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 & ),�F��� ¥ ¦���
 % ��� ¥���Eæn���/¦�� ( � ¥ & ¦ 3 ¦ & ¥ � : ����� ( � ¥ ��ÏL+�� (§( � ¥ r � L

�

� 2 [ δv3
r ] = − 4

5
ε̄ r (Re→∞)
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δvr(x) = vx(x + r)− vx(x)
�C

@ � ( 
���¸"�����àª ; ª ; & )h��¦U��� ; ('& ),�·� % ),��¦/� ( ; ( � & ��� ¥ A ��# � :<; � ) & �ë��� ( � ��.¨� ; ) & ��¦����nª$��¦ @�
 ��
 
 ¦
� Z � _ ; ��)�+ �UC��]�¼1�1'A�
¼ª ; ( ; %�( � � ¦���
 % ���6���Eæn���/¦�� ( � ¥ 3 ¦ & �

� 2 [ δv3
r ] = − 4

5
ε̄ r + 6ν

∂ � 2 [ δv2
r ]

∂r
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ì ( � ¥ .¨��� ��¦�� ¥ ��� ( � ( � & ������ÏL+�� ('( ��Iá�6� ; Ï�),� � Re = ∞ L�� @ A�1ÞÏ���¦¨) & ��¦/) ��¦��Þ+2� : �"),+�- ¥ �Ò��� ; ��),� ¥ & 1
 &'( ; � & )��¯������� : � ¥ ; ¦/) Z
	Þ1 �"©�Iêª�� & �-.b+ � å3å5L �O@ A�1 ¥ � :�: � ¥ �Ò��� ¥ ( � & ¥ ������ÏL+�� ('( � � ),��� ¥ ( � ¥ ��������� ¥
q : ����� ( � ¥ � ��¦�Ïc) & �"¦ ¥ ��� ¥ )�����Ïc),����� ¥ I ( �"¦�¸ & )���� & ¦ ; ( � ¥ Ln�

� 2 [ | δvr |q ] ∝ (ε̄r)q/3 (Re→∞)
I �9� 1à�dL

ìF�����
q = 2

�8��¦Z��¦ ������� & ) ( � �á; 
U����� ¥ : ��Ï�)����A��¦ k−5/3 ¥ & Ï������ ; 
�
U��¦¨)l� % ¥ ��� ª$��I ; �Z
U� & ¦ ¥ ��¦: ����
 & -���� ;":�: ��� � & 
 ; ) & ��¦ L � 7 ; ����¦ ¥ & ),� ¥ : ��Ï�),� ; ( �A������¦�����¸ & �A��� & )lª$��� &43 ���H�
E(k) ∼ ε̄2/3 k−5/3 (Re→∞)
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U�/��- ( � � "0� + / $�	�� 	�����	����.¨� & ¥ � :�: � ¥ �W.¨��� ( � ¥ ¸�� ; ¦���� ¥ ��Ïc+�� ('( � ¥ ),� ; ¦ ¥ � -�����¦/) ( ����¦�����¸ & � :<; �E��¦�� ¥ ��Ï�Ï�� ¥�¥ & ��¦Ë��� :<; ¥ ¦���¦� & ¥�¥ & :<; ) & � ¥ ª$��� ¥ ( � ¥ : ��) & ),� ¥ ��ÏL+�� (§( � ¥ �d_ ; (§& ��� ( ; � & ¥�¥ & :<; ) & ��¦ � 7 ;O: ��� : � & �c),�q��� ; ��)���1 ¥ & 
 &'( ; � & ),���� & ) : �"��ª$� & �X&�),���K� % ¥ ����ª$��� ¥ ��� ( � ¥ � & ¥ ),� &'% �8) & �"¦ ¥ ��� ¥ ; Ï�Ï���� & ¥�¥ ��
U��¦¨) ¥ δvr ��� ( ; ª & )�� ¥�¥ ���0� ('( � ¥��� & ª$��¦¨) ; ª$� & � ( ; 
A&�
U� � ����
�� � ),�"��),� ¥ ( � ¥ ��ÏL+�� ('( � ¥ r �ß¯� ¥ 
�� ¥ ����� ¥ ��� : ��� & 
���¦/) ; ( � ¥ ��)9¦/��
���� & ./��� ¥ ��� : ( � ¥ ��¦ : ( � ¥ 3 ¦�� ¥ ��¦¨)I����
 & ¥ ( �4
��/��- ( � @ A�1��¦¢.¨��� ¥ ) & �"¦ � 7ë� �c),�����E��� ¥ �6� : � ¥ ; ¦/) ¥ ζ(q) ��� ¥ ( � & ¥ ������ÏL+�� (§( � ¥ : ����� ( � ¥ � ��¦�Ïc) & �"¦ ¥ ��� ¥ ),����Ï�)������� 2 [ | δvr |q ] ∼ rζ(q)

��¦¨)·
��"¦/)����H��� ¥ ��Ï ; � ) ¥?� ( � ; ��),��1 ¥ & 
 &§( ; � & )��H�
ζ(q) 6= q
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U��¦¨) ¥ δvr � )�� ; ª$��� ¥( � ¥ ��ÏL+�� ('( � ¥5� 7 ; ¦�� ; � ; ª ; & )9� ; & ¥ ��¦q��� ; ��¸���
U��¦¨),���hÏ���¦¨),��� ( ��+]� : �")�+�- ¥ �l��� ; ��),��1 ¥ & 
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���¦/) ¥ δvr ¦�� � ¥ ) : ( � ¥; ��)���1 ¥ & 
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U��Ï ; ¦ & .¨��� ¥ ��¦ ¥ ��¦¨)n
��61Ï��"¦�¦8� ¥ � : ����)�1 &�)����É¦���¸ ('& ¸�� ; %�( � ¥ � : ����)�1 &�)����ÉÏ�����Ï & ; ��� � 7 ; ),��� % � ( ��¦�Ï��p� ¥ ) ��¦ : ���/Ï�� ¥�¥ � ¥ ���]1),�'&�
U��
U��¦¨)Þ� � Ï ; Ï��Z���O� & ¥�¥ & :<; ) & �"¦ ��� ( ����¦�����¸ & � U ( ; 
 ; �')�� & ¥ �����OÏ�� : ���/Ï�� ¥�¥ � ¥ � ¥ )���¦ç��¦�
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�
U� ( �"¸�1 ( ��¸l��� ¥ � & ¥ ),� &'% �8) & �"¦ ¥ ��� : ��� % ; %�&'(§& )��h��� ¥ ; Ï�Ï���� & ¥�¥ ��
U��¦¨) ¥ ���4ª & 1)�� ¥�¥ � δvr � � & �Í������¦/)�� ¥ ��ÏL+�� ('( � ¥ r I 
���) Rλ ' 580
L � 7¼� ����Ï ; ( ; ¸��ëª$����) & Ï ; ( � ¥ ) ; ��) &43 Ï & � ( �¡��)¦�� ¥ ��� )m.¨��� � ; 
�� ('& ������� ( ; (§& ¥ &'%�&§('& )��I��� ( ; 3 ¸������ � 7¼� ¥ � & ¥ )�� &§% ��) & ��¦ ¥�¥ � ��Ï ; � ),��¦/)I��� : ( � ¥ ��¦: ( � ¥ ��� ( ; ¸ ; � ¥�¥ & ��¦�¦��·ª$��� ¥ ( � ¥ : ��) & ),� ¥ ��ÏL+�� (§( � ¥�� .b��)�),� ��� � �"��
 ; ) & ��¦Þ� ¥ )b��¦��n��� 3 ¦ & ) & ��¦: � ¥�¥ &'%�( �A��� ( � & ¦/)�����
 & )�),��¦�Ï�� ¥ ) ; ) & ¥ ) & .¨��� � M6¦ ; ��� : ��� ¥ ��¦¨),�Ò��� ¥ � & ¥ ),� &§% ��) & ��¦ ¥ Ï���¦¨),����� ¥������� & ),� ¥ : ����� �á; Ï &'(§& ),��� ( � ¥ Ï���
 :<; � ; & ¥ ��¦ ¥5� I � ��� � LE2[� : � ¥ ; ¦¨) ¥ ζ(q) ��� ¥ � ��¦�Ï�) & ��¦ ¥ ���¥ ),����Ï�),����� : ��� : � ¥ � ¥ :<; � @ A�1d� ζ(q) = q/3

��Ï���
 :<; ��� ¥�� @ MH?$�2� ζ(q) = q/3− k

2
q(q − 3)I : ����� k = 0.03
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 : ¥ ���·ª & ),� ¥�¥ � ¥ )���� % � ( ��¦/) ¥ � ���� ¥ ¦���
 % ��� ¥ ���Kæ ���/¦�� ( � ¥ ª ; � & � ¥ ��� ; ¦ ¥ ��� ¥ ¸�����
U��)�� & � ¥ � & ª$��� ¥ � ¥5� 7¼� ¥ � ; & ¥ ��¦�¦���
U��¦¨) ¥ � & 
���¦�1¥ & ��¦�¦�� ( ¥H¥ & 
 : ( � ¥ : ��������¦/) ; ( ��� ¥ ��� ( ����� ¥ & ¸�¦ &43 Ï ; ) & ��¦ �D� ( � ¥ )E� & � Ï &'( �Ò��������
U��¦¨),��� � ( ����� & ¸ & ¦������Ï���)�),��S ; ¦���
 ; (§& �`SlÏ ; ÏL+������ ; ¦ ¥ ( ����.¨� ; ) & ��¦U���6
 ; ª & ����1_5/),�H+�� ¥ ��) ¥ � ¥ Ï���¦�� & ) & ��¦ ¥ ; ��� (§& 
 & ),� ¥5�ßÒ����¦ : � & ¦/)·���Eª/��� : ������
U��¦¨)�
U��Ï ; ¦ & ./���H�0�N�/¦ ; 
 & .¨����� ( � & ¦¨),����
 & )�)���¦�Ï�� ¥ ) ; ) & ¥ ) & .¨���A��� ¥ ),�A),��- ¥
 ; ( Ï���
 : � & ¥ �H
 ; ( ¸����¯���A¸���� ¥ � �Í����) ¥ ),+������ & .¨��� ¥ �<��� : ��� & 
���¦/) ; ���O�c) ¦8��
U��� & .¨��� ¥ ��� : � & ¥ : ( ��1¥ & ����� ¥ � & ��; & ¦�� ¥ ��� ; ¦�¦���� ¥ Iêª$� & �i� �%?N�"1à#%C�
 : �����¼��¦��4���cª8���TL � 
 �"),���ëÏ���¦�¦ ; & ¥�¥ ; ¦�Ï��4��� ( ; )���� % � ( ��¦�Ï��¥ ��),���"��ª$� ��¦¨) ; ÏL+����¯����¦���
 % ����� ¥ � ¥ � ��¦�� ¥ ��� �"
 % ���n����¦¨)l�"¦ & ¸"¦������ ( � & 
 : ����) ; ¦�Ï�� �]E ¦ : ����
 & �����¦ 
����q��� ( � �c),�����l��� ( � & ¦/)�����
 & )�),��¦�Ï��4� ¥ )ë���·����� ¥�¥ & � � 
�� ¥ ������� ( � �c),��¦������l���lÏ��c)�),� & ¸�¦���� ; ¦�Ï�� �U�4��� (� ¥ )µ���/),�'&�
U��
U��¦¨) � ��� ¥ )�� ; ¦¨)4���n� & ¥ : � ¥ ���µ��� ( � ��.¨� ; ) & ��¦q����
 ; ª & ���Q1 5/)��d+�� ¥h¥ ; ¦ ¥ : ����ª$� & �h��¦U) & �����S�¸�� ; ¦��ÃÏL+�� ¥ �`SE./� ; ¦/) ; ���¢��Ï���� ( ��
U��¦¨)¯),��� % � ( ��¦¨) ¥�� 7 ; )���� % � ( ��¦�Ï��Þ� ¥ )�1 � (§( �E��¦ ¥ ��� ( : ��� %�( -�
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���¦/) ; ( �µ¦�� : ����) ; Ï�Ï�� : )����4���( ; & ¥�¥ ���l��¦��H),� (§( �6.¨��� ¥ ) & ��¦Z��¦ ¥ � ¥ : ��¦ ¥�� M6¦ ; & 
���� ; & ) %�& ��¦ ; � ¥�¥ & : ����� ª$� & �b� % ¥ ����ª$���·Ï ( ; & ����
U��¦¨)��� ¥ Ï���¦ ¥ ��.¨����¦�Ï�� ¥ 
 ; Ï���� ¥ Ï�� : & .¨��� ¥ ��� : +���¦���
U-�¦��A��� & ¦¨),����
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U
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 %�( �·),��- ¥ �á; &'%�( � � 74����)��������� : ��� & 
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U� ¥ ����� ¥ ��� : ��� & 
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U
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U�8��� ('& ¥ ; ) & ��¦ ����¦/)Z�"¦�� & ¥ : � ¥ � � Ï���
������Z� ; ¦ ¥ Ï��c)�)���� & ����Ï�) & ��¦ ¦�� ¥ ��¦¨) :<; ¥��¦¨) & -�����
U��¦¨) ¥ ; ) & ¥ �á; & ¥ ; ¦¨) ¥�� P & �����¤Ï���
 : ����¦������ ( � & ¦¨),����
 & )�)���¦�Ï��n� ¥ )l��¦��¯�6�8Ï�� (§( ��¦/)��¯
U�") & ª ; ) & ��¦: ����� : ����¸���� ¥�¥ ��� ¥ ���H��� ¥ ; ¥ : ��Ï�) ¥ ��� ¥ ) ; ) & ¥ ) & ./���q��)E���q),� ; & )���
U��¦¨)6��� ¥ & ¸�¦ ; ( � 7¼� ¥ ����),�"
 % ��� ¥: ����������¦¨)OÏ�����) ; & ¦���
���¦/) ¥ � �á; & ���Ã��� ¥�¥ ��¦/) & �O� ; ¦ ¥ ���É¦���
 % ������� ; ��)���� ¥ ����
 ; & ¦�� ¥ Iê)�� ( �c),� ; 3 Ï& ¦ � ����
 ; ) & .¨���H�/
�������Ï & ¦����<¸����"¸�� ;": + & ������Ï�� ( ��¸ & �H� 3 ¦ ; ¦�Ï�� ���5� L �2ë¦ ��� ¥ ��
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 	�
0< ��$ � + � � � 
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A&�
U� ¥ & ¦���� ¥¥ �"
�
U� ¥ Ï��"¦ ¥ Ï & ��¦¨) ¥ ��� ( ; � & � Ï�� ( ),�ë���µÏ��c)�),�4) �*Ïc+�� : � & ¥ ./��� @ � 58������¦ & ª ; ¥ ; ¦u�Æ1à#%C 
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 ; ��./��� � ��� )

