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des multidétecteurs γ EUROBALL IV et EXOGAM

Soutenue le 27 Mars 2003
devant la Commission d’Examen

Jury : M. A. ASTIER
M. Y. DÉCLAIS
M. M. GIROD
M. B. HAAS Rapporteur
Mme. M. MEYER
M. A. NOURREDDINE Rapporteur

Institut de Physique Nucléaire de Lyon
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R$E3ZS[�W*}bEbHm[PW3f\f7N\R_GIN\[�]SN²`!W3Hm[INgRSW3[MGIHD]SN²L�EbQ �MZS[Mp ]SNYGq�Sv7JINd>��3N²[IN\L�N\[Mf\HmN\[qWdH �§N7Q_x2Q��:|�EbQSJMHKN\Z_[
��}bN7Jª¦�¤ ¨ n:±ª= � �SL�N\LY�S[MN³]SN³L�EbQ �MZ_[Mp�N/Gu]SHm[IN\f/GqN7ZS[ ]SNPV��{= � ��n ��R$E3ZS[ L��lW*}bE3HK[ Wdf\f\Z_N\HKVmVKH5]2W3Q_J

y



JMEbQ�VKW3�;Eb[qWdGIEbHK[MN3>

�3N�JIEbZ_�2W3HmGIN\[IW3H�^\¥ W3VmN\L�N\Q G N/CFRS[IHmLON7[ L�N\J+RSVmZSJ+}�HA`aJ [MN\L�N\[If7HKN7LON7Q�GIJ � �bW3f\¶�ZSN7J�| B ��B�® N7G �u�SEdr
LOW3Jª¦³³¹��B ��JqWdQSJ³V �{W3Hm]SN�]SNg¶�ZSH �MNgQ��{W3ZS[IW3HKJ �IW3LOW3HKJwRSZ RS[I^7JIN\Q GIN\[³VmN\J�[M^\JMZSVmGqWdGqJoGq�S^7Eb[IHm¶�Z_N\J
]SN�f\N7GMGqN�GI�Sv\JMN3>5¯³Q�Q_N³JIN7[qW3HAG ^\¥bW3VKN7LON7Q�G R2W3J©¥b[qW3Q_]�f?�SEbJMNPJqW3QSJ©V �{W3HK]SNwGqN7f?�SQSHm¶�Z_NP]SN\J HmQ_`aEb[MLcW�r
GIHKf\HmN\QSJP]_N�V��{= � �ªn T��MN�[IN7LON7[If7HKN\[IW3HDN7Q R2Wd[MGqHmf\ZSVmHKN7[ �u�SHmN\[I[sp ¯Pn�n�=���= B�® �!R;EbZS[PVmp3EbJIZ2y � ���oE � V
¹P= ®o±wª¦ �aR$EbZ_[oVKWY`aN\[IL�N�]SNi��¨ �wN/GP¯³VKHA}�HKN\[ ®o±�¡ = ¦�= �S¯ � �!R;EbZS[wVKN7Jª��¨�n:HmQ�Z�C � >;B�Q�f\Ni¶�ZSH
f7EbQSf\N7[IQSN�V��lW3]_LOHmQSHKJsGq[qW�GqHKE3QON/GwVXWY]SE�f\ZSL�N\Q GqWdGqHmEbQ��_L�N\JuR;N\Q_JI^\N7Ju}bEbQ Gw}bN7[IJªn�Z_f\HKVmVKN³¨ �³¯ � �S¯ �
�a¶�Z_H L��lW�JIZSHA}�H ]SN7RSZSHmJ�VKNh¦³B�± �wN7Gª}bN\[MJ ��p�Vm}�HmNg¡Dn+¯P®oB ��R$EbZ_[ªVmN\ZS[o�$E3QSQSNg��ZSL�N\Z_[�N7GªGqEbZFGqN
V��lW3Hm]SNi¶�Z§�{N7VKVKN7J�EbQ GPR_Z L��{W3RSR;Eb[sGqN\[ªR$N7QS]2W3Q GPf7N\J�GI[IEbHmJ³W3Q_J\>�¤D}�HK]_N\L�LON7Q�G �$f7N\J³[MN\L�N\[Mf\HKN7LON7Q GqJ
J7�lW3]_[IN\JMJIN7Q�GD^\¥ W3VmN\L�N\Q G��wGIEbZSJ VmN\J+W3Z_GI[IN7J L�N\LY�S[MN\J+]SN\J ]SHm¢$^\[MN\Q GqJ JIN7[M}�HKf7N\JDWd]SLOHmQSHKJsGq[IWdGqHA`aJ �!L�HKJ r
JMHKEbQ���JMN\f\[M^7GqW3[IHKWdG �PN7GiGqN7f?�SQSHK¶�ZSN7JY¶�ZSH�EbQ Gg`!W3HAGhN7Q JIE3[MGqN�¶�ZSN�f7N7GIGINOGI�Sv\JMNcJINO]S^\[MEbZSVmNc]2W3Q_JhVmN\J
L�N\HmVKVKN7ZS[IN7J©f7EbQS]SHAGqHKE3QSJ\>

±ªZFr ]SN7V �e]SN\Jhf\EbQ_Q2W3HKJMJqW3Q_f\N\JYW3f\¶�ZSHmJIN\JhN7Gh]SNcV��lWdHK]SNYGIN\f?�SQSHm¶�ZSN����MNOJMEbZS�2W3HAGqN7[qW3H�[IN7LON7[If7HKN\[�GqE3Z_G
W3ZFG?W3Q G�f\N7ZFC�¶�ZSH2EbQ G�f\[MZ�N\Q�LOEbH$TbLOWP`!WdLOHmVKVKN �0LON7J�W3LOHmJ N/Gqf3>A>A>�¨���N\JsG ]2W3Q_J�VKN\Z_[�[IN\¥bW3[I]�¶�ZSNwV ��EbQ
RSZ_HKJIN �:LcWdVK¥b[M^YVKN7Jif7EbZSRSJi]SN�JIRSVmN\N7Q N/GhVmN\J�RS[MEb�SVKv7LON7J �:VKW�`aE3[If\N�]��{W*}dW3QSf\N7[hN/Gi]SNOJMNO]_^\R2W3JMJIN7[\>
�3N�[IN7LON7[If7HKN\[IW3H§N7Q�RSW3[MGIHKf\Z_VKHKN7[ L�N\JuR2W3[MN\Q GqJoN7GwLOW²JIE�N\ZS[w¶�ZSH:L��{E3Q�GuGIEbZ �MEbZ_[IJuJIE3Z_GqN7Q�Z�LcWdVK¥b[M^
f7N\[MGqW3HKQ_N\Jwf\Hm[If\E3QSJMGqW3QSf\N7Jw]SHm��f\HmVKN7Ju¶�Z_NiV��{E3Q�WYGI[qW*}bN7[IJI^i]SN�f\N7Jª¶�Z2W�Gq[IN�]SN7[IQSHmv\[MN\JªW3QSQS^7N\J\>

¹P[qW3Q_] L�N\[Mf\HD^7¥ W3VmN\L�N\Q G�W3ZFC R2W3[MGIN\Q2WdHK[IN7JP]SN�R2W3ZSJMN/rtf*Wd`a^7JiN/G�]SN��SVXWdJMG	��n+WdZS[IN7Q�G �!n�E3VKE �$W3ZSJMJIH
f7EbQSQ�Z JIEbZ_J�VKN�QSEbL ]SN �+N\[MLOHAG?WdGIEb[��²N7G�°©N\Q �IWdLOHmQ ���DG\�l��[IEdGqEbQ �+ZS�;N�� WdZSJIJMH�f\E3QSQ�Z JMEbZSJ�VmN
QSE3L ]SN �FHmLYZSVXW�GqN\Z_[ �ªHmQS]SEbZSHmJMGIN �/>§� N/GqHmGIN\J�R;N\QSJM^\N\JhR$E3ZS[³GqEbZ_JPLON7J�W3LOHmJ³]SE�f7GIEb[qW3Q GIJ �aEbZUN/C�r
]SE�f7GIEb[qWdQ�GIJ�� ¶�ZSH2L��{E3Q�G�Wdf\f\E3LOR2Wd¥bQS^uR;N\QS]2WdQ�G�f7N7GIGINuGq�Sv7JIN�T � W3QSQ�� ¨©�S[IHmJMGqE3RS�SN���|�WdGIGIH � �ªW3[IE3VK]
�aVKNYLOW3HKVmN\[w`aEbZ�� ��VKN7J³]SN\Z�C ¹�Z_HKVKVKW3ZSL�N��5±�Z_]S[IN/p �:±�VmN/CFHXW �§B�L�LcW3Q_Q�Z_N\VKVmN��$= EbQ����3^7[��bL�N���°©[IZSQ_E �
±ªQSQ2W3�;N\VmVKN��2N/Gqfd>m>A> ��¶�ZSH��MNiJIE3ZS�2W3HAGqNi�$EbQ_QSNhf?�SW3QSf\NhR$E3ZS[ªVKW�xSQ ]SNhVKN\Z_[wGI�Sv\JMN��;V �{W3RS[Mv\Jsr Gq�Sv7JINhN7G
GIEbZ_GwVKNP[MN\JsGqN3>

�
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¨©NcGq[IW0}dW3HmV�]SNOGI�Sv\JMN�N\JMGg]S^\]_HK^ ��V ��^7GqZ_]SNc]SN7JYQSE0p WdZFC VmEbZS[M]SJgJMEbZSL�HKJ�� ]SN\Jgf\EbQS]_HmGqHmEbQSJ
N/C�Gq[ �\L�N\J�]SNuJMRSHKQ�N7G�]§�{HmJIEbJMRSHKQ�>3n:N\J�N/CFR;^\[IHmN\QSf7N\J�RS[M^\JIN7Q Gq^\N7J©EbQ G�^/Gq^uL�N\QS^7N\J �³V ��= ®oN	�Y]SN ��Gq[IW3Jsr
�$E3ZS[I¥ N/G²W3Z ¹�± �ª= n ]SNe¨ W3N7Q W*}bN7f�VKN\JhLYZSVAGqHK]_^7GqN7f7GIN\ZS[MJ

γ
B��®u¯P°©±�n�n =��~N7G²BD¸ª¯�¹P±P|

W3ZSRS[Mv\J � [IN\JMR$N7f7GIHm}bN7LON7Q G	��]SN\J�W3f7f\^7VK^\[IWdGqN7ZS[IJ ��=��³= �w®u¯ � N7G �_��= ®w±³n�>�n:N\J�QSE0p W3Z�C�^7GqZ_]SHK^7J�E3Q�G
^7GI^ R$N7ZSRSVm^\J }�HXWª]SN\J�[M^*W3f/GqHKE3QSJ ]SN `aZSJIHmEbQFr ^/}dW3R$E3[qWdGIHKEbQ�>&�+EbZS[DN CFRSVKEbHAGqN7[ VKN7J ]SE3QSQS^\N7J �bQ_EbZSJ�W*}bEbQ_J
]S^7}3N\VmEbRSR;^h]SN�QSE3Z_}bN7VKVKN7JuLO^/Gq�SE�]SN7Jo]§�lW3QSW3Vmp�JIN�[MN\R;EbJqW3Q GoJIZ_[oVKW²VKEb¥bHm¶�ZSN � EbZ_N3>

¦�N\ZFC�N/CFR;^\[IHmN\QSf7N\JeEbQ G�^/Gq^ [M^*W3VmHKJI^7N\JcW3ZSRS[Mv\J�]��{B��®u¯P°©±�n�n =��	N/G�R;Eb[MGqW3HKN7Q�GcJIZS[cVKN\J
QSE0p W3Z�C�JIZ_R$N7[I]S^/`aEb[IL�^\J ]_N³LcWdJIJINª± ∼ @0�b´&rsk3´b´��gJqW*}3EbHK[ VKN\J HKJME3GqEbR;N\J JIZSR;N\[M]S^7`aE3[IL�^\J ]SN�RSVKEbLg�
197,198 ���eN/GwV ��HKJIEdGqEbR;N�JMZSR$N7[I]S^/`aEb[IL�^P]SNP�SHmJILYZFGq� 196 °©H�>S¦³W3Q_JoVmN³RS[MN\L�HKN\[ f*W3J �2QSEbZSJwW*}3EbQSJw]S^/r
f\EbZF}bN\[sG³JMHACeQSE3Z_}bN7VKVKN7Jª�SW3QS]SN7JªJMZSR$N7[I]S^/`aEb[IL�^\N7J�f7Nh¶�ZSH�QSEbZ_JªW�R;N\[IL�HKJw]SNiL�N7GIGI[IN�N\Q�^7}�Hm]SN\QSf7N
ZSQ²f\E3ZSRSVXWd¥bN N\Q GI[IN }�HK�S[IWdGqHmEbQSJ+EFf/GqZSR;EbVKW3HK[MN\J+N7G�N/CFf7HmG?W�GqHKE3QSJ HmQ�GI[IHmQSJIv7¶�Z_N\J\>b¦³W3QSJ�VmN©JIN7f\EbQ_]��bQSEbZ_J
W*}bEbQSJ�Eb�SJMN\[s}b^oVXW³Gq[IW3QSJIHAGqHmEbQ²JIZSR;N\[M]S^7`aE3[IL�^\N

γ
]_NoR_VKZSJ��2W3JMJINo^\QSN7[I¥bHmNuJIH2EbQ�N/CFf7VKZ_G�VKN7J�HKJMEbLOv7[IN7J

]SNhxSJIJIHmEbQ�>§¨©N\J³[M^\JMZSVmGqWdGqJªEbQ G�^/Gq^YHmQ�GIN\[MRS[I^/Gq^\J �OR2Wd[MGqHm[ª]_Ngf*WdVKf\Z_VKJwGq�S^7Eb[IHm¶�Z_N\J�L�HKf7[IEbJMf\EbR_HK¶�ZSN\J
W3Z_GIEdr f7Eb�S^\[MN\Q GqJ©JMG?W�GqHK¶�ZSN7J N7G©]_p�Q2W3L�HK¶�ZSN7J©N7¢$N\f/GqZS^7JuN\Q�f7EbVKVKW3�;Eb[qWdGIHKEbQ�W*}3N\fP]SN7J RS� p�JIHKf7HKN7QSJ ]SN7J
¥b[IE3ZSR$N7Jw]SNi��� p�JIHm¶�ZSN��u�_^\Eb[MHK¶�ZSNi]SN�V ��= � ��n�p3EbQ�N/Go]SZ �F� �u� � �_W3f7VXW*pb>

n+W ]SN\[MQSHKv7[IN�R2W3[sGqHKNe]SN�f\N�Gq[IW0}dW3HmVwW f7EbQSf7N\[IQ_^ VXWU[IN7f?�SN\[Mf?�SN ]SN�¥b[qWdQS]SN\J�]S^/`aEb[ILOWdGqHmEbQSJ
]2W3QSJ�VKN7J�QSE0p W3ZFC�]_NoGIN\[I[MN\J r [qWd[IN\J�]SNwVXW �7EbQSNo]SNwLcW3JMJINw± ∼ @&kd´�r?@0z3´PGI[Iv7J ]S^/x2f\HmN\Q GqJ�N\QOQSN\ZFGq[IE3QSJ
JIHAGqZS^7J³RS[Iv7JP]SNYVKWOVKHm¥bQSNi]���^\L�HKJIJMHKEbQ JIR;EbQ G?W3QS^7NY]SNYR_[IE3GIEbQ�>:¨©N/GIGINY^7GIZS]SN�Wc^/Gq^YL�HKJMNgN\Q���Z_}�[MN
W*}bN\f²VmNhLgZSVmGIHK]S^/GqN\f/GqN7ZS[

γ
BD¸ª¯�¹�±³|·N\Q f7EbZSRSVKW3¥bNgW0}3N\fYVmNg]S^/GqN7f7GqN7ZS[³]SNgR2W3[MGIHKf7ZSVKN7Jªf?�2Wd[I¥b^7N\J

VK^7¥bv\[MN\Jo¦�= ±P|�± �%��N7GoVKN³`!W3HmJIf7N*W3Ze[qWd]SHKE Wdf7GqHA`�]SN 76 � [u]S^\VmHm}�[I^PR2Wd[ �F��= ®w±³n�>
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�u�SHKJ
� Eb[ �HmJu]SN7}3E3GqN7]�GIE�GI�SN�JMGIZS]_p�E3` �SN\W0}�peQ�ZSf7VKN\H:Z_QS]SN\[wN CFGI[IN7LON�f\E3QS]SHmGIHKEbQ_J E3` JIRSHmQ
W3QS] HmJIEbJMRSHKQ�> �FN7}3N\[IW3V N/CFR;N\[MHKL�N\Q GqJ � N\[MNe]SEbQSN �wHAGq� GI�SN

γ
LYZSVAGqHK]_N7GqN7f7GIEb[IJgB�ª®u¯P°©±³n�n =��

W3QS]eBD¸ª¯�¹�±³| VKE�f*WdGIN\]���[IN7JIR;N\f/GqHm}3N\VAp �2WdG Gq�SN�= ®oN	� ��Gq[IW3JI�;EbZS[M¥ �³=��³= �w® ¯ ��W3f\f7N\VKN7[qWdGIEb[uW3Q_]
WdGcGI�SNU¹P± �o= n�r ¨ W3N\Q�`!Wdf\HKVmHmG p3> �u�_N Q�ZSf\VmN\H�Ed`�HKQ GqN7[IN\JsG��2W*}bN �;N\N7Q R$EbR_ZSVXWdGIN\]�Z_JIHKQ_¥�`aZSJIHmEbQFr
N7}dW3R;Eb[qW�GqHKE3Q [IN*Wdf7GqHmEbQSJ7>��ªN � W3QSW3Vmp�JIHmJPLON/Gq�SE�]SJPWdQS]URS[IEb¥3[qW3L�J³�2W3JMN\] EbQ `aZ ���/p VKE3¥bHKfiGq�SN7Eb[Mp
�2W*}bNi�$N7N\Q�]SN7}3N\VmEbRSR;N\]�>

��� E N/CFR;N\[MHKL�N\Q GqJi�2W*}bN��$N7N\Q f*W3[M[IHKN7] E3Z_G �wHAGq� B��®u¯P°©±�n+n =�� GIE�JsGqZS]_pUGI�SN�JIZSR;N\[ r
]SN7`aE3[IL�N\] Q�ZSf\VmN\H³HmQ�Gq�SN ± ∼ @0�b´�r k3´b´ LOW3JIJ�[MN\¥bHmEbQ W3QS] �©HKQ RSW3[MGIHKf\Z_VXW3[ ��GI�SN JIZSR;N\[M]SN7`aE3[IL�N\]
JMGI[IZSf/GqZS[MNhE3`+Gq�_N 197,198 ����W3QS] 196 °©H�Q�ZSf7VKN\H�>S= QeGq�SNPx2[MJMGof*W3JMN��SGI�SN�JIHAC�]SHKJMf\E0}bN7[IN7] QSN ���2W3QS]_J
JIZS¥3¥bN\JsG�W�f7EbZSRSVmHKQS¥��$N/G �©N7N\Q E�f7GqZ_R$EbVmN�}�Hm�S[qWdGIHKEbQ_JhWdQS] HKQ GI[IHKQ_JIHKf�N C_f7HmGqWdGqHmEbQSJ\>�= Q�GI�SNcJMN\f7EbQS]
f*W3JMN�� �©Ng�2W*}bNgE3�SJIN7[M}bN7] Gq�SNhVKE � N\JMG�N\QSN7[I¥3p�JMZSR$N7[I]SN/`aEb[IL�N\]

γ
Gq[IW3QSJIHAGqHmEbQ �wHAGq�eGq�SNhN/CFf\N7R_GqHmEbQ

E3`PGq�_N x2JIJMHKEbQ�HKJIE3LON7[IJ\> �u�SN7JIN [IN7JIZSVAGqJ��SW0}3N �$N7N\Q ]SHmJIf7ZSJIJMN\] HKQ£GqN\[MLOJcE3`�LOHmf\[MEbJIf7EbRSHKf�JIN7Vm`Xr
f\EbQ_JIHKJsGqN7Q�GoL�N*W3Q�rtx2N7VK]�f*WdVKf\Z_VXWdGIHKEbQSJ [IN\W3VKH �\N\]�HmQef\EbVmVXW3�;Eb[qW�GqHKE3Q �wHAGq� �u�SN\E3[IN7GIHKf\W3V:��� pFJMHKf7HKJMGIJwE3`
Gq�SN�= � � n�pbEbQ�W3QS] �_� �u� � �_Wdf\VXW*p�VKW3�;Eb[qWdGIEb[IHmN\J7>

�u�SN�VXW3JsG:R2W3[sG�E3`�Gq�SHmJ �©Eb[ ³]SN\W3VKJ��wHAGq�PGq�_N�JIN*Wd[If?�iE3`_VKW3[I¥3N ]SN/`aEb[ILOWdGqHmEbQSJ�HmQ³Gq�SN�[IW3[IN r N\W3[MGI�
Q�ZSf\VmN\H Ed`DGq�SNg± ∼ @&k3´�rq@0zb´�LcWdJIJ�[MN\¥bHmEbQ VmEFf\WdGqN7] QSN\W3[�GI�SNgRS[ME3GqE3Q ]S[IHmRFr VmHKQSNd> �u�SHKJªN/CFR;N\[IHmLON7Q G
�2W3J²�;N\N7Q£f\W3[I[MHKN7] EbZ_G �wHAGq��GI�SNeBD¸ª¯i¹P±P|

γ
LYZSVAGqHm]SN7GIN\f7GIEb[gf7EbZSRSVmN\] GIE Gq�SN�VmHK¥b� Ggf?�2W3[I¥3N\]

R2W3[sGqHKf7VKN³]_N7GqN7f7GIEb[�¦ª= ±P|�± �%��W3Q_]�ZSJMHKQS¥�W 76 � [u[qW3]_HKE W3f/GqHA}bNP�;N*W3L `a[IEbL �F��= ®w±³n�>
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n�N�QSE0pbW3Z WdGIEbL�HK¶�ZSN��_RSVXW3f7^P]2W3QSJo]SN7Jof7EbQS]SHAGqHmEbQSJuN/C�GI[ �\L�N\Jo]SN�JIR_HKQ�EbZ�]§�{HmJIEbJMRSHKQ��_[I^7}3^\VmN
JqW3Q_JYf\N7JIJIN � ¥b[ �3f\N � V ��Z_GIHKVKHmJqWdGIHKEbQ ]��{HmQSJMGI[IZSL�N\Q GIJg]SNO]S^7GIN\f7GIHKEbQ�N7G ��EbZ ]SNORS[IE�]SZSf/GqHKE3Q�]SNORSVKZSJ
N\QURSVmZSJ³R;N\[M`aE3[ILOW3Q GqJ �$]SNYQSE3Z_}bN\W3ZFCURS�_^\QSEbL�v\Q_N\J\>�n:N7J³RS� p�JIHKf7HKN7QSJPGqN\JsGqN7Q�GiWdHKQSJMH VKN7J³R;EbZ_}bE3HK[IJ
RS[I^7]SHKf/GqHA`aJD]SN VmN\ZS[MJDLOE�]Sv7VKN\J N7G�L�N7GMGqN\Q G �³V��{^7RS[IN7Z_}bNwVmN\ZS[ f\EbL�RS[I^7�SN\Q_JIHKE3Q�]_N f\N/GIGqNu^7]SHmxSf\Nuf\E3L�r
RSVKN CFNiE ��HmQ�GIN\[s`av\[IN7Q Gª]_N\JwN7¢$N7GIJªHmQS]SHm}�Hm]SZSN\VmJ N7Gwf7EbVKVmN\f/GqHm`aJ7>

n+W�JIR;N\f/Gq[IE3JIf\E3RSHKN
γ
N\Q VmHK¥bQ_NPR2W3[o[I^*Wdf7GqHmEbQ�N\JMG�]SN7}3N\Q�ZSN²V��{ZSQ_Ni]_N\J�L�N\HmVKVmN\ZS[MN\JwLO^/Gq�SE�]SN7J

