◗■ ② ✾ ✲❲P◗✲❂❁③✴▲✸❅❁❃✝✆
s > 0

❑
s < 0

❑❆✲ ✼ s = 0
❚

• ☎ ✺ s > 0
❑❆❄❆❃❅❉❆❁ ✫ ❃❅❉✻❳❨❃❅❄❆❁➃❄ ❈●❘ P ✺✽❘ ✲ ✾ 2 a2 ■ ✸❊❄❆❁❹Pt❢④✲❤❪ ✫✻✾ ✲❂❁✷❁ ✺ ❃❅❄ (s+

√
2 a2 + s2

) ■ ❢❷✸ ✫✻✾ ②❂❁ (H1)
❑⑥✲ ✼

■ ❃❅❄❆✴❀⑤
f(a, s) ≈ cikjm

2
a2 P✽❄ (2 s) .

• ☎ ✺ s = 0
❑❆❃❅❄ ✺ ❄ ✼ ② ❘❙✾ ✲ ✫ ✸ ✾❩✫ ✸ ✾✿✼✿✺ ✲❂❁▲❚

• ☎ ✺ s < 0
❑ ❃❅❄✣❄❆✲ ✫ ✲●❉ ✼✧✫ ✸❅❁ ■✐✺✽✾ ✲❂✴ ✼ ✲●❋❍✲●❄ ✼ ❄ ❈●❘ P ✺✽❘ ✲ ✾ 2 a2 ■ ✸❊❄❆❁☛Pt❢④✲❤❪ ✫✻✾ ✲❂❁✷❁ ✺ ❃❅❄ (s+

√
2 a2 + s2

) ❑
✸❊P◗❃ ✾ ❁➃❃❅❄❶❋❏❉✻P ✼✿✺✘✫ P ✺ ✲ ✫ ✸ ✾ Pt❢④✲❤❪ ✫✻✾ ✲❂❁❇❁ ✺ ❃❅❄❶✴❂❃❅❄ ✶ ❉ ❘ ❉ ❈ ✲❭⑤

f(a, s) =
cikjm

2
a2 P✽❄ ( 2 a2

−s +
√

2 a2 + s2

)
= 2 f(a, 0) − f(a,−s),

✲ ✼ ✴❂❃❅❋◆❋❍✲ −s ✲❂❁ ✼❁✫ ❃❙❁ ✺✽✼✿✺ ❩✿❑✐❃❅❄ ✫ ✲●❉ ✼ ❋❀✸ ✺ ❄ ✼ ✲●❄✹✸❊❄ ✼ ✸ ✫★✫✻✾ ❃ ✴❇✶❆✲ ✾ f(a,−s) ■ ✲♥P❴✸✌❋ ✴ ❋❍✲♥❋❀✸❊❄ ✺ ② ✾ ✲ ❛ ❉❆✲✫✻✾✷❈ ✴ ❈❂■ ✲●❋◆❋❍✲●❄ ✼ ❑⑥✲ ✼ ❃❅❄ ❃❅① ✼✿✺ ✲●❄ ✼ ⑤

f(a, s) ≈ 2 f(a, 0) − cikjm
2

a2 P✽❄ (−2 s) .

✂ ✕✢✜
✡
✥✗✧ ✩✚✠✛✕✢✜ ■

✇ ❢ ✶ ❦ ✫ ❃ ✼ ✶❆②❂❁✷✲ (H1)
✲❂❁ ✼ ❉ ✼✿✺ P ✺ ❁ ❈ ✲ ■ ✲❜❋❀✸❊❄ ✺ ② ✾ ✲ ■✐✺✎✍▼❈●✾ ✲●❄ ✼ ✲ ❁❇✲●P◗❃❅❄ ❛ ❉❣❢④❃❅❄ ❁✷✲❜❁ ✺✽✼ ❉❆✲ ■ ✸❊❄❆❁➁P◗✲❖✴▲✸❅❁ ✾✷❈●❘ ❉✻P ✺ ✲ ✾

♦ i < j − 2
❃❅❉

i > j + 2 q ❑ ❃❅❉ ■ ✸❊❄❆❁❭P◗✲❶✴▲✸❅❁❀❁ ✺ ❄ ❘ ❉✻P ✺ ✲ ✾ ♦ j − 2 ≤ i ≤ j + 2 q ❚ ✇ ✲ ✴▲✸❅❁ ✾✷❈●❘ ❉✻P ✺ ✲ ✾ ✲❂❁ ✼❈ ❳ ✺◗■ ✲●❋◆❋❍✲●❄ ✼ P◗✲ ✫ P✽❉❆❁❏❁ ✺ ❋ ✫ P◗✲❶⑤sP❴✸ ❛ ❉✹✸❊❄ ✼✿✺✽✼✷❈ (l − l′)
✲❂❁ ✼♥✼ ❃❅❉ ✶ ❃❅❉ ✾ ❁☛✸❅❁✷❁✷✲ ✌◆❘❙✾ ✸❊❄ ■ ✲ ✫ ❃❅❉ ✾❏❛ ❉❆✲✵Pt❢④❃❅❄ ✫ ❉ ✺ ❁✷❁❇✲✸ ✫★✫ P ✺◗❛ ❉❆✲ ✾ Pt❢ ✶❺❦ ✫ ❃ ✼ ✶❆②❂❁❇✲ (H1)

■✐✺✽✾ ✲❂✴ ✼ ✲●❋❍✲●❄ ✼ ✲ ✼ ✸❂❳❙✸❊❄ ✼❲✼ ❃❅❉ ✼ ✲ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄❣❚⑧♥✸❊❄❆❁ P◗✲❲❁✷✲❂✴❂❃❅❄ ■ ✴▲✸❅❁ ❑❨P❴✸ ❛ ❉✹✸❊❄ ✼✿✺✽✼✷❈ (l− l′) ✫ ✲●❉ ✼ ❁▲❢❷✸❊❄✻❄ ❉✻P◗✲ ✾ ❑ ✴❂✲ ❛ ❉ ✺ ❄❆✲❹❄❆❃❅❉❆❁ ✫ ✲ ✾ ❋❍✲ ✼❨✫ ✸❅❁ ■ ✲❹❄ ❈●❘ P ✺✽❘ ✲ ✾✳✼ ❃❅❉ ✼■ ✲❀❁✷❉ ✺✽✼ ✲❍P◗✲ ✾ ✸▲❦❨❃❅❄ rw ■ ✲●❳❙✸❊❄ ✼ (l − l′)
❚✯❯❡❃❅❉❆❁☛❁❇❃❅❋◆❋❍✲❂❁☛❃❅①✻P ✺✽❘❨❈ ❁ ■ ❢ ✺ ❄ ✼✷❈●❘❙✾ ✲ ✾✵✼ ❃❅❉ ✼☛■ ❢❷✸❊①s❃ ✾✷■❘✫ ✸ ✾❏✾ ✸ ✫★✫ ❃ ✾✿✼✸❊❉✐❪ ■ ✲●❉✐❪❀❳❙✸ ✾✿✺ ✸❊①✻P◗✲❂❁ ■ ✲➃P◗❃❅❄ ❘ ❉❆✲●❉ ✾ l ✲ ✼ l′ ❑ ✲ ✼ ✴❙❢④✲❂❁ ✼ ✲●❄❆❁✿❉ ✺✽✼ ✲ ❛ ❉❣❢④❃❅❄ ✫ ❃❅❉ ✾✿✾ ✸ ✼ ✲ ✾ ❋❍✲ ⑨❏✼ ✲ ✾ ❋❍✲ ✾ ✲ ❘ ✸ ✾✷■ ✲ ✾ ❁ ✺ ❃❅❄✫ ✲●❉ ✼ ✸ ✫★✫ P ✺◗❛ ❉❆✲ ✾ Pt❢ ✶❺❦ ✫ ❃ ✼ ✶❆②❂❁✷✲ (H1)

❃❅❉ ❄❆❃❅❄❣❚
✂ ✺ ❄✹✸❊P◗✲●❋❍✲●❄ ✼ ❑ ❘❙✾✚✙ ✴❂✲ ⑨ Pt❢ ✶❺❦ ✫ ❃ ✼ ✶❆②❂❁❇✲ (H1)

✲ ✼ ❘❙✾✚✙ ✴❂✲✆✸❊❉ ❩t✸ ✺✽✼ ❛ ❉❣❢④❃❅❄ ❁✿❉ ✫★✫ ❃❙❁✷✲✔P◗✲❂❁ ❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄❆❁ ■ ✲✔①✹✸❅❁❇✲
✴❂❃❅❄❆❁ ✼ ✸❊❄ ✼ ✲❂❁ ✫ ✸ ✾❍✾ ✸ ✫★✫ ❃ ✾✿✼❀⑨ θ ❑✤❃❅❄ ❃❅① ✼✿✺ ✲●❄ ✼ ❉✻❄❆✲ ✸ ✫★✫✻✾ ❃❂❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄ ✸❊❄✹✸❊P✽❦ ✼✿✺◗❛ ❉❆✲ ■ ✲ ✼ ❃❅❉ ✼ ✲❂❁❍P◗✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁❁✿❉ ✾ P◗✲ ✫ ❉ ✺✽✼ ❁ ❚ ✖ ✺ ❄❆❁ ✺ ❄❆❃❅❉❆❁ ✫ ❃❅❉✻❳❨❃❅❄❆❁ ✾✷❈❂■ ❉ ✺✽✾ ✲ P◗✲ ✫ ❉ ✺✽✼ ❁ ⑨ ❉✻❄❆✲ P ✺✽❘ ❄❆✲❙❚
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⑧♥✸❊❄❆❁❹P◗✲☛✴▲✸❅❁ ■ ❢ ❉✻❄ ✫ ❉ ✺✽✼ ❁❲✲●❄❶❋ ✺ P ✺ ✲●❉❖✸❊❄ ✺ ❁✷❃ ✼✿✾ ❃ ✫ ✲❙❑ ✺ P✯❩❬✸❊❉ ■✐✾ ✸ ✺✽✼✼✫✻✾ ✲●❄ ■✐✾ ✲☛✲●❄ ✴❂❃❅❋ ✫✻✼ ✲ ■ ✸❊❄❆❁ ✼ ❃❅❉❆❁❹P◗✲❂❁❡✴▲✸❊P◗✴●❉✻P◗❁❩t✸ ✺✽✼ ❁ ✫✻✾✷❈ ✴ ❈❂■ ✲●❋◆❋❍✲●❄ ✼ ♦ ✲ ✼ ✲●❄ ✸❊❄✻❄❆✲❤❪✻✲ ✟❹q P◗✲ ✼ ✲●❄❆❁✷✲●❉ ✾❡■ ✲ ✫ ✲ ✾ ❋ ❈ ✸❊① ✺ P ✺✽✼✷❈ ❚✆☎❲❄❆✲❏✸❊❉ ✼✿✾ ✲ ✫ ❃❙❁❇❁ ✺ ① ✺ P ✺✽✼✷❈ ❁✷✲ ✾ ✸ ✺✽✼❡■ ✲
✼✿✾ ✸❊❄❆❁ ❩❬❃ ✾ ❋❍✲ ✾ P◗✲◆❋ ✺ P ✺ ✲●❉✣✸❊❄ ✺ ❁❇❃ ✼✿✾ ❃ ✫ ✲❍✲●❄❖❋ ✺ P ✺ ✲●❉ ✺ ❁✷❃ ✼✿✾ ❃ ✫ ✲❙❑❣❋❀✸ ✺ ❁ P◗✲ ✫ ❉ ✺✽✼ ❁❏✴●❦✠P ✺ ❄ ■✐✾✿✺◗❛ ❉❆✲ ■ ✲●❳ ✺ ✲●❄ ■✐✾ ✸ ✺✽✼ ✸❊P◗❃ ✾ ❁❉✻❄❆✲♥✲●P✽P ✺✘✫ ❁✷❃✞✝ ■ ✲❙❑⑥✲ ✼✉✼ ❃❅❉❆❁✉P◗✲❂❁❹✴▲✸❊P◗✴●❉✻P◗❁❹❁✷✲ ✾ ✸ ✺ ✲●❄ ✼❲⑨✌✾ ✲ ✫✻✾ ✲●❄ ■✐✾ ✲❙❚ ✂ ❚ ✟ ✲❂❁❇❁✷❃❅❄ ■ ✸❊❄❆❁ ✍✽⑩❙⑩ ✒ ❑✻❁ ✺ ❋ ✫ P ✺ ❫✹✲ P◗✲ ✫✻✾ ❃❅①✻P◗②●❋❍✲✲●❄ ✫ ✸❅❁✷❁❇✸❊❄ ✼ ✲ ✍ ✲❂✴ ✼✿✺ ❳❨✲●❋❍✲●❄ ✼♥⑨ ❉✻❄ ❋ ✺ P ✺ ✲●❉ ✺ ❁✷❃ ✼✿✾ ❃ ✫ ✲❙❑✻✲ ✼ ✲●❄ ❋❍❃ ■✻❈ P ✺ ❁❇✸❊❄ ✼ Pt❢④✲●P✽P ✺✘✫ ❁✷❃✞✝ ■ ✲ ✾ ✲ ✫✻✾✷❈ ❁✷✲●❄ ✼ ✸❊❄ ✼ P◗✲ ✫ ❉ ✺✽✼ ❁
✫ ✸ ✾ ❉✻❄ ✴●❦ P ✺ ❄ ■✐✾ ✲ ■ ✲ ✾ ✸▲❦❨❃❅❄ ❈❂❛ ❉ ✺ ❳❅✸❊P◗✲●❄ ✼ ❚ ✇ ✲➃✴✷✶❆❃ ✺ ❪ ■ ✲❹✴❂✲ ✾ ✸▲❦❨❃❅❄ ❈❂❛ ❉ ✺ ❳❅✸❊P◗✲●❄ ✼ ✸ ❈●✼✷❈➃■✐✺ ❁✷✴●❉ ✼✷❈❲■ ✸❊❄❆❁➀P❴✸ P ✺✽✼✿✼✷❈●✾ ✸ ❥
✼ ❉ ✾ ✲❙❑❙❄❆❃ ✼ ✸❊❋◆❋❍✲●❄ ✼❨✫ ✸ ✾ ✟③✾✿✺✽❘ ✶✹✸❊❋ ■ ✸❊❄❆❁ ✍✽⑩ ✔ ✒❱⑤❙❁❇✲❂❁ ✴❂❃❅❄❆✴●P✽❉❆❁ ✺ ❃❅❄❆❁③❁✷❃❅❄ ✼ ❳❙✸❊P ✺◗■ ✲❂❁ ❛ ❉❆✲●P✽P◗✲ ❛ ❉❆✲❹❁✷❃ ✺✽✼ P❴✸ ❘❨❈ ❃❅❋ ❈●✼✿✾✿✺ ✲
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∆p = 0 ■ ✸❊❄❆❁ CΩ,
p = 0 ⑨ Pt❢ ✺ ❄✐❫❆❄ ✺ ,
p = 1

❁✷❉ ✾ Γw.
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li =

1

2

(
1 − ✴❂❃❙❁ ((i− 1)π

NW − 1

))
L, ✫ ❃❅❉ ✾ i = 1, . . . ,NW . ♦ ✑ ❚✽⑩ q
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1

2
q = H ′ q − Dp

❁✿❉ ✾ ΓD,

1

2
p = S q − H p

❁✷❉ ✾ ΓN ,

1

2
p = S q − H p

❁✷❉ ✾ Γw.
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(
1

2
Mij − H ′

ij) qj = −Dij pj
❁✿❉ ✾ ΓD,

(
1

2
Mij + Hij) pj = Sij qj

❁✿❉ ✾ ΓN ,

(
1

2
Mij + Hij) pj = Sij qj

❁✿❉ ✾ Γw,
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Mij =

∫

Γh

ζhi (x) ζhj (x) dγh(x),

Sij =
1

4π

∫

Γh

∫

Γh

ζhi (x) ζhj (y)
1

|x− y| dγh(y) dγh(x),

Hij =
1

4π

∫

Γh

∫

Γh

ζhi (x) ζhj (y)
∂

∂ny

(
1

|x− y|

)
dγh(y) dγh(x),

H ′
ij =

1

4π

∫

Γh

∫

Γh

ζhi (x) ζhj (y)
∂

∂nx

(
1

|x− y|

)
dγh(y) dγh(x),

Dij =
1

4π

∫

Γh

∂

∂nx

(∫

Γh

ζhi (x) ζhj (y)
∂

∂ny

(
1

|x− y|

)
dγh(y)

)
dγh(x),

❃✝✆
ζhi
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Sij

❑
Hij

❑
H ′
ij

✲ ✼ Dij
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❈●✼ ✸❊❄ ✼❏■ ✲✵❋ ✴ ❋❍✲✵❄✹✸ ✼ ❉ ✾ ✲ ♦ ✸ ✫★✫✻✾ ❃ ❥✴✷✶ ❈ ✲❂❁ ✫ ✸ ✾ ❉✻❄❆✲ ✼✿✾✿✺ ✸❊❄ ❘ ❉✻P❴✸ ✼✿✺ ❃❅❄ ✴❂❃❅❄ ✼✿✾ ✸ ✺✽✾ ✲●❋❍✲●❄ ✼ ✸❊❉ ✫ ❉ ✺✽✼ ❁ ❛ ❉ ✺ ✲❂❁ ✼✌■✐✺ ❁❇✴ ✾✷❈●✼✿✺ ❁ ❈✽✫ ✸ ✾✵■ ✲❂❁✌❁✷✲ ❘ ❋❍✲●❄ ✼ ❁ q ❚✤❯❡❃❅❉❆❁❁✷❃❅❉✻P ✺✽❘ ❄❆❃❅❄❆❁ ✼ ❃❅❉ ✼ ✲❤❩❬❃ ✺ ❁ ❛ ❉❆✲✌✴❂✲☛❄❣❢④✲❂❁ ✼✗✫ ✸❅❁❲P❴✸❍❩ ✾ ❃❅❄ ✼✿✺ ② ✾ ✲◆✴●❦✠P ✺ ❄ ■✐✾✿✺◗❛ ❉❆✲ ■ ❉ ✫ ❉ ✺✽✼ ❁ ❛ ❉❆✲☛❄❆❃❅❉❆❁♥✸ ✫★✫✻✾ ❃ ✴❇✶❆❃❅❄❆❁ ✫ ✸ ✾❉✻❄❆✲❧P ✺✽❘ ❄❆✲❙❑✠❋❀✸ ✺ ❁✉❄❆❃❅❉❆❁✳❩t✸ ✺ ❁✷❃❅❄❆❁♣❉✻❄❆✲♥✸ ✫★✫✻✾ ❃❂❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄ ✸❊❄✹✸❊P✽❦ ✼✿✺◗❛ ❉❆✲ ■ ✲❧Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❏❁✿❉ ✾ P◗✲ ✫ ❉ ✺✽✼ ❁➃✴●❦ P ✺ ❄ ■✐✾✿✺◗❛ ❉❆✲✲●❄ ❉ ✼✿✺ P ✺ ❁❇✸❊❄ ✼ Pt❢ ✶ ❦ ✫ ❃ ✼ ✶❆②❂❁✷✲ (H1)
❑✤✲ ✼ ✲●❄ ❁✿❉ ✫★✫ ❃❙❁❇✸❊❄ ✼ P❴✸ ✫✻✾ ✲❂❁✷❁ ✺ ❃❅❄ ✲ ✼ P◗✲❍❿❆❉✐❪ ✺ ❄ ■✻❈✜✫ ✲●❄ ■ ✸❊❄ ✼ ❁ ■ ✲ θ ❚ ✱❡❢④✲❂❁ ✼✫ ❃❅❉ ✾✷❛ ❉❆❃ ✺ ❄❆❃❅❉❆❁❹❄❆❃ ✼ ❃❅❄❆❁ ✼ ❃❅❉ ✶ ❃❅❉ ✾ ❁ Γw

❑✻✲ ✼ ❄❆❃❅❄ ✫ ✸❅❁ Γhw
❚

❵ ❃❅❉ ✾ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Mij
❑ ✺ P✯✲❂❁ ✼ ❩t✸❅✴ ✺ P◗✲ ■ ✲♥❳❨❃ ✺✽✾➃❛ ❉❆✲◆⑤

Mij =





∫

Γh
ext

ψhi (x)ψ
h
j (x) dγh(x)

❁ ✺ P◗✲❂❁➃❁✷❃❅❋◆❋❍✲ ✼ ❁ i ✲ ✼ j ✸ ✫★✫ ✸ ✾✿✼✿✺ ✲●❄✻❄❆✲●❄ ✼
⑨◆■ ✲❂❁♣❩ ✾ ❃❅❄ ✼✿✺ ② ✾ ✲❂❁➃✲❤❪ ✼✷❈●✾✿✺ ✲●❉ ✾ ✲❂❁▲❑

∫

Γw

ϕhi (x)ϕ
h
j (x) dγ(x)

❁ ✺ P◗✲❂❁❹❁✷❃❅❋◆❋❍✲ ✼ ❁ i ✲ ✼ j ✸ ✫★✫ ✸ ✾✿✼✿✺ ✲●❄✻❄❆✲●❄ ✼✸❊❉ ✫ ❉ ✺✽✼ ❁▲❑
0

❁ ✺ ❄❆❃❅❄❣❚

✪❲❄➁✴❂❃❅❄❆❁ ✺◗■ ② ✾ ✲ ✺ ✴ ✺❞❛ ❉❆✲❲P◗✲ ✫ ❉ ✺✽✼ ❁✳❄❆✲ ✾ ✲●❄❆✴❂❃❅❄ ✼✿✾ ✲ ✫ ✸❅❁✳P◗✲❂❁➀❩ ✾ ❃❅❄ ✼✿✺ ② ✾ ✲❂❁✉✲❤❪ ✼✷❈●✾✿✺ ✲●❉ ✾ ✲❂❁ ♦ ❄ ✺ P◗✲❂❁ ✺ ❄ ✼ ✲ ✾ ❩❬✸❅✴❂✲❂❁ ✫ ❃❅❉ ✾P◗✲◆✴▲✸❅❁ ■ ❢ ❉✻❄ ✾✷❈ ❁✷✲ ✾ ❳❨❃ ✺✽✾ ❋☛❉✻P ✼✿✺ ❥ ✴❂❃❅❉❆✴✷✶❆✲❂❁ q ❑✯Pt❢ ✺ ❄ ✼ ✲ ✾ ❁✷✲❂✴ ✼✿✺ ❃❅❄ ■ ✲❂❁♥❁✿❉ ✫★✫ ❃ ✾✿✼ ❁ ■ ✲❂❁❡❩❸❃❅❄❆✴ ✼✿✺ ❃❅❄❆❁ ■ ✲✵①✹✸❅❁✷✲ ψhi ✲ ✼ ϕhj✲❂❁ ✼❹■ ❃❅❄❆✴♥❄ ❉✻P✽P◗✲❙❚
✪❲❄❏❁✿❉ ✫★✫ ❃❙❁✷✲ ✫ ✸ ✾ ✸ ✺ P✽P◗✲●❉ ✾ ❁ ❛ ❉❆✲✤P◗✲ ✫ ❉ ✺✽✼ ❁✯✲❂❁ ✼ ❁✿❉ ☞ ❁❇✸❊❋◆❋❍✲●❄ ✼ ❈ P◗❃ ✺✽❘ ❄ ❈③■ ✲❂❁ ✺ ❄ ✼ ✲ ✾ ❩t✸❅✴❂✲❂❁❱✲ ✼❱■ ✲❂❁❣①s❃ ✾✷■ ❁✯✲❤❪ ✼✷❈●✾✿✺ ✲●❉ ✾ ❁▲❚

✇ ✲☛✴▲✸❊P◗✴●❉✻P ■ ✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ ✫ ❉ ✺✽✼ ❁✆☎ ✫ ❉ ✺✽✼ ❁❡✲ ✼ ①s❃ ✾✷■ ❁✝☎◆①❞❃ ✾✷■ ❁❡✲❂❁ ✼ P◗✲❏❋ ✴ ❋❍✲ ❛ ❉❆✲ ✫✻✾✷❈ ✴ ❈❂■ ✲●❋◆❋❍✲●❄ ✼ ❑ ✺ P❱❄❆✲
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❄❆❃❅❉❆❁ ✾ ✲❂❁ ✼ ✲ ■ ❃❅❄❆✴ ❛ ❉❣❢ ⑨ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ P◗✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁❲❋ ✺ ❪ ✼ ✲❂❁ ✫ ❉ ✺✽✼ ❁ ☎✌①s❃ ✾✷■ ❁❹✲ ✼ ①s❃ ✾✷■ ❁ ☎ ✫ ❉ ✺✽✼ ❁ ⑤

Sij =
1

4π

∫

Γw

∫

Γh
ext

ϕhi (x)ψ
h
j (y)

(
1

|x− y|

)
dγh(y) dγ(x),

Hij =
1

4π

∫

Γw

∫

Γh
ext

ϕhi (x)ψ
h
j (y)

∂

∂ny

(
1

|x− y|

)
dγh(y) dγ(x),

H ′
ij =

1

4π

∫

Γw

∫

Γh
ext

ϕhi (x)ψ
h
j (y)

∂

∂nx

(
1

|x− y|

)
dγh(y) dγ(x),

Dij =
1

4π

∫

Γw

ϕhi (x)
∂

∂nx

(∫

Γh
ext

ψhj (y)
∂

∂ny

(
1

|x− y|

)
dγh(y)

)
dγ(x).

✱✳❃❅❋◆❋❍✲ ❄❆❃❅❉❆❁ ✸▲❳❨❃❅❄❆❁❭❁✿❉ ✫★✫ ❃❙❁ ❈❶❛ ❉❆✲❶P◗✲ ✫ ❉ ✺✽✼ ❁ ❈●✼ ✸ ✺✽✼ ❁✿❉ ☞ ❁❇✸❊❋◆❋❍✲●❄ ✼ ❈ P◗❃ ✺✽❘ ❄ ❈ ■ ✲❂❁ ✸❊❉ ✼✿✾ ✲❂❁❀❩ ✾ ❃❅❄ ✼✿✺ ② ✾ ✲❂❁▲❑③P◗✲❂❁❄❆❃▲❦❺✸❊❉✐❪ ✾ ✲❂❁ ✫ ✲❂✴ ✼✿✺ ❩❸❁ ■ ✲❡✴✷✶✹✸❅✴●❉✻❄❆✲ ■ ✲❧✴❂✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁✉❄❆✲❡❁✷✲ ✾ ❃❅❄ ✼❅✫ ✸❅❁♣❁ ✺ ❄ ❘ ❉✻P ✺ ✲ ✾ ❁▲❑✐✲ ✼ ✲●❄ ✫ ✸ ✾✿✼✿✺ ✴●❉✻P ✺ ✲ ✾ ❑✻❃❅❄ ✫ ✲●❉ ✼❩t✸ ✺✽✾ ✲ ✾ ✲●❄ ✼✿✾ ✲ ✾ P◗✲ ∂/∂ny ⑨ Pt❢ ✺ ❄ ✼✷❈●✾✿✺ ✲●❉ ✾❡■ ✲❧Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲☛❁✿❉ ✾ Γhext
✫ ❃❅❉ ✾ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Dij

❚
❯❡❃❅❉❆❁ ✫ ❃❅❉✻❳❨❃❅❄❆❁ ■ ❃❅❄❆✴❙❑▼❁✷❃❅❉❆❁❧✴❂✲ ✼✿✼ ✲✵✶❺❦ ✫ ❃ ✼ ✶❆②❂❁✷✲❙❑s✴▲✸❊P◗✴●❉✻P◗✲ ✾ P◗✲❂❁ ■ ✲●❉✐❪ ✫✻✾ ✲●❋ ✺ ② ✾ ✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ ■ ❃❅❉✻①✻P◗✲❂❁ Sij ✲ ✼
Hij

✫ ✸ ✾◆✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ❄❺❉✻❋ ❈●✾✿✺◗❛ ❉❆✲❙❚ ❵ ❃❅❉ ✾ P◗✲➁✴▲✸❊P◗✴●❉✻P ■ ✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ H ′
ij

✲ ✼ Dij
❑✤❉✻❄ ✴▲✸❊P◗✴●❉✻P➃❄❺❉✻❋ ❈●✾✿✺◗❛ ❉❆✲✲❂❁ ✼▲✫ P✽❉❆❁ ■✻❈ P ✺ ✴▲✸ ✼ ❑ ✫ ❉ ✺ ❁ ❛ ❉❣❢ ✺ ❄ ✼ ✲ ✾ ❳ ✺ ✲●❄ ✼ P❴✸❶❄❆❃ ✾ ❋❀✸❊P◗✲❭✸❊❉ ✫ ❉ ✺✽✼ ❁▲❚ ✇ ✲❭✴▲✸❊P◗✴●❉✻P ❄ ❉✻❋ ❈●✾✿✺◗❛ ❉❆✲❭❄❆✲❀❁✷✲ ✾ ✸ ✫✻✾✷❈ ✴ ✺ ❁ ❛ ❉❆✲❁ ✺ Pt❢④❃❅❄✔✴❂❃❅❄❆❁ ✺◗■ ② ✾ ✲❍❁✿❉ ☞ ❁❇✸❊❋◆❋❍✲●❄ ✼☛■ ✲ ■✐✺✽✾ ✲❂✴ ✼✿✺ ❃❅❄❆❁ ■ ✲◆P❴✸ ❄❆❃ ✾ ❋❀✸❊P◗✲ ✫ ❃❅❉ ✾ ✴✷✶✹✸❅✴●❉✻❄❆✲ ■ ✲❂❁ ❁✷✲❂✴ ✼✿✺ ❃❅❄❆❁ ■ ❉ ✫ ❉ ✺✽✼ ❁▲❚

✪ ✾ ✴❂✲●P❴✸ ✾✿✺ ❁ ❛ ❉❆✲ ■ ✲ ■ ✲●❳❨✲●❄ ✺✽✾❹✼✿✾ ②❂❁✉✴❂❃ ✍✻✼ ✲●❉✐❪ ❄❺❉✻❋ ❈●✾✿✺◗❛ ❉❆✲●❋❍✲●❄ ✼ ❚⑥❯❲❃❅❉❆❁❹✴▲✸❊P◗✴●❉✻P◗✲ ✾ ❃❅❄❆❁ ■ ❃❅❄❆✴♥✴❂✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ ✫ ✸ ✾❉✻❄❆✲❀✸ ✫★✫✻✾ ❃▲❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄ ✸❊❄✹✸❊P✽❦ ✼✿✺◗❛ ❉❆✲❙❑ ✼ ❃❅❉ ✶ ❃❅❉ ✾ ❁☛✲●❄✣✸ ✫★✫ P ✺◗❛ ❉✹✸❊❄ ✼ Pt❢ ✶ ❦ ✫ ❃ ✼ ✶❆②❂❁✷✲ (H1) ❛ ❉❆✲✵P◗✲ ✾ ✸▲❦❨❃❅❄ ■ ❉ ✫ ❉ ✺✽✼ ❁✲❂❁ ✼♥✼✿✾ ②❂❁ ✫ ✲ ✼✿✺✽✼ ■ ✲●❳❙✸❊❄ ✼ P❴✸ P◗❃❅❄ ❘ ❉❆✲●❉ ✾☛■ ❉ ✫ ❉ ✺✽✼ ❁ ✲ ✼ P❴✸ ✼ ✸ ✺ P✽P◗✲ ■ ❉ ✾✷❈ ❁❇✲ ✾ ❳❨❃ ✺✽✾ ❑❣✲ ✼ ❛ ❉❆✲✵P◗✲❂❁♥❩❸❃❅❄❆✴ ✼✿✺ ❃❅❄❆❁ ■ ✲✵①✹✸❅❁✷✲❁✿❉ ✾ P◗✲ ✫ ❉ ✺✽✼ ❁➃❁✷❃❅❄ ✼❹✺ ❄ ■✻❈✜✫ ✲●❄ ■ ✸❊❄ ✼ ✲❂❁ ■ ✲♥Pt❢❷✸❊❄ ❘ P◗✲ θ ❑ θ ∈ [0, 2π]
❚
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IP =
Q

p− pw
.

✎ ✴ ✺ ❑✐❄❆❃❅❉❆❁ ✼✿✾ ❃❅❉✻❳❨❃❅❄❆❁❏⑤ pw = 199, 1745
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IP =
100

200 − 199, 1745
= 121, 14m3/j/bar.
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∆p(x, t) =
∂p(x, t)

∂t
✫ ❃❅❉ ✾ x ∈ Ω, t ∈ [0, T ],

p(x, 0) = p0(x)
✫ ❃❅❉ ✾ x ∈ Ω,

p = pD
❁✿❉ ✾ ΓD × [0, T ],

∂p

∂n
= 0

❁✿❉ ✾ ΓN × [0, T ],

p(x, t) = pw(l, t)
❁✿❉ ✾ Γw × [0, T ],

❁ ✺ x = (l, θ), l ∈ [0, L], θ ∈ [0, 2π],
pw(0, t) = pwf (t), t ∈ [0, T ],
∂pw(l, t)

∂l
= Cw q

2
w(l, t), t ∈ [0, T ],

qw(l, t) =
k

µ

∫

Γw,l

∂p(x, t)

∂n
dγ(x), t ∈ [0, T ],

Q(t) =
k

µ

∫

Γw

∂p(x, t)

∂n
dγ(x), t ∈ [0, T ].

♦ �✐❚✽⑩ q
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❚

✱✳❃❅❋◆❋❍✲●❄✄✂❂❃❅❄❆❁ ✫ ✸ ✾❹✾ ✸ ✫★✫ ✲●P◗✲ ✾ P❴✸ ■✻❈ ❫❆❄ ✺✽✼✿✺ ❃❅❄ ■ ✲♥P❴✸ ✼✿✾ ✸❊❄❆❁✿❩❸❃ ✾ ❋ ❈ ✲ ■ ✲ ✇ ✸ ✫ P❴✸❅✴❂✲❙❚



� � � ✂☎✄✝✆✟✞✡✠☞☛✍✌✏✎ � � � ✂ ☎✢✠✗✖✘✎ ☛✍✌ ✆✁✜ ✩✚✠☞☛✍✕✢✠✛✌✏✎

✇ ✸ ✼✿✾ ✸❊❄❆❁✿❩❸❃ ✾ ❋ ❈ ✲ ■ ✲ ✇ ✸ ✫ P❴✸❅✴❂✲ ■ ❢ ❉✻❄❆✲❧❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄ v ❑ L[v]
❑❆❁ ✺ ✲●P✽P◗✲♥✲❤❪ ✺ ❁ ✼ ✲❙❑❆✲❂❁ ✼❹■✻❈ ❫❆❄ ✺ ✲ ✫ ✸ ✾ ⑤

ṽ(x, s) := L[v](x, s) =

∫ +∞

0
e−st v(x, t) dt s ∈ C. ♦ �✐❚❷⑦ q

⑧ ❈ ❁✷❃ ✾ ❋❀✸ ✺ ❁▲❑❆❄❆❃❅❉❆❁ ■✻❈ ❁ ✺✽❘ ❄❆✲ ✾ ❃❅❄❆❁❹P❴✸ ✼✿✾ ✸❊❄❆❁ ❩❸❃ ✾ ❋ ❈ ✲ ■ ✲ ✇ ✸ ✫ P❴✸❅✴❂✲ ■ ❢ ❉✻❄❆✲❧❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄ v ✫ ✸ ✾ ṽ ❚
⑧♥✸❊❄❆❁❡P◗✲ ✫✻✾ ❃❅①✻P◗②●❋❍✲ ✺ ❄ ✺✽✼✿✺ ✸❊Pt❑❞P❴✸ ✫✻✾ ✲❂❁✷❁ ✺ ❃❅❄ p ❄❣❢④✲❂❁ ✼❧■✻❈ ❫❆❄ ✺ ✲ ❛ ❉❆✲ ✶ ❉❆❁ ❛ ❉❣❢ ⑨ ❉✻❄ ✴❂✲ ✾✿✼ ✸ ✺ ❄ ✼ ✲●❋ ✫ ❁ T > 0

❑⑥❃❅❄
P❴✸ ✫✻✾ ❃❅P◗❃❅❄ ❘ ✲☛✸❊P◗❃ ✾ ❁ ✫ ✸ ✾ 0 ✫ ❃❅❉ ✾ t > T

❑❆✸➂❫❆❄ ■ ✲ ✫ ❃❅❉✻❳❨❃ ✺✽✾➃■✻❈ ❫❆❄ ✺✽✾ ❁❇✸ ✼✿✾ ✸❊❄❆❁ ❩❬❃ ✾ ❋ ❈ ✲ ■ ✲ ✇ ✸ ✫ P❴✸❅✴❂✲❙❚
⑧✵❢❷✸❊❉ ✼✿✾ ✲ ✫ ✸ ✾✿✼ ❑s❃❅❄ ❁♠✸ ✺✽✼❧❛ ❉❆✲☛P❴✸ ✼✿✾ ✸❊❄❆❁✿❩❸❃ ✾ ❋ ❈ ✲ ■ ✲ ✇ ✸ ✫ P❴✸❅✴❂✲✵❄❣❢④✲❂❁ ✼♥■✻❈ ❫❆❄ ✺ ✲ ❛ ❉❆✲ ■ ✸❊❄❆❁❡❉✻❄ ■ ✲●❋ ✺ ❥✸✫ P❴✸❊❄ ■ ✲

C
⑤ ✺ P ✲❤❪ ✺ ❁ ✼ ✲✵❉✻❄❆✲❭✴❂❃❅❄❆❁ ✼ ✸❊❄ ✼ ✲ α ∈ R

✼ ✲●P✽P◗✲ ❛ ❉❆✲ p̃(x, s) ✲❂❁ ✼ ■✻❈ ❫❆❄ ✺ ✲ ✫ ❃❅❉ ✾ s ∈ C
✸▲❳❨✲❂✴ ℜe(s) > α

❚ ✪❲❄
✫ ✲●❉ ✼ ❁✿❉ ✫★✫ ❃❙❁❇✲ ✾ α > 0

❚
☎ ✺ Pt❢④❃❅❄ ✸ ✫★✫ P ✺◗❛ ❉❆✲❜P❴✸ ✼✿✾ ✸❊❄❆❁ ❩❬❃ ✾ ❋ ❈ ✲ ■ ✲ ✇ ✸ ✫ P❴✸❅✴❂✲ ⑨ Pt❢ ❈❂❛ ❉✹✸ ✼✿✺ ❃❅❄ ■ ✲ ■✐✺✎✍ ❉❆❁ ✺ ❃❅❄❣❑♣❃❅❄ ❃❅① ✼✿✺ ✲●❄ ✼ ✸❊P◗❃ ✾ ❁➁❉✻❄❁✿❦✐❁ ✼ ②●❋❍✲ ■ ❢ ❈❂❛ ❉✹✸ ✼✿✺ ❃❅❄❆❁ ■ ✲ ✙ ✲●P✽❋◆✶❆❃❅P ✼ ✌ ❑ ✫ ❃❅❉ ✾ s ∈ C

✼ ✲●P ❛ ❉❆✲ ℜe(s) > α
⑤

∆p̃(x, s) − sp̃(x, s) = 0 ✫ ❃❅❉ ✾ x ∈ Ω. ♦ �✐❚ ✠ q
• � ✕ ✦✍❉ ✥✛✎✑✥✗✠✗✜ ✂ ✆✁✠☞✌ ✎ ■

✇ ✲➃❋❍❃ ■ ②●P◗✲❲P ✺ ❄ ❈ ✸ ✺✽✾ ✲❲❁ ❢ ❈ ✴ ✾✿✺✽✼③■ ❃❅❄❆✴ ■ ✸❊❄❆❁③Pt❢④✲❂❁ ✫ ✸❅✴❂✲ ■ ✲ ✇ ✸ ✫ P❴✸❅✴❂✲❡✴❂❃❅❋◆❋❍✲❹❉✻❄➁❁✿❦✐❁ ✼ ②●❋❍✲ ■ ✲➃❋❍❃ ■ ②●P◗✲❂❁ ■ ✲ ✙ ✲●P✽❋ ❥✶❆❃❅P ✼ ✌ ❑ ✫ ❃❅❉ ✾ ❉✻❄❶✲●❄❆❁✷✲●❋☛①✻P◗✲ ■ ✲ s ∈ C
✼ ✲●P◗❁ ❛ ❉❆✲ ℜe(s) > α

⑤




∆p̃(x, s) − sp̃(x, s) = 0 ✫ ❃❅❉ ✾ x ∈ Ω,
p̃(x, s) = p̃D(x, s) ✫ ❃❅❉ ✾ x ∈ ΓD,
∂p̃(x, s)

∂n
= 0 ✫ ❃❅❉ ✾ x ∈ ΓN ,

p̃(x, s) = p̃w(s)
❁✿❉ ✾ Γw,

Q̃(s) =

∫

Γw

∂p̃(x, s)

∂n
dγ(x).

♦ �✐❚ ✑ q

• � ✕ ✦✍❉ ✥☞✎ ✜ ✕✢✜✁� ✥✛✠✗✜ ✂ ✆✁✠✛✌ ✎ ■
⑧❧✲♥P❴✸✵❋ ✴ ❋❍✲♥❋❀✸❊❄ ✺ ② ✾ ✲❙❑✹P◗✲♥❋❍❃ ■ ②●P◗✲♥❄❆❃❅❄ ❥ P ✺ ❄ ❈ ✸ ✺✽✾ ✲☛❁ ❢ ❈ ✴ ✾✿✺✽✼➃■ ✸❊❄❆❁❹Pt❢④✲❂❁ ✫ ✸❅✴❂✲ ■ ✲ ✇ ✸ ✫ P❴✸❅✴❂✲❏✴❂❃❅❋◆❋❍✲❏❉✻❄✈❁✿❦✐❁ ✼ ②●❋❍✲
■ ✲♥❋❍❃ ■ ②●P◗✲❂❁ ■ ✲ ✙ ✲●P✽❋◆✶❆❃❅P ✼ ✌ ❑ ✫ ❃❅❉ ✾ ❉✻❄❶✲●❄❆❁✷✲●❋❏①✻P◗✲ ■ ✲ s ∈ C

✼ ✲●P◗❁ ❛ ❉❆✲ ℜe(s) > α
⑤





∆p̃(x, s) − sp̃(x, s) = 0 ✫ ❃❅❉ ✾ x ∈ Ω,
p̃(x, s) = p̃D(x, s) ✫ ❃❅❉ ✾ x ∈ ΓD,
∂p̃(x, s)

∂n
= 0 ✫ ❃❅❉ ✾ x ∈ ΓN ,

p̃(x, s) = p̃w(l, s) ✫ ❃❅❉ ✾ x ∈ Γw, x = (l, θ), l ∈ [0, L], θ ∈ [0, 2π],
p̃w(0, s) = p̃wf(s),
∂p̃w(l, s)

∂l
= Cw q̃w(l, .)∗s q̃w(l, .)

❁✿❉ ✾ [0, L],

q̃w(l, s) =

∫

Γw,l

∂p̃(x, s)

∂n
dγ(x),

❁✿❉ ✾ [0, L],

Q̃(s) =

∫

Γw

∂p̃(x, s)

∂n
dγ(x).

♦ �✐❚✕✔ q

✪❲❄❶❁✿❉ ✫★✫ ❃❙❁✷✲ ❛ ❉❆✲❲P◗✲ ■ ❃❅❋❀✸ ✺ ❄❆✲ Ω
❳ ❈●✾✿✺ ❫✹✲ ✼ ❃❅❉ ✼ ✲❂❁♣P◗✲❂❁♣✶❺❦ ✫ ❃ ✼ ✶❆②❂❁✷✲❂❁ ■ ✲ ✾✷❈●❘ ❉✻P❴✸ ✾✿✺✽✼✷❈ ❄ ❈ ✴❂✲❂❁✷❁❇✸ ✺✽✾ ✲❂❁▲❑ ⑨ ❁❇✸▲❳❨❃ ✺✽✾

Ω
✲❂❁ ✼ ①s❃ ✾ ❄ ❈ ❑ ■ ✲❡❩ ✾ ❃❅❄ ✼✿✺ ② ✾ ✲ Γ ✾✷❈●❘ ❉✻P ✺ ② ✾ ✲❙❑ Ω ❈●✼ ✸❊❄ ✼ P◗❃ ✴▲✸❊P◗✲●❋❍✲●❄ ✼❲■ ❢ ❉✻❄✈❁❇✲●❉✻P❣✴ � ✼✷❈ ■ ✲ Γ

❚
⑧♥✸❊❄❆❁❹✴❂✲ ✴❇✶✹✸ ✫✻✺✽✼✿✾ ✲❙❑ ✼ ❃❅❉❆❁✉P◗✲❂❁❹✲❂❁ ✫ ✸❅✴❂✲❂❁✉❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄✻❄❆✲●P◗❁➃❁✷✲ ✾ ❃❅❄ ✼❲⑨ ❳❙✸❊P◗✲●❉ ✾ ❁ ■ ✸❊❄❆❁

C
❚



� �✁�✁� ✂ ✌ ✕ ✆✡✥✢❉ ✖ ✎ ✥✗✠✛✜ ✂ ✆✁✠✛✌ ✎✁�
✡
✕ ✜✝✦✡✧

✡
☛✚✠ ✁ ✠ ☛ ✂ ✠✗✜ ✣ ✜ ✠✛✎✄✂ � � �

✟✆☎✠✟ ☎ ✒✦✧ ✄✭☞ ✳ ✰✱✍ ☞✎✡✮✛ ✡✚✣✌✡✎✒✦✍✝✆ ✪✏✧✌✛ ✲ ✟✭✪ ✜✤✡ ✝ ✡ ✜✆✡ ✡✮✛✡✠ ✛☛✡✮✍✟✞
✪❲❄ ✴❂❃❅❄❆❁ ✺◗■ ② ✾ ✲ ✺ ✴ ✺ P◗✲✈❋❍❃ ■ ②●P◗✲ ♦ �✐❚ ✑ q❊✫ ❃❅❉ ✾ s ❫✻❪ ❈ ❚ ✇ ✲❂❁ ■✻❈ ❋❍❃❅❄❆❁ ✼✿✾ ✸ ✼✿✺ ❃❅❄❆❁ ✾ ✲ ✫ ❃❙❁✷✲●❄ ✼ ❁✿❉ ✾ P◗✲❂❁❀❋ ✴ ❋❍✲❂❁

✾ ✸ ✺ ❁✷❃❅❄✻❄❆✲●❋❍✲●❄ ✼ ❁ ❛ ❉❆✲ ✫ ❃❅❉ ✾ P◗✲ ✫✻✾ ❃❅①✻P◗②●❋❍✲ ■ ✲ ✾✷❈●❘❙✺ ❋❍✲ ✫ ✲ ✾ ❋❀✸❊❄❆✲●❄ ✼ ❚ ✪❲❄ ✴❂❃❅❄❆❁ ✺◗■ ② ✾ ✲ ✼ ❃❅❉ ✼❲■ ❢❷✸❊①s❃ ✾✷■ P◗✲❏✴▲✸❅❁❲❃✝✆
pwf

✲❂❁ ✼❹■ ❃❅❄✻❄ ❈ ✲❙❑❆✲ ✼ Q ✺ ❄❆✴❂❃❅❄✻❄❺❉❣❑ ✫ ❉ ✺ ❁❹P◗✲ ✴▲✸❅❁❹❃✝✆ Q ✲❂❁ ✼➃■ ❃❅❄✻❄ ❈ ❑❆✲ ✼ ❃✝✆✈❃❅❄❶✴❇✶❆✲ ✾ ✴✷✶❆✲ pwf ❚
✠ ☛✔✓☎☛✟✛ ✂ ✚ ✏ ✢☛✡

pwf
★✩✏ ✘✪✦✟✢✫✤ ✤✟✖✩★✌☞ ★✙✘

Q
✍✑✤ ✒✕✢✥✤ ✤✄✂

r ✼ ❉ ■✐✺ ❃❅❄❆❁ ✼ ❃❅❉ ✼♣■ ❢❷✸❊①s❃ ✾✷■ P◗✲❧✴▲✸❅❁✳P◗✲ ✫ P✽❉❆❁✉❁ ✺ ❋ ✫ P◗✲❡❃✝✆➁P❴✸ ✫✻✾ ✲❂❁✷❁ ✺ ❃❅❄ pwf ✲❂❁ ✼✉■ ❃❅❄✻❄ ❈ ✲❡✲ ✼ ❃✝✆ ❃❅❄ ✴✷✶❆✲ ✾ ✴❇✶❆✲♥P◗✲
■✻❈ ① ✺✽✼❹✼ ❃ ✼ ✸❊P Q ❚✇ ✸ ✫✻✾ ✲❂❁✷❁ ✺ ❃❅❄ pwf ❈●✼ ✸❊❄ ✼✳■ ❃❅❄✻❄ ❈ ✲❙❑✠❃❅❄❭✴❂❃❅❄✻❄✹✸ ✆◗✼ ❁❇✸ ✼✿✾ ✸❊❄❆❁✿❩❸❃ ✾ ❋ ❈ ✲ ■ ✲ ✇ ✸ ✫ P❴✸❅✴❂✲ p̃wf ✫ ❃❅❉ ✾③✼ ❃❅❉ ✼ s ✴❂❃❅❄❺❳❨✲●❄✹✸❊①✻P◗✲❙❚✱✳❃❅❄❆❁ ✺◗■✻❈●✾ ❃❅❄❆❁➃P◗✲♥❋❍❃ ■ ②●P◗✲❏❁❇✸❊❄❆❁♣P❴✸◆✴❂❃❅❄ ■✐✺✽✼✿✺ ❃❅❄ ❁✷❉ ✾ Q̃ ⑤





∆p̃(x, s) − sp̃(x, s) = 0 ✫ ❃❅❉ ✾ x ∈ Ω,
p̃(x, s) = p̃D(x, s) ✫ ❃❅❉ ✾ x ∈ ΓD,
∂p̃(x, s)

∂n
= 0 ✫ ❃❅❉ ✾ x ∈ ΓN ,

p̃(l, θ, s) = p̃w(s)
❁✿❉ ✾ Γw.

♦ �✐❚✁� q

✇ ✲ ❄❆❃❅❋☛① ✾ ✲✈✴❂❃❅❋ ✫ P◗✲❤❪✻✲ s ❈●✼ ✸❊❄ ✼ ❫✻❪ ❈ ❑ p̃wf (s) ✲❂❁ ✼ ❉✻❄❆✲✈✴❂❃❅❄❆❁ ✼ ✸❊❄ ✼ ✲❙❚③❯❲❃❅❉❆❁ ✫ ❃❅❉✻❳❨❃❅❄❆❁ ■ ❃❅❄❆✴ ✫✻✾ ❃ ✴ ❈❂■ ✲ ✾ ✸❊❉✴✷✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼❡■ ✲ ❳❅✸ ✾✿✺ ✸❊①✻P◗✲❍⑤ ũ = p̃− p̃wf
❚ ✇ ✲ ❋❍❃ ■ ②●P◗✲ ❁ ❢ ❈ ✴ ✾✿✺✽✼ ✸❊P◗❃ ✾ ❁❏⑤





∆ũ(x, s) − sũ(x, s) = s p̃wf(s)
✫ ❃❅❉ ✾ x ∈ Ω,

ũ(x, s) = p̃D(x, s) − p̃wf (s)
✫ ❃❅❉ ✾ x ∈ ΓD,

∂ũ(x, s)

∂n
= 0 ✫ ❃❅❉ ✾ x ∈ ΓN ,

ũ(l, θ, s) = 0
❁✷❉ ✾ Γw.

♦ �✐❚✁� q

✍ ❋✝✠✛✩ ☛✍✎ ✜
✡
✎ ■ ✪❲❄ ❉ ✼✿✺ P ✺ ❁❇✲♥P◗✲ ✼ ✶ ❈ ❃ ✾ ②●❋❍✲ ■ ✲ ✾ ✲●P◗②●❳❨✲●❋❍✲●❄ ✼ ⑤❁ ✺ p̃D(., s) ∈ H1/2(ΓD)

❑✐✸❊P◗❃ ✾ ❁ ✺ P❞✲❤❪ ✺ ❁ ✼ ✲❲❉✻❄ ✾ ✲●P◗②●❳❨✲●❋❍✲●❄ ✼ ♦ ❄❆❃❅❄❭❉✻❄ ✺◗❛ ❉❆✲ q r̃(., s) ∈ H1(∆,Ω) ♦ ❃✝✆ Pt❢④✲❂❁ ✫ ✸❅✴❂✲
H1(∆,Ω)

✸ ❈●✼✷❈❏■✻❈ ❫❆❄ ✺✆✫ ✸ ✾ ♦ ⑦✐❚✕✔ q ❑✻❋❀✸ ✺ ❁❹✲❂❁ ✼ ✴❂✲ ✼✿✼ ✲❧❩❬❃ ✺ ❁ ⑨ ❳❅✸❊P◗✲●❉ ✾ ❁➃✴❂❃❅❋ ✫ P◗✲❤❪✐✲❂❁ q ❑✹✲ ✼ η > 0
❑ ✼ ✲●P◗❁ ❛ ❉❆✲◆⑤

r̃(x, s) =

{
p̃D(x, s) − p̃wf (s)

❁✿❉ ✾ ΓD
0

❁✿❉ ✾ Γw

✲ ✼ ‖r̃(., s)‖H1(∆,Ω) ≤ C ‖p̃D(., s) − p̃wf (., s)‖H1/2(ΓD) .
✪❲❄ ✫✻✾ ❃✠✴❂② ■ ✲❏✸❊P◗❃ ✾ ❁➃✸❊❉❶✴❇✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼❧■ ✲♥❳❙✸ ✾✿✺ ✸❊①✻P◗✲❂❁ ⑤ Ũ = ũ− r̃

❑✻✲ ✼ ❃❅❄✈❃❅① ✼✿✺ ✲●❄ ✼ P◗✲❧❋❍❃ ■ ②●P◗✲ ❁✿❉ ✺ ❳❙✸❊❄ ✼ ⑤




∆Ũ(x, s) − s Ũ(x, s) = −∆r̃(x, s) + s r̃(x, s) ✫ ❃❅❉ ✾ x ∈ Ω,

Ũ(x, s) = 0 ✫ ❃❅❉ ✾ x ∈ ΓD,

∂Ũ(x, s)

∂n
= −∂r̃(x, s)

∂n
✫ ❃❅❉ ✾ x ∈ ΓN ,

Ũ(x, s) = 0
❁✿❉ ✾ Γw.