�� ¥ ),��
U��¦¨)µ.¨��� � � �����e<���
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 +M�h$ ��" ����
 � $8+M� � � �h$ " (�� � � � � ��$ ���4��� 	�

����������
 � ����) �F+�<����%$%$�R �ÏL+ ; .¨���O¸���¦���� ; ) & ��¦Ë������)���� & ; ¦/) ¥ ;":�: ����) ; ¦¨) ¥ ;É: ��) & )�� : & ������� � ��¦���� &U3 Ï��O����¦/)Ò��¦ & ¸�¦������ ( ;) ; &'('( � 3 ¦ ; ( ��9
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2ë¦�1 ) ?$��� @ � ( 
U��¸������~ªl��) M % �,+¨+��àª I @ MH?$�HL : ��� : � ¥ ��¦¨)I���ë
U�8� &U3 ��� @ A�1 : ������),��¦ & ��Ï���
 : ),�� ; ¦ ¥ I �9� 13�dLb��� ¥ �<��Ïc),� ; ) & �"¦ ¥ ���Z) ; ���O���A� & ¥�¥ & :�; ) & ��¦ ( �/Ï ; ( � ε I 3 ¸������ �9� �dL¯�

ε(x) =
1

2
ν
∑

i,j

(
∂vj
∂xi

+
∂vi
∂xj

)2

.
I �9� 1à#dL

7¼�A
��/��- ( � @ MH?$� & ¦¨),���/��� & ) ; ( ��� ¥ ��¦ ) ; ���Z���E� & ¥�¥ & :<; ) & �"¦¤
�� �$��¦�¦�� ( �/Ï ; ( ��
U��¦¨)6�

εr(x) =
1

4π(r/2)3

3

∫∫∫

‖x′−x‖<r/2

ε(x′) dx′
I �9� 1�?`L

��) : ��� : � ¥ ��¦/) ( � +]� : �")�+�- ¥ �A��� ¥ & 
 &'( ; � & ),� ; 
U� (§& �������H�8��� � � ��

���&$�	�� 	������ 	 �7� � � )T+ � � �%$�	3$ �

� 2 [ | δvr |q ] = cq
� 2 [ εq/3r ] rq/3

I �9� 1��dL
.b��)�),�K+2� : �"),+�- ¥ � : ����
U��)����E��� (§& ��� ( � ¥ �<��Ïc),� ; ) & �"¦ ¥ ��� ¥ ; Ï�Ï���� & ¥�¥ ��
���¦/) ¥ ��� ( ; ª & )�� ¥�¥ � � Ï�� ('( � ¥��� ( ; � & ¥�¥ & :<; ) & ��¦ ( �/Ï ; ( � � æn��
 ; ��.¨���"¦ ¥ .¨������� : ��� & 
���¦/) ; ( ��
���¦/)5�<Ï"��� ¥ ) � ��¦��Kª$��� ¥ & �"¦ 13ß���� ( ;
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� 1 3 � ) � � � 2ëÏc+ ; ¦/) &'(§( ��¦���� ��¦ ¥ & ¸�¦ ; ( ���A� & ¥�¥ & :<; ) & ��¦^I 1¡ß
L �
� & ¥�¥ & :<; ) & ��¦O.¨���A¦���� ¥ ; ª$��¦ ¥ ; Ï�Ï�- ¥5� M6¦Z��) &§('& ¥ �Þ�





ε(x) = 15ν

(
∂v

∂x

)2

εr(x) =
1

r

∫ x+r/2

x−r/2

ε(x′) dx′

I �9� 1�C`L

ß¯� : ( � ¥ � @ MH?$� : � ¥ )�� ( ����¦��¤� & ¥ )�� &'% ��) & ��¦ ( ��¸�1 ¦�����
 ; ( �q��� εr Iá����¦�Ï¤��¦��¤� & ¥ ),� &'% ��) & ��¦p¸ ; � ¥ 1¥ & ��¦�¦�� : ����� ln εr
Lb.¨� & ��� ¥ : ��Ï�)�� ( � & ¦/ª ; � & ; ¦�Ï��n��� ��ÏL+�� (§( �H��¦ & 
 : � ¥ ; ¦¨)

σ2
ln εr

= A + 9k ln
L

r

I �9� 1 ) L
�d_

k
� ¥ )���¦��AÏ���¦ ¥ ) ; ¦¨),�A��¦ & ª$��� ¥ � ('( � �.@ � ( 
U��¸������~ªq� % ) & ��¦¨) ; & ¦ ¥ & I 3 ¸������ �9� 1 L6�

� 2 [ | δvr |q ] ∼ rζ(q) ; ª$��Ï ζ(q) =
q

3
− k

2
q(q − 3)

I �9� �"!`L
ß¯�¤
 ; ¦ & -�����¸���¦���� ; ( ��� ¥ & ��¦ ¥ � :�: � ¥ �W./��� ( � ¥ 
��"
���¦/) ¥ ��� εr ¥ �WÏ���
 : �"��),��¦/)K��¦ rτ(q) ; ( ��� ¥� 2 [ | δvr |q ] ∼ rτ(q/3)+q/3 �
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��/��- ( �Ï ; � &§( Ï��"¦ ¥ ) & ),��� ( � ; ��ÏL+���)Q� : �Þ��� ¥ Ï ; ¥ Ï ; ��� ¥ 
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 & ; ( � � 7¼� ¥ 
q� ( ) & : ('& Ï ; )������ ¥q¥ ��¦¨)& Ï &9& ¦���� : ��¦�� ; ¦¨) ¥ � & ����¦¨) & .¨����
���¦/)�� & ¥ ),� &'% ��� ¥H¥ � ( ��¦C��¦�� ( � &9( �"¸�1 ¦��"��
 ; ( � � 7 ; Ï ; ¥ Ï ; ���&§('( � ¥ ),����� & Ï & � ¥ )�Ï���¦ ¥ ��� ª ; ) & ª��ã� ¥ & M0

� ¥ ) ( ; 
�� ¥ �����O��� ��¦ & ¦¨),��� ª ; ('( � )������ � ; ( ��� ¥ ( � ¥
U� ¥ ����� ¥ M10

�c)
M01

��� ¥ ������� ¥ ��� ¥ 1 & ¦¨),����ª ; ('( � ¥ ���[$ .¨� & ��¦ ¥ ��¦¨) & ¥�¥ � ¥n¥ ��¦¨)·),� ('( � ¥ .¨���
M10 +M01 = M0

�
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( �¢
�&�
�� : � & ¦�Ï & : � � � ( ¥ � ; ¸ & )W���CÏ��"¦ ¥ )���� & ��� εr � η � r � L :<; �¤��¦�� ¥ ��Ï�Ï�� ¥�¥ & ��¦a������) ;*: � ¥& ����¦¨) & .¨��� ¥
� :<; � ) & ����� ( ; ¸�� ; ¦����q��ÏL+�� ('( � L � .b��¦ ¥ & ��������¦ ¥ ��¦ & ¦/)�����ª ; (§( � IL ���Þ) ; &§('( � L �H_ ( ;� & ¥�¥ & :<; ) & ��¦6
U� �$��¦�¦��hª ; �8) εL � M6¦ ¥ �4���"¦�¦��4��¦A��¦¨) & ����.¨��� ( Ï��"¦�.¨��� p ≥ 2
�¡��)

Q
��¦��4� & ¥ ),� &§% ��) & ��¦������¦��Òª ; � & ; %�( � : � ¥ & ) & ª$� W � ß & ª & ¥ ��¦ ¥ ( � & ¦/)���� ª ; (§( � IL ��¦

p & ¦/)���� ª ; (§( � ¥ ��¸ ; ��� I (i)
L/p

�
1 ≤ i ≤ p

�
; ���8.¨��� ( ¥ ��¦ ; ����Ï�),�W��� ¥ : ��Ï�) & ª$��
���¦/) ( � ¥ ª ; ( ����� ¥ ε(i)

r = W (i)εL
�H_ ( � ¥ 
q� ( ) & : (§& Ï ; ),����� ¥ W (i)¥ �"¦/) & ����¦¨) & .¨����
U��¦¨)Þ� & ¥ )�� &'% ��� ¥ :<; � Q �c) ¥ ��¦¨) & ¦���� : ��¦�� ; ¦/) ¥5� 2ë¦���� & ),��� ; ¦¨) ( ; 
�&�
��W��) ;*: �� ( ��
U��¦¨) ; & ��� N � � & ¥ 
�� ¥ .¨��� � r = L/pN

����¦C� % ) & ��¦¨)H��¦���ª���� ¥ & ��¦C���
εr(x)