R$E3ZS[ ^7GIZS]SHmN\[ VKWgJMGI[IZSf/GqZS[MNP]SNPQSE0p W3Z�C�RSVKW3f\^7Ju]2W3QSJ ]_N\Juf\E3QS]SHmGIHKEbQ_J©N/C�GI[ �\L�N\Jw]SN�JIRSHmQ�>_= V�J7�lWd¥bHmG
]���Eb�SJIN7[M}3N\[gVmN\JP[IW0p3EbQSQSN7LON7Q GqJ

γ
^\L�HKJ³VmEb[IJP]_NOVKW�]S^\JMN/CFf\HAG?WdGIHKEbQ ]SN�QSE0p W3Z�C RS[IE�]SZSHAGqJPR2W3[�]SN7J

[I^\W3f7GIHKEbQSJ�]SN�`aZSJMHKEbQ�r ^7}dW3R;Eb[IWdGqHmEbQ � �2W3Z_G�L�EbL�N\Q G�W3QS¥3ZSVXW3Hm[INd>Dn�W JMGq[MZSf7GIZS[IN�]SZ£JIf?�S^7LcWU]SN7J
QSHm}3N*W3Z�CgN CFf\HmGI^\J �dVmN\J R_[IEb�2Wd�SHKVmHmGq^7J:]SN�R2W3JIJIW3¥bN ]��{Z_QY^7GqWdG �oZSQ²W3ZFGq[IN�R2W3[�GqN7VKVmN�E3ZhGqN7VKVmN�GI[qW3Q_JIHmGIHKEbQ
JIEbQ G�W3Z_G?WdQ�GO]���HKQS]_HKf\N7JO¶�ZSHoQSEbZ_JcR;N\[IL�N7GMGq[MEbQ GcVmEb[IJ�]SN�V �{W3Q2W3VApFJMNe]��lW*}3EbHK[�ZSQSN�f\EbQ_`a[MEbQ G?WdGIHKEbQ
]SHK[MN\f/GqN�W*}bN7fiVmN\JuL�EF]_v\VKN7J GI�S^\Eb[MHK¶�ZSN7JoN/G	�S]SW3QSJuVKN7Juf*W3Ju¶�ZSH§QSEbZSJuHmQ�GI^\[MN\JIJMN\[MEbQ GªRSW3[uVXWgJMZSHmGIN��S]_N
Gq[IW3¶�ZSN\[wVKN7Ju¥b[qWdQS]SN\Jw]S^/`aEb[ILOWdGIHKEbQSJ©Q�Z_f\VK^\W3HK[MN\J7>S= QSHmGIHK^7N³]2W3QSJwVmN\JwW3QSQ_^\N\Jª«b´YR2Wd[oVmN\J GI[qW*}dW3ZFC�]_N
�h>;|�E3[IHKQSW3¥ W²N7Gª� >l¨�>;¹PZS¥bN\VmE3G���z � �2f\N7GMGqNiLO^/Gq�SE�]SN�W�RS[IHmJuZSQ�N\JIJMEb[MGªf\E3QSJIHm]S^\[IW3�SVKN �²VXWYx2Q�]SN7J
W3QSQS^7N\Jª�b´�W*}bN\fiV �{W3[M[IHm}3^\NP]SN7JwRS[IN7LOHmN\[IJuLgZSVmGIHK]S^/GqN\f/GqN7ZS[IJ

γ
�
π
>

�
	�� ������������ ����� ������� ���� ��!"�#�%$'&)(+*,�-$'�  -���.�/� �0!"12�.(� ��3$'�
n���ZSQ�]SN\Jª¥b[qW3Q_]SJªJMZSf\f7v\Jª]SNgVKW�JMR$N7f7GI[IEbJMf\EbRSHmN

γ
W�^/Gq^iV ��^7GqZ_]SNh]_Z RS�S^7QSEbL�v\QSNi]SNiJIZSR;N\[ r

]S^7`aE3[ILOWdGqHmEbQ�Q�ZSf7VK^\W3HK[MNgE�� VmNhQ_E&pbW3ZUW3RSRSW3[qW,4mGof\EbL�LONiZSQ N7VKVKHmRSJIE,5t]SNiW�CFHXWdV+]_Ng[qWdRSR$E3[MGª]��lW&C_N7J
∼ k Tm@ �!f7Eb[I[MN\JIR;EbQS]SW3Q G �eZSQ R2W3[IW3L�v7Gq[MN�]SNc]S^/`aEb[ILOWdGIHKEbQ

β2 ∼ 0, 6
�³JMG?Wd�SHKVmHKJI^�R2Wd[h]SN7JgN/¢§N/GqJ

¶�Z2W3Q GqHm¶�Z_N\Jc]SW3QSJ�ZSQ�JMN\f7EbQS]�R_ZSHmGIJ�]_N�R;E3GIN\Q GqHmN\V �U¥b[qW3Q_]SNe]S^7`aEb[MLcW�GqHKE3Q�>Dn���N/CFHKJsGqN\Q_f\N ]§�{ZSQ_N
GqN7VKVKNo]S^/`aEb[ILOWdGqHmEbQOW�CFHXW3VmNªR;N\Z_G©J\��Eb�SJMN\[M}3N\[wN/CFR;^\[MHKL�N\Q G?W3VmN\L�N\Q G JIEbZSJ©VXWi`aE3[IL�Nª]SN��2W3QS]SN7J [IEdG?W�r
GqHmEbQSQSN7VKVKN7J�f\EbQSJsGqHAGqZS^7N\JD]SN�Gq[IW3QSJIHAGqHmEbQSJ�¶�Z2W3]S[MZSR$E3VXW3Hm[IN\J�^7VKN\f/Gq[MHK¶�ZSN\J ]���^\QSN7[I¥bHmN B

γ

>�n���N\JMR2W3f7N\L�N\Q G

@&j
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N7Q�GI[IN³]_N\ZFCOGq[IW3QSJIHAGqHmEbQSJ�f\EbQSJM^\f7Z_GqHA}bN\J
∆Eγ

N\JsGu¶�Z2W3JIHmLON7Q G f\E3QSJMGqW3Q G��_VmN\J©^/G?WdGIJ©¶�Z2W3Q GIHK¶�ZSN\JuJMZS[
VmN\JI¶�ZSN7VKJ�VKN7JP�2W3QS]_N\JiJIEbQ Gif\EbQ_JMGq[MZSHmGIN\JiJIEbQ G�Gq[Mv\J�RSZS[MJ�RSZSHKJM¶�ZSNOVmN\ZS[P]_^\¥b^7QS^\[MN\JIf7N\QSf7N�N\JsGif\EbL²r
RSVmv7GIN\L�N\Q GwVKN/}b^\NiR2W3[uVKWY]S^7`aE3[ILOWdGqHmEbQ�N7GoVXWY[ME3G?W�GqHKE3Q�>
oQSN�^/GqZS]SN�JMp�JMGI^\LOWdGqHm¶�Z_N�N7G©HKQ GqN7QSJIHA}bN�WgR$N7[IL�HKJ�]SNªLON/GIGq[MN�N7Q�^7}�HK]_N\QSf7NPzbz j��2W3QS]SN7J©[ME3G?WdGIHKEbQ�r
QSN7VKVmN\J³p�[qW3JsGqJ��³EbZUN C_f7HmGI^\N\JhW3JMJIE�f\HK^7N\J ��]SN²GqN7VKJPQSE0p WdZFCUJIZ_R$N7[I]S^/`aEb[IL�^\J � �_¦ ��]2W3QSJ�]SH�C �\E3QSN\J
]SN�LOW3JIJMN�]SHKJsGqHKQ_f7GqN7J�T2VKN\Jw[M^\¥bHmEbQSJw]SN�LcWdJIJIN�± ∼ k�� ´ �2± ∼ @0�b´ �2± ∼ @&j3´ �2± ∼ @*zb´ �2± ∼ �b´ �2± ∼ «b´
N/G³[I^7f\N7LOL�N\Q G³]SW3QSJ³VmN\J �7EbQSN7J³]SNYLOW3JIJMNg± ∼ @*«b´ �;± ∼ � ´ �;± ∼ @b@0´cN/GP± ∼ k3´_>§¨©N\J�QSE0p W3ZFC �_¦ �
RS[M^\JMN\Q Gq^7J²JIZS[hVXW�x2¥bZS[MNc=?>A@�N\Q�`aE3QSf7GIHKEbQ ]SNcVmN\ZS[i]S^/`aEb[ILOWdGqHmEbQ W�CFHXW3VmN �aN/CFRS[MHKL�^\N�N\Q�`aEbQ_f7GqHmEbQ
]SZ [IW3RSR;Eb[MGª]��{W�CFN\JPEbZ ]SZ R2W3[IW3LOv/Gq[MNg]SNY]_^7`aEb[MLcWdGIHKEbQ

β2

� �;f\E3QSJMGIHmGqZ_N\Q GPZSQ VKW3�$E3[qWdGIEbHK[MNiHm]S^*WdV
R;EbZS[YGIN\JMGIN\[�VKN7J²LOE�]Sv7VKN\JgQ�Z_f\VK^\W3HK[MN\J�N7G�JMEbQ G�^\¥ W3VmN\L�N\Q G²VmN�JIHKv7¥bN�]SNeRS�S^7QSEbL�v\QSN7JOHmQS^\]_HmGqJgN7G
N7QSf\Eb[MNgLOW3V�f\EbL�RS[MHKJof\EbL�LON�VmN\J��SW3QS]SN7J³HK]SN7Q GqHK¶�ZSN7J �;VXW�JMGI[IZSf/GqZS[MN

∆I = 4
EbZ VXW�RS[I^7JIN\Q_f\N²]SN

f7Eb[I[M^\VXW�GqHKE3QSJuEFf/GqZSR;EbVKW3HK[MN\Ju]2W3Q_Jªf7N\[MGqW3HKQ_JªQSE0pbW3ZFC �_¦ � � ��>5®o^7f\N7LOL�N\Q G	�5ZSQ�QSEbZ_}3N*W3Z LOE�]SN�]SN
[ME3G?WdGIHKEbQ N CFE3GqHm¶�Z_N W3R_R$N7VK^ º � Eb�S�SVmHKQS¥�» ��WdJIJIE�f\Hm^ � ]SN7JOQ_E&pbW3ZFC �_¦�Gq[MHXW�CFHXWdZFC ��W ^/Gq^�LOHmJ²N\Q
^/}FHm]SN\Q_f\N�]2W3QSJwVmN\JuQSE0p WdZFC�]SN��2Wd`aQSHmZSL N7Go]SN�VKZ_GI^\f7HKZSL �lj � >5�+EbZS[wRS[IE�]SZSHm[IN³f7N\JwQSE0p WdZFC �_¦ �2HmV

 "!$#&% =?>A@('*),+.-0/2143.-057681.9�/8+:9�/<; 176>=�?@9A1�6CBD1<6�E:3F1.-$BD5�GH?:-JIK+A/ML ?@9�1.9NGH?@9PO�/MLQ?@9RBD1R; 1PE:-&BD5�GH?:-�IS+�/MLQ?@9
+7TULV+:; 1W1XT�3.-�LYIZ571[1.9\GH?@9PO�/ML ?@9CBD1�6W-$+:3:3D?:-0/26]B_^`+aT.1�6b?@ECB@E<3P+.-c+UIZd�/X-01eBD1>BD5�GH?U-�IS+�/MLQ?f9

β2 gYh.i
j
`!W3ZFGªR;^\Q_^7Gq[MN\[o]2W3QSJªVKNOº�GI[IHXWdQS¥bVKN�LcW3¥3HK¶�ZSN0»�k�W*}bN7fgZSQ��2W3Z_GªL�EbLON7Q G�WdQS¥bZSVKW3HK[MN3>Sn:N7J�^7GqWdGqJ �_¦

l2m�npo`qsr�tPuwv7x
n�y�z,x�u{o`qsu|o`u}y,~2zJn�zJy��Au��Po`�Py��Pn�yJy�u|~{tAu8xJr�qsu��F���Px��AtSy��AqstW����tPtA~���{mUu|�b~{�8n�tAqYy��bu|��u|�.���A�AoYnXz�qs��tS��u}y�~8zJn�zJy�����u}yHz,z�xJ�{y,�8���b�Aosu2��u��atA~{n�tA�b��qstPy{����t��Fu8�Az��2��t.y�qY��~8xJu8x�r�xJ��yJy�q`�8�x�u{�bu8t7z��7�Aup�2u{y�~8zJnXz
y��A��qs��u8t7z��2z�xJu��Fu8�P�Ao`~}y|�An�tPy�osu��AoYn�t������ �����Pn�tPy��AtAup�8��tAu"n��A�.u{o`~{uS�Mz�xJqsn�tAr�osu��&n�r�qs�7�AuM 
@0«
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JIEbQ GoW3HmQSJIH$Eb�SJMN\[M}dW3�_VKN\J �gGq[Iv7Ju�2W3Z_GIJ JIR_HKQSJ � �MZSJI¶�Z�� ��y3´
~
���_QS^*W3Q_LOEbHmQSJ©R;EbZS[©VKN\J©QSE0p W3ZFC�]SNPVXW

�\EbQ_Ni]_NPLcW3JMJINP± ∼ @*�b´ �Sf7N\Jw^7GqWdGqJwR;N\Z_}3N\Q GªW3ZSJIJMH:JIZS�_JIHKJsGqN7[ �MZ_JI¶�Z�� ��]SN³GI[Iv7Jo�SW3JuJIRSHmQSJ �!VmN³JIRSHmQ
VKN³R_VKZSJ �SW3JuEb�SJMN\[M}3^�]2W3QSJuZSQeQSE0pbW3Z �F¦ N7JMGw]SNP�

~
�FHKV$J\�{W3¥bHmG ]SN³V ��HKJME3GqE3R$N 194 ��� �{y
� � W0}dW3Q Gu]_N

JIN³]_^\JIN CFf\HmGIN\[u]2WdQSJ VKNoRSZSHAGqJ QSEb[ILOW3VmN\L�N\Q G©]_^7`aEb[MLO^d>_¦³WdQSJ f\N/GIGIN �\EbQ_N³]SN³LOW3JIJMN�JMHmGqZ_^\NPW3ZFGqEbZS[
]SN\JiQSEbLg�S[IN7JPLcW3¥3HK¶�ZSN\J����P�b´�N/G�� �Y@b@&k �§VKNYRS�_^\QSEbL�v\Q_N�]_N�JMZSR;N\[I]_^7`aEb[MLcWdGIHKEbQUWeL �\L�NY^7GI^
RS[I^7]SHmG �PJIR_HKQ�Q�Z_V���� ��>�¦�NoRSVKZSJ �bVXW³x2¥3ZS[INo=?>�k³[MN\RS[M^\JIN7Q GqN³VmN\J�L�EbLON7Q GqJ�]���HKQSN7[MGqHmNu]_p�Q2W3L�HK¶�ZSN7J�N7Q
`aEbQSf/GqHKE3Q�]SNhVXWY`a[I^7¶�ZSN\QSf7NY]SNi[IE3GqWdGqHmEbQ�[IN\Q_Eb[ILOW3VKHmJI^7JuR2W3[oZSQ�`!W3f/GqN7ZS[ª± 5/3 ]SN7J��2W3Q_]SN\J �_¦ ]SN7J
QSE0p W3Z�C�]SN\J �7EbQSN7J�]_NuLcW3JMJIN ± ∼ 240

�F@0�3´ �_@0«3´ �_@&jd´ �_@0z3´ �3�3´³N7G�«b´_>b¨©N\J�}dW3VKN7ZS[IJ JINu]SHmJMGq[MHK�SZ_N\Q G
W3Z_GIEbZS[w]SN�f\N7VKVKNP]_Z�L�EbL�N\Q Gu]���HKQSN7[MGIHKNP]���ZSQ�[IE3GIEb[u[IHm¥bHK]SN�]SN�[qW3RSR;Eb[sGw]��lW&C_N7J³k�TA@ �

β ∼ ´ �lj �©N7G �
R$E3ZS[�ZSQSNw]S^/`aEb[ILOWdGqHmEbQYHm]SN\Q GqHm¶�ZSN�� VmN\J�QSE0p WdZFC�]SNwVXW �7EbQSNw]SNwLOW3JIJMNu± ∼ @0�b´�W*}bN7fª]SN7J�LOEbL�N\Q GIJ
]���HKQSN7[MGqHmNPRSVKZ_Jo¥3[qW3QS]_Jo¶�ZSNi]2W3Q_Jo]§�lW3ZFGq[IN7J �7EbQSN7Jª]SN�LOW3JIJMNiW3ZS[IE3Q�Go]SN7JoGI[qW3Q_JIHmGIHKEbQ_J �_¦ ]_N�GI[Iv7J
�2W3JMJIN\Jo^\Q_N\[I¥3HKN\J � ∼ 300

dN�� �/>

 "!$#&%�=?>�k('"!�+U; 1.E:-06WBD176eIZ?@IZ1.9�/26WB_^ LY9A1P-0/ML 1(B$#:9P+UI[L&%@EA1�6\-c1P9A?:-JIK+U; LQ68576e3P+.-pE:9 G�+PO�/21PE:-(' 5/3 3D?@E:-
O�1P-0/8+DLY9A6W9A?)#a+:E7T+*-, O�+.-$+PO�/25P-�LQ62/ML&%@EA1�6KBD1>BfL .�5P-c1.9�/21�6Z=�?@9A1�6]BD1(IK+A6{681 j

�
	0/ ������������ � ��� � ��� ������� �21 ��� �)�43  !�� &"� ���%$ $'���-5 $  $ ���
��$76�� &)(98 12�.��� � � ��� �)��! ��$'� �"�

n+W JIZSR;N\[M]S^7`aE3[ILOWdGqHmEbQ ]SW3QSJcVKW �7EbQSN�]SN LOW3JIJMN�± ∼ @0�b´ Q§�{N7JMG�RSW3JcVmN�JMN\ZSVof*W3JOE���V��{E3Q
RSZSHmJIJINOGq[qWd¶�Z_N\[g]_Nc¥b[IW3QS]SN7Jg]S^/`aEb[ILOWdGqHmEbQSJ�Q�ZSf\Vm^*W3Hm[IN7J ���SW3JgJMRSHKQSJ7> n:N7JgQSE0p WdZFC ]_NcVXW�[I^7¥bHKEbQ
]SN\J³GIN\[M[IN\J r [IW3[IN7JPJIHmGIZS^\JPR_[Iv\JP]_NYVXWcVmHK¥bQ_Ng]���^\L�HKJMJIHKE3Q JIR;EbQ G?W3Q_^\N²]SNYR_[IE3GIEbQ JIEbQ G�RS[M^\]SHAGqJ³R;EbZS[
��~{o`qs�bq zJ~8u �Pn�x o`u}y_o`qsr�tPu{y_vaxJn�yHz�����u2z;:���u2z��Pn�x o`u,�b���bu8t7z�n�tAr��AoYn�qsxJu��&nX��qs���A� y��A�P�.��x�zJ~��.n�x osu tA�Xv�n��"nM�Xn�t7z��u=<Fy�y�q`��tAtAu{x{�
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R;EbJIJM^\]SN7[ �D]SW3QSJYVmN\ZS[h^7G?W�Gg`aEbQS]SW3LON7Q G?W3V �+Z_QSN�HKL�R;Eb[MGqW3Q GqN�]S^7`aEb[MLcW�GqHKE3Q�W�CFHKW3VKNd> n�W�xS¥bZS[INc=?>lz
[MN\RS[M^\JIN7Q GqNPVKN7J R_[I^\]_HKf7GIHKEbQ_J ]SNªf*W3Vmf\ZSVmJ �ªW3[MGI[IN7N/r ¡2E�f�br °©Eb¥3EbVKHmZS�$E0}��!N7¢$N\f/GqZS^7JuW*}bN7f³V ��HKQ GqN7[qW3f/GqHmEbQ
N/¢§N7f7GqHA}bN ¦g@ � ���
� ��f\E3QSf\N7[IQ2W3Q G �©]���ZSQSN RSW3[MG ��VKW R;EbJIHAGqHmEbQ ]_N VXWUVKHm¥bQSN�]���^\L�HKJIJMHKEbQ£JIR;EbQ G?WdQS^\N
RS[ME3GqE3Q N/G	�+]��lWdZ_Gq[MNOR2Wd[MG	�:VKWe}dW3VmN\ZS[�]SZ R2W3[IW3LOv/Gq[MNO]SN�]S^/`aEb[ILOWdGqHmEbQU¶�Z2W3]S[MZSR$E3VXW3Hm[IN�W�CFHXWdV�]SN\J
QSE0pbW3ZFChJIHAGqZS^7J JMZS[ f7N7GIGIN VmHK¥bQ_N3>�� GqHAGq[IN�]���N/CFN7LORSVmN���VKN�QSE0p WdZ 126

60

�ª]
66

N\JsGDJIZ_RSR$E3JI^ �/Gq[MN ^7LON/GIGqN7ZS[
RS[ME3GqE3Q�N7G©R$EbJMJIv7]SNPZSQSN³]_^7`aEb[MLcWdGIHKEbQcW�CFHXW3VmN

β2 ∼ 0, 4
>FB�QcN\L�RSVKE0p WdQ�G ]SN\J©`!WdHKJIf7N*W3Z�C�JsG?W3�SVmN\J HKV

 "!$#&%_=?>{z['��@?D6XL /ML ?@9��{; 176bO�+.-J-0576��"1�/"BD5�GH?U-�IS+�/MLQ?f9>+aTULQ+U; 1��8; 176�-c?@9PBD6��"BD1�6Z9A?)#7+UE7T\6XL /XEA5�6p6�E:-|;Q+C;`L 	@9A1
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60 ≤ N ≤ 70

1�/
56 ≤ Z ≤ 64

�

N7JMG HKL�R$EbJMJIHm�SVKN ]_NoR_[IE�]SZSHK[MNw]SN\J�QSE0p W3Z�C�WdZSJIJMH;^7VKEbHm¥bQS^7J�]SNªVKWPVKHK¥3QSNu]SNwJMGqW3�SHKVmHmGI^3> n:N\J�QSEbZF}bN*WdZFC
`!W3HmJIf7N*W3ZFC [IW3]SHKEbW3f7GIHm`aJ ��^/GqN\Q_]2W3Q G�]SNc`!W��7EbQ JMHK¥bQSHAx2f*W�GqHm}3NOV��{^/}bN7Q�GqW3HKV ]SN\JgQSE0p W3ZFC R$E3Z_}dW3Q G �7GI[IN
RS[MEF]_ZSHmGIJ�RSW3[�[I^*Wdf7GqHmEbQ�]SNo`aZ_JIHKE3QFr ^/}3WdR$Eb[IWdGqHmEbQ��dR$N7[IL�N7GIGIN\Q G�]S^\JMEb[ILOW3HmJ�]_NoGI[qW3¶�ZSN7[ f7N\J©¥3[qW3QS]_N\J
]S^/`aEb[ILOWdGIHKEbQSJ7>

� 	�� � �-���!  ����� �"�
µ³Z2W3QS]²Q_EbZSJ�W*}bE3QSJ�f\EbL�L�N\QSf7^ f\N GI[qW*}dW3HKV�]SN GI�Sv\JMN��bN7Q²f\Nu¶�ZSH_f7EbQSf7N\[IQ_NoVKW �7EbQSNu]SN LOW3JMJIN