♦ �✐❚ ❑❨q

✪❲❄✈❁❇✲ ✫ P❴✸❅✴❂✲ ■ ✸❊❄❆❁✉Pt❢④✲❂❁ ✫ ✸❅✴❂✲ V ⑤

V = {v ∈ H1(Ω), v/ΓD
= 0, v/Γw = 0},

❋❏❉✻❄ ✺❱■ ❉ ✫✻✾ ❃ ■ ❉ ✺✽✼ ❁✷✴▲✸❊P❴✸ ✺✽✾ ✲♥❉❆❁✿❉❆✲●P ■ ✸❊❄❆❁ H1(Ω) ♦ ✴❂❃❅❋ ✫ P◗✲❤❪✻✲ q ⑤

(u, v)H1(Ω) =

∫

Ω
u(x) v(x) dx+

∫

Ω
∇u(x)∇v(x) dx. ♦ �✐❚✕✏ q



� � � ✂☎✄✝✆✟✞✡✠☞☛✍✌✏✎ � � � ✂ ☎✢✠✗✖✘✎ ☛✍✌ ✆✁✜ ✩✚✠☞☛✍✕✢✠✛✌✏✎

V
✲❂❁ ✼ ❉✻❄❶❁✷❃❅❉❆❁ ❥ ✲❂❁ ✫ ✸❅✴❂✲ ❳❨✲❂✴ ✼ ❃ ✾✿✺ ✲●P▼❩❸✲ ✾ ❋ ❈❏■ ✲❧Pt❢④✲❂❁ ✫ ✸❅✴❂✲ ■ ✲ ✙❲✺ P✽①❞✲ ✾✿✼ H1(Ω)

❑✻✴❙❢④✲❂❁ ✼➃■ ❃❅❄❆✴ ❉✻❄ ✙➃✺ P✽①s✲ ✾✿✼ ❚
✇ ✸✵❩❸❃ ✾ ❋☛❉✻P❴✸ ✼✿✺ ❃❅❄✈❳❙✸ ✾✿✺ ✸ ✼✿✺ ❃❅❄✻❄❆✲●P✽P◗✲ ■ ❉❶❋❍❃ ■ ②●P◗✲ ♦ �✐❚ ❑❨q ❁▲❢ ❈ ✴ ✾✿✺✽✼ ⑤

a(Ũ , v) = L(v) ✫ ❃❅❉ ✾➃✼ ❃❅❉ ✼ v ∈ V,

❃✝✆✔⑤




a(Ũ , v) =

∫

Ω
∇Ũ(x, s)∇v(x) dx+ s

∫

Ω
Ũ(x, s)v(x) dx,

L(v) = −
∫

Ω
∇r̃(x, s)∇v(x) dx − s

∫

Ω
r̃(x, s)v(x) dx−

∫

ΓN

∂r̃(x, s)

∂n
v(x) dγ(x).

✎ P❣❄❆❃❅❉❆❁➃❩❬✸❊❉ ✼ ❋❀✸ ✺ ❄ ✼ ✲●❄✹✸❊❄ ✼ ❋❍❃❅❄ ✼✿✾ ✲ ✾❧❛ ❉❆✲♥P❴✸◆❩❸❃ ✾ ❋❍✲☛❁✷✲❂❁ ❛ ❉ ✺ P ✺ ❄ ❈ ✸ ✺✽✾ ✲ a(., .) ✲❂❁ ✼ ✴❂❃❅❄ ✼✿✺ ❄❺❉❆✲ ■ ✸❊❄❆❁ V × V
❑

✲ ✼ ✴❂❃✠✲ ✾ ✴ ✺ ❳❨✲ ■ ✸❊❄❆❁ V ❑ ✫ ❉ ✺ ❁ ❛ ❉❆✲❧P❴✸✌❩❸❃ ✾ ❋❍✲ ✸❊❄ ✼✿✺ P ✺ ❄ ❈ ✸ ✺✽✾ ✲ L ✲❂❁ ✼ ✴❂❃❅❄ ✼✿✺ ❄ ❉❆✲ ■ ✸❊❄❆❁ V ❚❥ ✇ ✸✵❩❸❃ ✾ ❋❍✲ ❁❇✲❂❁ ❛ ❉ ✺ P ✺ ❄ ❈ ✸ ✺✽✾ ✲ a(., .) ✲❂❁ ✼ ✴❂❃❅❄ ✼✿✺ ❄❺❉❆✲ ■ ✸❊❄❆❁ V × V
⑤

✫ ❃❅❉ ✾✉✼ ❃❅❉ ✼ (u, v) ∈ V × V
❑❆❃❅❄✈✸ ⑤

|a(u, v)| ≤ ❋❀✸➂❪
(1, |s|) ‖u‖H1(Ω) ‖v‖H1(Ω).

❥ a(., .) ✲❂❁ ✼ ✴❂❃✠✲ ✾ ✴ ✺ ❳❨✲❀❁✿❉ ✾✁� ⑤✯❃❅❄ ❳❨✲●❉ ✼ ❋❍❃❅❄ ✼✿✾ ✲ ✾✌❛ ❉❣❢ ✺ P③✲❤❪ ✺ ❁ ✼ ✲◆❉✻❄❆✲❍✴❂❃❅❄❆❁ ✼ ✸❊❄ ✼ ✲ C > 0
❑ ✼ ✲●P✽P◗✲ ❛ ❉❆✲❙❑ ✫ ❃❅❉ ✾

✼ ❃❅❉ ✼ v ∈ V
❑✐Pt❢④❃❅❄ ✸ ✺✽✼ ⑤

|a(v, v)| ≥ C ‖v‖2
H1(Ω).

� �✁�✁� � � � ✂ ✆✟✩ ✕✄✂ ℑm(s) 6= 0

❵ ✸ ✾ Pt❢❷✸❊①❆❁✿❉ ✾✷■ ✲❙❑✹❃❅❄✈❁✿❉ ✫★✫ ❃❙❁✷✲ ❛ ❉❆✲◆⑤

∀n ∈ N
∗,∃vn ∈ V, |a(vn, vn)| <

1

n
‖vn‖2

H1(Ω). ♦ �✐❚✽⑩☞☛ q
✪❲❄ ✫ ✲●❉ ✼ ✴❇✶❆❃ ✺ ❁ ✺✽✾ vn ✼ ✲●P✽P◗✲ ❛ ❉❆✲ ‖vn‖H1(Ω) = 1

❚ ✇ ✸❜❁✿❉ ✺✽✼ ✲ (vn)n∈N∗

❈●✼ ✸❊❄ ✼ ①❞❃ ✾ ❄ ❈ ✲ ■ ✸❊❄❆❁❍Pt❢④✲❂❁ ✫ ✸❅✴❂✲ ■ ✲
✙❲✺ P✽①❞✲ ✾✿✼ V ❑✻❃❅❄ ✫ ✲●❉ ✼ ✲●❄❶✲❤❪ ✼✿✾ ✸ ✺✽✾ ✲♥❉✻❄❆✲❏❁✷❃❅❉❆❁ ❥ ❁✿❉ ✺✽✼ ✲❙❑❆✲●❄❆✴❂❃ ✾ ✲ ❄❆❃ ✼✷❈ ✲ (vn)

❑ ✼ ✲●P✽P◗✲ ❛ ❉❆✲◆⑤

vn ⇀ v
❩t✸ ✺ ①✻P◗✲ ■ ✸❊❄❆❁ H1(Ω),

✲ ✼ ❑▼✴❂❃❅❋◆❋❍✲ Ω
✲❂❁ ✼ ①s❃ ✾ ❄ ❈ ❑sPt❢ ✺ ❄ ✶ ✲❂✴ ✼✿✺ ❃❅❄ ■ ✲ H1(Ω) ■ ✸❊❄❆❁ L2(Ω)

✲❂❁ ✼ ✴❂❃❅❋ ✫ ✸❅✴ ✼ ✲❙❑ ■ ❃❅❄❆✴◆✴❂✲ ✼✿✼ ✲◆❋ ✴ ❋❍✲◆❁✿❉ ✺✽✼ ✲✴❂❃❅❄❺❳❨✲ ✾✿❘ ✲ ❩❸❃ ✾✿✼ ✲●❋❍✲●❄ ✼❲■ ✸❊❄❆❁ L2(Ω)
❑ ✺ ❚④✲❙❚❣⑤

vn −→ v
❩❬❃ ✾✿✼❹■ ✸❊❄❆❁ L2(Ω).

⑧✵❢❷✸❊❉ ✼✿✾ ✲ ✫ ✸ ✾✿✼ ❑❆❃❅❄ ✸✐❑ ■ ❢❷✸ ✫✻✾ ②❂❁ ♦ �✐❚✽⑩☞☛ q ⑤

|a(vn, vn)| −→ 0, ❛ ❉✹✸❊❄ ■ n −→ +∞, ♦ �✐❚✽⑩❙⑩ q
❃ ✾ ⑤

|a(v, v)| ≥ 1

2
(|ℜe a(v, v)| + |ℑm a(v, v)|) ✫ ❃❅❉ ✾➃✼ ❃❅❉ ✼ v ∈ V,

■ ❢④❃✝✆✔⑤
ℜe a(vn, vn) −→ 0, ♦ �✐❚✽⑩▲⑦ q



� �✁�✁� ✂ ✌ ✕ ✆✡✥✢❉ ✖ ✎ ✥✗✠✛✜ ✂ ✆✁✠✛✌ ✎✁�
✡
✕ ✜✝✦✡✧

✡
☛✚✠ ✁ ✠ ☛ ✂ ✠✗✜ ✣ ✜ ✠✛✎✄✂ � � ✝

ℑm a(vn, vn) −→ 0, ♦ �✐❚✽⑩ ✠ q✸❂❳❨✲❂✴❀⑤

ℜe a(vn, vn) =

∫

Ω
|∇vn(x)|2 dx+ ℜe(s)

∫

Ω
|vn(x)|2 dx ♦ �✐❚✽⑩ ✑ q

ℑm a(vn, vn) = ℑm(s)

∫

Ω
|vn(x)|2 dx. ♦ �✐❚✽⑩ ✔ q

✪❲❄ ■✻❈❂■ ❉ ✺✽✼ ✸❊P◗❃ ✾ ❁ ■ ✲ ♦ �✐❚✽⑩ ✠ q ✲ ✼ ♦ �✐❚✽⑩ ✔ q♣❛ ❉❆✲◆⑤

‖vn‖L2(Ω) −→ 0,

✫ ❉ ✺ ❁ ❛ ❉❣❢④❃❅❄ ✸✵❁✿❉ ✫★✫ ❃❙❁ ❈♥❛ ❉❆✲ ℑm(s) 6= 0
❚

✎ P❣❁▲❢④✲●❄❆❁✿❉ ✺✽✼ ❑ ■ ❢❷✸ ✫✻✾ ②❂❁ ♦ �✐❚✽⑩▲⑦ q ✲ ✼ ♦ �✐❚✽⑩ ✑ q ❑ ❛ ❉❆✲❍⑤

‖∇vn‖L2(Ω) −→ 0

✲ ✼ ❫❆❄✹✸❊P◗✲●❋❍✲●❄ ✼ ❑ ‖vn‖H1(Ω) −→ 0
❑ ■ ❃❅❄❆✴ vn −→ 0

❩❬❃ ✾✿✼❹■ ✸❊❄❆❁ H1(Ω)
❑❆✴❂✲ ❛ ❉ ✺▼✺ ❋ ✫ P ✺◗❛ ❉❆✲ ❛ ❉❆✲ v = 0

❚
✁ ✸ ✺ ❁ ■ ❢❷✸❊❉ ✼✿✾ ✲ ✫ ✸ ✾✿✼ ❑❅Pt❢ ✶❺❦ ✫ ❃ ✼ ✶❆②❂❁✷✲ ‖vn‖H1(Ω) = 1

✲●❄ ✼✿✾ ✸ ✆ ❄❆✲ ❛ ❉❆✲ ‖v‖H1(Ω) = 1
❑❊✴❂✲ ❛ ❉ ✺ ✲❂❁ ✼ ✴❂❃❅❄ ✼✿✾ ✸ ■✐✺ ✴ ✼ ❃ ✺✽✾ ✲✸❂❳❨✲❂✴

v = 0
❚

� �✁�✁� � �✁� ✂ ✆✟✩ ✕✄✂ ℑm(s) = 0

✇ ✲❖✴▲✸❅❁➁❃✝✆ ℑm(s) = 0
✴❂❃ ✾✿✾ ✲❂❁ ✫ ❃❅❄ ■ ✲●❄ ❩❬✸ ✺✽✼ ✸❊❉ ✴▲✸❅❁ ❃✝✆

s ∈ R
+,∗ ❑ ✫ ❉ ✺ ❁ ❛ ❉❣❢④❃❅❄ ✸ ❁✿❉ ✫★✫ ❃❙❁ ❈ ❛ ❉❆✲

ℜe(s) > 0
❚ ✇ ✸◆✴❂❃✠✲ ✾ ✴ ✺ ❳ ✺✽✼✷❈❏■ ✲ a(., .) ✲❂❁ ✼ ✸❊P◗❃ ✾ ❁ ✺ ❋◆❋ ❈❂■✐✺ ✸ ✼ ✲❀⑤✻❃❅❄ ✸✐❑ ✫ ❃❅❉ ✾✉✼ ❃❅❉ ✼ v ■ ✸❊❄❆❁ V ⑤

a(v, v) =

∫

Ω
|∇v(x)|2 dx+ s

∫

Ω
|v(x)|2 dx ✸❂❳❨✲❂✴

s > 0

≥ ❋ ✺ ❄ (1, s)‖v‖2
H1(Ω).

✇ ✸✵❩❸❃ ✾ ❋❍✲ ❁❇✲❂❁ ❛ ❉ ✺ P ✺ ❄ ❈ ✸ ✺✽✾ ✲ a(., .) ✲❂❁ ✼➃■ ❃❅❄❆✴♥✴❂❃❅❄ ✼✿✺ ❄❺❉❆✲✌✲ ✼ ✴❂❃ ✲ ✾ ✴ ✺ ❳❨✲❏❁✿❉ ✾ V × V
❚

• ✁ ❃❅❄ ✼✿✾ ❃❅❄❆❁➃❋❀✸ ✺ ❄ ✼ ✲●❄✹✸❊❄ ✼❧❛ ❉❆✲ L ✲❂❁ ✼ ❉✻❄❆✲❧❩❬❃ ✾ ❋❍✲❏✸❊❄ ✼✿✺ P ✺ ❄ ❈ ✸ ✺✽✾ ✲❏✴❂❃❅❄ ✼✿✺ ❄ ❉❆✲☛❁✷❉ ✾ V ⑤

L(v) = −
∫

Ω
∇r̃(x, s)∇v(x) dx− s

∫

Ω
r̃(x, s)v(x) dx −

∫

ΓN

∂r̃(x, s)

∂n
v(x) dγ(x), ✫ ❃❅❉ ✾ v ∈ V.

✇ ❢❷✸❊❄ ✼✿✺ P ✺ ❄ ❈ ✸ ✾✿✺✽✼✷❈✵■ ✲ L ✲❂❁ ✼❹❈ ❳ ✺◗■ ✲●❄ ✼ ✲❙❑ ✾ ✲❂❁ ✼ ✲ ⑨ ❋❍❃❅❄ ✼✿✾ ✲ ✾ P❴✸✵✴❂❃❅❄ ✼✿✺ ❄❺❉ ✺✽✼✷❈ ❚ ❵ ❃❅❉ ✾➃✼ ❃❅❉ ✼ v ∈ V
❑❆❃❅❄✈✸❶⑤

|L(v)| ≤ | ❋❍✲❂❁ (Ω)|1/2 ‖∇r̃‖L2(Ω) ‖∇v‖L2(Ω) + |s| | ❋❍✲❂❁ (Ω)|1/2 ‖r̃‖L2(Ω) ‖v‖L2(Ω)

+ ‖∂r̃(x, s)
∂n

‖L2(ΓN ) ‖v‖L2(ΓN )

≤
(
1 + (1 + |s|) | ❋❍✲❂❁ (Ω)|1/2

)
‖r̃‖H1(∆,Ω)‖v‖H1(Ω)

≤ C
(
1 + (1 + |s|) | ❋❍✲❂❁ (Ω)|1/2

)
‖p̃D − p̃wf‖H1/2(ΓD) ‖v‖H1(Ω)

✂ ✕ ✜
✡
✥✗✧ ✩✚✠✛✕✢✜ ■➀✇ ✲ ✼ ✶ ❈ ❃ ✾ ②●❋❍✲ ■ ✲ ✇ ✸➂❪ ❥ ✁ ✺ P ❘❙✾ ✸❊❋ ❄❆❃❅❉❆❁ ■ ❃❅❄✻❄❆✲ ✸❊P◗❃ ✾ ❁ Pt❢④✲❤❪ ✺ ❁ ✼ ✲●❄❆✴❂✲❍✲ ✼ Pt❢ ❉✻❄ ✺ ✴ ✺✽✼✷❈ ■ ❢ ❉✻❄❆✲❁✷❃❅P✽❉ ✼✿✺ ❃❅❄ Ũ ■ ✸❊❄❆❁ V ✸❊❉❍❋❍❃ ■ ②●P◗✲ ♦ �✐❚ ❑❨q②✫ ❃❅❉ ✾ r ❫✻❪ ❈ ❑ ■ ❃❅❄❆✴✉Pt❢④✲❤❪ ✺ ❁ ✼ ✲●❄❆✴❂✲ ■ ❢ ❉✻❄❆✲➃❁✷❃❅P✽❉ ✼✿✺ ❃❅❄ ũ ✸❊❉❍❋❍❃ ■ ②●P◗✲ ♦ �✐❚✁� q ❑
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❁✷❃❅❉❆❁✉Pt❢ ✶ ❦ ✫ ❃ ✼ ✶❆②❂❁✷✲ ❛ ❉❆✲ pD ∈ H1/2(ΓD)
❚ ✏ ✲❂❁ ✼ ✲ ⑨ ❋❍❃❅❄ ✼✿✾ ✲ ✾ Pt❢ ❉✻❄ ✺ ✴ ✺✽✼✷❈☛■ ✲❧P❴✸◆❁✷❃❅P✽❉ ✼✿✺ ❃❅❄ ũ ❚

� ✜✔✠
✡
✠☞☛ ✂ ■ ☎✠❃ ✺ ✲●❄ ✼ ũ1

✲ ✼ ũ2
■ ✲●❉✐❪➁❁❇❃❅P✽❉ ✼✿✺ ❃❅❄❆❁ ■ ❉ ❋❍❃ ■ ②●P◗✲❙❑✹❃❅❄ ❄❆❃ ✼ ✲ ũ P◗✲●❉ ✾❹■✐✺✎✍s❈●✾ ✲●❄❆✴❂✲❀⑤ ũ = ũ1 − ũ2

❚
✎ P❣❁✿❉ ☞❍✼ ✸❊P◗❃ ✾ ❁ ■ ✲❧❋❍❃❅❄ ✼✿✾ ✲ ✾❲❛ ❉❆✲♥P◗✲❧❋❍❃ ■ ②●P◗✲❏❁✿❉ ✺ ❳❅✸❊❄ ✼ ⑤





∆ũ(x, s) − sũ(x, s) = 0 ✫ ❃❅❉ ✾ x ∈ Ω,
ũ(x, s) = 0 ✫ ❃❅❉ ✾ x ∈ ΓD,
∂ũ(x, s)

∂n
= 0 ✫ ❃❅❉ ✾ x ∈ ΓN ,

ũ(x, s) = 0
❁✿❉ ✾ Γw,✸ ■ ❋❍✲ ✼ ✴❂❃❅❋◆❋❍✲❏❉✻❄ ✺◗❛ ❉❆✲♥❁✷❃❅P✽❉ ✼✿✺ ❃❅❄✈P❴✸◆❁✷❃❅P✽❉ ✼✿✺ ❃❅❄❶❄ ❉✻P✽P◗✲❙❑❆✴❂✲ ❛ ❉ ✺ ✲❂❁ ✼❹❈ ❳ ✺◗■ ✲●❄ ✼ ❚

✱✳✲❂✴ ✺ ✴●P � ✼ P❴✸ ■✻❈ ❋❍❃❅❄❆❁ ✼✿✾ ✸ ✼✿✺ ❃❅❄ ■ ❢④✲❤❪ ✺ ❁ ✼ ✲●❄❆✴❂✲✌✲ ✼❡■ ❢ ❉✻❄ ✺ ✴ ✺✽✼✷❈✵■ ❢ ❉✻❄❆✲✵❁✷❃❅P✽❉ ✼✿✺ ❃❅❄ Ũ ■ ✸❊❄❆❁ H1(Ω)
✸❊❉ ❋❍❃ ■ ②●P◗✲

♦ �✐❚ ❑❨q ❑❆✲ ✼➃■ ❃❅❄❆✴ ■ ❢ ❉✻❄❆✲ ❁✷❃❅P✽❉ ✼✿✺ ❃❅❄ p̃ ■ ✸❊❄❆❁ H1(Ω)
✸❊❉ ❋❍❃ ■ ②●P◗✲ ♦ �✐❚✁� q ❑ ✫ ❃❅❉ ✾ ❳ ❉ ❛ ❉❆✲ pD ∈ H1/2(ΓD)
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pwf

★✩✏ ✘✪✍✑✤ ✒✕✢✥✤ ✤✄✂ ★✌☞ ★✙✘ ✢☛✡
Q

★✩✏ ✘✪✍✑✱☎✄ ✢✥✏✛✖
❯❡❃❅❉❆❁♥✸❊P✽P◗❃❅❄❆❁❧❋❀✸ ✺ ❄ ✼ ✲●❄✹✸❊❄ ✼ ✴❂❃❅❄❆❁ ✺◗■✻❈●✾ ✲ ✾♥■ ✲●❉✐❪ ✴▲✸❅❁ ■✐✺✎✍s❈●✾ ✲●❄ ✼ ❁♥❁✷✲●P◗❃❅❄ ❛ ❉❆✲☛P❴✸ ✫✻✾ ✲❂❁✷❁ ✺ ❃❅❄ p̃D ✺ ❋ ✫ ❃❙❁ ❈ ✲✌❁✿❉ ✾

ΓD
✲❂❁ ✼ ✴❂❃❅❄❆❁ ✼ ✸❊❄ ✼ ✲❏❃❅❉ ❄❆❃❅❄❣❚

� �✁�✁� �✁� �
1 ✞✠✟ ✡

✆✟✩ ■
p̃D ✡

✕ ✜✝✩ ☛✍✆✁✜ ☛✍✎ �

✪❲❄❏❩❬✸ ✺✽✼ P◗✲➀✴✷✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼➀■ ✲➀❳❙✸ ✾✿✺ ✸❊①✻P◗✲❂❁ u = p̃−p̃D ✫ ❃❅❉ ✾ ✸▲❳❨❃ ✺✽✾ ❉✻❄❆✲③✴❂❃❅❄ ■✐✺✽✼✿✺ ❃❅❄ ■ ✲③⑧ ✺✽✾✿✺ ✴✷✶✻P◗✲ ✼ ✶❆❃❅❋❍❃ ❘ ②●❄❆✲❙❚✇ ✲♥❋❍❃ ■ ②●P◗✲ ❁✷✲ ✾✷❈❂❈ ✴ ✾✿✺✽✼ ✸❊P◗❃ ✾ ❁▲❑ ✫ ❃❅❉ ✾ s ✴❂❃❅❄❺❳❨✲●❄✹✸❊①✻P◗✲❭⑤




∆u− su = s p̃D
■ ✸❊❄❆❁ Ω,

u = 0
❁✿❉ ✾ ΓD,

∂u

∂n
= 0

❁✷❉ ✾ ΓN ,

u = cte (= ˜pwf − p̃D),
❁✷❉ ✾ Γw,

Q̃(s) =

∫

Γw

∂u(x, s)

∂n
dγ(x).

♦ �✐❚✽⑩ � q

✪❲❄✈❁❇✲ ✫ P❴✸❅✴❂✲ ■ ✸❊❄❆❁✉Pt❢④✲❂❁ ✫ ✸❅✴❂✲❍⑤
V = {v ∈ H1(Ω) ; v/ΓD

= 0, v/Γw = cte
❃✝✆

cte
✲❂❁ ✼ ❉✻❄❆✲ ✴❂❃❅❄❆❁ ✼ ✸❊❄ ✼ ✲ ✺ ❄❆✴❂❃❅❄✻❄❺❉❆✲ }.

✪❲❄❶❋☛❉✻❄ ✺✽✼ V ■ ❉ ✫✻✾ ❃ ■ ❉ ✺✽✼ ❁✷✴▲✸❊P❴✸ ✺✽✾ ✲ ❉❆❁✿❉❆✲●P ■ ✸❊❄❆❁ H1(Ω)
⑤

(u, v)H1(Ω) =

∫

Ω
u(x) v(x) dx+

∫

Ω
∇u(x)∇v(x) dx. ♦ �✐❚✽⑩ � q

V
✲❂❁ ✼ ❉✻❄❶❁✷❃❅❉❆❁ ❥ ✲❂❁ ✫ ✸❅✴❂✲ ❳❨✲❂✴ ✼ ❃ ✾✿✺ ✲●P▼❩❸✲ ✾ ❋ ❈❏■ ✲❧Pt❢④✲❂❁ ✫ ✸❅✴❂✲ ■ ✲ ✙❲✺ P✽①❞✲ ✾✿✼ H1(Ω)

❑✻✴❙❢④✲❂❁ ✼➃■ ❃❅❄❆✴ ❉✻❄ ✙➃✺ P✽①s✲ ✾✿✼ ❚
✇ ✸✵❩❸❃ ✾ ❋☛❉✻P❴✸ ✼✿✺ ❃❅❄✈❳❙✸ ✾✿✺ ✸ ✼✿✺ ❃❅❄✻❄❆✲●P✽P◗✲ ■ ❉ ✫✻✾ ❃❅①✻P◗②●❋❍✲ ✴ ✺ ❥ ■ ✲❂❁❇❁✿❉❆❁➃❁▲❢ ❈ ✴ ✾✿✺✽✼ ⑤

a(u, v) = L(v), ✫ ❃❅❉ ✾❹✼ ❃❅❉ ✼ v ∈ V, ♦ �✐❚✽⑩ ❑❨q
✸❂❳❨✲❂✴❀⑤





a(u, v) =

∫

Ω
∇u(x)∇v(x) dx+ s

∫

Ω
u(x) v(x) dx, u, v ∈ V,

L(v) = −s p̃D
∫

Ω
v(x) dx + Q̃ v/Γw , v ∈ V.
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✡
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✪❲❄ ❳❅✸❏❋❍❃❅❄ ✼✿✾ ✲ ✾❅✫ ✸ ✾ P◗✲ ✼ ✶ ❈ ❃ ✾ ②●❋❍✲ ■ ✲ ✇ ✸➂❪ ❥ ✁ ✺ P ❘❙✾ ✸❊❋ ❛ ❉❆✲❲✴❂✲ ✫✻✾ ❃❅①✻P◗②●❋❍✲♥✸ ■ ❋❍✲ ✼ ❉✻❄❆✲➃❉✻❄ ✺◗❛ ❉❆✲❧❁✷❃❅P✽❉ ✼✿✺ ❃❅❄❣❚

• ❯❡❃❅❉❆❁❀✸▲❳❨❃❅❄❆❁ ■✻❈✷✶✷⑨ ❳✠❉ ■ ✸❊❄❆❁❍P◗✲ ✫ ✸ ✾ ✸ ❘❙✾ ✸ ✫ ✶❆✲ ✫✻✾✷❈ ✴ ❈❂■ ✲●❄ ✼ ❛ ❉❆✲ P❴✸ ❩❬❃ ✾ ❋❍✲❶❁✷✲❂❁ ❛ ❉ ✺ P ✺ ❄ ❈ ✸ ✺✽✾ ✲ a(., .) ✲❂❁ ✼✴❂❃❅❄ ✼✿✺ ❄ ❉❆✲☛❁✷❉ ✾ V × V
✲ ✼ ✴❂❃ ✲ ✾ ✴ ✺ ❳❨✲❏❁✿❉ ✾ V ❚

• ✁ ❃❅❄ ✼✿✾ ❃❅❄❆❁➃❋❀✸ ✺ ❄ ✼ ✲●❄✹✸❊❄ ✼❧❛ ❉❆✲❧P❴✸✌❩❸❃ ✾ ❋❍✲ ✸❊❄ ✼✿✺ P ✺ ❄ ❈ ✸ ✺✽✾ ✲ L ✲❂❁ ✼ ✴❂❃❅❄ ✼✿✺ ❄ ❉❆✲☛❁✷❉ ✾ V ⑤

L(v) = s p̃D

∫

Ω
v(x) dx+ Q̃ v/Γw

✫ ❃❅❉ ✾ v ∈ V.

❵ ❃❅❉ ✾➃✼ ❃❅❉ ✼ v ∈ V
❑❆❃❅❄✈✸➁⑤

|L(v)| ≤ |s| |p̃D| |
❋❍✲❂❁

(Ω)|1/2 ‖v‖L2(Ω) + |Q̃| |v/Γw |
≤ |s| |p̃D| |

❋❍✲❂❁
(Ω)|1/2 ‖v‖L2(Ω) + |Q̃| ‖v‖L2(Ω)

≤
(
|s| |p̃D| |

❋❍✲❂❁
(Ω)|1/2 + |Q̃|

)
‖v‖H1(Ω).

✂ ✕ ✜
✡
✥✗✧ ✩✚✠✛✕✢✜ ■✐✇ ✸❲❩❬❃ ✾ ❋❏❉✻P❴✸ ✼✿✺ ❃❅❄❍❳❙✸ ✾✿✺ ✸ ✼✿✺ ❃❅❄✻❄❆✲●P✽P◗✲ ♦ �✐❚✽⑩ ❑❨q ✸ ■ ❋❍✲ ✼ ❉✻❄❆✲✉❁✷❃❅P✽❉ ✼✿✺ ❃❅❄❀❉✻❄ ✺◗❛ ❉❆✲ u ■ ✸❊❄❆❁✚Pt❢④✲❂❁ ✫ ✸❅✴❂✲

V
❑✻✲ ✼ ❁▲❢ ✺ ❄ ✼ ✲ ✾✒✫✻✾ ② ✼ ✲☛✴❂❃❅❋◆❋❍✲♥P◗✲ ✫✻✾ ❃❅①✻P◗②●❋❍✲☛✸❊❉✐❪➁P ✺ ❋ ✺✽✼ ✲❂❁❏⑤





∆u− su = s p̃D
■ ✸❊❄❆❁ Ω,

u = 0
❁✿❉ ✾ ΓD,

∂u

∂n
= 0

❁✷❉ ✾ ΓN ,

u = cte inconnue
❁✿❉ ✾ Γw,

Q̃(s) =

∫

Γw

∂u(x, s)

∂n
dγ(x),

u ∈ H1(Ω).

✪❲❄❖✸ ■ ❃❅❄❆✴☛❋❍❃❅❄ ✼✿✾✷❈ Pt❢④✲❤❪ ✺ ❁ ✼ ✲●❄❆✴❂✲☛✲ ✼ Pt❢ ❉✻❄ ✺ ✴ ✺✽✼✷❈☛■ ❢ ❉✻❄❆✲✌❁✷❃❅P✽❉ ✼✿✺ ❃❅❄ u ■ ✸❊❄❆❁ H1(Ω)
✸❊❉ ❋❍❃ ■ ②●P◗✲ ♦ �✐❚✽⑩ � q ❑⑥✴❂✲

❛ ❉ ✺ ✲●❄ ✼✿✾ ✸ ✆ ❄❆✲✌Pt❢④✲❤❪ ✺ ❁ ✼ ✲●❄❆✴❂✲✌✲ ✼ Pt❢ ❉✻❄ ✺ ✴ ✺✽✼✷❈✌■ ❢ ❉✻❄❆✲☛❁❇❃❅P✽❉ ✼✿✺ ❃❅❄ p̃ ✸❊❉ ❋❍❃ ■ ②●P◗✲ ♦ �✐❚ ✑ q ❑❞❁ ✺ p̃D ✲❂❁ ✼ ✴❂❃❅❄❆❁ ✼ ✸❊❄ ✼ ✲ ♦ ✺ ❚④✲❙❚❞❁ ✺
pD

✲❂❁ ✼ ✴❂❃❅❄❆❁ ✼ ✸❊❄ ✼ ✲ q ❚
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p̃D

✜ ✂ ✎ ✩ ☛ ✞✔✆✟✩
✡
✕ ✜✝✩ ☛✍✆✁✜ ☛✍✎

� ❃❅❉ ✼ ✴❂❃❅❋◆❋❍✲ ✫ ❃❅❉ ✾ P◗✲ ✫✻✾ ❃❅①✻P◗②●❋❍✲ ■ ❢ ❈ ✴❂❃❅❉✻P◗✲●❋❍✲●❄ ✼❚✫ ✲ ✾ ❋❀✸❊❄❆✲●❄ ✼❏■ ✸❊❄❆❁❧P◗✲✵✴✷✶✹✸ ✫✻✺✽✼✿✾ ✲❀⑦✐❑s❁ ✺ p̃D ❄❣❢④✲❂❁ ✼✗✫ P✽❉❆❁✴❂❃❅❄❆❁ ✼ ✸❊❄ ✼ ✲❙❑✻❄❆❃❅❉❆❁ ✫ ❃❅❉✻❳❨❃❅❄❆❁❹❋❍❃❅❄ ✼✿✾ ✲ ✾ Pt❢④✲❤❪ ✺ ❁ ✼ ✲●❄❆✴❂✲♥✲ ✼ Pt❢ ❉✻❄ ✺ ✴ ✺✽✼✷❈ ■ ❢ ❉✻❄❆✲♥❁✷❃❅P✽❉ ✼✿✺ ❃❅❄✈✸❊❉ ❋❍❃ ■ ②●P◗✲ ♦ �✐❚✕✔ q ❑✻❁✷❃ ✺✽✼❅✫ ✸ ✾❉✻❄ ✼ ✶ ❈ ❃ ✾ ②●❋❍✲ ■ ✲ ✾ ✲●P◗②●❳❨✲●❋❍✲●❄ ✼ ❑✹❁✷❃ ✺✽✼❅✫ ✸ ✾❩✫✻✾✿✺ ❄❆✴ ✺✘✫ ✲ ■ ✲♥❁✿❉ ✫ ✲ ✾✒✫ ❃❙❁ ✺✽✼✿✺ ❃❅❄❣❚ ✇ ✲ ✫✻✾✿✺ ❄❆✴ ✺✘✫ ✲ ■ ✲♥❁✿❉ ✫ ✲ ✾✒✫ ❃❙❁ ✺✽✼✿✺ ❃❅❄✈✸❊❉ ❥
✾ ✸ ✺✽✼ ✸❊❉❆❁✷❁ ✺ ① ✺ ✲●❄ ✫ ❉ ✴●✼✿✾ ✲❶✸ ✫★✫ P ✺◗❛ ❉ ❈❴✫ ❃❅❉ ✾ P◗✲❂❁ ■✻❈ ❋❍❃❅❄❆❁ ✼✿✾ ✸ ✼✿✺ ❃❅❄❆❁ ✫✻✾✷❈ ✴ ❈❂■ ✲●❄ ✼ ✲❂❁▲❑③✲ ✼ ❄❆❃❅❉❆❁❍❁✷✲ ✾ ✸ ❉ ✼✿✺ P◗✲ ✫ ❃❅❉ ✾
■✻❈ ❋❍❃❅❄ ✼✿✾ ✲ ✾ Pt❢④✲❤❪ ✺ ❁ ✼ ✲●❄❆✴❂✲ ✲ ✼ Pt❢ ❉✻❄ ✺ ✴ ✺✽✼✷❈➁■ ❢ ❉✻❄❆✲➁❁✷❃❅P✽❉ ✼✿✺ ❃❅❄ ✸❊❉ ❋❍❃ ■ ②●P◗✲❭❄❆❃❅❄ ❥ P ✺ ❄ ❈ ✸ ✺✽✾ ✲❙❚✚❯❲❃❅❉❆❁☛❄❆❃❅❉❆❁ ✫✻✾ ❃ ✫ ❃❙❁❇❃❅❄❆❁
■ ❃❅❄❆✴ ■ ✲❧Pt❢ ✺ ❄ ✼✿✾ ❃ ■ ❉ ✺✽✾ ✲ ✺ ✴ ✺ ❚

✇ ✸ ■✻❈ ❋❍❃❅❄❆❁ ✼✿✾ ✸ ✼✿✺ ❃❅❄ ✫ ✸ ✾✠✫✻✾✿✺ ❄❆✴ ✺✘✫ ✲ ■ ✲✵❁✿❉ ✫ ✲ ✾✒✫ ❃❙❁ ✺✽✼✿✺ ❃❅❄ ❁✷✲ ✾ ✸➁✸❊❄✹✸❊P◗❃ ❘ ❉❆✲ ⑨ ✴❂✲●P✽P◗✲◆✲ ✍ ✲❂✴ ✼ ❉ ❈ ✲ ✫ ❃❅❉ ✾ P◗✲✵❋❍❃ ❥
■ ②●P◗✲ ■ ❢ ❈ ✴❂❃❅❉✻P◗✲●❋❍✲●❄ ✼❊✫ ✲ ✾ ❋❀✸❊❄❆✲●❄ ✼◆■ ✸❊❄❆❁✌P◗✲❀✴▲✸❅❁✌❃✝✆ pD

❄❣❢④✲❂❁ ✼✧✫ ✸❅❁✌✴❂❃❅❄❆❁ ✼ ✸❊❄ ✼ ✲❙❚ ✇ ✸✈❁✷❃❅P✽❉ ✼✿✺ ❃❅❄ p̃ ■ ❉ ❋❍❃ ■ ②●P◗✲
♦ �✐❚ ✑ q♥■✻❈✜✫ ✲●❄ ■ ✸❊❄ ✼ P ✺ ❄ ❈ ✸ ✺✽✾ ✲●❋❍✲●❄ ✼◆■ ✲◆P❴✸✈✴❂❃❅❄❆❁ ✼ ✸❊❄ ✼ ✲ p̃wf ❑✯❃❅❄ ■✻❈ ✴❂❃❅❉ ✫ ✲❍P◗✲❀❋❍❃ ■ ②●P◗✲ ♦ �✐❚✁� q✗✫ ✸ ✾ P ✺ ❄ ❈ ✸ ✾✿✺✽✼✷❈ ✲●❄■ ✲●❉✐❪➁❋❍❃ ✾ ✴❂✲▲✸❊❉✐❪s❑ ✫ ❃❅❉ ✾ ❋❍❃❅❄ ✼✿✾ ✲ ✾ Pt❢④✲❤❪ ✺ ❁ ✼ ✲●❄❆✴❂✲♥✲ ✼ Pt❢ ❉✻❄ ✺ ✴ ✺✽✼✷❈ ■ ❢ ❉✻❄❆✲ ❁❇❃❅P✽❉ ✼✿✺ ❃❅❄ ⑨ ✴❂✲❂❁ ■ ✲●❉✐❪➁❋❍❃ ■ ②●P◗✲❂❁▲❑ ✫ ❉ ✺ ❁❹❃❅❄
■✻❈●✼ ✲ ✾ ❋ ✺ ❄❆✲ P❴✸✵✴❂❃❅❄❆❁ ✼ ✸❊❄ ✼ ✲ p̃wf ■ ✲❧❋❀✸❊❄ ✺ ② ✾ ✲❏❉✻❄ ✺◗❛ ❉❆✲ ✫ ❃❅❉ ✾ ❁❇✸ ✼✿✺ ❁ ❩t✸ ✺✽✾ ✲❧P❴✸◆✴❂❃❅❄ ■✐✺✽✼✿✺ ❃❅❄ ❁✿❉ ✾ P◗✲ ■✻❈ ① ✺✽✼❹✼ ❃ ✼ ✸❊P Q̃ ❚
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✪❲❄ ■✻❈ ✴❂❃❅❋ ✫ ❃❙❁✷✲ ✫ ✸ ✾ P ✺ ❄ ❈ ✸ ✾✿✺✽✼✷❈ P◗✲ ❋❍❃ ■ ②●P◗✲ ♦ �✐❚✁� q ♦ ❛ ❉ ✺ ❄❣❢④✲❂❁ ✼ ✸❊❉ ✼✿✾ ✲ ❛ ❉❆✲ P◗✲ ❋❍❃ ■ ②●P◗✲ ♦ �✐❚✕✔ q ❁❇✸❊❄❆❁ P❴✸✴❂❃❅❄ ■✐✺✽✼✿✺ ❃❅❄ ❁✷❉ ✾ P◗✲ ■✻❈ ① ✺✽✼❹✼ ❃ ✼ ✸❊P Q q ❑❆✲●❄ ■ ✲●❉✐❪ ❋❍❃ ■ ②●P◗✲❂❁ ■ ✲♥P❴✸✌❋❀✸❊❄ ✺ ② ✾ ✲☛❁✿❉ ✺ ❳❅✸❊❄ ✼ ✲❍⑤




∆F̃1(x, s) − s F̃1(x, s) = 0 ✫ ❃❅❉ ✾ x ∈ Ω,

F̃1(x, s) = p̃D(x, s) ✫ ❃❅❉ ✾ x ∈ ΓD,

∂F̃1(x, s)

∂n
= 0 ✫ ❃❅❉ ✾ x ∈ ΓN ,

F̃1(x, s) = 0
❁✿❉ ✾ Γw.





∆F̃2(x, s) − s F̃2(x, s) = 0 ✫ ❃❅❉ ✾ x ∈ Ω,

F̃2(x, s) = 0 ✫ ❃❅❉ ✾ x ∈ ΓD,

∂F̃2(x, s)

∂n
= 0 ✫ ❃❅❉ ✾ x ∈ ΓN ,

F̃2(x, s) = 1
❁✿❉ ✾ Γw.

✎ P❣✲❂❁ ✼❹❈ ❳ ✺◗■ ✲●❄ ✼➃❛ ❉❣❢❷✸❊P◗❃ ✾ ❁❏⑤ p̃ = F̃1 + p̃wf F̃2
❚

✪❲❄ ✫ ✲●❉ ✼ ❩t✸❅✴ ✺ P◗✲●❋❍✲●❄ ✼✌■✻❈ ❋❍❃❅❄ ✼✿✾ ✲ ✾ ✲●❄✔❁✿❉ ✺ ❳❙✸❊❄ ✼ P❴✸➁❋ ✴ ❋❍✲ ■✻❈ ❋❀✸ ✾ ✴✷✶❆✲ ❛ ❉❆✲ ✫ ❃❅❉ ✾ P◗✲◆❋❍❃ ■ ②●P◗✲ ♦ �✐❚✁� q❧❛ ❉❆✲P◗✲❂❁ ■ ✲●❉✐❪❖❋❍❃ ■ ②●P◗✲❂❁☛✴ ✺ ❥ ■ ✲❂❁❇❁✿❉❆❁☛✸ ■ ❋❍✲ ✼✿✼ ✲●❄ ✼ ❉✻❄❆✲❭❁✷❃❅P✽❉ ✼✿✺ ❃❅❄✔❉✻❄ ✺◗❛ ❉❆✲ F̃1
✲ ✼ F̃2

■ ✸❊❄❆❁ H1(Ω)
❚ ❵ ❃❅❉ ✾ ❃❅① ✼ ✲●❄ ✺✽✾Pt❢④✲❤❪ ✺ ❁ ✼ ✲●❄❆✴❂✲✵✲ ✼ Pt❢ ❉✻❄ ✺ ✴ ✺✽✼✷❈◆■ ✲ p̃ ❑ ✺ P❱❄❆❃❅❉❆❁ ✾ ✲❂❁ ✼ ✲ ⑨ ■✻❈●✼ ✲ ✾ ❋ ✺ ❄❆✲ ✾ p̃wf ■ ✲❏❩t✸✝✂❂❃❅❄ ⑨ ❁♠✸ ✼✿✺ ❁ ❩❬✸ ✺✽✾ ✲✌P❴✸❭✴❂❃❅❄ ■✐✺✽✼✿✺ ❃❅❄ ■ ✲

■✻❈ ① ✺✽✼❹✼ ❃ ✼ ✸❊P ✺ ❋ ✫ ❃❙❁ ❈ ⑤
Q̃(s) =

∫

Γw

∂p̃(x, s)

∂n
dγ(x).

✪❲❄✈❃❅① ✼✿✺ ✲●❄ ✼ ✸❊P◗❃ ✾ ❁ ⑤

p̃wf =

Q̃(s) −
∫

Γw

∂F̃1(x, s)

∂n
dγ(x)

∫

Γw

∂F̃2(x, s)

∂n
dγ(x)

, ♦ �✐❚✽⑩ ✏ q

❁✷❃❅❉❆❁ ✾✷❈ ❁❇✲ ✾ ❳❨✲ ❛ ❉❆✲❧Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❀⑤

Ĩ2 =

∫

Γw

∂F̃2(x, s)

∂n
dγ(x)

❁✷❃ ✺✽✼ ❄❆❃❅❄❶❄ ❉✻P✽P◗✲❙❚✇ ✸ ❄❆❃❅❄ ❥ ❄❺❉✻P✽P ✺✽✼✷❈❧■ ✲✉Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Ĩ2 ❁ ❢④❃❅① ✼✿✺ ✲●❄ ✼✿✫ ✸ ✾ ❉✻❄❆✲ ■✻❈ ❋❍❃❅❄❆❁ ✼✿✾ ✸ ✼✿✺ ❃❅❄ ✸❊❄✹✸❊P◗❃ ❘ ❉❆✲ ⑨ ✴❂✲●P✽P◗✲ ■ ✲➃P❴✸❧❄❆❃❅❄ ❥ ❄❺❉✻P✽P ✺✽✼✷❈■ ✲♥Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ I2 ■ ✸❊❄❆❁❹P◗✲♥✴❇✶✹✸ ✫✻✺✽✼✿✾ ✲ ✫✻✾✷❈ ✴ ❈❂■ ✲●❄ ✼ ❑❞✲●❄ ✼✿✾ ✸❂❳❙✸ ✺ P✽P❴✸❊❄ ✼❧■ ✸❊❄❆❁✉P◗✲♥❄❆❃❅❉✻❳❨✲●P❱✲❂❁ ✫ ✸❅✴❂✲ V = H1(Ω)
❚
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✼✿✾ ✸❊❄❆❁ ✺✽✼ ❃ ✺✽✾ ✲❙❚❱⑧❡✲ ✫ P✽❉❆❁▲❑ ✺ P ✲❂❁ ✼❏❈ ❳ ✺◗■ ✲●❄ ✼☛❛ ❉❆✲◆P❴✸❶❁❇❃❅P✽❉ ✼✿✺ ❃❅❄ ■✻❈✜✫ ✲●❄ ■ ✴❂❃❅❄ ✼✿✺ ❄ ✍ ❋❍✲●❄ ✼❍■ ✲❂❁ ■ ❃❅❄✻❄ ❈ ✲❂❁ ❑❣P◗✲◆❋❍❃ ■ ②●P◗✲P ✺ ❄ ❈ ✸ ✺✽✾ ✲❧✲●❄ ✾✷❈●❘❙✺ ❋❍✲ ✼✿✾ ✸❊❄❆❁ ✺✽✼ ❃ ✺✽✾ ✲❡✲❂❁ ✼✳■ ❃❅❄❆✴❡① ✺ ✲●❄ ✫ ❃❙❁ ❈❡■ ✸❊❄❆❁✳Pt❢④✲❂❁ ✫ ✸❅✴❂✲ ■ ✲ ✇ ✸ ✫ P❴✸❅✴❂✲❙❚✻❯❲❃❅❉❆❁✉✸❊❉ ✾✿✺ ❃❅❄❆❁ ✫ ❉❶✸❊❉❆❁✷❁ ✺✸ ✫★✫ P ✺◗❛ ❉❆✲ ✾ P◗✲❂❁ ❋ ✴ ❋❍✲❂❁ ■✻❈ ❋❍❃❅❄❆❁ ✼✿✾ ✸ ✼✿✺ ❃❅❄❆❁ ■✐✺✽✾ ✲❂✴ ✼ ✲●❋❍✲●❄ ✼➀■ ✸❊❄❆❁ Pt❢④✲❂❁ ✫ ✸❅✴❂✲✳✲●❄ ✼ ✲●❋ ✫ ❁▲❚ ✎ P❺❄❆❃❅❉❆❁ ✾ ✲❂❁ ✼ ✲③❋❀✸ ✺ ❄ ✼ ✲●❄✹✸❊❄ ✼
⑨✵❈●✼ ❉ ■✐✺ ✲ ✾ P◗✲♥✴▲✸❅❁ ✼✿✾ ✸❊❄❆❁ ✺✽✼ ❃ ✺✽✾ ✲☛✸▲❳❨✲❂✴♥P❴✸◆✴❂❃❅❄ ■✐✺✽✼✿✺ ❃❅❄ ■ ✲ ✴❂❃❅❄ ■ ❉❆✴ ✼✿✺ ❳ ✺✽✼✷❈ ❫❆❄ ✺ ✲❙❚



� �✁� � ✂ ✌ ✕ ✆✡✥✢❉ ✖ ✎ ✜✝✕ ✜ � ✥✗✠✗✜ ✂ ✆✁✠✛✌✏✎✁�
✡
✕✢✜ ✦✔✧

✡
☛✚✠ ✁ ✠☞☛ ✂ ✣ ✜ ✠✛✎✄✂ � � ☎

✟✆☎✄✝ ☎ ✒✦✧ ✄✭☞ ✳ ✰✱✍ ✛✭✧✌✛✁� ☞✮✡✎✛ ✡✚✣ ✡ ✒✦✍✝✆ ✪ ✧✌✛ ✲ ✟☛✪ ✜✤✡ ✝ ✡ ✜✆✡ ✠✭✛✭✡✎✍✟✞
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∆p̃(x, s) − sp̃(x, s) = 0 ✫ ❃❅❉ ✾ x ∈ Ω
p̃(x, s) = p̃D(x, s) ✫ ❃❅❉ ✾ x ∈ ΓD
∂p̃(x, s)

∂n
= 0 ✫ ❃❅❉ ✾ x ∈ ΓN

p̃(x, s) = p̃w(l, s) ✫ ❃❅❉ ✾ x ∈ Γw, x = (l, θ), l ∈ [0, L], θ ∈ [0, 2π],
p̃w(0, s) = p̃wf(s),
∂p̃w(l, s)

∂l
= Cw q̃w(l, .) ∗s q̃w(l, .)

❁✷❉ ✾ Γw

q̃w(l, s) =

∫

Γw,l

∂p̃(x, s)

∂n
dγ(x),

❁✷❉ ✾ Γw

Q̃(s) =

∫

Γw

∂p̃(x, s)

∂n
dγ(x).
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✇ ❢ ❈❂❛ ❉✹✸ ✼✿✺ ❃❅❄ ■ ✲ ✫ ✲ ✾✿✼ ✲ ■ ✲♥✴❇✶✹✸ ✾✿❘ ✲ ✫ ✲●❉ ✼ ❁▲❢ ❈ ✴ ✾✿✺✽✾ ✲❍⑤





p̃w(l, s) = p̃wf(s) + g̃(l, s),

g̃(l, s) = Cw

∫ l

0

(
q̃w(t, .) ∗

s
q̃w(t, .)

)
dt,

♦ �✐❚❷⑦✌☛ q

✸❂❳❨✲❂✴
p̃wf (s) = p̃w(0, s) ✺ ❄ ■✻❈✜✫ ✲●❄ ■ ✸❊❄ ✼ ✲ ■ ✲ θ ❚✇ ✲♥❋❍❃ ■ ②●P◗✲ ■ ✲●❳ ✺ ✲●❄ ✼ ✸❊P◗❃ ✾ ❁☛⑤





∆p̃(x, s) − sp̃(x, s) = 0 ✫ ❃❅❉ ✾ x ∈ Ω,
p̃(x, s) = p̃D(x, s) ✫ ❃❅❉ ✾ x ∈ ΓD,
∂p̃(x, s)

∂n
= 0 ✫ ❃❅❉ ✾ x ∈ ΓN ,

p̃(x, s) = p̃w(l, s) ✫ ❃❅❉ ✾ x ∈ Γw, x = (l, θ), l ∈ [0, L], θ ∈ [0, 2π],
p̃w(0, s) = p̃wf(s),
p̃w(l, s) = p̃wf(s) + g̃(l, s)

❁✿❉ ✾ Γw,

g̃(l, s) = Cw

∫ l

0

(
q̃w(t, .) ∗

s
q̃w(t, .)