.¨� & � ¥ ) ( �Þ��� ¥ � ( ) ; )������¦���Ï ; ¥ Ï ; ����
q� ( ) & : (§& Ï ; ) & ª$� � � 5 & ª ; � (lnW ) <∞ � ln εr− ln εL
� ¥ ) ( ; ¥ �"
�
U�n��� N ª ; � & ; %�( � ¥; ( � ; )�� & ��� ¥ & ¦���� : ��¦�� ; ¦¨),� ¥ .¨� & ¥ ; ) & ¥ � ��� ; & ) ( �Þ),+�������-�
������ ( ; ('& 
 & )��ÒÏ���¦¨),� ; ( � ¥ & N → ∞ � M6¦��¦É������� & )H.¨��� ln εr

� ¥ ) ;":�: ��� � & 
 ; ) & ª$��
���¦/)n¸ ; � ¥�¥ & ��¦B������¦�Ï εr � ¥ ) ;":�: ���T� & 
 ; ) & ª$��
U��¦¨) ( ��¸�1¦�����
 ; ( ��C ����)�) & ��¦/)�� ; ¦ ¥ Ï�� ¥ �������AS ;":�: ��� � & 
 ; ) & ª$��
���¦/)TS�./� & ¦�� �"¦/) :<; ¥ ( �ë
A&�
U� ¥ ��¦ ¥ : � & ¥ .¨��� &§(¥ �"¦/) ¥ � :<; ��� ¥ :<; �¤��¦��C�6� : ��¦���¦/) & � ('( � � 2ë¦ :<; � ) & Ï�� (§& ����� ( � ¥ 
U��
U��¦¨) ¥ ��� eω = W ¥ ��¦¨)¤)���- ¥¥ ��¦ ¥ &§%�( � ¥�� ��¦ ( ��¸����K��Ï ; � )Ò��� ω = lnW � ( ; ¸ ; � ¥�¥ & ��¦�¦�� I ª$� & � ( � ¥ ),��- ¥ & ¦ ¥ )�����Ïc) & � ¥ ; ¦�¦����8� ¥���#�Æ13!�©�
K�DP ; ¦���� (§% ���")\I_1 ) �EA`LWL �

�. 	 � ��� � 4 0�� 4 � �$� �#��'2	


��àª & +��àª �Æ1à�"© 
 ; ª ; & ) ( � & ; � ¥�¥ & ��� 
���),�aI_1 ) �81 L ( � ; ��¸���
U��¦¨)Þ��� (§& 
 & )��WÏ���¦/)�� ; ( �O��) &§('& ¥ ��� :<; �# ; ¸ ( ��
 � ß ; ¦ ¥ Ï��¤
�&�
�� ; ��) & Ï ( �U���Ã1 ) �/1d�9
��àª & +��àª & ¦¨),���/��� & ) ( � ¥ ( � � ���>�0+�� 
 �F+ ��� ��	 ��
 � $ ���
q� ( ) & : ('& Ï ; ),����� ¥ Iá+ & ¥ )���� & .¨����
U��¦¨)·¦��")�� ¥ qr,l L

Wr1,r2(x1, x2) =
εr2(x2)

εr1(x1)
, r2 ≤ r1

I �9� �81 L
5 ; 
��") & ª ; ) & ��¦W� ¥ ) ; ( �"� ¥ ( ; ����Ïc+�����ÏL+��E��� ( � & ¥ ��¦ & ª$��� ¥ � (§( ��
���¦/)lª���� &U3 ��� ¥ � ��¦ : ���¢� ; ¦ ¥ ( ��� ¥ : � & )��� ( ;O: ����
 & -����q+2� : �"),+�- ¥ �U��� ¥ & 
 &§( ; � & ),�E��� @ ?$� � ) � 
4./����¦��"� ¥ ��� : ���8��� & ¥ ��¦ ¥ 3 ��- ( ��
U��¦¨)AÏ & 1��� ¥�¥ �"� ¥ �
p � 	���$ � $�	�� 	������ 	 ��� � � )T+ � � �%$�	3$� � | x(k) − x |� L

�
(k = 0, 1, 2, . . . n)

)�+���¦ ),+�� : ��� % ; %�&§('& )���� & ¥ )�� &§% ��) & ��¦O� � ),+��Hª ; ( ��� ¥ � �
uα(x

(k))− uα(x)

uα(x(0))− uα(x)
(α = 1, 2, 3 ; k = 1, 2, . . . , n) (11)

��� : ��¦�� ¥ ��¦ ( �W��¦Z),+��Eæn���/¦�� ( � ¥ ¦8��
 % ���

Re =
| uα(x(0))− uα(x) || x(0) − x |

ν
.y

.b��)�),�E��� ( ; ) & ��¦aI 1"1 Lb��� @ ?������ 3 ¦ & )���¦ã.¨��� ( .¨��� ¥ ����)��A��� ¥ 
q� ( ) & : (§& Ï ; ),����� ¥ δur(k)(x)/δur(0)(x)¥ ��� ( � ¥ ; Ï�Ï���� & ¥�¥ ��
U��¦¨) ¥ ��� ( ; ª & ),� ¥�¥ � � ì ( � ¥ & ����� ¥ )�� ; ª ; �2� ¥ ������¦¨) :<; � ( ; ¥ � & ),�ÉÏ���¦ ¥ ; Ï���� ¥ �( ����)������ ¥ ) ; ) & ¥ ) & .¨���H���AÏ�� ¥ 
q� ( ) & : (§& Ï ; ),����� ¥ �T� #"!N��1à�"©N��13�EAN�¼13©"!���1'A�����1�?��g
 : �"���·¦�����¦ Ï & )����·.¨���.¨��� ( .¨��� ¥ 1 ��¦ ¥�� M6¦ ¥ � & ¦¨),����� ¥�¥ � ; ( ��� ¥ � ( ����� ¥ � & ¥ )�� &§% ��) & ��¦ ¥ ; & ¦ ¥ & ./��� � ( ����� ¥ Ï�������� ( ; ) & ��¦ ¥ ��ª$��¦�1),��� ('( � ¥�� 7I� ¥ Ï���¦ ¥ ��.¨����¦�Ï�� ¥ ��¦ ¥ �"¦/)U������� & )�� ¥ : �"��� ( � ¥ ; Ï�Ï���� & ¥�¥ ��
U��¦¨) ¥ ��� ( ; ª & ),� ¥�¥ � δvr ��¦
� � R0Yac D	|	^tL�B�^jl R[W�Y�B ^jH?J	^[B�Y�X4c W B O~SaD	Y,SID.XgOil��3B��	H?^[D	RtOiDFR[GaDFL7J.^tN,O�B�J	B�� SMJ.B�Y�OaN7\FDFL7^[\.O.r
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���1��- ( � ¥ ���CÏ ; ¥ Ï ; ��� ¥ 
q� ( ) & : ('& Ï ; ) & ª$� ¥ ���J# ; ¸ ( ��
 I 1 ) ?3?`L��Æ1�1'A��61���#g
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7¼� ¥ 
U�/��- ( � ¥ ���¯Ï ; ¥ Ï ; ��� ¥ 
q� ( ) & : (§& Ï ; ) & ª�� ¥ & ¦¨ª ; � & ; ¦¨),� ¥ ������ÏL+�� ('( ��� : ����� ( ; � & ¥�¥ & :�; ) & ��¦ εr ���: ����� ( � ¥ ; Ï�Ï���� & ¥�¥ ��
U��¦¨) ¥ ��� ( ; ª & )�� ¥�¥ � δvr ª$�"¦/) ¥ � ���5� 
q� ( ) & : ('& ��� � ß ; ¦ ¥ ��¦ ; � ) & Ï ( �����C1 ) �EAN�P ; ¦���� (§% ���")y� 13!"©�
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∝
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 � � .¯��� ¥ ) ( ���WV ( ����� ¥ � ��¦�� ¥ ����ª$����) & Ï & ),�����Q1¸ ; ¦ & ¥ ��� : ( ��)YV*)6.¨���ÞÏ�� ( � & ��� ¥ � ��¦�� ¥ ���Þ¸"� ; ¦����Ò��¦ ¥ ),��� : + & �Þ.¨� & � ¥ )H
 & ¥ ��¦ ; ª ; ¦/) � M6¦ ;¤; � ¥�¥ &� % ¥ ��� ª$�q.¨��� ( ;W: ( � :<; � )H��� ¥ : ��� : � & �c),� ¥ ��� ; ('& ¸"¦���
U��¦¨) ¥ �q���c),���"��ª$��¦¨) � :<; ��) & �6������¦Cª$��� ),���Ã���
)b����¸���� ¥ ���Þ������¦��·Ï�����ÏL+��·���bÏ & ¥ ; &'(§( ��
���¦/)��Æ1à��
 � 7¼� ¥ � ���c) ¥ ��� ; (§& ¸�¦���
U��¦¨) ¥9¥ ��¦¨) ('& � ¥[� ( ����� & ¥ ),��¦�Ï������� % 
��c) ¥ :<; ��) & Ï�� ('& ��� ¥��ß ; ¦ ¥ ( ; ¥ ��Ï���¦���� ;*:�: ���/ÏL+��H�0��) &'(§& ¥ ; ¦/)n��� ¥ 
U���$��¦�¦�� ¥ Ï���¦�� & ) & �"¦�¦�� (§( � ¥ � ( � : � & ¦¨) Ï�����Ï & ; ( � ¥ )( ; ����),��Ï�) & ��¦p��� ¥A¥ ),����Ï�),����� ¥ Ï��"+�������¦¨),� ¥�� .b��¦ ¥ )���� & ���q��¦p���c),��Ïc),����� � :<; ��) & �6��� ¥ & ¸�¦ ; ( �c),��� & �¸����"Ï�� � ��� ¥ ����) &§( ¥ ���Ò)�� ; & ),��
���¦/) ��� ¥ & ¸�¦ ; ( � ¥ )6��¦ÃÏL+�� & � : � ¥�¥ &'%�( � � M6¦ÃÏL+�����ÏL+�� :�; �¯�6����
 : ( ���� ¥ �cª$��¦���
U��¦¨) ¥ ��� � ��� ),� ; 
 : (§& ),�����u� A,�h1'?�!�
ë�"�p���q¸�� ; ¦����q��¦�����¸ & � � ©%?��¼©�� 
 � 74� ; ª ; ¦¨) ; ¸��K� ¥ ).¨������¦ ¥ ��� ( ¥ & ¸"¦ ; ( � ¥ )4¦���Ï�� ¥�¥ ; & ��� � .¯��� ¥ ) ; � ¥�¥ &�( � : � & ¦�Ï & :�; (8& ¦�Ï��"¦/ª$��¦ & ��¦/) � 7I� ¥ ��� ¥ � ( ) ; ) ¥ � & ¥ .¨����¦¨)
� ��� )n��� &c),��� %�& ; & ¥ � ¥ ��) � 	,+ � 	 :<; � ( �HÏL+�� & �O���¢���c),��Ï�),����� �


���� ¥ ��) &§('& ¥ ��¦ ¥ � ; ¦ ¥ ( ����)������ ��� : ��� & 
���¦/) ; ( �4���ÞÏL+ ;*: & )���� � ��¦Þ���c),��Ïc),�����ëÏ���¦ ¥ ),��� & ) � :<; ��) & �������¦��l
U� ¥ ����� & ¦���� : ��¦�� ; ¦¨),��� ( ; : ��� ¥�¥ & ��¦ � 
���� ¥ ��¦�����¸ & ¥ )�����¦ ¥F¥ & 
q� ( ) ; ¦���
U��¦¨) ( ; : ��� ¥�¥ & ��¦q��) ( ;ª & )�� ¥�¥ � : ��- ¥ ��� ��¦�� :<; ��� & ��� ��¦¤��Ï���� ( ��
���¦/)µ),��� % � ( ��¦¨) � 7¼� ¥ & ¸�¦ ; ( ��� : ��� ¥�¥ & ��¦ ¥ ��� )l��� & ¦�� & Ï ; ),�������� :<; ¥�¥ ; ¸��¢���¢)������ %�&'('( ��¦ ¥ 3<( ; 
U��¦¨) ; & ��� ¥ � ( ; ª & )�� ¥�¥ � �á; & ¥ ; ¦¨) ( ��� % 
��c)W���ã¦��")���� ��)������ � .b��)�),�
U��),+��8��� � ( � ; ª ; ¦¨) ; ¸���������) &§('& ¥ �H��¦ã����),��Ï�)�������Ï ( ; & ����
���¦/) ¥ ��¦ ¥ &'%�( � � ��� ¥ � % 
���) ¥ ���E¸����"
��c),� & �:<; � ) & Ï�� (§& -���� � 7 ; Ï�������� ( ; ) & ��¦���¦¨),��� ( � ¥ ��� : ��� ¥�¥ & �"¦ ¥ ��) ( ;A: ��� ¥ ��¦�Ï��¯����)������ %�&'('( ��¦ ¥ 3�( ; 
U��¦¨) ; & ��� ¥� ; ¦ ¥ Ï��K)�� : �Ò������Ï���� ( ��
U��¦¨) ; �c),�K��) ; %�('& �K� ; ¦ ¥ ��©$#��<?�1H�<?$���<?��g
 � 
���� ¥ ; ('( ��¦ ¥ 
U��¦/)�������.¨��� ( �ÏL+ ; 
 : ���qª & ),� ¥�¥ �U� ¥ ) ¥ ��¦ ¥ &§%�( � ; � :<; ¥�¥ ; ¸������ 3<( ; 
���¦/) ¥ � ; ¦ ¥A¥ ��¦pª�� & ¥ & ¦ ; ¸"�H� ��)A� ¥ ) & 
����H��� ¥.¨� ; ¦¨) & ),� ¥·¥ ) ; ) & ¥ ) & .¨��� ¥ Ï���¦�� & ) & ��¦�¦���� ¥ � ( ;q: ��� ¥ ��¦�Ï��K���AÏ�� ¥ ¥ ),����Ï�)������ ¥ 3�( ; 
U��¦¨) ; & ��� ¥5�
c ��� ( ./��� ¥ .¨��� ¥ ) & ��¦ ¥ ����ª�����)�� ¥ �8.¨��� (§( � ¥ ¥ ��¦¨) ( � ¥b¥ ),����Ï�)������ ¥ & 
 : ��� ) ; ¦¨),� ¥ = c ��� (§( � � ¥ ) ( � �"� & 1¸ & ¦�� ����Ï�� ¥É¥ ),����Ï�)������ ¥ = ( �����Ã)�� : � ( ��¸ & ��= ( ����� � ����.¨����¦�Ï���= ( ����� & ¦��<����¦�Ï�� ¥ ��� ( � ¥ : ��) & )�� ¥��ÏL+�� ('( � ¥ = c ��� ('( �U� ¥ ) ( � & 
 : �"��) ; ¦�Ï��Þ���8¦ ; 
 & .¨������� ¥ ),� % � ¥ ����ª$����) & Ï & ),� =�7¼�����E��� & ¥ ),��¦�Ï���� ¥ )'1� (§( �OÏ���
 :�; ) &§%�( � ; ª$��Ï ( � ¥ ( � & ¥ ������ÏL+�� ('( �Z� ¥ : ������� ¥�� + ; �8)Wæn���/¦�� ( � ¥ = c ��� ( � ¥ ) ( � (§& ��¦���¦/)����

( � & ¥ ��� ��Ïc+�� ('( �Ò�c) ¥ )�����Ïc),����� ¥ Ï���+�������¦/)�� ¥ =�7I�Kª$��� ) & ¸ & ¦������ãª & ���Þ.¨� & ¥ � :<; ���q�N�/¦ ; 
 & .¨���Þ�c) ¥ ) ; 1) & ¥ ) & .¨���ÞÏ���¦ ¥ ) & )���� ( ��� % ¥ ) ; Ï ( �K
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������ � ßÒ� ; ��) ; ¦¨) : ( � ¥ .¨������¦C),��� % � ( ��¦�Ï��q� & ��¦C¦���� ¥ ) ¥ & 
 : ( �H� ¦ &( ; �N�/¦ ; 
 & .¨�����F¦ &µ( ; ¥ ) ; ) & ¥ ) & .¨��� �5��� 7¼� ¥ 
U� ¥ ����� ¥ ��� : ��� & 
���¦/) ; ( � ¥K¥ ��¦¨)Þ� (§( � ¥ 1 
A&�
U� ¥ ('& 
 & ),��� ¥5��¯��Ï���¦��¯��� : ��� & ��¦�Ï��H¦�� : ����
��c) � Ï��"
������µ���6Ï���¦�¦ ; �§),��� : ����Ï & ¥ ��
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U��¦¨)8� �%?�
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U��¦¨) ; ( ��)( �HÏ���
 : ����
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��*) & ª�� ¥ :�; �ÞÏ�� ¥ ./��� ¥ ) & ��¦ ¥ �c) � ��¦¨)q��¦:<; � ) & � ¥ � & ),� ; ���p����ÏL+�����ÏL+�� ¥ � �Í��Ïc),����� ¥ ��¦ ß � 2 � � � � A¨#g
 � 
 ��� ¥ ;":�: ����)���¦ ¥ .¨��� ( .¨��� ¥ � ( ��
���¦/) ¥���C��� : ��¦ ¥ � � Ï�����) ; & ¦�� ¥ ���ÉÏ�� ¥ & ¦/)���������¸ ; ) & �"¦ ¥�¥ ��� ( �Ã� ;":�: ����)Z��¦/)���� & ¦/)�����
 & )�),��¦�Ï�� $V) � � 	,+ /
� ���])�+ ������� � ��) & ¦/)�����
 & )�),��¦�Ï�� $ � � � 	3$ � 	TS " � �



s � t � ������z � �

� z |h�m����� tf�W�$t �vw{z y �/��w � z�|�|~z
t ��� w�tvu?wxtvy z{u |~}o��������� �e��� z���� y �¡� �~u����e|~z�u





�x�
�
� � ���5�4��� ��� � � � �7� �����6�	� ���3��� � ��
 � � 
E� � � ��

�F�
���D�4��� � � � � � 
 � ���	��
 �3������


7 ; ¦��") & ��¦É��� & ¦¨ª ; � & ; ¦�Ï��Ò��� ��ÏL+�� (§( �U� ¥ ) ( � : + ; ���U��� � ( �6� ; ¦���� & �U����Ï���)�� ; ª ; &§( � 5Í� &'( ¦���� ¥ ; �Q1� & ª$��� ; ������¦É���c),������¦���� ( �K����¸ ; ���C�c)H
�&�
��E���Þ¦���� ¥ ��¦C� ( � & ¸�¦����5�0¦���� ¥ ¦�� ( ;�: ����������¦ ¥ 
 ; 
 ; & ¥���Hª/��� � .b�AÏL+ ;": & ),��� : ��� ¥ ��¦/)�� ( � ¥ & ¦�¸������ & ��¦¨) ¥ ��� % ; ¥ �A����¦¨)n¦���� ¥ ; ������¦ ¥ % � ¥ � & ¦ :<; � ( ; ¥ � & ),� �7 ;O:<; ��) & �O1�� ;*:�: � ('( � ( � ¥ � & �Í������¦¨),� ¥ �á; Ï���)�),� ¥ ��� ( � & ¦/ª ; � & ; ¦�Ï��E��� ��Ïc+�� ('( �O� ; ��)���1 ¥ & 
 &'( ; � & ),�H�<����1: ��¦�� ; ¦�Ï�� ( ��¦�¸"���H�¼����¸�� ( ; � & ),� ( �/Ï ; ( �H� � ����
 ; ('& ¥ 
U�Þ
q� ( ) & � � ; Ï�) ; ( �0
q� ( ) & ¥ Ï ; ('& ¦�¸ � 7ë������) &'( ¦ ; )������ (� ¥ ) ( ; ),� ; ¦ ¥ � �"��
U���Z��¦ç��¦���� ( �c)�),� ¥ .¨� & ¥ � ; ª$-���� � ( ; � � & ¥ 
 ; (§( � ; %�( ����)U� � Ï ; Ï�� � 2ë¦ � ���c) � ( � ¥��¦���� ( �c)�)�� ¥ � ('( � ¥ 1 
�&�
�� ¥ ¥ ��¦/)lÏ���¦ ¥ ),��� & )�� ¥ ��¦O��� ¥ : ��Ï�) ; ¦/) ( � & ¦¨ª ; � & ; ¦�Ï��·������ÏL+�� ('( ���8�c) ¥ �"¦/)b���"),��� ¥���6¦���
 % ����� ¥ � ¥ S % ��¦�¦�� ¥ S : ��� : � & �c),� ¥ .¨���6� ;*:�: � ('( � % � & -cª$��
U��¦¨) ( ;K:�; ��) & �¯� � ì ; � ( ; ¥ � & )��H�/¦���� ¥��) &'('& ¥ ������¦ ¥b¥ � ¥ )���
 ; ) & ./����
U��¦¨) ( � ¥ Ï��8� � Ï & ��¦/) ¥ ��� ( ; )�� ; ¦ ¥ � ����
U���H��¦¢�"¦���� ( ��)�),� ¥ �<��) ; ¥�¥ � �K: ���( � ¥ ; Ï�Ï���� & ¥�¥ ��
���¦/) ¥ ��� : ���/Ï�� ¥�¥ � ¥ � ( � :<; ����¦/) :<; ��ª/��� � 7 ;O:<; � ) & �U© : ��� ¥ ��¦/)�� � �"��
U� ('( ��
U��¦¨) ( � ¥Ï ; ¥ Ï ; ��� ¥ ( ��¸�1 & ¦ 3 ¦ & 
U��¦¨) � & ª & ¥ &'%�( � ¥�� ����1 ��� ( � ��� � ����
 ; (§& ¥ 
��E
q� ( ) & � � ; Ï�) ; ( ��)E���p
q� ( ) & ¥ Ï ; (§& ¦�¸.¨� & ¸���¦���� ; ('& ¥ ��¦¨) ( ; ¦��") & ��¦p��� ; ��),��1 ¥ & 
 &§( ; � & )��H�0¦���� ¥ ª$�������"¦ ¥ .¨��� ( � ¥ Ï ; ¥ Ï ; ��� ¥ ( �"¸�1 & ¦ 3 ¦ & 
���¦/)� & ª & ¥ &§%�( � ¥ � ������¦ & ¥�¥ ��¦/)F��¦qÏ ; �����l� & ÏL+��µ��) ¥ ��� : ( � : �����m��),��¦������·��)ë����Ï�� & ��� ( ; ¦��") & ��¦Þ��� & ¦¨ª ; � & ; ¦�Ï��������ÏL+�� ('( � � 2 ('( � ¥ : ����
U��)�),��¦/)4¦��*) ; 
U
���¦/)F��� ¥ � ; �Í� ; ¦�ÏL+ & �ë��� ¥ ( � & ¥ ��� : � & ¥�¥ ; ¦�Ï���Iê����� & ),� ¥ ��¦ ( ��¸�1( �"¸]L��¨�d_ ( � ( �"¸ ; � & ),+�
U�n��� ( � ��Ïc+�� ('( � ln a ¥ ��� )·���6��� � ������¦�Ï��H� : ����� ; ��)���� & ¥ ��� ��¦��6��� : ��¦�� ; ¦�Ï��A��¦
n(a) 6= ln a �

� / ��� � ' 4 ��� ��� � ���
� �+� � �6�

7¼� : +���¦���
U-�¦��¯��� & ¦/ª ; � & ; ¦�Ï��·������ÏL+�� (§( �n� ¥ ) ; ¥�¥ �/Ï & � � ( � ; % ¥ ��¦�Ï��¯��� ��Ïc+�� ('( ������),��
 : ¥ ������� � ¥ 1:<; Ï�� : � & ª &§( ��¸ & ���ã�h),����)�� ¥ ( � ¥ ��ÏL+�� (§( � ¥q¥ ��¦¨)���� : ��� ¥ ��¦¨),��� ¥W¥ ; ¦ ¥ � & ¥ ) & ¦�Ï�) & ��¦Ë��� ; ��Ï���¦��ã��� ��¦/)����� (§( � ¥5� 7 ; ¦��") & ��¦Z��� & ¦/ª ; � & ; ¦�Ï��¯������ÏL+�� ('( �E� ¥ ) & ¦¨) & 
���
���¦/) ('& ��� ; ��� ¥ : ��Ï�)���� ¥ ��¦ 1/f � 5 & ��¦ ¥ � & ¦�1),����� ¥�¥ � � ��¦ ¥ & ¸"¦ ; ( ��¦ & � & 
U��¦ ¥ & ��¦�¦�� ( � ( ; ����¦ ¥ & ),� ¥ : ��Ï�),� ; ( �¯��� : � & ¥�¥ ; ¦�Ï�� �á; & ) ; ( ��� ¥ ;":�:<; � ; �'),�����¦�� ( � & ��� : � & ¥�¥ ; ¦�Ï��¯��¦ 1/fα � 74� ; ��¸���
U��¦¨) � & 
U��¦ ¥ & ��¦�¦�� ( ¥ � & ª ; ¦/) : ����
U��) ��� ¥ � ��¦ ;": ����Ï���ª�� & � �ìë� & ¥ .¨��� &§( ¦������ & ¥ ),� ; ��Ï���¦�� � ����./����¦�Ï�� ν Ï ; � ; Ï�)���� & ¥ ) & .¨����� ( ; ����¦ ¥ & ),� ¥ : ��Ïc),� ; ( � Γ
ª$��� &U3 �

∀ ν1, ν2,
Γ(ν2)

Γ(ν1)
= f(

ν2

ν1
).

I �W�9� 1 L
58� & ��¦¨) ν1, ν2, ν3

),��� & ¥ � ����.¨����¦�Ï�� ¥ � & ¥ ) & ¦�Ï�)�� ¥5� M6¦Z������� & )n��� ( ; ��� ( ; ) & ��¦¤Ï & 1 ��� ¥�¥ � ¥
f(
ν3

ν1

) = f(
ν3

ν2

).f(
ν2

ν1
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U��¦¨)h�"� ¥ & 
q� ( ) ; ¦���
U��¦¨) � ( ����� & ¸ & ¦��4���lÏ�� : +���¦���
�-�¦��6� � "�� + / $�	�� 	������ 	 � 2 �~
 ; & ¥ ; � ¥�¥ &
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7¼�Z�<�/Ï���¦q���b¦�� & ¸��H� ( � Ïc+�����1m�������m��� ( � ¥ ('& ¸�¦�� ¥ Ï�V") & -���� ¥ & ¦�Ï ; ��¦���¦¨) %�& ��¦ ( ;�: ��� : � & ��)��l��� ; ��)���1¥ & 
 &§( ; � & )�� � .b+ ; .¨��� :�; ��) & �·��� ¥ ��� ¥ 1 :<; ��) & � : ��� ¥ ��¦¨),� ( �n
A&�
U� ; ¥ : ��Ïc)l.¨��� ( ����¦ ¥ ��
 %�( � � � & ¦ ¥ & ����¦¦�� ¥ ��� ;O:<; ¥H¥ ��� : � & ¥ ���q���c),���"��ª$���AI � ��� : �c) & ) ¥ ���c) ; &§( ¥ : ��- ¥ L ( ;W: � & ¦/)�� % ���c),��¦�¦��q��� ( ; % �")�),�& ) ; ('& ��¦�¦��6Ï ; ÏL+���� ¥-� ��¦��K��ÏL+�� (§( � : ( � ¥ : �c) & )��A� ; ¦ ¥ ( � ¥ Ï�V"),� ¥ ���¢
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X(ct)
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= cHX(t)
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��)
cHX(t)

��¦/)b
�&�
�� ¥ ( � & ¥ Ï���¦ 
�� & ¦¨),� ¥ 3 ¦ & � ¥ ��� : ��� % ; 1%�&§('& )�� � �¯��)�����
���¦/)n� & ) � : �����l)�����) c > 0
� : �����·),���8) m ∈ IN

�c) )���� ¥ t1 < t2 < . . . < tm

(X(ct1), . . . , X(ctm))
d
= cH (X(t1), . . . , X(tm))
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P (X(ct1), . . . , X(ctm)) = c−mH P
(
cHX(t1), . . . , c

HX(tm)
)
.
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X(t)
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X(t+ τ)−X(t)
fd
= X(τ)−X(0)
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 &'( ; & ��� ¥\� ; Ï�Ï���� & ¥�¥ ��
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�&�
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( ����� ¥ ; Ï�Ï���� & ¥�¥ ��
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� 2 [X(t)X(s) ] =
σ2

2

(
t2H + s2H − |t− s|2H

)
, t, s > 0.
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U
��µÏ��c)�),�·�6� : ��� ¥�¥ & ��¦q��� & )[&c),���l��� 3 ¦ & � : � ¥ & ) & ª$�H���¦ ; 0 < H < 1 � ì ; � ; &'(§( ����� ¥ � ( ;�: ��� : � & �c),�b��� ; �8),��1 ¥ & 
 &'( ; � & ),� : ���8) ¥ ��� % ¥ ��� ª$��� ¥ ��� ( � ¥ 
U��
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∀t > 0, ∀c > 0, � 2 [ | X(ct) |q] = cqH � 2 [ | X(t) |q ].
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δX(τ, t) = X(t+ τ)−X(t)
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∀(τ, t) ∈ (IR+∗)2, � 2 [ | δX(τ, t) |q ] ∝ τ qH .
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δX(τe, t)
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∀(τ1, τ2) ∈ (IR+∗)2, � 2 [ | δX(τ2, t) |q ] = exp
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−qH. ln τ1

τ2
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� 2 [ | δX(τ1, t) |q ]
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U��¦¨)m��� ¥ � ¥ Ï��"¦/)�� ; & ¦/)�� ¥ ��� ; ��),��1 ¥ & 
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U��),� & .¨��� � 7 ; ��� ( ; ) & ��¦ I �W�9� ©`LÞ¦���� ¥ ) ; ( �"� ¥ ª ; ( ; %�( �W.¨��� : �"��� c = cn0
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 : ����) ; ¦/)�� ¥ � ( � ¥ 
U����ª$��
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(BH(t), BH(s)) = � 2 [BH(t)BH(s)] =
σ2
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t2H + s2H − |t− s|2H
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H;14TUZ�1¦O5KcG9;5F1XH;HG3<Z�9G:XV�3<:<92Z<EaIJHG927XA%IP@BTU9;:DV�ltZSIJA[V�ZSIJA[Tn@�EB9G5�H;IJ5KH;IJ=<9;5�EB14NPOQ@B:6R<:<@BTU9;:DVL=<@ª7]@M5K@MY<EB9G5;eXfLEBEB9G5TU�;:<9G:XVrln3<:69s7X@B5K@M14:�14AK@MN4@B:SIPEB9i=<9tE­^`@B:DV%9;A[Tn@ªVKVK9;:<HG9i5[V&I¦V%@B5zV%@MCX369t9G:�V%3<A[Y<3<EM9;:<HG9s=<cGH;AK@ªV%9t=SIJ:<52EaIZSIJAzV%@M9t~UN4A%ÇPH;9tln3<:<9sIJ:SIJEM14N4@M9iI�749;H®EaI�Z<AK14Z<IJN�IPVK@B14:'=_^`3<:�AKI��414:*EM3<TU@B:<9G3]\'=SIJ:65rEaI�ÈÉ14@M9t��IJH�OV%cG9U{ª��v¦�­eSÊ�:*Z6AK1XH;9;5[5K3<5�=<9tË�IJA[§41�7md<14TU14N4�G:<9iZ�9;36V�EB36@WIJ3<5[5K@W«GVKAK9b=<cGH;AK@ªV�ZSIJA�3<:�5K9GTn@©O�N4A[143<Z�9
� =69�Ë�IJA[§41¦76¡�eg��ImZSIJAzV%@M9s|m5G^�9phg14A[H;9k=<9sH;EaIPAK@MR<9;ArEM9;52EB@B9G:<5r9G:XVKAK9�H;IJ5KH;IJ=<9G5iEB14NPOQ@B:6R<:<@BTU9;:DV�=<@M7X@©O5K@MY<EB9G5.9GV�Z6AK1XH;9;5[5K3<5�=<9®Ë*IJAK§41�7 � c;CD3SI¦V%@B1J:�=<9bÌ�1J§X§J9;AzO�ÆLEaIJ:<H�§�wDc;CD3SIPVK@B14:'=<9b��IJ:6N49G7X@B:S¡?N4A%ÇPH;9ilEaI�:61JV%@M14:'=<9bN4c;:<cGA%IPVK9;3<A�=_^`3<:�5K9GTn@©O�N4A[143<Z�9Je
Í ÎrÏ�ÐÒÑ 
4Ó2Ô;ÕjÖF×�Ï�ØÚÙ�Ï �WÕjÛLÜ>ÕrÝ�Ö$�SÑBÕjÛ#Ï ��ÙiÑMØ3�SÔ¦Ñ�Þ2Ö$�SÑMÕjÛ�ØÃÑ­ÛLß�ÛFÑ�ÐàÏ�Û$�

ÙjÑMÜ?ÑBØ�Ñ�Þ�ÝMÏ8Ø
Ê2:<9r=<9;5[H;AK@MZ6V%@M14:,Z�145[5K@BY6EB9�=<9rE�^�@M:XVK9;AKTU@MV[V%9G:<H;9F9G:mV%3<A[Y<3<EB9G:<H;92H;14:65K@B5zV%9il®cGVK3<=<@B9GA�E�^�cp7�14EB3]V%@B1J:=<9b=<@M5[V%A[@BY<3]V%@B1J:<5

Ps(Y )
5K1J3<52EBIs��14AKTU9 � 7414@BA� ¦e�~k9GV� � ¦e�~4¡

Ps2(Y ) = Gs1,s2 ? Ps1(Y ) ��áKáKá eª��¡14â
Ps
=6c;5K@MN4:<9?EaI2TnIJA[N4@B:SIPEB9L=<9

Y (s)
w
Gs1,s2

9;5zVLIJZ6Z�9GEBcÉ¹�¶&·&¹<»�µ�»JÄ�°p¸X¶g=63kZ<AK1XH;9G5K5K365;w49pV
?
=6c;5K@MN4:<9EaI.HG14:D7�14EB3]V%@B1J:_e;Æ�143<AgR6\]9GA�EM9;5W@B=6c;9;5Gw¢9;:bV%36AKY<3<EM9;:<HG9Jw�EM9LZSIJA%IPTn�pV%AK98=_^�cp7�14EM36V%@M14:

s
5[9;A%I�9;:®N4cG:<c;AKIJE
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������� ����������� ���"!#����$%�&� '(� ����)(� ���*��$+$-,�./)�,(� ���
�0�

IJ5[5K1XH;@Bc�lbE­^`c;H�d<9GEBEM9
r
143

a
e��W9�Z<EB365L5K1436749;:DV¢w�14:�5;^`@B:DV%cGAK9G5K5K9�5[14@MVÉliEaIj=6@B5K5[@BZSI¦V%@B1J:kEB1XH¢IJEM9Jw