± ∼ @*�b´ �_GI[IEbHmJuRS[IEb�_VKv\L�N\JuE3Z_}bN7[MGqJ �5R2W3[IL�H�]��{W3Z_GI[IN7J �2JIZ_�SJIHmJMG?WdHKN\Q GiT
' V��{N CFHKJMGIN\QSf7N�]SN�f\Eb[M[I^\VKWdGqHmEbQSJ:E�f7GIZSR$E3VXW3Hm[IN\J§]2W3QSJ�]SN7J QSE0pbW3ZFCiJIZ_R$N7[I]S^/`aEb[IL�^\J�T0]SN\J+L�EF]SN7J

]_Ni}�HK�_[qWdGIHKEbQSJoRSVKW3¶�ZS^\JoJIZS[ª]SN\Jª`aEb[IL�N\J �_¦ W*}dW3HKN7Q G�]S^ � �O^/Gq^gL�HKJMN\JoN\Q ^/}�HK]SN7QSf\NY]SW3QSJ
VmN\JuQSE0pbW3ZFC 190 �ª¥ ��@0´ ��@3@�� � 194 �o¥ �A@&k ��@0z �:N/G 196 ������@*� ��@&j ���
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' R;EbZS[�VKN �SW3Z_Ge]SNUV ��HKV �3G	��EbQ QSEdGqNUZSQ ]S^\JIW3f\f7Eb[I] N\Q Gq[MNUN/CFR$^7[IHmN\QSf7N N/G�Gq�S^7Eb[IHmNUW0}3N\f �
QSE3GqW3L�LON7Q�G �0VKN�L�EbLON7Q G�]��{HmQSN\[sGqHmN�]FpFQSW3LOHm¶�ZSN�]SZgQSE0pbW3Z 198 ���g¶�ZSH�N\JsG LOW3V [MN\RS[MEF]SZ_HmG��

' W3Z�]SN\V��i]_N ���P� k �3QSEbZSJ W*}bEbQSJ�Gq[Mv\J�R$N7Zc]SNo]SEbQSQ_^\N\J N7G�V ��EbQ�[IN7f\N\Q_JIN�JMN\ZSVmN\L�N\Q G ¶�ZSWdGq[MN
�2W3Q_]SN\Jwp�[qW3JsGqJ%�_¦ f\EbQSQ�ZSN7J�]2WdQSJwVKN\JuQ_E&pbW3ZFC 195,196,197 °©H:N/G 198 � E �{« ��>

¨��{N7JMG�]2WdQSJgVmNc�SZ_Gg]SN�]S^7¥ W3¥bN7[g]SNcQSEbZ_}3N\VKVmN\JhHKQ_`aEb[MLcW�GqHKE3QSJ�f\EbQSf7N\[MQ2W3Q G²f\N7JYGq[MEbHKJiR$E3HKQ GqJh¶�Z_N
QSEbZSJ�W*}bEbQSJo[I^\W3VKHmJI^�]SN7ZFC�N/CFR$^7[IHmN\QSf7N\J³R;Eb[MGqW3Q G	�2[MN\JIR;N\f/GqHA}bN\L�N\Q G �$JMZS[�VmN\JwHKJME3GqEbR;N\J 197,198 ��� N/G
196 °©H:JIZ_R$N7[I]S^/`aEb[IL�^\J7>

¦�ZS[IW3Q G f7NoGI[qW*}dW3HKVF]SNuGq�Sv7JIN ��VmN\J�RS[MN\L�HKN7[IJD`!W3HmJIf\N\W3ZFC�[IW3]SHmE W3f7GIHm`aJ �F��= ®w±³n�EbQ G ^/Gq^w]S^7VKHm}�[M^\J�R;N\[sr
LON/GIGqW3Q G³]SNYf7EbQSQ2W 4KGq[MN��5¥b[ �3f\NgW3Z LYZSVAGqHm]S^7GIN\f7GIN\ZS[

γ
BD¸ª¯i¹P±P| �§VXW�JMGI[IZSf/GqZS[MNY]SNYQSE0pbW3ZFC�Gq[Iv7J

N/CFE3GIHK¶�ZSN\Jª¶�ZSH Q§�{^/G?W3HmN\Q G�RSW3J³W3f7f\N7JIJIHm�SVKN7J³W*}bN7fgVmN\Jof\EbZSR_VKN\Jª�2W3�SHAGqZSN7VKJwf\Hm�SVKN7Jsr `!W3HKJMf\N*WdZFCeJMGqW3�SVmN\J\>
�3ZSJI¶�Z�� �wf\N �MEbZS[ �\HKVdQ��{W0}dW3HAG:R2W3J:N7QSf\E3[IN�^7GI^�RS[IEbZF}b^�¶�ZSN�V ��EbQPRSZSHmJIJIN �*¥b[ �3f\N �uf\N�]_HKJIR;EbJMHmGqHA` �7^/GqZS]_HKN\[
VXWYJsGq[IZ_f7GqZ_[IN�]SN�QSE0p W3Z�CeN/CFE3GIHK¶�ZSN\JwN7Q�HmJIEbJMRSHKQ�RS[MEF]_ZSHmGIJ R2W3[u[M^*W3f/GqHKE3QSJu]SN³`aZSJMHKEbQFrt^7}dW3R;Eb[qW�GqHKE3Q�>
�ªEbZ_JuW*}bEbQSJu]_EbQSf³[M^*W3VmHKJI^oV ��ZSQSNª]SN\JuJMHACORS[MN\L�HKv\[MN\J N CFR$^7[IHKN7QSf\N7J �_��= ®o±�nU}�HmJqW3Q G �hR$N7ZSRSVKN7[ ]SN7J
QSE0p W3Z�Cc]_N�VXWP[M^\¥bHmEbQO]_N\J GIN\[M[IN\J r [IW3[IN7J f7N\Q Gq[M^\NPW3ZFGqEbZS[�]SN7J©QSE0pbW3ZFC 130 �FL N7G 126 �ª] �FJMHmGqZ_^\J�RS[Iv7J
]SN�VXW²VKHm¥bQSN³]§�{^7LOHmJIJIHmEbQ�JIR;EbQ G?WdQS^\Ni]SN�RS[IEdGqEbQSJ � Bp = 0

�/>

�
	�� � �� � &�! �  �� !"��1 $ �.�

n�N7J f\W3[qWdf7Gq^7[IHmJMGqHm¶�ZSN\J�¥b^7QS^\[IW3VKN7J+]_N\J�LYZSVAGqHK]_^7GqN7f7GIN\ZS[MJ
γ
`aN\[MEbQ G+V ��Eb���MN7G�]_Zhf?�2WdRSHmGI[IN�JIZSHA}dW3Q G

]SN�f7N�LO^7LOE3HK[INd>+¨©N\J²�2WdJIN\JgQSEbZSJYJMN\[s}FHm[IEbQ G � ]S^\¥bW3¥bN\[hN\Q ¶�ZSEbH VKN7JgLYZSVAGqHm]S^7GIN\f7GIN\ZS[MJYB��® ¯�r
°©±³n�n =�� � ��GI[qW3JM�$E3ZS[I¥�N7G�BD¸ª¯i¹P±P|¬W3Z ¹P± �o= n JIEbQ G�R2W3[MGIHKf7ZSVKHmv\[IN7LON7Q GoW3]2W3R_GI^\J%�OV��{^/GqZS]SN
]SN\J©QSE0p W3ZFCO]2WdQSJ©]SN7J f\E3QS]SHmGIHKEbQ_J�N C�Gq[ �7LON7J [IN7JIR;N\f/GqHm}3N\L�N\Q Gu]SNoJIR_HKQ�N/G©]���HKJMEbJIR_HKQ�>F¨©EbQSf7N\[MQ2W3Q G
VKN7J L�^7GI�SEF]_N\J�]��lWdQ2W3Vmp�JMN���VKN\J�GqN7f?�SQSHm¶�Z_N\J©Z_JIZSN7VKVKN7J JMN\[MEbQ G �S[MHKv7}3N\L�N\Q G R_[I^\JMN\Q Gq^7N\JuLOW3HKJ�V��lWdf\f\N7Q G
JIN7[qW�JMZS[MGIEbZ_G�L�HKJ�JIZ_[cQSE3GI[IN�QSEbZ_}3N\VKVmN�L�^7GI�SE�]SN ]SN�f*W3VmHK�S[IWdGqHmEbQ£W3Z_GIEbLcW�GqHK¶�ZSNe�2WdJI^\N JIZS[OVKN\J
JIEbZ_Jsr N7QSJIN7LY�SVmN\J � EbZSJwN7GoVmN\JuRS[MEb¥b[qWdLOL�N\JwWd¢$^\[MN\Q GqJ7>

n:N\J²f?�2W3R_HmGq[MN\J²z N/G²� JMN\[IE3Q�G�f7EbQSJIW3f\[M^\J�W3ZFC�N/CFR;^\[MHKN\Q_f\N\J�N/¢§N7f7GqZ_^\N\J�W3Z_RS[Iv7J²]SZ �³=���= �w®u¯ �
W*}bN\f�VmN�LYZSVAGqHm]S^7GIN\f7GIN\ZS[

γ
B�ª®u¯P°©±³n�nU=��Y> �oEbZSJuWdQ2W3Vmp�JMN\[IE3QSJ N7GwHmQ GqN\[MRS[I^/GqN7[IEbQSJ©VKN\J©JIHACcQSEbZ�r

}bN7VKVKN7J �SW3QS]SN7J ]S^7f\EbZ_}3N\[sGqN\J�VmEb[IJ�]SN�V ��N/CFR;^\[MHKN\Q_f\N�º 197,198 ���2» >dn:N\J+[I^7JIZSVAG?WdGIJ ]SN�QSE3GI[IN�N/CFR;^\[IHmN\QSf7N
º 196 °©HX»�JIN7[IEbQ GPRS[M^\JMN\Q Gq^7JiN/GPHKQ GIN\[IR_[I^7GI^\J �OR2W3[MGIHK[o]SNYf\W3VKf7ZSVKJªLOHmf\[IE3JIf\E3RSHK¶�ZSN7J³W3Z_GIEdr f7Eb�S^7[IN\Q GIJ
JMGqWdGqHm¶�Z_N\JiN7Gi]_p�Q2W3L�HK¶�ZSN7JiN/¢§N7f7GIZS^\JhR2W3[�QSE3GI[IN�^\¶�ZSHmR$N�N\Q f\E3VKVXWd�$Eb[IWdGqHmEbQ W*}3N\fc]_N\JiRS� pFJMHKf7HKN\Q_J
]SZ�¥b[IEbZ_R$NP]SNh��� pFJMHK¶�ZSN �u�S^\E3[IHK¶�ZSN�]SN�V��{= � � n�pbEbQ�N7Gw]SZ �_� �u� � �FW3f\VKW0p3>

n�W�]SN7[IQSHmv\[MNiN CFR$^7[IHKN7QSf\NhRS[I^7JIN7Q�GI^\NhHKf\H�W�^7GI^�N7¢$N\f7GIZS^\NgW3ZSRS[Mv\Jo]��{B�¸ª¯�¹P±P|�N\Q f7EbZSRSVKW3¥bN�W*}bN7f
VKN�]S^/GqN\f/GqN7ZS[�]SNiR2W3[sGqHmf\ZSVmN\Jwf?�2W3[M¥b^\N7J�VK^7¥bv\[MN\Jª¦�= ±P|�± �%� W*}3N\fgVmNP`!W3HKJMf\N*WdZ�[IW3]SHKEbW3f7GIHm`+]SN 76 � [
]S^\VmHm}�[I^uRSW3[ �_��= ®o±�n�>�B�VmVKN }�HKJIW3HmG ��^7GqW3�SVmHK[DZSQ_NoJMR$N7f7GI[IEbJMf\EbRSHmNª]_N\J�QSE0p W3Z�C�]SNoGIN\[M[IN\J r [IW3[IN7J�GI[Iv7J
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]S^/x2f\HmN\Q GqJ N\Q�Q_N\Z_GI[IEbQ 126 �ª]�� 130,131 �FL N7G 130 ��L�>F¨���^7GqW3HmG�VXW�RS[MN\L�HKv\[MNo`aE3HKJ�¶�Z��{Z_QSN�N C_R;^\[MHKN7QSf\N
]SNOf\NcG p�R;N�^7GqW3HmGhL�N\QS^7N�W3Z ¹P± �o= n�R$E3ZS[h`!W3Hm[IN�]SNcVKW�JMR$N7f7Gq[MEbJIf7EbRSHmN�JIZS[hZSQ QSE0p WdZ RS[IE�]SZSHAG
R2Wd[O[M^*W3f/GqHKE3QSJO]_N�`aZSJMHKEbQFrt^7}dW3R;Eb[qW�GqHKE3Q W*}3N\f ZSQ£`!W3HKJMf\N\W3Z�[qWd]SHKE Wdf7GqHA` > �ªE3ZSJcRS[M^\JMN\Q GqN7[IEbQSJc]SN\J
[M^\JIZ_VmG?W�GqJuRS[M^\VKHmLOHmQ2W3Hm[IN\J7>
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±+}3N\fe]SN\JgLOE0pbN7QSJY]SNc]S^7GIN\f7GIHKEbQ N/GY]SN7JgGqN7f?�SQSHm¶�Z_N\J�]��{W3Q2W3VApFJMNc]SNcRSVKZSJhN\Q RSVmZSJYR;N\[s`aN\f/r
GqHmEbQSQS^7N\J �2VKWYJIR;N\f/Gq[IE3JIf\E3RSHKN

γ
N\JsGª]_N7}bN7Q�ZSNgV��{ZSQ_NP]SN\JwL�N\HKVmVKN7ZS[IN7J `!W��7EbQSJu]���^7GIZS]SHKN7[wVXWYJMGI[IZSf/GqZS[MN

N7G²VmN\JhRS[IEbR_[IHK^/Gq^7JY]SNcQ_E&pbW3ZFC RSVXW3f7^\JY]SW3QSJY]SN7JYf\E3QS]SHmGIHKEbQ_JhN CFGI[ �7LON7J²¶�Z_N�f\N�JMEbHmGg]SN�JMRSHKQ E3Z
]���HKJIE3JIRSHmQ �aRS[IEdxSG?W3Q Go]SN�V ��N\JMJIEb[oW3f/GqZSN7V:]SN\Ju`!W3HmJIf7N*W3ZFC�[qW3]SHmE W3f/GqHm`aJ��/>
¦³W3QSJ�VXWPRS[MN\L�HKv7[INuR2W3[sGqHmN��bQSE3ZSJ R_[I^\JMN\Q GqN7[IEbQ_J©VKN7J�RS[IHmQSf\HmR2W3VKN7JDf*Wd[qW3f/Gq^\[MHKJsGqHK¶�ZSN7J�]SN\J�LYZSVAGqHK]_^7GqN7f/r
GqN7ZS[IJ

γ
>§��ZSHmJ �5QSEbZSJª]S^\¥bW3¥bN\[MEbQSJªN\Q ¶�ZSE3H f7NgJIE3Q�G�]SNh}3^\[MHmG?Wd�SVKN7JªEbZFGqHKVmJw]SNhf?�_EbHAC�R;EbZS[o^7GqZ_]SHKN7[

f\N7J ]SN7ZFC�W3JMR$N7f7GIJ�]_Hm¢$^\[IN7Q GqJ�N7G�f\E3LORSVm^\L�N\Q G?WdHK[IN7JD¶�ZSNwJIEbQ G�VKN7J�N/CFE3GIHKJIL�N\J�N7QOJMRSHKQ�N/G N7QOHmJIEbJMRSHKQ
N\Q�]S^\f7[IHA}3WdQ�GoN7Q�]S^/G?W3HmV�VKN7JuLYZSVAGqHK]_^7GqN7f7GIN\ZS[MJªB�ª®u¯P°©±³n�n�=�� ��@0« ��N/GoB�¸ª¯�¹P±P| �A@0y
� >
�ªEbZ_JhRS[M^\JMN\Q GqN7[IEbQSJg]2W3QSJ�ZSQSN�Gq[MEbHKJMHKv7LON²R2Wd[MGqHmN��:VmN\JPGqN7f?�SQSHK¶�ZSN7Jg]��{W3Q2WdVmp�JIN�N7Gh]SN�RS[I^ r W3QSW3Vmp�JIN
Z_GqHmVKHmJI^\N7JgT$QSEbZSJ�W3�;Eb[M]SN\[MEbQSJ³QSEdG?W3L�LON7Q G³VKNhQSEbZ_}3N*W3Z GI[qW3HAGqN\L�N\Q G�¶�Z_N²QSEbZSJ�W*}bE3QSJP]SN7}3N\VmEbRSR;^
� RSW3[MGIHK[²]SN�VXW VKE3¥bHK¶�ZSN � E3ZSN�f7EbQSf7N\[IQSW3Q G�VXW f\W3VKHm�S[qWdGIHKEbQ W3Z_GqE3LcWdGIHK¶�ZSN�]SN7JO]_^7GqN7f7GIN\ZS[MJ�N7G�VKN
f\EbQ_]SHmGIHKEbQSQ_N\L�N\Q G³]SN7J³JIR;N\f/Gq[MN\J\>�n:N7J�GqN7f?�SQSHK¶�ZSN7JPZSJIZ_N\VKVmN\J ��x2VmGI[qW3¥3NhN7Q GqN\L�RSJ³N/G�º3W3]_]Fr �2Wdf�_» �
JIN7[IEbQ Gª[qW3RSHm]SN\L�N\Q GoW3�;Eb[M]S^\N7JoN7Q�¥3ZSHKJMNP]SN�[qW3RSR;N\VmJ\>
n�WªJIR;N\f/Gq[MEbJIf7EbRSHKN

γ
[IN7R$E3JIN©JMZS[ VKWo]_^7GqN7f7GIHKEbQh]SN\J [qW*pbEbQ_QSN\L�N\Q GqJ

γ
^\L�HKJ�VKEb[MJ�]SN©VKWo]S^7JIN C_f7HmGqWdGqHmEbQ

]SNgQ_E&pbW3ZFC f\[M^\^\J �§]2WdQSJ�QSEdGq[INhf*W3J �§W*}3N\fYZSQ ¥b[qW3Q_] LOE3LON7Q�GªW3Q_¥bZSVXWdHK[IN�N/G³ZSQSNh¥b[qWdQS]SNg^7QSN\[M¥bHKN
]���N/CFf\HAG?WdGIHKEbQ�R2W3[o[I^*Wdf7GqHmEbQ ]_Nh`aZSJMHKEbQFrt^7}dW3R;Eb[qW�GqHKE3Q�N/G³VKWO]S^/GqN\[MLOHmQ2WdGIHKEbQe]SN7J³RS[IE3RS[IHm^7Gq^7J�]SNhf\N7J
Gq[IW3QSJIHAGqHmEbQSJ

γ
�af\EbL�L�NoVKWPQ2WdGqZ_[IN�� VKWPLYZSVmGIHKR;EbVXWd[IHmGI^ E3ZOV��{^7QSN\[M¥bHKN	�/>�¨©N7GMGqNo]SN\[MQSHKv7[INwQSEbZ_J R;N\[MLON/G

]��{W3RSRS[M^\�SN7QS]SN\[ªVXWYJsGq[IZ_f7GqZ_[INi]SZ�Q_E&pbW3Z�WdGqEbL�HK¶�ZSNd>
n:HKL�HmGq^7N ��V ��^\R;EF¶�ZSN�RSW3[gVKW�`!W3Hm�SVKN�[I^7JIEbVmZ_GqHmEbQ N\Q ^7QSN\[M¥bHKNO]SN\J²JMf\HmQ�GIHKVmVXWdGIN\ZS[MJiHmQSEb[M¥ W3QSHm¶�Z_N\Jg]_N
��W3= � ∼ @*´b´ 3N���R;EbZS[hZSQ RS�SEdGqEbQ ]_N @ �{zbz |�N�� �hZ_GqHmVKHmJI^\JiR;EbZS[gE3�SJIN7[M}bN7[²VKN7JhGq[IW3QSJMHmGqHmEbQSJ

γ
�

V ���SHKJsGqEbHm[IN ]_N VKW JIR;N\f7GI[IEbJMf\EbR_HKN
γ

W `!W3HmGeZ_Q �;EbQS] ¶�Z2W3VKHAG?WdGIHm`�W*}3N\f�V��lWd[I[IHA}b^7N ]SN\J�]S^7GIN\f/GqN\Z_[IJ
JIN7LOHmf\EbQS]_ZSf7GIN\ZS[MJwW3Z�¥bN\[MLcWdQSHKZSL � �MEbQSf7GIHKEbQ_J R + QeR;EbVXW3[MHKJM^\N\J N\Q�HmQ�}3N\[MJINiW*p W3Q GwZSQSNP[M^\JMEbVKZ_GIHKEbQ
]SN ∼ k �lj 3N�� R$EbZ_[uZSQ�R_�SE3GqE3Q�]SN�@ �{zbz�|�N�� �/>
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]SN�V��lW3Q_¥bVKN³]§�{^7LOHmJIJIHmEbQ
θ
N7Go]SN�VXWg}�HAGqN\JMJINi]SN�[IN7f\ZSV:]SZ�QSE0p WdZ�^7LON/GIGqN7ZS[

β = v/c
T

Eγ = Eγ0(1 + β cos θ)

±ªHKQSJMH �SW*}3N\f�T
δE = Eγ0 cos θδβ + Eγ0β sin θδθ

�!=I=?>A@ �
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[MN\f\Z_V©]2W3Q_JYVXW�f\HK�_VKN3> � Wd[IL�H VmN\JhG p�R;N\J²]���^\VKW3[I¥3HKJIJMN\L�N\Q GhEb�_GqN7Q�ZSJ � R2W3[sGqHm[h]SNcV ��^\¶�Z2WdGIHKEbQ =I=?>A@ �
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β
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ZSQ_NhHmQ_`aEb[ILOWdGIHKEbQ�¥3VKEb�2WdVKN��FJIEbZ_JªVKW²`aE3[IL�NP]SNhV��{^7QSN\[M¥bHKNPJMEbL�LONPN/G�]SNiVXW²LYZ_VmGqHmRSVKHmf\HAGq^oEb�SJIN7[M}3^\N\J
]2WdQSJgVmN\Jh°u¹h¯ ��N7GgZSQSN�HmQ_`aEb[MLcWdGIHKEbQ VmEFf\W3VKN�]SE3QSQ2W3Q G	�+R;EbZS[if?�2W3¶�ZSN��;E 4KGINO]_NcJIE3LOLOWdGqHmEbQ���VmN
�+±o¨ ��V ��^\QSN7[I¥bHmN²N7GiVKN²R2W�GIGqN7[IQ �!HK]_N\Q GqHAx5W3Q G�VKN7Ji]_^7GqN7f7GIN\ZS[MJg^\¶�ZSHA}dW3VKN7Q�GIJPGqEbZSf?�_^\J�� >+n�N�RS[MHKQSf7HKR;N
]SN�VXWgf?�2W 4XQSN³]§�lW3f7¶�ZSHKJMHmGqHmEbQ�WY^/Gq^³]_^7}bN7VKEbR_R$^PN7Q�]_^7G?WdHKV;]2W3QSJ VKWg[I^/`a^\[MN\QSf7N �lkby � �!f/` >Fx2¥3ZS[IN³=M=?>l� ���
VmNPVKN\f/GqN7ZS[uR$E3ZS[I[IW�JMN�[IN\R;Eb[sGqN\[w^7¥ W3VKN7LON7Q G �²VXW²R2W3[sGqHKN�=I=?>{z_>{��RS[M^\JIN7Q G?W3Q GªVKNPJMp�JsGqv\L�N�]SN�VKN7f7GqZ_[IN
]SN7J�]SE3QSQS^\N7JP]��{B�¸ª¯�¹P±P| `aE3QSf7GIHKEbQSQSW3Q G�JMZS[³]SN7J�RS[MHKQSf7HKR;N\JoJIHKL�HKVKW3HK[MN\J7>5¯³Q [qW3R_R$N7VKVKN7[qW�¶�Z2W3QS]
L �\L�N ¶�ZSN©V �{W3f\¶�ZSHmJIHmGIHKEbQ�]��{B��®u¯P°©±�n�n�=���N\JMG f\EbQ_JMGqHAGqZS^7N ]SN©��f?� �3JMJIHKJ f\EbL�R$E3[MG?WdQ�G VKN7J f\W3[MGIN\J
�ª¸³= GI[qW3HAG?W3Q GoVKN7JwJIHK¥3Q2W3ZFC�Wd[I[IHA}dW3Q Gw]SN\Jo]S^7GIN\f/GqN\Z_[IJ\>�¨©�2W3¶�ZSNif?� �3JMJIHKJªf\EbL�R;Eb[MGINik�f\W3[MGIN\Jo]SHmGIN\J
]���HKQF`a[qW3JsGq[IZ_f7GqZ_[IN�T