)
dt

❁✿❉ ✾ Γw.
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✫ ✲ ✾ ❋❀✸❊❄❆✲●❄ ✼ ❄❆❃❅❄ ❥ P ✺ ❄ ❈ ✸ ✺✽✾ ✲ q ❑⑥❃❅❄ ✫ ✲●❉ ✼❹■✻❈ ✴❂❃❅❋ ✫ ❃❙❁✷✲ ✾ ✴❂✲❧❋❍❃ ■ ②●P◗✲❏✲●❄ ✼✿✾ ❃ ✺ ❁❹❋❍❃ ✾ ✴❂✲▲✸❊❉✐❪ ⑤

(II ′)





Trouver F1 tel que :
∆F1 − sF1 = 0 dans Ω,
F1 = pD sur ΓD,
∂F1/∂n = 0 sur ΓN ,
F1(x, s) = 0 sur Γw.

♦ �✐❚❷⑦❙⑦ q

❵ ❃❙❁✷❃❅❄❆❁❏⑤
h1 =

∂F1

∂n |Γw

❚

(II ′′)





Trouver F2 tel que :
∆F2 = 0 dans Ω,
F2 = 0 sur ΓD,
∂F2/∂n = 0 sur ΓN ,
F2(x, s) = p̃wf (s) sur Γw.

♦ �✐❚❷⑦ ✠ q

❵ ❃❙❁✷❃❅❄❆❁❏⑤
h2 =

∂F2(s)

∂n |Γw

.

(III ′′)





Trouver F3 tel que :
∆F3 = 0 dans Ω,
F3 = 0 sur ΓD,
∂F3/∂n = 0 sur ΓN ,
F3(l, θ, s) = g̃(l, s) sur Γw.

♦ �✐❚❷⑦ ✑ q

❵ ❃❙❁✷❃❅❄❆❁❏⑤
h3(l, θ, s) =

∂F3(s)

∂n |Γw

.
❯❲❃❅❉❆❁ ✺ ❄ ✼✿✾ ❃ ■ ❉ ✺ ❁✷❃❅❄❆❁➃Pt❢④❃ ✫s❈●✾ ✸ ✼ ✲●❉ ✾ Υ ■✻❈ ❫❆❄ ✺❭✫ ✸ ✾ ⑤

Υg̃ =
∂F3

∂n |Γw

. ♦ �✐❚❷⑦✑✔ q
✱✳✲ ✼✿✼ ✲♥❄❆❃ ✼ ✸ ✼✿✺ ❃❅❄ ✫ ✲●❉ ✼ ✸❊❉❆❁✷❁ ✺ ❁▲❢❷✸ ✫★✫ P ✺◗❛ ❉❆✲ ✾❆✫ ❃❅❉ ✾ P◗✲❧❋❍❃ ■ ②●P◗✲ (II ′′)

⑤

Υp̃wf =
∂F2

∂n |Γw

.

✱✳❃❅❋◆❋❍✲☛P◗✲❂❁❹❩ ✾ ❃❅❄ ✼✿✺ ② ✾ ✲❂❁ ΓD ∪ ΓN
✲ ✼ Γw

❁❇❃❅❄ ✼❲■✐✺ ❁ ✶ ❃ ✺ ❄ ✼ ✲❂❁▲❑⑥❃❅❄ ✫ ✲●❉ ✼ ❋❍❃❅❄ ✼✿✾ ✲ ✾❧■ ✲❏❋❀✸❊❄ ✺ ② ✾ ✲✌✴●P❴✸❅❁✷❁ ✺◗❛ ❉❆✲ ❛ ❉❆✲Pt❢④❃ ✫s❈●✾ ✸ ✼ ✲●❉ ✾ Υ
✲❂❁ ✼➃■ ❢④❃ ✾✷■✐✾ ✲❍⑩❙❚

❵ ❃❅❉ ✾ P◗✲❧❋❍❃ ■ ②●P◗✲ (II ′)
❑❆Pt❢④❃ ✫❞❈●✾ ✸ ✼ ✲●❉ ✾ ✲❂❁ ✼❹■✐✺✎✍s❈●✾ ✲●❄ ✼ ❑❆❄❆❃❅❉❆❁✉P◗✲♥❄❆❃ ✼ ✲ ✾ ❃❅❄❆❁ Υ1

⑤

Υ1p̃D =
∂F1

∂n |Γw

. ♦ �✐❚❷⑦ � q
✇ ✲❂❁③❩ ✾ ❃❅❄ ✼✿✺ ② ✾ ✲❂❁ Γw

✲ ✼ ΓD
❈●✼ ✸❊❄ ✼❹■✐✺ ❁ ✶ ❃ ✺ ❄ ✼ ✲❂❁ ❑ ✲ ✼ F1

❈●✼ ✸❊❄ ✼ ❄ ❉✻P▼❁✿❉ ✾ Γw
❑ Pt❢④❃ ✫❞❈●✾ ✸ ✼ ✲●❉ ✾ Υ1

✲❂❁ ✼ ✸❊❉❆❁✷❁ ✺❞✾✷❈●❘ ❉✻P ✺ ✲ ✾
❛ ❉❆✲❧P◗✲ ✫ ✲ ✾ ❋❍✲ ✼ P❴✸ ❘❨❈ ❃❅❋ ❈●✼✿✾✿✺ ✲ ■ ❉ ✫ ❉ ✺✽✼ ❁▲❚

❵ ❃❙❁✷❃❅❄❆❁❏⑤

Ῡg̃(l, s) = rw

∫ 2π

0
(Υg̃)(l, θ, s) dθ,

Ῡ1p̃D(l, s) = rw

∫ 2π

0
(Υ1p̃D)(l, θ, s) dθ.
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❯❡❃❅❉❆❁➃✸❂❳❨❃❅❄❆❁❲✴❂❃❅❋◆❋❍✲ ✫ ❃❅❉ ✾ P◗✲❧❋❍❃ ■ ②●P◗✲♥P ✺ ❄ ❈ ✸ ✺✽✾ ✲❭⑤

p̃ = F1 + F2 + F3,
■ ❢④❃✝✆ ∂p̃

∂n |Γw

= h1 + h2 + h3
✲ ✼ Q̃ = Q1 +Q2 +Q3(g),

✸❂❳❨✲❂✴❀⑤

Q1 =
k

µ

∫

Γw

∂F1(x)

∂n
dγ(x) =

k

µ

∫

Γw

Υ1p̃D(x) dγ(x),

Q2 =
k

µ

∫

Γw

∂F2(x)

∂n
dγ(x) =

k

µ

∫

Γw

Υp̃wf (x) dγ(x),

Q3(g) =
k

µ

∫

Γw

∂F3(x)

∂n
dγ(x) =

k

µ

∫

Γw

Υg̃(x) dγ(x).

✎ P❣✲●❄ ■✻❈ ✴❂❃❅❉✻P◗✲ ■ ✲❧❋ ✴ ❋❍✲ ❛ ❉❆✲❍⑤

q̃w(t, s) = q1(t, s) + q2(t, s)︸ ︷︷ ︸
q0(t,s)

+

∫ t

0
Ῡg̃(t′, s) dt′.

✸❂❳❨✲❂✴

q1(t, s) =

∫ t

0
Ῡ1pD(t′, s) dt′,

q2(t, s) =

∫ t

0
Ῡpwf(t

′, s) dt′.

✖ ✺ ❄❆❁ ✺ ❑ g̃ ✲❂❁ ✼ ❁❇❃❅P✽❉ ✼✿✺ ❃❅❄ ■ ✲♥Pt❢ ❈❂❛ ❉✹✸ ✼✿✺ ❃❅❄❶❄❆❃❅❄❶P ✺ ❄ ❈ ✸ ✺✽✾ ✲❍⑤

g̃(l, s) = Cw

∫ l

0
F̃ (g̃)(t, s) dt = (Ug̃)(l)

F̃ (g̃)(t, s) =

(
q0(t, .) +

∫ t

0
Ῡg̃(t′, .) dt′

)
∗
s

(
q0(t, .) +

∫ t

0
Ῡg̃(t′, .) dt′

) ♦ �✐❚❷⑦✞� q
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∂G(x− y, t− τ)

∂t
− ∆G(x− y, t− τ) = δ(x − y)δ(t− τ). ♦ �✐❚❷⑦✑✏ q
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G(x− y, t− τ) =
1

√
4π(t− τ)

d
exp(− |x− y|2

4(t− τ)
), t > τ.

✪❲❄ ✾ ✲●❄❆✴❂❃❅❄ ✼✿✾ ✲ ■ ✲●❉✐❪ ■✐✺❳❨s❈●✾ ✲●❄ ✼ ❁ ✼ ❦ ✫ ✲❂❁ ■ ✲❡❩❸❃ ✾ ❋☛❉✻P❴✸ ✼✿✺ ❃❅❄✣⑤✐P◗✲ ✫✻✾ ✲●❋ ✺ ✲ ✾ ❑ ❛ ❉ ✺ ✲❂❁ ✼ P◗✲ ✫ P✽❉❆❁✉❉ ✼✿✺ P ✺ ❁ ❈♥■ ✸❊❄❆❁✉P❴✸P ✺✽✼✿✼✷❈●✾ ✸ ✼ ❉ ✾ ✲ ♦ ✴❤❩ ✕❧✺ ✓ ✸❊❄ ✺ ✲ ✼ ✙ ❃ ✾ ❄❆✲ ✍ ❩ �✓✒ ❑ ✕ ❃❅✶ ✲ ✼ � ✺ ✸❊① ✍ ❩ �✓✒ ❑ ✟③✾ ✲●①✻① ✺ ✸❍✲ ✼ ✸❊Pt❚✽❑ ❵ ✸ ✾✿✼✿✾✿✺◗■✐❘ ✲ ✍✁�✠⑩ ✒ ❑✻❯❲❃❭❬✳✸ ✓ ✍✁� �✓✒ ❑
❵ ✸❅❁ ❛ ❉❆✲ ✼✿✼✿✺ ✲ ✼ ✸❊Pt❚ ✍✁�❅⑦ ✒ ❑ ❵ ✲❂✴✷✶❆✲ ✾ ✲ ✼ ☎ ✼ ✸❊❄ ✺ ❁✿P❴✸▲❳ ✍✁� ✠ ✒ q ❑ ✲❂❁ ✼ ❃❅① ✼ ✲●❄❺❉ ✲●❄ ✺ ❄ ✼✷❈●❘❙✾ ✸❊❄ ✼ Pt❢ ❈❂❛ ❉✹✸ ✼✿✺ ❃❅❄ ■ ✲ ■✐✺❳❨ ❉❆❁ ✺ ❃❅❄
♦ �✐❚❷⑦ ❑❨q ✸ ✫✻✾ ②❂❁✉Pt❢❷✸▲❳❨❃ ✺✽✾ ❋❏❉✻P ✼✿✺✘✫ P ✺◗❈ ✲ ✫ ✸ ✾ P❴✸✵❁✷❃❅P✽❉ ✼✿✺ ❃❅❄➁❩❬❃❅❄ ■ ✸❊❋❍✲●❄ ✼ ✸❊P◗✲ ■ ✲❧Pt❢ ❈❂❛ ❉✹✸ ✼✿✺ ❃❅❄ ■ ✲ ■✐✺❳❨ ❉❆❁ ✺ ❃❅❄ G ❑ ✫ ❉ ✺ ❁➃✲●❄✸ ✫★✫ P ✺◗❛ ❉✹✸❊❄ ✼❲■ ✲●❉✐❪ ❩❬❃ ✺ ❁✉P◗✲ ✼ ✶ ❈ ❃ ✾ ②●❋❍✲ ■ ✲ ■✐✺ ❳❨✲ ✾✿❘ ✲●❄❆✴❂✲ ■ ✲ ✝ ✾ ✲❂✲●❄❣❑❆✲ ✼ ✲●❄✐❫❆❄ ✲●❄ ✺ ❄ ✼✷❈●❘❙✾ ✸❊❄ ✼ ✲●❄ ✼ ✲●❋ ✫ ❁ ⑤

c(x)u(x, t) = −
∫ t

0

∫

Γ

(
∂u(y, τ)

∂n
G(x− y, t− τ) − u(y, τ)

∂G(x − y, t− τ)

∂n

)
dγ(y) dτ

+
1

k

∫

Ω
u0(y) G(x− y, t) dy. ♦ �✐❚ ✠ ☛ q

✸❂❳❨✲❂✴
n
P❴✸◆❄❆❃ ✾ ❋❀✸❊P◗✲ ✲❤❪ ✼✷❈●✾✿✺ ✲●❉ ✾ ✲ ⑨ P❴✸☛❩ ✾ ❃❅❄ ✼✿✺ ② ✾ ✲❙❚

❪ ✸ ✫★✫ ✲●P◗❃❅❄❆❁ ❛ ❉❆✲❏P◗✲❏✴❂❃✠✲ ☞ ✴ ✺ ✲●❄ ✼ c(x) ■✻❈✜✫ ✲●❄ ■✈■ ✲ P❴✸ ❘❨❈ ❃❅❋ ❈●✼✿✾✿✺ ✲ ■ ❉ ■ ❃❅❋❀✸ ✺ ❄❆✲✌✴❂❃❅❄❆❁ ✺◗■✻❈●✾✷❈ ✲ ✼❡■ ✲ Pt❢❷✸ ✫★✫ ✸ ✾✿✼ ✲ ❥❄✹✸❊❄❆✴❂✲ ■ ✲ x ⑨ P❴✸✌❩ ✾ ❃❅❄ ✼✿✺ ② ✾ ✲ Γ
❃❅❉✈❄❆❃❅❄ ♦ ❳❨❃ ✺✽✾ ❵ ✲❂✴❇✶❆✲ ✾ ✲ ✼ ☎ ✼ ✸❊❄ ✺ ❁✷P❴✸❂❳ ✍✁� ✠ ✒ q ⑤

c(x) =
θ(x)

4π
,
✸❂❳❨✲❂✴

θ(x) =





4π
❁ ✺ x ∈ Ω,

2π
❁ ✺ x ∈ Γ

✲ ✼ Γ ✾✷❈●❘ ❉✻P ✺ ② ✾ ✲❏✸❊❉ ✫ ❃ ✺ ❄ ✼ x,
θ

❁ ✺ ❄❆❃❅❄❣❑
❃✝✆

θ ✾ ✲ ✫✻✾✷❈ ❁❇✲●❄ ✼ ✲✵Pt❢❷✸❊❄ ❘ P◗✲◆❁✷❃❅P ✺◗■ ✲✵❁✷❃❅❉❆❁❧P◗✲ ❛ ❉❆✲●P x ❳❨❃ ✺✽✼ P❴✸❍❩ ✾ ❃❅❄ ✼✿✺ ② ✾ ✲ Γ
❚ ☎ ✺ P❴✸ ✴❂❃❅❄ ■✐✺✽✼✿✺ ❃❅❄ ✺ ❄ ✺✽✼✿✺ ✸❊P◗✲✵✲❂❁ ✼ ❄❺❉✻P✽P◗✲❙❑

Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ❁✿❉ ✾ P◗✲ ■ ❃❅❋❀✸ ✺ ❄❆✲❀❄❆✲ ✫ ❃❙❁✷✲❭✸❊❉❆✴●❉✻❄ ✫✻✾ ❃❅①✻P◗②●❋❍✲❙❑ ✫ ❉ ✺ ❁ ❛ ❉❣❢④✲●P✽P◗✲❭❁▲❢❷✸❊❄✻❄❺❉✻P◗✲❙❚ ⑧♥✸❊❄❆❁ P◗✲❍✴▲✸❅❁☛❃✝✆ u0
✲❂❁ ✼
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✍✁� ✠ ❑ �P❩ ✒ q ❑ ✲ ✼ ✴❂✲ ✼✿✼ ✲❹❩❸❃ ✺ ❁ ❥ ✴ ✺❣✫ ❃❅❉ ✾③✼ ❃❅❉ ✼ x ∈ Ω

❚ ✪❲❄❀❄❆❃ ✼ ✲ ϕ P❴✸❧❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄ ■ ✲ ■ ✲●❄❆❁ ✺✽✼✷❈➃■ ❉ ✫✻✾ ❃❅①✻P◗②●❋❍✲ ♦ ✴❤❩ ✕❧✾ ✲❂❁✷❁
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✝ ☎ ✺ ❃❅❄✈❁✷❉ ✫★✫ ❃❙❁✷✲ u ✴❂❃❅❄ ✼✿✺ ❄❺❉❆✲ ⑨ P❴✸ ✼✿✾ ✸❂❳❨✲ ✾ ❁ ❈ ✲ ■ ✲♥P❴✸☛❩ ✾ ❃❅❄ ✼✿✺ ② ✾ ✲ Γ
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u(x, t) =

∫ t

0

∫

Γ
G(x− y; t− τ)ϕ(y, τ) dγ(y) dτ, x ∈ Ω. ♦ �✐❚ ✠ ⑩ q

✝ ☎ ✺❥✫ ✸ ✾ ✴❂❃❅❄ ✼✿✾ ✲❏❃❅❄❶❁✿❉ ✫★✫ ❃❙❁✷✲❧P❴✸ ■✻❈●✾✿✺ ❳ ❈ ✲❧❄❆❃ ✾ ❋❀✸❊P◗✲ ∂u/∂n ✴❂❃❅❄ ✼✿✺ ❄❺❉❆✲ ⑨ P❴✸ ✼✿✾ ✸❂❳❨✲ ✾ ❁ ❈ ✲ ■ ✲ Γ
❑✹❃❅❄ ■✻❈ ❫❆❄ ✺✽✼ P◗✲

✫ ❃ ✼ ✲●❄ ✼✿✺ ✲●P ■ ✲ ■ ❃❅❉✻①✻P◗✲ ✴❂❃❅❉❆✴✷✶❆✲❭⑤

u(x, t) =

∫ t

0

∫

Γ

∂G(x− y; t− τ)

∂ny
ϕ(y, τ) dγ(y) dτ, x ∈ Ω. ♦ �✐❚ ✠ ⑦ q
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✡
☛✍✎

✇ ✸✌❋ ❈●✼ ✶❆❃ ■ ✲❧P❴✸ ✫ P✽❉❆❁♣❄✹✸ ✼ ❉ ✾ ✲●P✽P◗✲ ✫ ❃❅❉ ✾♣✼✿✾ ✸ ✺✽✼ ✲ ✾ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❏✲●❄ ✼ ✲●❋ ✫ ❁❹✴❂❃❅❄❆❁ ✺ ❁ ✼ ✲ ⑨ P❴✸ ■✐✺ ❁❇✴ ✾✷❈●✼✿✺ ❁✷✲ ✾ ✲●❄ ■✻❈❤❥✴❂❃❅❉ ✫ ✸❊❄ ✼ Pt❢ ✺ ❄ ✼ ✲ ✾ ❳❙✸❊P✽P◗✲ [0, T ]
✲●❄
N ✺ ❄❆❁ ✼ ✸❊❄ ✼ ❁ (tm)m=0,...,N−1

❑ ■ ✲ ❁✷❃ ✾✿✼ ✲ ❛ ❉❆✲ ∑N−1
m=0 tm = T

✲ ✼ tm−tm−1 =
∆tm

❚✹✱❡❢④✲❂❁ ✼ ❉✻❄❆✲ ❋ ❈●✼ ✶❆❃ ■ ✲ ■✐✺✽✾ ✲❂✴ ✼ ✲❙❚
❵ ✸ ✾ ✲❤❪✐✲●❋ ✫ P◗✲ ✫ ❃❅❉ ✾ P◗✲ ✫ ❃ ✼ ✲●❄ ✼✿✺ ✲●P ■ ✲➁❁ ✺ ❋ ✫ P◗✲➁✴❂❃❅❉❆✴✷✶❆✲❙❑✚❃❅❄ ❃❅① ✼✿✺ ✲●❄ ✼ ❉✻❄❆✲ ❈❂❛ ❉✹✸ ✼✿✺ ❃❅❄ ■✐✺ ❁✷✴ ✾✷❈●✼✿✺ ❁ ❈ ✲ ■ ✲ P❴✸❩❬❃ ✾ ❋❍✲❍⑤

u(x, t) =

n−1∑

m=0

∫ tm+1

tm

∫

Γ
G(x− y; t− τ)ϕ(y, τ) dγ(y) dτ, ✫ ❃❅❉ ✾ tn ≤ t < tn+1.
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☎❲❄❆✲❀❁✷❃❅P✽❉ ✼✿✺ ❃❅❄ ✫ ❃❅❉ ✾☛❈ ❳ ✺✽✼ ✲ ✾ P◗✲ ✼ ✲ ✾ ❋❍✲ ■ ✲❀✴❂❃❅❄ ❳❨❃❅P✽❉ ✼✿✺ ❃❅❄ ✲●❄ ✼ ✲●❋ ✫ ❁✵✲❂❁ ✼❏■ ❢ ❉ ✼✿✺ P ✺ ❁✷✲ ✾ P❴✸ ✼✿✾ ✸❊❄❆❁✿❩❸❃ ✾ ❋ ❈ ✲ ■ ✲✇ ✸ ✫ P❴✸❅✴❂✲ L[u](s) ■ ✲ P❴✸☛❩❸❃❅❄❆✴ ✼✿✺ ❃❅❄ u(x, t) ⑤

L[u](x, s) = ũ(x, s) =

∫ +∞

0
e−st u(x, t) dt. ♦ �✐❚ ✠✬✠ q
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1

k

un+1 − un
∆t

= ∆un+1.
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✫ ❃❅❉ ✾ n = 0, ...,N
❑⑥❃❅❄ ✸➁⑤

−∆un+1 + α2un+1 = α2un, ♦ �✐❚ ✠ ❩ q
✸▲❳❨✲❂✴

α2 =
1

k∆t

❚
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Aũ = 0 ■ ✸❊❄❆❁ Ω ♦ �✐❚ ✠ ✔ q
ũ = g̃

❁✿❉ ✾ γ ♦ �✐❚ ✠ � q
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✸❂❳❨✲❂✴
ũ = (u0, . . . , uN−1)

T ❑ g̃ = (g0, . . . , gN−1)
T ❑

✲ ✼ A =




−∆ + α2
0 0 0 . 0

−α2
1 −∆ + α2

1 0 . 0
0 −α2

2 −∆ + α2
2 . 0

. . . . 0
0 0 0 −α2

N−1 −∆ + α2
N−1



.
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Ψ(x, y) = (Ψ0, . . . ,ΨN−1)
T . ♦ �✐❚ ✠ � q

✪❲❄ ❁❇✸ ✺✽✼ ❛ ❉❆✲❶P❴✸ ❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄ Ψ0(x, y) = cK0(α0|x − y|) ❑✳✸▲❳❨✲❂✴ c > 0
✲ ✼ K0
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❑
x 6= y
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❑

n = 1, . . . N − 1
❑✹❁✷❃❅❉❆❁✉P❴✸☛❩❬❃ ✾ ❋❍✲❍⑤

Ψn(x, y) = K0(α0|x− y|)vn(|x− y|) +K1(α0|x− y|)wn(|x− y|) ❑ x 6= y ♦ �✐❚ ✠ ❑❨q
❃✝✆
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−v′′

n −
1

r
v
′

n + 2α0w
′

n + (α2
n − α2

0)vn = α2
nvn−1

2α0v
′

n − w
′′

n +
1

r
w

′

n −
1

r2
wn + (α2

n − α2
0)wn = α2

nwn−1

❃✝✆
r = |x− y| ❚
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✼ ✲●❋ ✫ ❁ ✾ ✲❂❁ ✼ ✲♥✴❂❃❅❄❆❁ ✼ ✸❊❄ ✼ ❚ ✪❲❄❶❄❆❃ ✼ ✲ ✸❊P◗❃ ✾ ❁ α := α0 := . . . := αN−1
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vn(r) =

[ n
2
]∑

k=0

an,2kr
2k ❑ wn(r) =

[ n−1

2
]∑

k=0

an,2k+1r
2k+1, ♦ �✐❚ ✠ ✏ q
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an,n =
α

2n
an−1,n−1, n = 1, . . . ,N, ♦ �✐❚ ❩ ☛ q

an,k =
1

2αk

{
4[
k + 1

2
]2an,k+1 + α2an−1,k−1

}
, k = n− 1, . . . , 1. ♦ �✐❚ ❩❆⑩ q
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vn = v0

n∏

j=1

α2
j

α2
j − α2

0

, n = 1, . . . ,N − 1.
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Wn(x) =
1

π

n∑

m=0

∫

Γ
qm(y)

∂Ψn−m(x, y)

∂n(y)
dγ(y), x ∈ R

2\Γ. ♦ �✐❚ ❩❺⑦ q
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qn
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qn(x) +
1

π

∫

Γ
qn(y)

∂Ψ0(x, y)

∂n(y)
ds(y) =

gn(x) −
n∑

m=0

qm(x) − 1

π

n∑

m=0

∫

Γ
qm(y)

∂Ψn−m(x, y)

∂n(y)
dγ(y), x ∈ Γ.
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❚ ✇ ✲ ✼ ✲ ✾ ❋❍✲ un ✲❂❁ ✼✽✫✻✾ ❃❅P◗❃❅❄ ❘❨❈
✫ ✸ ✾ 0

❁✿❉ ✾ R\Ω ❚ ✖ P◗❃ ✾ ❁ ✺ P ✫ ✲●❉ ✼ ❩❬✸❅✴ ✺ P◗✲●❋❍✲●❄ ✼ ✸ ✫★✫ P ✺◗❛ ❉❆✲ ✾❲■ ✲❂❁➃❋ ❈●✼ ✶❆❃ ■ ✲❂❁ ■ ✲ ■✐✺❳❨▼❈●✾ ✲●❄❆✴❂✲❂❁➃❫❆❄ ✺ ✲❂❁❲✲ ✼➃■ ✲
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− ∆v + α2v = 0 ■ ✸❊❄❆❁ Ω ♦ �✐❚ ❩ ✠ q

v = f − uP
❁✿❉ ✾ γ. ♦ �✐❚ ❩✘❩ q
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☎❞❚ ✇ ✸❊❄ ❘❨■ ❃❅❄ ✫✻✾ ❃ ✫ ❃❙❁✷✲ ■ ✸❊❄❆❁ ❁❇✸ ✼ ✶❆②❂❁❇✲❹❉✻❄❆✲❹❄❆❃❅❉✻❳❨✲●P✽P◗✲➃❋ ❈●✼ ✶❆❃ ■ ✲ ■ ✲➃✴❂❃❅P✽P◗❃✠✴▲✸ ✼✿✺ ❃❅❄ ❛ ❉ ✺ ✴❂❃❅❄ ❳❨✲ ✾✿❘ ✲ ❛ ❉✹✸❊❄ ■
α → ∞ ♦ ✺ ❚④✲❙❚ ∆t → 0 q ❚✚r✚P✽P◗✲➁✴❂❃❅❄❆❁ ✺ ❁ ✼ ✲ ⑨ ✼✿✾ ✸❊❄❆❁ ❩❬❃ ✾ ❋❍✲ ✾ P◗✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ ✫ ✸ ✾ ❉✻❄ ✴✷✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼❭■ ✲❳❙✸ ✾✿✺ ✸❊①✻P◗✲❂❁ ✫ ❉ ✺ ❁ ⑨ P◗✲❂❁☛✸ ✫★✫✻✾ ❃ ✴❇✶❆✲ ✾❚✫ ✸ ✾ ❉✻❄❆✲✵❳❙✸ ✾✿✺ ✸❊❄ ✼ ✲ ■ ✲✵P❴✸❭❩❬❃ ✾ ❋❏❉✻P◗✲ ■ ❉ ✼✿✾ ✸ ✫ ② ✌ ✲❍❁✷❉ ✾ ❉✻❄❖❋❀✸ ✺ P✽P❴✸ ❘ ✲✸ ■ ✸ ✫✻✼✷❈ ❚ ✎ P❣❃❅① ✼✿✺ ✲●❄ ✼ ✸ ✺ ❄❆❁ ✺ ❉✻❄❆✲ ✴❂❃❅❄ ❳❨✲ ✾✿❘ ✲●❄❆✴❂✲ ❛ ❉ ✺ ❄❆✲ ■✻❈✜✫ ✲●❄ ■❫✫ P✽❉❆❁ ■ ✲ α ❚

• � ✾ ❃ ✺ ❁ ✺ ②●❋❍✲ ❈●✼ ✸ ✫ ✲◆⑤ ❈ ❳❙✸❊P✽❉❆✲ ✾ P❴✸✵❁✷❃❅P✽❉ ✼✿✺ ❃❅❄ ■ ✸❊❄❆❁ ✼ ❃❅❉ ✼ P◗✲ ■ ❃❅❋❀✸ ✺ ❄❆✲❍⑤
✪❲❄ ✫ ✲●❉ ✼ ❉ ✼✿✺ P ✺ ❁✷✲ ✾❲■✐✺✽✾ ✲❂✴ ✼ ✲●❋❍✲●❄ ✼ P❴✸✵❩❸❃ ✾ ❋☛❉✻P◗✲ ❁✿❉ ✺ ❳❙✸❊❄ ✼ ✲❍⑤

v(x) =

∫

Γ

{∂v
∂n

(y)G(x, y) − v(y)
∂G(x, y)

∂ny

}
dγ(y) ✫ ❃❅❉ ✾ x ∈ Ω, ♦ �✐❚ ❩ ✔ q
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ciui +

∫

Γ
uq∗ dγ =

∫

Γ
qu∗ dγ +

1

k
×
∫

Ω

∂u

∂t
u∗ dΩ, ♦ �✐❚ ❩ � q
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∂u∗

∂n
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∂u(x, t)

∂t
=

N+P∑

j=1

f j(x)
∂αj(t)

∂t
:=

N+P∑

j=1

f j(x)α̇j(t), ♦ �✐❚ ❩ � q
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D = c×
N+P∑

j=1

∂αj(t)

∂t

∫

Ω
f j(x)u∗(x, t)dΩ, ♦ �✐❚ ❩ ❑❨q
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f j(x) = ∆ûj(x). ♦ �✐❚ ❩ ✏ q
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D = c×
N+P∑

j=1

∂αj(t)

∂t

{
ciû

j
i +

∫

Γ

∂ûj(t)

∂n
u∗ dγ −

∫

Γ
ûj
∂u∗

∂n
dγ
}
. ♦ �✐❚✕✔✌☛ q
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ciui +

∫

Γ
(uq∗ − u∗q) dγ = c×

N+P∑

j=1

∂αj(t)

∂t

{
ciû

j
i +

∫

Γ

∂ûj

∂n
u∗ dγ −

∫

Γ
ûj
∂u∗

∂n
dγ
}
. ♦ �✐❚✕✔✐⑩ q
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HU −GQ = c[HÛ −GQ̂]α̇, ♦ �✐❚✕✔❙⑦ q
❃ ✾ ❑ ■ ❢❷✸ ✫✻✾ ②❂❁ ♦ �✐❚ ❩ � q ❑❆❃❅❄ ✫ ✲●❉ ✼❲❈ ✴ ✾✿✺✽✾ ✲❍⑤

U̇ = Fα̇ ■ ❢④❃✝✆ α̇ = F−1U̇ , ♦ �✐❚✕✔ ✠ q
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=
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u(x, t) =

N+P∑

j=1

f j(x)αj(t), ♦ �✐❚✕✔✞� q
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N+P∑

j=1

(
∆f j(x)αj(t) − 1

k
f j(x)α̇j(t)

)
= 0, ♦ �✐❚✕✔ ❑❨q
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x
✍✗✛ ☛✜✖✦✙✹✺ ✛✬✖✦✙✜✛

t
✻ ✧ ✯ ✖✓✒✴❱

∆f j(x)αj(t) − 1

k
f j(x)α̇j(t) = 0

☛✜✖✦✙✹✺❏✛✬✖✦✙✜✛
j = 1, . . . ,N + P. ♦ �✐❚✕✔✑✏ q
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∆f j(x)

f j(x)
=

1

k

α̇j(t)

αj(t)
:= −µ2 ☛✜✖✦✙✹✺ ✛✬✖✦✙✜✛ j = 1, . . . ,N + P. ♦ �✐❚✁�✌☛ q
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D := D0 =

∫

Ω
u̇ u∗0dΩ, ♦ �✐❚✁�❙⑦ q

❃✝✆
u∗0

■✻❈ ❁ ✺✽❘ ❄❆✲☛P❴✸❍❁❇❃❅P✽❉ ✼✿✺ ❃❅❄✈❩❬❃❅❄ ■ ✸❊❋❍✲●❄ ✼ ✸❊P◗✲❙❚✝✪❲❄ ✺ ❄ ✼✿✾ ❃ ■ ❉ ✺✽✼ ✸❊P◗❃ ✾ ❁❲P❴✸❍❩❸❃❅❄❆✴ ✼✿✺ ❃❅❄ u∗1 ✲ ✼ ❁❇✸ ■✻❈●✾✿✺ ❳ ❈ ✲☛❄❆❃ ✾ ❋❀✸❊P◗✲
q∗1

❛ ❉ ✺ ❳ ❈●✾✿✺ ❫✹✲●❄ ✼ ⑤

∆u∗1 = u∗0 ♦ �✐❚✁� ✠ q
q∗1 = −k∂u

∗
0

∂n
. ♦ �✐❚✁�P❩ q
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D0 = c×
∫

Γ
(u∗1

∂q

∂t
− q∗1

∂u

∂t
) dγ +D1, ♦ �✐❚✁�✑✔ q

❃✝✆✔⑤
D1 = c×

∫

Ω
u∗1∆u̇ dΩ.
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✫ ✲●❉ ✼ ✸❊P◗❃ ✾ ❁➃❁ ❢ ❈ ✴ ✾✿✺✽✾ ✲❍⑤

D1 = c×
∫

Ω
u∗1ü dΩ.
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∆u∗j+1 = u∗j ♦ �✐❚✁� � q
q∗j+1 = −k

∂u∗j
∂n

, ♦ �✐❚✁�✞� q
✲ ✼ ❃❅❄❶❃❅① ✼✿✺ ✲●❄ ✼ ⑤

D0 =

∞∑

j=1

1

kj

∫

Γ
(u∗j

∂jq

∂tj
− q∗j

∂ju

∂tj
) dγ. ♦ �✐❚✁� ❑❨q
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✎✟❋ ✆

✡
☛✍✎ ■ ❉ ✫✻✾ ❃❅①✻P◗②●❋❍✲❍⑤

ciui +
∞∑

j=1

1

kj

∫

Γ
q∗j
∂ju

∂tj
dγ =

∞∑

j=1

1

kj

∫

Γ
u∗j
∂jq

∂tj
dγ. ♦ �✐❚✁�✑✏ q
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Sij =

∫

Γh

ψhi (x)

∫

Γh

G(x− y)ψhj (y) dγh(y) dγh(x)

=

∫

Γh

∫

Γh

ψhi (x)ψ
h
j (y)
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✎ ✴ ✺ ❄❆❃❅❉❆❁ ✾ ✸ ✫★✫ ✲●P✽P◗✲ ✾ ❃❅❄❆❁❲P◗✲❂❁ ✫✻✾✿✺ ❄❆✴ ✺✘✫ ✸❊P◗✲❂❁ ❈●✼ ✸ ✫ ✲❂❁ ■ ❉❶✴▲✸❊P◗✴●❉✻P✯❁❇✸❊❄❆❁❹✲●❄ ■✻❈ ❳❨✲●P◗❃ ✫★✫ ✲ ✾❹✼ ❃❅❉❆❁➃P◗✲❂❁ ■✻❈●✼ ✸ ✺ P◗❁▲❚
✱✳❃❅❋◆❋❍✲ ❄❆❃❅❉❆❁➁Pt❢❷✸❂❳❨❃❅❄❆❁➁❋❍✲●❄ ✼✿✺ ❃❅❄✻❄ ❈♦✫✻✾✷❈ ✴ ❈❂■ ✲●❋◆❋❍✲●❄ ✼ ❑✉P❴✸✔❩ ✾ ❃❅❄ ✼✿✺ ② ✾ ✲ Γh

❁✷✲ ✴❂❃❅❋ ✫ ❃❙❁❇✲ ■ ✲ ✼✿✾✿✺ ✸❊❄ ❘ P◗✲❂❁❖⑤
Γh =

∑

k

Tk
❚

✪❲❄✈✲❂❁ ✼❹■ ❃❅❄❆✴ ✾ ✸❊❋❍✲●❄ ❈ ❁❲✸❊❉❶✴▲✸❊P◗✴●❉✻P ■ ✲❂❁ ✼ ✲ ✾ ❋❍✲❂❁ ⑤
∫

Tk

∫

Tm

ψhi (x)ψ
h
j (y)

|x− y| dTm(y) dTk(x).

✇ ❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ✺ ❄ ✼✷❈●✾✿✺ ✲●❉ ✾ ✲✔✲❂❁ ✼ ✴▲✸❊P◗✴●❉✻P ❈ ✲ ✸❊❄✹✸❊P✽❦ ✼✿✺◗❛ ❉❆✲●❋❍✲●❄ ✼❛✫ ✸ ✾ P❴✸✔❋ ❈●✼ ✶❆❃ ■ ✲ ■ ✲❜⑧❧✲ ✙ ❃✠❃ ✫ ❛ ❉✹✸❊❄ ■ P◗✲❂❁
✼✿✾✿✺ ✸❊❄ ❘ P◗✲❂❁ Tk ✲ ✼ Tm ❁✷❃❅❄ ✼P✫✻✾ ❃✠✴✷✶❆✲❂❁▲❑❊✲ ✼ ❄ ❉✻❋ ❈●✾✿✺◗❛ ❉❆✲●❋❍✲●❄ ✼➀❛ ❉✹✸❊❄ ■ P◗✲❂❁ ✼✿✾✿✺ ✸❊❄ ❘ P◗✲❂❁ Tk ✲ ✼ Tm ❁✷❃❅❄ ✼ ❁✿❉ ☞ ❁❇✸❊❋◆❋❍✲●❄ ✼
❈ P◗❃ ✺✽❘ ❄ ❈ ❁▲❚✇ ❢ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄✈❄ ❉✻❋ ❈●✾✿✺◗❛ ❉❆✲ ✲❂❁ ✼ ❩t✸ ✺✽✼ ✲ ✫ ✸ ✾ ❉✻❄❆✲ ❛ ❉✹✸ ■✐✾ ✸ ✼ ❉ ✾ ✲ ■ ✲ ✝ ✸❊❉❆❁✷❁▲❑✻✸❂❳❨✲❂✴ ✲●❄ ✫✻✾ ✸ ✼✿✺◗❛ ❉❆✲ � ✫ ❃ ✺ ❄ ✼ ❁ ■ ✲✝♥✸❊❉❆❁✷❁ ✫ ✸ ✾✉✼✿✾✿✺ ✸❊❄ ❘ P◗✲❙❚
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⑧♥✸❊❄❆❁✚✴❂✲ ❛ ❉ ✺ ❁✷❉ ✺✽✼ ❑➂❄❆❃❅❉❆❁③✸❊P✽P◗❃❅❄❆❁✚✴▲✸❊P◗✴●❉✻P◗✲ ✾ ✸❊❄✹✸❊P✽❦ ✼✿✺◗❛ ❉❆✲●❋❍✲●❄ ✼ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ✺ ❄ ✼✷❈●✾✿✺ ✲●❉ ✾ ✲❙❚❨❯❲❃❅❉❆❁✤❳❨✲ ✾✿✾ ❃❅❄❆❁③✸ ✺ ❄❆❁ ✺✴❂❃❅❋◆❋❍✲●❄ ✼ ✲❂❁ ✼ P◗✲●❳ ❈ ✲❲P❴✸☛❁ ✺ ❄ ❘ ❉✻P❴✸ ✾✿✺✽✼✷❈ ❚ ✇ ✲❂❁③❩❸❃❅❄❆✴ ✼✿✺ ❃❅❄❆❁ ■ ✲❡①✹✸❅❁✷✲ ψhi ❈●✼ ✸❊❄ ✼❹■ ✲❂❁ ✫ ❃❅P✽❦ ❄ � ❋❍✲❂❁ ■ ✲ ■ ✲ ❘❙✾✷❈ ⑩❙❑ ❄❆❃❅❉❆❁✸❊❉ ✾ ❃❅❄❆❁ ■ ✲●❉✐❪ ✼ ❦ ✫ ✲❂❁ ■ ❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ ⑨ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ❑✐P◗✲ ✫✻✾ ✲●❋ ✺ ✲ ✾ ✴❂❃ ✾✿✾ ✲❂❁ ✫ ❃❅❄ ■ ✸❊❄ ✼ ✸❊❉✐❪ ✼ ✲ ✾ ❋❍✲❂❁
P

0 ■ ✲❲P❴✸❏❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄■ ✲♥①✹✸❅❁✷✲❙❑✐Pt❢❷✸❊❉ ✼✿✾ ✲❏✴❂❃ ✾✿✾ ✲❂❁ ✫ ❃❅❄ ■ ✸❊❄ ✼ ✸❊❉✐❪ ✼ ✲ ✾ ❋❍✲❂❁
P

1 ❚
☎ ☛✟✛✌☛✟✛ ✂ ✚ ✯ ✒ ✂ ✯ ✦✟★✩✏ ✘✬★✮✔ ✱ ★✩✏

P
0

✪❲❄ ■ ❃ ✺✽✼❲■ ❃❅❄❆✴ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ❑ ⑨ ❉✻❄❶✴❂❃✠✲ ☞ ✴ ✺ ✲●❄ ✼✼✫✻✾ ②❂❁ ⑤
∫

Tk

∫

Tm

1

|x− y| dTm(y) dTk(x).

✪❲❄ ✺ ❄❺❳❨✲ ✾ ❁❇✲❧P◗✲❂❁♣❄❆❃ ✼ ✸ ✼✿✺ ❃❅❄❆❁❹✲●❄ ✼✿✾ ✲ x ✲ ✼ y ✫ ❃❅❉ ✾♣✾ ✲❂❁ ✫ ✲❂✴ ✼ ✲ ✾ P◗✲❂❁♣❄❆❃ ✼ ✸ ✼✿✺ ❃❅❄❆❁ ■ ❉➁✴❂❃❅❉ ✾ ❁ ■ ✲ ✂ ❚ ✝ ✺✽✾ ❃ ✺✽✾ ✲ ✍ ✠ ⑦✓✒ ❚✇ ✲❂❁❹✴▲✸❊P◗✴●❉✻P◗❁ ■✻❈✷✶✿⑨ ❩❬✸ ✺✽✼ ❁ ■ ✸❊❄❆❁➃✴❂✲♥✴❂❃❅❉ ✾ ❁❹❄❆✲ ❁✷✲ ✾ ❃❅❄ ✼❩✫ ✸❅❁ ✾ ✲ ■✻❈●✼ ✸ ✺ P✽P ❈ ❁ ✺ ✴ ✺ ❚
✪❲❄✈✴▲✸❊P◗✴●❉✻P◗✲☛✸❊❄✹✸❊P✽❦ ✼✿✺◗❛ ❉❆✲●❋❍✲●❄ ✼ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ✺ ❄ ✼✷❈●✾✿✺ ✲●❉ ✾ ✲❀⑤

I(y) =

∫

Tm

1

|x− y| dTm(x).

✂ ✌ ✎ ✖ ✠●❉ ✌✏✎ ✂ ☛✍✆✟✞ ✎ ■ ✕✢✜ ✞✔✌ ✕✝✆ ✎ ☛ ☛✍✎
y
✦✔✆✁✜ ✩ ✥☞✎✑✞✔✥✛✆✁✜★✦ ✎

Tm

✂ ☎✠❃ ✺✽✼ P P◗✲ ✫✻✾ ❃ ✶ ✲ ✼✷❈❏■ ✲ y ■ ✸❊❄❆❁✉P◗✲ ✫ P❴✸❊❄■ ❉ ✼✿✾✿✺ ✸❊❄ ❘ P◗✲ Tm ❚✫✪❲❄ ❃❅① ✼✿✺ ✲●❄ ✼ P◗✲❂❁➃✴❂❃ ❃ ✾✷■ ❃❅❄✻❄ ❈ ✲❂❁ ■ ✲ P ✫ ✸ ✾ P❴✸ ✾ ✲●P❴✸ ✼✿✺ ❃❅❄✔⑤
~yP = λ~n

λ = ~yS1.~n,

✸❂❳❨✲❂✴
~n
P❴✸◆❄❆❃ ✾ ❋❀✸❊P◗✲ ✲❤❪ ✼✷❈●✾✿✺ ✲●❉ ✾ ✲☛✸❊❉ ✼✿✾✿✺ ✸❊❄ ❘ P◗✲ Tm ⑤

~n =
~S1S2 ∧ ~S1S3

‖ ~S1S2 ∧ ~S1S3‖
,

✲ ✼ S1, S2, S3
P◗✲❂❁➃❁✷❃❅❋◆❋❍✲ ✼ ❁ ■ ❉ ✼✿✾✿✺ ✸❊❄ ❘ P◗✲ Tm ❚

✪❲❄ ✫ ❃❙❁✷✲◆⑤ h =
∣∣∣ ~yP

∣∣∣
❚✫✪❲❄ ■ ❃ ✺✽✼ ✸❊P◗❃ ✾ ❁❹✴▲✸❊P◗✴●❉✻P◗✲ ✾ ⑤

I(y) =

∫

T

1√
h2 + |x− P |2

dT (y).

✪❲❄ ❳❅✸ ■✻❈ ✴❂❃❅❋ ✫ ❃❙❁✷✲ ✾ ✴❂✲ ✼✿✼ ✲ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲♥✲●❄ ❉✻❄❆✲❲❁❇❃❅❋◆❋❍✲❡✸❊P ❘❨❈ ① ✾✿✺◗❛ ❉❆✲ ■ ❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ ■ ❉ ❋ ✴ ❋❍✲ ✺ ❄ ✼✷❈●❘❙✾ ✸❊❄ ■ ✲❧❁✿❉ ✾
■ ✲❂❁ ✼✿✾✿✺ ✸❊❄ ❘ P◗✲❂❁ ✺ ❁❇❁✿❉❆❁ ■ ✲ P ❚✝✪❲❄❖❳❨✲ ✾✿✾ ✸ ■ ✸❊❄❆❁♥P❴✸ ✫✻✾ ❃✠✴✷✶✹✸ ✺ ❄❆✲❍❁❇✲❂✴ ✼✿✺ ❃❅❄ ✴❂❃❅❋◆❋❍✲●❄ ✼ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ✺ ❁❇❁✿❉❆✲
■ ✲ P ❚

❵ P✽❉❆❁ ✺ ✲●❉ ✾ ❁➃✴▲✸❅❁ ✫ ✸ ✾✿✼✿✺ ✴●❉✻P ✺ ✲ ✾ ❁❡❁✷✲ ✫✻✾✷❈ ❁✷✲●❄ ✼ ✲●❄ ✼ ✸❊P◗❃ ✾ ❁☛⑤
⑩❙❚✉P◗✲ ✫ ❃ ✺ ❄ ✼ P ✲❂❁ ✼➃⑨ Pt❢④✲❤❪ ✼✷❈●✾✿✺ ✲●❉ ✾❲■ ❉ ✼✿✾✿✺ ✸❊❄ ❘ P◗✲❙❑
⑦✐❚✉P◗✲ ✫ ❃ ✺ ❄ ✼ P ✲❂❁ ✼➃⑨ Pt❢ ✺ ❄ ✼✷❈●✾✿✺ ✲●❉ ✾❧■ ❉ ✼✿✾✿✺ ✸❊❄ ❘ P◗✲❙❑
✠ ❚✉P◗✲ ✫ ❃ ✺ ❄ ✼ P ✸ ✫★✫ ✸ ✾✿✼✿✺ ✲●❄ ✼❧⑨ Pt❢ ❉✻❄❆✲ ■ ✲❂❁ ■✐✾ ❃ ✺✽✼ ✲❂❁❲✲●❄ ❘ ✲●❄ ■✐✾✷❈ ✲❂❁ ✫ ✸ ✾ P◗✲❂❁➃✸ ✾✎✴●✼ ✲❂❁ ❑

❩❆❚✉P◗✲ ✫ ❃ ✺ ❄ ✼ P ✲❂❁ ✼ ❉✻❄ ■ ✲❂❁❹❁❇❃❅❋◆❋❍✲ ✼ ❁▲❚
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Sij
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☎ ✺ P◗✲ ✫ ❃ ✺ ❄ ✼ P ✲❂❁ ✼ Pt❢ ❉✻❄ ■ ✲❂❁❹❁✷❃❅❋◆❋❍✲ ✼ ❁ ❑❆❃❅❄ ✸✌❉✻❄❆✲ ❁✷✲●❉✻P◗✲ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ⑨ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ❚
☎ ✺ P◗✲ ✫ ❃ ✺ ❄ ✼ P ✲❂❁ ✼➃⑨ Pt❢④✲❤❪ ✼✷❈●✾✿✺ ✲●❉ ✾❲■ ❉ ✼✿✾✿✺ ✸❊❄ ❘ P◗✲ ♦ ❫ ❘ ❚ �✠❚✽⑩ q ❑❆❃❅❄✈✸ ✼✿✾ ❃ ✺ ❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ ⑨ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ❚❆⑧❧✲●❉✐❪➁✴▲✸❅❁

■ ✲☛❫ ❘ ❉ ✾ ✲✵❁✷✲ ✫✻✾✷❈ ❁❇✲●❄ ✼ ✲●❄ ✼ ✸❊P◗❃ ✾ ❁♥❁✷✲●P◗❃❅❄ ❛ ❉❣❢ ❉✻❄ ■ ✲❂❁♥❁✷❃❅❋◆❋❍✲ ✼ ❁▲❑ ✫ ✸ ✾ ✲❤❪✐✲●❋ ✫ P◗✲ S1
❑s✲❂❁ ✼❡✺ ❄ ✼✷❈●✾✿✺ ✲●❉ ✾ ❃❅❉❜❄❆❃❅❄ ✸❊❉

✼✿✾✿✺ ✸❊❄ ❘ P◗✲ (PS2S3)
❚ ☎ ✺ ✸❊❉❆✴●❉✻❄✣❁✷❃❅❋◆❋❍✲ ✼ ❄❣❢④✲❂❁ ✼❏✺ ❄ ✼✷❈●✾✿✺ ✲●❉ ✾ ✸❊❉ ✼✿✾✿✺ ✸❊❄ ❘ P◗✲ ✺ ❁❇❁✿❉ ■ ✲ P ♦ ❫ ❘ ❚ �✠❚✽⑩ ♦ ✸ q✿q ❑✤✸❊P◗❃ ✾ ❁✌❃❅❄✸❊❉ ✾ ✸✵❉✻❄❆✲ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ⑨ ❁✷❃❅❉❆❁ ✼✿✾ ✸ ✺✽✾ ✲ ■ ✲❂❁ ■ ✲●❉✐❪✈✸❊❉ ✼✿✾ ✲❂❁▲❚ ☎ ✺ ❄❆❃❅❄ ♦ ❳❨❃ ✺✽✾ ❫ ❘ ❚ �✠❚✽⑩ ♦ ① q✿q ❑⑥❃❅❄ ✸❊❉ ✾ ✸ ■ ✲●❉✐❪ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁⑨ ❁✷❃❅❉❆❁ ✼✿✾ ✸ ✺✽✾ ✲ ⑨ ❉✻❄❆✲ ✸❊❉ ✼✿✾ ✲❙❚
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�✂✁ ✄ ✁ ✁✑✌ ☎

S

S
S

1

2

3

P

�✜✛✢✄ ✁ ✁✑✌ ✒

�✂✁☎✄✂✆ �✠❚✽⑩ ✝ ✱♣✸❅❁❹❃✝✆ ❵ ✲❂❁ ✼ ✲❤❪ ✼✷❈●✾✿✺ ✲●❉ ✾ ✸❊❉ ✼✿✾✿✺ ✸❊❄ ❘ P◗✲

☎ ✺ P◗✲ ✫ ❃ ✺ ❄ ✼ P ✲❂❁ ✼❲⑨ Pt❢ ✺ ❄ ✼✷❈●✾✿✺ ✲●❉ ✾❧■ ❉ ✼✿✾✿✺ ✸❊❄ ❘ P◗✲ ♦ ❫ ❘ ❚ �✠❚❷⑦ q ❑✹❃❅❄ ✸❍✲●❄❆✴❂❃ ✾ ✲ ✼✿✾ ❃ ✺ ❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ ⑨ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ❑⑥✲ ✼
✺ ✴ ✺ P◗✲❂❁ ✼✿✾ ❃ ✺ ❁➃✴❂❃❅❄ ✼✿✾✿✺ ①✻❉ ✼✿✺ ❃❅❄❆❁❧❁▲❢❷✸ ✶ ❃❅❉ ✼ ✲●❄ ✼ ❚

S

S
S

1

2

3

P

�✂✁✟✄✂✆ �✠❚❷⑦ ✝ ✱♣✸❅❁➃❃✝✆ ❵ ✲❂❁ ✼✉✺ ❄ ✼✷❈●✾✿✺ ✲●❉ ✾ ✸❊❉ ✼✿✾✿✺ ✸❊❄ ❘ P◗✲

☎ ✺ P◗✲ ✫ ❃ ✺ ❄ ✼ P ✸ ✫★✫ ✸ ✾✿✼✿✺ ✲●❄ ✼✵⑨ Pt❢ ❉✻❄❆✲ ■ ✲❂❁ ■✐✾ ❃ ✺✽✼ ✲❂❁ ✲●❄ ❘ ✲●❄ ■✐✾✷❈ ✲❂❁ ✫ ✸ ✾ P◗✲❂❁❏✸ ✾✎✴●✼ ✲❂❁ ■ ❉ ✼✿✾✿✺ ✸❊❄ ❘ P◗✲ ♦ ❫ ❘ ❚ �✠❚ ✠ q ❑❃❅❄ ✸ ■ ✲●❉✐❪ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ ⑨ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ❚ ✪❲❄✈P◗✲❂❁❡❁✷❃❅❋◆❋❍✲❏❁ ✺ P ✸ ✫★✫ ✸ ✾✿✼✿✺ ✲●❄ ✼ ⑨ Pt❢❷✸ ✾✎✴●✼ ✲ ♦ ❫ ❘ ❚ �✠❚ ✠✻♦ ✸ q✿q ❑⑥❋❀✸ ✺ ❁➃❃❅❄ ✲●❄