Y (r) =
ln εr

wP5[14@MV�IJ3X\tIJH;HGAK14@M5K5K9GTn9G:XVK5 � EB14:6N4@MVK3<=<@B:<IJ3]\i1J3tV%AKIJ:<5z7�9;A[5K9;5%¡�=<9ÉEaIF7X@MV%9G5K5[9Jw Y (r) = ln | δvr |
w5K1J@MV�IJ3]\tH;1X921UHG@B9;:DV%5�=_^`3<:<9�VKA%IJ:65[��14A[TncG9?9G:s14:<=69;EB9pVKVK9;5;w

Y (a) = ln | Tv(a) |
e¦Ê2:sH;IJ58Z<IJA[VK@BH;36EB@B9GA9;5zVjEM9tH;IJ521Jâ

Gs1,s2

:<9®=<c;Z�9;:6=oCX369s=<9
∆s = s2 − s1

e á E�Z�143<A[A%IU5K3 1UAK9tZ�1J3<A25G^`�*A%IPTn9G:<9;A�=<9H�d<14@M5K@BAWEM9LZSIJAKIJTn�pV%A[9É=g^�cp7�14EB3]V%@B1J:
s
=<9?TnIJ:<@M�;A[9?IP=<c;CD3SIPVK9 � ZSIJA�9p\]9GTnZ<EM9 s = n(a) = − ln(a/a0)=SIJ:65.EB92H¢IJ5F=_^`3<:�Z<A[1]HG9;5[5K3<5F@M:X7JIJAK@BIJ:DVL=_^`c;H�d<9;EMEB9Pw]7�14@MA? � ¦e�~�¡pe]�L^�cGCX3<IPV%@M14: ��á[áKá eª��¡É5[9iAKcGc;H;A[@MV�=SIJ:<5H;9bH;IJ5
Ps+∆s(Y ) = G∆s ? Ps(Y ) ��áKáKá e��4¡

y�9GV[V%9UH;14:D7�14EM36V%@M14:oZ�9;36VtIJ3<5[5K@�5K9UEB@MAK9kHG14TnTU9kE­^�IJHpV%@B1J:o=_^�36:�14Z�c;AKIPV%9G3<A®IJ5K5[1]HG@BcUl
G∆s

5[3<AbEaI=<@M5[V%A[@BY<3]V%@B1J:
Ps
=<cGZ�9G:<=SIJ:DVÉ=<3UZSIJA%IPTn�pV%AK9

s
Z�1436AÉ1JY6V%9G:<@BA

Ps+∆s

eD�W9;5�5K9GTn@©O�N4A[143<Z�9;5L=<9�HG14:X741POEB3]V%@B1J:�=<14:<:69;:DVL3<:�H¢IJ=6AK9.��14A[Tn9GE6ljHG9GVKVK9�EB9;HpV%3<A[9JeJ02143<5L9�\]Z�145[14:<5�Y<A[@B�G749;TU9;:DV>EB9G3<AK58Z<AK@M:<H;@MZSIJEB9G5=<cpRS:<@MVK@B14:65r9GVjZ<AK14Z6AK@BcpV%cG5 ��3 �4eM��¡pe�02143<527�9;A[AK14:<5jIJEB14A[5rCD3<9�EM9sZ<A[14ZSIJN4IPV%9G3<A G∆s

9G5[VbIP5K5K1XH;@Mc�l3<:<9'=<@M5[VKAK@BY636V%@M14:�@M:6RS:<@MTn9G:XVs=<@M7X@B5[@BY<EM9 ��3 �4e �J¡pe>0�143<5kV%9GAKTU@B:<9GAK14:65�ZSIJAk3<:6954G9p\]Z�145K@ªV%@B1J:64,=<9=<@M5[V%A[@BY<3]V%@B1J:<5�@B:6RS:6@BTU9;:DV2=6@M7X@B5[@BY<EM9;5�Z<AK1JZ�145[c;9G5jZSIJA2=<@M7�9GAK52IJ36VK9;3<A[5j9;:�VK3<AKY63<EB9G:<H;9 ��3 �4e�~�¡�e87j:Z�143<AKAKIrH;1J:<5K3<EªV%9GA>E­^`14367XA%IPN49�=<9�Ì�9;EMEB9GA?{:94u��<Z�143<A>Z<EM3<5>=<9�Z<AKcGH;@B5[@B14:gwP9pVLEB9G5>AKcp��c;AK9G:<H;9G5!{`~4~Xw6���<;��SlZ<A[14Z�1J5F=<9iE­^`36V%@MEB@M5%IPVK@B14:U=<9;5F5[9;TU@ªOQN4AK1436Z�9G5.Z�1J3<AFE­^`cGVK3<=<9i=<9G5Fc;CD3SIPVK@B14:<5�IP3]\'=<cGAK@M74c;9;5FZ<IJA[VK@B9;EMEB9G59;:�ZSIJAzV%@MH;3<EM@B9;AGe

Í�=�Í ÎrÏ?ÐÒÑ 
JÓrÔGÕjÖF×�Ï8ØÚÙFÏ1�WÕjÛLÜ8ÕrÝ­Ö$�SÑMÕjÛ
>@?A>B?A> C �@DFEHG I�JFK8ELG MNMNOQPSRTDVUWKBXYJ[Z6R"M2I�E\R�]BK I�R"O6X
^_Da`bXBR�I�RTOcX ? qÃV%143]V%9�=<@B5zV%A[@BY<36VK@B14:s=<92Z6AK14YSIPY<@BEM@MV%c

G
w�14:UIJ5K5[1]HG@B9�E­^`14Z�c;A%I¦V%9;36A G =<9�E­^`9;:65K9;TkY6EB9=<9G5���14:<HGVK@B14:65sH;1J:XVK@B:X3<9;5t=<9mEB@MTn@ªV%9G5bR<:<@B9G5�9;: ±∞ :<1JVKc C[−∞,+∞]

=<IJ:<5�EM3<@ªOQTn«GTn9�CD3<@­w�lV%1J36V%9i��14:<HpV%@M14:
p
w�IJ5[5K1XH;@M9

Gp(Y ) =

∫ +∞

−∞

p(Y − u)G{du} = G ? p (Y ) ��áKá[á e�~�¡
14â

?
=<c;5[@BN4:69®EBI�H;14:D7�14EM36V%@M14:m=_^`3<:<9i��14:6HGV%@M14:'ZSIJAF3<:69®=6@B5[VKAK@MY<36V%@M14:_e

C

qr36V%IJ:DVmCD3<9/Z�145K5[@BY<EM9Jw�EB9G5,=<@M5[VKAK@BY636V%@M14:<5�9GV,14Z�cGA%IPVK9;3<A[5�IJ5[5K1XH;@BcG5,5[9;AK1J:XV,:<1JV%cG5m9;:!EB9GV[V%A[9;5AK9G5KZ�9;HpV%@M749;TU9;:DV.EaI¦V%@B:69;5É9GVFN49GAKTnIJ:<@MCX369;5;e
G(Y )

=<cG5K@BNJ:<9jEaIb��14:<HpV%@B1J:m=<9;:65K@MVKcj=<9jZ6AK14YSIPY<@BEM@MV%c � 5K@9;EMEB9®9p\]@B5zV%9¢¡2IJ5[5K1XH;@BcG9�lUEaIn=6@B5[VKAK@MY<36V%@M14:
G
Å�14:/I,IJEB14A[5

G{dY } = G(Y ) dY
e8d]@

G1

9pV
G2

5K14:DV=<9G3]\m=6@B5[VKAK@MY<36V%@M14:<5GwXE�^�1JZ�cGA%IPVK@B14:
?
9G5[VFY<@M9;:m=6cGRS:<@M9Jw]9GVF5[@gEB9G5?��14:6HGV%@M14:<5É=<9;:65K@MVKc;5F=<9rZ<AK14Y<IJY<@BEM@MVKc9p\]@M5[V%9G:XV

G1 ? G2(Y ) =

∫ +∞

−∞

G2(Y − u)G1{du} =

∫ +∞

−∞

G2(Y − u)G1(u) du ��áKáKá e`|D¡
=<cG5K@BNJ:<9sEBIn=<@M5[V%A[@BY<3]V%@B1J:�=<9tEaIn5[14TUTn9®=<9�=<9G3]\*74IJA[@aIJY6EB9;5�@M:<=<c;Z�9;:6=SIJ:DV%9;52=<9�=<@M5[VKAK@BY636V%@M14:<5

G19GV
G2

e
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� �"�0� ����!#���
$%�&� '�� ���")�� ��� ���

>@?A>B?�� ^ Da`bX@R"I�R"OcX
d]14@ªV {Gs}s∈[0,s∞] � s∞ ≤ ∞ ¡�3<:69b��IPTn@MEBEB9�=<9b=<@M5[V%A[@BY<3]V%@B1J:<5.=<9bZ<A[14YSIJY<@MEB@ªV%cr5[3<A

IR
74c;AK@ªR�IJ:DV

Gs1+s2 = Gs1 ? Gs2 ��á[áKá e��4¡
9GV�5[14@MV {G(s)}s∈[0,s∞]

E�^�9G:<5K9GTkY<EB9r=<9;5�14Z�c;A%I¦V%9;36AK5�IJ5K5[1]HG@BcG5�=6cGRS:<@M5�ZSIJA ��á[áKá e�~�¡r�

G(s)p(Y ) =

∫ +∞

−∞

p(Y − u)Gs{du} = Gs ? p (Y ) ��áKá[á e"9�¡
�W9;5�14Z�c;AKIPV%9G3<AK5 G(s)

7�cGAK@ªRS9;:DVFEaIkA[9;EaI¦V%@B1J:/�
G(s1 + s2) = G(s1)G(s2) ��á[áKá e�¥4¡

Ê2:69���IPTn@MEBEB9�=_^`14Z�c;AKIPV%9G3<AK5�5%I¦V%@B5z��IJ@B5KIJ:DV>EB9G5>Z<A[14Z<AK@McGVKc;5�H;@©O�=<9G5K5K365ÉHG14:<5zV%@MVK3<9F3<:m¯�°p±k²´³�µJ¶&·¦¸�¹�°pePy�9;514Z�c;AKIPV%9G3<AK5icpV&IJ:DV®IJ5K5[1]HG@BcG5bl'36:<9k��IJTn@MEBEM9®=69k=<@B5zV%AK@MY<36VK@B14:<5r14Y�cG@B5[5%IJ:DVbl�EaI,A[9;EBIPV%@M14: ��á[áKá e��4¡pwgEaI��IJTU@BEMEB9 {G(s)} ��14A[Tn9F36:'¯�°p±k²´³�µJ¶&·¦¸�¹�°F½X°jÀ�·¦¿
	J·�� ¸]Ä�²­·¦¿Se�y�9�:_^`9;5zV�Z<IJ5�3<:nNJAK143<Z�9FH¢IPAÉ9G:nNJc;:<cGA%IJE
G(s)

:g^�I�ZSIJ5�=_^`@B:D7�9;A[5K9Pe
>@?A>B?�
 � J
� R����cE O6K��@J ZBJ P&OcX�� O���KSI�RTOcX P&OcX I�R�X8K�����DFXYDFEHG I�JFKBE
� J��[R����cEHOcK �@J ZBJ P&OcX!�SO�� K I�R"OcX P&OcX I�R�X8K ? Ê2:
5[9;TU@ªO�NJAK143<Z�9s=69kH;14:D7�14EM36V%@M14: {G(s)} 9;5zVb=<@MVÀ�·¦¿SÄ�²´¿S¸t5K@L�

G(h) −−−→
h−→0

I1 ��áKáKá e�;�¡
14â

I1
9G5[V�E­^`14Z�c;AKIPV%9G3<AF@B=<9G:XVK@MVKcJe<�rIJ:<5�H;9bH¢IP5�1J:*Z�145K9 G(0) = I1

e
C

021JVK14:<5?CX369jEaI®=<cGRS:6@MV%@M14:,:g^�cp7�1]CD3<9rCX369jEaI®H;14:DV%@M:]3<@ªV%cF9G:
0
e]��I®Z<AK1JZ<AK@McGV%c ��á[áKá e�;�¡ÉIP5K5K36AK9i9;:��IJ@ªVFEaI�HG14:XVK@B:X3<@MVKcj9;:'V%1J36V�Z�1J@B:DVi�

(G(s+ h)− G(s)) p = (G(h)− I1) G(s) p −−−→
h−→0

0 ��áKáKá e�u�¡

" DFXYDFEHGSI�J�KBE Z$#�K8X MNJ
� R����cE O6K��@J ZBJ P&OcX�� O���KSI�RTOcX Ê�: 14Z�cGA%IPVK9;3<A U 9;:<N49G:<=<A[9�EM9
5K9GTn@©ON4A[143<Z�9i=<9bH;14:D7�14EM36V%@M14: G(s)
5[@

G(h)− I1

h
−−→
h→0

U ��áKá[á eM�¢v�¡
U 9;5zV2IJEB14A[5FEB9bµ&%p¿ %p¶K»JÄ�°p¸]¶?=<3*5[9;TU@ªOQN4AK1436Z�9j=69®HG14:D7�14EB3]V%@B1J: {G(s)} e C

')(YD O8E+*
� J >@? � y�14AK14EMEaIJ@MAK9�=<3*��9GTnTU9k�4wSÌ�9;EMEB9GA áKá wSZge �<;<;�{:94u��´¡�r9G3]\�5K9GTn@©O�N4A[143<Z�9;5F=<9bH;1J:X7�1JEB36VK@B14:n:<9bZ�9G367�9;:DV2I�7414@BA?EB9iTU«;TU9iN4c;:<cGA%IPVK9;3<AGe
C
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Ê2:n5K9GTn@©O�N4A[143<Z�9F=<92HG14:D7�14EB3]V%@B1J:kZ�145[5K�G=<9r3<:nN4c;:6c;A%I¦V%9;36A�5K@�9pV�5[9;3<EM9;TU9;:DV?5G^�@MES9;5zV.H;1J:XVK@B:X3 � 7�14@MA{`~4~6wF94u¦�´¡�e�7j:�Ik=SIJ:65�HG9bH¢IJ5�E­^`c;N�IPEB@MVKcr5[3<@M7JIJ:DV%9s�
d

ds
G(s)p=UG(s)p ��áKá[á eM�4��¡

7j:nZ�9;3]V?��14A[Tn9GEBEM9;TU9;:DV8@M:XVK9;AKZ6AKcGVK9;A U H;1JTnTU9FEaIi=<cGAK@M74c;9�EB14N4IJAK@ªV%d<TU@BCD3<9?=<9 G(s)
9GVÉc;HGAK@BA[9�5K143<5H;9GA[V%IJ@B:<9G5�dX�XZ�1JV%d<�G5K9G5��i�

G(s) = exp(sU) ��áKá[á eM���J¡
>@?A>B?�� ��� J
� � ��J M
� I4¡	�S¶K»J¿6¯ �ª»JÄ�²­·¦¿6¯�
ad]14@MV?3<:<92H;14:65[V&IP:XVK9

c > 0
9GV�5K14@ªV

Tcs
EBI®=6@B5[VKAK@MY<36V%@M14:UH;14:<HG9;:DV%A[c;9jIP3mZ�1J@B:DV

cs � �r@BAKIJH�¡�w>9GV T (s)
E­^`14Z�c;A%I¦V%9;36A�IJ5K5[1]HG@BcJe>��IoZ<A[14Z<A[@BcGVKc�=<9'5K9GTn@©O�N4A[143<Z�9

Tcs1 ? Tcs2 =
Tc(s1+s2)

9;5[V�7�cGAK@ªRSc;9i9pV T (s)p(Y ) = p(Y − cs)
e<��I���14:6HGV%@M14: T (s)p

9;5zV2=614:<HbEaIs7�9GAK5[@B14:VKA%IJ:<5[EaIPVKc;9®=<9
cs
=69sEaIk��14:<HpV%@M14:

p
� {T (s)} H;14:65[V%@ªV%3<9®EB9k¯�°p±k²´³�µJ¶&·¦¸�¹�°®½X°&¯tÄ�¶%»J¿6¯ �ª»JÄ�²­·¦¿6¯ped]1J:*N4cG:<c;AKIPV%9G3<A�9;5zV
U = − c

d

dY
. ��áKá[á eM�¢~�¡

d]9GEB14: ��áKá[á eM���4¡pwD3<:<9rc;H;A[@MVK3<AK9j@MT,IPN4c;9�=<9jHG9j5K9GTn@©O�N4A[143<Z�925[9;AKIJ@MV T (s) = exp

(
−cs d

dY

) e
� YS¡
�_°p±k²´³�µJ¶&·¦¸�¹�°�¿g·¦¶�±U» ��
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Gs = N (0, σ2s)
IJ=6Tn9pV�Z�1436A�NJc;:<cGA%IPVK9;3<A

U =
σ2

2

d2

dY 2
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HG9®CD3<@WHG14AKA[9;5[Z�14:6=/lk3<:'V%9;A[Tn9i=69®=6@Mh�3<5K@M14:_e
� H¢¡���²­°p¿!» 	J°pÀ���·�¼�¼�°p¶p³�� �ª»J¿gÀ&¼¦e�y�14:65K@B=6c;AK1J:<5kEaI*��IPTn@MEBEB9�=<9m��1J:<HGVK@B14:<5t=<cGR<:<@B9�ZSIPA

Ps(Y ) =
G(s)P0(Y )

e�Æ8143<A
P0

5[3 1U5%IJTUTn9G:XV�A[c;N436EB@B�GAK9Pw
∂Ps
∂s

=UPs ��áKá[á eM���4¡
0�143<5�AK9GH;14:<:<IJ@B5[5K14:<5�3<:69®cGCD3SIPV%@M14:�=<9iVz�XZ�9bÌ�1J§X§J9;AzO�ÆLEaIJ:<H�§�wX9GV

Ps
9G5[V�E­^`3<:<@MCD3<9b5K14EM36V%@M14:5KIPV%@M5[��IJ@M5%IJ:DV.EBI�HG14:<=<@ªV%@M14:�@B:<@ªV%@BIJEB9

Ps=0(Y ) = P0(Y )
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� =S¡
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Gs = e−αs

∞∑
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(αs)k
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F
9G5[Vk36:<9m=<@M5[V%A[@BY<3]V%@B1J: CD3<9GEBH;1J:<CD3<9Je á E�9;5zVkIJ@M5Kcn=<9,Z<A[14367�9GAsCD3<9 ��áKá[á eM��v4¡®9;5zVs7XA%IP@B9I�7�9;H

U =α (F − 1) ��áKáKá eª��¥4¡=<9b5[14A[VK9®CD3<9b:<1J3<5�I�7�1J:<5 � A[@BN41436AK9;365K9;TU9;:DV�@BHG@´¡
G(s) = eαs(F−1) ��áKá[á eM��;�¡

C

d]@�E�^�cp7�14EM36V%@M14:
=<9;5�=6@B5[VKAK@MY<36V%@M14:<5
Ps

9;5zV�N41J367�9;A[:<c;9,ZSIJA®3<:¤5K9GTn@©O�N4A[143<Z�9U=69mH;14:D7�14EM36V%@M14:_w14:¤Z�143<A[A%I/=<14:6H�H;9;AzV&IJ@M:<9;TU9;:DV�cGH;A[@BAK9,3<:<9'c;CD3SIPVK@B14:ÚIP3]\
=6c;AK@ª7�c;9G5kZSIJAzV%@B9GEBEM9;5sZ�143<A
Ps
e���c;H;@©OZ<A[1]CD3<9GTn9G:XV;w6H�d<9;A[H�d<9;A.36:<9ic;CD3SIPVK@B14:'IP3]\m=6c;AK@ª7�c;9G5FZSIJAzV%@B9GEBEM9;5ÉAK9G7X@M9;:DV¢w65[143<5FEM9;5.dD�XZ�1JVKd<�;5[9;5�=<3V%d6c;14A[�;TU9m=<9���@BEBEM9pO���1J5K@B=<Io{�~4~¦�­w8l�H�d<9;A[Hpd69;A�3<:¤5[9;TU@ªOQN4AK1436Z�9U=<9�H;1J:X7�1JEB36VK@B14:¨=<c;HGAK@ªV�=SIJ:65�H;9H¢IP5FZSIJA

G∆s

e6qr@M:<5K@�w]@MEg9�\6@M5[VK9i3<:'ZSIJA%IPEBEB�GEB9�9;:DV%A[9j3<:<9i=<9G5KHGAK@BZ]V%@B1J:�9;:�V%9GAKTU9;5.=_^`14Z�c;AKIPV%9G3<AK5F=<@ª�aO��c;A[9;:DV%@M9;EB5 � 7�14@MArZSIPA[V%@M9�|D¡r9pVb3<:<9k=<9G5KH;A[@BZ6VK@B14:
9G:
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')(YD O8E+*
� J �6? � Ì�9GEBEB9GA á[á Z_e��PuJ|�{�94u��´¡�W9G5�HGEaIJ5[5K9G5�=69®=6@B5[VKAK@MY<36V%@M14:<5.=69®Z6AK14YSIPY<@BEM@MV%c25K3<@ª74IP:XVK9;5F5K1J:XV�@M=<9;:DV%@MCX369;5i�
� I4¡'EM9;5F=<@M5[V%A[@BY<3]V%@B1J:<5FIJ5[5K1XH;@BcG9;52IJ3]\m14Z�cGA%IPVK9;3<A[5 G(s)

=<9;5�5[9;TU@ªO�NJAK143<Z�9;5F=69®HG14:D7�14EB3]V%@B1J:HG14:XVK@B:X3<5;w
� YS¡'EM9;5F=<@M5[V%A[@BY<3]V%@B1J:<5.@B:]RS:<@BTU9;:DV.=6@M7X@B5[@BY<EM9;5.9pV2EM@BTU@MVK9;5�=69®HG9;5�=<@B5zV%A[@BY<36VK@B14:65;w
� H¢¡'EM9;5FEB@MTn@ªV%9G5�=<9b5K36@MV%9G5�=<9b=<@B5zV%AK@MY<36VK@B14:<5�=<9®Æ814@B5[5K14:'HG14TnZ�145[c;9;5Ge C

y�9rVKd<c;14A[�;TU9rTU14:DV%AK9�EaI®H;14A[AK9G5KZ�14:<=SIJ:6H;9j9G:XVKAK9rEM9 4GTU14:<=69a4�=69;5.5[9;TU@ªO�NJAK143<Z�9;5É=<9jHG14:D7�14EB3]V%@B1J:9GVrEB9 4GTU14:<=<9&4®=<9G5j=<@B5zV%A[@BY<36VK@B14:65�@M:6RS:<@MTn9G:XV�=6@M7X@B5[@BY<EM9;5;e á E�9;5zVbIJ@M:<5K@�c;CD3<@ª74IPEB9;:DV�=<9t=<c;HGAK@BA[9sEM9;5=<@M5[V%A[@BY<3]V%@B1J:<5
Ps