' n�Wgf\W3[MGIN�º3®u¯�¨u¯�» ��®wN*W3]2¯PZFGo¨u¯³Q�GI[IEbVmVKN7[���¶�ZSH§¥bv\[MN³VKN7J ]SEbQSQ_^\N\JwN/GuVKN7J JMGIEFf�dNhW*}dW3Q G
]_N�VKN7J N\Q }3E&p3N\[u}�HXWgZ_Q��SZSJu¦%�wz kh}bN7[IJuVKN7J©f\W3[MGIN\Ju]SN�GI[qW3HAGqN7LON7Q�G ]SEbQ GuE3Q�R2W3[MVKN\[IWhRSVmZSJ
VmEbHKQ��

' n�WUf*W3[sGqN�º3®wN\JIJMEbZS[Mf\N |�W3Q2W3¥bN7[?» T�JIHmGIZS^\N�JIZ_[OVmN�R_[IN\L�HKN7[�N\L�RSVXW3f7N\L�N\Q G�]SZ f?� �3JIJMHKJ
� �FVKEdG²´�� � N\VmVKN �MEbZSN�VmN�[��bVmNc]���ZSQ f?�SN/`�]���Eb[Mf?�SN\JsGq[IN�W3JMJIZS[IW3Q G	�DN7Q Gq[INeWdZ_Gq[MN\J²f?�SEbJMN\J ��VXW
¥3N\JMGIHKEbQe]SN7JoW3]S[IN7JIJMN\J�]_N\Jw[IN7¥bHKJsGq[IN7Jw]SN\Jw]SHA¢§^7[IN\Q GIN\Jof*W3[sGqN\JwJMN�GI[IEbZF}3WdQ�GoJMZS[wVKNPf?� �3JMJIHmJ\>

B�Q�W0}dW3V �_Gq[MEbHKJhº3BD}3N\Q G�¨©EbVmVKN7f7GqE3[IJ?»�f7EbVKVmN\f7GIN\Q GoVKN7Jo]_EbQSQS^7N\JoRS[IE0}bN7Q2W3Q G³]_N\Jof*W3[sGqN\Jgº3®wN\JMJIEbZS[Mf\N

z k
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| W3Q2Wd¥bN\[q» > ¨©NOJIEbQ GhVKN\JiHKQ GIN\[IL�^\]_HXW3Hm[IN\JPN7Q Gq[INOVKN7Jhf\W3[MGIN\J�ºd®oN7JIJIE3ZS[If7N�| W3QSW3¥bN\[q» N/GYV �Kº3BD}bN7Q G
°©ZSHmVK]SN7[?»�[IN\f7EbQSJsGq[IZ_HKJqWdQ�GªN7Go`aEb[MLcWdGqW3Q GoVKN\Jw^/}b^\Q_N\L�N\Q GqJ³f7EbL�RSVKN/GqJ\>$¨���N\JsG³ZSQSN�`aN\[MLON�]SNh�OJsG?W�r
GqHmEbQSJu]SNPGq[IW*}3WdHKV�¶�ZSH:N/¢§N7f7GqZ_Nhf7N7GIGIN�[IN\f7EbQSJsGq[IZ_f7GqHmEbQ�>
n�W f*Wd[MGqN ºb| W3JsGqN7[ �+[IHK¥3¥bN\[q» W R;EbZS[�[��3VKN�]SN ]S^7f\Hm]SN\[�J\��HKVu`!W3Z_GcEbZ�Q_EbQ GI[qW3HAGqN\[�V ��^7}3^\QSN7LON7Q G
JIZSHA}dW3Q G VmN\J�f\E3QS]SHmGIHKEbQ_J�]SHKf/Gq^\N7J RSW3[�V ��N/CFR$^7[IHmLON7Q�GqWdGqN7ZS[\> ¨©N\J�f\EbQS]_HmGqHmEbQSJ�R;Eb[MGIN\Q G JIZS[�VKNwQSE3LY�S[IN
]SN�]S^7GIN\f/GqN\Z_[IJ�¥bN\[MLcWdQSHKZSL N7G �dEbZUJIZ_[PVKNYQSE3LY�S[IN²]_N�°u¹h¯ ]SN²VXWO�$EbZ_VKN²HKQ GIN\[IQ_NYGqEbZSf?�_^\J\>�n:N7J
f\[MHmGqv7[IN7J ]SNª]S^\f7HKJMHKEbQ�R$N7Z_}bN7Q GuR$E3[MGqN7[ ^7¥ W3VmN\L�N\Q G�JIZS[�VKN7J ]SE3QSQS^\N7J RS[ME&}3N\Q2WdQ�G©]SNo]S^7GIN\f7GIN\ZS[MJuW3QFr
f\HmVKVXWdHK[IN7J\>\n+WwRS[MHKJIN�]SN�]S^\f7HKJMHKEbQiR$N7Z_G��7Gq[MN [IW3RSHm]SN �!f\E3LOL�N�VKN\J�JMHK¥bQ2WdZFCiRS[IE0}3N\Q2W3Q G ]SN\J ]S^7GIN\f7GIN\ZS[MJ
¥bN\[MLcWdQSHKZSL EbZ�]SN\Jª°u¹i¯ �©E3Z�RSVmZSJwVKN7Q�GIN �!VKNP]_^7GqN7f7GIN\ZS[�W3QSf\HmVKVKW3HK[MNo}dW3VmHK]SNPEbZ�QSEbQ�V ��^7}3^\QSN7LON7Q G
W²R$EbJsGqN7[IHKE3[IH � >

 "!$#&%�=M=?>l�K' *_O �A5.IK+W6�LsI\3:; L �f5[-01.3P-c5�6{1P9�/8+U9�/&; 1Z6 #A68/2dPIK1ZB_^`+.O %@EDLQ6XL /MLQ?f9WB_^ ������� � ' � �  ! j � 1&/21P-JIZ1	D5.9A5P-�L %@EA1 � ,|1�/21aO�/2?:-�) +P-$B��4O�?@E��:-c1W; 176�O7+P-0/2176�+A6{68?fOALQ5�176�+:E7T[BD5�/21aO�/21PE:-c6 	D1P-JIK+U9DLsE:I ?@E ��� � j � 16 #A62/2d.IZ1   � 1�/w)-' � '|)�1762/"IZ?@9�/X-05K3D?@E:-�LY;`;sEA62/X-c1.-�O�?@I>IK1P9�/"; 1b6 #A62/2d.IZ1S9A?@9 !��  B_^ E:9ZBD5�/21aO�/21PE:-
+U9PO�LY;`;Q+DLY-c1�%@EA1P;QO�?f9�%@EA1(3F1.E�/p6�^ LY9�/25 	@-c1P-|+:Ee6 #A62/2d.IZ1eBD1 ; 17O�/XE:-01 j
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BD¸ª¯�¹�±³| W ^7GI^�R$N7QSJI^�R;EbZS[gN/CFRSVKE3HmGqN7[gRSVmN\HmQSN\L�N\Q GYVmN\JhQSEbZ_}3N*W3ZFC `!W3HKJMf\N*WdZFC [IW3]SHmE W3f7GIHm`aJi]SN
�_��= ®w±³n�N\Q GqN\[MLON ]_N JMR$N7f7GI[IEbJMf\EbRSHmN

γ
> ±+}3N\f ZSQSN Gq[Mv\Je¥b[IW3QS]SN N/�Of\W3f\HAGq^URS�SEdGqEbRSHmf N7G�ZSQ

�;EbQ [qWdRSR$E3[MG�� � �uBD¸ª¯�¹P±P| N\JsGeR2W3[MGIHKf7ZSVKHmv\[IN7LON7Q G�W3]SW3R_Gq^ R;EbZS[O[IN7f?�SN\[Mf?�SN\[�N7G�HmJIEbVmN\[O]SN\J
^/}b^\Q_N\L�N\Q GqJoGq[Iv7Jw[qW3[MN\Jw]2W3QSJwZSQ��S[MZSHmGw]SNP`aEbQ_]�HmLOR;Eb[sG?W3Q G*>

����� � ��� � ����� � ' � �
� � �	� ��� # � ��! �����

BD¸ª¯�¹�±³| N\JsG©f7EbL�R$EbJM^w]��{Z_QcJIN7ZSV2G p�R$No]SNo]S^7GIN\f7GIN\ZS[ ¥bN\[MLcWdQSHKZSL T VKN7J�f7VKE0}bN7[IJ�JIN7¥bLON7QFr
GI^\J �:]_^7GqN7f7GIN\ZS[MJgf\E3LOR;EbJIHAGqN7JP]SNO�ef7[IHKJsG?W3Z�CU]SN�¥bN\[MLcW3Q_HKZSL �!VmN\JOºdHKQ_QSN\[MJ?» � �:f?�2W3f\Z_Q�JIN7¥bL�N\Q Gq^
^7VKN\f/Gq[MHK¶�ZSN\L�N\Q GON\Q�� JIEbZ_Jsr ^7VK^7LON7Q�GIJ �aVKN\J ºdEbZFGqN\[MJ?» � �!f/` >�x2¥3ZS[IN�=I=?>{���/>©¨©�2W3f7ZSQ�]SN7Jcf7[IHKJsG?W3Z�C
L�N\JMZS[IN7Q�G³«Of7L ]_Ng]SHKW3LOv/Gq[MNiN/G³��f\L�]SNhVKEbQS¥�R;EbZS[oZSQSNgN/��f*W3f7HmGq^hRS�SE3GIEbRSHmf�GIE3G?WdVKN�]SN²kd´

%
>

= VmJDJIEbQ G�N\Q GIEbZS[I^7J�]��{Z_QOJspFJsGqv7LONw]SNwJIZ_RSRS[IN7JIJMHKEbQc¨©EbL�R_GqEbQ²f7EbL�R$EbJM^u]SNuJIf7HKQ GqHmVKVKWdGqN7ZS[IJ ]SNo°u¹h¯
JMZS[wVKN\Juf �3Gq^7JªN/Gw]SNh¨©JI=����uV � ��V��lWd[I[IHmv\[MN3>

Segmentation des Germaniums

 "!$#&%5=I=?>{�e' � 176]OA; ?��A1P-c6 � � � � ' � g � � i
j � �A?./2?D6 ��' j �,?D62/2?@9 j

����� � � � 
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����

n��{Z_Q ]_N\J�LOW,4KGI[IN\JOLOEdGqJ�]��{BD¸ª¯�¹�±³| N7JMGeZSQ_N Gq[Iv7J�¥b[qWdQS]SN L�EF]_ZSVXW3[MHmGI^e`!Wdf\HKVmHmGI^\N�R2W3[
V��{N7LORSVmEbH:]���ZSQSNYJsGq[MZSf7GIZS[INYL�E�]SN\[MQSN��af7` >;VXWOR_�SE3GqEO]SNYVKW�x2¥bZ_[INg=M=?>m@*´��oR;N\[MLON/GIG?WdQ�G�ZSQ [IW3RSRS[MEdr
f?�SN7LON7Q G �d^7VKEbHm¥bQSN\L�N\Q G �aEbZeLOEbQ GqW3¥bN ��]S^\L�EbQ G?W3¥3N �©]SN7Jo]_^7GqN7f7GIN\ZS[MJ�[IN7VXWdGIHm}3N\L�N\Q GwW3HmJI^3>
¦�HA¢§^7[IN7Q�GIN\Jof\EbQFx2¥bZS[IWdGqHmEbQSJuR;N\Z_}3N\Q G³WdHKQSJMH �7GI[INiW3]SEbRFGq^\N7JªR;EbZS[uVmN\Juf7VKE0}bN7[IJiT

z3�
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Configuration complete

Configuration en Cube 

 "!$#&% =I=?>A@0´ ' � � � � ' � 1�/ ; 1�6eBfL .�5P-c1P9�/26C+ 	D1.9PO�1.IZ1.9�/26 j ���A?F/2? ��' j �,?D62/2?@9 " � 	@E:-c1 1.9 �P+:E�/ �
B@-c?fL /210��),?@9�� 	@E:-c+A/ML ?@9e1P9 OAE��D1 g � � i " � 	fE:-c1[1.9��P+P6 �eB@-c?fL /21���)�?@9�� 	@E:-$+�/MLQ?f9CO�?@I\3:; d�/21 g � � i�j

➜
B�Q f\ZS�;N�T;R$E3ZS[ �/Gq[INhVKNhRSVKZSJªRS[Iv7J³R;EbJIJMHK�SVmNg]SNhVXWOf7HK�SVmN��;EbQ R;N\Z_G�LOE3Q�GIN\[ª¶�ZSWdGq[MNY]S^/r

GqN7f7GqN7ZS[IJo¥bN7[ILOW3QSHKZ_L JIZ_[oVmN\J `!W3f7N\Jw]���ZSQ�f\ZS�;NhN7Q GqEbZS[IW3Q GoVXW �\E3QSN�]SN�[I^*Wdf7GqHmEbQ��

➜
¨©EbL�RSVKv/GqNYTSE3Q�R$N7Z_GoW3ZSJMJIH�Z_GIHKVmHKJIN7[�@0«Y]_^7GqN7f7GIN\ZS[MJo]_EbQ Gw�²JIEbQ G%��@0z j ◦ �S� ���b´ ◦ N/Gw� �

��j ◦ R2W3[u[IW3RSR;Eb[MG �²VXW²]SHm[IN7f7GqHmEbQ�]SZe`!W3HKJMf\N\W3Z�>

� EbZS[�f?�2Wdf\ZSQSN�]SN�f7N\J�¥b^\EbL�^7GI[IHmN\J � EbQ R$E3ZS[I[IWUL�EbQ GqN7[Y]SNe]SN7ZFC `!W��7EbQSJ�]SHm¢$^\[MN\Q GqN7J�VKN\J
N\QSf7N\HmQ�GIN\J�W3Q GqHAr ¨©EbL�R_GqEbQ§>2±�HKQ_JIH �_EbQ R;N\Z_GªN\Q_VKN7}3N\[ªVKN\Jwf7EbVKVmHKLOWdGqN7ZS[IJ N/G�VmN\Jª°u¹i¯ VXWdGI^\[IW3ZFC �;E3Q
N\JsG³W3VmEb[IJuN7Q�f7EbQ_x2¥3ZS[qWdGIHKEbQe± �!VmN\Ju]S^/GqN7f7GqN7ZS[IJªJIEbQ Gªf �3GIN ��f �3GqN	�/>$µ³Z2W3Q G%�²VXW²f\EbQFx2¥bZS[IWdGqHmEbQ�°
E�� GIEbZSJhVKN\Jh°u¹i¯ N7GgVKN\Jif\E3VKVKHmLcW�GqN\Z_[IJ³JMEbQ GYRS[M^\JIN7Q GqJ � f3��N\JMGgVXWeLOE3HKQSJif\EbL�R2W3f/GqNd> n:N�G?W3�_VKN*WdZ
=I=?>lk�]_EbQSQSN�VKN7Ju]SHKJsG?W3Q_f\N\Jo]SN7Jo]_^7GqN7f7GIN\ZS[MJ �²VXWYf7HK�SVmNPN\Qe`aEbQSf7GIHKEbQ�]_NiVKW²f\EbQ_xS¥bZS[qW�GqHKE3QeW3]SEbR_GI^\Nd>
� W3[PN/¢§N/G�]���N\L�RSHKVmN\L�N\Q G	�$V ��N7��f*W3f7HmGI^YRS�SE3GIEbRSHmfgGqE3GqW3VKNh}3W�f?��Z_GIN\[hW*}bN\f�VKWcLYZSVAGqHKR_VKHKf7HmGI^iN/G�f\N7VXW �
]��{W3Z_G?WdQ�GgRSVKZ_Jh`aEb[sGqN\L�N\Q Gg¶�Z_NcVKN7Jg]S^/GqN7f7GqN7ZS[IJ²¥3N\[ILOW3QSHmZSL	JMN\[IE3Q�GYRSVXW3f7^\JhRS[Iv7JY]SNcVKW �7EbQSNc]_N
[I^\W3f7GIHKEbQ�>3¯³QYN\Q�Wd[I[IHA}bN ��VXWof\EbQSf7VKZSJMHKEbQ ��}dW3VmHK]S^7N R2Wd[D]SN\J JIHKLgZSVXWdGIHKEbQ_J+N/¢§N7f7GIZS^\N7J�W0}3N\fo¹�B�± �%� �
¶�ZSNgVKW�f7EbQ_x2¥3ZS[qWdGIHKEbQe± N\JsG³RSVmZSJoW3]2W3RFGq^\NiR;EbZS[w]SN\Jo^7}3^\QSN7LON7Q GqJ³E���VXW²LYZ_VmGqHmRSVKHmf\HAGq^oN\JMGo`!W3Hm�SVKN
G?W3Q_]SHKJu¶�ZSNiVXWYf7EbQ_x2¥bZ_[qWdGIHKEbQ�° f\EbQ }�HKN7QS]S[IW�R;EbZS[w]SN7Jo^/GqZS]_N\J%��L�E0pbN7Q JIR_HKQ �A@0y
� >

z j



���������
	�����}�������� �N� �J	������A	2��A	�A�F�	�
γ
�	 �H��>	2��8�_�_���_�U��W��� �P��� � ����

¥b^\EbL�^7GI[IHmN ¨©E3Q_x2¥bZS[IWdGqHmEbQ ¦ªHKJMGqW3QSf7N���VXWYf7HK�SVmN
ET

� � �
¨©ZS�;N ± j3´_>{z²LOL r r
¨©ZS�;N ° «b�_>{z²LOL @*´ «b´

¨©EbL�RSVKv/GqN ± @b@*�S>A@�LOL kd´ ��y
¨©EbL�RSVKv/GqN ° @*��yF>���LOL @0k «b´

Y Z \�%2=M=?>�k>' � 176pBfLQ62/8+U9PO�176 �(;Q+CO�L �:; 1W1P9\GH?f9PO�/MLQ?f9eBD1�6&BfL .�5.-01.9�/21�6]O�?@9�� 	@E:-$+�/MLQ?f9A6 j �S9 #C+\+P6868?@O�LQ5; 176&1�� O7+POAL /25�6]1�/K-c+U3:3F?:-0/26 ��� 1762/MLYIZ576[3P+.-�6XLYI>E:;Q+�/MLQ?@9 g � � i
j

����� � ��� � ��� " � ��� � � � �
!�� ��� ���������
 ���

¨©EbL�LONeEbQ V �{W ]S^ � � QSE3Gq^�N\Q�HKQ Gq[MEF]SZ_f7GqHmEbQ��DV��{v7[IN�]SN\J�`!W3HKJMf\N\W3ZFC£[qWd]SHKE Wdf7GqHA`aJ�W R;N\[MLOHmJ
]���^\VKW3[I¥3HK[cVmN f?�2W3L�R ]SN\JeJIR;N\f/Gq[MEbJIf7EbRSHKJsGqN7J

γ
VKN\Z_[�R$N7[IL�N7GMG?W3Q Ge]��{W3f\f7^\]SN7[ � VKW JMGq[MZSf7GIZS[IN ]SN

QSE0pbW3ZFC N CFE3GqHm¶�Z_N\J³Gq[Mv\J³R;N\Z R_[IE�]SZSHmGIJ\>$= f\H � ��f*WdZSJINY]_N²VXW�`!WdHK�SVmNhHmQ�GIN\QSJMHmGI^Y]SZ `!W3HmJIf\N\W3Z �s@*´b´ �
@0´3´b´oR_VKZSJ:`!W3Hm�SVKN�¶�ZSN f\N\VmVKN�]SN7J `!W3HmJIf\N\W3ZFCiJsG?W3�SVmN\J���N/G �oZSQgN7Q�}�Hm[IEbQSQ_N\L�N\Q G [IW3]SHmE W3f7GIHm`_W3RSR;Eb[MGqW3Q G
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T (x, y) = T (y, x)
�!VKWYf\EbL�LYZ_GqWdGqHA}FHAGq^	�

T (x, T (y, z)) = T (T (x, y), z)
�aV �{W3JIJMEFf7HXWdGIHm}�HmGI^ �

T (x, y) ≤ T (z, t)
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x ≤ z
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T (x, 1) = x
�a^\Vm^\L�N\Q GwQSN\ZFGq[IN�@ �

N7JMGoZSQ�EbR$^7[qWdGIN\ZS[u]§�{HmQ�GIN\[MJIN\f/GqHmEbQ �af7` >Sx2¥3ZS[INP=M=?>m@&j�� W3RSR;N\VKVm^³GMrtQSEb[IL�N �aEbZeQSEb[IL�N³Gq[MHXW3Q_¥bZSVXWdHK[IN	�/>
¨©N/GIGqN³Gsr QSE3[IL�NªR;N\Z_G �7Gq[MNP]S^7xSQSHKN³]_N³QSEbLY�_[IN\Z_JIN\JuLOW3QSHmv\[MN\J©LOW3HmJ©f\N7VKVmN�¶�ZSN³V��{EbQcZ_GqHmVKHKJMNªVmN�RSVmZSJ

��� �Pn�x�z�qsx���u]yJn 	���tP�2z�qs��t �8n�xJn���z�~{x�qYy�z�qY���Pu��D��te�.u{��z"��~ <PtAqsx�osu]y��A�P�.��x�z]� � � u}yHz"o�� u8tPy�u8�"�Aosub�Au{yw~{o`~{�pu{t7zJy
x��u � �F���Ax�osu{yJ�7�Au8oYy

fA(x) 6= 0
���.y���tKtP�Xv�n��C� � � u}yHz�o
� u8tPy�u8�"�Ao`u��Au{y,~8os~8�bu{t�z
y�n��P�Pn�x�z�u{tPn�t7z���u�	 n+*8��tWn��.y���o`�Au��

Af

���AyJn �.n���zJu8�Axw� � � u}yHz osu��Po`�Py 	���x�z ��u{r�xJ~���� n��P�Pn�x�z�u{tPn�tP�8u���u
Af

�2�P�aq:osn��Pn���z�u{�Ax,u{y�z,~{r�n�o`u � ������tZ�Aq z��7�Au�o`uy����Py��0u{tPy�u{���Aosu��P���Ku{y�z�tA��xJ�&n�osqsy�~�� #�tKtAu��2��tPy�qs���{x�u��aqs�8q �P�7�Au��Au{y y����Py��0u{tPy�u8���Po`u}y��.���Py,tA��x��&n�o`qYy�~}y8�
��k
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f\EbZ_[qW3L�LON7Q G©N7JMG JMHKL�RSVKN7LON7Q G©VKW�`aEbQ_f7GqHmEbQ
min