� � � ✂☎✄ ✆✟✞✔✠☞☛✍✌ ✎✁�✄✂ ✒ ✜ ✜ ✎✟❋ ✎ ✒ ■ ✂ ✆✁✥
✡
✧✔✥ ✦✔✎ ✩ ✠✛✜ ☛ ✂ ☎✫✌ ✆✁✥✛✎ ✩ ✦✡✠✛✩

✡
✌✏❉ ☛✍✎ ✩ ✩✚✧ ✌ ✦✔✎ ✩ ☛✍✌ ✠☞✆✁✜ ☎✢✥✛✎ ✩

❁✷❃❅❉❆❁ ✼✿✾ ✸ ✺✽✼ ❉✻❄❆✲♥❁ ✺ P ✲❂❁ ✼ ✲❤❪ ✼✷❈●✾✿✺ ✲●❉ ✾❲⑨ Pt❢❷✸ ✾✎✴●✼ ✲ ♦ ❫ ❘ ❚ �✠❚ ✠✻♦ ① q ✲ ✼ �✠❚ ✠✻♦ ✴ q✿q ❚
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�✜✛ ✄ ✁ ✁✄✌ ✒

S

S
S
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3
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�✜✗ ✄ ✁ ✁✑✌✝✂

�✂✁✟✄ ✆ �✠❚ ✠ ✝ ✱♣✸❅❁➃❃✝✆ ❵ ✸ ✫★✫ ✸ ✾✿✼✿✺ ✲●❄ ✼♥⑨ P❴✸ ■✐✾ ❃ ✺✽✼ ✲❏✲●❄ ❘ ✲●❄ ■✐✾✷❈ ✲ ✫ ✸ ✾ ❉✻❄❆✲❏✸ ✾✎✴●✼ ✲ ■ ❉ ✼✿✾✿✺ ✸❊❄ ❘ P◗✲❙❚

✂ ✕ ✖ ✖✘✎ ✜ ☛ ✦ ✂ ☛✍✎ ✌ ✖ ✠✗✜✝✎ ✌
✡
✄ ✆

✡
✧ ✜★✦ ✎

✡
✎ ✩

✡
✆✟✩ ✞✔✆✟✌✚☛✚✠

✡
✧✔✥✗✠✛✎ ✌ ✩✁�

☎ ✺ Pt❢④❃❅❄➁❁❇❃❅❉✻✶✹✸ ✺✽✼ ✲ ■✻❈●✼ ✲ ✾ ❋ ✺ ❄❆✲ ✾ ✴❇✶✹✸❅✴●❉✻❄ ■ ✲❲✴❂✲❂❁♣✴▲✸❅❁ ✫ ✸ ✾✿✼✿✺ ✴●❉✻P ✺ ✲ ✾ ❁▲❑✻❃❅❄ ■ ✲●❳ ✾ ✸ ✫✻✾ ❃✠✴ ❈❂■ ✲ ✾❹⑨ ❉✻❄❆✲❧❁ ❈●✾✿✺ ✲ ■ ✲ ✼ ✲❂❁ ✼ ❁✸❅❁✷❁✷✲ ✌ ✴❂❃ ✍✻✼ ✲●❉❆❁❇✲ ❄❺❉✻❋ ❈●✾✿✺◗❛ ❉❆✲●❋❍✲●❄ ✼ ❚ ☎❲❄❆✲♥❁✷❃❅P✽❉ ✼✿✺ ❃❅❄ ✴❂❃❅❄❆❁ ✺ ❁ ✼ ✲ ⑨ ✴✷✶❆✲ ✾ ✴❇✶❆✲ ✾ P◗✲❂❁➃✴❂❃ ❃ ✾✷■ ❃❅❄✻❄ ❈ ✲❂❁❲①✹✸ ✾ ❦✠✴❂✲●❄ ✼✿✾✿✺◗❛ ❉❆✲❂❁
αi(P )

❑
i = 1, 2, 3 ■ ❉ ✫ ❃ ✺ ❄ ✼ P ■ ✸❊❄❆❁♣P◗✲ ✼✿✾✿✺ ✸❊❄ ❘ P◗✲ (S1S2S3)

❚ ✇ ✲♥❁ ✺✽❘ ❄❆✲ ■ ✲❂❁✉✴❂❃ ❃ ✾✷■ ❃❅❄✻❄ ❈ ✲❂❁❹①✹✸ ✾ ❦✠✴❂✲●❄ ✼✿✾✿✺◗❛ ❉❆✲❂❁
✫ ✸ ✾❹✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ ✴✷✶✹✸❅✴●❉✻❄ ■ ✲❂❁❹❁✷❃❅❋◆❋❍✲ ✼ ❁ ■ ❃❅❄✻❄❆✲❏✸❊P◗❃ ✾ ❁✉P◗✲ ❁ ✺✽❘ ❄❆✲ ■ ✲ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❏✴❂❃ ✾✿✾ ✲❂❁ ✫ ❃❅❄ ■ ✸❊❄ ✼ ✲❀⑤

I(y) =
❁ ❘ ❄ (α1(P ))I(PS2S3) +

❁ ❘ ❄ (α2(P )) I(PS3S1) +
❁ ❘ ❄ (α3(P )) I(PS1S2),❃✝✆❶P❴✸☛❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄✈❁ ❘ ❄❶✲❂❁ ✼❹■✻❈ ❫❆❄ ✺ ✲ ✫ ✸ ✾ ⑤

❁ ❘ ❄ (s) =





+1
❁ ✺ s > 0

−1
❁ ✺ s < 0

0
❁ ✺ s = 0

✲ ✼ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ I(PSiSi+1)
■✻❈ ❁ ✺✽❘ ❄❆✲ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❏❁✷❉ ✾ P◗✲ ✼✿✾✿✺ ✸❊❄ ❘ P◗✲ ■ ✲ ❁✷❃❅❋◆❋❍✲ ✼ ❁ P, Si, Si+1

❑
i = 1, 2, 3

❚

2
✄✆☎

✞
✂ ☛✍✆✟✞ ✎ ■

✡
✆✁✥
✡
✧✔✥ ✦✔✎ ✥✄✂ ✠✗✜ ☛ ✂ ☎✫✌ ✆✁✥✛✎ ✦✔✎ ✩✍✕ ✖ ✖✘✎ ☛

P
✂ ✪❲❄ ❄❆❃ ✼ ✲ T P◗✲ ✼✿✾✿✺ ✸❊❄ ❘ P◗✲ ■ ✲ ❁✷❃❅❋◆❋❍✲ ✼ P ❚✫✪❲❄❁✿❉ ✫★✫ ❃❙❁✷✲ ✫ ✸ ✾ ✲❤❪✻✲●❋ ✫ P◗✲ ❛ ❉❆✲ T ✲❂❁ ✼ P◗✲ ✼✿✾✿✺ ✸❊❄ ❘ P◗✲ ■ ✲♥❁✷❃❅❋◆❋❍✲ ✼ ❁ P, S1, S2

❚
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✡
✧✔✥ ✦✔✎✑✥✄✂ ✠✗✜ ☛ ✂ ☎✢✌✏✆✁✥✛✎

Sij
� � �

✪❲❄ ✫✻✾ ❃ ✶ ✲ ✼✿✼ ✲ P ❁✿❉ ✾ P❴✸ ■✐✾ ❃ ✺✽✼ ✲ (S1S2)
❚ ☎✠❃ ✺✽✼ H ✴❂✲ ✼✿✼ ✲ ✫✻✾ ❃ ✶ ✲❂✴ ✼✿✺ ❃❅❄❣❚ ✪❲❄ ❃❅① ✼✿✺ ✲●❄ ✼ P◗✲ ✫ ❃ ✺ ❄ ✼ H ✫ ✸ ✾ P◗✲❂❁

✾ ✲●P❴✸ ✼✿✺ ❃❅❄❆❁❏⑤
~S1H = µ ~S1S2,

µ =
~S1S2. ~S1P∣∣∣ ~S1S2

∣∣∣
2 .

✇ ✲ ✫ ❃ ✺ ❄ ✼ H ✫ ✲●❉ ✼ ❁❇✲ ❁ ✺✽✼ ❉❆✲ ✾ ✲●❄ ✼✿✾ ✲ P◗✲❂❁ ✫ ❃ ✺ ❄ ✼ ❁ S1
✲ ✼ S2

❑✹❃❅❉✈① ✺ ✲●❄ ⑨ Pt❢④✲❤❪ ✼✷❈●✾✿✺ ✲●❉ ✾❲■ ❉ ❁✷✲ ❘ ❋❍✲●❄ ✼ [S1S2]
❑

❃❅❉✈✲●❄❆✴❂❃ ✾ ✲ ✴❂❃✞✝❬❄❆✴ ✺◗■ ✲ ✾ ✸❂❳❨✲❂✴♥Pt❢ ❉✻❄ ■ ✲❂❁❹❁✷❃❅❋◆❋❍✲ ✼ ❁ S1
❃❅❉

S2
❚

☎✐✸ ✫ ❃❙❁ ✺✽✼✿✺ ❃❅❄❜❳❅✸ ■✻❈●✼ ✲ ✾ ❋ ✺ ❄❆✲ ✾ P◗✲❂❁♥❁ ✺✽❘ ❄❆✲❂❁ ■ ✲❂❁❏✴❂❃❅❄ ✼✿✾✿✺ ①✻❉ ✼✿✺ ❃❅❄❆❁ ■ ✲❂❁ ■ ✲●❉✐❪ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ ♦ Pt❢ ❉✻❄❆✲ ✫ ❃ ✾✿✼ ✸❊❄ ✼ ❁✿❉ ✾ P◗✲✼✿✾✿✺ ✸❊❄ ❘ P◗✲ (PS1H)
❑⑥Pt❢❷✸❊❉ ✼✿✾ ✲✵❁✿❉ ✾ P◗✲ ✼✿✾✿✺ ✸❊❄ ❘ P◗✲ (PS2H) q ❚ ❵ ❃❅❉ ✾ ❃❅① ✼ ✲●❄ ✺✽✾ P◗✲❂❁❧❁ ✺✽❘ ❄❆✲❂❁ ■ ✲❂❁♥✴❂❃❅❄ ✼✿✾✿✺ ①✻❉ ✼✿✺ ❃❅❄❆❁ ■ ✲❂❁✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ ❑❆❃❅❄➁❉ ✼✿✺ P ✺ ❁✷✲ ■ ✲❡P❴✸✌❋ ✴ ❋❍✲❧❋❀✸❊❄ ✺ ② ✾ ✲ ❛ ❉❆✲ ✫ ❃❅❉ ✾ P◗✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ ■ ✲♥❁✷❃❅❋◆❋❍✲ ✼ P P◗✲♥❁ ✺✽❘ ❄❆✲ ■ ✲❂❁✉✴❂❃✠❃ ✾ ❥

■ ❃❅❄✻❄ ❈ ✲❂❁❹①✹✸ ✾ ❦✐✴❂✲●❄ ✼✿✾✿✺◗❛ ❉❆✲❂❁ ■ ✲ H ✫ ✸ ✾❹✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ S1
✲ ✼ S2

❚
✪❲❄✈✲❤❪ ✫✻✾✿✺ ❋❍✲❏✸❊P◗❃ ✾ ❁❹✲●❄ ✴❂❃ ❃ ✾✷■ ❃❅❄✻❄ ❈ ✲❂❁ ✫ ❃❅P❴✸ ✺✽✾ ✲❂❁ ■ ✲♥✴❂✲●❄ ✼✿✾ ✲ P Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ⑨ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ⑤

Ji =

∫ θi

0

∫ ρ✴❂❃❙❁
θ

0

r dr dθ√
h2 + r2

❃✝✆
ρ =

∣∣∣ ~PH
∣∣∣
❚

✇ ✲ ✴▲✸❊P◗✴●❉✻P ■ ✲♥✴❂✲ ✼✿✼ ✲ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲✌✲❂❁ ✼❹■✻❈●✼ ✸ ✺ P✽P ❈ ■ ✸❊❄❆❁✎✍ ✠ ⑦✓✒ ❑❆❃❅❄❶❃❅① ✼✿✺ ✲●❄ ✼ ⑤

Ji = Ki − h θi

✸❂❳❨✲❂✴
Ki =

[
ρ
P✽❄ (√

h2 + ρ2 + ρ2 ✼ ✸❊❄ 2θ + ρ ✼ ✸❊❄ θ) + h
✖ ✾ ✴♥❁ ✺ ❄

(
h
❁ ✺ ❄ θ√
h2 + ρ2

)]θi

0

.

☎ ☛✟✛✌☛✁� ✂ ✚ ✯ ✒ ✂ ✯ ✦✟★✩✏ ✘✬★✮✔ ✱ ★✩✏
P

1

✪❲❄❶❄❆✲♥✴▲✸❊P◗✴●❉✻P◗✲ ❛ ❉❆✲❧Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ✺ ❄ ✼✷❈●✾✿✺ ✲●❉ ✾ ✲❭⑤
∫

Tm

xα
1

|x− y| dTm(x).

✪❲❄ ■✻❈ ✴❂❃❅❋ ✫ ❃❙❁✷✲ ✴❂✲ ✼✿✼ ✲ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❏✲●❄❶❁✷❃❅❋◆❋❍✲ ■ ✲ ■ ✲●❉✐❪ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁☛⑤
∫

Tm

(xα − yα)
1

|x− y| dTm(x) + yα

∫

Tm

1

|x− y| dTm(x).

✇ ✸ ■ ✲●❉✐❪ ✺ ②●❋❍✲ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲☛✸ ■✻❈✷✶✷⑨✵❈●✼✷❈ ✴▲✸❊P◗✴●❉✻P ❈ ✲ ■ ✸❊❄❆❁➃P❴✸ ✫✻✾✷❈ ✴ ❈❂■ ✲●❄ ✼ ✲❏❁❇✲❂✴ ✼✿✺ ❃❅❄❣❚
❪ ✲❂❁ ✼ ✲❧❋❀✸ ✺ ❄ ✼ ✲●❄✹✸❊❄ ✼♥⑨ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ⑤

∫

Tm

(xα − yα)
1

|x− y| dTm(x).

❵ ❃❅❉ ✾ ✴❂✲●P❴✸✐❑❆❃❅❄ ❈ ✴ ✾✿✺✽✼➃❛ ❉❆✲◆⑤
x− y

|x− y| = ∇ (|x− y|) = ∇T (|x− y|) +
∂

∂nx
(|x− y|) .nx.



� � � ✂☎✄ ✆✟✞✔✠☞☛✍✌ ✎✁�✄✂ ✒ ✜ ✜ ✎✟❋ ✎ ✒ ■ ✂ ✆✁✥
✡
✧✔✥ ✦✔✎ ✩ ✠✛✜ ☛ ✂ ☎✫✌ ✆✁✥✛✎ ✩ ✦✡✠✛✩

✡
✌✏❉ ☛✍✎ ✩ ✩✚✧ ✌ ✦✔✎ ✩ ☛✍✌ ✠☞✆✁✜ ☎✢✥✛✎ ✩

✪❲❄✈✲❂❁ ✼ ✸❊P◗❃ ✾ ❁ ✾ ✸❊❋❍✲●❄ ❈ ❁❲✸❊❉✈✴▲✸❊P◗✴●❉✻P ■ ✲ ■ ✲●❉✐❪ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁▲❑ ❛ ❉❆✲❧Pt❢④❃❅❄ ✫ ✲●❉ ✼✉✼✿✾ ❃❅❉✻❳❨✲ ✾❲■ ✸❊❄❆❁ ✍ ✠ ⑦ ✒ ❚✱♣✸❊P◗✴●❉✻P ■ ✲♥Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❏✲●❄ ∂

∂nx

⑤

∂

∂nx
(|x− y|) =

(x− y, nx)

|x− y| .

✪ ✾ (x− y, nx) = (x− P, nx) + (P − y, nx) = (P − y, nx) = d
✸❂❳❨✲❂✴

d
✴❂❃❅❄❆❁ ✼ ✸❊❄ ✼ ✲❙❑ ■ ❃❅❄❆✴❍⑤

∫

Tm

∂

∂nx
(|x− y|) dTm(x).nx = d

∫

Tm

1

|x− y| dTm(y).nx.

✱♣✸❊P◗✴●❉✻P ■ ❉ ❘❙✾ ✸ ■✐✺ ✲●❄ ✼➃✼ ✸❊❄ ❘ ✲●❄ ✼✿✺ ✲●P③⑤

∫

Tm

∂ι (|x− y|) dTm(x) =

2∑

i=0

∫ Si+1

Si

|x− y| νi+2
ι d(SiSi+1).

�✆☎✠✟ ✡ ✣✌☞✎✪✁�☛☞ ✲ ✍ ☞ ✍✄✂✎✛✢✜✆✡✒✑✩✒✔✣✆☎✞✝
Hij

✪❲❄❶❳❨✲●❉ ✼ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ⑤
∫

Γh

ψhi (x)

∫

Γh

∂G(x− y)

∂ny
ψhj (y) dγh(y) dγh(x).

❵ ❃❅❉ ✾❱✾ ✲❂❁ ✼ ✲ ✾ ✲●❄✌✸❅✴❂✴❂❃ ✾✷■ ✸❂❳❨✲❂✴③P◗✲❂❁❱❄❆❃ ✼ ✸ ✼✿✺ ❃❅❄❆❁ ■ ✲ ✍ ✠ ⑦ ✒ ❑ ❃❅❄✌✲❤❪ ✫✻✾✿✺ ❋❍✲③Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ✺ ❄ ✼✷❈●✾✿✺ ✲●❉ ✾ ✲✳✲●❄ x ✲ ✼ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲✲❤❪ ✼✷❈●✾✿✺ ✲●❉ ✾ ✲ ✲●❄ y ⑤
∫

Γh

ψhi (y)

∫

Γh

∂G(x− y)

∂nx
ψhj (x) dγh(x) dγh(y).

r ✼ ✴❂❃❅❋◆❋❍✲❏❃❅❄ ✸➁⑤
∂G(x − y)

∂nx
=

1

4π

∂

∂nx

(
1

|x− y|

)
= − 1

4π

(x− y, nx)

|x− y|3
,

❃❅❄ ■ ❃ ✺✽✼ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ⑤
−
∫

Γh

∫

Γh

ψhi (y)ψ
h
j (x)

(x− y, nx)

4π |x− y|3
dγh(x) dγh(y).

✪❲❄✈✲❂❁ ✼❹■ ❃❅❄❆✴ ✾ ✸❊❋❍✲●❄ ❈ ❁❲✸❊❉❶✴▲✸❊P◗✴●❉✻P ■ ✲❂❁ ✼ ✲ ✾ ❋❍✲❂❁❏⑤

−
∫

Tk

∫

Tm

ψhi (x)ψ
h
j (y)

(x− y, nx)

|x− y|3
dTm(x) dTk(y).

✱✳✲ ✼✿✼ ✲ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ✲❂❁ ✼ ✴❂❃❅❋◆❋❍✲❍Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Sij ❩t✸ ✺ ①✻P◗✲●❋❍✲●❄ ✼ ❁ ✺ ❄ ❘ ❉✻P ✺ ② ✾ ✲❙❑❱❃❅❄ ❳❙✸ ✫✻✾ ❃✠✴ ❈❂■ ✲ ✾☛■ ✲◆P❴✸❶❋ ✴ ❋❍✲❋❀✸❊❄ ✺ ② ✾ ✲ ❛ ❉❆✲ ✫ ❃❅❉ ✾ P◗✲♥✴▲✸❊P◗✴●❉✻P ■ ✲❧Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Sij ❚✫✪❲❄ ❉ ✼✿✺ P ✺ ❁✷✲❡P❴✸✌❋ ❈●✼ ✶❆❃ ■ ✲ ■ ✲♥⑧❧✲ ✙ ❃ ❃ ✫ ❑✻✸❂❳❨✲❂✴ P◗✲❂❁♣❋ ✴ ❋❍✲❂❁✫✻✾ ❃ ✶ ✲❂✴ ✼✿✺ ❃❅❄❆❁▲❑❆✲ ✼➃■ ❃❅❄❆✴♥P◗✲❂❁❹❋ ✴ ❋❍✲❂❁➃✴▲✸❅❁ ✫ ✸ ✾✿✼✿✺ ✴●❉✻P ✺ ✲ ✾ ❁▲❚
✪❲❄ ✾ ✲ ✫✻✾ ✲●❄ ■❶■ ❃❅❄❆✴❏❁✷✲●❉✻P◗✲●❋❍✲●❄ ✼ P◗✲❂❁❹✴▲✸❊P◗✴●❉✻P◗❁▲❑❆✲ ✼ P◗✲❂❁❲✴▲✸❅❁ ✫ ✸ ✾✿✼✿✺ ✴●❉✻P ✺ ✲ ✾ ❁➃❁✿❉ ✫★✫ P ❈ ❋❍✲●❄ ✼ ✸ ✺✽✾ ✲❂❁▲❚
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✡
✧✔✥ ✦✔✎✑✥✄✂ ✠✗✜ ☛ ✂ ☎✢✌✏✆✁✥✛✎

Hij
� � �

☎ ☛✁�☎☛✟✛ ✂ ✚ ✯ ✒ ✂ ✯ ✦✟★✩✏ ✘✬★✮✔ ✱ ★✩✏
P

0

✪❲❄ ■ ❃ ✺✽✼ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ⑤
∫

Tk

∫

Tm

−(x− y, nx)

|x− y|3
dTm(x) dTk(y).

✪❲❄❶❳❙✸✵✴▲✸❊P◗✴●❉✻P◗✲ ✾ ✸❊❄✹✸❊P✽❦ ✼✿✺◗❛ ❉❆✲●❋❍✲●❄ ✼ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ✺ ❄ ✼✷❈●✾✿✺ ✲●❉ ✾ ✲❀⑤

IDN0 (y) =

∫

Tm

−(x− y, nx)

|x− y|3
dTm(x).

✂ ✌ ✎ ✖ ✠●❉ ✌✏✎ ✂ ☛✍✆✟✞ ✎ ■ ✕✢✜ ✞✔✌ ✕✝✆ ✎ ☛ ☛✍✎
y
✦✔✆✁✜ ✩ ✥☞✎✑✞✔✥✛✆✁✜★✦ ✎

Tm

✂ ☎✠❃ ✺✽✼ P P◗✲ ✫✻✾ ❃ ✶ ✲ ✼✷❈❏■ ✲ y ■ ✸❊❄❆❁✉P◗✲ ✫ P❴✸❊❄■ ❉ ✼✿✾✿✺ ✸❊❄ ❘ P◗✲ Tm ❚✫✪❲❄ ✸◆✸❊P◗❃ ✾ ❁ ⑤

(x− y, nx) = (x− P, nx) + (P − y, nx) = (P − y, nx).

✎ ✴ ✺ ❃❅❄ ✫ ✲●❉ ✼ ❄❆❃ ✼ ✲ ✾ ❉✻❄ ✴▲✸❅❁ ✫ ✸ ✾✿✼✿✺ ✴●❉✻P ✺ ✲ ✾❲❛ ❉❆✲❧Pt❢④❃❅❄ ❄❣❢❷✸▲❳❅✸ ✺✽✼❩✫ ✸❅❁♣①s✲❂❁✷❃ ✺ ❄ ■ ✲♥✴❂❃❅❄❆❁ ✺◗■✻❈●✾ ✲ ✾❁✫ ❃❅❉ ✾ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲
Sij

⑤❆❁ ✺ y = P ♦ ✺ ❚④✲❙❚ h = 0 q ❑✹✸❊P◗❃ ✾ ❁❹Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊❄ ■ ✲❏✲❂❁ ✼ ❄ ❉✻P✽P◗✲❏✴▲✸ ✾ (x− y, nx) = 0
❚

✪❲❄✈❁✷❉ ✫★✫ ❃❙❁✷✲ ■ ❃❅❄❆✴ ■ ✸❊❄❆❁✉P❴✸◆❁✿❉ ✺✽✼ ✲ ❛ ❉❆✲ h 6= 0
❚

� ✎ ✧✹❋✝✠✢❉ ✖ ✎ ✂ ☛✍✆✟✞ ✎ ■
✡
✆✁✥
✡
✧✔✥ ✦✔✆✁✜ ✩

✡
✄ ✆

✡
✧✔✜★✦✔✎ ✩ ☛✍✌ ✠✛✆✁✜ ☎ ✥✛✎ ✩ ✠✛✩✍✩✚✧ ✩ ✦✔✎

P
✂ ✪❲❄ ✾ ✲●❋❀✸ ✾✷❛ ❉❆✲ ❛ ❉❆✲

(P − y, nx) = h
❚✫✪❲❄ ■ ❃ ✺✽✼❲■ ❃❅❄❆✴ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ⑤

Ji = −
∫ θi

0

∫ ρ✴❂❃❙❁
θ

0

h r dr dθ
(
h2 + r2

)3/2 .

✪❲❄ ✺ ❄ ✼ ② ❘❙✾ ✲ ✼ ❃❅❉ ✼❹■ ❢❷✸❊①s❃ ✾✷■❴✫ ✸ ✾❹✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ r ⑤

∫ ρ✴❂❃❙❁
θ

0

r dr
(
h2 + r2

)3/2 =

[
− 1√

h2 + r2

] ρ✴❂❃❙❁
θ

0

=
−1√

h2 +
ρ2✴❂❃❙❁

2(θ)

+
1

h
,

■ ❢④❃✝✆✔⑤

Ji = −




∫ θi

0

−h√
h2 +

ρ2✴❂❃❙❁
2(θ)

dθ + θi




= − (hKi + θi) .
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✡
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✡
✌✏❉ ☛✍✎ ✩ ✩✚✧ ✌ ✦✔✎ ✩ ☛✍✌ ✠☞✆✁✜ ☎✢✥✛✎ ✩

✂ ✆✁✥
✡
✧✔✥ ✦ ✎

Ki

Ki = −
∫ θi

0

(
h2 +

ρ2✴❂❃❙❁
2(θ)

)−1/2

dθ

= −
∫ θi

0

(
h2 + ρ2 + ρ2 ✼ ✸❊❄ 2(θ)

)−1/2
dθ

= −
(
h2 + ρ2

)−1/2
∫ θi

0

(
1 +

ρ2

ρ2 + h2
✼ ✸❊❄ 2θ

)−1/2

dθ.

✪❲❄ ❩t✸ ✺✽✼ P◗✲❧❋ ✴ ❋❍✲ ✴✷✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼♥■ ✲❧❳❅✸ ✾✿✺ ✸❊①✻P◗✲ ❛ ❉❆✲ ■ ✸❊❄❆❁ ✍ ✠ ⑦✓✒ ⑤

✼ ✸❊❄ u =
ρ√

h2 + ρ2
d( ✼ ✸❊❄ θ),

✲ ✼ ❃❅❄✈❃❅① ✼✿✺ ✲●❄ ✼ ⑤
Ki = −1

ρ

∫ ui

0

du

✴❂❃❙❁
u

(
1 +

h2 + ρ2

ρ2
✼ ✸❊❄ 2u

) .

❵ ❃❙❁✷❃❅❄❆❁
a =

√
h2 + ρ2

ρ

❚
Ki

❁▲❢④✲❤❪ ✫✻✾✿✺ ❋❍✲❏✸❊P◗❃ ✾ ❁☛⑤

Ki = −1

ρ

∫ ui

0

du✴❂❃❙❁
u
(
1 + a2 ✼ ✸❊❄ 2u

)

= −1

ρ

∫ ui

0

✴❂❃❙❁
udu✴❂❃❙❁

2u+ a2
❁ ✺ ❄ 2u

= −1

ρ

∫ ui

0

✴❂❃❙❁
udu

1 + (a2 − 1)
❁ ✺ ❄ 2u

.

❵ ❃❙❁✷❃❅❄❆❁
v =

❁ ✺ ❄ u ❚✫✪❲❄ ✸◆✸❊P◗❃ ✾ ❁❏⑤

Ki = −1

ρ

∫ vi

0

dv

1 + (a2 − 1)v2
= − ρ

h2

∫ vi

0

dv

ρ2

h2
+ v2

= −1

h

[
✖ ✾ ✴ ✼ ✸❊❄ (h

ρ
v

)]vi

0

.

✪❲❄ ✾ ✲●❳ ✺ ✲●❄ ✼ ✸❊❉✐❪➁❳❙✸ ✾✿✺ ✸❊①✻P◗✲❂❁ ✺ ❄ ✺✽✼✿✺ ✸❊P◗✲❂❁ ■ ✲ P❴✸✌❋ ✴ ❋❍✲♥❋❀✸❊❄ ✺ ② ✾ ✲ ❛ ❉❆✲♥✴❂✲●P❴✸❍✸ ❈●✼✷❈ ❩t✸ ✺✽✼❹■ ✸❊❄❆❁ ✍ ✠ ⑦ ✒ ⑤

Ki = −1

h

[
✖ ✾ ✴ ✼ ✸❊❄

(
h ✼ ✸❊❄ θ√

h2 + ρ2 + ρ2 ✼ ✸❊❄ 2(θ)

)]θi

0

.

✪❲❄ ✫ ✲●❉ ✼ ✸❊P◗❃ ✾ ❁ ✾ ✲●❋ ✫ P❴✸❅✴❂✲ ✾ P◗✲ ✖ ✾ ✴ ✼ ✸❊❄ ✫ ✸ ✾ ❉✻❄ ✖ ✾ ✴❂❁ ✺ ❄ ⑤

Ki = −1

h

[
✖ ✾ ✴❂❁ ✺ ❄

(
h
❁ ✺ ❄ θ√
h2 + ρ2

)]θi

0

.
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✡
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Hij
� � ✝

☎ ☛✁�☎☛✁� ✂ ✚ ✯ ✒ ✂ ✯ ✦✟★✩✏ ✖✩✯✣✖✞✱ ★✞✤✥✘✗✏
P

1

✪❲❄❶❄❆✲♥✴▲✸❊P◗✴●❉✻P◗✲ ❛ ❉❆✲❧Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ✺ ❄ ✼✷❈●✾✿✺ ✲●❉ ✾ ✲❭⑤
∫

Tm

xα
−(x− y, nx)

|x− y|3
dTm(x).

✪❲❄ ✾ ✲●❋❀✸ ✾✷❛ ❉❆✲ ✫ ❃❅❉ ✾✉✼ ❃❅❉ ✼ x ✫ ✸ ✾ ✴❂❃❅❉ ✾ ✸❊❄ ✼ P❴✸☛❩t✸❅✴❂✲ ✼✿✼ ✲ Tm ❑✻❃❅❄ ✸➁⑤

(x− y, nx) = (P − y, nx) = d
✴❂❃❅❄❆❁ ✼ ✸❊❄ ✼ ✲❙❚

✪❲❄❶❳❙✸ ■ ❃❅❄❆✴ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ⑤
−d

∫

Tm

xα

|x− y|3
dTm(x) = −d

∫

Tm

(xα − yα)

|x− y|3
dTm(x) + yα

∫

Tm

−(x− y, nx)

|x− y|3
dTm(x).

✪❲❄ ✸ ■✻❈✷✶✷⑨ ✴▲✸❊P◗✴●❉✻P ❈ P❴✸ ■ ✲●❉✐❪ ✺ ②●❋❍✲ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ♦ IDN0
q ❚

✎ P▼❄❆❃❅❉❆❁ ✾ ✲❂❁ ✼ ✲ ■ ❃❅❄❆✴ ⑨ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ⑤ ∫

Tm

(xα − yα)

|x− y|3
dTm(x).

❵ ❃❅❉ ✾ ✴❂✲●P❴✸✐❑ ❈ ✴ ✾✿✺ ❳❨❃❅❄❆❁ ❛ ❉❆✲◆⑤
x− y

|x− y|3
= ~∇x

(
− 1

|x− y|

)
= ~∇T

(
− 1

|x− y|

)
+

∂

∂nx

(
− 1

|x− y|

)
~nx.

✪ ✾
∂

∂nx

(
− 1

|x− y|

)
~nx =

(x− y, nx)

|x− y|3
~nx,

❃❅❄✈❃❅① ✼✿✺ ✲●❄ ✼ ✸❊P◗❃ ✾ ❁❏⑤

~nx

∫

Tm

∂

∂nx

(
− 1

|x− y|

)
dTm(x) = − ~nx I

DN
0 .

✱♣✸❊P◗✴●❉✻P ■ ❉ ❘❙✾ ✸ ■✐✺ ✲●❄ ✼➃✼ ✸❊❄ ❘ ✲●❄ ✼✿✺ ✲●P③⑤
∫

Tm

∂ι

(
− 1

|x− y|

)
dTm(x) =

2∑

i=0

∫ Si+1

Si

−1

|x− y| ν
i+2
ι d(SiSi+1).

⑧✵❢❷✸ ✫✻✾ ②❂❁☛✴❂✲ ❛ ❉ ✺ ✸ ❈●✼✷❈ ❩t✸ ✺✽✼▲✫ ❃❅❉ ✾ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ■ ✲❍❄❆❃ ❦❺✸❊❉ G ❑❱❃❅❄✔❃❅① ✼✿✺ ✲●❄ ✼✌✼ ❃❅❉ ✼☛■ ✲❭❁✿❉ ✺✽✼ ✲◆Pt❢④✲❤❪ ✫✻✾ ✲❂❁✷❁ ✺ ❃❅❄ ■ ❉
❘❙✾ ✸ ■✐✺ ✲●❄ ✼❲✼ ✸❊❄ ❘ ✲●❄ ✼✿✺ ✲●P ✫ ❃❅❉ ✾ y ❄❣❢❷✸ ✫★✫ ✸ ✾✿✼ ✲●❄✹✸❊❄ ✼■✫ ✸❅❁ ⑨ (SiSi+1)

⑤

∫

Tm

∂ι

(
− 1

|x− y|

)
dTm(x) =

2∑

i=0

− P◗❃ ❘
(
Ri+1 + ~Ri+1.~τ

Ri + ~Ri.~τ

)
νi+2
ι

✲ ✼❁✫ ❃❅❉ ✾ y ✸ ✫★✫ ✸ ✾✿✼ ✲●❄✹✸❊❄ ✼❧⑨ (SiSi+1)
❑✻P◗✲❧P◗❃ ❘❀■ ✲●❳ ✺ ✲●❄ ✼ ⑤

P◗❃ ❘ (M
m

) ❑✻❃✝✆
M =

❋❀✸➂❪
(Ri+1, Ri)

❑
m =

❋ ✺ ❄ (Ri+1, Ri)
❚

� ✎ ✖✘✆✟✌ ✂ ✧ ✎ �✖☎ � ✂ ✆✁✥
✡
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H ′
ij

✂✁�❀✖✘✩❚✩✪✍✕✏✓✍☞✔✥✖☞☛✎✱✑✺✁✠✘✛❈✍✑✙✹✺✼✔
H
✍✗✛
H ′ ✔✗✖✦✞✿✛❙✠✌✧✄✂✳✖✦✢▼✞✿✛✒✔●✏✰✯ ✙✹✞

✧✮✍ ✏✰✯ ✠✦✙✜✛✣✺✰✍☞✻❅✖✦✞❇✧✮✱✁✧✦✙✹✢✣✛✫✤✳✠✌✶✗✢✒✏✵✍✗✩▲✍✗✞✫✛
H ′
ij

✧✮✍
Hij

❱

Hij =< Hψhi , ψ
h
j >=< ψhi ,H

′ψhj >= H ′
ji = tH ′

ij.
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Dij

✇ ❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Dij
✲❂❁ ✼ P❴✸ ✫ P✽❉❆❁ ■✐✺✌☞ ✴ ✺ P◗✲ ⑨ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ❚❺❯ ❈❂■✻❈ P◗✲❂✴ ■ ✸❊❄❆❁ ✍✁�P❩✑✒❞✸ ❈●✼ ✸❊①✻P ✺ ❉✻❄❆✲✉❩❬❃ ✾ ❋❏❉✻P◗✲➃❁ ✺ ❋ ✫ P ✺ ❫ ❈ ✲

■ ✲ ✴❂✲ ✼✿✼ ✲ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ✫ ❃❅❉ ✾ P❴✸✵✴▲✸❅❁ ■ ❢ ❉✻❄❶❋ ✺ P ✺ ✲●❉ ✺ ❁✷❃ ✼✿✾ ❃ ✫ ✲❙❚❆❯❡❃❅❉❆❁➃✸❂❳❨❃❅❄❆❁ ❘❨❈ ❄ ❈●✾ ✸❊P ✺ ❁ ❈ ✴❂✲ ✼✿✼ ✲ ❩❸❃ ✾ ❋☛❉✻P◗✲ ✫ ❃❅❉ ✾ ❉✻❄❋ ✺ P ✺ ✲●❉ ✸❊❄ ✺ ❁✷❃ ✼✿✾ ❃ ✫ ✲❙❚
☎ ☛✁�☎☛✟✛ ✜ ✍✑✯✑✍✑★ ✂ ✍✑✏✛✢✰✘✬✔✗✢☛✄ ★

✇ ❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Dij
❁▲❢④✲❤❪ ✫✻✾✿✺ ❋❍✲ ✫ ✸ ✾ ⑤

Dij =
1

4π

∫

Γh

ψhi (x)
∂

∂nx

(∫

Γh

∂G(x − y)

∂ny
ψhj (y) dγh(y)

)
dγh(x).

✇ ✲❧❩t✸ ✺✽✼ ✲❂❁ ✼❹❛ ❉❆✲♥✴❂✲ ✼✿✼ ✲ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲✌✲❂❁ ✼ ✶ ❦ ✫ ✲ ✾ ❁ ✺ ❄ ❘ ❉✻P ✺ ② ✾ ✲❙❚✹r➀❄❶✲ ❨ ✲ ✼ ❑❆❃❅❄ ✸➁⑤
∂2

∂nx∂ny

(
1

|x− y|

)
=

(nx, ny)

|x− y|3
− 3

(x− y, nx) (x− y, ny)

|x− y|5
.

✇ ✲ ❁✷✲❂✴❂❃❅❄ ■✣✼ ✲ ✾ ❋❍✲ ■ ❉ ❄❆❃▲❦❺✸❊❉ ✲❂❁ ✼ ① ✺ ✲●❄ ✺ ❄ ✼✷❈●❘❙✾ ✸❊①✻P◗✲ ✴▲✸ ✾ (x − y, nx) = O(|x− y|2) ❑❱❋❀✸ ✺ ❁ ✫ ✸ ✾ ✴❂❃❅❄ ✼✿✾ ✲❙❑P◗✲ ✫✻✾ ✲●❋ ✺ ✲ ✾✵✼ ✲ ✾ ❋❍✲ ■ ❉ ❁❇✲❂✴❂❃❅❄ ■ ❋❍✲●❋❏① ✾ ✲ ❄❣❢④✲❂❁ ✼✶✫ ✸❅❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊①✻P◗✲❙❚ ✱❡❢④✲❂❁ ✼✧✫ ❃❅❉ ✾ ✴❂✲ ✼✿✼ ✲ ✾ ✸ ✺ ❁❇❃❅❄ ❛ ❉❆✲❀❄❆❃❅❉❆❁☛❄❆✲
✫ ❃❅❉✻❳❨❃❅❄❆❁ ✫ ✸❅❁➃❩t✸ ✺✽✾ ✲ ✫ ✸❅❁✷❁❇✲ ✾ P◗✲ ∂/∂nx ⑨ Pt❢ ✺ ❄ ✼✷❈●✾✿✺ ✲●❉ ✾♥■ ✲❏Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❙❑▼❁ ✺ ❄❆❃❅❄❜✴❂✲ ✼✿✼ ✲ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲☛❄❆✲✌❁✷✲ ✾ ✸ ✺✽✼✼✫ ✸❅❁
■✻❈ ❫❆❄ ✺ ✲❙❚ ✖ P◗❃ ✾ ❁ ✺ P ❄❆❃❅❉❆❁♥❩❬✸❊❉ ✼❧✼✿✾ ❃❅❉✻❳❨✲ ✾ ❉✻❄❖❋❍❃▲❦❨✲●❄ ■ ✲✵P◗✲●❳❨✲ ✾ Pt❢ ✶ ❦ ✫ ✲ ✾ ❁ ✺ ❄ ❘ ❉✻P❴✸ ✾✿✺✽✼✷❈ ✸➂❫❆❄ ■ ✲ ✫ ❃❅❉✻❳❨❃ ✺✽✾♥✼✿✾ ❃❅❉✻❳❨✲ ✾❉✻❄❆✲❍✲❤❪ ✫✻✾ ✲❂❁✷❁ ✺ ❃❅❄ ■ ✲❍✴❂✲ ✼✿✼ ✲ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❙❚ ✱✳✲❍❋❍❃▲❦❨✲●❄ ✸ ❈●✼✷❈❍✼✿✾ ❃❅❉✻❳ ❈❊✫ ✸ ✾ ❯ ❈❂■✻❈ P◗✲❂✴ ■ ✸❊❄❆❁ ✍✁�P❩✑✒ ❛ ❉ ✺ ✸ ❈●✼ ✸❊①✻P ✺ P❴✸❩❬❃ ✾ ❋❏❉✻P◗✲ ❁✿❉ ✺ ❳❙✸❊❄ ✼ ✲❭⑤

Dij = − 1

4π

∫

Γh

∫

Γh

~✾ ❃ ✼ Γh
(ψhi (x)). ~

✾ ❃ ✼
Γh

(ψhj (y))

|x− y| dγh(y) dγh(x)

❃✝✆❶Pt❢④❃ ✫❆❈●✾ ✸ ✼ ✲●❉ ✾ ~✾ ❃ ✼ Γh

✲❂❁ ✼❹■✻❈ ❫❆❄ ✺✆✫ ✸ ✾ ⑤

~✾ ❃ ✼ Γh
u = ∇u ∧ n

✸❂❳❨✲❂✴
n
P❴✸◆❄❆❃ ✾ ❋❀✸❊P◗✲ ✲❤❪ ✼✷❈●✾✿✺ ✲●❉ ✾ ✲ ⑨ Γh

❚
✇ ✸ ■✻❈ ❋❍❃❅❄❆❁ ✼✿✾ ✸ ✼✿✺ ❃❅❄ ■ ✲♥✴❂✲ ✼✿✼ ✲ ✾ ✲●P❴✸ ✼✿✺ ❃❅❄✈❫ ❘ ❉ ✾ ✲ ■ ✸❊❄❆❁ ✍✁�P❩ ✒ ❑ ✍ ✠ ⑦ ✒ ❚☎✠❃❅❉✻P ✺✽❘ ❄❆❃❅❄❆❁ ❛ ❉❆✲❀✴❂✲ ✼✿✼ ✲❀❩❸❃ ✾ ❋☛❉✻P◗✲ ✲❂❁ ✼❏✼✿✾ ②❂❁✵❁ ✺ ❋ ✫ P ✺ ❫ ❈ ✲ ⑤✯P◗✲❂❁❏❩❸❃❅❄❆✴ ✼✿✺ ❃❅❄❆❁ ■ ✲❀①✹✸❅❁✷✲ ψhi ❑ i = 1, . . . ,N ❈●✼ ✸❊❄ ✼
■ ✲❂❁ ✫ ❃❅P✽❦✠❄ � ❋❍✲❂❁ ■ ✲ ■ ✲ ❘❙✾✷❈ ⑩❙❑❱P◗✲❂❁ ✼ ✲ ✾ ❋❍✲❂❁ ~✾ ❃ ✼ Γh

(ψhi (x))
✲ ✼ ~✾ ❃ ✼ Γh

(ψhj (y))
❁❇❃❅❄ ✼ ✴❂❃❅❄❆❁ ✼ ✸❊❄ ✼ ❁◆❁✷❉ ✾ ✴❇✶✹✸ ❛ ❉❆✲

✼✿✾✿✺ ✸❊❄ ❘ P◗✲❙❚❆❯❡❃❅❉❆❁✉❁✷❃❅❋◆❋❍✲❂❁ ■ ❃❅❄❆✴ ✾✷❈❂■ ❉ ✺✽✼ ❁❲✸❊❉❶✴▲✸❊P◗✴●❉✻P ■ ✲ Sij ⑨ ❉✻❄❶✴❂❃ ✲ ☞ ✴ ✺ ✲●❄ ✼❩✫✻✾ ②❂❁▲❑✻✲ ✼ ✴❂✲♥✴▲✸❊P◗✴●❉✻P✯✸ ■✻❈✷✶✷⑨✵❈●✼✷❈✲ ❨ ✲❂✴ ✼ ❉ ❈ ❚
☎ ☛✁�☎☛✁� ✜ ✍✑✯✑✍✑★ ✂✧✚ ✤ ✍✑✏✛✢✰✘✬✔✗✢☛✄ ★

✱✳✲ ✫ ✲●❄ ■ ✸❊❄ ✼ ❑ ■ ✸❊❄❆❁❧P◗✲✵✴▲✸❅❁ ■ ❢ ❉✻❄❖❋ ✺ P ✺ ✲●❉ ✸❊❄ ✺ ❁✷❃ ✼✿✾ ❃ ✫ ✲❙❑sP◗✲❂❁♥✴✷✶❆❃❙❁✷✲❂❁♥❁❇✲✌✴❂❃❅❋ ✫ P ✺◗❛ ❉❆✲●❄ ✼ ❑ ■ ❉ ❩t✸ ✺✽✼♥❛ ❉❣❢ ✺ P ❩t✸❊❉ ✼
✫✻✾ ✲●❄ ■✐✾ ✲❀✲●❄✣✴❂❃❅❋ ✫✻✼ ✲❍P◗✲ ✼ ✲●❄❆❁✷✲●❉ ✾ K ❚❣❯❡❃❅❉❆❁ ✾ ✸ ✫★✫ ✲●P◗❃❅❄❆❁ ❛ ❉❆✲◆Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Dij

❁▲❢④✲❤❪ ✫✻✾✿✺ ❋❍✲ ✫ ❃❅❉ ✾ ❉✻❄✔❋ ✺ P ✺ ✲●❉✸❊❄ ✺ ❁✷❃ ✼✿✾ ❃ ✫ ✲ ♦ ❳❨❃ ✺✽✾ ✴❇✶✹✸ ✫✻✺✽✼✿✾ ✲☛⑦ q❈✫ ✸ ✾ ⑤

Da
ij =

1

4π

∫

Γh

ψhi (x)
∂

∂(Knx)

(∫

Γh

∂

∂(Kny)
Ga(x− y)ψhj (y) dγh(y)

)
dγh(x),



� ✂ � ✂ ✂ ✆✁✥
✡
✧✔✥ ✦✔✎✑✥✄✂ ✠✗✜ ☛ ✂ ☎✢✌✏✆✁✥✛✎✑✄✁� ✞ ✎ ✌ ✩✚✠✗✜ ☎ ✧ ✥✗✠✢❉ ✌ ✎

Dij
� � �

✸❂❳❨✲❂✴❀⑤
Ga(x− y) = − 1

(
a2(x1 − y1)

2 + b2(x2 − y2)
2 + c2(x3 − y3)

2
)1/2 ,

✲ ✼ a =
(k1k2k3)

1/6

k
1/2
1

❑
b =

(k1k2k3)
1/6

k
1/2
2

❑
c =

(k1k2k3)
1/6

k
1/2
3

❚
❯❡❃❅❉❆❁❡✸▲❳❨❃❅❄❆❁ ✾✷❈ ❉❆❁✷❁ ✺ ⑨❀❘❨❈ ❄ ❈●✾ ✸❊P ✺ ❁✷✲ ✾ P❴✸ ■✻❈ ❋❍❃❅❄❆❁ ✼✿✾ ✸ ✼✿✺ ❃❅❄ ■ ✲✌❯ ❈❂■✻❈ P◗✲❂✴ ⑨ ❉✻❄ ❋ ✺ P ✺ ✲●❉❖✸❊❄ ✺ ❁✷❃ ✼✿✾ ❃ ✫ ✲☛✲ ✼ ❄❆❃❅❉❆❁✸❂❳❨❃❅❄❆❁❲❃❅① ✼ ✲●❄❺❉ P❴✸ ✾ ✲●P❴✸ ✼✿✺ ❃❅❄ ❁✿❉ ✺ ❳❙✸❊❄ ✼ ✲❍⑤

Da
ij = − 1

4π

∫

Γh

∫

Γh

˜✾ ❃ ✼ Γh
(ψhi (x)). ˜✾ ❃ ✼ Γh

(ψhj (y))G
a(x− y) dγh(y) dγh(x)

✸❂❳❨✲❂✴❀⑤

˜✾ ❃ ✼ Γh
[u] =

(
K

1/2
∇u
)
∧
(
K

1/2
n

)

✲ ✼ ⑤

K
1/2

=




k
1/2
1 0 0

0 k
1/2
2 0

0 0 k
1/2
3


 . ♦ �✠❚✽⑩ q

✂ ✌ ✎ ✧✄✂✢✎ ■
✇ ✸ ✫✻✾ ✲●❉✻❳❨✲❏❁✷✲ ■✻❈ ✴❂❃❅❋ ✫ ❃❙❁✷✲☛✲●❄ ✫ P✽❉❆❁ ✺ ✲●❉ ✾ ❁ ❈●✼ ✸ ✫ ✲❂❁ ❚❆❯❲❃❅❉❆❁ ✾ ✲●❳❨✲●❄❆❃❅❄❆❁ ■ ✸❊❄❆❁❲❉✻❄ ✫✻✾ ✲●❋ ✺ ✲ ✾❡✼ ✲●❋ ✫ ❁❲✲●❄ ✴❂❃❅❄ ✼✿✺ ❄❺❉❣❚
� ❃❅❉ ✼❲■ ❢❷✸❊①❞❃ ✾✷■ ❑✹❄❆❃❅❉❆❁ ✺ ❄ ✼✿✾ ❃ ■ ❉ ✺ ❁✷❃❅❄❆❁❹P❴✸◆❄❆❃ ✼ ✸ ✼✿✺ ❃❅❄✈❁✿❉ ✺ ❳❙✸❊❄ ✼ ✲❍⑤

b(u, v) = < u,
∂v

∂(Kn)
>

=
1

4π

∫

Γ
u(x)

∂

∂(Knx)

(∫

Γ

∂

∂(Kny)
Ga(x− y) v(y) dγ(y)

)
dγ(x).

☎✠❃ ✺✽✼ Ω
P◗✲ ■ ❃❅❋❀✸ ✺ ❄❆✲ ■ ✸❊❄❆❁➃P◗✲ ❛ ❉❆✲●P✯❄❆❃❅❉❆❁ ✾✷❈ ❁✷❃❅P✽❳❨❃❅❄❆❁➃❄❆❃ ✼✿✾ ✲✌❁✿❦✐❁ ✼ ②●❋❍✲ ■ ❢④r➀⑧ ❵ ❑s✲ ✼ Ω′ P◗✲ ✴❂❃❅❋ ✫ P ❈ ❋❍✲●❄ ✼ ✸ ✺✽✾ ✲ ■ ✲

Ω ■ ✸❊❄❆❁
R

3 ❚

• ❵ ✾ ✲●❋ ✺ ② ✾ ✲ ❈●✼ ✸ ✫ ✲◆⑤❯❡❃❅❉❆❁ ✫ ❃❅❉✻❳❨❃❅❄❆❁ ❈ ✴ ✾✿✺✽✾ ✲❍⑤
b(u, v) =

∫

Ω∪Ω′

(k
1/2
i ∂iu).(k

1/2
i ∂iv) dx.

✎ ❄ ✼✿✾ ❃ ■ ❉ ✺ ❁✷❃❅❄❆❁ û ■✻❈ ❫❆❄ ✺❭✫ ✸ ✾ ⑤
{

∂iû ∈ L2(R3)
∂iû = ∂iu

■ ✸❊❄❆❁ Ω
✲ ✼ Ω′,✴❂✲ ❛ ❉ ✺✆✫ ✲ ✾ ❋❍✲ ✼❲■ ❢ ❈ ✴ ✾✿✺✽✾ ✲❍⑤

b(u, v) =

∫

R3

(k
1/2
i ∂iû).(k

1/2
i ∂iv̂) dx.

❯❡❃❅❉❆❁✉❄❆❃ ✼ ❃❅❄❆❁ ■✻❈ ❁❇❃ ✾ ❋❀✸ ✺ ❁ ∂̃i = k
1/2
i ∂i

❚



� � � ✂☎✄ ✆✟✞✔✠☞☛✍✌ ✎✁�✄✂ ✒ ✜ ✜ ✎✟❋ ✎ ✒ ■ ✂ ✆✁✥
✡
✧✔✥ ✦✔✎ ✩ ✠✛✜ ☛ ✂ ☎✫✌ ✆✁✥✛✎ ✩ ✦✡✠✛✩

✡
✌✏❉ ☛✍✎ ✩ ✩✚✧ ✌ ✦✔✎ ✩ ☛✍✌ ✠☞✆✁✜ ☎✢✥✛✎ ✩

• ⑧❧✲●❉✐❪ ✺ ②●❋❍✲ ❈●✼ ✸ ✫ ✲◆⑤✱♣✸❊P◗✴●❉✻P◗❃❅❄❆❁
∂̃i(∂̃iû)

■ ✸❊❄❆❁
R

3 ❚ ✎ P▼❳ ✺ ✲●❄ ✼ ⑤

∀φ ∈ D(R3), < ∂̃i(∂̃iû), φ >= −
∫

R3

∂̃iû.∂̃iφdx = −
∫

Ω∪Ω′

∂̃iu.∂̃iφdx.