>�±�HmQSJIH ��V��{HmQ GqN\[MJIN7f7GqHmEbQ�]SN³]SN7ZFCOJIEbZSJ r N7QSJIN7LY�SVKN7J
� EbZSJwR;EbZS[M[qW²J\��^\f7[IHK[MN�T

∀x ∈ X fA
T

B(x) = min(fA(x), fB(x))

 "!$#&%5=I=?>A@&j>'  9�/21.-c681aO�/MLQ?@9C1�/KE:9DL ?@9eBD1\BD1PE7T(1P9A6{1PI �:; 176 �@?fEA6 g � hAi�j
¦�NªLOW3QSHmv\[MNwW3Q2W3VmEb¥bZSN �bVXW�Gsr f\E3QSEb[IL�N �!E3ZOf7EbQSEb[MLON GI[IHXWdQS¥bZSVKW3HK[MN �+¶�ZSH5N7JMG�]S^7xSQSHKNwR2W3[�ZSQ_N

`aEbQSf/GqHKE3Q ⊥: [0, 1] × [0, 1] −→ [0, 1]
}b^\[MHmx5WdQ�GwR;EbZS[uGIEbZSJ

x
�
y
�
z
N/G

t
]SN

[0, 1]
T



















⊥ (x, y) =⊥ (y, x)
�aVXWYf7EbLOLgZ_G?WdGIHm}�HmGI^ �

⊥ (x,⊥ (y, z)) =⊥ (⊥ (x, y), z)
�aV �{W3JIJMEFf7HXWdGIHm}�HmGI^ �

⊥ (x, y) ≤⊥ (z, t)
JIH

x ≤ z
N/G

y ≤ t
�aVXWYL�EbQSE3GIEbQSHmN �

⊥ (x, 0) = x
�a^\VK^7LON7Q GwQSN\Z_GI[INh´��

N\JsGªZ_Q�EbR;^\[IWdGqN7ZS[w]���ZSQSHKE3Q�]_EbQ GªVmNPRS[IEdGqE3G p�R;NiVmNPRSVKZ_Juf\EbL�LYZSQeN\JsGoVXWY`aEbQSf/GqHKE3Q
max

T

∀x ∈ X fA
S

B(x) = max(fA(x), fB(x))

� � � �&8:9+) ��#��b1S�0#0(�%*�a��"
�FH§V��{EbQOf\EbQ_JIHK]_v\[IN�RSVKZSJMHKN7ZS[IJ f\[IHAGqv7[IN\J©]SN�]S^7f\HmJIHKE3Q��!R2Wd[©N/CFN7LORSVmN�VKWhR;EbJIHAGqHKE3QON/GuV ��HKQ GqN7QSJIHAGq^

]2W3QSJiVKN�f\W3Jh]_NOVKWef\W3VKHm�S[qW�GqHKE3QUW3Z_GqE3LcWdGIHK¶�ZSN	� ��EbQU}dW�]_N7}bE3HK[i]S^7x2Q_HK[�ZSQSN�f\VKW3JIJMN � E3ZSNO¥3VKEb�2WdVKN
R2W3[wVKNP�_HXW3HmJ ]���ZSQ�R_[IE�]SZSHmG f*W3[sGq^\JMHKN7Q�]SN7Jªf7VXW3JMJIN7J � EbZSN\JoHKQ_HmGqHKW3VKN7J\>

¯PQ�JIW3HmG©]S^ � �Y¶�ZSNPVmN�RS[MEF]_ZSHmG©f*W3[sGq^\JMHKN7Q�]SN\J N7QSJIN7LY�SVmN\Ju]SN³[M^7`a^7[IN\Q_f\N
X1

�
X2

�$>m>A> �
XN

JIZ_[
VKN7JI¶�ZSN\VmJªJMEbQ Go]S^7x2Q_HKJwVKN7JoJMEbZSJ r N\Q_JIN\Lg�SVKN7J

A1

�
A2

�:>A>m> �
AN

N7JMGªZSQ�N\QSJMN\LY�SVmNh]_EbQ GªVmN\Ju^7VK^\L�N\Q GIJ
JIEbQ Go]SN7J �ur ZSRSVmN7GIJ

(x1, x2, ..., xN )
>

n�NcJIEbZSJ r N7QSJIN7LY�SVKN � EbZ
A

f\EbQ_JMGq[MZSHmGgJIZS[
X

f\E3LOL�N
A = A1 × A2 × ...AN

�+f\E3QSJIHm]S^\[M^
f\EbL�L�N³VKNPRS[MEF]_ZSHmG©f*W3[sGq^\JMHKN7Q�]SN7JwJIEbZSJ r N7QSJIN7LY�SVKN7J � EbZSJwHKQ_HmGqHKW3ZFC ��W3ZS[IW�f7EbL�LON�`aE3QSf7GIHKEbQ�]��{W3RFr
R2W3[sGqN\QSW3QSf\N�T

∀x = (x1, x2 ..., xN) ∈ X, fA(x) = min(fA1
(x2), fA2

(x2), ..., fAN
(xN ))

� z
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±�[MLO^7J�]SNhf\N7J³EbZ_GIHKVKJ �5QSEbZSJ�W3VKVmEbQSJoR$EbZF}bEbHm[ª]S^/x2QSHm[�f\N7[MGqW3HKQSN7J�[MN\VXW�GqHKE3QSJw]SHm��f\HmVKN7LON7Q�Gª[IN r

RS[M^\JMN\Q G?W3�_VKN\J�]SNi`!W �\EbQ�f\VXWdJIJIHm¶�ZSNgf7EbLOL�N�R2W3[oN/CFN\L�RSVmN�º
x
N7JMGPWdRSRS[IE*CFHKLOWdGIHm}bN7LON7Q Gª^7¥ W3V#�

y
»

f7EbLOL�Ni^7G?WdQ�G³JIHKL�RSVmN\L�N\Q G�Z_Q JIEbZSJ r N7QSJIN7LY�SVKN � EbZ ]SN
X × Y

;0>§n�Wc`aEbQ_f7GqHmEbQ ]§�lW3R_R2W3[MGIN\Q2WdQSf\N
]���ZSQSNPGIN\VKVmNP[IN7VXWdGIHKEbQ�R;EbZS[M[qW3HAG �7GI[IN�T

R(x, y) =











1
JIH

x = y

0.8
JIH |x − y| = 1

0.3
JIH |x − y| = 2

¨©EbL�L�N�f7N\VKW�N\JsGYHmVKVKZ_JMGq[M^²x2¥bZS[MNc=I=?>A@0« ��V��XºdE3LY�S[IN*» 8 E3Z VXWeRS[IE��MN\f7GIHKEbQ ]SNcf7N7GMGqNc[MN\VKWdGqHmEbQ � EbZSN

 �!$#&%;=I=?>A@0«\' ,|1���9DL /MLQ?@9 LY;s;`EA68/X-0571\BD1 ;Y^ ?@I �P-c1>B_^�E:9A1 -c1.; +A/ML ?@9 �f?@EA1 j
JMZS[wV �{W�CFN

X
�
Y
�©N\JsGoZSQ�JMEbZSJ r N\Q_JIN\Lg�SVKN � EbZeJIZ_[

X
�
Y
�/>

� �@���Ax��b~{�p��q`xJu����AtAu�x�u{osn�z�qs��t]�2oYn�yJy�qs�7�Au��Fu8�Az��2zJx�u��2��t.y�qY��~8xJ~8u��2���b�bu��At�u8tPy�u8�"�Ao`u���u
n
�0z��A�Po`u}y�� ���&�Pn�q`xJu{y��x
����tPtA~8u}yJ�2�� �tAu]xJu8oYnXzJq`��t\�Pq`tPn�q`xJu]�An�tPy

R
u{y�z��AtAu&xJu8oYnXzJq`��teu{t7z�xJu]��u8���etA���"�AxJu{y|xJ~8u8oYy{��#�t n��A�Fu8oso`u{xJn��������
	

������������ �AtAuWxJu8oYnXzJq`��t(�AqstPn�qsx�u R
xJ~ �Pu8��q`��u�� y�va�b~2zJx�qY�7�AuKu2zbz�x
n�tPy�q`z�qs��u���������� ����� ��� � ��� �AtAuSxJu8oYnXz�qs��t �Aq`t.n�qsx�u Rx�~ �Pu2��qs��u��7n�t�zJq �$y�v7�b~8z�xJqs�7�Au�u2z�z�x
n�tPy�q zJq`��u�u8z!������� � �"��� ��� �AtAu|x�u{osn�z�qs��t]�Pq`tPn�q`xJu R

~2zJn�t7z��AtK��x
��xJu��Pn�x�zJq`u{o.u8z �.�7yH�y�~}�An�t7z�u8t��Po`�Py�oYn��Px����Ax�qs~2zJ~�y��Aqs�Mn�t7z�u$#
∀u, v ∈ R, (u, v) ∈ R

���
(v, u) ∈ R

� � n�x,u2��u{�p�Po`u���oYn�xJu8oYnXzJq`��t]�AqstPn�qsxJu���a���PyH�cu8t.y�u{���Aosu���uM &u{y�z,�At���xJ��xJu��.n�x�z�qsu8oFu2z,osn"x�u{osn�z�qs��t&�AqstPn�q`xJup�
≤
 �y��Px�osu{y�u8t7z�qsu8x
y�u{y�z��AtPu�xJu8oYnXzJq`��t���� ��x
��x�uz���zJn�o0�

%}�a��q`z �AtAu|x�u{osn�z�qs��t �P���Au|�AqstPn�q`xJu
R
��~ <PtPq`uwy��Ax

X × Y
��o�� ���"�Ax�u����KoYn��AxJ�)(Hu}��zJq`��tZ��u

R
y��Ax

X
y�u8x
n"��~ <PtAqsu�2���p�bu�#

ΠX(x) =
y��A�

{R(x, y)|y ∈ Y }
���$o:u8tSu}yHz���u|�b�8�buw�F���Ax

ΠY (y) =
y��P�

{R(x, y)|x ∈ X}
�

�b�
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� EbZS[�V��{HmVKVKZ_JMGq[MN\[ ��Q_EbZSJ�RS[MN\QS]S[MEbQSJ�ZSQ�]S^/GqN\f/GqN7ZS[�]SNw[I^7`a^7[IN7QSf\Nw¶�ZSN\Vmf\EbQ_¶�Z_No]_EbQ G�VKN JMR$N7f7Gq[MN

�!RS[ME0}bN\QSW3Q G ]���ZSQSN JIEbZS[Mf\N f\EbQ_Q�Z_N��oN/C�T 152 B�Z�EbZ 56 ¨©E ��f\EbQ GIHKN\Q G�RSVKZ_JIHKN7ZS[IJeRSHmf\J �!VKW3�$N7VKVm^\J
®oN/`P@ �+®wN7`ok �A>A>m> �+®oN/`  ��f\W3[qW3f/Gq^7[IHKJM^\JhR2W3[iVKN\Z_[hR;EbJIHAGqHmEbQ

p
��®wN7` ����N/GgVmN\ZS[iHKQ GIN\QSJMHmGq^

n
�!®oN/` ���/>

ªQSN�`aE3HKJgVKW f\E3[I[IN7JIR;EbQS]2WdQSf\Ne^7GqW3�SVmHKNcN7Q Gq[IN�VKW R;EbJIHAGqHKE3Q N\Q f\W3Q2W3V ]_N�f\N\J²R_HKf\JgN7G�VKN7ZS[h}dW3VmN\ZS[
N\Q ^\QSN7[I¥bHmN²G?W3�SZ_VK^\N ��QSE3GI[IN�RS[MEFf7^\]SZS[MN²}3W�[MN\f\E3QSQ2W,4mGq[IN �:]SN²`!W��\E3QUGIE3G?WdVKN\L�N\Q G�WdZ_GqEbLOWdGIHK¶�ZSNYN/G
Gq[Mv\Ji[qW3RSHm]SN\L�N\Q G �:W3Z RSVKZSJ�VmN\J  RSHmf\J�JIHmLOHmVXW3Hm[IN\Jo]2W3Q_JhVmN\JPJIR;N\f/Gq[MN\JgN7Q JMEbZS[Mf\N�]SN\Jgk3zb�eW3Z_GI[IN7J
]S^7GIN\f/GqN\Z_[IJ³L �\L�N�JIH�VKN7ZS[IJof*W3[IW3f7GI^\[MHKJMGIHK¶�ZSN7J�JIE3Q�GoGqEdG?W3VmN\L�N\Q Go]SHm¢$^\[MN\Q GqN7Jª]SNhf\N7VKVKN7Jw]SZ JMR$N7f7Gq[MN
]SNc[M^7`a^7[IN\Q_f\N��aJIN\Z_HKV�RSVKZSJhEbZ�L�EbHmQSJh^7VKN/}b^cR;EbZ_}dW3Q G � ]2WdQSJgf7N\[MGqW3HKQ_Jgf*WdJ �+EFf7f\ZSVAGqN\[i]SN7JYRSHKf7Jh]_N
�2W3JMJINi^\QSN7[I¥bHmN��2N7��f\W3f\HAGq^�]SHm¢$^\[MN\Q GqN �2¶�Z2W3VKHAGq^³]_Z�JMR$N7f7Gq[MNhR_VKZSJuEbZ�L�EbHKQSJ©�$EbQ_QSN � >
��[IN\QSW3Q G©ZSQOJIR;N\f/Gq[INo¶�ZSN\Vmf\EbQ_¶�Z_N���R$EbZ_[�f?�SW3¶�ZSN�RSHmf Gq[MEbZ_}b^ ����Hmfi@�����Hmfªk �m>A>A>l��HKfwL �D¥b[��3f7N �iZSQ_N
[IEbZFGqHKQ_Nª]SNª[IN7f?�SN\[Mf?�SN�]SN�RSHmf\J �FEbQcW3RSRSVmHK¶�ZSN7[qWhVKWi[MN\VKWdGqHmEbQ � EbZSN²ºd��Hmf�H;N\JsGuW3RSR_[IE*CFHKLOWdGqHA}bN\L�N\Q G
��VKW�L �7LON²R;EbJMHmGqHmEbQ N7G��eVXW�L �\L�N²HKQ GqN7QSJIHAGq^�¶�ZSNO®oN/` �q» ¶�ZSNOV��{E3Q Gq[qWd]SZSHK[IW�N\Q f\EbQSJsGq[MZSHKJIW3Q G
]SN\Z�C N\Q_JIN\Lg�SVKN7J � EbZSJ

A
®wN7`��
p

�!R;EbZS[gVKW�R;EbJIHAGqHmEbQ��³N7G
A
®oN/` �
n

�aR$E3ZS[gV��{HmQ�GIN\QSJMHmGI^ �/>+n:N�RS[MEF]_ZSHmG
f*W3[sGq^7JIHKN7Q

A
®oN/` �

= A
®oN/` �
p × A

®wN7`��
n

Q��{N7JMGO[IHmN\Q ]��{W3Z_Gq[MN�¶�ZSNeVKWUR_[IE �MN7f7GqHmEbQ£]SNeVXW [IN7VXWdGIHKEbQ
RS[I^7f\^7]SN\Q GqN²JMZS[³VmNhJMR$N7f7Gq[MNYf\E3Q�GIN\Q2WdQ�G³VKNh��HmfgH�>$� W3[IL�H�VKN7J�L�RSHKf7J �;f\N7VKZSH+¶�ZSH WdZS[qW�VKNgR_VKZSJw`aEb[MG

��j
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]SN7¥b[I^ª]���HK]SN7Q�GIHmx2f\WdGqHmEbQ�JIN\[IWhHm]SN\Q GqHAx2^%�g®wN7` ��N/G EbQO[IN7f\EbL�LON7QSf\Nªf\N/GIGqNªEbR;^\[qW�GqHKE3QOR;EbZS[�f?�2W3¶�ZSN
RSHmf³]SNP[M^7`a^\[MN\QSf7N�N7GwR;EbZS[ f?�2Wd¶�Z_NhJMR$N7f7Gq[MN3>5n�Wgx2¥bZ_[INP=I=?>A@&ygHmVKVKZ_JMGq[MN�f7N7GIGINPLO^/Gq�SE�]SNP]2WdQSJuVKN³f\W3J
JMHKL�RSVKN�E�� V��{E3Q QSNhf\EbQSJMHK]Sv7[INh¶�Z_NYVXW�R$EbJMHmGIHKEbQ�>5� W3[³WdHKVKVmN\ZS[MJ �2EbQ R$N7Z_G�`!W3f7HKVmN\L�N\Q GªWd��QSN\[ªf\N7GMGqN
L�^7GI�SEF]_NcN\Q�V ��^7GqN7QS]2W3Q G � RSVKZ_Jg]SN�]_N\ZFC�]SHKL�N\Q_JIHKE3QSJ	�aR$E3JIHmGIHKEbQ N7GYHKQ GqN7QSJIHAGq^ �PN\Q R_[IN\QSW3Q G²N\Q
f7EbLORFGqNP]2W3Q_JoV��{Hm]SN\Q GIHmx2f\WdGqHmEbQ���R2W3[wN/CFN\L�RSVmN��SV��{^7f*W3[sGoW0}3N\fiVKNPRSVmZSJwRS[IE�f?�SNP}bE3HKJIHmQ�>

. � �e( #01S����9+� �s�A�!� � �a(�����"$#01_#0�!8;"
�ªEdGq[INiRS[MEb¥b[qWdLOL�N³JINiRS[M^\JIN7Q GqNYJMEbZSJoVXWY`aEb[IL�N�]���ZSQ JMf\[IHmR_Gof\EbL�RSHmVK^�®u¯�¯ � ��z y �+E���V ��EbQ

W�Z_GqHmVKHKJM^�VKN\JhVKHm�S[qW3Hm[IHmN\J³VmHK^\N7J ��f\N�R_[IEb¥b[IW3L�LON�R2W3[sGqHmf\ZSVmHKv\[MN\L�N\Q GiW3]2WdR_Gq^ � V �{W3Q2W3VAp�JIN�]SNc]SE3QFr
QS^7N\J³N7Q RS� p�JIHm¶�Z_N3>�n�W�RS[IE�f\^7]SZS[INh]SNY[MN\f?�SN7[If?�SN�W3ZFGqEbLOWdGqHm¶�ZSN�]SN\JªRSHKf7J³WO^/Gq^hHKQSf7VKZSJMNh]2WdQSJ�VmN\J
VmHK�S[IW3HK[MHKN\Jh®u¯�¯ � RSW3[�|�Eb[M����� ��zb� �uR;EbZS[YGI[IEbZ_}3N\[�]SN7J�R_HKf\J²]SW3QSJ�ZSQ JIR;N\f/Gq[IN

γ
JqW3QSJ��;N\JMEbHKQ

]SN�JIE3ZSJMGI[qW3f/GqHKE3Q ]SN�`aEbQS]§>�n�N7Jgf\W3[qW3f/Gq^7[IHKJsGqHm¶�Z_N\J�]SN\JhJIEbZ_Jsr N7QSJIN7LY�SVmN\JgJMEbQ GgVmZSN\J �eR2W3[sGqHK[�]���ZSQ
x2f?�_HKN\[w]SN�f7EbQ_x2¥bZ_[qWdGIHKEbQ�>

� � ��(�%*)+��#01_# � � �5, 9�( #0���3#0��)+��%��b12��� . ��(�%Y��"���8;�!" %�9��A) "�� 9��F���©���F)��&���
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n:N\Jif*W3[IW3f7GI^\[IHmJMGIHK¶�ZSN\J�]SN7J�JIEbZSJ r N7QSJIN7LY�SVKN7JhZFGqHKVmHKJM^\JPJIE3Q�GiRS[M^\JMN\Q Gq^7N\JgJMZS[iVXWcx2¥bZ_[IN�=I=?>A@0�_>#�FN7ZSVKN
VXW²JIE3ZS[If7Nh]SNh¨©Eb�SW3VmGoW�^7GI^iZFGqHKVmHKJM^\NPR;EbZS[uVXW²f\W3VKHm�S[qWdGIHKEbQ�k3´�|�N�� W*}3N\fgy�RSHmf\Jw]SN�[I^/`a^\[MN\QSf7N3>;n:N
JIR;N\f/Gq[INO]SN�[I^7`a^7[IN7QSf\N�ZFGqHKVmHKJM^YN\JsGYf\N7VKZSH�]SZ RS[IN7LOHmN\[P]S^/GqN7f7GqN7ZS[gGI[IEbQSf7EbQSHm¶�Z_NOR;EbZS[�VKN7¶�ZSN\V�QSEbZ_J
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VKN JMR$N7f7GI[INw]SZ��2W3Z_GD]SNuVXWªxS¥bZS[INu=M=?>m@*���/>3n�NuJMR$N7f7GI[INw]SZ��2W3JD]_NuVXW�x2¥bZ_[INu=I=?>A@0�³HmVKVKZ_JMGq[MN VmN [I^7JIZSVAG?WdG
]SNuVXW³f\W3VKHm�S[qW�GqHKE3QgW3ZFGqEbLOWdGqHm¶�ZSN©�i|�N�� R;EbZS[DVmN ]S^/GqN\f/GqN7ZS[ ¨©�3` ��«3v7LON f7[IHmJMG?WdV_]SZ��bv7LON f7VKZSJsGqN7[��/>
n:N\J z y�Gq[IHKW3QS¥bVmN\JD[MN\RS[M^\JMN\Q GqN7Q�G©VKNu[M^\JIZ_VmG?W�G ]_NoVKW³[IN7f?�SN\[Mf?�SNPW3Z_GIEbLOWdGqHm¶�Z_N ]SNwRSHKf7J\>�� W3[IL�HSf\N7J©zby
RSHKf7J �2VmN\JuEbQ �7N�RSHKf7Ju]SN�[I^7`a^7[IN7QSf\NiEbQ GuGqEbZ_Jo^/Gq^�[IN/Gq[MEbZ_}b^7JªN/GoVKN³[M^\JIZ_VmG?W�Gw]SN�f\N7GMGqN�HK]_N\Q GqHAx2f*WdGIHKEbQ
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n:N\J [I^7JIZSVAG?WdGIJ ¥b^7QS^\[IW3ZFCg]SN\J f*W3VmHK�S[IWdGqHmEbQSJ:�³|�N���N/G�k3´�|�N���JMEbQ GDL�EbQ Gq[I^7J ]2WdQSJ VmN�GqW3�SVKN\W3Zi=I=?>��S>
�+EbZS[+VXWuRS[IN7LOHmv\[MN�f*W3VmHK�S[IWdGqHmEbQ��\E3QhEb�FGqHKN7Q G �by ��y ��]SN�[I^7ZSJIJMHmGIN N/G ]2WdQSJ VKWuJIN\f7EbQS]SN©� y �{� � �&f3��N\JsGMr
��rt]SHK[MN�¶�ZSN���[IN7JIR;N\f7GIHm}3N\L�N\Q G	�3k3zbzuN7GDk3z3�o]S^/GqN\f/GqN7ZS[IJ EbQ G RSZ �7GI[IN�f*W3VmHK�S[M^\J:]SN�`!W��\E3QYW3Z_GIEbLOWdGqHm¶�Z_N
JIW3QSJ W3ZSf\Z_QSN©HmQ�GIN\[s}bN\Q GIHKEbQh��Z_LcW3HmQSN3>0= V�N7JMG��oQSEdGqN\[+¶�ZSN©VmN\J+«ªE3ZYjoW3Z_Gq[MN\J+]S^7GIN\f/GqN\Z_[IJ R_[I^\JMN\Q G?WdQ�G
]SN7J�N\[I[MN\ZS[MJ�QSN²JIN7[IEbQ Gi]SN²GqEbZFGqNY`!W��7EbQUR2W3JP¥ W3[M]S^\JP]SW3QSJ�VXW�JMZSHmGIN²]SN²V �{W3Q2W3VAp�JIN ��f*WdZSJIN�]���ZSQSN
GI[IEbReLOW3Z_}dW3HKJMNP[I^7JIEbVmZ_GqHmEbQ�N\Q�^\QSN7[I¥bHmN3>

°©E3Q | WdZ_}dW3HKJ
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� @b@�RSHKf7Jo]_Ni[M^7`a^7[IN\Q_f\N � � kbkbkhr � k �l� � � r
¨ W3VKHm�S[qWdGIHKEbQ�k3´�|�N�� k3z3�Yr � y �l� � jgr©k �A@ �
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�+N\f?�SQ_HK¶�ZSNP[qWdRSHK]SN �!EbQc`!WdHmG ]S^\JMEb[ILOW3HKJ N\QeL�EbHKQSJ�]���ZSQSNP]SN7LOH$�SN\Z_[IN³ZSQ�GI[qW*}dW3HKV;¶�ZSH�]SN7LcWdQS]2W3HAG
GI[IEbHmJ©JIN7LcWdHKQSN7JuW3ZSR2Wd[qW*}dW3Q G E � �_JIHmLOR_VKN �aRS[IE�f\^7]SZS[MN³N\Q GqHmv\[MN\L�N\Q GoW3Z_GIEbLcW�GqHK¶�ZSNoJqWdQSJ Gq[IW3HmGIN\L�N\Q G
LOWdGq�_^\LOWdGqHm¶�Z_N�f\EbL�RSVKN CFN � ��]_EbQ GcV��lW3Vm¥bEb[MHmGq�_LON�R$N7Z_G �7Gq[MN�`!Wdf\HKVmN\L�N\Q G�W3L�^\VmHKEb[M^��!EbQ£R;N\Z_GO]SN
`!W��7EbQ²Gq[Mv\J�JIHKL�RSVmNuWd��QSN\[�VKW�L�^7GI�SE�]SNuN\QOW��MEbZ_GqW3Q G�]SN\J�f\[MHmGqv7[IN7J�]_No]_^\f\HmJIHmEbQ�JIZSRSR_VK^\L�N\Q GqW3HK[MN\J�� �
QSEdGq[INgW3VK¥3Eb[IHAGq�SL�NP[IN7¶�Z_HKN\[sG³QS^\W3QSL�EbHKQ_J�ZSQSNh}b^\[MHmx2f\WdGqHmEbQ�}�HmJIZSN7VKVKN �5]S^7GIN\f7GIN\ZS[�WdRS[Iv7J³]S^7GIN\f/GqN\Z_[ �
R;EbZS[wJ\�{W3JMJIZS[MN\[³]���ZSQSNh�$E3QSQSNiHK]SN7Q�GIHmx2f\WdGqHmEbQe]SN\JªRSHKf7J\>$¯³Q R;EbZS[M[qW3HAGwHKLOW3¥bHKQ_N\[ �_R$EbZ_[oVmN\JoLYZSVAGqHAr
]S^/GqN7f7GqN7ZS[IJª]SN�`aZ_GqZS[MNh¥3^\QS^7[qWdGIHKEbQ�f\EbL�L�NP±o¹�± �+± ��zb� � E3Z ¹�®ªB �+± � � ´ � �5¶�ZSH+W3ZS[MEbQ GªR_VKZSJo]SN
«b´3´b´O}bE3HKN\JP^7VKN7f7Gq[MEbQSHm¶�Z_N\J ��W3LO^7VKHmEb[IN7[ªVmNYf\E�]SN²N7G�ZFGqHKVmHKJMN\[oZSQ }b^\[MHmGqW3�SVKNYW3VK¥bE3[IHmGI�SL�Nh]SN²VmEb¥bHm¶�Z_N
� E3ZSN R;N\[IL�N7GMG?W3Q G �3N\Q²R_VKZSJD]_NuVXWªf\W3VKHm�S[qW�GqHKE3Q��&]SN f\VKW3JIJMHmx2N7[DVKN7J JMR$N7f7Gq[MN\J�N\Q²GIN\[IL�N���R2W3[ N/CFN\L�RSVKN �
]SN�[M^\JIE3VKZ_GIHKEbQ�R;EbZS[uJMNhVmHK�;^\[IN7[ ]SN�VXWYf7EbQ Gq[IW3HKQ GqN�]SN�VKWg}b^\[MHmx2f\WdGqHmEbQ�}�HKJIZ_N\VKVmN3>
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ªQSNg`aE3HKJoVKN\Jo^\Q_N\[I¥3HKN\J�N7G³VmN\JwGqN7LORSJª]SNgGIEbZSJ�VmN\Jª]S^7GIN\f7GIN\ZS[MJPW3VmHK¥bQS^7J �5EbQ WdRSR$E3JINgJMEbZ_}3N\Q G

ZSQSN f\EbZSR_ZS[IN�N\QiGqN\L�RSJ7>3¨©N7VXWoWªR;EbZS[��SZ_G ]���^\VmHKL�HKQSN7[�VKN7J+[IW*pbEbQSQ_N\L�N\Q GqJ
γ
[IN/G?W3[M]S^\J HKJIJMZSJ+]��{^/G?WdGIJ

HKJMEbLO^7[IHm¶�Z_N\JgE3Z ]SN\J²[M^*W3f/GqHmEbQSJg]_N�]SHm¢$ZSJMHKEbQ
n −→ n′ + γ

� � V��{E3[IHK¥3HKQSN�]SN7JY�$E3JIJIN7J²QSN\ZFGq[IE3QSJ
}bN7[IJ²«b´3´ dN��~N7Gg� j3´ 3N�� �iEbZ VKN7Ji[IW*pbEbQSQ_N\L�N\Q GqJ

γ
`aEb[MGIZSHmGIJ\>+¯³Q�QSEdGqN\[IW�¶�ZSNOVKN7JiGI[qW3QSJMHmGIHKEbQSJ

]SN��2W3JMJIN�^\QSN7[I¥bHmN²JIEbQ GiJMp�JMGI^\LOWdGqHm¶�ZSN\L�N\Q Gh[IN7GqW3[I]_^\N\J�N7VKVKN7J�W3ZSJMJIH �:VKW�f\EbVmVKN7f7GqHmEbQ ]SN�f?�2Wd[I¥bN7JhJMN
`!W3HKJIW3Q GwRSVKZ_JuVKN\Q GIN\L�N\Q GoJIZS[wVKN7Jw�$Eb[M]SJu]SZ�¥bN\[MLcWdQSHKZSL�>
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� R2Wd[MGqHm[O]§�{ZSQ_N LcW�Gq[IHmf\N �!^7QSN\[M¥bHKN rtGqN7LOR_J�� ��EbQ�R$N7Z_G�[qWdRSHK]SN7LON7Q Gc]S^/GqN7[IL�HKQSN7[c¶�ZSN\VmVKN�JIN7[qW VXW
LON7HKVmVKN\Z_[IN�f\E3ZSRSZS[MN N7QgGqN7LORSJ�R;EbZS[+QSN�¥ W3[I]_N\[+¶�Z_N©VKN7J�[qW*pbEbQ_QSN\L�N\Q GqJ

γ
RS[MEbLORFGqJ+N\Qgf?�_N\[If?�SW3Q G �

^\VmHKL�HKQSN7[�VKN7J+�;EbJMJIN\J+QSN7Z_Gq[MEbQSJ �aGqE3Z_G+N\Qh`!WdHKJqWdQ�G�N7QgJMEb[MGIN�]_N ¥ Wd[I]SN7[+VmN\J�[qW*p3EbQSQSN7LON7Q�GIJ
γ
RS[IEbL�R_GIJ

]SN��2WdJIJINc^\QSN7[I¥bHmNcR2W3[sGqHmf\ZSVmHKv\[MN\L�N\Q GhHKL�R$Eb[sG?W3Q GIJiR;EbZS[hV ��^7GIZS]SN�]SNOVXW�JIZSR;N\[M]S^7`aEb[MLcW�GqHKE3Q�]2W3Q_J
VXW �7EbQSN�± ∼ @0�b´ �ªN7G���[I^7]SZSHm[IN²VXW�f7EbQ Gq[MHK�SZ_GIHKEbQ ]_ZSN�W3ZFC [IW*pbEbQSQ_N\L�N\Q GqJ

γ
`aEb[sGqZSHAGqJ7>�n�Wcx2¥bZS[MN

=I=?>lk3´�[IN\R_[I^\JMN\Q GqNgVXW�LcWdGI[IHmf\N �!^7QSN\[M¥bHKN���|�N��ªr � ±o¨ �u]SNiV ��N/CFR$^7[IHmN\QSf7N 196 °©H�¶�ZSH�JIN7[qW�RS[I^7JIN\Q GI^\N
]2W3QSJ�VKNgf?�SW3RSHmGI[IN�j �$VKN7J�^\Q_N\[I¥3HKN\J�QSNYJIE3Q�G³¥ W3[I]_^\N\JP¶�ZSNgJIH VmN �+±o¨ ��RS[M^\f\^7]SN\L�L�N\Q GP]S^/x2QSH �$N\JsG
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JMZSR$^7[IHmN\ZS[ �gzb� kd´if\W3Q2W3ZFCON/G HKQF`a^\[IHmN\ZS[ �i�b� ´b´if*W3Q2WdZFCOEbZcJMH$V��{^7QSN\[M¥bHKNoN\JsG HKQF`a^\[IHmN\ZS[MN �²j3´b´ 3N��
N/GªVmN � ±o¨ N\JsGªHmQ_`a^\[MHKN7ZS[ �²�b� ´b´²f*WdQ2W3ZFC$>
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n:N\Ji]S^7GIN\f/GqN\Z_[IJif\VKE0}3N\[IJiN7Gif7VKZSJsGqN\[MJhJMEbQ Gif\EbL�R$E3JI^\J�]SN�[IN7JIR;N\f/GqHm}3N\L�N\Q Gh��N/G²y�f7[IHKJsG?W3Z�C

N7Q�GI[INhVKN\JM¶�ZSN\VmJªZSQ RS�SE3GIEbQ R;EbZS[M[qW�]SHm¢$ZSJIN7[\> �$��HKV�Q��{WOR2WdJª^/Gq^g]_^7GqN7f7GI^g]2W3Q_J�ZSQ�f\[IHmJMGqW3V+°u¹h¯ �2HmV
Wc]_^\R;EbJI^YVKW�GIE3G?W3VmHmGI^i]_NgJIE3Q ^\QSN7[I¥bHmNg]2W3Q_J³VKNi]S^7GIN\f/GqN\Z_[PN7G³fd�{N7JMG �Of\NYQSHA}bN\W3Z ¶�Z��{HmQ GqN\[s}�HKN\Q G�VXW
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�MEbZ_[IJ�N\Qc`aEbQ_f7GqHmEbQ�]SN\J L �\L�N\J

p
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JIEbZSJ r ^/}b^\Q_N\L�N\Q GqJi¶�ZSHDJIN7[IEbQ G�HmQSf\[M^\L�N\Q Gq^7J �!H >�N3>$EbQ [qW �MEbZ_GqN7[qW�ZSQUf7EbZSRU]2W3QSJPVmNgJMR$N7f7Gq[MN
W3ZFC
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^\QSN7[I¥bHmN\Jwf\E3[I[IN7JIR;EbQS]2WdQ�GIN\J��wJMZSHm}dW3Q GoVXWYRS[MEFf7^\]SZ_[IN�JIZSHA}dW3Q GqN ���3� ��T

' �FH�JMN\ZSVmN\L�N\Q G
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f\EbQ_]SHmGIHKEbQSJPJMEbQ GiJqWdGIHKJM`!WdHmGqN7J �$EbQUHKQSf7[I^\L�N\Q GIN�JMN\ZSVmN\L�N\Q GiVKN7J

m
rtGqZ_RSVKN7J

W*p W3Q Go]SN7Jª^7QSN\[M¥bHKN7JoQ_Ni[M^\R;EbQS]2WdQ�GoR2WdJªWdZFCef\[MHmGIv\[IN7J\>
' �FH

p + m
f\E3QS]SHmGIHKEbQ_JuJIEbQ GoJqWdGIHKJs`!W3HmGIN\J �FGqEbZSJuVmN\J

m
rtGIZSRSVmN\JwJIEbQ GoHKQ_f\[I^7LON7Q Gq^\JwZSQ_NiJMN\ZSVmN

N7GoZSQ_HK¶�ZSNP`aEbHKJ7>
' ±�}bN\f

k
JsGq[MHKf7GIN\L�N\Q G�HKQ_`a^7[IHmN\ZS[ �

p
� JIH

p+k
f7EbQS]SHAGqHKE3QSJ�JIEbQ G JqWdGIHKJs`!W3HmGIN\J � E3QOHmQSf\[M^\L�N\Q GqN

ZSQSHm¶�ZSN\L�N\Q G�VmN\J
m
rtGIZSRSVKN7JO]_EbQ G�W3Z LOHmN\ZFC

k
]SN\Jc^\QSN7[I¥bHmN\J�[IN\L�RSVmHKJIJMN\Q GOVKN\J�f\[MHmGIv\[IN7J

]SEbQ_QS^\J7>

B C_N7LOR_VKN�T

¯³Q f?�SN7[If?�SN �ef7[I^7N\[iZSQSN�LcWdGI[IHmf\N��
m
��k �³f7EbQS]SHAGqHKE3QSQS^\N�z�`aEbHmJ �

p
�Pz�� >�n��{HmQSf\[M^\L�N\Q G?WdGIHKEbQU]SN7J

f\EbZ_RSVKN7JoJMNP`aN\[qW�JIZ_Hm}dW3Q GwVKN7Jo[Mv\¥bVmN\JuJMZSHm}dW3Q GqN7J�T
' �FH�VKN�QSE3LY�S[IN�]���^\QSN7[I¥bHmNOJIWdGqHmJM`!W3HmJqW3Q GiVKN7Jhf7EbQS]SHAGqHmEbQSJP]SEbQ_QS^\N7JYN\JsGg^7¥ W3V�N/C_W3f/GqN\L�N\Q G �

z �$JIN\Z_VKN\L�N\Q G�VmN\J³f7EbZSRSVmN\JP]S^7f\EbQ }bE3VKZS^7J���RSW3[MGIHK[³]SN7JP^\QSN7[I¥bHmN\JPQSN²JIWdGqHA`!W3HKJIW3Q G³R2WdJPW3ZFC
f\[MHmGIv\[IN7JwJIN\[MEbQ GoHKQSf7[I^\L�N\Q GI^\J\>

' �FH+VKN�QSEbLg�S[INh]��{^7QSN\[M¥bHKNiJqW�GqHKJs`!W3HKJIW3Q G�VmN\Jof\EbQ_]SHmGIHKEbQSJo]SEbQ_QS^\N7J�N\JsGPJIZ_R$^7[IHKN7ZS[oEbZ ^\¥bW3V#�
j �

p
� k�� W3VKEb[MJ GqEbZ_JoVmN\Juf7EbZSRSVmN\JwJIEbQ GoHKQ_f\[I^7LON7Q Gq^\J7>

' �FH+VKNiQSEbLY�_[INg]§�{^7QSN\[M¥bHKNhJqWdGIHm`!W3HmJqW3Q GoVKN7J�f\E3QS]SHmGIHKEbQ_Jo]_EbQSQS^7N\J³N7JMGP^7¥ W3V+N/C_W3f7GIN\L�N\Q G ���
�
p
� @ �uW3VKEb[MJwZSQSHK¶�ZSN7LON7Q G�VmN\Jof\EbZSR_VKN\Jof\E3Q�GIN\Q2WdQ�G�ZSQSNiEbZ WdZSf\ZSQ_Ng^\Q_N\[I¥3HKNiJqWdGIHKJM`!WdHKJqWdQ�G

VKN7Juf\EbQ_]SHmGIHKEbQSJu]_EbQSQS^7N\JoJIEbQ GoHKQSf7[I^7LON7Q�GI^\J7>
¯³QcQSE3GIN\[IWh¶�ZSN�VKWPRS[IE �MN7f7GIHKEbQO]��{Z_QSNªLOWdGI[IHKf7NwHKQSf7[I^\L�N\Q GI^\No]SN�f7N7GIGINo`!W �\EbQOJIZS[�ZSQcJMR$N7f7GI[IN�R;N\ZFG
QS^*WdQSLOE3HKQSJ�HmQ�GI[IE�]SZSHm[IN©]_N\JªºdJIR_H�3N7J?»�]SHmGIJ�]SNu]SN\Z�C_Hmv\L�NwN\JIR;v\f7N3>�n���HKQ GqN7QSJIHAGq^uN\JsG W3VKEb[MJD]SHA¢§^7[IN\Q GIN
JIZSHA}dW3Q GuVXWiRS[IE �MN7f7GIHKEbQ�N/¢§N7f7GIZS^\NPN/GuVKN7J©^\Q_N\[I¥3HKN\J©¶�Z_H§JIN7[IEbQ Gw]2WdQSJ VXWiVKHmJMGqNo]SN7Ju¥ WdGqN7JuW3ZS[MEbQ G ZSQ_N
HKQ GqN7QSJIHAGq^�]SHA¢§^7[IN\Q GINi]_Nif7N\VmVKN\Ju]_N\Jw^\QSN7[I¥bHmN\Jw¶�ZSH�QSN�VKNPJMEbQ GªRSW3J	���S@ �2��j �
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¨©EbL�LON V �{W3ZS¥bL�N\Q G?W�GqHKE3Q�]SZ f\EbQ_]SHmGIHKEbQSQ_N\L�N\Q G�]SN7J�JMR$N7f7GI[IN\J�[I^7]SZSHAG�VKN �S[MZSHmG�]SN `aEbQS]

W3Z ]S^/Gq[MHKL�N\Q Ge]SNUVXW JMGqWdGqHmJMGIHK¶�ZSN��©HKV�N7JMG�R2W3[s`aEbHKJ�HmQS]SHmJIR;N\QSJIW3�SVKN � R;EbZS[�QSN/GIGqE0p3N\[�VKN\JeJMR$N7f7Gq[MN\J
]���^7}3^\QSN7LON7Q GqJ�]SN�Gq[Mv\J `!WdHK�SVmN�HKQ GqN7QSJIHAGq^�QSN R;EbZ_}dW3Q G��7GI[IN©f7EbQS]SHAGqHmEbQSQS^7J+¶�ZSN koEbZgzo`aEbHmJ �0]���Z_GIHKVKHmJIN7[
f7N\[MGqW3HKQ_N\J©GIN\f?�SQSHm¶�ZSN\Ju]SN�JIEbZSJsGq[IW3f7GIHKEbQ�]_N�`aEbQS]�>_¦³W3QSJ©VKN�f\W3J ]���N/CFR;^\[MHKN\Q_f\NP]SN³�SW3Z_GMr `aEbVK] ��E3Q�JIN
f7EbQ GqN\Q GINh]SN�JMEbZSJMGI[qW3Hm[IN �²ZSQ�JIR;N\f/Gq[IN

n
`aEbHmJuf\EbQS]_HmGqHmEbQSQS^�ZSQ�R;EbZS[Mf\N7Q�GqW3¥bN�]SZ�JIR;N\f/Gq[IN

(n − 1)`aEbHmJ f\E3QS]SHmGIHKEbQ_QS^3>2¦�W3QSJwVKNPf\W3Jª]§�{ZSQ�JIR;N\f/Gq[MNgkY`aEbHmJ f\EbQ_]SHmGIHKEbQSQ_^��Sf7N\VXW²]SE3QSQSN\[IW�T
�FR;N\f/Gq[IN�N7Q f\E,5tQSf7HK]SN7QSf\NiW*}bN7f

E1

N7G
E2

W*}bN7fi`aE3QS]�JMEbZSJsGq[qWdHmG
�³JIR;N\f7GI[INiN\Q�f\E 5 QSf\Hm]SN\Q_f\NiW*}bN\f

E1

N/G
E2r

C× �!JMR$N7f7GI[INi]SN�RS[IE �MN7f7GIHKEbQ"�²ZSQSN�]SHKL�N\Q_JIHKE3Q�N\Q�f\E 5 QSf\Hm]SN\QSf7NiW0}3N\f
E1

EbZ
E2

�

¨©N/GIGqNw`aEb[MLYZSVKNuN7JMG ZSQSNªW3RSRS[ME*C_HmLcW�GqHKE3Q²VXW3[M¥bN\L�N\Q G�ZSJMHmGq^7Nª]§�{ZSQ_N�L�^7Gq�_EF]SNoW3R_RSVKHm¶�Z_^\NoW3Z�f*W3J�]SN
JMR$N7f7Gq[MNYkg`aEbHmJ f\E3QS]SHmGIHKEbQ_QS^��SL�^7GI�SE�]SNPRSVKZ_Jof7EbL�RSVKN C_NP]_HmGqN�º�]SNh¨©[IE �©N7VKVX» � � «
��E ��E3Q W3Z_[qW�T

�FR;N\f/Gq[IN�N7Q f\E,5tQSf7HK]SN7QSf\NiW*}bN7f
E1

N7G
E2

W*}bN7fi`aE3QS]�JMEbZSJsGq[qWdHmG
�³JIR;N\f7GI[INiN\Q�f\E 5 QSf\Hm]SN\Q_f\NiW*}bN\f

E1

N/G
E2r

C1×
�!JMR$N7f7GI[INi]SN�RS[IE �MN7f7GIHKEbQ �²ZSQSNi]SHKL�N\Q_JIHKE3Q�N\Q�f\E 5 QSf\Hm]SN\QSf7NiW0}3N\f

E1

�
r
C2×

�!JMR$N7f7GI[INi]SN�RS[IE �MN7f7GIHKEbQ �²ZSQSNi]SHKL�N\Q_JIHKE3Q�N\Q�f\E 5 QSf\Hm]SN\QSf7NiW0}3N\f
E2

�
�

C3×
�aJIR;N\f/Gq[INi]SN�RS[ME �MN\f/GqHKE3QeGIE3G?WdVKN �²ZSQSN�]SHmLON7QSJIHmEbQ��

VmN\J f7EFN/�Of7HKN7Q�GIJ
Ci

^7GqW3Q Gu]S^/GqN\[MLOHmQS^\JuR;EbZS[ f?�2W3¶�ZSN�R2W3Hm[IN �
Ei, Ej

��R2W3[ ZSQ_NPRS[IE�f\^7]SZS[INP]_N�G p�R$N
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±+}3N\fgVmN\Ju¥ W�GqN\Jwf7VXW3JMJIHK¶�ZSN7J �2VKW²`!W �\EbQe]SNPGq[IW3HmGIN\[uf?�2Wd¶�Z_Nh^/}b^\Q_N\L�N\Q G
(E1, E2, ..., En)