✪ ✾ ⑤ 



−
∫

Ω
∂̃iu.∂̃iφdx =

∫

Ω

■✐✺ ❳ (K.∇u)φdx− < K∇u.n, φ >

−
∫

Ω′

∂̃iu.∂̃iφdx =

∫

Ω′

■✐✺ ❳ (K.∇u)φdx− < K∇u.n, φ >
■ ❢④❃✝✆✔⑤

∂̃i(∂̃iû) = 0 ■ ✸❊❄❆❁
R

3

✺ ❚④✲❙❚
˜■✐✺ ❳ (∇̃u) = 0 ■ ✸❊❄❆❁

R
3.

✸❂❳❨✲❂✴ ˜■✐✺ ❳ u = ∂̃iu
❑✻✲ ✼ (∇̃u)i = ∂̃iu

❚
⑧❧❃❅❄❆✴ ✺ P❣✲❤❪ ✺ ❁ ✼ ✲❧❉✻❄ ~φ ✼ ✲●P ❛ ❉❆✲◆⑤

{
˜■✐✺ ❳ (∇̃u) = ˜✾ ❃ ✼ φ ■ ✸❊❄❆❁

R
3,

˜■✐✺ ❳ (~φ) = ~0 ■ ✸❊❄❆❁
R

3.

✸❂❳❨✲❂✴
˜✾ ❃ ✼ u = εijk∂̃ju∂̃ku

❑
■ ❢④❃✝✆ ✺ P ■✻❈ ✴❂❃❅❉✻P◗✲ ❛ ❉❆✲◆⑤

b(u, v) =

∫

R3

˜✾ ❃ ✼ φ. ˜✾ ❃ ✼ Ψ dx.

• � ✾ ❃ ✺ ❁ ✺ ②●❋❍✲ ❈●✼ ✸ ✫ ✲❀⑤✱♣✸❊P◗✴●❉✻P◗❃❅❄❆❁✤❋❀✸ ✺ ❄ ✼ ✲●❄✹✸❊❄ ✼ P❴✸ ■✐✺❳❨s❈●✾ ✲●❄❆✴❂✲✉✲●❄ ✼✿✾ ✲ ∂̃iu ✲ ✼ ∂̃iũ ❚❅✱❡❢④✲❂❁ ✼✤❈ ❳ ✺◗■ ✲●❋◆❋❍✲●❄ ✼ ❉✻❄ ✼ ✲ ✾ ❋❍✲ ■ ✲ ①s❃ ✾✷■ ❚ ✎ P✠❳ ✺ ✲●❄ ✼ ⑤

∀φ ∈ D(R3), < ∂̃iû, φ >=

∫

R3

∂̃iûφ dx =

∫

Ω∪Ω′

∂̃iuφdx

❋❀✸ ✺ ❁ 



∫

Ω
∂̃iuφdx = −

∫

Ω
u∂̃iφdx+ < uk

1/2
i ni, φ >∫

Ω′

∂̃iuφdx = −
∫

Ω′

u∂̃iφdx− < uk
1/2
i ni, φ >

■ ❢④❃✝✆✔⑤
∫

Ω∪Ω′

∂̃iuφdx = −
∫

R3

u∂̃iφdx+ < [u]k
1/2
i ni, φ >

✲ ✼ ⑤
∂̃iû = ∂̃iu+ [u]k

1/2
i niδΓ

■ ✸❊❄❆❁
R

3.

• � ❉✹✸ ✼✿✾✿✺ ②●❋❍✲ ❈●✼ ✸ ✫ ✲◆⑤ ✇ ✲❂❁ ✾ ✲●P❴✸ ✼✿✺ ❃❅❄❆❁ ■ ✲ ✴❂❃❅❋ ✫ ✸ ✼✿✺ ① ✺ P ✺✽✼✷❈☛■ ✲ ∂iu ❁❇❃❅❄ ✼ ① ✺ ✲●❄✈✴❂❃❅❄✻❄ ❉❆✲❂❁❏⑤

∂12u = ∂21u, ∂23u = ∂32u, ∂31u = ∂13u
■ ✸❊❄❆❁

R
3,

■ ❢④❃✝✆✔⑤
∂̃12u = ∂̃21u, ∂̃23u = ∂̃32u, ∂̃31u = ∂̃13u

■ ✸❊❄❆❁
R

3,

■ ❃❅❄❆✴ ❃❅❄✈✸ ⑤
˜✾ ❃ ✼ (∇̃u) = 0



� ✂ � ✂ ✂ ✆✁✥
✡
✧✔✥ ✦✔✎✑✥✄✂ ✠✗✜ ☛ ✂ ☎✢✌✏✆✁✥✛✎✑✄✁� ✞ ✎ ✌ ✩✚✠✗✜ ☎ ✧ ✥✗✠✢❉ ✌ ✎

Dij
� �✌☎

✲●❄✈✲ ❨ ✲ ✼ ⑤ ˜✾ ❃ ✼ (∇̃u) = εijk∂̃j ∂̃ku = 0.
❚

✎ P❣❁▲❢④✲●❄❆❁✿❉ ✺✽✼❹❛ ❉❆✲❍⑤
˜✾ ❃ ✼ (∇̃û− [u]K

1/2
nδΓ) = ~0.

✪❲❄✈✲●❄ ■✻❈❂■ ❉ ✺✽✼ ✸❊P◗❃ ✾ ❁ ❛ ❉❆✲◆⑤

˜✾ ❃ ✼ (∇̃û) = ˜✾ ❃ ✼ ([u]K1/2
nδΓ)

✲ ✼ ˜✾ ❃ ✼ ( ˜✾ ❃ ✼ ~φ) = ˜✾ ❃ ✼ ([u]K1/2
nδΓ).

✪ ✾ ❃❅❄ ✫ ✲●❉ ✼ ❋❍❃❅❄ ✼✿✾ ✲ ✾ P❴✸ ✾ ✲●P❴✸ ✼✿✺ ❃❅❄ ❁✿❉ ✺ ❳❙✸❊❄ ✼ ✲❀⑤
˜■✐✺ ❳ (∇̃~φ) = ∇̃(˜■✐✺ ❳ ~φ) − ˜✾ ❃ ✼ ˜✾ ❃ ✼ ~φ.

✲●❄ ✲ ❨ ✲ ✼ ⑤ ˜✾ ❃ ✼ ( ˜✾ ❃ ✼ ~ψ)i = εijk ∂̃jUk
✸▲❳❨✲❂✴

Uk = εklm ∂̃l ψm

= εijk εklm ∂̃j ∂̃l ψm

= εkij εklm ∂̃j ∂̃l ψm

= δil δjm ∂̃j ∂̃l ψm − δim δjl ∂̃j ∂̃l ψm

= ∂̃j ∂̃i ψj − ∂̃j ∂̃j ψi

= ∂̃i ∂̃j ψj − ∂̃j ∂̃j ψi

= ∇̃(˜■✐✺ ❳ ~ψ)i − ˜■✐✺ ❳ (∇̃ ~ψ)i,

✲ ✼ ✴❂❃❅❋◆❋❍✲ ˜■✐✺ ❳ ~φ = 0
❑❆❃❅❄✈✸ ⑤

˜■✐✺ ❳ (∇̃~φ) = − ˜✾ ❃ ✼ ([u]K1/2
nδΓ) ■ ✸❊❄❆❁ R

3,

✲ ✼❹■ ❃❅❄❆✴❍⑤
~φ =

1

4π r
˜✾ ❃ ✼ ([u]K1/2

nδΓ) ■ ✸❊❄❆❁ R
3.

• ✱ ✺ ❄ ❛ ❉ ✺ ②●❋❍✲ ❈●✼ ✸ ✫ ✲❀⑤
r✤❪ ✫✻✾✿✺ ❋❍❃❅❄❆❁❹❋❀✸ ✺ ❄ ✼ ✲●❄✹✸❊❄ ✼ P❴✸✌❩❸❃ ✾ ❋❍✲❧① ✺ P ✺ ❄ ❈ ✸ ✺✽✾ ✲ b ⑤

b(u, v) =

∫

R3

˜✾ ❃ ✼ ~φ. ˜✾ ❃ ✼ ~Ψ dx

=

∫

R3

˜✾ ❃ ✼ ˜✾ ❃ ✼ ~φ.~Ψ dx

=

∫

R3

˜✾ ❃ ✼ ([u]K1/2
nδΓ)

1

4π r
˜✾ ❃ ✼ ([v]K1/2

nδΓ) dx

❵ ❃❙❁✷❃❅❄❆❁❏⑤
˜✾ ❃ ✼ Γ[u] = ˜✾ ❃ ✼ ([u]K1/2

nδΓ).

✪❲❄✈❃❅① ✼✿✺ ✲●❄ ✼ ❫❆❄✹✸❊P◗✲●❋❍✲●❄ ✼ ⑤

b(u, v) =
1

4π

∫

Γ

∫

Γ

˜✾ ❃ ✼ Γu(x). ˜✾ ❃ ✼ Γv(y)(
a2(x1 − y1)

2 + b2(x2 − y2)
2 + c2(x3 − y3)

2
)1/2 dγ(y) dγ(x). ♦ �✠❚❷⑦ q



� ✝ � ✂☎✄ ✆✟✞✔✠☞☛✍✌ ✎✁�✄✂ ✒ ✜ ✜ ✎✟❋ ✎ ✒ ■ ✂ ✆✁✥
✡
✧✔✥ ✦✔✎ ✩ ✠✛✜ ☛ ✂ ☎✫✌ ✆✁✥✛✎ ✩ ✦✡✠✛✩

✡
✌✏❉ ☛✍✎ ✩ ✩✚✧ ✌ ✦✔✎ ✩ ☛✍✌ ✠☞✆✁✜ ☎✢✥✛✎ ✩

• ☎ ✺ ❪ ✺ ②●❋❍✲ ❈●✼ ✸ ✫ ✲◆⑤
✎ P▼❄❆❃❅❉❆❁♣❩❬✸❊❉ ✼ ❋❀✸ ✺ ❄ ✼ ✲●❄✹✸❊❄ ✼ ✲❤❪ ✫ P ✺ ✴ ✺✽✼ ✲ ✾ ˜✾ ❃ ✼ Γu ❚✫✪❲❄ ✸➁⑤

∀~φ ∈ (D(R3))3,

< ˜✾ ❃ ✼ Γ[u], ~φ > = < ˜✾ ❃ ✼ ([u]K1/2
nδΓ), ~φ >

= < [u]K
1/2
nδΓ, ˜✾ ❃ ✼ ~φ >

= < [u]δΓ, k
1/2
i niεijk∂̃jφk > .

✪ ✾ ⑤
∫

Ω∪Ω′

εijk∂̃i∂̃jφkudx

= −
∫

Ω∪Ω′

εijk∂̃jφk∂̃iudx+ < εijk∂̃jφk, k
1/2
i ni[u] >Γ

=

∫

Ω∪Ω′

εijkφk∂̃j ∂̃iudx− < εijkφk, [∂̃iu]k
1/2
j nj >Γ .

❃ ✾ ⑤ εijk∂̃i∂̃jφk = 0
❑❆✲ ✼ ⑤

εijkφk∂̃j ∂̃iu = ∂̃1∂̃2uφ3 − ∂̃1∂̃3uφ2

+ ∂̃2∂̃3uφ1 − ∂̃2∂̃1uφ3

+ ∂̃3∂̃1uφ2 − ∂̃3∂̃2uφ1

= 0.

✎ P❣❁▲❢④✲●❄❆❁✿❉ ✺✽✼ ⑤
0 = 0− < εijkφk, [∂̃iu]k

1/2
j nj >Γ + < εijk∂̃jφk, k

1/2
i ni[u] >Γ,❁✷❃ ✺✽✼ ⑤

< εijk[∂̃iu]k
1/2
j nj, φk >Γ = < k

1/2
i ni[u], εjk∂̃jφk >

✺ ❚④✲❙❚ < [∇̃u] ∧K
1/2
n, ~φ >Γ = < K

1/2
n[u], ˜✾ ❃ ✼ ~φ >Γ

= < ˜✾ ❃ ✼ Γ[u], ~φ > .

⑧❧❃❅❄❆✴❍⑤
˜✾ ❃ ✼ Γ[u] = ∇̃u ∧K

1/2
n =

(
K

1/2
∇u
)
∧
(
K

1/2
n

)
. ♦ �✠❚ ✠ q

�✖ ✺ ❄❆❁ ✺ ❄❆❃❅❉❆❁❹❁❇✸▲❳❨❃❅❄❆❁➃✲❤❪ ✫ P ✺ ✴ ✺✽✼ ✲ ✾ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲☛✶❺❦ ✫ ✲ ✾ ❁ ✺ ❄ ❘ ❉✻P ✺ ② ✾ ✲ ✫ ❃❅❉ ✾ ❉✻❄❶❋ ✺ P ✺ ✲●❉ ✸❊❄ ✺ ❁✷❃ ✼✿✾ ❃ ✫ ✲❙❚
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✎ ✥✑✥✘✫ ✕ ✫ ✁ ✁ � ✛✪★ ✁ ✭✑★ ✬✘✫ ✰ ✗✚✥ ✜ ✂ ✁ ✒✣✛✦★✤✫ ✰ ✰❖✭✘✒ ★✤✫
✏✮✭✑✗✯✜✣✰

✂ ☎♠❻ ✡☎✄✆☎✝✆✁� ☎ ✲ ✝ ☎ ✍✄✂✝✞✠✟✆✡✒✑✁�✡✄✆☎✞✝ ✞ ✂☞☛ ☎ ☎✞✝
Mij

✂ ✚✰✯ ✒ ✂ ✯ ✦✟★ ∫

Γw

ϕh
i (x) ϕh

j (x)dγ(x)

✪❲❄ ❩t✸ ✺✽✼ ❉✻❄❶✴✷✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼❧■ ✲❧❳❙✸ ✾✿✺ ✸❊①✻P◗✲ ✫ ❃❅❉ ✾❩✫ ✸❅❁✷❁✷✲ ✾ ✲●❄❶✴❂❃✠❃ ✾✷■ ❃❅❄✻❄ ❈ ✲❂❁❡✴●❦ P ✺ ❄ ■✐✾✿✺◗❛ ❉❆✲❂❁ ⑤
∫

Γw

ϕhi (x)ϕ
h
j (x) dγ(x) =

∫ 2π

0

∫ L

0
ϕhi (l)ϕ

h
j (l) dl rw dθ.

✱✳✲ ✼✿✼ ✲ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❏❁▲❢❷✸❊❄✻❄ ❉✻P◗✲❏❁ ✺ ❁✷❉ ✫★✫ ϕhi ∩ ❁✷❉ ✫★✫ ϕhj = ∅ ❑❆✴❙❢④✲❂❁ ✼ ❥ ⑨➂❥ ■✐✺✽✾ ✲☛❁ ✺ i < j − 1
❃❅❉ ❁ ✺ i > j + 1

❚
⑧✵❢❷✸❊❉ ✼✿✾ ✲ ✫ ✸ ✾✿✼ ❑✚P❴✸❜❁✿❦✠❋ ❈●✼✿✾✿✺ ✲ ■ ✲ P❴✸ ❋❀✸ ✼✿✾✿✺ ✴❂✲ M ✲❂❁ ✼❍❈ ❳ ✺◗■ ✲●❄ ✼ ✲❙❚➀❯❡❃❅❉❆❁❍✴▲✸❊P◗✴●❉✻P◗✲ ✾ ❃❅❄❆❁ ■ ❃❅❄❆✴✈❁✷✲●❉✻P◗✲●❋❍✲●❄ ✼ P◗✲❂❁
✼ ✲ ✾ ❋❍✲❂❁ Mij

✫ ❃❅❉ ✾ i = j
✲ ✼ i = j − 1

❚
• ☎ ✺ i = j

⑤
∫

Γw

ϕhi (x)ϕ
h
j (x) dγ(x) = 2π rw

{∫ li

li−1

(l − li−1)
2

(li − li−1)2
dl +

∫ li+1

li

(l − li+1)
2

(li − li+1)2
dl

}

= 2π rw

[
(l − li−1)

3

3(li − li−1)2

]l=li

l=li−1

+ 2π rw

[
(l − li+1)

3

3(li − li+1)2

]l=li+1

l=li

=
2π rw

3
{(li − li−1) − (li − li+1)} .

• ☎ ✺ i = j − 1
⑤
∫

Γw

ϕhi (x)ϕ
h
j (x) dγ(x) = 2π rw

∫ li+1

li

ϕhi (l)ϕ
h
i+1(l) dl

= 2π rw

∫ li+1

li

(l − li+1)

(li − li+1)

(l − li)

(li+1 − li)
dl

=
2π rw

6
(li+1 − li).
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✡
✧✔✥ ✦ ✎ ✩ ✠✗✜ ☛ ✂ ☎✫✌ ✆✁✥✛✎ ✩ ✩✏✧✝✌ ✥☞✎✑✞✔✧✔✠☞☛✍✩

✪❲❄✈❃❅① ✼✿✺ ✲●❄ ✼ ❫❆❄✹✸❊P◗✲●❋❍✲●❄ ✼ ⑤

Mij =





2π rw
3

{(li − li−1) − (li − li+1)}
❁ ✺ i = j,

2π rw
6

(li+1 − li)
❁ ✺ i = j − 1,

2π rw
6

(li − li−1)
❁ ✺ i = j + 1,

0
❁ ✺ ❄❆❃❅❄❣❚

✂ ☎✠✟ ✡☎✄✆☎✝✆✁� ☎ ✲ ✝ ☎ ✍✄✂✝✞✠✟✆✡✒✑✁�✡✄✆☎✞✝
Hij

Hij =
1

4π

∫

T
ϕhj (y)

∫

Γw

ϕhi (x)
∂

∂ny

(
1

|x− y|

)
dγ(x) dT (y)

✪❲❄ ✸➁⑤ ∂

∂ny

(
1

|x− y|

)
= −ny.(x− y)

|x− y|3
✪❲❄ ❩t✸ ✺✽✼ ❉✻❄❶✴✷✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼❧■ ✲❧❳❙✸ ✾✿✺ ✸❊①✻P◗✲ ❁✷✲●P◗❃❅❄✈P❴✸☛❫ ❘ ❉ ✾ ✲ ❑ ❚✽⑩❙❚✇ ✸❧❄❆❃ ✾ ❋❀✸❊P◗✲❲✲❂❁ ✼ ❃ ✾✿✺ ✲●❄ ✼✷❈ ✲❲❳❨✲ ✾ ❁✚Pt❢ ✺ ❄ ✼✷❈●✾✿✺ ✲●❉ ✾✳■ ❉ ✫ ❉ ✺✽✼ ❁ ♦ ✴▲✸ ✾ ✲●P✽P◗✲❹✲❂❁ ✼ ❃ ✾✿✺ ✲●❄ ✼✷❈ ✲➃❳❨✲ ✾ ❁✚Pt❢④✲❤❪ ✼✷❈●✾✿✺ ✲●❉ ✾③■ ❉ ✾✷❈ ❁✷✲ ✾ ❳❨❃ ✺✽✾

e1

y

x

x′

l′

l

� ✁✟✄✂✆ ❑ ❚✽⑩ ✝ ☎✠✲❂✴ ✼✿✺ ❃❅❄ ■ ❉ ✫ ❉ ✺✽✼ ❁

Ω q ❑ ■ ❃❅❄❆✴❍⑤

ny = −e1 =




−1
0
0






� ✂ � ✂ ✂ ✆✁✥
✡
✧✔✥ ✦✔✎✑✥✄✂ ✠✗✜ ☛ ✂ ☎✢✌✏✆✁✥✛✎

Hij
� ✝ �

⑧✵❢❷✸❊❉ ✼✿✾ ✲ ✫ ✸ ✾✿✼ ❑ x− y = (x− x′) + (x′ − y)
❑✹✸▲❳❨✲❂✴

x′
✂ ✫✻✾ ❃ ✶ ✲ ✼✷❈ ■ ✲ x ■ ✸❊❄❆❁❹P◗✲ ✫ P❴✸❊❄ ■ ✲ y ❑✻✲ ✼ ⑤

y =




rw
0
l


 , x =




rw
✴❂❃❙❁

θ
rw
❁ ✺ ❄ θ
l′


 , x′ =




rw
✴❂❃❙❁

θ
rw
❁ ✺ ❄ θ
l


 ,

x− y =




rw(
✴❂❃❙❁

θ − 1)
rw
❁ ✺ ❄ θ
l′ − l


 , ny.(x− y) = rw(

✴❂❃❙❁
θ − 1),

1

|x− y|3
=

1
[
2 r2w (1 − ✴❂❃❙❁

θ) + (l − l′)2
]3/2 .

✪❲❄ ✾ ✸ ✫★✫ ✲●P✽P◗✲ ❛ ❉❣❢④❃❅❄❶❁✿❉ ✫★✫ ❃❙❁❇✲ ❛ ❉❆✲ ψ(l, θ) = ψ(l), ∀θ ∈ [0, 2π],∀l ∈ [0, L]
❚✢✪❲❄ ■ ❃ ✺✽✼➃■ ❃❅❄❆✴❏✴▲✸❊P◗✴●❉✻P◗✲ ✾ ⑤

Hij =
r2w
4π

∫ 2π

0

∫ L

0

∫ 2π

0

∫ L

0
ϕhi (l

′)ϕhj (l)
rw(1 − ✴❂❃❙❁

θ) dl dl′ dθ dθ′

[
2 r2w(1 − ✴❂❃❙❁

θ) + (l − l′)2
]3/2 .

✇ ❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊❄ ■ ✲③❄❆✲ ■✻❈✜✫ ✲●❄ ■ ✸❊❄ ✼❭✫ ✸❅❁ ■ ✲ θ′ ❑▲✲ ✼ ✸ ✫✻✾ ②❂❁ ✾✷❈❂■ ❉❆✴ ✼✿✺ ❃❅❄ ✫ ✸ ✾ ❁✿❦ ❋ ❈●✼✿✾✿✺ ✲③✲ ✼ ❩❬❃ ✾ ❋❏❉✻P◗✲❂❁ ✼✿✾✿✺✽❘ ❃❅❄❆❃❅❋ ❈●✼✿✾✿✺◗❛ ❉❆✲❂❁❁✿❉ ✾ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲③❁✷❉ ✾ 2π ✫ ✸ ✾✯✾ ✸ ✫★✫ ❃ ✾✿✼❱⑨ θ ❑ ✫ ❉ ✺ ❁ ✴✷✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼ ■ ✲ ❳❅✸ ✾✿✺ ✸❊①✻P◗✲❙❑❂Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Hij
✫ ✲●❉ ✼ ❁✷✲ ✾✷❈❂❈ ✴ ✾✿✺✽✾ ✲❲⑤

Hij = 2 rw

∫ L

0
ϕhi (l

′) dl′
∫ L

0
ϕhj (l) dl

∫ π/2

0

2 r2w
❁ ✺ ❄ 2θ dθ

[
4 r2w

❁ ✺ ❄ 2θ + (l − l′)2
]3/2 .

❵ ❃❅❉ ✾ ■ ✲☛❁ ✺ ❋ ✫ P◗✲❂❁ ✾ ✸ ✺ ❁❇❃❅❄❆❁ ✼ ✲❂✴❇✶✻❄ ✺◗❛ ❉❆✲❂❁ ❑❞❃❅❄ ❳❙✸❀✴❂❃❅❋◆❋❍✲●❄❆✴❂✲ ✾✠✫ ✸ ✾❡✺ ❄ ✼✷❈●❘❙✾ ✲ ✾✠✫ ✸ ✾❡✾ ✸ ✫★✫ ❃ ✾✿✼ ⑨ l ✲ ✼ l′ ❚ ✪❲❄❈ ✴ ✾✿✺✽✼➃■ ❃❅❄❆✴❍⑤

Hij = 2 rw

∫ π/2

0
IHij (θ) dθ ♦ ❑ ❚✽⑩ q

✸❂❳❨✲❂✴❀⑤
IHij (θ) =

∫ L

0
ϕhi (l

′) dl′
∫ L

0
ϕhj (l) dl

2 r2w
❁ ✺ ❄ 2θ

[
4 r2w

❁ ✺ ❄ 2θ + (l − l′)2
]3/2 .

❯❡❃ ✼ ❃❅❄❆❁ ⑤

a2 = 2 r2w
❁ ✺ ❄ 2θ.

☎ ✺ i < j − 2
❃❅❉

i > j + 2
❑✻Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ IHij

❄❆✲ ✫✻✾✷❈ ❁❇✲●❄ ✼ ✲❏✸❊❉❆✴●❉✻❄❆✲☛❁ ✺ ❄ ❘ ❉✻P❴✸ ✾✿✺✽✼✷❈ ❚❯❡❃❅❉❆❁ ✼✿✾ ✸ ✺✽✼ ✲ ✾ ❃❅❄❆❁ ✼ ❃❅❉ ✼❹■ ❢❷✸❊①❞❃ ✾✷■ P◗✲❧✴▲✸❅❁❹❃✝✆
i < j − 2

❃❅❉
i > j + 2

❑✻✲ ✼♣■ ✸❊❄❆❁❹❉✻❄➁❁❇✲❂✴❂❃❅❄ ■➁✼ ✲●❋ ✫ ❁✉P◗✲❧✴▲✸❅❁✉❃✝✆
j − 2 ≤ i ≤ j + 2

❚

� ☛✁�☎☛✟✛ ✂ ✚ ✏ ✔✗✖✮✭ ✂ ✯✑✍✑★✮✔✂✁
i < j − 2

✢ ✂
i > j + 2

☞ ✜ ☛ ✂ ☎✢✌✏✆✙☛✚✠✛✕✢✜ ✞ ✆✟✌ ✌ ✆✟✞ ✞ ✕✫✌✏☛ ✌
l
✎ ☛

l′
■
✡
✆✁✥
✡
✧✔✥ ✦ ✎

IHij
(a)

✂ ✪❲❄ ✾ ✲ ✫✻✾ ✲●❄ ■ P◗✲❂❁✳❄❆❃ ✼ ✸ ✼✿✺ ❃❅❄❆❁ ■ ❉ ✴✷✶✹✸ ✫✻✺✽✼✿✾ ✲
❩❶⑤

IHij (a) =
∑

k∈I

∑

m∈J

Iikjm(a) =
∑

k∈I

∫ lk+1

lk

ϕhi (l
′) dl′

∑

m∈J

∫ lm+1

lm

ϕhj (l) dl
a2

∣∣l − l′
∣∣3 ♦ ❑ ❚❷⑦ q



� ✝✁� ✂☎✄ ✆✟✞✔✠☞☛✍✌ ✎ � ✂ ✒ ✜ ✜ ✎✟❋ ✎✁� ■ ✂ ✆✁✥
✡
✧✔✥ ✦ ✎ ✩ ✠✗✜ ☛ ✂ ☎✫✌ ✆✁✥✛✎ ✩ ✩✏✧✝✌ ✥☞✎✑✞✔✧✔✠☞☛✍✩

✸❂❳❨✲❂✴❀⑤

I =

{
{i− 1, i}, ❁ ✺ 2 ≤ i ≤ NW − 2,
{i}, ❁ ✺ i ∈ {1,NW − 1}, J =

{
{j − 1, j}, ❁ ✺ 2 ≤ j ≤ NW − 2,
{j}, ❁ ✺ j ∈ {1,NW − 1}.

✪❲❄ ✫ ✲●❉ ✼➃❈ ✴ ✾✿✺✽✾ ✲ ■ ❢ ❉✻❄❆✲❏❋❀✸❊❄ ✺ ② ✾ ✲ ❘❨❈ ❄ ❈●✾ ✸❊P◗✲❏P◗✲❂❁✉❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄❆❁ ■ ✲♥①✹✸❅❁✷✲ ϕhi ❑ i = 1, . . . ,NW
❁✿❉ ✾ ❉✻❄ ✺ ❄ ✼ ✲ ✾ ❳❙✸❊P✽P◗✲

❛ ❉❆✲●P◗✴❂❃❅❄ ❛ ❉❆✲ [lk, lk+1]
❑
k = 1, . . . ,NW − 1

❑ ✫ ✸ ✾ ⑤

ϕhi (l) =
l − bik
li − bik

,

✸❂❳❨✲❂✴
bik = li − (δiklk+1 + δik+1lk)

❑✻✲ ✼ δ P❴✸✌❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄ ■ ✲ ✕❧✾ ❃❅❄❆✲❂✴ ✓ ✲ ✾ ❚
✪❲❄✈✲ ❨ ✲❂✴ ✼ ❉❆✲♥P◗✲♥✴✷✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼❡■ ✲ ❳❅✸ ✾✿✺ ✸❊①✻P◗✲ ❁✷❉ ✺ ❳❅✸❊❄ ✼ ⑤

s = l − bik, s′ = l′ − bjm,

❃✝✆
bjm

✲❂❁ ✼❹■✻❈ ❫❆❄ ✺❣■ ✲❧P❴✸✌❋ ✴ ❋❍✲❧❩❬✸✝✂❂❃❅❄ ❛ ❉❆✲ bik ⑤
bjm = lj − (δjmlm+1 + δjm+1lm)

❚✻❯❲❃❅❉❆❁ ■ ✲●❳❨❃❅❄❆❁➃✸❊P◗❃ ✾ ❁✴▲✸❊P◗✴●❉✻P◗✲ ✾ ⑤

Iikjm(a) =
1

|bik bjm|

∫ bik

0

∫ bjm

0

a2 s s′ ds ds′

(s− s′ + cikjm)3

✸❂❳❨✲❂✴
cikjm = (δjmlm+1 + δjm+1lm) − (δiklk+1 + δik+1lk) .

❯❡❃❅❉❆❁ ✾ ✲●❋❀✸ ✾✷❛ ❉❆❃❅❄❆❁ ❛ ❉❆✲ cikjm 6= 0 ✫ ❃❅❉ ✾
i < j − 2

✲ ✼ i > j + 2
❑
bik 6= 0

❑
bjm 6= 0

❚

• ❵ ✾ ✲●❋ ✺ ② ✾ ✲ ❈●✼ ✸ ✫ ✲❀⑤ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ✫ ✸ ✾➃✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ s ❚❵ ✸ ✾ ✴❇✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼❧■ ✲♥❳❅✸ ✾✿✺ ✸❊①✻P◗✲❙❑✹❃❅❄ ✫ ✲●❉ ✼❹❈ ✴ ✾✿✺✽✾ ✲❀⑤
∫ bjm

0

a2 s s′ ds

(s− s′ + cikjm)3
=

∫ bjm−s′+cikjm

−s′+cikjm

a2 s′(t+ s′ − cikjm) dt

t3
.

❵ ❉ ✺ ❁▲❑▲✲●❄ ■✻❈ ✴❂❃❅❋ ✫ ❃❙❁❇✸❊❄ ✼ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊❄ ■ ✲③✲●❄ ■ ✲●❉✐❪ ✫ ✸ ✾✿✼✿✺ ✲❂❁ ❑▲Pt❢ ❉✻❄❆✲✤❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄ ■ ✲ 1/t2
❑▲✲ ✼ Pt❢❷✸❊❉ ✼✿✾ ✲➀❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄

■ ✲ 1/t3
❑❆✲ ✼ ✲●❄ ✺ ❄ ✼✷❈●❘❙✾ ✸❊❄ ✼ ❑❞❃❅❄❶❃❅① ✼✿✺ ✲●❄ ✼ ⑤
∫ bjm

0

a2 s s′ ds

(s− s′ + cikjm)3
= λ1(a, s

′) + λ2(a, s
′) + λ3(a, s

′) + λ4(a, s
′)

✸▲❳❨✲❂✴❍⑤
λ1(a, s

′) =
a2 s′

(bjm − s′ + cikjm)
, λ3(a, s

′) =
a2 s′

(−s′ + cikjm)
,

λ2(a, s
′) =

a2 s′(s′ − cikjm)

2 (bjm − s′ + cikjm)2
, λ4(a, s

′) =
a2 s′(s′ − cikjm)

2 (−s′ + cikjm)2
.

• ⑧❧✲●❉✐❪ ✺ ②●❋❍✲ ❈●✼ ✸ ✫ ✲❀⑤ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ✫ ✸ ✾➃✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ s′ ❚✇ ✲❂❁◆❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄❆❁ λ1
✲ ✼ λ3

❑ ✸ ✺ ❄❆❁ ✺➃❛ ❉❆✲ λ2
✲ ✼ λ4

❑ ❁✷❃❅❄ ✼❍✺◗■ ✲●❄ ✼✿✺◗❛ ❉❆✲❂❁▲❑ ⑨ P❴✸ ✴❂❃❅❄❆❁ ✼ ✸❊❄ ✼ ✲ bjm ✫✻✾ ②❂❁ ✸❊❉
■✻❈ ❄❆❃❅❋ ✺ ❄✹✸ ✼ ✲●❉ ✾ ❚ ☎❲❄❆✲◆❩❬❃ ✺ ❁✌✴▲✸❊P◗✴●❉✻P ❈ ✲❂❁☛P◗✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ ■ ✲❂❁❏❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄❆❁ λ1

✲ ✼ λ2
❑✯❄❆❃❅❉❆❁ ✫ ❃❅❉ ✾✿✾ ❃❅❄❆❁✵✲●❄

■✻❈❂■ ❉ ✺✽✾ ✲♥❩❬✸❅✴ ✺ P◗✲●❋❍✲●❄ ✼ P◗✲❂❁✉❳❙✸❊P◗✲●❉ ✾ ❁ ■ ✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ ■ ✲❂❁✉❩❸❃❅❄❆✴ ✼✿✺ ❃❅❄❆❁ λ3
✲ ✼ λ4

❚
❵ ❃❅❉ ✾ P◗✲❖✴▲✸❊P◗✴●❉✻P ■ ✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ ■ ✲❂❁ ❩❸❃❅❄❆✴ ✼✿✺ ❃❅❄❆❁ λ1

✲ ✼ λ3
❑♣❄❆❃❅❉❆❁❶✸❊P✽P◗❃❅❄❆❁ ✫✻✾ ❃✠✴ ❈❂■ ✲ ✾❶■ ✲ P❴✸ ❋ ✴ ❋❍✲❋❀✸❊❄ ✺ ② ✾ ✲ ❛ ❉❆✲ ✫ ❃❅❉ ✾ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ✫ ✸ ✾♣✾ ✸ ✫★✫ ❃ ✾✿✼➃⑨ s′ ❚✐❯❲❃❅❉❆❁✉✲ ❨ ✲❂✴ ✼ ❉❆❃❅❄❆❁✉❉✻❄❶✴✷✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼❲■ ✲❧❳❙✸ ✾✿✺ ✸❊①✻P◗✲❙❑



� ✂ � ✂ ✂ ✆✁✥
✡
✧✔✥ ✦✔✎✑✥✄✂ ✠✗✜ ☛ ✂ ☎✢✌✏✆✁✥✛✎

Hij
� ✝ ✝

✲ ✼ ❄❆❃❅❉❆❁ ■✻❈ ✴❂❃❅❋ ✫ ❃❙❁✷❃❅❄❆❁✚P❴✸❲❩ ✾ ✸❅✴ ✼✿✺ ❃❅❄ ⑨❲✺ ❄ ✼✷❈●❘❙✾ ✲ ✾ ✲●❄ ✫ P✽❉❆❁ ✺ ✲●❉ ✾ ❁✚❋❍❃ ✾ ✴❂✲▲✸❊❉✐❪ ■ ✲♣❋ ✴ ❋❍✲✉❃ ✾✷■✐✾ ✲❙❑ ✫ ❉ ✺ ❁✤❄❆❃❅❉❆❁
✺ ❄ ✼✷❈●❘❙✾ ❃❅❄❆❁▲❚✹❯❡❃❅❉❆❁❹❃❅① ✼ ✲●❄❆❃❅❄❆❁❡✸❊P◗❃ ✾ ❁ ⑤

∫ bik

0
λ1(a, s

′) ds′ =

∫ bjm+cikjm

bjm+cikjm−bik

a2 (bjm + cikjm − t) dt

t

= −a2(bjm + cikjm)
P✽❄ |bjm + cikjm − bik|

+a2(bjm + cikjm)
P✽❄ |bjm + cikjm| − a2 bik.

✇ ✲❂❁❏❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄❆❁ λ1
✲ ✼ λ3

❈●✼ ✸❊❄ ✼✌✺◗■ ✲●❄ ✼✿✺◗❛ ❉❆✲❂❁ ⑨ P❴✸✈✴❂❃❅❄❆❁ ✼ ✸❊❄ ✼ ✲ bjm ✫✻✾ ②❂❁✵✸❊❉ ■✻❈ ❄❆❃❅❋ ✺ ❄✹✸ ✼ ✲●❉ ✾ ❑✚❃❅❄✆✲●❄
■✻❈❂■ ❉ ✺✽✼❲❛ ❉❆✲◆⑤

∫ bik

0
λ3(a, s

′) ds′ = −a2 cikjm
P✽❄ |cikjm − bik| + a2 cikjm

P✽❄ |cikjm| − a2 bik.

❵ ❃❅❉ ✾ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ■ ✲ λ2
❑✻❃❅❄✈❃❅① ✼✿✺ ✲●❄ ✼ ⑤

∫ bik

0
λ2(a, s

′) ds′ = −
∫ bjm+cikjm−bik

bjm+cikjm

a2 (bjm + cikjm − t) (bjm − t) dt

2 t2

=
a2 (bjm + cikjm) bjm
2 (bjm − bik + cikjm)

+
a2 (2 bjm + cikjm)

2

P✽❄ |bjm − bik + cikjm|

−a
2 (bjm + cikjm) bjm
2 (bjm + cikjm)

− a2 (2 bjm + cikjm)

2

P✽❄ |bjm + cikjm|

+
a2

2
bik.

✇ ❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ■ ✲ λ4
❁✷✲ ■✻❈❂■ ❉ ✺✽✼ ✸❊P◗❃ ✾ ❁ ■ ✲✌Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ■ ✲ λ2

❑ ■ ✲✵P❴✸❀❋ ✴ ❋❍✲✵❋❀✸❊❄ ✺ ② ✾ ✲ ❛ ❉❆✲✌Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲
■ ✲ λ3

❁✷✲ ■✻❈❂■ ❉ ✺✽✼➃■ ✲❏✴❂✲●P✽P◗✲ ■ ✲ λ1
⑤

∫ bik

0
λ4(a, s

′) ds′ =
a2

2
bik +

a2 cikjm
2

P✽❄ |bik − cikjm| −
a2 cikjm

2

P✽❄ |cikjm| .
✁ ✸ ✺ ❄ ✼ ✲●❄✹✸❊❄ ✼❭❛ ❉❆✲➁❄❆❃❅❉❆❁❍✸❂❳❨❃❅❄❆❁ ✺ ❄ ✼✷❈●❘❙✾✷❈ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊❄ ■ ✲ ■ ✲ Iikjm(a) ✫ ✸ ✾◆✾ ✸ ✫★✫ ❃ ✾✿✼❭⑨ s ✲ ✼❀⑨ s′ ❑ ❄❆❃❅❉❆❁✫ ❃❅❉✻❳❨❃❅❄❆❁➃✲●❄ ■✻❈❂■ ❉ ✺✽✾ ✲❙❑⑥✸ ✫✻✾ ②❂❁➃❁ ✺ ❋ ✫ P ✺ ❫✹✴▲✸ ✼✿✺ ❃❅❄❆❁▲❑ ❛ ❉❆✲◆⑤

Iikjm(a) =
1

|bik bjm|
{a2 cikjm

2

( P✽❄ |bjm + cikjm − bik| −
P✽❄ |cikjm − bik|

+
P✽❄ |cikjm| −

P✽❄ |bjm + cikjm|
)

− a2 bik bjm
2 (bjm − bik + cikjm)

}
.

✇ ✸❧❳❙✸❊P◗✲●❉ ✾ ■ ✲ Iikjm(a)
❄❆❃❅❉❆❁ ■ ❃❅❄✻❄❆✲➃✸❊P◗❃ ✾ ❁ P❴✸❡❳❅✸❊P◗✲●❉ ✾③■ ✲✉Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ IHij (θ)

❁✷✲●P◗❃❅❄◆Pt❢ ❈❂❛ ❉✹✸ ✼✿✺ ❃❅❄ ♦ ❑ ❚❷⑦ q ❚ ❵ ❃❅❉ ✾❃❅① ✼ ✲●❄ ✺✽✾ P❴✸☛❳❅✸❊P◗✲●❉ ✾❹■ ✲❡Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Hij
❑ ✺ Ps❄❆✲❧❄❆❃❅❉❆❁ ✾ ✲❂❁ ✼ ✲ ✫ P✽❉❆❁ ❛ ❉❣❢ ⑨☛✺ ❄ ✼✷❈●❘❙✾ ✲ ✾ IHij (θ)

❑✐✲ ✼♣■ ❃❅❄❆✴ Iikjm ❑ ✫ ✸ ✾✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ θ ❚
☞ ✜ ☛ ✂ ☎✢✌✏✆✙☛✚✠✛✕✢✜✘✞ ✆✟✌ ✌ ✆✟✞✔✞ ✕✫✌✏☛ ✌

θ
■ ⑧✵❢❷✸ ✫✻✾ ②❂❁✚Pt❢④✲❤❪ ✫✻✾ ✲❂❁✷❁ ✺ ❃❅❄ ■ ✲✳Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Iikjm ❑❅❄❆❃❅❉❆❁ ✸▲❳❨❃❅❄❆❁➀❁✷✲●❉✻P◗✲●❋❍✲●❄ ✼①s✲❂❁✷❃ ✺ ❄ ■ ✲ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ⑤

∫
a2

2
=

∫ π/2

0
r2w

❁ ✺ ❄ 2(θ) dθ =

[
r2w

(
θ

2
−

❁ ✺ ❄ (2 θ)

4

)]π/2

0

= r2w
π

4
.
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✪❲❄❶✲●❄ ■✻❈❂■ ❉ ✺✽✼ ❫❆❄✹✸❊P◗✲●❋❍✲●❄ ✼❲■ ❢❷✸ ✫✻✾ ②❂❁✉P◗✲❂❁ ✾ ✲●P❴✸ ✼✿✺ ❃❅❄❆❁ ♦ ❑ ❚✽⑩ q ✲ ✼ ♦ ❑ ❚❷⑦ q ❑ ❛ ❉❆✲❙❑ ✫ ❃❅❉ ✾ i < j − 2
❃❅❉

i > j + 2
❑

✸❊❉✈❁ ✺✽❘ ❄❆✲ ✫✻✾ ②❂❁❏⑤

Hij = r3w
π

2

∑

k∈I

∑

m∈J

1

|bik bjm|
{
cikjm

P✽❄ ∣∣∣∣ (bjm + cikjm − bik)cikjm
(cikjm − bik) (bjm + cikjm)

∣∣∣∣ −
bik bjm

(bjm − bik + cikjm)

}
.

� ☛✁�☎☛✁� ✂ ✚ ✏✪✏✓✍✑✤✟✭ ✂ ✯✑✍✑★✮✔✂✁
j − 2 ≤ i ≤ j + 2

✱✳✲✌✴▲✸❅❁❲✲❂❁ ✼ ❁ ✺ ❄ ❘ ❉✻P ✺ ✲ ✾ ❚ ✎ ✴ ✺ ❃❅❄ ❄❆✲ ✫ ✲●❉ ✼■✫ P✽❉❆❁❲❄ ❈●❘ P ✺✽❘ ✲ ✾ P◗✲ ✼ ✲ ✾ ❋❍✲ 2 a2 ■ ✲●❳❅✸❊❄ ✼ (l − l′)
❑❞✴▲✸ ✾➃✺ ✴ ✺ (l − l′)✫ ✲●❉ ✼ ✴●✼✿✾ ✲ ✼✿✾ ②❂❁ ✫ ✲ ✼✿✺✽✼ ❑➀❃❅❉ ❋ ✴ ❋❍✲❶❄ ❉✻Pt❚ ❵ ❃❅❉ ✾ P◗✲ ✴▲✸❅❁❀❁ ✺ ❄ ❘ ❉✻P ✺ ✲ ✾ ❑✚Pt❢❷✸ ✫★✫✻✾ ❃❂❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄ ❄❆✲✈❁✷✲ ❩❬✸ ✺✽✼❍■ ❃❅❄❆✴ ✫ ✸❅❁

■✐✺✽✾ ✲❂✴ ✼ ✲●❋❍✲●❄ ✼ ✸❊❉ ■✻❈ ①✻❉ ✼❡■ ❉✈✴▲✸❊P◗✴●❉✻P ✸▲❳❅✸❊❄ ✼➃✼ ❃❅❉ ✼ ✲ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄❜✴❂❃❅❋◆❋❍✲ ✫ ❃❅❉ ✾ P◗✲ ✴▲✸❅❁ ✾✷❈●❘ ❉✻P ✺ ✲ ✾ ❑❆❋❀✸ ✺ ❁➃✲●P✽P◗✲☛❁✷✲❩❬✲ ✾ ✸♥✸❊❉◆❄ ✺ ❳❨✲▲✸❊❉ ■ ✲♣Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ✫ ✸ ✾✚✾ ✸ ✫★✫ ❃ ✾✿✼✳⑨ θ ❚❊⑧♥✸❊❄❆❁✚❉✻❄ ✫✻✾ ✲●❋ ✺ ✲ ✾ ✼ ✲●❋ ✫ ❁▲❑ ✺ P✻❄❆❃❅❉❆❁✤❩t✸❊❉ ✼➀■ ❃❅❄❆✴ ✺ ❄ ✼✷❈●❘❙✾ ✲ ✾■ ✲♥❋❀✸❊❄ ✺ ② ✾ ✲ ✲❤❪❆✸❅✴ ✼ ✲ ✫ ✸ ✾✉✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ l ✲ ✼ l′ ❚
⑧❧✲❭P❴✸✈❋ ✴ ❋❍✲❭❋❀✸❊❄ ✺ ② ✾ ✲ ❛ ❉❆✲ ✫ ❃❅❉ ✾ P◗✲ ✴▲✸❅❁ ✾✷❈●❘ ❉✻P ✺ ✲ ✾ ❑✚❃❅❄ ✫ ✲●❉ ✼ ❁✷✲ ✫ P❴✸❅✴❂✲ ✾◆■ ✸❊❄❆❁✌P◗✲➁✴▲✸❅❁ j − 2 ≤ i

❑❱✲ ✼
❈ ✴ ✾✿✺✽✾ ✲❍⑤

Hij = 2 rw

∫ π/2

0
IHij (θ) dθ,

✸❂❳❨✲❂✴
IHij (θ) =

∑

k∈I

∑

m∈J

Iikjm(a), ♦ ❑ ❚ ✠ q

✲ ✼ ⑤

Iikjm(a) =
1

|bik bjm|

∫ bik

0

∫ bjm

0

a2 s s′ ds ds′

[
2 a2 + (s− s′ + cikjm)2

]3/2 .

❯❡❃❅❉❆❁❲✸❊P✽P◗❃❅❄❆❁❧✴❂❃❅❋◆❋❍✲●❄❆✴❂✲ ✾✼✫ ✸ ✾ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Iikjm ❑ ✫ ❉ ✺ ❁❲❄❆❃❅❉❆❁ ✺ ❄ ✼✷❈●❘❙✾ ✲ ✾ ❃❅❄❆❁ Iikjm ✫ ✸ ✾❲✾ ✸ ✫★✫ ❃ ✾✿✼❧⑨
θ ✫ ❃❅❉ ✾ ❃❅① ✼ ✲●❄ ✺✽✾ P❴✸✵❳❙✸❊P◗✲●❉ ✾❹■ ✲ Hij

❚
• ❵ ✾ ✲●❋ ✺ ② ✾ ✲ ❈●✼ ✸ ✫ ✲❀⑤ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ✫ ✸ ✾➃✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ s ❚✇ ✲❂❁ ❋ ❈●✼ ✶❆❃ ■ ✲❂❁ ■ ✲❍✴▲✸❊P◗✴●❉✻P ❁❇❃❅❄ ✼ P◗✲❂❁❏❋ ✴ ❋❍✲❂❁ ❛ ❉❆✲ ✫ ❃❅❉ ✾ P◗✲❀✴▲✸❅❁ ✾✷❈●❘ ❉✻P ✺ ✲ ✾ ⑤❣❃❅❄ ❩❬✸ ✺✽✼ ❉✻❄✣✴✷✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼
■ ✲❍❳❅✸ ✾✿✺ ✸❊①✻P◗✲❙❑ ✫ ❉ ✺ ❁☛❃❅❄ ■✻❈ ✴❂❃❅❋ ✫ ❃❙❁✷✲◆Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ✲●❄ ✫ P✽❉❆❁ ✺ ✲●❉ ✾ ❁❏❋❍❃ ✾ ✴❂✲▲✸❊❉✐❪ ■ ✲◆❋ ✴ ❋❍✲◆❄✹✸ ✼ ❉ ✾ ✲❙❑❱✲ ✼ ❃❅❄
✺ ❄ ✼ ② ❘❙✾ ✲❙❚ ✪❲❄❶❃❅① ✼✿✺ ✲●❄ ✼ ⑤

∫ bjm

0

a2 s s′ ds
[
2 a2 + (s− s′ + cikjm)2

]3/2 =

∫ bjm−s′+cikjm

−s′+cikjm

a2 (t+ s′ − cikjm) s′ dt
[
2 a2 + t2

]3/2

= λ1(a, s
′) + λ2(a, s

′) + λ3(a, s
′) + λ4(a, s

′)

✸▲❳❨✲❂✴❍⑤

λ1(a, s
′) = − a2 s′√

2 a2 + (bjm − s′ + cikjm)2
, λ3(a, s

′) =
a2 s′√

2 a2 + (−s′ + cikjm)2
,

λ2(a, s
′) = −(bjm − s′ + cikjm) s′ (−s′ + cikjm)

2
√

2 a2 + (bjm − s′ + cikjm)2
, λ4(a, s

′) =
s′ (−s′ + cikjm)2

2
√

2 a2 + (−s′ + cikjm)2
.

• ⑧❧✲●❉✐❪ ✺ ②●❋❍✲ ❈●✼ ✸ ✫ ✲ ⑤➀❃❅❄ ✺ ❄ ✼ ② ❘❙✾ ✲✈✴✷✶✹✸❅✴●❉✻❄❆✲ ■ ✲❂❁✵❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄❆❁ λ1
❑
λ2
❑
λ3
❑ ✲ ✼ λ4

❑ ✫ ✸ ✾❀✾ ✸ ✫★✫ ❃ ✾✿✼➁⑨ s′ ❚✱✳❃❅❋◆❋❍✲ ✫ ❃❅❉ ✾ P◗✲❍✴▲✸❅❁ ✾✷❈●❘ ❉✻P ✺ ✲ ✾ ❑❱❃❅❄ ✾ ✲●❋❀✸ ✾✷❛ ❉❆✲ ❛ ❉❆✲✵P◗✲❂❁ ❩❸❃❅❄❆✴ ✼✿✺ ❃❅❄❆❁ λ1
✲ ✼ λ3

❑✯✸ ✺ ❄❆❁ ✺ ❛ ❉❆✲ λ2
✲ ✼ λ4

❑
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✲ ✼ λ4
⑨✼✫ ✸ ✾✿✼✿✺✽✾➀■ ✲♣✴❂✲●P✽P◗✲❂❁ ■ ✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁

■ ✲ λ1
✲ ✼ λ2

❚ ✇ ✲◆✴▲✸❊P◗✴●❉✻P ■ ✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ ■ ✲ λ1
✲ ✼ λ3
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✪❲❄❶❃❅① ✼✿✺ ✲●❄ ✼ ✸❊P◗❃ ✾ ❁➃P◗✲❂❁ ✾✷❈ ❁✿❉✻P ✼ ✸ ✼ ❁➃❁✷❉ ✺ ❳❅✸❊❄ ✼ ❁ ⑤

∫ bik

0
λ1(a, s

′) ds′

= − a2 (bjm + cikjm)
P✽❄ (

(bjm + cikjm) +
√

2 a2 + (bjm + cikjm)2
)

+ a2
√

2 a2 + (bjm + cikjm)2

+ a2 (bjm + cikjm)
P✽❄ (

(bjm + cikjm − bik) +
√

2 a2 + (bjm + cikjm − bik)2
)

− a2
√

2 a2 + (bjm + cikjm − bik)2.

✪❲❄❶✲●❄ ■✻❈❂■ ❉ ✺✽✼ ✸❊P◗❃ ✾ ❁ ❛ ❉❆✲◆⑤
∫ bik

0
λ2(a, s

′) ds′

= a2 cikjm
P✽❄ (

cikjm +
√

2 a2 + c2ikjm

)
− a2

√
2 a2 + c2ikjm

− a2 cikjm
P✽❄ (

(cikjm − bik) +
√

2 a2 + (cikjm − bik)2
)

+ a2
√

2 a2 + (cikjm − bik)2.

⑧✵❢❷✸❊❉ ✼✿✾ ✲ ✫ ✸ ✾✿✼ ⑤
∫ bik

0
λ3(a, s

′) ds′

=
1

6
(2 a2 + (bjm − bik + cikjm)2)3/2 − a2

√
2 a2 + (bjm − bik + cikjm)2

−1

6
(2 a2 + (bjm + cikjm)2)3/2 + a2

√
2 a2 + (bjm + cikjm)2

−(bjm +
cikjm

2
)

(bjm − bik + cikjm)

2

√
2 a2 + (bjm − bik + cikjm)2

+(bjm +
cikjm

2
) a2 P✽❄ ((bjm − bik + cikjm) +

√
2 a2 + (bjm − bik + cikjm)2

)

+(bjm +
cikjm

2
)

(bjm + cikjm)

2

√
2 a2 + (bjm + cikjm)2

−(bjm +
cikjm

2
) a2 P✽❄ ((bjm + cikjm) +

√
2 a2 + (bjm + cikjm)2

)

+
bjm
2

(bjm + cikjm)
√

2 a2 + (bjm − bik + cikjm)2

−bjm
2

(bjm + cikjm)
√

2 a2 + (bjm + cikjm)2.
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✡
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✎ P❣❁▲❢④✲●❄❆❁✿❉ ✺✽✼ ⑤
∫ bik

0
λ4(a, s

′) ds′ =
1

6
(2 a2 + (−bik + cikjm)2)3/2 − a2

√
2 a2 + (−bik + cikjm)2

−1

6
(2 a2 + c2ikjm)3/2 + a2

√
2 a2 + c2ikjm

−cikjm
2

(−bik + cikjm)

2

√
2 a2 + (−bik + cikjm)2

+
cikjm

2
a2 P✽❄ ((−bik + cikjm) +

√
2 a2 + (−bik + cikjm)2

)

+
cikjm

2

cikjm
2

√
2 a2 + c2ikjm

−cikjm
2

a2 P✽❄ (cikjm +
√

2 a2 + c2ikjm

)
.

✖ ✫✻✾ ②❂❁❹❁ ✺ ❋ ✫ P ✺ ❫✹✴▲✸ ✼✿✺ ❃❅❄❆❁▲❑⑥❃❅❄ ✸❊①s❃❅❉ ✼✿✺✽✼ ❫❆❄✹✸❊P◗✲●❋❍✲●❄ ✼❧⑨ ⑤

Iikjm(a) =
1

|bikbjm|

∫ bik

0

∫ bjm

0

a2 s s′ ds ds′

[
2 a2 + (s − s′ + cikjm)2

]3/2

=
1

|bikbjm|

∫ bik

0

(
λ1(a, s

′) + λ2(a, s
′) + λ3(a, s

′) + λ4(a, s
′)
)
ds′

Iikjm(a) =
1

|bikbjm|
(ζ(a) + ζ1(a) + ζ2(a) + ζ3(a) + ζ4(a))

✸❂❳❨✲❂✴❀⑤




ζ(a) = −f(a, bjm + cikjm) − f(a, cikjm − bik)
+f(a, bjm + cikjm − bik) + f(a, cikjm)

ζ1(a) = f1(2 a
2 + (bjm − bik + cikjm)2)

ζ2(a) = f2(2 a
2 + (bjm + cikjm)2)

ζ3(a) = f3(2 a
2 + (−bik + cikjm)2)

ζ4(a) = f4(2 a
2 + c2ikjm)✲ ✼ ⑤ 




f(a, s) =
cikjm

2
a2 P✽❄ (s+

√
2 a2 + s2

)

f1(s) = −1

6
(s2)3/2 +

(
c2ikjm

4
+
cikjm

4
(bjm − bik) − bik bjm

2

)
√
s2

f2(s) =
1

6
(s2)3/2 − cikjm

2

bjm + cikjm
2

√
s2

f3(s) =
1

6
(s2)3/2 − cikjm

2

−bik + cikjm
2

√
s2

f4(s) = −1

6
(s2)3/2 +

c2ikjm
4

√
s2.
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Hij
� ✝ ☎

☞ ✜ ☛ ✂ ☎✢✌✏✆✙☛✚✠✛✕✢✜ ✞✔✆✟✌☎✌ ✆✟✞ ✞ ✕✫✌✏☛ ✌
θ

✂ ✁ ✸ ✺ ❄ ✼ ✲●❄✹✸❊❄ ✼♣❛ ❉❆✲✉❄❆❃❅❉❆❁✳✴❂❃❅❄✻❄✹✸ ✺ ❁✷❁✷❃❅❄❆❁③P❴✸❧❳❙✸❊P◗✲●❉ ✾③■ ✲ Iikjm ❑ ✺ P✹❄❆✲❹❄❆❃❅❉❆❁✾ ✲❂❁ ✼ ✲ ✫ P✽❉❆❁ ❛ ❉❣❢ ⑨❏✺ ❄ ✼✷❈●❘❙✾ ✲ ✾ Iikjm ✫ ✸ ✾✳✾ ✸ ✫★✫ ❃ ✾✿✼❹⑨ θ ✫ ❃❅❉ ✾③✼✿✾ ❃❅❉✻❳❨✲ ✾ Pt❢④✲❤❪ ✫✻✾ ✲❂❁✷❁ ✺ ❃❅❄ ■ ✲ Hij
■ ❢❷✸ ✫✻✾ ②❂❁✳Pt❢ ❈❂❛ ❉✹✸ ✼✿✺ ❃❅❄

♦ ❑ ❚ ✠ q ❚
✪❲❄ ❄❆❃ ✼ ✲ ✾ ✲❂❁ ✫ ✲❂✴ ✼✿✺ ❳❨✲●❋❍✲●❄ ✼ It1 ❑ It2 ❑ It3 ❑ It4 ❑ It P◗✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ ✫ ✸ ✾❡✾ ✸ ✫★✫ ❃ ✾✿✼❧⑨ θ ■ ✲ ζ1 ❑ ζ2 ❑ ζ3 ❑ ζ4 ❑ ζ ❑ ■ ✲❁✷❃ ✾✿✼ ✲ ❛ ❉❆✲❍⑤

∫ π/2

0
Iikjm(θ) dθ =

1

|bik bjm|
(It1 + It2 + It3 + It4) . ♦ ❑ ❚ ❩ q

✂ ❉❆❁ ❛ ❉❣❢ ✺ ✴ ✺ ❑✐❄❆❃❅❉❆❁♣❄❣❢❷✸❂❳❨❃❅❄❆❁ ✫ ✸❅❁✉✲●❄❆✴❂❃ ✾ ✲❡❩t✸ ✺✽✼✉■ ❢❷✸ ✫★✫✻✾ ❃❂❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄✔⑤✠P◗✲❂❁✉✴▲✸❊P◗✴●❉✻P◗❁ ❛ ❉❆✲❡❄❆❃❅❉❆❁❹✸▲❳❨❃❅❄❆❁✉✲ ❨ ✲❂✴ ✼ ❉ ❈ ✶ ❉❆❁ ❥
❛ ❉❣❢ ⑨▲✫✻✾✷❈ ❁✷✲●❄ ✼ ❁✷❃❅❄ ✼ ✲❤❪❆✸❅✴ ✼ ❁▲❚✐✱❡❢④✲❂❁ ✼ ❋❀✸ ✺ ❄ ✼ ✲●❄✹✸❊❄ ✼ ❑✻P◗❃ ✾ ❁ ■ ✲❡Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ✫ ✸ ✾♣✾ ✸ ✫★✫ ❃ ✾✿✼♣⑨ θ ❑ ❛ ❉❆✲❲❄❆❃❅❉❆❁♣✸❊P✽P◗❃❅❄❆❁✫ ❃❅❉✻❳❨❃ ✺✽✾ ✸ ✫★✫✻✾ ❃ ✴❇✶❆✲ ✾ ✴❂✲ ✾✿✼ ✸ ✺ ❄❆❁ ✼ ✲ ✾ ❋❍✲❂❁❹✲●❄➁❉ ✼✿✺ P ✺ ❁❇✸❊❄ ✼ P❴✸☛❋ ❈●✼ ✶❆❃ ■ ✲ ■ ❢❷✸ ✫★✫✻✾ ❃▲❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄ ❛ ❉❆✲❡❄❆❃❅❉❆❁➃✸▲❳❨❃❅❄❆❁ ✫✻✾ ❃ ❥
✫ ❃❙❁ ❈ ✲❙❚

r✚❄✵✸ ✫★✫ P ✺◗❛ ❉✹✸❊❄ ✼ Pt❢ ✶ ❦ ✫ ❃ ✼ ✶❆②❂❁✷✲ (H1) ♦ ✫ ✸ ❘ ✲ ❑ ✔ q ✲ ✼ P❴✸✉❋ ❈●✼ ✶❆❃ ■ ✲ ■✻❈ ✴ ✾✿✺✽✼ ✲ ■ ✸❊❄❆❁❱P◗✲➀✴❇✶✹✸ ✫✻✺✽✼✿✾ ✲❙❩❆❑ ❃❅❄☛❃❅① ✼✿✺ ✲●❄ ✼ ⑤
⑩❙❚ ✎ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ■ ✲ ζ1 ⑤

• ☎ ✺ (bjm − bik + cikjm) 6= 0
⑤✻❃❅❄ ✸ ✫★✫ P ✺◗❛ ❉❆✲ (H1)

⑤

It1 ≈ −π
2

1

6
|bjm − bik + cikjm|3

+
π

2

(
c2ikjm

4
+
cikjm

4
(bjm − bik) − bik bjm

2

)
|bjm − bik + cikjm| .

• ☎ ✺ (bjm − bik + cikjm) = 0
⑤✻❃❅❄ ✺ ❄ ✼ ② ❘❙✾ ✲ ✼ ✲●P ❛ ❉❆✲●P ✫ ✸ ✾✉✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ θ ❚✁✪❲❄✈❃❅① ✼✿✺ ✲●❄ ✼ ⑤

It1 = −1

6
I1 +

(
c2ikjm

4
+
cikjm

4
(bjm − bik) − bik bjm

2

)
I2,

✸❂❳❨✲❂✴❍⑤
I1 =

∫
(2 a2)3/2 =

16

3
r3w,

I2 =
∫

(2 a2)1/2 = 2 rw,P◗✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ I1 ✲ ✼ I2 ❈●✼ ✸❊❄ ✼ ✴▲✸❊P◗✴●❉✻P ❈ ✲❂❁ ■ ✸❊❄❆❁❹P◗✲ ✫ ✸ ✾ ✸ ❘❙✾ ✸ ✫ ✶❆✲ ❑ ❚ ❩❆❚ ✠ ❚⑦✐❚ ✎ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ■ ✲ ζ2 ⑤
• ☎ ✺ (bjm + cikjm) 6= 0

⑤✻❃❅❄ ✸ ✫★✫ P ✺◗❛ ❉❆✲ (H1)
⑤

It2 ≈ π

2

(
1

6
|bjm + cikjm|3 − cikjm(bjm + cikjm)

4
|bjm + cikjm|

)
.

• ☎ ✺ (bjm + cikjm) = 0
⑤✻❃❅❄ ✺ ❄ ✼ ② ❘❙✾ ✲ ■✐✺✽✾ ✲❂✴ ✼ ✲●❋❍✲●❄ ✼■✫ ✸ ✾✉✾ ✸ ✫★✫ ❃ ✾✿✼❡⑨ θ ⑤

It2 =
1

6
I1.

✠ ❚ ✎ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ■ ✲ ζ3 ⑤
• ☎ ✺ (−bik + cikjm) 6= 0

⑤✻❃❅❄✈✸ ✫★✫ P ✺◗❛ ❉❆✲ (H1)
⑤

It3 ≈ π

2

(
1

6
|−bik + cikjm|3 −

cikjm(−bik + cikjm)

4
|−bik + cikjm|

)
.
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• ☎ ✺ (−bik + cikjm) = 0
⑤✻❃❅❄ ✺ ❄ ✼ ② ❘❙✾ ✲ ■✐✺✽✾ ✲❂✴ ✼ ✲●❋❍✲●❄ ✼✼✫ ✸ ✾➃✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ θ ⑤

It3 =
1

6
I1.

❩❆❚ ✎ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ■ ✲ ζ4 ⑤
• ☎ ✺ cikjm 6= 0

⑤❆❃❅❄✈✸ ✫★✫ P ✺◗❛ ❉❆✲ (H1)
⑤

It4 ≈ π

2

(
−1

6
|cikjm|3 +

c2ikjm
4

|cikjm|
)

=
π

2

1

12
|cikjm|3 .

• ☎ ✺ cikjm = 0
⑤❆❃❅❄ ✺ ❄ ✼ ② ❘❙✾ ✲ ■✐✺✽✾ ✲❂✴ ✼ ✲●❋❍✲●❄ ✼■✫ ✸ ✾✉✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ θ ⑤

It4 = −1

6
I1.

✔✐❚ ✎ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ■ ✲ ζ ⑤

It =
cikjm

2

(
I(bjm + cikjm) + I(cikjm − bik) − I(bjm + cikjm − bik) − I(cikjm)

)
,

✸▲❳❨✲❂✴❀⑤

I(s) = −
∫
a2 P✽❄ (s+

√
2 a2 + s2

)

=

∫ π/2

0
−2 r2w

❁ ✺ ❄ 2θ
P✽❄ (

s +

√
4 r2w

❁ ✺ ❄ 2θ + s2
)
dθ.

✇ ✲ ✴▲✸❊P◗✴●❉✻P ■ ✲♥Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ I ✲❂❁ ✼❲■✻❈●✼ ✸ ✺ P✽P ❈ ■ ✸❊❄❆❁✉P❴✸◆❁✷✲❂✴ ✼✿✺ ❃❅❄ ❑ ❚ ❩❆❚✽⑩❙❚❆❯❲❃❅❉❆❁ ✾ ✲ ✫ ❃ ✾✿✼ ❃❅❄❆❁ ✺ ✴ ✺ P◗✲ ✾✷❈ ❁✿❉✻P ✼ ✸ ✼ ⑤
• ☎ ✺ s > 0

⑤
I(s) = −2 r2

w

P✽❄
(2 s)

π

4
.

• ☎ ✺ s < 0
⑤

I(s) = 2 r2
w

P✽❄
(−2 s)

π

4
+ 2

(
− r2w

P✽❄
(2 rw)

π

2
− r2w

π

4
+ r2w

π

2

P✽❄
(2)
)
.

• ☎ ✺ s = 0
⑤

I(s) = − r2
w

P✽❄
(2 rw)

π

2
− r2w

π

4
+ r2w

π

2

P✽❄
(2).

✇ ✲❂❁ ❳❅✸❊P◗✲●❉ ✾ ❁③✸ ✫★✫✻✾ ❃ ✴❇✶ ❈ ✲❂❁ ■ ✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ It1 ⑨ It4 ❑❨✲ ✼ It ✴ ✺ ❥ ■ ✲❂❁❇❁✿❉❆❁▲❑❅P◗✲❂❁ ❈❂❛ ❉✹✸ ✼✿✺ ❃❅❄❆❁ ♦ ❑ ❚❷⑦ q ✲ ✼ ♦ ❑ ❚ ❩ q ❄❆❃❅❉❆❁
■ ❃❅❄✻❄❆✲●❄ ✼ ✸❊P◗❃ ✾ ❁❹❉✻❄❆✲ ✸ ✫★✫✻✾ ❃▲❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄❖✸❊❄✹✸❊P✽❦ ✼✿✺◗❛ ❉❆✲ ■ ✲❧Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Hij

■ ✸❊❄❆❁❹P◗✲ ✴▲✸❅❁❹❁ ✺ ❄ ❘ ❉✻P ✺ ✲ ✾ ❚



� ✂ � ✂ ✂ ✆✁✥
✡
✧✔✥ ✦✔✎✑✥✄✂ ✠✗✜ ☛ ✂ ☎✢✌✏✆✁✥✛✎

Sij
� �✁�

✂ ☎✄✝ ✡☎✄✆☎✝✆✁� ☎ ✲ ✝ ☎ ✍✄✂✝✞✠✟✆✡✒✑✁�✡✄✆☎✞✝
Sij

�✂✁☎✄✝✆✟✞✠✄☛✡✌☞
Sij =

1

4π

∫

Γw

∫

Γw

ϕhi (x) ϕhj (y)
1

|x − y|
dγ(y) dγ(x)

❚
✇ ✸ ❋ ❈●✼ ✶❆❃ ■ ❃❅P◗❃ ❘❙✺ ✲ ✲❂❁ ✼ ✲❤❪❆✸❅✴ ✼ ✲●❋❍✲●❄ ✼ P❴✸❜❋✎✍●❋❍✲ ❛ ❉❆✲ ✫ ❃❅❉ ✾ P◗✲❶✴▲✸❊P◗✴●❉✻P ■ ✲ Hij

❑➀❃❅❄ ✸ ■ ❃ ✫✻✼ ✲ ✾ ✸ P◗✲❂❁❀❋✎✍●❋❍✲❂❁
❄❆❃ ✼ ✸ ✼✿✺ ❃❅❄❆❁▲❚
✪❲❄✈✲ ❨ ✲❂✴ ✼ ❉❆✲♥P◗✲❧❋✎✍●❋❍✲ ✴❇✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼❧■ ✲♥❳❅✸ ✾✿✺ ✸❊①✻P◗✲ ❛ ❉❆✲ ✫ ❃❅❉ ✾ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Hij

❑✻✴❂✲ ❛ ❉ ✺❣■ ❃❅❄✻❄❆✲❍⑤

Sij =
1

4π

∫

Γw

∫

Γw

ϕhi (x)ϕ
h
j (y)

1

|x− y| dγ(y) dγ(x)

=
2π r2

w

4π

∫ L

0

∫ 2π

0

∫ L

0

ϕhi (l
′)ϕhj (l) dl dl

′ dθ
[
2 r2w(1 − ✴❂❃❙❁

θ) + (l − l′)2
]1/2 ,

✲ ✼ ✸ ✫✻✾ ②❂❁ ✾✷❈❂■ ❉❆✴ ✼✿✺ ❃❅❄ ✫ ✸ ✾ ❁✿❦✠❋ ❈●✼✿✾✿✺ ✲❙❑ ❩❸❃ ✾ ❋☛❉✻P◗✲❂❁ ✼✿✾✿✺✽❘ ❃❅❄❆❃❅❋ ❈●✼✿✾✿✺◗❛ ❉❆✲❂❁ ✫ ❉ ✺ ❁◆✴✷✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼❭■ ✲ ❳❙✸ ✾✿✺ ✸❊①✻P◗✲ ■ ✸❊❄❆❁Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲☛❁✿❉ ✾ θ ❑✐❃❅❄ ✫ ✲●❉ ✼❹❈ ✴ ✾✿✺✽✾ ✲❍⑤

Sij = 2 r2w

∫ L

0

∫ π/2

0

∫ L

0

ϕhi (l
′)ϕhj (l) dl dl

′ dθ
[
4 r2w

❁ ✺ ❄ 2θ + (l − l′)2
]1/2 .

✇ ✲ ✴▲✸❅❁✯❃✝✆ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Sij ✲❂❁ ✼ ❁ ✺ ❄ ❘ ❉✻P ✺ ② ✾ ✲➀✲❂❁ ✼ P◗✲✚❋✎✍●❋❍✲ ❛ ❉❆✲ ✫ ❃❅❉ ✾ Hij
⑤▲✴❙❢④✲❂❁ ✼ P◗✲✚✴▲✸❅❁❱❃✝✆ j−2 ≤ i ≤ j+2

❚
❯❡❃❅❉❆❁❹✴❂❃❅❋◆❋❍✲●❄❆✴❂✲ ✾ ❃❅❄❆❁ ■ ❃❅❄❆✴ ✫ ✸ ✾❹✼✿✾ ✸ ✺✽✼ ✲ ✾ P◗✲♥✴▲✸❅❁➃❃✝✆ i < j − 2

❃❅❉
i > j + 2

❚
✇ ✸ ❋ ❈●✼ ✶❆❃ ■ ✲ ■ ❢❷✸ ✫★✫✻✾ ❃❂❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄✔❫❆P❴✸ ✺✽✾ ✲❀❳❅✸ ❁❇✲✵❋❍✲ ✼✿✼✿✾ ✲❀✲●❄ ✫ P❴✸❅✴❂✲❍✲❤❪❆✸❅✴ ✼ ✲●❋❍✲●❄ ✼✵■ ✲◆P❴✸➁❋✎✍●❋❍✲❍❋❀✸❊❄ ✺ ② ✾ ✲

❛ ❉❆✲ ✫ ❃❅❉ ✾ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Hij
⑤ ✫ ❃❅❉ ✾ P◗✲❂❁ ✼ ✲ ✾ ❋❍✲❂❁ ✾✷❈●❘ ❉✻P ✺ ✲ ✾ ❁▲❑❱Pt❢❷✸ ✫★✫✻✾ ❃❂❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄ ✫ ✲●❉ ✼ ❁❇✲✵❩❬✸ ✺✽✾ ✲ ■ ❢④✲●❋❏①✻P ❈ ✲❙❑ ✲ ✼

✫ ❃❅❉ ✾ P◗✲❂❁ ✼ ✲ ✾ ❋❍✲❂❁ ❁ ✺ ❄ ❘ ❉✻P ✺ ✲ ✾ ❁▲❑✚Pt❢❷✸ ✫★✫✻✾ ❃▲❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄ ❁✷✲➁❩❬✲ ✾ ✸❜P◗❃ ✾ ❁ ■ ✲ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ✲●❄
θ
❑ ❉✻❄❆✲ ❩❬❃ ✺ ❁ ❛ ❉❆✲❶P◗✲❂❁

✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄❆❁ ✫ ✸ ✾❹✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ l ✲ ✼ l′ ❁❇✲ ✾ ❃❅❄ ✼ ✴▲✸❊P◗✴●❉✻P ❈ ✲❂❁ ■ ✲♥❋❀✸❊❄ ✺ ② ✾ ✲❏✲❤❪❆✸❅✴ ✼ ✲❙❚
� ☛✁�☎☛✟✛ ✂ ✚ ✏ ✔✗✖✮✭ ✂ ✯✑✍✑★✮✔✂✁

i < j − 2
✢ ✂

i > j + 2
⑧✵❢❷✸ ✫✻✾ ②❂❁✵Pt❢ ✶❺❦ ✫ ❃ ✼ ✶❆②❂❁✷✲ (H1) ♦ ✫ ✸ ❘ ✲ ❑ ✔ q ❑✤❃❅❄ ✫ ✲●❉ ✼ ❄ ❈●❘ P ✺✽❘ ✲ ✾ P◗✲ ✼ ✲ ✾ ❋❍✲ 2 a2 = 4 r2w

❁ ✺ ❄ 2θ
✸❊❉ ■✻❈ ❄❆❃ ❥❋ ✺ ❄✹✸ ✼ ✲●❉ ✾❏■ ✲✌Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊❄ ■ ✲ ■ ✲ Sij ❚ ✪❲❄ ✾ ✲●❋❀✸ ✾✷❛ ❉❆✲❍✸❊P◗❃ ✾ ❁ ❛ ❉❆✲✵Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Sij ❑ ■ ✸❊❄❆❁❧P◗✲✵✴▲✸❅❁ ✾✷❈●❘ ❉✻P ✺ ✲ ✾ ❑s❄❆✲■✻❈✜✫ ✲●❄ ■✧✫ P✽❉❆❁ ■ ✲ θ ❑ ✫ ❉ ✺ ❁ ❛ ❉❆✲ θ ❄❣❢ ✺ ❄ ✼ ✲ ✾ ❳❨✲●❄✹✸ ✺✽✼➀❛ ❉❆✲ ■ ✸❊❄❆❁✤P◗✲ ✼ ✲ ✾ ❋❍✲③❄ ❈●❘ P ✺✽❘❨❈ ❚❅❯❡❃❅❉❆❁ ■ ✲●❳ ✾ ❃❅❄❆❁ ■ ❃❅❄❆✴♣❁✷✲●❉✻P◗✲●❋❍✲●❄ ✼✺ ❄ ✼✷❈●❘❙✾ ✲ ✾✼✫ ✸ ✾❹✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ l ✲ ✼ l′ ❚

✪❲❄ ■ ❃ ✺✽✼❹■ ❃❅❄❆✴ ❈ ❳❙✸❊P✽❉❆✲ ✾ ⑤

Sij ≈ π r2
w

∫ L

0

∫ L

0

ϕhi (l
′)ϕhj (l) dl dl

′

∣∣l − l′
∣∣

= π r2w
∑

k∈I

∫ lk+1

lk

ϕhi (l
′)
∑

m∈J

∫ lm+1

lm

ϕhj (l)
1∣∣l − l′
∣∣ dl dl

′.

✇ ✸✔❋❀✸ ✼✿✾✿✺ ✴❂✲ Sij ❈●✼ ✸❊❄ ✼ ❁✿❦✠❋ ❈●✼✿✾✿✺◗❛ ❉❆✲❙❑✳❃❅❄ ✫ ✲●❉ ✼ ❁✷✲ ✫ P❴✸❅✴❂✲ ✾ ■ ✸❊❄❆❁ P◗✲ ✴▲✸❅❁❭❃✝✆
i < j − 2

❚ ❵ ✸ ✾ P◗✲✈❋✎✍●❋❍✲✴✷✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼❡■ ✲ ❳❅✸ ✾✿✺ ✸❊①✻P◗✲ ❛ ❉❆✲ ✫ ❃❅❉ ✾ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Hij
❑ ✺ P❣❳ ✺ ✲●❄ ✼ ⑤

Sij = π r2
w

∑

k∈I

∑

m∈J

Iikjm



� � � ✂☎✄ ✆✟✞✔✠☞☛✍✌ ✎✁� ✂ ✒ ✜ ✜ ✎✟❋ ✎✁� ■ ✂ ✆✁✥
✡
✧✔✥ ✦ ✎ ✩ ✠✗✜ ☛ ✂ ☎✫✌ ✆✁✥✛✎ ✩ ✩✏✧✝✌ ✥☞✎✑✞✔✧✔✠☞☛✍✩

✸❂❳❨✲❂✴❀⑤

Iikjm =
1

|bik bjm|

∫ bik

0

∫ bjm

0

s s′ ds ds′

(s− s′ + cikjm)
.

� ✂ � ✂ � ✂ � ✂ ✆✁✥
✡
✧ ✥ ✦✔✎

Iikjm

• ❵ ✾ ✲●❋ ✺ ② ✾ ✲ ❈●✼ ✸ ✫ ✲❀⑤ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ✫ ✸ ✾➃✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ s ❚❵ ✸ ✾ ✴❇✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼❧■ ✲♥❳❅✸ ✾✿✺ ✸❊①✻P◗✲❙❑✹❃❅❄ ✫ ✲●❉ ✼❹❈ ✴ ✾✿✺✽✾ ✲❀⑤
∫ bjm

0

s s′ ds∣∣s− s′ + cikjm
∣∣ =

∫ bjm−s′+cikjm

−s′+cikjm

s′(t+ s′ − cikjm) dt

t
.

✖ ✫✻✾ ②❂❁ ■✻❈ ✴❂❃❅❋ ✫ ❃❙❁ ✺✽✼✿✺ ❃❅❄ ■ ✲❧Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊❄ ■ ✲☛✲●❄ ■ ✲●❉✐❪ ❋❍❃ ✾ ✴❂✲▲✸❊❉✐❪ ✫ ❉ ✺ ❁ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄❣❑⑥❃❅❄✈❃❅① ✼✿✺ ✲●❄ ✼ ⑤
∫ bjm

0

s s′ ds∣∣s− s′ + cikjm
∣∣ = λ1(s

′) + λ2(s
′) + λ3(s

′),

✸▲❳❨✲❂✴❍⑤

λ1(s
′) = s′ bjm,

λ2(s
′) = s′ (s′ − cikjm)

P✽❄ ∣∣bjm − s′ + cikjm
∣∣ ,

λ3(s
′) = − s′ (s′ − cikjm)

P✽❄ ∣∣−s′ + cikjm
∣∣ .

❵ ❃❅❉ ✾✌✼✿✾ ❃❅❉✻❳❨✲ ✾ P❴✸❶❳❅✸❊P◗✲●❉ ✾✵■ ✲ Iikjm ❑❱✲ ✼☛■ ❃❅❄❆✴ ■ ✲ Sij ❑ ✺ P③❄❆✲❀❄❆❃❅❉❆❁ ✾ ✲❂❁ ✼ ✲ ■ ❃❅❄❆✴ ✫ P✽❉❆❁ ❛ ❉❣❢ ⑨ ✺ ❄ ✼✷❈●❘❙✾ ✲ ✾
λ1, λ2, λ3

✫ ✸ ✾❹✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ s′ ❚

• ⑧❧✲●❉✐❪ ✺ ②●❋❍✲ ❈●✼ ✸ ✫ ✲❀⑤ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ✫ ✸ ✾➃✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ s′ ❚✎ P❣✲❂❁ ✼✉✺ ❋◆❋ ❈❂■✐✺ ✸ ✼❡❛ ❉❆✲◆⑤
∫ bik

0
λ1(s

′) ds′ =
b2ik bjm

2
.

✇ ✲❂❁❹❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄❆❁ λ2
✲ ✼ λ3

■✐✺❳❨ ② ✾ ✲●❄ ✼✗✫ ✸ ✾ P❴✸ ✫✻✾✷❈ ❁✷✲●❄❆✴❂✲ ✫ ❃❅❉ ✾ λ2
■ ❉ ✴❂❃✠✲ ☞ ✴ ✺ ✲●❄ ✼ bjm ⑨ Pt❢ ✺ ❄ ✼✷❈●✾✿✺ ✲●❉ ✾♥■ ✲P❴✸❶❳❅✸❊P◗✲●❉ ✾ ✸❊①❆❁✷❃❅P✽❉❆✲ ■ ❉✣P◗❃ ❘ ✸ ✾✿✺✽✼ ✶✻❋❍✲❀❄ ❈✜✫s❈●✾✿✺ ✲●❄❣❚ ☎ ✺ ❄❆❃❅❉❆❁✌❁❇✸❂❳❨❃❅❄❆❁✌✴▲✸❊P◗✴●❉✻P◗✲ ✾ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ■ ✲ λ2

❑❣❄❆❃❅❉❆❁
✫ ❃❅❉ ✾✿✾ ❃❅❄❆❁➃✸❊P◗❃ ✾ ❁❲✲●❄ ■✻❈❂■ ❉ ✺✽✾ ✲ P❴✸✌❳❙✸❊P◗✲●❉ ✾➃■ ✲♥Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ■ ✲ λ3

❚
✱✳❃❅❋◆❋❍✲●❄✄✂❂❃❅❄❆❁ ■ ❃❅❄❆✴ ✫ ✸ ✾ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ■ ✲ λ2

❚ ❵ ✸ ✾ ✴❇✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼ ■ ✲③❳❅✸ ✾✿✺ ✸❊①✻P◗✲❙❑❊❄❆❃❅❉❆❁ ✫ ❃❅❉✻❳❨❃❅❄❆❁❄❆❃❅❉❆❁ ✾ ✸❊❋❍✲●❄❆✲ ✾❡⑨ ⑤
∫ bik

0
λ2(s

′) ds′ = −
∫ bjm−bik+cikjm

bjm+cikjm

(bjm + cikjm − t) (bjm − t)
P✽❄ |t| dt,

✲ ✼ ✲●❄ ■✻❈ ❳❨✲●P◗❃ ✫★✫ ✸❊❄ ✼ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❙❑✹❃❅❄ ❃❅① ✼✿✺ ✲●❄ ✼ ⑤
∫ bik

0
λ2(s

′) ds′ = −
∫ bjm−bik+cikjm

bjm+cikjm

t2
P✽❄ |t| dt +

∫ bjm−bik+cikjm

bjm+cikjm

(2 bjm + cikjm) t
P✽❄ |t| dt

−
∫ bjm−bik+cikjm

bjm+cikjm

bjm (bjm + cikjm)
P✽❄ |t| dt.



� ✂ � ✂ ✂ ✆✁✥
✡
✧✔✥ ✦✔✎✑✥✄✂ ✠✗✜ ☛ ✂ ☎✢✌✏✆✁✥✛✎

Sij
� � �

❯❡❃ ✼ ❃❅❄❆❁ ⑤

H0 =

∫ bjm−bik+cikjm

bjm+cikjm

P✽❄ |t| dt,

H1 =

∫ bjm−bik+cikjm

bjm+cikjm

t
P✽❄ |t| dt,

H2 =

∫ bjm−bik+cikjm

bjm+cikjm

t2
P✽❄ |t| dt.

✇ ✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ H0
❑
H1

✲ ✼ H2
❁▲❢ ✺ ❄ ✼ ② ❘❙✾ ✲●❄ ✼■✫ ✸ ✾❁✫ ✸ ✾✿✼✿✺ ✲❂❁▲❑❆✲ ✼ ❳❙✸❊P◗✲●❄ ✼ ⑤

H0 = (bjm − bik + cikjm)
P✽❄ |bjm − bik + cikjm| + bik − (bjm + cikjm)

P✽❄ |bjm + cikjm| ,

H1 = −(bjm − bik + cikjm)2

4
+

(bjm − bik + cikjm)2

2

P✽❄ |bjm − bik + cikjm|

+
(bjm + cikjm)2

4
− (bjm + cikjm)2

2

P✽❄ |bjm + cikjm| ,

H2 = −(bjm − bik + cikjm)3

9
+

(bjm − bik + cikjm)3

3

P✽❄ |bjm − bik + cikjm|

+
(bjm + cikjm)3

9
− (bjm + cikjm)3

3

P✽❄ |bjm + cikjm| .

✪❲❄✈✸❀✸❊P◗❃ ✾ ❁ ⑤

∫ bik

0
λ2(s

′) ds′ = −H2 + (2bjm + cikjm)H1 − bjm(bjm + cikjm)H0

=
(bjm − bik + cikjm)3

9
− (bjm − bik + cikjm)3

3

P✽❄ |bjm − bik + cikjm|

− (bjm + cikjm)3

9
+

(bjm + cikjm)3

3

P✽❄ |bjm + cikjm|

− (2bjm + cikjm)
(bjm − bik + cikjm)2

4

+ (2bjm + cikjm)
(bjm − bik + cikjm)2

2

P✽❄ |bjm − bik + cikjm|

+ (2bjm + cikjm)
(bjm + cikjm)2

4

− (2bjm + cikjm)
(bjm + cikjm)2

2

P✽❄ |bjm + cikjm|
− bjm(bjm + cikjm) (bjm − bik + cikjm)

P✽❄ |bjm − bik + cikjm|
− bik bjm(bjm + cikjm) + bjm(bjm + cikjm)2

P✽❄ |bjm + cikjm| .
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✡
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⑧❧✲❧❋✎✍●❋❍✲❙❑

∫ bik

0
λ3(s

′) ds′ =

∫ −bik+cikjm

cikjm

(cikjm − t) t
P✽❄ |t| dt

= −
∫ −bik+cikjm

cikjm

t2
P✽❄ |t| dt +

∫ −bik+cikjm

cikjm

cikjm t
P✽❄ |t| dt

=
(−bik + cikjm)3

9
− (−bik + cikjm)3

3

P✽❄ |−bik + cikjm|

−
c3ikjm

9
+
c3ikjm

3

P✽❄ |cikjm|
−cikjm

(−bik + cikjm)2

4
+ cikjm

(−bik + cikjm)2

2

P✽❄ |−bik + cikjm|

+cikjm
c2ikjm

4
− cikjm

c2ikjm
2

P✽❄ |cikjm| .

✪❲❄✈✲●❄ ■✻❈❂■ ❉ ✺✽✼ ✸❊P◗❃ ✾ ❁▲❑❆✸ ✫✻✾ ②❂❁➃❁ ✺ ❋ ✫ P ✺ ❫✹✴▲✸ ✼✿✺ ❃❅❄❆❁▲❑ ❛ ❉❆✲◆⑤

Iikjm =
1

|bik bjm|
×

{(bjm − bik + cikjm)3 − (bjm + cikjm)3 − (−bik + cikjm)3 + c3ikjm
9

+
bik bjm cikjm

2

+
(
− (bjm − bik + cikjm)3

3
+ (2bjm + cikjm)

(bjm − bik + cikjm)2

2
−bjm(bjm + cikjm) (bjm − bik + cikjm)

)
× P✽❄ |bjm − bik + cikjm|

+

(
(bjm + cikjm)3

3
− (2bjm + cikjm)

(bjm + cikjm)2

2
+ bjm(bjm + cikjm)2

)

× P✽❄ |bjm + cikjm|
+

(
(−bik + cikjm)3

3
− cikjm

(−bik + cikjm)2

2

) P✽❄ |−bik + cikjm|

+
c3ikjm

6

P✽❄ |cikjm|
}

✲ ✼❁✫ ✸ ✾ P❴✸ ✾ ✲●P❴✸ ✼✿✺ ❃❅❄✣⑤

Sij = π r2
w

∑

k∈I

∑

m∈J

Iikjm ♦ ❑ ❚✕✔ q

❄❆❃❅❉❆❁❹❃❅① ✼ ✲●❄❆❃❅❄❆❁➃❫❆❄✹✸❊P◗✲●❋❍✲●❄ ✼ ❉✻❄❆✲♥❳❅✸❊P◗✲●❉ ✾ ✸ ✫★✫✻✾ ❃ ✴❇✶ ❈ ✲ ■ ✲ Sij ✫ ❃❅❉ ✾ P◗✲♥✴▲✸❅❁ ✾✷❈●❘ ❉✻P ✺ ✲ ✾ ❚
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Sij
� �✞✝

� ☛✁�☎☛✁� ✂ ✚ ✏✪✏✓✍✑✤✟✭ ✂ ✯✑✍✑★✮✔✂✁
j − 2 ≤ i ≤ j + 2

� ✾ ✸ ✺✽✼ ❃❅❄❆❁♣❋❀✸ ✺ ❄ ✼ ✲●❄✹✸❊❄ ✼ P◗✲❡✴▲✸❅❁♣❁ ✺ ❄ ❘ ❉✻P ✺ ✲ ✾ ❚✟✪❲❄❭❄❆✲ ✫ ✲●❉ ✼❨✫ P✽❉❆❁✳❄ ❈●❘ P ✺✽❘ ✲ ✾ P◗✲ ✼ ✲ ✾ ❋❍✲ 2 a2 ✸❊❉ ■✻❈ ❄❆❃❅❋ ✺ ❄✹✸ ✼ ✲●❉ ✾■ ✲♥Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊❄ ■ ✲ ■ ✲ Sij ❚✫✪❲❄ ❁✷✲ ✫ P❴✸❅✴❂✲ ■ ✸❊❄❆❁✉P◗✲ ✴▲✸❅❁➃❃✝✆ j − 2 ≤ i
❚ ✪❲❄ ✫ ✲●❉ ✼➃❈ ✴ ✾✿✺✽✾ ✲❀⑤

Sij = 2 r2w

∫ π/2

0
ISij(θ) dθ,

✸❂❳❨✲❂✴
ISij (θ) =

∑

k∈I

∑

m∈J

Iikjm(a) ♦ ❑ ❚✁� q

✲ ✼ ⑤

Iikjm(a) =
1

|bik bjm|

∫ bik

0

∫ bjm

0

s s′ ds ds′

[
2 a2 + (s− s′ + cikjm)2

]1/2 .

✱✳✲ ✼✿✼ ✲➀❩❸❃ ✺ ❁ ❥ ✴ ✺ ❑ Iikjm ■✻❈✜✫ ✲●❄ ■ ■ ✲ a ❑ ✲ ✼✯■ ❃❅❄❆✴ ■ ✲ θ ❚❂❯❲❃❅❉❆❁ ✸❊P✽P◗❃❅❄❆❁✯✴▲✸❊P◗✴●❉✻P◗✲ ✾❱■ ✲➀❋❀✸❊❄ ✺ ② ✾ ✲ ✲❤❪❆✸❅✴ ✼ ✲✚Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲
Iikjm(a)

❑ ✫ ❉ ✺ ❁➁❄❆❃❅❉❆❁ ❉ ✼✿✺ P ✺ ❁✷✲ ✾ ❃❅❄❆❁➁P❴✸✔❋ ❈●✼ ✶❆❃ ■ ✲ ■ ❢❷✸ ✫★✫✻✾ ❃▲❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄ ❫❆P❴✸ ✺✽✾ ✲ ✫ ❃❅❉ ✾❭✺ ❄ ✼✷❈●❘❙✾ ✲ ✾ Iikjm(a) ✫ ✸ ✾
✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ a ♦ ❃❅❉ ⑨ θ q ❑✐✲ ✼ ✸ ✺ ❄❆❁ ✺ ❃❅① ✼ ✲●❄ ✺✽✾ ❉✻❄❆✲ ❈ ❳❙✸❊P✽❉✹✸ ✼✿✺ ❃❅❄ ■ ✲❧Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Sij ■ ✸❊❄❆❁✉P◗✲ ✴▲✸❅❁❹❁ ✺ ❄ ❘ ❉✻P ✺ ✲ ✾ ❚
� ✂ � ✂ � ✂ � ✂ ✆✁✥

✡
✧ ✥ ✦✔✎

Iikjm(a)

• ❵ ✾ ✲●❋ ✺ ② ✾ ✲ ❈●✼ ✸ ✫ ✲◆⑤ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ✫ ✸ ✾➃✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ s ❚✖ ✫✻✾ ②❂❁❹✴✷✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼❡■ ✲♥❳❙✸ ✾✿✺ ✸❊①✻P◗✲❙❑❆❃❅❄ ✫ ✲●❉ ✼❹❈ ✴ ✾✿✺✽✾ ✲❍⑤
∫ bjm

0

s s′ ds
[
2 a2 + (s− s′ + cikjm)2

]1/2 =

∫ bjm−s′+cikjm

−s′+cikjm

s′ (t+ s′ − cikjm) dt
[
2 a2 + t2

]1/2 ,

✫ ❉ ✺ ❁❹✲●❄ ■✻❈ ✴❂❃❅❋ ✫ ❃❙❁❇✸❊❄ ✼ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊❄ ■ ✲☛✲●❄ ■ ✲●❉✐❪➁❋❍❃ ✾ ✴❂✲▲✸❊❉✐❪s❑⑥✲ ✼ ✲●❄ ✺ ❄ ✼✷❈●❘❙✾ ✸❊❄ ✼ ❑⑥❃❅❄✈✸ ⑤
∫ bjm

0

s s′ ds
[
2 a2 + (s− s′ + cikjm)2

]1/2 = λ1(a, s
′) + λ2(a, s

′) + λ3(a, s
′) + λ4(a, s

′),

✸❂❳❨✲❂✴❀⑤
λ1(a, s

′) = s′
√

2 a2 + (bjm − s′ + cikjm)2,

λ2(a, s
′) = s′ (s′ − cikjm)

P✽❄ (
(bjm − s′ + cikjm) +

√
2 a2 + (bjm − s′ + cikjm)2

)
,

λ3(a, s
′) = − s′

√
2 a2 + (−s′ + cikjm)2,

λ4(a, s
′) = − s′ (s′ − cikjm)

P✽❄ (
(−s′ + cikjm) +

√
2 a2 + (−s′ + cikjm)2

)
.

• ⑧❧✲●❉✐❪ ✺ ②●❋❍✲ ❈●✼ ✸ ✫ ✲◆⑤ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ✫ ✸ ✾➃✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ s′ ❚❯❡❃❅❉❆❁ ✾ ✲●❋❀✸ ✾✷❛ ❉❆❃❅❄❆❁ ✺ ✴ ✺ ✲●❄❆✴❂❃ ✾ ✲➁P❴✸ ❁ ✺ ❋ ✺ P ✺✽✼ ❉ ■ ✲✈✲●❄ ✼✿✾ ✲➁P◗✲❂❁✌❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄❆❁ λ1
✲ ✼ λ3

■ ❢ ❉✻❄❆✲ ✫ ✸ ✾✿✼ ❑✚✲ ✼ ✲●❄ ✼✿✾ ✲ P◗✲❂❁❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄❆❁ λ2
✲ ✼ λ4

■ ❢❷✸❊❉ ✼✿✾ ✲ ✫ ✸ ✾✿✼ ❚ ✇ ✲❏✴▲✸❊P◗✴●❉✻P ■ ✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ ■ ✲ λ1
✲ ✼ λ3

✫ ✸ ✾ ✸ ✆◗✼❆✫ P✽❉❆❁❲❁ ✺ ❋ ✫ P◗✲ ❛ ❉❆✲ ✴❂✲●P✽❉ ✺
■ ✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ ■ ✲ λ2

✲ ✼ λ4
❚✹✱✳❃❅❋◆❋❍✲●❄✄✂❂❃❅❄❆❁ ■ ❃❅❄❆✴ ✫ ✸ ✾ P◗✲♥✴▲✸❊P◗✴●❉✻P ■ ✲❧Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ■ ✲ λ1

❚ ❵ ✸ ✾ ✴✷✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼
■ ✲♥❳❙✸ ✾✿✺ ✸❊①✻P◗✲❙❑❆❃❅❄ ✫ ✲●❉ ✼➃❈ ✴ ✾✿✺✽✾ ✲❍⑤

∫ bik

0
λ1(a, s

′) ds′ = −
∫ bjm−bik+cikjm

bjm+cikjm

(bjm + cikjm − t)
√

2 a2 + t2 dt.
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r✚❄ ■✻❈ ❳❨✲●P◗❃ ✫★✫ ✸❊❄ ✼ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊❄ ■ ✲❙❑✹✲ ✼ ✲●❄ ✺ ❄ ✼✷❈●❘❙✾ ✸❊❄ ✼ ❑❞❃❅❄✈❃❅① ✼✿✺ ✲●❄ ✼ ⑤
∫ bik

0
λ1(a, s

′) ds′ =
−(bjm + cikjm)

2
(bjm − bik + cikjm)

√
2 a2 + (bjm − bik + cikjm)2

− a2 (bjm + cikjm)
P✽❄ (

(bjm − bik + cikjm) +
√

2 a2 + (bjm − bik + cikjm)2
)

+
1

3

(
2 a2 + (bjm − bik + cikjm)2

)3/2
+

(bjm + cikjm)2

2

√
2 a2 + (bjm + cikjm)2

+ a2 (bjm + cikjm)
P✽❄ (

(bjm + cikjm) +
√

2 a2 + (bjm + cikjm)2
)

− 1

3

(
2 a2 + (bjm + cikjm)2

)3/2
.

✪❲❄ ✫✻✾ ❃✠✴❂② ■ ✲ ■ ✲❧P❴✸✵❋✎✍●❋❍✲ ❋❀✸❊❄ ✺ ② ✾ ✲ ✫ ❃❅❉ ✾ λ3
⑤

∫ bik

0
λ3(a, s

′) ds′

= −
∫ −bik+cikjm

cikjm

(−t+ cikjm)
√

2 a2 + t2 dt

=
1

3

(
2 a2 + (−bik + cikjm)2

)3/2 − cikjm
2

(−bik + cikjm)
√

2 a2 + (−bik + cikjm)2

− a2 cikjm
P✽❄ (

(−bik + cikjm) +
√

2 a2 + (−bik + cikjm)2
)

− 1

3

(
2 a2 + c2ikjm

)3/2
+
c2ikjm

2

√
2 a2 + c2ikjm + a2 cikjm

P✽❄ (
cikjm +

√
2 a2 + c2ikjm

)
.

❵ ❃❅❉ ✾ P◗✲♥✴▲✸❊P◗✴●❉✻P ■ ✲ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ■ ✲ λ2
❑❆❃❅❄❶✴❂❃❅❋◆❋❍✲●❄❆✴❂✲ ✫ ✸ ✾ ❉✻❄❶✴✷✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼❧■ ✲❧❳❙✸ ✾✿✺ ✸❊①✻P◗✲❍⑤

∫ bik

0
λ2(a, s

′) ds′ = −
∫ bjm−bik+cikjm

bjm+cikjm

(bjm + cikjm − t) (bjm − t)
P✽❄ (

t+
√

2 a2 + t2
)
dt.

✪❲❄ ■✻❈ ❳❨✲●P◗❃ ✫★✫ ✲ ✲●❄❆❁✿❉ ✺✽✼ ✲♥Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊❄ ■ ✲❭⑤
∫ bik

0
λ2(a, s

′) ds′ = −bjm (bjm + cikjm)

∫ bjm−bik+cikjm

bjm+cikjm

P✽❄ (
t+

√
2 a2 + t2

)
dt

+ (2 bjm + cikjm)

∫ bjm−bik+cikjm

bjm+cikjm

t
P✽❄ (

t+
√

2 a2 + t2
)
dt

−
∫ bjm−bik+cikjm

bjm+cikjm

t2
P✽❄ (

t+
√

2 a2 + t2
)
dt.

� ✺ ❄✹✸❊P◗✲●❋❍✲●❄ ✼ ❑⑥P◗✲❂❁ ✼✿✾ ❃ ✺ ❁ ✫✻✾✿✺ ❋ ✺✽✼✿✺ ❳❨✲❂❁❡❁✿❉ ✺ ❳❙✸❊❄ ✼ ✲❂❁ ⑤
∫ P✽❄ (

t+
√

2 a2 + t2
)
dt = t

P✽❄ (
t+

√
2 a2 + t2

)
−
√

2 a2 + t2,

∫
t
P✽❄ (

t+
√

2 a2 + t2
)
dt =

(
t2

2
+

2 a2

4

) P✽❄ (
t+

√
2 a2 + t2

)
− t

√
2 a2 + t2

4
,

∫
t2
P✽❄ (

t+
√

2 a2 + t2
)
dt =

t3

3

P✽❄ (
t+
√

2 a2 + t2
)
− 1

9

(
2 a2 + t2

)3/2
+

2 a2

3

√
2 a2 + t2,



� ✂ � ✂ ✂ ✆✁✥
✡
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Sij
� � �

❄❆❃❅❉❆❁ ✫ ✲ ✾ ❋❍✲ ✼✿✼ ✲●❄ ✼❡■ ✲ ✼✿✾ ❃❅❉✻❳❨✲ ✾ P❴✸✵❳❙✸❊P◗✲●❉ ✾➃■ ✲❧Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ■ ✲ λ2
❚

⑧❧✲❡❋✎✍●❋❍✲❙❑✠P❴✸ ❳❙✸❊P◗✲●❉ ✾✉■ ✲❲Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ■ ✲ λ4
❁▲❢④❃❅① ✼✿✺ ✲●❄ ✼ ✸ ✫✻✾ ②❂❁✉✴❇✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼➃■ ✲❡❳❙✸ ✾✿✺ ✸❊①✻P◗✲❡✲ ✼♣■✻❈ ❳❨✲●P◗❃ ✫★✫ ✲ ❥❋❍✲●❄ ✼❲■ ✲♥Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊❄ ■ ✲❙❑❞✲●❄➁❩❸❃❅❄❆✴ ✼✿✺ ❃❅❄ ■ ✲❂❁ ✼✿✾ ❃ ✺ ❁ ✫✻✾✿✺ ❋ ✺✽✼✿✺ ❳❨✲❂❁❲✴ ✺ ❥ ■ ✲❂❁✷❁✿❉❆❁ ✫ ✸ ✾ P❴✸✵❩❸❃ ✾ ❋☛❉✻P◗✲❍⑤

∫ bik

0
λ4(a, s

′) ds′

= cikjm

∫ −bik+cikjm

cikjm

t
P✽❄ (

t+
√

2 a2 + t2
)
dt −

∫ −bik+cikjm

cikjm

t2
P✽❄ (

t+
√

2 a2 + t2
)
dt.

✖ ✫✻✾ ②❂❁❹❁ ✺ ❋ ✫ P ✺ ❫✹✴▲✸ ✼✿✺ ❃❅❄❆❁▲❑⑥❃❅❄✈❃❅① ✼✿✺ ✲●❄ ✼ ❫❆❄✹✸❊P◗✲●❋❍✲●❄ ✼ ⑤

Iikjm(a) =
1

|bikbjm|

∫ bik

0

∫ bjm

0

s s′ ds ds′

[
2 a2 + (s− s′ + cikjm)2

]1/2 ,

=
1

|bikbjm|

∫ bik

0

(
λ1(a, s

′) + λ2(a, s
′) + λ3(a, s

′) + λ4(a, s
′)
)
ds′,

Iikjm(a) =
1

|bikbjm|
(ζ(a) + ζ1(a) + ζ2(a) + ζ3(a) + ζ4(a))

✸❂❳❨✲❂✴❀⑤




ζ(a) = −f(a, bjm + cikjm) − f(a, cikjm − bik)
+f(a, bjm + cikjm − bik) + f(a, cikjm)

ζ1(a) = f1(a, 2 a
2 + (bjm − bik + cikjm)2)

ζ2(a) = f2(a, 2 a
2 + (bjm + cikjm)2)

ζ3(a) = f3(a, 2 a
2 + (−bik + cikjm)2)

ζ4(a) = f4(a, 2 a
2 + c2ikjm)

✲ ✼ ⑤

f1(a, s) =
4

9

(
s2
)3/2

+

(
−3 cikjm

4
(bjm − bik + cikjm) + bik bjm − 2 a2

3

) √
s2

+ (bjm − bik + cikjm)

(
−bik bjm +

cikjm
2

(bjm − bik + cikjm) − (bjm − bik + cikjm)2

3

)

× P✽❄ (
(bjm − bik + cikjm) +

√
s2
)

f2(a, s) = − 4

9

(
s2
)3/2

+

(
(bjm + cikjm)

3 cikjm
4

+
2 a2

3

) √
s2

+ (bjm + cikjm)2
(
−cikjm

2
+

(bjm + cikjm)

3

) P✽❄ (
(bjm + cikjm) +

√
s2
)
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f3(a, s) = −4

9

(
s2
)3/2

+

(
3 cikjm

4
(−bik + cikjm) +

2 a2

3

) √
s2

+ (−bik + cikjm)2
(
−cikjm

2
+

(−bik + cikjm)

3

) P✽❄ (
(−bik + cikjm) +

√
s2
)

f4(a, s) =
4

9

(
s2
)3/2

+

(
−

3 c2ikjm
4

− 2 a2

3

) √
s2 +

c3ikjm
6

P✽❄ (
cikjm +

√
s2
)

f(a, s) =
cikjm

2
a2 P✽❄ (s+

√
2 a2 + s2

)
.