N7GwVKN
f?�SEbH�C ]§�{HmQSf\[M^\L�N\Q GqN7[³EbZ QSE3Q V ��ZSQSNh]SNgJMN\J³^7QSN\[M¥bHKN7J

Ei=1,2,...n

[IN\R;EbJIW3HmG�JIZS[ªV ��^7}dW3VKZSWdGqHmEbQe]SNYVXW
JIEbL�L�N²T

Si =

j 6=i
∑

j=1,...n

p(Ej)
�!=M=?>�k �

p(Ej)
^/G?W3Q G ZSQSN `aE3QSf7GIHKEbQi�SHKQSW3HK[MN�^7¥ W3VmN �i@©JMH

Ej
N\JsGD]2W3Q_J ZSQSN ¥ WdGIN�E3ZY´ª]SW3QSJ VmN�f*W3J f\EbQ Gq[IW3HK[MN3>

n:N\J²¥ WdGIN\J�ºd[MN\f/G?W3QS¥3ZSVXW3Hm[IN7J?» QSN�R;N\[MLON/GIGqW3Q G²R2W3J²]SNOGqN\Q_HK[Yf7EbLORFGqN�]SZ `!W3HAGg¶�ZSNeV��{^7QSN\[M¥bHKN
EjJIEbHAG�W3Z£�$Eb[M] EbZ�WdZ£f7N\Q Gq[MN ]SNeVKW ¥ WdGqN ��f\N7[MG?WdHKQSJ�W3Z_GIN\ZS[MJ�EbQ GO]_^7}bN7VKEbR_R$^e]SN�QSEbZ_}3N\VmVKN\J�L�^/r

Gq�SE�]SN7Juf\EbL�LON�VKN\J©¥ WdGqN7J�ºdJMRS�S^\[MHK¶�ZSN7J?»�� ��y �:EbZ�VKN²ºb¹iWdLOLOW�r ®oW*p�¡ HKVAGqN7[IHKQ_¥�» ��¹i®o¡ � � � � � >2n:N7J
[I^7JIZSVAG?WdGIJD]SZ�¹�®ª¡�HKVmVKZSJsGq[I^7J RSW3[ VKWox2¥bZ_[IN =M=?>�k3zo}bEbQ G�]2WdQSJDVKN�JIN7QSJ�]���ZSQSNuWdLO^7VKHKE3[qWdGIHKEbQPN7QYGqN\[MLON
]SN�JI^7VKN\f/GqHmEbQe]SN\Jo^7}3^\QSN7LON7Q�GIJ�N7Q�[IW3HKJMEbQe]SZ�Gq[Iv7Jª�;EbQe[qWdRSR$E3[MGo� �P>
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¥b[��df\N%�hV ��Z_GIHKVKHmJqWdGIHKEbQg]SN�VKWiVmEb¥bHK¶�ZSN � EbZSN3>Fn:NªR_[IHKQ_f\HKR;NwN\JsG ]SNª[IN\L�RSVKW3f\N7[�Z_QcN\Q_JIN\Lg�SVKNª]SNª¥bWdGqN7J
f\VKW3JIJMHK¶�ZSN\JgR2W3[YZSQ JMEbZSJ r N\Q_JIN\Lg�SVKN � EbZ�>Dn:N�f?�_EbHAC EbZ QSE3Q ]���HKQSf7[I^\L�N\Q GIN\[YZSQ ^/}b^7QSN\L�N\Q G�]S^/r
R$N7QS]S[IWg]SZ�]SN7¥b[I^�W*}bN\f�VKN\¶�ZSN7V$VmNª[MN\JsGqN³]SNªV ��^7}3^\QSN7LON7Q�G©R$N7Z_G �/Gq[MN�f\E3QSJIHm]S^\[M^³f\EbL�L�NoR_[IE0}bN7Q2W3Q G
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]���ZSQSNª]S^\JMN/CFf\HAG?WdGIHKEbQc^7GqZ_]SHK^7N�EbZ�Q_EbQ�>_¨©N�]SN7¥b[I^ �a¶�Z��{E3Q�W3RSR;N\VmVKNgºdJIf7Eb[IN*» ��R;N\Z_G ]S^\R;N\QS]_[IN³]���ZSQ
QSE3LY�S[INuQ_EbQFr N CF�2W3ZSJsGqHm`;]SN `!Wdf7GqN7ZS[IJ�]SNu]_^\f\HmJIHmEbQ²N7G�JMNof\W3VKf7ZSVKN©JIZSHA}3WdQ�G�V��lWd[IHmGI�SL�^7GqHm¶�ZSN ]_N\J�JIEbZ_Jsr
N7QSJIN7LY�SVKN7J � EbZSJg]_EbQSQS^7NORS[M^\f7^\]SN7LOL�N\Q G �aJIN7f7GqHmEbQ =I=?>��S>m@3>m@ � >+n�N�RS[MEb¥b[IW3LOL�N²¶�ZSNcQ_EbZSJhW0}3EbQSJ
]S^/}bN7VKEbRSR;^��§[IN\R;EbJIW3Q GPJIZS[PVKWcVKE3¥bHK¶�ZSN � EbZSN �§R;N\[IL�N7G³]��{ZFGqHKVmHKJMN\[�]_N\JP¥ WdGIN\J³f7EbQ GqHmQ�Z_N\JP]SNY`aEb[MLON7J
¥ WdZSJIJMHKN\Q_QSN\J E3Z�]SN\J ¥bWdGqN7J©]SHmJIf\E3Q�GIHKQ�ZSN7J©Gq[IW3R$^ �\E 5 ]2W3VmN\J©E3Z�f\VKW3JIJMHK¶�ZSN\J �![IN7f7GqW3QS¥bZSVKW3HK[MN\J��/>���R2W3[ r
GIHK[o]SNYf\N7J³`aEb[IL�N\Jª]SNY�2WdJINYR2Wd[qW3L�^7GI[IHKJIW3�SVmN\J �;V ��Z_GIHKVKHmJqWdGIN\ZS[uQ§�lW�RSVmZSJ�¶�Z�� ��]S^/x2QSHK[�ZSQ N\QSJMN\LY�_VKN
]SNo¥ WdGIN\J�]2W3QSJ ZSQOxSf?�SHKN7[ ]���HKQ_HmGqHKW3VKHmJqWdGIHKEbQ§>dn:NoJIEbZ_Jsr N7QSJIN7LY�SVmNªGqEdG?W3V5N\JsG©f7EbQSJsGq[IZ_HmG f\EbL�LONw^/G?W3Q G
V��{ZSQ_HKEbQ�]SNgGqE3ZSJ³f\N7JPJIEbZ_Jsr N7QSJIN7LY�SVmN\J\>:¨©EbLOL�NiEbQ VKNi}bEbHAG	�;VXWOQ_E3GqHmEbQ ]SNY¥bWdGqN7J³QSEbQFrt[IN7f7G?WdQS¥bVKN7J
J7�{HmQ�GIv\¥b[MN�]SNP`!W��\EbQeQ2W�GqZS[MN\VKVmN³]2W3Q_Jªf7N�`aE3[ILOW3VKHmJIL�N3>

�+EbZS[�HKVKVmZSJMGI[IN7[�QSE3Gq[MNªL�^7GI�SE�]SN���QSEbZ_J©W*}bE3QSJ©f7[I^\^ª]SN\J JIR;N\f/Gq[IN7J©f7EbQS]SHAGqHKE3QSQS^\J�]SNªVXWP�2W3Q_]SN�]SHmR$E�r
VKW3HK[MN�]SZYQSE0p WdZ 196 °©H�W0}3N\f ]_N\JD¥ W�GqN\J+Gq[IW3]SHmGIHKEbQ_QSN\VmVKN\J �a]SN©VKW3[I¥3N\ZS[+z%dN�� � N/GD]SN7J ¥ WdZSJIJMHKN\Q_QSN\J �a]SN
VKW3[I¥bN7ZS[ �PL�HArt�2W3Z_GIN\ZS[Dj dN�� f\Eb[M[IN7JIR;EbQS]2W3Q G �³VXW³[M^\JMEbVKZ_GIHKEbQgLOE0pbN7QSQSNw]���ZSQ�RSHKf JMEbZSJ�`!W3HmJIf\N\W3Z�� >
�+EbZS[Pf\N7J�]SN\[MQSHKv7[IN\J ��VKNgJIEbZSJ r N7QSJIN7LY�SVKN�Z_GIHKVmHKJI^hN\JsG�RS[I^7JIN\Q GI^OJMZS[PVXWOxS¥bZS[IN²=M=?>�k��S>:n:N\JP[M^\JIZ_VmG?W�GqJ
JMEbQ Gª[MN\RS[M^\JMN\Q Gq^7J�JIZ_[oVKWYx2¥bZS[MNi=M=?>�k3jF>
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¯³Q [IN7LcW3[M¶�ZSN ¶�ZSN��uR;EbZS[�VmN\J�JMf\Eb[MN\J�´ �{« N7GU@ �lk N7GeVKN7J�`aEbVK]_J @ N7G�k �©V ��Z_GqHmVKHKJIWdGqHmEbQ£]SN ¥ WdGIN\J
¥ WdZSJIJMHKN\Q_QSN\J�R$N7[IL�N7G�]���Eb�_GIN\QSHm[²]SN\J�[I^7JIZSVAG?WdGIJ�W3ZSJMJIHw�$E3Q£¶�ZSN�VKN7J²¥ WdGIN\J�f\VKW3JIJMHK¶�ZSN\J�N7Q£GIN\[IL�N
]SNeJsG?WdGIHKJMGIHK¶�ZSNeN7G�]SN�[qWdRSR$E3[MG�� ��W*}bN7f�ZSQ£f\E3QS]SHmGIHKEbQ_QSN\L�N\Q G�L�EbHKQS]_[IN �!f/` >DG?W3�_VKN*WdZ =M=?>�jF>lk � >
n�W�JIE3ZSJMGI[qW3f/GqHKE3Q ]_NY`aEbQS] N\L�RSVmE&p3^\N�W*}bN7f�VKN\JPJMEbZSJ r N\Q_JIN\Lg�SVKN7Ji¥bW3ZSJIJMHKN7QSJPN\JsGhHmQSJIR_HK[I^7NY]SN²f7N\VKVmN

¹�WdGIN\JuGq[IW3]SHmGIHKEbQ_QSN\VmVKN\J ¹�WdGIN\Ju¥ W3Z_JIJIHmN\QSQ_N\J
¡2EbVm]�� @ �Ff7Eb[IN � ´ �l«

�ª��]SN�f\E3ZSRSJwLcW&C_HmLYZSL @ �lk ×105 � �{´ ×104

®oW3RSR;Eb[MGo� � @ �lzbj �s@ � @ �{���s@ �
¡2EbVm]�� k �Ff7Eb[IN � @���k

�ª��]SN�f\E3ZSRSJwLcW&C_HmLYZSL @ �A@ ×104 @ �{´ ×104

®oW3RSR;Eb[MGo� � @ �{«��s@ � @ ��j �s@ �
¡2EbVm]�� z �Ff7Eb[IN � k ��j

�ª��]SN�f\E3ZSRSJwLcW&C_HmLYZSL « �{z ×103 j �{� ×103

®oW3RSR;Eb[MGo� � k �{´��s@ � @ �l« �s@ �
¡2EbVm]�� � �Ff7Eb[IN � z ��k

�ª��]SN�f\E3ZSRSJwLcW&C_HmLYZSL � �A@ ×102 k �ly ×102

®oW3RSR;Eb[MGo� � z �lk �s@ � k �m@��s@ �
Y Z \�%:=M=?>�j(' �?fI �P-c1(BD1 O�?@E:3A6eIK+aTULsI\E:I 1�/[-$+:3:3D?:- / ��� 3F?@E:-pE:9A1C/X-c+U9A6XL /ML ?@9+#:-$+A68/�� � 	 ��� 1 !O�?U-�-c1�6�3F?@9PB:+U9�/b+UE7T BfL .�5.-01.9�/26&GH?@; BD6b1�/p6}O�?U-0176ZBD176&6�3D17O�/X-c1�6�BD1(; +�� 	@E:-c1   j ���_j

Z_GIHKVmHKJI^7N³W*}bN7f�VKN\Ju¥bWdGqN7J f\VKW3JIJMHK¶�ZSN\JwRS[M^\JMN\Q Gq^7NhRSVmZSJ �2WdZ_G*>2� W3[uN/CFN7LORSVmNPR$E3ZS[ JIE3ZSJMGI[qW3Hm[IN³VmN�`aEbQS]
]SZ JIR;N\f7GI[INYf7EbQS]SHAGqHmEbQSQS^hW*}bN\f²VmNhJMf\Eb[MN�@ �lkOQSEbZ_J�VKZ_H W*}bE3QSJ³JIE3ZSJMGI[qW3HAG�ZSQ_Ng`a[qW3f/GqHmEbQ ]SZ JIR;N\f7GI[IN
f7EbQS]SHAGqHKE3QSQS^�W*}bN\f©ZSQgJMf\Eb[MN©]SN©´ �l«F>dn:N�[I^7JIZSVAG?WdG ]���ZSQSN GIN\VmVKN�LO^/Gq�SE�]SN�N\JsGDHKVmVKZSJsGq[M^�W0}3N\f VKN�JIR;N\f7GI[IN
]SZ �2W3Ji]SNcVKW�x2¥bZS[MNc=I=?>lk3«e¶�ZSH R_[I^\JMN\Q GqN � �eJMGqWdGqHmJMGqHm¶�ZSNOf7EbL�R2W3[qWd�SVKN ��ZSQSNO¶�ZSW3VKHAGq^²VK^7¥bv\[MN\L�N\Q G
JMZSR$^7[IHmN\ZS[MN � f\N7VKVKNO]���ZSQ JIR;N\f7GI[IN�]SN�`aE3VK] ]SN�k W0}3N\f�ZSQ `aEbQ_] JIEbZSJsGq[IW3HmG��!VKNcJIR;N\f7GI[IN�]SZ �SW3Z_G
]SNgVXW�xS¥bZS[INg=I=?>lk3«��iT$VKNi`aEbQS] N7JMGPZSQ R;N\Z L�EbHmQSJªHmLOR;Eb[sG?W3Q GªN7GPVmNg[qWdRSR$E3[MGP� � L�N\HKVmVKN7ZS[\>5�+EbZS[
ZSQ_NgJIE3ZSJMGI[qW3f/GqHKE3Q ]SNh`aE3QS] L�EbHKQ_Jª¥b[MEbJIJMHKv7[IN��5QSE3ZSJ³R;EbZ_}bE3QSJ�HmLcW3¥3HKQSN7[u¥b^\QS^7[qW3VmHKJMN\[oVXWOL�^7GI�SE�]SN
]SNc¨©[IE � N\VmV VmHKL�HmGq^7N �e]SN\Ji`aEbVK]SJi]SHmJIf\[MN7GIJ ��]SN\JhJIf\E3[IN\Jhf\EbQ GIHKQ�ZSJ\> ¨©N�Gq[qW*}dW3HmV�N\JMGgVKN�]SN7ZFCFHKv\L�N
N C_N7LOR_VKN ]SN©V ��Z_GqHmVKHKJIWdGqHmEbQ�]SNuVXWªVKEb¥bHm¶�ZSN � E3ZSN N\Q�f7N ¶�ZSHSf\E3QSf\N7[IQSNwVKN7J GqN7f?�SQSHm¶�Z_N\J�]��{W3Q2W3VAp�JIN3>b¦�N\J
GIN\JMGIJ�JIEbQ G�Wdf7GqZ_N\VKVmN\L�N\Q GDN7Q²f\EbZ_[IJ�f\E3QSf\N7[IQ2W3Q G�VKWª[IN7f?�SN\[Mf?�SNo]SN �2W3Q_]SN\J �_¦�R;EbZS[DW3RSRSVmHK¶�ZSN\[ f\N7VXW
W3ZOJMGIEFf��W3¥bNo]SN7J©]SEbQ_QS^\N7J�T�ZSQ�^/}b^\Q_N\L�N\Q G Q���^7GqW3Q G f7EbQSJIHm]S^\[M^�N/G©^7f\[IHAG�JIZS[ ]SHKJM¶�Z_Nª¶�ZSNªJ\��HKV;W ��]SN
R2Wd[MG�VKN7J ^7f*W3[sGqJ©N7Qc^7QSN\[M¥bHKN ��Z_QSNo`aE3[MGqNoRS[MEb�2W3�SHmVKHAGq^ ]�� �7GI[INªZSQc^/}b^\Q_N\L�N\Q G �_¦g>_¨©N\VKWiR;N\[MLON/GIGI[qW3HAG
]��{W3f7f\[IE,4KGq[MNPV ��N7��f*Wdf\HmGI^P]SN�VXW²RS[MEFf7^\]SZS[MN�]SN�[IN\f?�_N\[If?�_Ng]SN��2W3Q_]SN\J �_¦ N/CFRSVKHm¶�ZS^\N�]SN7JIJIE3ZSJ\>

j3�



�{�����U����7�8�_�_���@����W��� �.��� � ����4�N� �
	����U�
��M���}�H�A�_�� � �H

100 200 300 400 500 600 7000

1000

2000

3000

4000

5000

Energie (keV)

N
b

 d
e 

co
u

p
s

FOLD 2 - fond soustrait

100 200 300 400 500 600 7000

1000

2000

3000

4000

5000

Energie (keV)

N
b

 d
e 

co
u

p
s SCORE 1,2 - fond soustrait

 "!$#&%$=M=?>�k3«C' *�3D17O�/X-c1�6SO�?@9PBfL /ML ?@9:9A576�1�/&GH?@9PBD6]68?@EA62/X-$+DL /26�6�E:-";Q+ �P+U9PBD1\BfLY3F?@;Q+DLY-01eB@E�9A?�#7+:E 196 ��L j��9 �P+UE�/ � 	:+�/2176]OP; +P686XL&%@EA176]1�/pGH?@; B<BD1 � "_1P9 �P+A6 � 	:+A/21�6�	:+:EA6{6XLQ1P9:9A176]1�/p6}O�?:-c1\BD1 � � �_j
��� � � � � � ��� $�� �&� $���� ��! � � �
��' '	��� � �
! ����� � � " � � ��� � � � � �����

n�N7Jh�SW3QS]SN7JiJMZSR;N\[I]_^7`aEb[MLO^7N\Ji]SEbQ GiQSEbZSJ³}3N\[I[MEbQSJi]SN�QSEbLY�_[IN\Z�CUN/CFN\L�RSVmN\J�R2W3[PVKWeJMZSHmGIN��
JIEbQ Gif*Wd[qW3f/Gq^\[MHKJM^\N\JPJMZS[�ZSQUJIR;N\f/Gq[IN�N7Q ^7QSN\[M¥bHKN²RSW3[³ZSQSN�JM^\[IHmN²]SN²RSHmf\JP[I^7¥bZSVmHKv\[MN\L�N\Q GPN7JIR2W3f7^\J �
V ��N\JMR2W3f\N7LON7Q Gu^7GqW3Q G [IN7VKHm^�W3ZcLOEbL�N\Q G ]���HKQSN7[MGqHmNª]_Z�QSE0p W3Z§>S� E3ZS[ VKN7J Q_E&pbW3ZFC �_¦�]SN³VKW �7EbQSN�]_N
LcWdJIJINª± ∼ @0�b´ �FVmNªL�EbL�N\Q G©]§�{HmQSN\[sGqHKNo]_p�Q2W3L�HK¶�ZSNo}dW3Z_G N7Q�L�E&p3N\QSQ_NY@b@0´

~
2 >�|�N�� −1 N7G©f\EbQ_]SZSHmG

�²]SN\JoN\JMR2W3f\N7LON7Q GqJof\EbL�RS[IHmJuN\Q Gq[MNgzbj²N/Gw��j 3N��g>
��R2W3[sGqHm[ ]SN©f\N7GMGqN f\W3[qWdf7Gq^7[IHmJMGqHm¶�ZSN©¥b^7QS^\[IW3VKN ]SN\J��SW3QS]SN7J �_¦�]SN f7N7GMGqN [M^\¥bHmEbQ���ZSQSN [MN\f?�SN7[If?�SNwR2W3[
�2W3VKW0pbW3¥bNOW3Z_GIEbLcW�GqHK¶�ZSN�W�^7Gq^�Z_GIHKVKHmJI^7N�R;EbZS[i]S^7f\EbZ_}�[MHK[i]SN\JhQSEbZ_}3N\VKVmN\JhJMGq[MZSf7GIZS[IN7Jg]SNOf\N�G pFR;N3>
±�Z ]S^7R2W3[sG	� HmV�JIZ_��G²]SNcf?�SEbHKJMHK[iZSQSNcGI[qW3Q_JIHmGIHKEbQ HKQSHAGqHKW3VKN�W3HmQSJIH�¶�Z���ZSQ LOE3LON7Q�Gg]���HKQSN7[MGqHmNOR;EbZS[
¥b^\Q_^\[IN7[ ZSQSN�VKHKJsGqNo]SN�`aN7Q �7GI[IN\J7>S= V5p�WhGI[IEbHmJ�`aN7Q �7GI[IN7Ju]SN³VXWd[I¥bN7ZS[IJ � �;@&khN7G³@0«hf\W3Q2W3ZFCcJIHAGqZS^7N\J ]_N
R2W3[sGPN7GP]§�lW3ZFGq[IN²]_N²VXWOGI[qW3QSJMHmGIHKEbQ�HKQSHAGqHXWdVKN�N7GPN7JIR2Wdf\^\N7J�N\QU^\QSN7[I¥bHmNY]���ZSQSNY}dW3VmN\ZS[�}dW3[MHXW3Q G�N\Q Gq[MN
z j�N/G²��j"dN��Y>�¯³Q �2W3VKW*pbN\[IW N\Q_JIZSHAGqNcGIEbZ_G²VmNc]SEbLOW3HmQSNO^7QSN\[M¥b^7GIHK¶�ZSN�]_N�VXW JMZSR;N\[I]_^7`aEb[MLcWdGIHKEbQ
N\Q `!W3HKJIW3Q Gi}dW3[MHKN7[iVKWe}dW3VmN\ZS[�]SN�VXW�Gq[IW3QSJMHmGqHmEbQUHKQSHAGqHKW3VKN	�!N\Q GI[INck3´b´ 3N��~N/G²yd´b´ dN�� � > � VXW�x2Q��
QSEbZSJ�W*}bE3QSJ �UQ_E3Gq[MN�]SHKJMR$EbJMHmGIHKEbQ ��j3´b´ JMR$N7f7Gq[MN\J�f\EbQ_]SHmGIHKEbQSQ_^\JgGI[IEbHmJg`aEbHKJgf\Eb[M[IN\JMR$E3QS]2W3Q GOW3ZFC
� N\JMR2W3f\N7LON7Q GqJ²N7G²W3ZFC j3´b´ f?�SE3HAC�R$EbJMJIHm�SVKN7Jgf\E3QSf\N7[IQ2W3Q G�VKW�}dW3VKN7ZS[g]SNcVXW�GI[qW3Q_JIHmGIHKEbQ HKQSHAGqHKW3VKNd>
¤DG?W3Q Gi]SEbQSQ_^�VmNY¥b[IW3QS]UQSEbLY�_[IN²]SN�JIR;N\f/Gq[MN\J ��ZSQURS[MEb¥b[IW3LOL�NY]SN²JMEbZSJsGq[qWdf7GqHmEbQU]SN²`aEbQS]UN7G�]_N
[IN7f\EbQSQSW3HKJMJqW3QSf7N�W3Z_GIEbLcW�GqHK¶�ZSNi]SNhRSHKf7J³Z_GqHmVKHmJqW3Q GoVKN7J�[IE3Z_GqHmQSN\Jª]SNYVXW�VKHm�S[qW3Hm[IHmN�®o±�¦ � ±³®oB � � � �
W ^7GI^cf7[I^\^�Wdx2Q ]��{WdGMGq[IHm�SZSN7[hZSQ�f\E�N7��f\HmN\Q G²]SNOf\EbQ_x2W3QSf\N � f?�2W3f7ZSQ�>�¨©N7ZFC�¶�Z_H©R;EbJIJMv\]SN7Q�GYZSQ
f\E�N7��f\HmN\Q Go]SN�f\EbQFx5W3QSf7Nh^7VKN7}3^�JIEbQ Gª[IN7GIN\Q�ZSJ7>
n:N\Jwf*W3Q_]SHK]2W�GqJwJIEbQ GwN7QSJIZSHAGqN�^7GIZS]SHm^\Jw]SNP`!W��\E3Q�]_^7G?WdHKVKVm^\N³N7Q W �MZSJMGqW3Q GªVmN\J `aN7Q �7GI[IN\JªWdx2Qe]SNP`!W3Hm[IN
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Frequence de rotation h   (MeV)ω

Frequence de rotation h   (MeV)ω
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[752]5/2

[512]5/2

[624]9/2

bandes 4a et 4b

π −1 qp (K  =5/2 )

bandes 3a et 3b

[752]5/2

[512]5/2

[624]9/2

π +3 qp (K  =9/2 )
[752]5/2

[512]5/2

[624]9/2

[752]5/2 [752]5/2
[512]5/2

[624]9/2

[512]5/2

[624]9/2

bande yrast et bande 2

bande yrast bandes 2a et 2b

197
Pb

198
Pb

π + π −

π −1 qp (K  =5/2 )

0 qp (K  =0 ) 2 qp (K  =2 )
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tween a RPA solution and the yrast state.
The (K ,a)5(2,1) octupole state in 190Hg has significant

Coriolis mixing and the octupole phonon is aligned along the
rotational axis at higher frequency. This is caused by the
relatively close energy spacing between the K52 and the
K50,1 octupole states in this nucleus. These low-K mem-
bers of the octupole multiplet are calculated to lie much
higher in 192Hg and 194Hg, which reduces the Coriolis mix-
ing in these nuclei. As a result of these phonon alignments,
the experimental Routhians for band 2 in 190Hg are nicely
reproduced by the lowest a51 octupole state. It should be
emphasized that although the excitation energy at one fre-
quency point can be obtained by adjusting the octupole-force

strengths, the agreement over the whole frequency region is
not trivial.