✪❲❄ ✾ ✲●❋❀✸ ✾✷❛ ❉❆✲ ❛ ❉❣❢ ✺ ✴ ✺ P❴✸❏❩❸❃❅❄❆✴ ✼✿✺ ❃❅❄ f ✴❂❃ ✾✿✾ ✲❂❁ ✫ ❃❅❄ ■ ✲❤❪✻✸❅✴ ✼ ✲●❋❍✲●❄ ✼➃⑨ P❴✸ ❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄ f ✫ ❃❅❉ ✾ P◗✲❧✴▲✸❊P◗✴●❉✻P ■ ✲ Hij
✲ ✼

❛ ❉❆✲❧P◗✲ ✼ ✲ ✾ ❋❍✲ ζ ✲❂❁ ✼❹✺◗■ ✲●❄ ✼✿✺◗❛ ❉❆✲●❋❍✲●❄ ✼❡❈●❘ ✸❊P ✸❊❉ ✼ ✲ ✾ ❋❍✲ ζ ■ ✲ Hij
❚

✱✳❃❅❋◆❋❍✲ ✫ ❃❅❉ ✾ P◗✲➀✴▲✸❊P◗✴●❉✻P ■ ✲❂❁ ✼ ✲ ✾ ❋❍✲❂❁✯❁ ✺ ❄ ❘ ❉✻P ✺ ✲ ✾ ❁ ■ ✲✤Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Hij
❑●❄❆❃❅❉❆❁❱✸❊P✽P◗❃❅❄❆❁▼❩❬✸ ✺✽✾ ✲✚Pt❢❷✸ ✫★✫✻✾ ❃▲❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄❫❆P❴✸ ✺✽✾ ✲♥P◗❃ ✾ ❁ ■ ✲ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ✫ ✸ ✾❹✾ ✸ ✫★✫ ❃ ✾✿✼➃⑨ θ ❚

� ✂ � ✂ � ✂ � ☞ ✜ ☛ ✂ ☎✫✌ ✆✙☛✚✠✛✕✢✜ ✞ ✆✟✌ ✌✏✆✟✞✔✞ ✕✫✌✏☛ ✌
θ
■

✪❲❄ ✺ ❄ ✼✿✾ ❃ ■ ❉ ✺✽✼ P◗✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁❲❁✿❉ ✺ ❳❙✸❊❄ ✼ ✲❂❁❏⑤

I1 =

∫
(2 a2)3/2 da =

16

3
r3w,

I2 =

∫
(2 a2)1/2 da = 2 rw,

I3 =

∫
(a2) da = r2

w

π

2
,

I(s) =

∫
−a2 P✽❄ (

s+
√

2 a2 + s2
)
da,

I ′(s) =

∫ P✽❄ (
s+

√
2 a2 + s2

)
da.

✇ ❢ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ✫ ✸ ✾❏✾ ✸ ✫★✫ ❃ ✾✿✼✌⑨ θ ❁✷✲◆❩❬✸ ✺✽✼ ✲❤❪❆✸❅✴ ✼ ✲●❋❍✲●❄ ✼ ❁✿❉ ✾ P◗✲❀❋✎✍●❋❍✲ ✫✻✾✿✺ ❄❆✴ ✺✘✫ ✲ ❛ ❉❆✲ ✫ ❃❅❉ ✾ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲
Sij

❑ ⑨ ❁❇✸❂❳❨❃ ✺✽✾ ⑤ ❃❅❄ ✸ ✫★✫ P ✺◗❛ ❉❆✲ Pt❢ ✶❺❦ ✫ ❃ ✼ ✶❆②❂❁✷✲ (H1)
✲ ✼ ❃❅❄ ❄ ❈●❘ P ✺✽❘ ✲➁P❴✸ ❛ ❉✹✸❊❄ ✼✿✺✽✼✷❈ 2 a2 ■ ✲●❳❙✸❊❄ ✼ s ❑✚✸❂❳❨✲❂✴ s ∈

{bjm − bik + cikjm, bjm + cikjm,−bik + cikjm, cikjm}
❑ ⑨ ✴❂❃❅❄ ■✐✺✽✼✿✺ ❃❅❄ ❛ ❉❆✲ s 6= 0

❑✹✲ ✼ ❁ ✺ s = 0
❑⑥✸❊P◗❃ ✾ ❁❡❃❅❄

✺ ❄ ✼ ② ❘❙✾ ✲ ■✐✺✽✾ ✲❂✴ ✼ ✲●❋❍✲●❄ ✼■✫ ✸ ✾✉✾ ✸ ✫★✫ ❃ ✾✿✼❡⑨ θ ❚❵ ✸ ✾ ✸ ✺ P✽P◗✲●❉ ✾ ❁▲❑✹❃❅❄ ✾ ✲ ✫✻✾ ✲●❄ ■ P◗✲❂❁✉❋✎✍●❋❍✲❂❁✉❄❆❃ ✼ ✸ ✼✿✺ ❃❅❄❆❁ ❛ ❉❆✲ ✫ ❃❅❉ ✾ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Hij
❑ ⑨ ❁❇✸▲❳❨❃ ✺✽✾ ⑤

∫ π/2

0
Iikjm(θ) dθ =

1

|bik bjm|
(It1 + It2 + It3 + It4) . ♦ ❑ ❚✁� q
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Sij
� �✁�

⑩❙❚ ✎ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ■ ✲ ζ1 ⑤
• ☎ ✺ (bjm − bik + cikjm) 6= 0

⑤✻❃❅❄ ✸ ✫★✫ P ✺◗❛ ❉❆✲ (H1)
⑤

It1 ≈ π

2

4

9
|bjm − bik + cikjm|3

+
π

2

(
−3 cikjm

4
(bjm − bik + cikjm) + bik bjm

)
|bjm − bik + cikjm|

− 2

3
I3 |bjm − bik + cikjm|

+ (bjm − bik + cikjm)

(
−bik bjm +

cikjm
2

(bjm − bik + cikjm) − (bjm − bik + cikjm)2

3

)

×I ′(bjm − bik + cikjm).

• ☎ ✺ (bjm − bik + cikjm) = 0
⑤✻❃❅❄ ✺ ❄ ✼ ② ❘❙✾ ✲ ✼ ✲●P ❛ ❉❆✲●P ✫ ✸ ✾✉✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ θ ❚✁✪❲❄✈❃❅① ✼✿✺ ✲●❄ ✼ ⑤

It1 =
4

9
I1 + bik bjm I2 − 1

3
I1 =

1

9
I1 + bik bjm I2.

⑦✐❚ ✎ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ■ ✲ ζ2 ⑤
• ☎ ✺ (bjm + cikjm) 6= 0

⑤✻❃❅❄ ✸ ✫★✫ P ✺◗❛ ❉❆✲ (H1)
⑤

It2 ≈ −π
2

4

9
|bjm + cikjm|3 +

π

2

(
(bjm + cikjm)

3 cikjm
4

)
|bjm + cikjm| +

2

3
I3 |bjm + cikjm|

+ (bjm + cikjm)2
(
−cikjm

2
+

(bjm + cikjm)

3

)
I ′(bjm + cikjm).

• ☎ ✺ (bjm + cikjm) = 0
⑤✻❃❅❄ ✺ ❄ ✼ ② ❘❙✾ ✲ ■✐✺✽✾ ✲❂✴ ✼ ✲●❋❍✲●❄ ✼■✫ ✸ ✾✉✾ ✸ ✫★✫ ❃ ✾✿✼❡⑨ θ ⑤

It2 = −4

9
I1 +

1

3
I1 = −1

9
I1.

✠ ❚ ✎ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ■ ✲ ζ3 ⑤
• ☎ ✺ (−bik + cikjm) 6= 0

⑤✻❃❅❄✈✸ ✫★✫ P ✺◗❛ ❉❆✲ (H1)
⑤

It3 ≈ −π
2

4

9
|−bik + cikjm|3 +

π

2

(
(−bik + cikjm)

3 cikjm
4

)
|−bik + cikjm|

+
2

3
I3 |−bik + cikjm|

+ (−bik + cikjm)2
(
−cikjm

2
+

(−bik + cikjm)

3

)
I ′(−bik + cikjm).

• ☎ ✺ (−bik + cikjm) = 0
⑤✻❃❅❄ ✺ ❄ ✼ ② ❘❙✾ ✲ ■✐✺✽✾ ✲❂✴ ✼ ✲●❋❍✲●❄ ✼✼✫ ✸ ✾➃✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ θ ⑤

It3 = −4

9
I1 +

1

3
I1 = −1

9
I1.

❩❆❚ ✎ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ■ ✲ ζ4 ⑤
• ☎ ✺ cikjm 6= 0

⑤❆❃❅❄✈✸ ✫★✫ P ✺◗❛ ❉❆✲ (H1)
⑤

It4 ≈ π

2

4

9
|cikjm|3 − π

2

3 c2ikjm
4

|cikjm| −
2

3
I3 |cikjm|

+
c3ikjm

6
I ′ (cikjm) .
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• ☎ ✺ cikjm = 0
⑤❆❃❅❄ ✺ ❄ ✼ ② ❘❙✾ ✲ ■✐✺✽✾ ✲❂✴ ✼ ✲●❋❍✲●❄ ✼■✫ ✸ ✾✉✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ θ ⑤

It4 =
4

9
I1 − 1

3
I1 =

1

9
I1.

✁ ✸ ✺ ❄ ✼ ✲●❄✹✸❊❄ ✼ ❄❆❃❅❉❆❁✌✸❂❳❨❃❅❄❆❁✌❃❅① ✼ ✲●❄❺❉ ❉✻❄❆✲❭✸ ✫★✫✻✾ ❃❂❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄ ■ ✲❍Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Sij ✫ ❃❅❉ ✾ P◗✲❂❁ ✼ ✲ ✾ ❋❍✲❂❁☛❁ ✺ ❄ ❘ ❉✻P ✺ ✲ ✾ ❁■ ❢❷✸ ✫✻✾ ②❂❁❍P◗✲❂❁ ❈❂❛ ❉✹✸ ✼✿✺ ❃❅❄❆❁ ♦ ❑ ❚✁� q ✲ ✼ ♦ ❑ ❚✁� q ❑ ✲ ✼ P◗✲❂❁❍❳❙✸❊P◗✲●❉ ✾ ❁ ■ ✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁➁✴ ✺ ❥ ■ ✲❂❁✷❁✿❉❆❁▲❑✚✲ ✼❏✫ ❃❅❉ ✾ P◗✲❂❁ ✼ ✲ ✾ ❋❍✲❂❁✾✷❈●❘ ❉✻P ✺ ✲ ✾ ❁➃❁❇✲●P◗❃❅❄❶Pt❢ ❈❂❛ ❉✹✸ ✼✿✺ ❃❅❄ ♦ ❑ ❚✕✔ q ❚
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I

I(s) =

∫ π/2

0
−2 r2w

❁ ✺ ❄ 2θ
P✽❄ (

s +

√
4 r2w

❁ ✺ ❄ 2θ + s2
)
dθ.

• ☎ ✺ s > 0
⑤✻❃❅❄❶❄ ❈●❘ P ✺✽❘ ✲ 4 r2

w

❁ ✺ ❄ 2θ
❚✫✪❲❄❶✴▲✸❊P◗✴●❉✻P◗✲❍⑤

I(s) =

∫ π/2

0
−2 r2w

❁ ✺ ❄ 2θ
P✽❄

(2 s) dθ.

r ✼ ✴❂❃❅❋◆❋❍✲♥Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ■ ✲ ❁ ✺ ❄ 2θ ✫ ❃❅❉ ✾ θ ✴❂❃❅❋ ✫✻✾✿✺ ❁➃✲●❄ ✼✿✾ ✲ 0
✲ ✼ π/2 ❳❅✸❊❉ ✼ π/4 ❑❆❃❅❄❶❃❅① ✼✿✺ ✲●❄ ✼ ⑤

I(s) = −r2
w

P✽❄
(2 s)

π

2
.

• ☎ ✺ s = 0
⑤✻❃❅❄ ■ ❃ ✺✽✼ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ⑤

I(0) =

∫ π/2

0
−2 r2w

❁ ✺ ❄ 2θ
P✽❄ (√

4 r2w
❁ ✺ ❄ 2θ

)
dθ

=

∫ π/2

0
−2 r2w

❁ ✺ ❄ 2θ
P✽❄

(2 rw
❁ ✺ ❄ θ) dθ.

✖ ✫✻✾ ②❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ✫ ✸ ✾❩✫ ✸ ✾✿✼✿✺ ✲❂❁▲❑✹❃❅❄✈❃❅① ✼✿✺ ✲●❄ ✼ ⑤
I(0) = − r2

w

P✽❄
(2 rw)

π

2
− r2w

π

4
+ r2w

π

2

P✽❄
(2).

• ☎ ✺ s < 0
⑤♣❃❅❄ ❄❆✲ ✫ ✲●❉ ✼❫✫ ✸❅❁➁❄ ❈●❘ P ✺✽❘ ✲ ✾❶■✐✺✽✾ ✲❂✴ ✼ ✲●❋❍✲●❄ ✼ P◗✲ ✼ ✲ ✾ ❋❍✲ 4 r2

w

❁ ✺ ❄ 2θ
❚ ✪❲❄ ❋❏❉✻P ✼✿✺✘✫ P ✺ ✲ ✫ ✸ ✾Pt❢④✲❤❪ ✫✻✾ ✲❂❁✷❁ ✺ ❃❅❄❶✴❂❃❅❄✑✏ ❉ ❘ ❉ ❈ ✲❀⑤

I(s) =

∫ π/2

0
−2 r2w

❁ ✺ ❄ 2θ
P✽❄ ( 4 r2w

❁ ✺ ❄ 2θ

−s +
√

4 r2w
❁ ✺ ❄ 2θ + s2

)
dθ

=

∫ π/2

0
−2 r2w

❁ ✺ ❄ 2θ
P✽❄ (

4 r2w
❁ ✺ ❄ 2θ

)
dθ

+

∫ π/2

0
2 r2w

❁ ✺ ❄ 2θ
P✽❄ (−s +

√
4 r2w

❁ ✺ ❄ 2θ + s2
)
dθ.

✪❲❄ ✾ ✲●❋❀✸ ✾✷❛ ❉❆✲ ❛ ❉❆✲✌P◗✲ ✫✻✾ ✲●❋ ✺ ✲ ✾♥✼ ✲ ✾ ❋❍✲✵❳❙✸❊❉ ✼ 2 I(0)
❑❣✲ ✼ P◗✲ ■ ✲●❉✐❪ ✺ ②●❋❍✲ ✼ ✲ ✾ ❋❍✲✵✲❂❁ ✼ ✲●❄❜❩❬✸ ✺✽✼ −I(−s) ❚✱✳❃❅❋◆❋❍✲ −s > 0

❑✻❃❅❄ ✸ ■✻❈ ✏ ⑨ ✴▲✸❊P◗✴●❉✻P ❈ I(−s) ❑✻✲ ✼ ❃❅❄❶✲●❄ ■✻❈❂■ ❉ ✺✽✼❲❛ ❉❆✲◆⑤
I(s) = 2 I(0) − I(−s)

≈ 2
(
− r2w

P✽❄
(2 rw)

π

2
− r2w

π

4
+ r2w

π

2

P✽❄
(2)
)

+ 2 r2w
P✽❄

(−2 s)
π

4
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I ′

✪❲❄❶❄❆❃ ✼ ✲❀⑤

I ′(s) =

∫ P✽❄ (
s+

√
2 a2 + s2

)
da

=

∫ π/2

0

P✽❄ (
s+

√
4 r2w

❁ ✺ ❄ 2(θ) + s2
)
dθ.

✪❲❄ ✸ ■ ❃ ✫✻✼ ✲ P◗✲♥❋✎✍●❋❍✲ ✾ ✸ ✺ ❁✷❃❅❄✻❄❆✲●❋❍✲●❄ ✼❲❛ ❉❆✲ ✫ ❃❅❉ ✾ P◗✲♥✴▲✸❊P◗✴●❉✻P ■ ✲♥Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ I ❚

• ☎ ✺ s > 0
⑤

I ′(s) ≈ π

2

P✽❄
(2 s).

• ☎ ✺ s < 0
⑤

I ′(s) =

∫ π/2

0

P✽❄ ( 4 r2w
❁ ✺ ❄ 2θ

−s +
√

4 r2w
❁ ✺ ❄ 2θ + s2

)
dθ

=

∫ π/2

0

P✽❄ (
4 r2w

❁ ✺ ❄ 2θ
)
dθ −

∫ π/2

0

P✽❄ (−s +

√
4 r2w

❁ ✺ ❄ 2θ + s2
)
dθ

≈ π
P✽❄

(rw) − π

2

P✽❄
(−2 s).

✴▲✸ ✾ ✲●❄ ❉ ✼✿✺ P ✺ ❁♠✸❊❄ ✼ P◗✲❂❁ ✫✻✾ ❃ ✫✻✾✿✺◗❈●✼✷❈ ❁ ■ ❉❶P◗❃ ❘ ✸ ✾✿✺✽✼ ✶✻❋❍✲❏❄ ❈✜✫❞❈●✾✿✺ ✲●❄✔⑤
∫ π/2

0

P✽❄ (
4 r2w

❁ ✺ ❄ 2θ
)
dθ = 2

∫ π/2

0

P✽❄
(2 rw) dθ + 2

∫ π/2

0

P✽❄
(
❁ ✺ ❄ θ) dθ

= π
P✽❄

(2 rw) − π
P✽❄

(2)

= π
P✽❄

(rw) .

� ✎ ✖✘✆✟✌ ✂ ✧ ✎ �✁� ❲ ✍❏✶✰✠P✔
s = 0
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I1

★✙✘
I2✇ ✲❂❁❲✴▲✸❊P◗✴●❉✻P◗❁ ■ ✲ I1 ✲ ✼ I2 ❁▲❢④❃❅① ✼✿✺ ✲●❄✻❄❆✲●❄ ✼ ❩t✸❅✴ ✺ P◗✲●❋❍✲●❄ ✼ ✲●❄ ✺ ❄ ✼✷❈●❘❙✾ ✸❊❄ ✼ ❁ ✺ ❄ 3(θ)

✲ ✼ ❁ ✺ ❄ (θ) ❚

I1 =

∫
(2 a2)3/2 da =

∫ π/2

0
8 r3w

❁ ✺ ❄ 3(θ) dθ =
16

3
r3w.

I2 =

∫
(2 a2)1/2 da =

∫ π/2

0
2 rw

❁ ✺ ❄ (θ) dθ = 2 rw.
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✇ ✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ Sij ✲ ✼ Hij
❈●✼ ✸❊❄ ✼ ✴▲✸❊P◗✴●❉✻P ❈ ✲❂❁✤❄❺❉✻❋ ❈●✾✿✺◗❛ ❉❆✲●❋❍✲●❄ ✼ ❑❺❄❆❃❅❉❆❁❱❄❆❃❅❉❆❁ ✺ ❄ ✼✷❈●✾ ✲❂❁✷❁✷✲ ✾ ❃❅❄❆❁ ✺ ✴ ✺ ❁✷✲●❉✻P◗✲●❋❍✲●❄ ✼

⑨ Pt❢❷✸ ✫★✫✻✾ ❃▲❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄ ✸❊❄✹✸❊P✽❦ ✼✿✺◗❛ ❉❆✲ ■ ✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ H ′
ij

✲ ✼ Dij
❑▼Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ H ′

ij
❈●✼ ✸❊❄ ✼ ✴❂✲●P✽P◗✲❀✸❅❁❇❁✷❃ ✴ ✺◗❈ ✲ ⑨ P❴✸

■✻❈●✾✿✺ ❳ ❈ ✲♥❄❆❃ ✾ ❋❀✸❊P◗✲ ■ ❉❶❄❆❃ ❦❺✸❊❉ ■ ✲ ✝ ✾ ✲❂✲●❄✈❁✷❉ ✾ P❴✸✌❩ ✾ ❃❅❄ ✼✿✺ ② ✾ ✲ ■ ❉ ✫ ❉ ✺✽✼ ❁ Γw
❚

✓ ☎♠❻ ✔☎✄✆☎✝✆✁� ☎ ✂ ✝
H ′

ij

H ′
ij =

1

4π

∑

T∈ ✕✗✖✙✘✙✘ ψh
j

∫

T
ψhj (y)

∫

Γw

ϕhi (x)
∂

∂nx

(
1

|x− y|

)
dγ(x) dT (y).

✇ ❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❏✲❤❪ ✼✷❈●✾✿✺ ✲●❉ ✾ ✲♥❁✷✲ ✾ ✸✵✴▲✸❊P◗✴●❉✻P ❈ ✲❧❄❺❉✻❋ ❈●✾✿✺◗❛ ❉❆✲●❋❍✲●❄ ✼■✫ ✸ ✾ ❉✻❄❆✲ ❛ ❉✹✸ ■✐✾ ✸ ✼ ❉ ✾ ✲ ■ ✲ ✝ ✸❊❉❆❁✷❁▲❚✁✪❲❄❶❁▲❢ ✺ ❄ ✼✷❈●✾ ✲❂❁❇❁✷✲
■ ❃❅❄❆✴❏✸❊❉❶✴▲✸❊P◗✴●❉✻P ■ ✲❧Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ✺ ❄ ✼✷❈●✾✿✺ ✲●❉ ✾ ✲❙❑ ❛ ❉❆✲❧Pt❢④❃❅❄❶❄❆❃ ✼ ✲ H′

ij(y)
⑤

H′
ij(y) =

∫

Γw

ϕhi (x)
∂

∂nx

(
1

|x− y|

)
dγ(x) =

∫

Γw

ϕhi (x)
−(x− y, nx)

|x− y|3
dγ(x),

✸❂❳❨✲❂✴
y
❫✻❪ ❈ ■ ✸❊❄❆❁✉❉✻❄ ✼✿✾✿✺ ✸❊❄ ❘ P◗✲ T ❚✫✪❲❄ ✸◆✸❊P◗❃ ✾ ❁❏⑤

H ′
ij =

1

4π

∑

T∈ ✕✗✖✙✘✙✘ ψh
j

∫

T
H′
ij(y) dT (y). ♦ ✏✐❚✽⑩ q

✇ ✸ ❄❆❃ ✾ ❋❀✸❊P◗✲ ✸❊❉ ✫ ❉ ✺✽✼ ❁ nx ✲❂❁ ✼ ❃ ✾✿✺ ✲●❄ ✼✷❈ ✲ ❳❨✲ ✾ ❁❭Pt❢ ✺ ❄ ✼✷❈●✾✿✺ ✲●❉ ✾➁■ ❉ ✫ ❉ ✺✽✼ ❁▲❑③✴▲✸ ✾ ✲●P✽P◗✲ ■ ❃ ✺✽✼ ✍ ✼✿✾ ✲ ❃ ✾✿✺ ✲●❄ ✼✷❈ ✲ ❳❨✲ ✾ ❁Pt❢④✲❤❪ ✼✷❈●✾✿✺ ✲●❉ ✾➃■ ❉ ■ ❃❅❋❀✸ ✺ ❄❆✲❙❚
✪❲❄ ✫ ✸❅❁❇❁✷✲➃✲●❄➁✴❂❃ ❃ ✾✷■ ❃❅❄✻❄ ❈ ✲❂❁♣✴●❦✠P ✺ ❄ ■✐✾✿✺◗❛ ❉❆✲❂❁ ❚✙✪❲❄ ✴✷✶❆❃ ✺ ❁ ✺✽✼ P◗✲ ✾ ✲ ✫ ② ✾ ✲❧✸❂❦❺✸❊❄ ✼❅✫ ❃❅❉ ✾ ❃ ✾✿✺✽❘❙✺ ❄❆✲➃P◗✲ ✫ ❃ ✺ ❄ ✼ O′ ❃ ✾✿✺✽❘❙✺ ❄❆✲■ ✲❍P❴✸✈① ✾ ✸❊❄❆✴✷✶❆✲ ■ ❉ ✫ ❉ ✺✽✼ ❁☛❁✿❉ ✾ P❴✸ ❛ ❉❆✲●P✽P◗✲ ❁✷✲❭❁ ✺✽✼ ❉❆✲ x ❑✯P◗✲❂❁❏❳❨✲❂✴ ✼ ✲●❉ ✾ ❁ ~e1 ✲ ✼ ~e2 ■✻❈●✼ ✲ ✾ ❋ ✺ ❄❆✲●❄ ✼ P◗✲ ✫ P❴✸❊❄ ■ ❢ ❉✻❄❆✲❁✷✲❂✴ ✼✿✺ ❃❅❄ ■ ❉ ✫ ❉ ✺✽✼ ❁ x ✲ ✼ ~e3 ✲❂❁ ✼➃■✐✺✽✾✿✺✽❘❨❈ ❁✿❉ ✺ ❳❙✸❊❄ ✼ Pt❢❷✸➂❪✐✲ ■ ❉ ✫ ❉ ✺✽✼ ❁ ❑✻❁✷✲●P◗❃❅❄❶P❴✸☛❫ ❘ ❉ ✾ ✲ ✏✐❚✽⑩❙❚
y′
✲❂❁ ✼ P◗✲ ✫✻✾ ❃ ✏ ✲ ✼✷❈ ■ ✲ y ■ ✸❊❄❆❁❹P◗✲ ✫ P❴✸❊❄ ■ ✲ x ❚

✪❲❄ ✸◆✸❊P◗❃ ✾ ❁ ⑤

x =




rw
✴❂❃❙❁

θ
rw

❁ ✺ ❄ θ
l


 , ~nx =




− ✴❂❃❙❁
θ

− ❁ ✺ ❄ θ
0


 , y =




r
✴❂❃❙❁

θy
r
❁ ✺ ❄ θy
ly


 , y′ =




r
✴❂❃❙❁

θy
r
❁ ✺ ❄ θy
l


 .



� �✙� ✂☎✄✝✆✟✞✡✠☞☛✍✌✏✎ � ✂ ✒ ✜✔✜✝✎✘❋ ✎✘✂ ■ ✂ ✆✁✥
✡
✧✔✥ ✦✔✎ ✩ ✠✗✜ ☛ ✂ ☎✫✌ ✆✁✥☞✎ ✩ ✖ ✠●❋ ☛✍✎ ✩

l

l

O′

x

y

y

y′

r

�✂✁☎✄✝✆ ✏✐❚✽⑩✟✞ ☎✠✲❂✴ ✼✿✺ ❃❅❄ ■ ❉ ✫ ❉ ✺✽✼ ❁

✪❲❄ ✸➁⑤
(x− y) = (x− y′) + (y′ − y)

❑ ■ ❃❅❄❆✴❍⑤

x− y =




rw
✴❂❃❙❁

θ − r
✴❂❃❙❁

θy
rw

❁ ✺ ❄ θ − r
❁ ✺ ❄ θy

l − ly




✲ ✼ (x− y, ~nx) = −rw + r
✴❂❃❙❁

θy
✴❂❃❙❁

θ + r
❁ ✺ ❄ θy ❁ ✺ ❄ θ

= −rw + r
✴❂❃❙❁

(θ − θy).❵ ✸ ✾ ✸ ✺ P✽P◗✲●❉ ✾ ❁▲❑
|x− y| =

√
(l − ly)2 + (rw

✴❂❃❙❁
θ − r

✴❂❃❙❁
θy)2 + (rw

❁ ✺ ❄ θ − r
❁ ✺ ❄ θy)2

=
√

(l − ly)2 + r2w + r2 − 2 rw r
✴❂❃❙❁

(θ − θy).
✪❲❄ ■ ❃ ✺✽✼❹■ ❃❅❄❆✴ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ⑤

H′
ij(y) = −

∫ L

0

∫ 2π

0
ϕhi (l)

rw − r
✴❂❃❙❁

(θ − θy)[
(l − ly)

2 + r2w + r2 − 2 rw r
✴❂❃❙❁

(θ − θy)
]3/2 rw dθ dl,

❛ ❉ ✺❇✫ ✲●❉ ✼ ❁ ❢ ❈ ✴ ✾✿✺✽✾ ✲❙❑✯✸ ✫✻✾ ②❂❁ ✾✷❈❂■ ❉❆✴ ✼✿✺ ❃❅❄ ✫ ✸ ✾ ❁✿❦ ❋ ❈●✼✿✾✿✺ ✲❙❑ ✾ ✲●P❴✸ ✼✿✺ ❃❅❄❆❁ ✼✿✾✿✺✽❘ ❃❅❄❆❃❅❋ ❈●✼✿✾✿✺◗❛ ❉❆✲❂❁ ✫ ❉ ✺ ❁ ✴❇✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼✵■ ✲❳❙✸ ✾✿✺ ✸❊①✻P◗✲ ❁✿❉ ✾ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲✌❁✿❉ ✾ 2π
❑❆✴❂❃❅❋◆❋❍✲❍⑤

−4

∫ L

0

∫ (π−θy)/2

−θy/2
ϕhi (l)

rw (rw − r) + 2 r rw
❁ ✺ ❄ 2(θ)

[
(l − ly)

2 + (rw − r)2 + 4 rw r
❁ ✺ ❄ 2(θ)

]3/2 dθ dl.

✪❲❄ ✫ ✲●❉ ✼ ✴✷✶❆❃ ✺ ❁ ✺✽✾ θy = 0
❚ ✇ ❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ■ ✲●❳ ✺ ✲●❄ ✼ ✸❊P◗❃ ✾ ❁ ⑤

H′
ij(y) = −4

∫ L

0

∫ π/2

0
ϕhi (l)

rw (rw − r) + 2 r rw
❁ ✺ ❄ 2(θ)

[
(l − ly)

2 + (rw − r)2 + 4 rw r
❁ ✺ ❄ 2(θ)

]3/2 dθ dl.



� ✂ � ✂ ✂ ✆✁✥
✡
✧✔✥ ✦✔✎

H ′
ij

� � ✝

✱✳✲ ✼✿✼ ✲ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❏✲❂❁ ✼ ① ✺ ✲●❄ ■✻❈ ❫❆❄ ✺ ✲❙❚ ✪❲❄ ✺ ❄ ✼✿✾ ❃ ■ ❉ ✺✽✼ P◗✲❂❁✉❄❆❃ ✼ ✸ ✼✿✺ ❃❅❄❆❁❲❁✿❉ ✺ ❳❙✸❊❄ ✼ ✲❂❁❏⑤

N(θ) = rw (rw − r) + 2 r rw
❁ ✺ ❄ 2(θ),

D2(θ) = (rw − r)2 + 4 rw r
❁ ✺ ❄ 2(θ)

= r2 − 2 r rw + r2w + 4 rw r
❁ ✺ ❄ 2(θ).

• ❵ ✾ ✲●❋ ✺ ② ✾ ✲ ❈●✼ ✸ ✫ ✲◆⑤ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ✫ ✸ ✾➃✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ l ❚
✪❲❄❜❳❅✸❭✴❂❃❅❋◆❋❍✲●❄❆✴❂✲ ✾✗✫ ✸ ✾❧✺ ❄ ✼✷❈●❘❙✾ ✲ ✾✠✫ ✸ ✾❧✾ ✸ ✫★✫ ❃ ✾✿✼ ⑨ l ❑❞✲ ✼ ❃❅❄ ✼ ✲ ✾ ❋ ✺ ❄❆✲ ✾ ✸ ✫ ✸ ✾ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ✫ ✸ ✾❲✾ ✸ ✫★✫ ❃ ✾✿✼ ⑨
θ
❚✄☎✠❃ ✺✽✼ ⑤

I(θ) =

∫ L

0
ϕhi (l)

N(θ)
[
(l − ly)

2 + D2(θ)
]3/2 dl.

✪❲❄ ■✻❈ ✴❂❃❅❉ ✫ ✲♥Pt❢ ✺ ❄ ✼ ✲ ✾ ❳❙✸❊P✽P◗✲ [0, L]
✲●❄

Nw
❁✷✲ ❘ ❋❍✲●❄ ✼ ❁☛⑤

I(θ) =

Nw−1∑

k=1

∫ lk+1

lk

ϕhi (l)
N(θ)

[
(l − ly)

2 + D2(θ)
]3/2 dl =

Nw−1∑

k=1

Ik(θ).

❯❡❃ ✼ ❃❅❄❆❁ lik = δiklk+1 + δi,k+1lk
❚ ❪ ✸ ✫★✫ ✲●P◗❃❅❄❆❁ ❛ ❉❆✲❶P❴✸❜❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄ ■ ✲❶①✹✸❅❁✷✲ ϕhi ❁▲❢④✲❤❪ ✫✻✾✿✺ ❋❍✲ ■ ✲✈❋❀✸❊❄ ✺ ② ✾ ✲

❘❨❈ ❄ ❈●✾ ✸❊P◗✲❏❁✷❉ ✾ ❉✻❄ ✺ ❄ ✼ ✲ ✾ ❳❙✸❊P✽P◗✲ [lk, lk+1]
✫ ❃❅❉ ✾ k = 1, . . . ,NW − 1 ✫ ✸ ✾ ⑤

ϕhi (l) =
l − lik
li − lik

.

✪❲❄✈❁▲❢ ✺ ❄ ✼✷❈●✾ ✲❂❁✷❁✷✲ ■ ❃❅❄❆✴☛✸❊❉❶✴▲✸❊P◗✴●❉✻P ■ ✲ Ik(θ) ⑤

Ik(θ) =

∫ lk+1

lk

ϕhi (l)
N(θ)

[
(l − ly)

2 + D2(θ)
]3/2 dl.

❵ ✸ ✾ ✴❇✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼◆■ ✲◆❳❙✸ ✾✿✺ ✸❊①✻P◗✲❙❑ ✫ ❉ ✺ ❁ ■✻❈ ✴❂❃❅❋ ✫ ❃❙❁ ✺✽✼✿✺ ❃❅❄ ■ ✲◆Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ✲●❄✔❋❍❃ ✾ ✴❂✲▲✸❊❉✐❪ ■ ✲❍❋✎✍●❋❍✲❀❃ ✾✷■✐✾ ✲❭✲ ✼
✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄❣❑❞❃❅❄❶❃❅① ✼✿✺ ✲●❄ ✼ ⑤

Ik(θ) =
N(θ)

li − lik

{ 1√
(lk − ly)2 + D2(θ)

− 1√
(lk+1 − ly)2 + D2(θ)

+
(ly − lik) (lk+1 − ly)

D2(θ)
√

(lk+1 − ly)2 + D2(θ)
− (ly − lik) (lk − ly)

D2(θ)
√

(lk − ly)2 + D2(θ)

}
.

✁ ✸ ✺ ❄ ✼ ✲●❄✹✸❊❄ ✼❡❛ ❉❆✲❧❄❆❃❅❉❆❁➃✸❂❳❨❃❅❄❆❁ ✺ ❄ ✼✷❈●❘❙✾✷❈❚✫ ✸ ✾❹✾ ✸ ✫★✫ ❃ ✾✿✼❡⑨ l ❑ ✺ P▼❄❆❃❅❉❆❁ ✾ ✲❂❁ ✼ ✲ ⑨✌✺ ❄ ✼✷❈●❘❙✾ ✲ ✾✼✫ ✸ ✾❹✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ θ ❚

• ⑧❧✲●❉✐❪ ✺ ②●❋❍✲ ❈●✼ ✸ ✫ ✲◆⑤ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ✫ ✸ ✾➃✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ θ ❚
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✡
✧✔✥ ✦✔✎ ✩ ✠✗✜ ☛ ✂ ☎✫✌ ✆✁✥☞✎ ✩ ✖ ✠●❋ ☛✍✎ ✩

✪❲❄ ✾ ✲●❄❆✴❂❃❅❄ ✼✿✾ ✲☛✸❊P◗❃ ✾ ❁ ■ ✲●❉✐❪ ✼ ❦ ✫ ✲❂❁ ■ ❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ ✫ ✸ ✾❹✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ θ ⑨ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ⑤

H1(s) =

∫ π/2

0
λ1(s, θ) dθ,

H2(s) =

∫ π/2

0
λ2(s, θ) dθ,

✸❂❳❨✲❂✴
λ1(s, θ) =

rw (rw − r) + 2 r rw
❁ ✺ ❄ 2(θ)√

s2 + (rw − r)2 + 4 rw r
❁ ✺ ❄ 2(θ)

,

✲ ✼ λ2(s, θ) = s × rw (rw − r) + 2 r rw
❁ ✺ ❄ 2(θ)

(
(rw − r)2 + 4 rw r

❁ ✺ ❄ 2(θ)
) √

s2 + (rw − r)2 + 4 rw r
❁ ✺ ❄ 2(θ)

.

✇ ❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ✺ ❄ ✼✷❈●✾✿✺ ✲●❉ ✾ ✲ H′
ij(y)

❁▲❢ ❈ ✴ ✾✿✺✽✼ ✸❊P◗❃ ✾ ❁ ✲●❄ ❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄ ■ ✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ H1
✲ ✼ H2

■ ✲❜P❴✸✣❋❀✸❊❄ ✺ ② ✾ ✲❁✿❉ ✺ ❳❙✸❊❄ ✼ ✲❍⑤

H′
ij(y) = −4

Nw−1∑

k=1

1

(li − lik)

(
H1(lk − ly) − H1(lk+1 − ly)

+(ly − lik) {H2(lk+1 − ly) −H2(lk − ly)}
)
.

✇ ✲✵✴▲✸❊P◗✴●❉✻P ■ ✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ H1
✲ ✼ H2

❳❅✸ ■✻❈✜✫ ✲●❄ ■✐✾ ✲ ■ ✲☛P❴✸ ✫ ❃❙❁ ✺✽✼✿✺ ❃❅❄ ■ ❉ ✫ ❉ ✺✽✼ ❁ ✫ ✸ ✾❲✾ ✸ ✫★✫ ❃ ✾✿✼ ✸❊❉ ①s❃ ✾✷■ ❑
✺ ❚④✲❙❚ ✫ ✸ ✾➀✾ ✸ ✫★✫ ❃ ✾✿✼ ✸❊❉ ✼✿✾✿✺ ✸❊❄ ❘ P◗✲❹✴❂❃❅❄❆❁ ✺◗■✻❈●✾✷❈ ❚ ✎ ✴ ✺ ❄❆❃❅❉❆❁✚❄❆❃❅❉❆❁➀P ✺ ❋ ✺✽✼ ✲ ✾ ❃❅❄❆❁③✸❊❉❍✴▲✸❅❁➀❃✝✆❍P◗✲ ✫ ❉ ✺✽✼ ❁ ✲❂❁ ✼ ❁✿❉ ☞ ❁❇✸❊❋◆❋❍✲●❄ ✼
❈ P◗❃ ✺✽❘ ❄ ❈ ■ ❉❶①s❃ ✾✷■ ❚

❪ ✲ ❘ ✸ ✾✷■ ❃❅❄❆❁❱❋❀✸ ✺ ❄ ✼ ✲●❄✹✸❊❄ ✼➀■ ✲ ✫ P✽❉❆❁ ✫✻✾ ②❂❁❱P◗✲❂❁❣❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄❆❁ λ1
✲ ✼ λ2

❛ ❉❆✲➀❄❆❃❅❉❆❁ ■ ✲●❳❨❃❅❄❆❁ ✺ ❄ ✼✷❈●❘❙✾ ✲ ✾②✫ ✸ ✾❱✾ ✸ ✫★✫ ❃ ✾✿✼
⑨ θ ❑ ✫ ❃❅❉ ✾ ❳❨❃ ✺✽✾ ❁▲❢ ✺ P ✲❂❁ ✼❆✫ ❃❙❁✷❁ ✺ ①✻P◗✲ ■ ✲♥❩t✸ ✺✽✾ ✲ ❉✻❄❆✲✌✸ ✫★✫✻✾ ❃❂❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄ ■ ✲ P◗✲●❉ ✾❡✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❙❚ ✇ ✸ ✾ ✸❅✴ ✺ ❄❆✲✌✴▲✸ ✾✿✾✷❈ ✲ ■ ❉
■✻❈ ❄❆❃❅❋ ✺ ❄✹✸ ✼ ✲●❉ ✾♣■ ✲ λ1

✲ ✼ λ2
✫ ✲●❉ ✼ ❁▲❢ ❈ ✴ ✾✿✺✽✾ ✲❙❑❨✲●❄❍❉ ✼✿✺ P ✺ ❁❇✸❊❄ ✼ P❴✸❡❄❆❃ ✼ ✸ ✼✿✺ ❃❅❄ D2(θ)

✲ ✼ ✲●❄ ■✻❈ ❳❨✲●P◗❃ ✫★✫ ✸❊❄ ✼ P◗✲✉✴▲✸ ✾✿✾✷❈ ⑤
√
s2 +D2(θ) =

√
s2 + r2 + 2 rw r + r2w + 4 rw r

❁ ✺ ❄ 2(θ).

☎ ✺ P◗✲ ✫ ❉ ✺✽✼ ❁❡✲❂❁ ✼ ❁✷❉ ☞ ❁❇✸❊❋◆❋❍✲●❄ ✼❡❈ P◗❃ ✺✽❘ ❄ ❈❏■ ❉✈①s❃ ✾✷■ ❑✹✸❊P◗❃ ✾ ❁➃P❴✸ ❛ ❉✹✸❊❄ ✼✿✺✽✼✷❈ s2 + r2
✲❂❁ ✼✉❘❙✾ ✸❊❄ ■ ✲ ■ ✲●❳❅✸❊❄ ✼ rw ❚✢✪❲❄✫ ✲●❉ ✼❹■ ❃❅❄❆✴❏✸ ✫★✫✻✾ ❃ ✴❇✶❆✲ ✾ P❴✸ ❛ ❉✹✸❊❄ ✼✿✺✽✼✷❈ s2 +D2(θ) ✫ ✸ ✾ s2 + r2

❚
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D2(θ)

☛✜✠✘✺
r2 ✻ ✶✰✠✘✺ r2 ☛❄✍✑✙✹✛ ✧✮✍ ✂P✍✗✞❄✢▼✺ ✛✣✺✏☎☞✔ ☛✎✍✗✛✣✢✣✛✧✌✠✦✞❄✔❖✏✵✍✷✶✼✠P✔❚✖✓✒✴✏✵✍ ☛✎✖✦✢▼✞✿✛

y
✔❉✍❚✛✣✺❑✖✘✙✄✂P✍❚✔☞✙✹✺ ✙✹✞■✛✣✺☞✢❁✠✦✞✄✡✦✏✓✍❍✲✗✙✹✢✽✺✰✍✑✞✿✶✰✖✘✞✫✛✣✺✁✍✷✏✵✍●☛✿✺❑✖✘✏❳✖✦✞ ✡✮✍✑✩✪✍✑✞✫✛ ✧✦✙▲☛✿✙✹✢✒✛✒✔☞✻✽✩▲✠✦✢ ✔

✍✑✞ ✶✼✍❖✶✰✠✦✔ ✔❈✏ ☞
s2

� ✲✳✙❋✢ ✺✰✍❈☛✿✺❉✱☞✔✳✍✑✞✿✛❈✍❖✏✵✠▲✧✦✢▼✔✑✛✬✠✘✞✿✶✼✍❖✏✁✯ ✙❋✞ ✍✥✧✮✍☞✔ ✍✁◗✘✛✣✺❉✱✑✩❍✢✒✛❈✱✑✔❖✧✘✙❘✔❉✍ ✡✦✩✪✍✑✞✫✛
[lk, lk+1]

✔☞✙✹✺✕✏✓✍✁✲✗✙❄✍✑✏ ✖✘✞
✢✒✞✫✛ ☎ ✡✦✺✰✍☞✻❅✍✗✛✽✏❳✠❆✶✰✖❉✖✦✺✁✧✌✖✦✞✫✞★✱❉✍

ly
✧✦✙❚☛✜✖✘✢▼✞✫✛

y
✔✑✙❋✺✥✏✰✯ ✠❭◗✮✍ ✧✘✙❚☛✿✙❋✢✣✛✒✔ ✟✪✍☞✔✗✛ ✡✦✺✁✠✦✞✿✧✥☛✜✠✦✺❖✺✁✠☞☛✌☛✎✖✦✺✑✛ ☞

r2
❱ ✶✫✯ ✍☞✔✗✛ ✧✌✖✦✞★✶

✏✵✠❘✲✗✙✎✠✦✞✫✛✣✢✣✛❈✱
s2 +D2(θ)

✲✗✙✹✢★☛✎✍✑✙✜✛ ✍✳✛✣✺✁✍❏✠☞☛✌☛✿✺✁✖❉✶✑✸✎✱❉✍ ☛✜✠✦✺
s2 + r2

✻ ✍✗✛✽✞✿✖✦✞✷☛✎✠P✔ ✧✦✢▼✺✰✍✁✶✳✛❈✍✗✩▲✍✗✞✫✛
D2(θ)

☛✜✠✦✺
r2 ✟

✖ ✺ ❄❆❁ ✺ ❑✐❄❆❃❅❉❆❁ ✫ ❃❅❉✻❳❨❃❅❄❆❁➃✸ ✫★✫✻✾ ❃✠✴✷✶❆✲ ✾ P◗✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ H1
✲ ✼ H2

✫ ✸ ✾ ⑤

H1(s) ≈
∫ π/2

0

rw (rw − r) + 2 r rw
❁ ✺ ❄ 2(θ)√

s2 + r2
dθ,

H2(s) ≈ s

∫ π/2

0

rw (rw − r) + 2 r rw
❁ ✺ ❄ 2(θ)

D2(θ)
√
s2 + r2

dθ.
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Dij
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✇ ✲❀✴▲✸❊P◗✴●❉✻P ■ ✲◆Pt❢❷✸ ✫★✫✻✾ ❃❂❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄ ■ ✲✵Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ H1
❄❆✲ ✫ ❃❙❁❇✲✵✸❊P◗❃ ✾ ❁✌✸❊❉❆✴●❉✻❄❆✲ ■✐✺✌☞ ✴●❉✻P ✼✷❈ ❑✯✲ ✼ ❃❅❄ ✼✿✾ ❃❅❉✻❳❨✲❫❆❄✹✸❊P◗✲●❋❍✲●❄ ✼ ⑤

H1(s) ≈
π

2

r2w√
s2 + r2

.

✇ ✲➁✴▲✸❊P◗✴●❉✻P ■ ✲ Pt❢❷✸ ✫★✫✻✾ ❃❂❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄ ■ ✲ H2
✫ ❃❙❁✷✲❭❉✻❄ ✫ ✲●❉ ✫ P✽❉❆❁ ■ ✲ ■✐✺✌☞ ✴●❉✻P ✼✷❈ ❁ ❑ ⑨ ✴▲✸❊❉❆❁❇✲ ■ ❉ D2(θ) ❛ ❉ ✺

✺ ❄ ✼ ✲ ✾ ❳ ✺ ✲●❄ ✼ ✸❊❉ ■✻❈ ❄❆❃❅❋ ✺ ❄✹✸ ✼ ✲●❉ ✾ ❚ ☎ ✺ ❃❅❄ ✾ ✲●❋ ✫ P❴✸❅✴❂✲ D2(θ) ✫ ✸ ✾ ❁♠✸✌❳❅✸❊P◗✲●❉ ✾ ❑❆❃❅❄✈❳❨❃ ✺✽✼❹❛ ❉❆✲♥Pt❢④❃❅❄ ■ ❃ ✺✽✼➃✺ ❄ ✼✷❈●❘❙✾ ✲ ✾ ⑤

H2(s) ≈ s
s√

s2 + r2

∫ π/2

0

rw (rw − r) + 2 r rw sin2(θ)(
(rw − r)2 + 4 rw r sin2(θ)

) dθ.

✪❲❄ ■✻❈ ✴❂❃❅❋ ✫ ❃❙❁✷✲ ✴❂✲ ✼✿✼ ✲ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❏✲●❄ ■ ✲●❉✐❪ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ ■ ✲❧P❴✸✵❋❀✸❊❄ ✺ ② ✾ ✲ ❁✷❉ ✺ ❳❅✸❊❄ ✼ ✲❍⑤

H2(s) ≈
s√

s2 + r2

(
rw

(rw − r)
I1 +

2 r rw
(rw − r)2

I2

)

✸❂❳❨✲❂✴❀⑤

I1 =

∫ π/2

0

1(
1 + a2 sin2(θ)

) dθ,

I2 =

∫ π/2

0

sin2(θ)(
1 + a2 sin2(θ)

) dθ,

✲ ✼✉✼ ❃❅❉✑✏✿❃❅❉ ✾ ❁ a2 =
4 r rw

(r − rw)2
❚

✇ ✲❂❁✉❳❙✸❊P◗✲●❉ ✾ ❁ ■ ✲❂❁ ■ ✲●❉✐❪ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ I1
✲ ✼ I2

❁✷❃❅❄ ✼➃■ ❃❅❄✻❄ ❈ ✲❂❁ ■ ✸❊❄❆❁✉P❴✸❍❁✷✲❂✴ ✼✿✺ ❃❅❄ ✏✐❚ ✠ ❚✖ ✺ ❄❆❁ ✺ ❄❆❃❅❉❆❁✉❃❅① ✼ ✲●❄❆❃❅❄❆❁✉❉✻❄❆✲♥✸ ✫★✫✻✾ ❃❂❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄ ■ ✲❡Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ✺ ❄ ✼✷❈●✾✿✺ ✲●❉ ✾ ✲ H′
ij(y)

✲●❄ ❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄ ■ ✲ H1,H2
✲ ✼

I1
✲ ✼ I2

❚ ✇ ❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ H ′
ij

✲❂❁ ✼ ❫❆❄✹✸❊P◗✲●❋❍✲●❄ ✼ ❃❅① ✼ ✲●❄ ❉❆✲ ✫ ✸ ✾❹✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ❄ ❉✻❋ ❈●✾✿✺◗❛ ❉❆✲☛❁✿❉ ✾ Pt❢ ❈❂❛ ❉✹✸ ✼✿✺ ❃❅❄ ♦ ✏✐❚✽⑩ q ❚

✓ ☎✠✟ ✔☎✄✆☎✝✆✁� ☎ ✂ ✝
Dij

✱✳❃❅❋◆❋❍✲✈❄❆❃❅❉❆❁❍❄❆✲✈✴❂❃❅❄❆❁ ✺◗■✻❈●✾ ❃❅❄❆❁ ❛ ❉❆✲ P◗✲❶✴▲✸❅❁❀❃✝✆ P◗✲ ✫ ❉ ✺✽✼ ❁❀✲❂❁ ✼ ❁✿❉ ☞ ❁❇✸❊❋◆❋❍✲●❄ ✼ P◗❃ ✺ ❄ ■ ❉ ①❞❃ ✾✷■ ❃❅❉ ■ ✲❂❁
✺ ❄ ✼ ✲ ✾ ❩t✸❅✴❂✲❂❁▲❑③P◗✲❶❄❆❃ ❦❺✸❊❉ ■ ✲ ✝ ✾ ✲❂✲●❄ ❄❣❢④✲❂❁ ✼✽✫ ✸❅❁❀❁ ✺ ❄ ❘ ❉✻P ✺ ✲ ✾ ❑③✲ ✼ ❃❅❄ ✫ ✲●❉ ✼ ❩t✸ ✺✽✾ ✲ ✾ ✲●❄ ✼✿✾ ✲ ✾ P❴✸ ■✻❈●✾✿✺ ❳ ❈ ✲✈❄❆❃ ✾ ❋❀✸❊P◗✲
∂/∂nx

■ ✸❊❄❆❁✉Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ✺ ❄ ✼✷❈●✾✿✺ ✲●❉ ✾ ✲❀⑤

Dij =
1

4π

∫

Γw

ϕhi (x)
∂

∂nx




∑

T∈ ✕✗✖✙✘✙✘ ψh
j

∫

T
ψhj (y)

∂

∂ny

(
1

|x− y|

)
dT (y)


 dγ(x)

=
1

4π

∑

T∈ ✕ ✖✙✘✙✘ ψh
j

∫

T
ψhj (y)

∫

Γw

ϕhi (x)
∂2

∂nx∂ny

(
1

|x− y|

)
dγ(x) dT (y).

⑧❧✲❧P❴✸✵❋✎✍●❋❍✲♥❋❀✸❊❄ ✺ ② ✾ ✲ ❛ ❉❆✲ ✫ ❃❅❉ ✾ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ H ′
ij

❑✻❃❅❄ ❄❆❃ ✼ ✲ Dij(y)
Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ✺ ❄ ✼✷❈●✾✿✺ ✲●❉ ✾ ✲❀⑤

Dij(y) =

∫

Γw

ϕhi (x)
∂2

∂nx∂ny

(
1

|x− y|

)
dγ(x),



� � � ✂☎✄✝✆✟✞✡✠☞☛✍✌✏✎ � ✂ ✒ ✜✔✜✝✎✘❋ ✎✘✂ ■ ✂ ✆✁✥
✡
✧✔✥ ✦✔✎ ✩ ✠✗✜ ☛ ✂ ☎✫✌ ✆✁✥☞✎ ✩ ✖ ✠●❋ ☛✍✎ ✩

■ ✲ ❁✷❃ ✾✿✼ ✲ ❛ ❉❆✲◆⑤

Dij =
1

4π

∑

T∈ ✕ ✖✙✘✙✘ ψh
j

∫

T
Dij(y) dT (y). ♦ ✏✐❚❷⑦ q

✇ ❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ✺ ❄ ✼✷❈●✾✿✺ ✲●❉ ✾ ✲ Dij(y)
✲❂❁ ✼ ✴▲✸❊P◗✴●❉✻P ❈ ✲✉✸❊❄✹✸❊P✽❦ ✼✿✺◗❛ ❉❆✲●❋❍✲●❄ ✼ ❑ ✼ ✸❊❄ ■✐✺ ❁ ❛ ❉❆✲➀Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲✉✲❤❪ ✼✷❈●✾✿✺ ✲●❉ ✾ ✲♣❁✷✲ ✾ ✸✲●❄❆❁✿❉ ✺✽✼ ✲ ✴▲✸❊P◗✴●❉✻P ❈ ✲ ❄❺❉✻❋ ❈●✾✿✺◗❛ ❉❆✲●❋❍✲●❄ ✼ ❚

✇ ✲ ❄❆❃▲❦❺✸❊❉ ■ ✲❧Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Dij(y)
❁▲❢ ❈ ✴ ✾✿✺✽✼ ⑤

∂2

∂nx∂ny

(
1

|x− y|

)
=

(nx, ny)

|x− y|3
− 3

(x− y, nx) (x− y, ny)

|x− y|5
.

✪❲❄ ✫ ✲●❉ ✼ ✸❊P◗❃ ✾ ❁ ■✻❈ ✴❂❃❅❋ ✫ ❃❙❁✷✲ ✾ Dij(y)
■ ✲♥P❴✸☛❩❬✸✝✂❂❃❅❄ ❁✿❉ ✺ ❳❅✸❊❄ ✼ ✲❍⑤

Dij(y) = D1(y) − 3D2(y)

✸❂❳❨✲❂✴❀⑤

D1(y) =

∫

Γw

ϕhi (x)
(nx, ny)

|x− y|3
dγ(x),

D2(y) =

∫

Γw

ϕhi (x)
(x− y, nx) (x− y, ny)

|x− y|5
dγ(x).

• ✂ ✆✁✥
✡
✧✔✥ ✦✔✎

D1(y)
■

❯❡❃❅❉❆❁ ✫ ❃❅❉✻❳❨❃❅❄❆❁ ❈ ✴ ✾✿✺✽✾ ✲❍⑤

D1(y) =

(∫

Γw

ϕhi (x)
nx

|x− y|3
dγ(x)

)
.ny.

✇ ❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ❁✿❉ ✾ P◗✲ ✫ ❉ ✺✽✼ ❁ ✴ ✺ ❥ ■ ✲❂❁✷❁✷❉❆❁ ✲❂❁ ✼ ✸❊P◗❃ ✾ ❁ ❉✻❄ ❳❨✲❂✴ ✼ ✲●❉ ✾❖■ ✲
R

3 ❑❲✲ ✼ ❃❅❄✖❄❆❃ ✼ ✲✣❁✷✲❂❁ ✴❂❃❅❋ ✫ ❃❙❁♠✸❊❄ ✼ ✲❂❁✆⑤
(D1,1(y),D1,2(y),D1,3(y))

❚
✪ ✾ ❄❆❃❅❉❆❁➃✸▲❳❨❃❅❄❆❁❹❳✠❉ ✫✻✾✷❈ ✴ ❈❂■ ✲●❋◆❋❍✲●❄ ✼❧❛ ❉❆✲ P❴✸✌❄❆❃ ✾ ❋❀✸❊P◗✲☛✸❊❉ ✫ ❉ ✺✽✼ ❁ nx ❁▲❢ ❈ ✴ ✾✿✺✽✼ ⑤

nx =




− ✴❂❃❙❁
θ

− ❁ ✺ ❄ θ
0


 ,

✲ ✼ |x− y| =
√

(l − ly)2 + r2w + r2 − 2 rw r
✴❂❃❙❁

(θ)
❚

✇ ✸ ■ ✲ ✾ ❄ ✺ ② ✾ ✲➃✴❂❃✠❃ ✾✷■ ❃❅❄✻❄ ❈ ✲ ■ ✲ nx ❳❙✸❊P❴✸❊❄ ✼ 0
❑❨Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ D1,3(y)

✲❂❁ ✼ ❄❺❉✻P✽P◗✲❙❚ ❵ ❃❅❉ ✾ ❃❅① ✼ ✲●❄ ✺✽✾ D1
❑ ✺ P❆❄❆❃❅❉❆❁✚❩t✸❊❉ ✼

■ ❃❅❄❆✴ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ P◗✲❂❁ ■ ✲●❉✐❪ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁☛⑤

D1,1(y) = −
∫ 2π

0

∫ L

0
ϕhi (l)

✴❂❃❙❁
θ

[
(l − ly)

2 + r2w + r2 − 2 rw r
✴❂❃❙❁

(θ)
]3/2 rw dl dθ,

D1,2(y) = −
∫ 2π

0

∫ L

0
ϕhi (l)

❁ ✺ ❄ θ
[
(l − ly)

2 + r2w + r2 − 2 rw r
✴❂❃❙❁

(θ)
]3/2 rw dl dθ.



� ✂ � ✂ ✂ ✆✁✥
✡
✧✔✥ ✦✔✎

Dij
� � �

✱♣✸❊P◗✴●❉✻P ■ ✲ D1,1(y)
⑤

✖ ✫✻✾ ②❂❁ ✾✷❈❂■ ❉❆✴ ✼✿✺ ❃❅❄ ✫ ✸ ✾ ❁✿❦✠❋ ❈●✼✿✾✿✺ ✲❙❑➀❩❬❃ ✾ ❋❏❉✻P◗✲❂❁ ✼✿✾✿✺✽❘ ❃❅❄❆❃❅❋ ❈●✼✿✾✿✺◗❛ ❉❆✲❂❁❶✲ ✼ ✴✷✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼❶■ ✲ ❳❙✸ ✾✿✺ ✸❊①✻P◗✲ ✫ ❃❅❉ ✾Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❏❁✿❉ ✾ 2π
❑✐❃❅❄ ✾ ✲●❋❀✸ ✾✷❛ ❉❆✲ ❛ ❉❆✲❲P◗✲❡✴▲✸❊P◗✴●❉✻P D1,1(y)

✾ ✲●❳ ✺ ✲●❄ ✼ ✸❊❉ ✴▲✸❊P◗✴●❉✻P ■ ✲ H′
ij(y)

⑨❏❛ ❉❆✲●P ❛ ❉❆✲❂❁✉✴❂❃✠✲❤❩ ❥❫✹✴ ✺ ✲●❄ ✼ ❁ ✫✻✾ ②❂❁❏⑤

D1,1(y) = − 4 rw

∫ π/2

0

∫ L

0
ϕhi (l)

1 − 2
❁ ✺ ❄ 2θ

[
(l − ly)

2 + (rw − r)2 + 4 rw r
❁ ✺ ❄ 2(θ)

]3/2 dl dθ.

✪❲❄ ✾ ✲ ✫✻✾ ✲●❄ ■ P◗✲❂❁❹❋✎✍●❋❍✲❂❁❲✸ ✫★✫✻✾ ❃❂❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄❆❁ ❛ ❉❆✲ ✫ ❃❅❉ ✾ P◗✲♥✴▲✸❊P◗✴●❉✻P ■ ✲ H′
ij(y)

❑❆✲ ✼ ❃❅❄ ✼✿✾ ❃❅❉✻❳❨✲❭⑤

D1,1(y) ≈ − 4 rw

Nw−1∑

k=1

1

(li − lik)

(
H ′

1(lk − ly) − H ′
1(lk+1 − ly)

+ (ly − lik)
{
H ′

2(lk+1 − ly) − H ′
2(lk − ly)

})

✸▲❳❨✲❂✴❀⑤

H ′
1(s) =

∫ π/2

0

1 − 2 sin2 θ√
s2 + r2

dθ =
1√

s2 + r2

(π
2

− 2
π

4

)
= 0, ∀s ∈ R,

✲ ✼❹■ ❢❷✸❊❉ ✼✿✾ ✲ ✫ ✸ ✾✿✼ ⑤

H ′
2(s) = s

∫ π/2

0

1 − 2 sin2 θ
(
(rw − r)2 + 4 rw r sin2(θ)

) √
s2 + r2

dθ

=
s√

s2 + r2
1

(rw − r)2
(I1 − 2I2) ,

P❴✸✌❳❙✸❊P◗✲●❉ ✾➃■ ✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ I1
✲ ✼ I2

❫ ❘ ❉ ✾ ✸❊❄ ✼❡■ ✸❊❄❆❁✉P◗✲ ✫ ✸ ✾ ✸ ❘❙✾ ✸ ✫ ✶❆✲✎✏✐❚ ✠ ❚
✪❲❄✈❃❅① ✼✿✺ ✲●❄ ✼ ❫❆❄✹✸❊P◗✲●❋❍✲●❄ ✼ Pt❢❷✸ ✫★✫✻✾ ❃❂❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄ ❁✷❉ ✺ ❳❅✸❊❄ ✼ ✲ ■ ✲ D1,1(y)

⑤

D1,1(y) ≈ − 4 rw
∑

k∈I

(ly − lik)

(li − lik)

1

(rw − r)2
(I1 − 2I2)

(
(lk+1 − ly)√

(lk+1 − ly)2 + r2
− (lk − ly)√

(lk − ly)2 + r2

)

✱♣✸❊P◗✴●❉✻P ■ ✲ D1,2(y)
⑤

✇ ❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ D1,2(y)
✲❂❁ ✼ ❄ ❉✻P✽P◗✲❙❚❺r✚❄ ✲ ❨ ✲ ✼ ❑ ✲●❄ ■✐✺ ❳ ✺ ❁❇✸❊❄ ✼ Pt❢ ✺ ❄ ✼ ✲ ✾ ❳❙✸❊P✽P◗✲ [0, 2π]

✲●❄❭⑦✐❑❺❃❅❄ ✫ ✲●❉ ✼ ❈ ✴ ✾✿✺✽✾ ✲❙❑ ✫ ❃❅❉ ✾
✼ ❃❅❉ ✼ ✲❧❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄ f ■ ✲ sin(θ)

✲ ✼ cos(θ)
⑤

∫ 2π

0
f(cos(θ), sin(θ)) dθ =

∫ π

0
f(cos(θ), sin(θ)) dθ +

∫ 2π

π
f(cos(θ), sin(θ)) dθ.

✪❲❄ ✲ ❨ ✲❂✴ ✼ ❉❆✲ ✲●❄❆❁✿❉ ✺✽✼ ✲ P◗✲➁✴✷✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼ ■ ✲➁❳❙✸ ✾✿✺ ✸❊①✻P◗✲❖⑤
t = 2π − θ ■ ✸❊❄❆❁◆P◗✲ ❁✷✲❂✴❂❃❅❄ ■ ✲ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❙❑ ✲ ✼❊✫ ✸ ✾

✾ ✲●P❴✸ ✼✿✺ ❃❅❄ ✼✿✾✿✺✽❘ ❃❅❄❆❃❅❋ ❈●✼✿✾✿✺◗❛ ❉❆✲❙❑⑥❃❅❄ ❃❅① ✼✿✺ ✲●❄ ✼ ✸❊P◗❃ ✾ ❁☛⑤
∫ 2π

π
f(cos(θ), sin(θ)) dθ =

∫ π

0
f(cos(2π − t), sin(2π − t)) dt =

∫ π

0
f(cos(t),− sin(t)) dt,



� � � ✂☎✄✝✆✟✞✡✠☞☛✍✌✏✎ � ✂ ✒ ✜✔✜✝✎✘❋ ✎✘✂ ■ ✂ ✆✁✥
✡
✧✔✥ ✦✔✎ ✩ ✠✗✜ ☛ ✂ ☎✫✌ ✆✁✥☞✎ ✩ ✖ ✠●❋ ☛✍✎ ✩

■ ❢④❃✝✆❣❑❆✲●❄✈❁❇❃❅❋◆❋❀✸❊❄ ✼ P◗✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁❲❁✷❉ ✾ [0, π]
✲ ✼ ❁✷❉ ✾ [π, 2π]

⑤
∫ 2π

0
f(cos(θ), sin(θ)) dθ =

∫ π

0
(f(cos(θ), sin(θ)) + f(cos(θ),− sin(θ))) dθ. ♦ ✏✐❚ ✠ q

✪ ✾ P❴✸☛❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄ f ❛ ❉ ✺ ❄❆❃❅❉❆❁ ✺ ❄ ✼✷❈●✾ ✲❂❁✷❁✷✲❏✲❂❁ ✼ ⑤

f(cos(θ), sin(θ)) dθ = −ϕhi (l) rw
❁ ✺ ❄ θ

[
(l − ly)

2 + r2w + r2 − 2 rw r
✴❂❃❙❁

(θ)
]3/2 ,

✲ ✼ ✴❂✲ ✼✿✼ ✲❧❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄ ✲❂❁ ✼✉✺ ❋ ✫ ✸ ✺✽✾ ✲ ✫ ✸ ✾❹✾ ✸ ✫★✫ ❃ ✾✿✼❡⑨ sin(θ)
❚✫✪❲❄✈✲●❄ ■✻❈❂■ ❉ ✺✽✼➃■ ❃❅❄❆✴ ■ ❢❷✸ ✫✻✾ ②❂❁ ♦ ✏✐❚ ✠ q♣❛ ❉❆✲◆⑤

D1,2(y) = 0.

✖ ✺ ❄❆❁ ✺ ❃❅❄✈❃❅① ✼✿✺ ✲●❄ ✼ ❫❆❄✹✸❊P◗✲●❋❍✲●❄ ✼❡❛ ❉❆✲◆⑤
D1(y) = D1,1(y) n

1
y,❃✝✆

n1
y
■✻❈ ❁ ✺✽❘ ❄❆✲♥P❴✸ ✫✻✾ ✲●❋ ✺ ② ✾ ✲❏✴❂❃❅❋ ✫ ❃❙❁❇✸❊❄ ✼ ✲ ■ ✲♥P❴✸✌❄❆❃ ✾ ❋❀✸❊P◗✲ ny ❚

• ✂ ✆✁✥
✡
✧✔✥ ✦✔✎

D2(y)
■

❪ ✸ ✫★✫ ✲●P◗❃❅❄❆❁✉Pt❢④✲❤❪ ✫✻✾ ✲❂❁✷❁ ✺ ❃❅❄ ■ ✲ D2(y)
⑤

D2(y) =

∫

Γw

ϕhi (x)
(x− y, nx) (x− y, ny)

|x− y|5
dγ(x).

✱✳❃❅❋◆❋❍✲ ✫ ❃❅❉ ✾ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ D1(y)
❑❆❃❅❄ ❈ ✴ ✾✿✺✽✼ ⑤

D2(y) =

(∫

Γw

ϕhi (x)
(x− y, nx)x− y

|x− y|5
dγ(x)

)
.ny.

✪❲❄ ✾ ✸ ✫★✫ ✲●P✽P◗✲ ❛ ❉❆✲◆⑤

x− y =




rw cos θ − r
rw sin θ
l − ly


 ,

✲ ✼ (x− y, nx) = −(rw − r cos θ)
❑✻✲ ✼ D2(θ) = r2

w + r2 − 2 r rw cos θ
❚

✪❲❄ ✫ ❃❙❁✷✲ ✸❊P◗❃ ✾ ❁ ⑤
N1(l, θ) = N1(θ) = (rw − r cos θ) (rw cos θ − r) = (r2

w + r2) cos θ − r rw(1 + cos2 θ),

N2(l, θ) = N2(θ) = (rw − r cos θ) rw sin θ,

N3(l, θ) = (rw − r cos θ) (l − ly).
✪❲❄❶❄❆❃ ✼ ✲❍⑤

D2,p(y) = − rw

∫ 2π

0

∫ L

0
ϕhi (l)

Np(l, θ)[
(l − ly)

2 + D2
]5/2 dl dθ,

✫ ❃❅❉ ✾ p = 1, 2, 3.

✪❲❄❶❳❨❃ ✺✽✼➃✼ ❃❅❉ ✼❹■ ✲ ❁✿❉ ✺✽✼ ✲ ❛ ❉❆✲ D2,2(y) = 0
❑ ✫ ❃❅❉ ✾ P◗✲❂❁✉❋✎✍●❋❍✲❂❁ ✾ ✸ ✺ ❁❇❃❅❄❆❁ ❛ ❉❆✲ D1,2(y) = 0

❚
✎ P▼❄❆❃❅❉❆❁ ✾ ✲❂❁ ✼ ✲ ■ ❃❅❄❆✴ D2,1(y)

❑ ✫ ❉ ✺ ❁ D2,3(y)
⑨ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ❚



� ✂ � ✂ ✂ ✆✁✥
✡
✧✔✥ ✦✔✎

Dij
� �✁�

✱♣✸❊P◗✴●❉✻P ■ ✲ D2,1(y)
⑤

✇ ✲ ❄❺❉✻❋ ❈●✾ ✸ ✼ ✲●❉ ✾ N1
✲❂❁ ✼✉✺ ❄ ■✻❈✜✫ ✲●❄ ■ ✸❊❄ ✼❧■ ✲ l ❑✻❃❅❄✈❳❅✸ ✼ ❃❅❉ ✼➃■ ❢❷✸❊①s❃ ✾✷■ ✺ ❄ ✼✷❈●❘❙✾ ✲ ✾❆✫ ✸ ✾✉✾ ✸ ✫★✫ ❃ ✾✿✼❲⑨ l ⑤

∫ L

0
ϕhi (l)

1
[
(l − ly)

2 + D2(θ)
]5/2 dl.

✖ ✫✻✾ ②❂❁ ■✻❈ ✴❂❃❅❉ ✫ ✸ ❘ ✲ ■ ✲❲Pt❢ ✺ ❄ ✼ ✲ ✾ ❳❙✸❊P✽P◗✲ [0, L]
✲●❄
Nw

❁❇✲ ❘ ❋❍✲●❄ ✼ ❁▲❑✐✴✷✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼➃■ ✲❡❳❅✸ ✾✿✺ ✸❊①✻P◗✲❙❑ ✫ ❉ ✺ ❁ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄❣❑❃❅❄✈❃❅① ✼✿✺ ✲●❄ ✼ ⑤

D2,1(y) = − rw
∑Nw−1

k=1

1

(li − lik)

(
D2,1,1(lk+1 − ly) −D2,1,1(lk − ly)

+(ly − lik) (D2,1,2(lk+1 − ly) −D2,1,2(lk − ly) +D2,1,3(lk+1 − ly) −D2,1,3(lk − ly))
)

✸❂❳❨✲❂✴❀⑤

D2,1,1(s) =

∫ 2π

0

−N1(θ)

3
[
s2 +D2(θ)

]3/2 dθ,

D2,1,2(s) =

∫ 2π

0

sN1(θ)

3D2(θ)
[
s2 +D2(θ)

]3/2 dθ,

D2,1,3(s) =

∫ 2π

0

2 sN1(θ)

3D4(θ)
√
s2 +D2(θ)

dθ.

✱♣✸❊P◗✴●❉✻P ■ ✲ D2,1,1(s)

✱✳❃❅❋◆❋❍✲✈P◗✲ ✫ ❉ ✺✽✼ ❁❀✲❂❁ ✼ ❁✿❉ ✫★✫ ❃❙❁ ❈ ✺ ✴ ✺ P◗❃ ✺ ❄ ■ ❉ ①❞❃ ✾✷■ ❑ ❃❅❄ ✸ ■ ❃ ✫✻✼ ✲ P◗✲ ❋✎✍●❋❍✲ ✾ ✸ ✺ ❁❇❃❅❄✻❄❆✲●❋❍✲●❄ ✼➁❛ ❉❆✲ ✫ ❃❅❉ ✾Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Hij
❑✻✲ ✼ ❃❅❄ ✸ ✫★✫✻✾ ❃✠✴✷✶❆✲ s2 +D2(θ) ✫ ✸ ✾ s2 + r2

❑ ■ ❢④❃✝✆✣⑤

D2,1,1(s) ≈
∫ 2π

0

−N1(θ)

3
[
s2 + r2

]3/2 dθ.

✖ ✫✻✾ ②❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄❣❑❞❃❅❄ ✼✿✾ ❃❅❉✻❳❨✲❀⑤

D2,1,1(s) ≈
π r rw[

s2 + r2
]3/2 .

✱♣✸❊P◗✴●❉✻P ■ ✲ D2,1,2(s)

⑧❧✲❧P❴✸✵❋✎✍●❋❍✲♥❋❀✸❊❄ ✺ ② ✾ ✲ ❛ ❉❆✲ ✫✻✾✷❈ ✴ ❈❂■ ✲●❋◆❋❍✲●❄ ✼ ❑⑥❃❅❄ ✫ ✲●❉ ✼ ✸ ✫★✫✻✾ ❃✠✴✷✶❆✲ ✾ s2 +D2(θ) ✫ ✸ ✾ s2 + r2
❑ ■ ❢④❃✝✆✔⑤

D2,1,2(s) ≈
∫ 2π

0

sN1(θ)

3D2(θ)
[
s2 + r2

]3/2 dθ.



� � � ✂☎✄✝✆✟✞✡✠☞☛✍✌✏✎ � ✂ ✒ ✜✔✜✝✎✘❋ ✎✘✂ ■ ✂ ✆✁✥
✡
✧✔✥ ✦✔✎ ✩ ✠✗✜ ☛ ✂ ☎✫✌ ✆✁✥☞✎ ✩ ✖ ✠●❋ ☛✍✎ ✩

✖ ✫✻✾ ②❂❁ ✾✷❈❂■ ❉❆✴ ✼✿✺ ❃❅❄ ✫ ✸ ✾ ❁✿❦✠❋ ❈●✼✿✾✿✺ ✲ ■ ✲✈Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❖❁✿❉ ✾ 2π
❑ ■✻❈ ❳❨✲●P◗❃ ✫★✫ ✲●❋❍✲●❄ ✼✈■ ❉ ❄❺❉✻❋ ❈●✾ ✸ ✼ ✲●❉ ✾ N1(θ)

❑③✲ ✼
✾ ✲●❋ ✫ P❴✸❅✴❂✲●❋❍✲●❄ ✼❧■ ✲ D2(θ) ✫ ✸ ✾ ❁❇✸✌❳❅✸❊P◗✲●❉ ✾ ❑✻❃❅❄ ✸➁⑤

D2,1,2(s) ≈ 2 s

3
[
s2 + r2

]3/2 ×

(
(r2w + r2)

∫ π

0

cos θ dθ

(r2w + r2 − 2 r rw cos θ)
− r rw

∫ π

0

(1 + cos2 θ) dθ

(r2w + r2 − 2 r rw cos θ)

)
.

✇ ✸ ✫✻✾ ✲●❋ ✺ ② ✾ ✲ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲✌❁✷✲ ✾✷❈❂❈ ✴ ✾✿✺✽✼ ✸ ✫✻✾ ②❂❁ ✾✷❈❂■ ❉❆✴ ✼✿✺ ❃❅❄ ✫ ✸ ✾ ❁✿❦✠❋ ❈●✼✿✾✿✺ ✲ ■ ✲❧Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲☛❁✿❉ ✾ π ⑤
∫ π

0

cos θ dθ

(r2w + r2 − 2 r rw cos θ)
= 2

∫ π/2

0

(1 − 2 sin2 θ) dθ(
(rw − r)2 + 4r rw sin2 θ

) ,

✫ ❉ ✺ ❁❹❁✷✲♥✴▲✸❊P◗✴●❉✻P◗✲☛✲●❄➁❩❸❃❅❄❆✴ ✼✿✺ ❃❅❄ ■ ✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ I1
✲ ✼ I2

❫ ❘ ❉ ✾ ✸❊❄ ✼❲■ ✸❊❄❆❁❹P◗✲ ✫ ✸ ✾ ✸ ❘❙✾ ✸ ✫ ✶❆✲✎✏✐❚ ✠ ⑤
∫ π

0

cos θ dθ

(r2w + r2 − 2 r rw cos θ)
=

2

(rw − r)2
(I1 − 2I2).

� ❉✹✸❊❄ ✼✳⑨ P❴✸❧❁❇✲❂✴❂❃❅❄ ■ ✲ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❙❑❨❁❇✸ ✫✻✾ ✲●❋ ✺ ② ✾ ✲ ✫ ✸ ✾✿✼✿✺ ✲✉❁ ❢④✲❤❪ ✫✻✾✿✺ ❋❍✲❹✸❊❉❆❁✷❁ ✺ ✲●❄✌❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄ ■ ✲ I1
✸ ✫✻✾ ②❂❁ ✾✷❈❂■ ❉❆✴ ✼✿✺ ❃❅❄

✫ ✸ ✾ ❁✿❦✠❋ ❈●✼✿✾✿✺ ✲❙❑ ■ ✲ ✼ ✲●P✽P◗✲ ❁❇❃ ✾✿✼ ✲ ❛ ❉❆✲❍⑤

−r rw
∫ π

0

(2 − sin2 θ) dθ

(r2w + r2 − 2 r rw cos θ)
= − 4 r rw

(rw − r)2
I1 + r rw

∫ π

0

sin2 θ dθ

(r2w + r2 − 2 r rw cos θ)
.

✎ P▼❄❆❃❅❉❆❁ ✾ ✲❂❁ ✼ ✲ ■ ❃❅❄❆✴ ⑨ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ⑤ ∫ π

0

sin2 θ dθ

(r2w + r2 − 2 r rw cos θ)
.

❵ ✸ ✾❹✾ ✲●P❴✸ ✼✿✺ ❃❅❄ ✼✿✾✿✺✽❘ ❃❅❄❆❃❅❋ ❈●✼✿✾✿✺◗❛ ❉❆✲❙❑⑥✲ ✼ ✴❇✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼❧■ ✲♥❳❙✸ ✾✿✺ ✸❊①✻P◗✲❙❑❆❃❅❄✈✸ ⑤
∫ π

0

sin2 θ dθ

(r2w + r2 − 2 r rw cos θ)
= 8

∫ π/2

0

sin2 θ cos2 θ dθ(
(rw − r)2 + 4 r rw sin2 θ

) =
8

(rw − r)2
I3,

✸❂❳❨✲❂✴❀⑤
I3 =

∫ π/2

0

sin2 θ cos2 θ dθ(
1 + a2 sin2 θ

) , ✲ ✼ a2 =
4 r rw

(rw − r)2
.

✇ ✲ ✴▲✸❊P◗✴●❉✻P ■ ✲❧Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ I3
❫ ❘ ❉ ✾ ✲ ■ ✸❊❄❆❁❹P◗✲ ✫ ✸ ✾ ✸ ❘❙✾ ✸ ✫ ✶❆✲✎✏✐❚ ✠ ❚

✪❲❄✈✲●❄ ■✻❈❂■ ❉ ✺✽✼ D2,1,2(s)
❑✹✸ ✫✻✾ ②❂❁ ✾ ✲ ❘❙✾ ❃❅❉ ✫ ✲●❋❍✲●❄ ✼❧■ ✲ ✼ ❃❅❉❆❁❹P◗✲❂❁ ✼ ✲ ✾ ❋❍✲❂❁ ❑❆✲ ✼ ❁ ✺ ❋ ✫ P ✺ ❫✹✴▲✸ ✼✿✺ ❃❅❄❆❁✌⑤

D2,1,2(s) ≈
4 s

3
[
s2 + r2

]3/2
(
I1 −

2 (r2w + r2)

(rw − r)2
I2 +

4 r rw
(rw − r)2

I3

)
.

✱♣✸❊P◗✴●❉✻P ■ ✲ D2,1,3(s)

✪❲❄❭❩❬✸ ✺✽✼ P◗✲❂❁✳❋✎✍●❋❍✲❂❁❹✸ ✫★✫✻✾ ❃❂❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄❆❁ ❛ ❉❆✲ ✫✻✾✷❈ ✴ ❈❂■ ✲●❋◆❋❍✲●❄ ✼ ❑ ⑨ ❁❇✸▲❳❨❃ ✺✽✾ ⑤ s2 +D2(θ)
✲❂❁ ✼ ✸ ✫★✫✻✾ ❃ ✴❇✶ ❈✼✫ ✸ ✾

s2 + r2
❑ ■ ❃❅❄❆✴❍⑤

D2,1,3(s) ≈
2 s

3
√
s2 + r2

∫ 2π

0

N1(θ)

D4(θ)
dθ.



� ✂ � ✂ ✂ ✆✁✥
✡
✧✔✥ ✦✔✎

Dij
� � �

✖ ✫✻✾ ②❂❁ ■✻❈ ❳❨✲●P◗❃ ✫★✫ ✲●❋❍✲●❄ ✼❲■ ✲ N1(θ)
❑ ✾ ✲●❋ ✫ P❴✸❅✴❂✲●❋❍✲●❄ ✼❡■ ✲ D2(θ) ✫ ✸ ✾ ❁❇✸☛❳❙✸❊P◗✲●❉ ✾ ❑ ✫ ❉ ✺ ❁ ✾✷❈❂■ ❉❆✴ ✼✿✺ ❃❅❄ ✫ ✸ ✾ ❁✿❦✠❋ ❈❤❥

✼✿✾✿✺ ✲❙❑❆❃❅❄ ✫ ✲●❉ ✼➃❈ ✴ ✾✿✺✽✾ ✲❍⑤

D2,1,3(s) ≈
4 s

3
√
s2 + r2

{
(r2w + r2)

∫ π

0

cos θ

D4(θ)
dθ − r rw

∫ π

0

(1 + cos2 θ)

D4(θ)
dθ

}
.

✖ ✾✿✾✿✺ ❳ ❈ ❁ ⑨ ✴❂✲❏❁ ✼ ✸ ■ ✲❙❑✐❄❆❃❅❉❆❁ ■ ✲●❳❨❃❅❄❆❁❲✴▲✸❊P◗✴●❉✻P◗✲ ✾ P◗✲❂❁ ■ ✲●❉✐❪ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁✌⑤

I3,1 =

∫ π

0

cos θ
(
r2w + r2 − 2 r rw cos θ

)2 dθ,

I3,2 =

∫ π

0

(1 + cos2 θ)
(
r2w + r2 − 2 r rw cos θ

)2 dθ.

❵ ✸ ✾ ❩❸❃ ✾ ❋☛❉✻P◗✲❂❁ ✼✿✾✿✺✽❘ ❃❅❄❆❃❅❋ ❈●✼✿✾✿✺◗❛ ❉❆✲❂❁▲❑ ✫ ❉ ✺ ❁❹✴✷✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼❡■ ✲♥❳❙✸ ✾✿✺ ✸❊①✻P◗✲❙❑✻Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ I3,1 ✫ ✲●❉ ✼ ❁✷✲ ✾✷❈❂❈ ✴ ✾✿✺✽✾ ✲❀⑤

I3,1 = 2

∫ π/2

0

(1 − 2 sin2(θ)) dθ
[
(rw − r)2 + 4 r rw sin2(θ)

]2 =
2

(rw − r)4
I5,

✸❂❳❨✲❂✴❀⑤
I5 =

∫ π/2

0

(1 − 2 sin2 θ) dθ
[
1 + a2 sin2(θ)

]2 .

⑧❧✲❧❋✎✍●❋❍✲❙❑❆Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ I3,2 ❁✷✲ ✾✷❈❂❈ ✴ ✾✿✺✽✼ ⑤

I3,2 =
2

(rw − r)4
(I4 + I6) ,

✸❂❳❨✲❂✴❀⑤

I4 =

∫ π/2

0

dθ
[
1 + a2 sin2(θ)

]2 ,

I6 =

∫ π/2

0

(1 − 2 sin2(θ))2 dθ
[
1 + a2 sin2(θ)

]2 .

✇ ✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ I4,I5,I6
❁✷❃❅❄ ✼➃■ ❃❅❄✻❄ ❈ ✲❂❁ ■ ✸❊❄❆❁✉P◗✲ ✫ ✸ ✾ ✸ ❘❙✾ ✸ ✫ ✶❆✲✎✏✐❚ ✠ ❚

� ✺ ❄✹✸❊P◗✲●❋❍✲●❄ ✼ ❃❅❄ ✸➁⑤

D2,1,3(s) ≈
8 s

3
√
s2 + r2 (rw − r)4

(
(r2w + r2)I5 − r rw(I4 + I6)

)
.

✂ ✆✁✥
✡
✧✔✥ ✦ ✎

D2,3(y)
■

✪❲❄ ✾ ✸ ✫★✫ ✲●P✽P◗✲♥Pt❢④✲❤❪ ✫✻✾ ✲❂❁✷❁ ✺ ❃❅❄ ■ ✲ D2,3(y)
⑤

D2,3(y) = − rw

∫ 2π

0

∫ L

0
ϕhi (l)

(rw − r cos θ) (l − ly)[
(l − ly)

2 + D2
]5/2 dl dθ.



� �✫� ✂☎✄✝✆✟✞✡✠☞☛✍✌✏✎ � ✂ ✒ ✜✔✜✝✎✘❋ ✎✘✂ ■ ✂ ✆✁✥
✡
✧✔✥ ✦✔✎ ✩ ✠✗✜ ☛ ✂ ☎✫✌ ✆✁✥☞✎ ✩ ✖ ✠●❋ ☛✍✎ ✩

❵ ❃❅❉ ✾ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ✴❂✲ ✼✿✼ ✲ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❙❑❣❃❅❄ ✺ ❄ ✼ ② ❘❙✾ ✲ ✼ ❃❅❉ ✼ ■ ❢❷✸❊①❞❃ ✾✷■♦✫ ✸ ✾❧✾ ✸ ✫★✫ ❃ ✾✿✼❏⑨ l ❚ ✪❲❄ ■✐✺ ❁✷✴ ✾✷❈●✼✿✺ ❁✷✲✵Pt❢ ✺ ❄ ✼ ✲ ✾ ❳❅✸❊P✽P◗✲
[0, L]

❑ ✫ ❉ ✺ ❁ ✫ ✸ ✾ ✴✷✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼❧■ ✲❧❳❙✸ ✾✿✺ ✸❊①✻P◗✲❙❑❆✲ ✼❹✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄❣❑❞❃❅❄ ✼✿✾ ❃❅❉✻❳❨✲❍⑤

D2,3(y) = − rw
∑

k

1

(li − lik)

{
J3,1(lk+1 − ly) − J3,1(lk − ly)

− (ly − lik) (J3,2(lk+1 − ly) − J3,2(lk − ly))
} ♦ ✏✐❚ ✠ q

✸❂❳❨✲❂✴❀⑤
J3,1(s) =

∫ 2π

0

s3 (rw − r cos θ) dθ

3D2(θ) (s2 +D2(θ))3/2
,

J3,2(s) =

∫ 2π

0

(rw − r cos θ) dθ

3(s2 +D2(θ))3/2
.

✱♣✸❊P◗✴●❉✻P ■ ✲ J3,1
✪❲❄ ✫ ✲●❉ ✼ ✸ ✫★✫✻✾ ❃ ✴❇✶❆✲ ✾ s2 +D2(θ) ✫ ✸ ✾ s2 + r2

❑✻✲ ✼➃■ ❃❅❄❆✴❍⑤

J3,1(s) ≈ s3

3 (s2 + r2)3/2

∫ 2π

0

(rw − r cos θ) dθ

D2(θ)
.

✖ ✫✻✾ ②❂❁ ✾ ✲●P❴✸ ✼✿✺ ❃❅❄❆❁ ✼✿✾✿✺✽❘ ❃❅❄❆❃❅❋ ❈●✼✿✾✿✺◗❛ ❉❆✲❂❁③✲ ✼ ✴✷✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼✳■ ✲✳❳❅✸ ✾✿✺ ✸❊①✻P◗✲❙❑❅Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ J3,1
❁▲❢④✲❤❪ ✫✻✾✿✺ ❋❍✲♣✲●❄✵❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄

■ ✲ I1
✲ ✼❹■ ✲ I2

⑤

J3,1(s) ≈
4 s3

3 (s2 + r2)3/2

(
1

(rw − r)
I1 +

2 r

(rw − r)2
I2

)
.

✱♣✸❊P◗✴●❉✻P ■ ✲ J3,2✇ ❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ J3,2
✲❂❁ ✼ ✸ ✫★✫✻✾ ❃✠✴✷✶ ❈ ✲ ✫ ✸ ✾ ⑤

J3,2(s) ≈
1

3(s2 + r2)3/2

∫ 2π

0
(rw − r cos θ) dθ,

✲ ✼ ❁✷❃❅❄ ✸ ✫★✫✻✾ ❃▲❪ ✺ ❋❀✸ ✼✿✺ ❃❅❄ ❁✷✲♥✴▲✸❊P◗✴●❉✻P◗✲ ✼✿✾ ②❂❁✉❩❬✸❅✴ ✺ P◗✲●❋❍✲●❄ ✼ ⑤

J3,2(s) ≈
2π rw

3 (s2 + r2)3/2
.

⑧❧❃❅❄❆✴♥Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ D2(y)
❁ ❢ ❈ ✴ ✾✿✺✽✼ ⑤

D2(y) = D2,1(y).n
1
y +D2,3(y).n

3
y,✸❂❳❨✲❂✴

n3
y

P❴✸ ✼✿✾ ❃ ✺ ❁ ✺ ②●❋❍✲ ✴❂❃❅❋ ✫ ❃❙❁❇✸❊❄ ✼ ✲ ■ ✲❧P❴✸✵❄❆❃ ✾ ❋❀✸❊P◗✲
ny

❚
✎ P❣❁▲❢④✲●❄❆❁✿❉ ✺✽✼❩✫ ❃❅❉ ✾ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ ✺ ❄ ✼✷❈●✾✿✺ ✲●❉ ✾ ✲ Dij

⑤

Dij(y) = (D1,1(y) − 3D2,1(y)) .n
1
y − 3D2,3(y).n

3
y.

✇ ❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲ Dij
✲❂❁ ✼ ❫❆❄✹✸❊P◗✲●❋❍✲●❄ ✼ ❃❅① ✼ ✲●❄ ❉❆✲ ✫ ✸ ✾❹✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄ ❄ ❉✻❋ ❈●✾✿✺◗❛ ❉❆✲❏❁✿❉ ✾ Pt❢ ❈❂❛ ❉✹✸ ✼✿✺ ❃❅❄ ♦ ✏✐❚❷⑦ q ❚



� ✂ � ✂ ✂ ✆✁✥
✡
✧✔✥✛✩ ✦ � ✠✗✜ ☛ ✂ ☎✢✌✏✆✁✥✛✎ ✩ ✠✛✜ ☛✍✎ ✌ ✖ ✂ ✦✡✠✛✆✁✠☞✌ ✎ ✩ � �✞✝

✓ ☎✁� ✔☎✄✆☎✝✆✁� ☎ ✞✄✂✆☎ ✂✝✞✠✟✞✝✠✟✁�✡✄✆☎✞✝ ✞ ✂✝✞✠✟ ✝✝� ☛ ✝✠✂ ✂✝✄ ✂ � ✝ ✞

✂ ☛✁�☎☛✁✎ ✄✛✤✫✘✓✖✩✭✌✔✗✚✰✯✣★✩✏ ★✩✤
1 + a2sin2θ

✁

� ✂ � ✂ � ✂ � ✂ ✆✁✥
✡
✧ ✥ ✦✔✎ I1

■

I1 =

∫ π/2

0

1(
1 + a2 sin2(θ)

) dθ.

✪❲❄ ❩t✸❅✴ ✼ ❃ ✾✿✺ ❁✷✲❧P◗✲ ■✻❈ ❄❆❃❅❋ ✺ ❄✹✸ ✼ ✲●❉ ✾✼✫ ✸ ✾ cos2(θ)
⑤

I1 =

∫ π/2

0

1

cos2 θ

(
1

cos2 θ
+ a2 sin2 θ

cos2 θ

) dθ,

✫ ❉ ✺ ❁ ✫ ✸ ✾❹✾ ✲●P❴✸ ✼✿✺ ❃❅❄❆❁ ✼✿✾✿✺✽❘ ❃❅❄❆❃❅❋ ❈●✼✿✾✿✺◗❛ ❉❆✲❂❁ ❑✹❃❅❄✈✲❤❪ ✫✻✾✿✺ ❋❍✲♥Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊❄ ■ ✲✌✲●❄➁❩❬❃❅❄❆✴ ✼✿✺ ❃❅❄ ■ ✲ tan(θ)
⑤

I1 =

∫ π/2

0

(
1 + tan2 θ

)
dθ

(1 + tan2 θ + a2 tan2 θ)
.

✪❲❄✈✲ ❨ ✲❂✴ ✼ ❉❆✲❏✸❊P◗❃ ✾ ❁✉P◗✲ ✴❇✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼❧■ ✲❧❳❅✸ ✾✿✺ ✸❊①✻P◗✲❀⑤

u = tan θ du = (1 + tan2 θ) dθ,

✲ ✼ ❃❅❄✈❃❅① ✼✿✺ ✲●❄ ✼ ⑤
I1 =

∫ +∞

0

du

1 + (1 + a2)u2
.

✖ ✫✻✾ ②❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄❣❑❞❃❅❄ ✼✿✾ ❃❅❉✻❳❨✲❀⑤
I1 =

1√
1 + a2

π

2
.

✇ ✸◆❋ ❈●✼ ✶❆❃ ■ ✲ ■ ✲♥✴▲✸❊P◗✴●❉✻P❱✲❂❁ ✼ P❴✸✌❋✎✍●❋❍✲ ✫ ❃❅❉ ✾❹✼ ❃❅❉ ✼ ✲❂❁✉P◗✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁❲❁✿❉ ✺ ❳❙✸❊❄ ✼ ✲❂❁❏⑤✻❃❅❄ ❩❬✸❅✴ ✼ ❃ ✾✿✺ ❁❇✲❧P◗✲ ■✻❈ ❄❆❃ ❥❋ ✺ ❄✹✸ ✼ ✲●❉ ✾✿✫ ✸ ✾ cos2(θ) ✫ ❃❅❉ ✾ ❩t✸ ✺✽✾ ✲❹✸ ✫★✫ ✸ ✾ ✸✆☎ ✼✿✾ ✲ ✫ ✸ ✾➀✾ ✲●P❴✸ ✼✿✺ ❃❅❄❆❁ ✼✿✾✿✺✽❘ ❃❅❄❆❃❅❋ ❈●✼✿✾✿✺◗❛ ❉❆✲❂❁ tan2(θ)
❑❙❃❅❄❍❩❬✸ ✺✽✼ ✲●❄❆❁✿❉ ✺✽✼ ✲P◗✲♥✴✷✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼❲■ ✲❧❳❙✸ ✾✿✺ ✸❊①✻P◗✲ u = tan θ

❑ ✫ ❉ ✺ ❁✉❉✻❄❆✲ ■✻❈ ✴❂❃❅❋ ✫ ❃❙❁ ✺✽✼✿✺ ❃❅❄✈✲●❄ ❈ P ❈ ❋❍✲●❄ ✼ ❁➃❁ ✺ ❋ ✫ P◗✲❂❁ ❑✻✲ ✼ ❃❅❄ ✺ ❄ ✼ ② ❘❙✾ ✲❙❚❵ ❃❅❉ ✾ P◗✲❂❁❹✴▲✸❊P◗✴●❉✻P◗❁ ■ ✲ I2
✲ ✼ I3

❑✐❄❆❃❅❉❆❁❹❄❆✲♥❋❍❃❅❄ ✼✿✾ ✲ ✾ ❃❅❄❆❁ ❛ ❉❆✲♥✴❂✲❂❁ ❈●✼ ✸ ✫ ✲❂❁ ■ ❉❶✴▲✸❊P◗✴●❉✻Pt❑ ✫ ❉ ✺ ❁❹P◗✲ ✾✷❈ ❁✿❉✻P ✼ ✸ ✼ ❫❆❄✹✸❊Pt❚
� ✂ � ✂ � ✂ � ✂ ✆✁✥

✡
✧ ✥ ✦✔✎ I2

■

I2 =

∫ π/2

0

sin2 θ dθ(
1 + a2 sin2 θ

)

=

∫ +∞

0

u2 du

(1 + u2) (1 + (1 + a2)u2)

=

∫ +∞

0

(u2 + (1 + a2)) du

a4 (1 + u2)
−
∫ +∞

0

(1 + a2) (1 + u2) du

a4
(
1 + (1 + a2)u2

)

=
π

2 a2
−

√
1 + a2

a4

π

2
+

1

a4
√

1 + a2

π

2
.



� � � ✂☎✄✝✆✟✞✡✠☞☛✍✌✏✎ � ✂ ✒ ✜✔✜✝✎✘❋ ✎✘✂ ■ ✂ ✆✁✥
✡
✧✔✥ ✦✔✎ ✩ ✠✗✜ ☛ ✂ ☎✫✌ ✆✁✥☞✎ ✩ ✖ ✠●❋ ☛✍✎ ✩

� ✂ � ✂ � ✂ � ✂ ✆✁✥
✡
✧ ✥ ✦✔✎ I3

■

I3 =

∫ π/2

0

sin2 θ cos2 θ dθ(
1 + a2 sin2 θ

)

=

∫ +∞

0

u2 du

(1 + u2)2 (1 + (1 + a2)u2)

=

∫ +∞

0

u2 + (1 + a2)

a4 (1 + u2)2
du −

∫ +∞

0

(1 + a2)

a4 (1 + (1 + a2)u2)
du

=
(2 + a2)π

4 a4
−

√
1 + a2

a4

π

2
.

✂ ☛✁�☎☛✁� ✄✛✤✫✘✓✖✩✭✌✔✗✚✰✯✣★✩✏ ★✩✤ (

1 + a2sin2θ
)2 ✁

� ✂ � ✂ � ✂ � ✂ ✆✁✥
✡
✧ ✥ ✦✔✎ I4

■

✪❲❄✆✸ ■ ❃ ✫✻✼ ✲❍P❴✸➁❋✎✍●❋❍✲❀❋ ❈●✼ ✶❆❃ ■ ✲ ❛ ❉❆✲ ✫✻✾✷❈ ✴ ❈❂■ ✲●❋◆❋❍✲●❄ ✼ ⑤✯❃❅❄✔✴❇✶❆✲ ✾ ✴✷✶❆✲ ⑨ ❩t✸ ✺✽✾ ✲❀✸ ✫★✫ ✸ ✾ ✸✆☎ ✼✿✾ ✲ tan2 θ ✫ ✸ ✾
✾ ✲●P❴✸ ✼✿✺ ❃❅❄❆❁ ✼✿✾✿✺✽❘ ❃❅❄❆❃❅❋ ❈●✼✿✾✿✺◗❛ ❉❆✲❂❁▲❑▼❋❀✸ ✺ ❁♥✲●❄ ❩t✸❅✴ ✼ ❃ ✾✿✺ ❁❇✸❊❄ ✼ ✴❂✲ ✼✿✼ ✲☛❩❬❃ ✺ ❁ ✫ ✸ ✾ cos4 θ

❑ ✫ ❉ ✺ ❁♥❃❅❄❜❩t✸ ✺✽✼ P◗✲◆✴❇✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼
■ ✲♥❳❙✸ ✾✿✺ ✸❊①✻P◗✲ u = tan θ

❚✫✪❲❄✈✸❊①s❃❅❉ ✼✿✺✽✼ ✸ ✺ ❄❆❁ ✺ ⑨ ⑤

I4 =

∫ π/2

0

dθ
[
1 + a2 sin2(θ)

]2

=

∫ π/2

0

(1 + tan2 θ)2 dθ
[
1 + (1 + a2) tan2 θ

]2

=

∫ ∞

0

(1 + u2) du
[
1 + (1 + a2)u2

]2 .

✖ ✴❂✲♥❁ ✼ ✸ ■ ✲❙❑❆❃❅❄ ✫ ✲●❉ ✼ ❩❬✸ ✺✽✾ ✲ ✸ ✫★✫ ✸ ✾ ✸✆☎ ✼✿✾ ✲ 1 + (1 + a2)u2 ✸❊❉ ❄❺❉✻❋ ❈●✾ ✸ ✼ ✲●❉ ✾ ❑❞✲ ✼ ❃❅❄ ✼✿✾ ❃❅❉✻❳❨✲❍⑤

I4 =

∫ ∞

0

1 + (1 + a2)u2 − a2u2

[
1 + (1 + a2)u2

]2 du

=

∫ ∞

0

du

1 + (1 + a2)u2
−
∫ ∞

0

a2u2

[
1 + (1 + a2)u2

]2 du.

✖ ✫✻✾ ②❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄❣❑❞❃❅❄❶❃❅① ✼✿✺ ✲●❄ ✼ ⑤

I4 =
π

2
√

1 + a2
− a2 π

4 (1 + a2)3/2
.

� ✂ � ✂ � ✂ � ✂ ✆✁✥
✡
✧ ✥ ✦✔✎ I7

■

I7 =

∫ π/2

0

sin2 θ dθ
[
1 + a2 sin2(θ)

]2 .

❵ ❃❅❉ ✾ ✴❂✲ ✼✿✼ ✲ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❙❑❆❃❅❄✈✸ ■ ❃ ✫✻✼ ✲❧P❴✸☛❋✎✍●❋❍✲❧❋ ❈●✼ ✶❆❃ ■ ✲❙❑✻✲ ✼ ✸ ✫✻✾ ②❂❁♣P◗✲❧✴❇✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼❲■ ✲❧❳❙✸ ✾✿✺ ✸❊①✻P◗✲ u = tan θ
❑

❃❅❄ ✸ ✾✿✾✿✺ ❳❨✲ ⑨ ⑤
I7 =

∫ +∞

0

u2 du

(1 + (1 + a2)u2)2
.
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✡
✧✔✥✛✩ ✦ � ✠✗✜ ☛ ✂ ☎✢✌✏✆✁✥✛✎ ✩ ✠✛✜ ☛✍✎ ✌ ✖ ✂ ✦✡✠✛✆✁✠☞✌ ✎ ✩ � � �

✪❲❄ ✫ ✲●❉ ✼ ✸❊P◗❃ ✾ ❁ ❈ ✴ ✾✿✺✽✾ ✲❍⑤
I7 =

1

(1 + a2)

∫ +∞

0

(1 + a2)u2

(1 + (1 + a2)u2)2
du.

✪❲❄ ❩t✸ ✺✽✼ ✸❊P◗❃ ✾ ❁✉P◗✲ ✴❇✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼❧■ ✲♥❳❅✸ ✾✿✺ ✸❊①✻P◗✲❀⑤
v =

√
1 + a2 u,✲ ✼ ❃❅❄ ■ ❃ ✺✽✼ ✴▲✸❊P◗✴●❉✻P◗✲ ✾ ⑤

I7 =
1

(
1 + a2

)3/2
∫ +∞

0

v2 dv

(1 + v2)2
.

✪❲❄ ✼✿✾ ❃❅❉✻❳❨✲❏✸ ✫✻✾ ②❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸ ✼✿✺ ❃❅❄✆⑤
I7 =

π

4
(
1 + a2

)3/2 .

� ✂ � ✂ � ✂ � ✂ ✆✁✥
✡
✧ ✥ ✦✔✎ I8

■

I8 =

∫ π/2

0

sin4 θ dθ
[
1 + a2 sin2(θ)

]2 .
✖ ✫✻✾ ②❂❁❡✸▲❳❨❃ ✺✽✾ ✲❤❪ ✫✻✾✿✺ ❋ ❈ Pt❢ ✺ ❄ ✼✷❈●❘❙✾ ✸❊❄ ■ ✲✌✲●❄✈❩❸❃❅❄❆✴ ✼✿✺ ❃❅❄ ■ ✲ tan θ

❑ ✫ ❉ ✺ ❁❡✸▲❳❨❃ ✺✽✾ ❩t✸ ✺✽✼ P◗✲☛✴✷✶✹✸❊❄ ❘ ✲●❋❍✲●❄ ✼ ■ ✲❏❳❅✸ ✾✿✺ ✸❊①✻P◗✲
u = tan θ

❑✠❃❅❄ ❃❅① ✼✿✺ ✲●❄ ✼ ⑤
I8 =

∫ +∞

0

u4 du

(1 + u2)
(
1 + (1 + a2)u2

)2 .
✪❲❄ ❩t✸ ✺✽✼ ✸❊P◗❃ ✾ ❁✉❉✻❄❆✲ ■✻❈ ✴❂❃❅❋ ✫ ❃❙❁ ✺✽✼✿✺ ❃❅❄ ✲●❄ ❈ P ❈ ❋❍✲●❄ ✼ ❁❲❁ ✺ ❋ ✫ P◗✲❂❁ ⑤

I8 =

∫ +∞

0

du

a4 (1 + u2)
+

∫ +∞

0

(a4 − (1 + a2)2)u2 − 1

a4
(
1 + (1 + a2)u2

)2 du.
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(
(1 + a2)u

)1/2 ❑ ✫ ❉ ✺ ❁➃❃❅❄ ✺ ❄ ✼✷❈●❘❙✾ ✲❙❚ ✪❲❄ ✼✿✾ ❃❅❉✻❳❨✲♥❫❆❄✹✸❊P◗✲●❋❍✲●❄ ✼ ⑤

I8 =
π

2 a4
+

π

4 (1 + a2)3/2
−

√
1 + a2 π

4 a4
− π

4 a4
√

1 + a2
.

✇ ✲❂❁ ✺ ❄ ✼✷❈●❘❙✾ ✸❊P◗✲❂❁ I5
✲ ✼ I6
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� ✂ � ✂ � ✂ � ✂ ✆✁✥
✡
✧ ✥ ✦✔✎ I5

■

I5 =

∫ π/2

0

(1 − 2 sin2 θ) dθ
[
1 + a2 sin2(θ)

]2

= I4 − 2I7.

� ✂ � ✂ � ✂✁✝ ✂ ✆✁✥
✡
✧ ✥ ✦✔✎ I6

■

I6 =

∫ π/2

0

(1 − 2 sin2 θ)2 dθ
[
1 + a2 sin2(θ)

]2

= I4 − 4I7 + 4I8.
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