Since there is no K50 octupole state in the signature
a50 sector, the Coriolis mixing is much weaker for the
lowest (K ,a)5(2,0) octupole state. The calculation predicts
that this state is crossed by the negative-parity two-
quasiparticle band n(71^ @642 3/2#)a50 at \v rot'0.27
MeV.

In 192Hg, the same kind of crossing is seen for both sig-
nature partners of the K52 octupole bands. We can clearly
see, for the lowest excited state in each signature sector, the
transition of the internal structure from collective octupole
states ~large circles in Fig. 5! to noncollective two-
quasineutron states ~small circles!. The two-quasineutron
configurations which cross the octupole vibrational bands
are 71^ @642 3/2#(a521/2) for a51 and 71
^ @642 3/2#(a51/2) for a50. The crossing frequency is
lower for the a51 band due to signature splitting of the n
@642 3/2# orbits.

In contrast to 190,192Hg, the K52 octupole bands in
194Hg indicate neither the signature splitting nor the cross-
ings. The Routhians are very smooth up to the highest fre-
quency. This is because the neutron orbits 71 and 72 have a
‘‘hole’’ character and their interaction strengths with the
negative-energy orbits become larger with increasing neu-
tron numbers ~see Fig. 3!. Therefore these orbits go to higher
energy and the energies of the two-quasiparticle bands
n(71^ @642 3/2#) never become lower than the K52 octu-
pole bands even at the highest frequency.

These properties of the K52 octupole vibrations come
from the effects of the Coriolis force and from the chemical-
potential dependence of the aligned two-quasiparticle bands.
In order to reproduce these rich properties of the collective
vibrations at finite frequency, a microscopic model, which
can describe the interplay between the Coriolis force and the
correlations of shape fluctuations, is needed.

C. g vibrations

In this section we present results for the g-vibrational
states built on the SD yrast band. As mentioned in Sec. III B,
we do not discuss the property of the b band since it is

FIG. 4. Calculated RPA eigenenergies of negative-parity states
for SD 190Hg, plotted as functions of rotational frequency. Open
~solid! circles indicate states with signature a50 (a51). Large,
medium, and small circles indicate RPA solutions with E3 transi-
tion amplitudes ((Ku^nuQ3K

e uv rot&u
2)1/2 larger than 200e fm 3, larger

than 100e fm 3, and less than 100e fm 3, respectively. Note that
Routhians for the yrast SD band correspond to the horizontal axis
(Ex850). The observed Routhians for band 2 @17# are shown by
open squares.

FIG. 5. The same as Fig. 4, but for 192Hg.

FIG. 6. The same as Fig. 4, but for 194Hg.
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δEHF = δ

{

< ΦHF |H|ΦHF >

< ΦHF |ΦHF >

}

= 0 → hφβi
=

{−~
2

2m
∇2 + UHF [φα]

}

φβi
= εβi

¼
i �
D.¼±¬±¬�¢

h
¥7�~¯C��¥�«{©v¥§¬���¯V¤2¨�¬�¥G¨ ��¥ � ©O°}¯�°~¥G¥�§ � ¤@� ��¥±¯ UHF

��¥���«{©v¥:� ¥�¤+¨2¥±¨ �� ºk��¬����7�	¥G¨��Z����¬�¥:½7¥§¥
��¥��M�$¤2¨��±¯¬�¤2¨��M�®�¤O¨���¥x¬¦¨���¬��Q¬�����¥7���¦¥7��¬ Äo¥�����ºk�{© ¯�¬�¤2¨��M�	¥7���O¥G¨l¯'�7»�7�G°~¬¦°~¥<� ¥<¥®©O¨�¬�ÀG°~¥8�������M�¬�¥:����¥¥±¨ �$¤2¨��±¯�¬�¤2¨6��¥C�«©���¥±¨��¬�¯V�

ρ
�\� ¨?��¤2°����C²

[h(ρ)], ρ] = 0

Äo¥��<��ºk�{© ¯�¬�¤2¨��8�~¥ °��7��¤.���O¥G¨l¯C�{©O° ¬�¯V�±°�© ¯¬�¤2¨ ²®¤2¨ �{©O°}¯;�®»��¨�¥\¥®© ¯�°~¬��G¥-��¥G¨��¬�¯��a¬¦¨�¬�¯�¬¦©v�¦¥C�	¥G°�¥§¥±¯{§¯�©O¨l¯³��¥&��¤2¨��}¯�°�� ¬¦°¥E��¨m��°¥�¥®¬�¥G°:«{©v¥§¬���¯V¤2¨�¬�¥G¨ � � º)� ¥ �4»¤2¨ ��¬¦© © ¤2¨�©v�¦¬��¥v¬¯�'¥7�r�±¯ ©�¯V�³��°�¤.��°~¥7����f�{¨�¬����¥±¨l¯\��¨�¥.¨�¤v���2¥����¦¥:¥®© ¯�°~¬��G¥:��¥±¨��¬�¯V�³ºk��¬J�¥G°{�Q¬¦°�© �E�7¤2¨��~¯�°���¬¦°~¥r��¨0¨�¤.���2¥��}«{©/¥®¬���¯V¤O¨�¬¦¥±¨
� ©O°~¯°¥G¥�§ � ¤)� �§¥f¯�©O¬�¨��¬���¥p����¬�¯�¥9°�����ºk�®C�¦�G¥pºk��¥p�«©<� ©O°~¬«© ¯¬�¤2¨:��¥'�«©-¥®© ¯°¬��±¥'� ¥G¨��~¬�¯V� ¥G¨l¯�°~¥8��¥��E<¬�¯V�G°© ¯�¬�¤2¨��������7�±¥7���¬��O¥7�8��¤2¬�¯s¬¦¨��$�±°¬¦¥���°¥c����¨ �G°~¬�¯�ÀG°¥C��¥C��¤2¨g�2¥G° © ¥G¨��G¥g�E<��/¬
�S© �$¤O¨��±¯¬�¤2¨Z�®�¤O¨���¥ �� ¥��~¯¦� ¨�¥r£�¤2¨�¨�¥q©v����°�¤ < ¬�¥q©�¯�¬�¤O¨Á� ¥³�4»�±¯�© ¯C�$¤2¨��{©v¥§¥G¨l¯�©v�9�®�� ¨ ¨�¤+¨l©v�
��¤2°���º)� ¥8��¤2¨6����¥��±¯°¥x¬¦¨���¬��Q¬�����¥7��¤.£ ¯¥G¨k���{©O°��±¥±¯¯¥;¥��f¯V«�¤)��¥'��°����¥G¨l¯¥<� ¨6�«©O° © ¥ © ©/��¥G¨6�G¨ ¥G° © ¬¦¥¥±¨ ¯°¥C�¦¥�����¥±°¨�¬�¥G°�� �f¯ © ¯��M¤@���7�����7�]¥±¯ ��¥7�M��°~¥7¥§¬¦¥±°����f¯ © ¯�����¬�£�°~¥7��¬�¶ ©O¨��M�G¥C� ©v��¼��4 ¬¦¨ � ��¥G¨��G¥;�®»��¨�¥¬�¨ ¯¥G°©v�±¯¬�¤2¨ °����¬�����¥7���¦¥�¨�� © ��¬ © �±¥D°�����ºk�® ¬��±¬ ¨�¥?��¥±°�¥§¥±¯~¯�°�©Á�{©v����¨ �7¤v�����«© © ¥?�~¬ © ¨ ¬�� �G© ¯�¬±� ¥±¨ ¯°¥�"��f¯ © ¯8�$¤O¨��{©v¥§¥G¨l¯ ©/� � � ¥f¯-��¥7�;��°~¥7¥§¬¦¥±°��8�f¯ © ¯�� ¥=<@�G¬�¯��7�C�{©O°}¯�¬��7����¥�§�¯°�¤.��¬��S©6¥��f¯V«�¤)��¥ � ©O°~¯°¥±¥�§
� ¤)� �q¨�¥C��¤.��°°©�½±¯�°~¥ ©v������¬�ºk���G¥ ©0�2¥��-�����7��À7��ºk�®C¥����~¥G¨l¯�¬�¥7����¥7¥§¥G¨l¯'�!¤.� °M�¦¥7��¨�¤%¨2©v�E< ¥®© © ¬�º)� ¥7�7¬

�S©�¥:�±¯V«�¤@��¥ � ©O°~¯°¥±¥�§ � ¤)� � � � ©O°���¥±¥G¨@§·Ä}¤@¤v��¥±°{§{µ)«�°¬�¥�¹�¥G° @ £ T ¼ £lBPFg�	¥G°�¥®¥f¯ ��¥���°~¥G¨���°~¥,¥G¨C�7¤.¥:� ¯¥��¥ � © ��¤2¨.©v�E¯V¤/§
�7¤.«��±°¥±¨ ¯¥p�¦©<������� ¬�¥:�!¤2°}¯ ©O¨l¯¥�� ¥'�±¥7�s¬�¨ ¯¥G°©v�±¯¬�¤2¨��,°��7�¬�����¥����¦¥��'²k�"K©v���{©O°¬�¥7¥§¥G¨l¯0¬
¶p���2¥���¤.�����G¥®���«©.�{¨Á��¥7�g©O¨�¨��±¥7�NB����!¤.� °;���7�±°¬¦°~¥\�¦¥\��«��±¨�¤.¥:ÀG¨�¥:��¥\����� °�©v��¤2¨������f¯�¬±�E¬�¯V�/¼'¥7����¥
��¤2¨��~¯¬�¯���¥'� ¨³� ©v�¯�{©O°}¯�¬��7����¬¦¥G°�� ¥p�«©C¥:�±¯V«�¤@��¥ � © °~¯�°~¥G¥�§ � ¤@� �.§ � ¤ © ¤.��¬���£�¤+�¦�����2¥���¤.�����G¥'�������J��¤2¬¦¨®¼��¥7�;� ¥G°�¥®¬�¤2¨��;�7¤O¨��¬����G°��7�<�7¤.¥:¥®¥ ¬�¨����7�	¥G¨��{©O¨l¯V� ¨�¥:��¤2¨l¯-�������C��¥7�c¨k���7���7¤2¨�� 3/�~¥7�����54Á¥®©O¬��;��¥7�
ºk�{©v�~¬±§
�{©O°~¯¬������¦¥�� I ºk�ML9�G©O°�©/�±¯V�±°¬����G¥��}�{© °J��¨;°~¥7�³���¤.���G°© ¯�¥���°��-��¨��7¤2°������ αk, α

†
k � ¥:�7�¦©O¨ © ¥G©O¨l¯��¥7�¯¤.�!�±°�© ¯¥7��°��J��K©O¨ ¨�¬�«�¬��«© ¯¬�¤2¨a¥f¯}� ¥p�G°�� © ¯¬�¤2¨:��¥��{©O°}¯�¬������¦¥��

ck, c
†
k � ����¬�� ©O¨l¯J�«©x¯�°�© ¨����$¤2°�¥q©�¯�¬�¤O¨� ÄMµ6�{©O¨��'�¦©vºk��¥7���¦¥8¤2¨�¬�¥:��¤.�¥c���4 ¬¦¨l¯¥G°�©/�±¯�¬�¤2¨6�®C©v���{© °¬¦¥�¥®¥±¨l¯'� ¥ ¨ ¥-¥:�7�¦©O¨ © ¥±°�ºk��¥-� ¥7���±¯ ©�¯V��{¨@¥:�±¯°¬�º)� ¥7� ��¤.���'��¥x°¥G¨g�O¥G°��~¥7¥§¥G¨l¯8����¯¥7¥:���;²

{

αk = ukc
†
k̄
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α†
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†
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†
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†
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1 ��B��(�CZ��CZ��%C���� ! # � �$�)���ED$���$�7�!�+� ! #5����� �F! C �0+ �$�$� 8&� �.� � �$� � # � D ! �����(D I � � I ′ � D%�8� � C�� !
� �4�
X6�CX � �6� 8-���'#��"�5B)�'C"����� � ��� �)�%���5D1¢<8-� � Q0 = 3√

5π
ZeR2

0β
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+ �!� �)�$�MZ5���$�7�!� + ��C7C �0+ �$��� � #5� +�� ����m ' C7C � � D7� #5�!��� !
� B���� C"�5� � C"� �)�7���5[

B(E2) =
3√
5π

Q2
0| < IK20|I ′K > |2

'�� ���$�7C��7D)���6� C � D � -EB�� � D"D$�%�!�5D �����4CM§6�)� 8&� � D # � D + � ���6+ � � �6�(D9# �¥c C � ZED %#[�,*�!�"#����¤` �5���ED4�'���"�!�5D
B/����� C � D + �4D.# ! �����%D B�� !0+,! # � XJX � � � D(��� C�� � � ��� � [

{

T (E2)ext = 1, 223× 1013E5
γ

5
16π

Q2
0

6(I+K)(I−1+K)(I−K)(I−1−K)
(2I+1)2I(2I−1)(2I−2)

T (E2)int = 1, 223 × 1013E5
γ

5
16π

Q2
0

4K26(I+K)(I−K)
(2I+2)(2I+1)(2I−2)2I

< ��� > � � � 	 � ���/� � 	@?���� � �� �����
	 � � � ���.���,A ���
	

^ �'�5D + �FXJX � � +'� �"�!�5D.B���� #5�!��� � �;C.£ � -EB�� � D"D$�%�!�H# � C"�FB��(�FZ��CZ��7C���� ! # � �$�)���5D%���$�7�!�2� ! #5����� �
#��%B)�'C"����� � X�� � � ! �)� 8-� � � �w©:�!� + �$�7�!� #5��X6�CX � �6�PX�� � � ! �)� 8-� � gK

�'D"D(� + � ! � C4£ �!�1Z����)�'C � � +,+ �5B !'�
B���� C � �-� + C ! �!� +0! C��MZ���������� � � � #5�wX6�CX � �6�PX�� � � ! �)� 8-� � gR

�'D(D"� + � ! � C"�5�(�������$�7�!� #5� +�� ���-[

B(M1) =
3

4π
(gK − gR)2K2| < IK10|I ′K > |2

1 � B��(�CZ��CZ��%C���� ! # � �$�)���5D%���$�7�!�
T (E1)ext

� � �)� � ��� ����� � �'� I � �$���	����� � �'� I − 1
D�£ !0+ �%� � �)� [

T (M1)ext = 1, 779 × 1013E3
γ

3

4π
(gK − gR)2K2 (I + K)(I − K)

(2I + 1)I
1 � ©,� + � � ��� � §(�"�FX�� � � ! �)�98-� � #E� �"�����������4���_` � � B�� � X&�D¢
� � �'BEB��(�*-(�DX����)�%�!�¤`

gR ∼ Z/A
m U C � D%�

D"��� [ � D%�$�DX ! # � �CR
%
B���� �$�'B5B/�!�%� � # � D����4C � ���(D B5C7�EDFB�� !0+ �7D � D ! ���'C7� !
� D � B����%�$��� # ��+ �'C + �5C%D

� ! $/3 c�� ��� �0+ C4£ ��� � � �)� + �)�7��� � ¨ �0+ �)��� � � ® 0 ∗ � � ���)�%C��7D$��� �3C.£ �4B5B��(�*-(�DX����$�7�!� #5� + �)����®6��� � #¤£ U �#[
� C��7D ��U � � mY1 � ©,� + � � ��� � §(�"�FX�� � � ! �)�98-� � gK

D�£ �FZ��$� � �6� � �(©:�!� + �)�%�!� # � D�©,� + � � ���(D � §(�"�FX�� � � ! �)�98-� � D
���6�$�$���5D+¢ 8&� � D �!�+Z������'� - gl

�
gl = 1

B/����� C � D�B��"�����!�ED & gl = 0
B)����� C � D � � ���)�"�!�5D � � � geff

s = αgfree
s�

gfree
s = 5, 586

B/����� C � D B��"�����!�ED & gfree
s = −3, 826

B/����� C � D0� � ���$�(�!�5D ��` α ! ����� �$C � ©,� + � � ��� # �
( 8-� � � + %���� � *F`!�(���9C"��©:�!�1X9�5C � D(���������6� � [

gK = gl + (geff
s − gl)

< Sz >

K
= gl + (αgfree

s − gl)
< Sz >

K

� .(m ; �
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'�� �)� � # � � - Z����5# � D:�(�������$�7�!��� � C7C � D � T � � D$���(�����$�7�!� # �F+ ���5BEC"� �!� ©:�!�7�_` C � D �$�)���ED$���$�7�!�ED
∆I = 1

` �CZ5D � �"� !
� D � +
� &"����� �����98-� � X � � �9#����ED9C"�$#0�!� � # � X��'D(D � . ∼ ; aCR0` � � # � � � � ��� � � �
+ �FX6B ! �$���$��� � D4��� �,+ C � D5�$�)���5D%���$�7�!�5D

∆I = 2
8-� � B)����� # � D ! � � � � � � D # � �)�)���5D$���)�7���5D:�)�1¢0D B � [

�$��� � D�m � ��������� �GC � D?©:�!�+X �5C � D # � D3B����)� � �)�'BR% � D B�� !,+0! # � � ��D�`5C � �)�4B5B)���%�G#¤£ � X�Z��$��� + % � X � �6� Rγ =
T (M1)ext+T (E2)ext

T (E2)int
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Rγ = 2, 327
(gK − gR)2

Q2
20

(2I − 1)(I − K)K2

(I − 1)2 − K2

E3
γ(I → I − 1)

E5
γ(I → I − 2)

+
(I + 1)((I − 1)2 − K2

2K2(2I − 1)

1 � �$�'B5B/�!�%� #¤£ � X�Z��)��� + % � X � � � B � �1X � �.# � # ! � � �+X&��� � � ����©,� + � � ��� gK
� - B ! �$�DX � � �)�'C 8-� � C.£ �!�

+ �FXFB���� � �$� � C"�
���'C � ��� � % ! ���$�98-� � #E�!��� !
� #����5D C4£ ! 8-��� �)�7��� .(m ; m . ���5D%�4` �5���5D B/�����%�(�!�5D � - �)�)����� �
� - B ! �$�MX � � ���'C � X � � �3C�� ���'C � ���G#5�<©,� + � � ���3# � (F8&� � � + %���� � * # � C"�KX.���$�D¢
� � D(�5B � �"# ! ©:�!�1X !
� α =
geff

s

gfree
s
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� �%� � X ! � %5�&# � ` �5���ED.�������5D � D%�)�MX ! +
� ©,� + � � ���6# � 8-� � � + %���� � #����5DFC � + �4D # � D
Z����5# � D ; � � � # � C4£ �7D(������B � � T 197 ��Z¤`#Z ���)� � D D"��� C � D # � �(- D$� � �����(��� � D # � C.£ �!�1Z����)�'C � ν

��V $ � � $ � �
� �6B�� � ����� � � � + �CX6B�� � C.£ � -(�7D%� � � +
� # � �$�)���5D%���$�7�!� ∆I = 1

# � �����(��� � 8-���'#��"�5B)�'C"����� �$! C �0+ �$�$� 8&� �
� + ©)m � � ��� � .-m � ��m ^ ���5D ���'�!�5D �FZ(� � �-� ��� � ���4C � ���.# � ; ` RCR�� � �#�'�HC�� � � # � ; `�R $ � ; V � �FZ�� � �-�¤` # �
X.�����D¢
� � ( �$�)�'#����)�%�!��� � C7C � * � � � !0� C�� �!� ��� � C � D:�)�$���5D%���)�%�!�5D^' � ∆I = 1

���6� � �1Z����5# � D�m(. � �,+�+
�
©,� + � � ���.# � 8-� � � + %���� � ` C � X ! C���� �!� δ2 = T (E2)ext/T (M1)ext

� D%� !0� �'C �<R#` RCUbVCaZ[ ∼ 5
S # � D

�)�$���5D$���)�%�!�5D ��� � � �+Z����5# � D ∆I = 1
D(�!� � #5�!� + # � ��� ����� � 8-���4#��(�5B/��C������ � ! C �0+ �$�$� 8&� � m

T ���5D3C"� #0�!� � # � X��'D(D � . ∼ ; aFR0`&C4£ �FZ5D � �"�����$�7�!�F#����5DGC � D��5��§ �4�(- 193 � � ` 193 ��Z¤` 197 ��Z¤` 193 W C � �
195 W C # � �)�$���5D$���)�%�!�5D ∆I = 1 � � �)� � C � D # � �(- B����%� � ������� � D2# � D$� � �����(��� � # � Z����5# � D�Z ���$� � D D(��� C � D
�!�+Z������4C � D�`�� � D(B �0+ �)��� � X � � ��` ν

� $ ; � � $ � � − `
ν

��d � U � a�� � + `
ν

� V $ � � $ � � − `
π

��dCU � � $ � � + � � π
� dCU � � $ � � + `

�6B � �1X��%D #�£ � -(�$�)����� � C"� ���'C � ���(D # � D"©,� + � � ���"D;# � 8-� � � + %���� � � � ���$�(�!� � �.B��(���(�!�¤m 1 � D � ! D"�5C��)����D
D(�!� �.#5�!��� ! D;#����5D C � ���CZEC � �4��.-m ; � � C � D"©,� + � � ���(D # � 8-� � � + %���� � ���4C � � � � ��X6��§ � ��� � α ∼ 0, 6B)�'��� C � D B��(���(�!�5D � � α ∼ 1
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ν
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� d � U � a�� � + ν
��V $ � � $ � � − π

� dCU � � $ � � + π
� dCU � � $ � � + π

� dCU � � $ � � +
αq

; `�RFa ± R0` � � ; ` � ± R0` � ; `�R � ± R#` ; V R0`�d � ± R0` ; U R0`�d $ ± R0`�R � R#` $ V ± R0` ; V
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