ZSIPA�3<:¤5K9GTn@©O�N4A[143<Z�9n=69�H;14:D7�14EM36V%@M14: HG14:DV%@B:X3
IP5K5K1XH;@Mc�l�3<:69�c;CD3SIPVK@B14:ÚIJ3X\=<cGAK@M74c;9;5�ZSIPA[V%@M9;EMEB9;5 � V��XZ�9�Ì�14§D§49;A�O�ÆLEaIP:<H�§�w ∂Ps/∂s = UPs
¡L1J3UZ<IJAL3<:<9�=<@B5zV%A[@BY<36VK@B14:s@B:6RS:6@BTU9;:DV=<@ª7]@M5K@MY<EB9kIP5K5K1XH;@Mc;9nIJ3¨Z<AK14Z<IJN�IPVK9;3<A � Ps+∆s = G∆s ? Ps
¡pe�021J3<5bAK9G7X@M9;:<=<A[14:<5®9;: =<cGV%IJ@BEL5[3<AbEaIEB9GHGVK3<AK9	4GÌ�14§D§49GAzO�Æ�EBIJ:<H�§B4.=SIJ:<5FEBItZSIJAzV%@M9r|<e]0214365.AK9p7]@M9;:<=6AK14:<5.IJ3<5K5[@_5K36A.EB92H¢IJ5.Z<IJA[VK@BH;36EB@B9GA�=<9;5=<@M5[V%A[@BY<3]V%@B1J:<5?=69jÆ814@M5K5[14:mH;1JTnZ�145KcG9;5 � 7�14@MA�~4¡pe]02143<5?Z<AKcG5K9G:XVK14:<5.TnIJ@B:DV%9G:SIJ:DVÉEB9;5?=<@B5zV%A[@BY<36VK@B14:65@B:]RS:<@BTU9;:DV.=6@M7X@B5[@BY<EM9;5;e
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¤ÑBØ��SÔPÑ�Þ�Ö+�SÑMÕjÛ�Ø�Ñ­ÛLß�ÛFÑ�ÐàÏ�Û$�ÚÙjÑªÜ�ÑMØ�Ñ�Þ�ÝMÏ8Ø
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��� �������	��

����

������� ����������� ���"!#����$%�&� '(� ����)(� ���*��$+$-,�./)�,(� ���
�0�

=<@ª7]@M5K@MY<EB9G5;e�0�143<5�9G:,AKIJZ<Z�9;EB1J:<5?HG@ªOQ=<9;5[5K143<5?CD3<9;EMCX369;5�Z6AK14Z<A[@BcpV%c;5É9;5[5K9G:XVK@B9;EMEB9G5;e á E�:<925G^�IPN4@MVÉZSIJ5?=<9AK9G=<c;TU14:DV%A[9;A�=<9;5ÉV%d<cG14AK�GTn9G5;wXT,IP@B5L5K@MTnZ6EB9;TU9;:DV�=<9�AK9GN4AK1436Z�9GA?3<:69r5KcGEB9GHGV%@M14:U=<9rZ<A[14Z<A[@BcGVKc;5É=<@B5�OZ�9;AK5[c;9G5?=SIP:<5�EB9;5L1J367XA%IJN49G5�=<9�AKcG��cGAK9G:<H;9�=<9�Ì�9GEBEM9;A?{�¥Jv]wa94uP�S9pV � :<9G=<9;:6§41®� �r14EMTn1JN414AK1�7U{:;4v¦��e á E9p\]@M5[V%9i9G:'9Gh�9GV�=<9iTk3<EªV%@MZ<EB9G5É=69;5KHGAK@MZ6V%@M14:<5.Z�145K5[@BY<EM9;5F=<9G5F=<@B5zV%A[@BY<36VK@B14:65�@B:]RS:<@BTU9;:DV?=<@M7X@B5[@BY<EM9;5?9GVZ�9;3'=_^�IJ36V%9G3<AK5�36VK@BEM@B5K9G:XV?EaItTn«GTn9j9G:�V%3<A[Y<3<EB9G:<H;9Pe�y�dSIJCD3<9bAK9GZ<AKcG5K9G:XV%IPV%@M14:m��IJ@MV.IJZ<ZSIPA%I��MV%AK923<:<9CD3SIJ:DV%@ªV%cÉCX3g^�14:sZ�9G36V>7�14@MA�H;14TUTn9É3<:<9?@BTnIJN49�=<3�NJc;:<cGA%IPVK9;3<A U =<3�5[9;TU@ªOQN4AK1436Z�9�=<9.HG14:D7�14EB3]V%@B1J:IJ5[5K1XH;@Bcbl�EaI�=6@B5[VKAK@MY<36V%@M14:_e
>@?�� ?A> ^ Da`bX@R"I�R"OcX
^_Da`bXBR�I�RTOcX > � Ê2:69�=<@B5zV%A[@BY<36VK@B14:

G
9;5zV�²´¿���¿S²´±,°p¿SÄ.½J² 	�²B¯p² º �B°F5K@�Z�143<A2VK1436V n ∈ IN∗ @MEW9p\]@B5zV%93<:<9'=<@M5[VKAK@BY636V%@M14:
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n

e>q236V%A[9;TU9;:DV�=<@MV;w
G
9G5[V�@M:6RS:<@MTn9G:XVs=<@M7X@B5[@BY<EM9n5[@F9GV5K9G3<EB9GTn9G:XVU5[@2Z�143<A�V%143]V
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Sn = Y1,n + ... + Yn,n=<9
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α
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n
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α
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n
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
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Ḡ = e−ϕ
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∀ q ≥ 0, ϕ(q) =
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^_Da`bXBR�I�RTOcX ? d]@

G
InZ�1436Ar5K36Z<Z�1JA[V

] −∞, +∞[
14:oZ�9;36Vr=<cGRS:6@BA � 5K@�9;EBEM9t9�\]@B5[VK9�¡2EBI �¢·¦¿gÀpÄ�²­·¦¿µ&%p¿ %p¶K»JÄ�¶�²­À�°j½X°&¯b±,·¦±,°p¿SÄ�¯

Mk
wSIJ:SIPEB14N4369ilk3<:<9iV%AKIJ:<5[��1JAKTUc;9j=<9®��IJZ<EBIJH;9rY<@BEBIPV%cGA%IJEM9 � Hp���Je �]e�~�¡�w

G̃(q) =

∫ +∞

−∞

eqy G(y) dy= 1 +
∞∑

k=1

Mk
qk

k!
��áKá[á e � ;�¡

7j:�I���14A[Tn9GEBEM9;TU9;:DV
G̃(q) ≡ Ḡbil(−q) ≡ φ(−iq) e C

0214365kAK9GVKAK143]7�14:<5�Z�143<AsEaI*��14:6HGV%@M14:
N4cG:<c;AKIPV%A[@BHG9m=<9;5kZ6AK14Z<A[@BcpV%c;5�IJ:SIJEM14N43<9G5�l/H;9GEBEM9;5�=<9,EaIV%AKIJ:<5z��14AKTUc;9i=<9®��IJZ<EBIJH;9Pe
')(YD O8E+*
� J � I�JFE ? d]@

G
9G5[Vk3<:69,=<@M5[V%A[@BY<3]V%@B1J: @M:6RS:<@MTn9G:XV®=<@ª7]@M5K@MY<EB9�=<9U��14:<HGVK@B14: N4c;:6c;A%I¦V%AK@MH;9

G̃= e−H
wgIJEB1JAK5�Z�1436ArV%143]V

s > 0
w
G̃s = e−sH

9G5[V®IJ3<5[5K@�EaIU��1J:<HGVK@B14:/NJc;:<cGA%IPVKAK@BHG9s=_^`3<:<9k=6@B5[VKAK@©OY<36VK@B14:'@M:6RS:<@MTn9G:XV�=<@M7X@B5[@BY<EM9
Gs
e
C

�jIJ:<5�HG9GVKVK9tA[9;Z<A[c;5[9;:DV&IPVK@B14:_w65K@_EM9;5�=<@B5zV%A[@BY<36VK@B14:65
Gs

=<c;HGAK@ª7�9;:DV�EB9i5[9;TU@ªO�NJAK143<Z�9r=69®HG14:D7�14EB3XOV%@M14:iH;1J:XVK@B:X3 {G(s)} IJ5K5[1]HG@Bc�lF3<:bN4c;:6c;A%I¦V%9;36A U w¢EBI���14:<HpV%@B1J: H(q)
9G5[V�3<:<9L@MT,IJNJ98=<3bN4cG:<c;AKIPV%9G3<A

U �
G̃ = e−sH

9;5zV2IJ:SIJEM14N43<9blV4 G(s) = esU
4Pe

�W9;5mHG3<Tk3<EBIJ:XVK5n=g^�3<:69o=<@B5zV%AK@MY<36VK@B14:
G
5[14:DV�=<cGR<:<@B5 � 5;^`@BEM5,9p\]@M5[V%9G:XV&¡nl
ZSIPA[V%@MAn=69/EaI ��1J:<HGVK@B14:N4cG:<c;AKIPV%A[@BH;9iZ<IJAb�

ln G̃(q) = ln á f [eqy] =
+∞∑

k=1

Ck
k!
qk ��áKá[á e �Pu�¡
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y�9GV[V%9�=<cGR<:<@MVK@B14:U9;5zV�Y<@M9;:U5 
<AÉH;1Jd<c;A[9;:DV%92I�7�9GHFEaIb=<cGR<:<@MVK@B14: ��á[áKá e��4�4¡�eD�jIJ:<5ÉEB9�H¢IP5?N4cG:<c;AKIJE­wJ:<143<5:<9L=<@M5KZ�145K1J:<5W=_^�IJ3<H;36:<9�@B:6��14A[T,I¦V%@B1J:2Z<A[c;HG@B5K9�5[3<AWEB9G5W5K@BNJ:<9;5W=<9G5
Ck
e��t^�IJ3]V%AK9LZ<IJA[V;w¢=_^�IJZ<AK�G5 ��á[áKá e��Ju�¡pwEB9G5FH;3<Tk36EaIJ:DV%5

Ck
=69

G
9GV
H(q)

7�cGAK@ªRS9;:DVFEaIkA[9;EaI¦V%@B1J:/�

H(q) = −
+∞∑

k=1

Ck
k!
qk ��áKá[á e�~Jv�¡

y�9GV[V%9?AK9;EBIPV%@M14:?£[143<9É3<:tA 
4EM9LH;9;:DV%AKIJED=SIJ:<5�E­^`cGVK3<=<9É=<9;5�H¢IP5KH¢IP=<9;5>EM14NPOQ@B:6RS:6@BTU9;:DVg=<@ª7X@B5K@MY<EB9G5;e � A%ÇPH;9lkE­^`c;N�IPEB@MVKc
á f [| TX |q] = á f [ eq ln|TX | ] = á f [ eqY ] ��áKá[á e�~]��¡14â

Y = ln | TX | wF@MEj9;5zV*��14A[Tn9GEBEM9;TU9;:DVmc;CD3<@ª74IPEB9;:DV�=<9¨5;^`@B:DV%cGAK9G5K5K9GA�IP3]\�EB1JN�IJAK@ªV%d<TU9;5,=<9;5TU14Tn9G:XVK5FIJY<5[14EB365F=<9;5�H;1X921UH;@M9;:DV%5�=_^`14:<=<9GEB9pVKV%9G5
ln á f [| TX(a) |q] = −H(q)n(a) + Cte

143)=69�5;^`@B:DV%cGAK9G5K5K9GAoIJ3]\�HG3<Tk3<EaIP:XVK5�=63àEB14N�IPAK@MVKd<TU9o=<9;5�74IJEM9;3<A[5�IPY<5K14EM3<9;5
Y = ln | TX |� 7414@BA. � ¦e�~6e �J¡r�

CY
k = CG

k n(a) + Cte.�W9;5nH;3<Tk3<EBIJ:DV%5k=<cGH;AK@ª7�9;:DVnEB9;5U14A[=<AK9G5n5[3<H;HG9;5K5[@M��5m=63Á=<cG749;EB1JZ<Z�9GTn9G:XVU=<9
H(q)

9;:!Z<3<@B5[5%IJ:6H;9;5=<9
q
e���9,Z<AK14Z<IJN�IPVK9;3<At9;5[V�EB14NPOQ:<14A[T,IJE85K@�9pV�5[9;3<EM9;TU9;:DV�5K@?EB9G5sH;36Tk3<EaIJ:DV%5

Ck
5K14:DV�:X3<EB5®Z�143<AV%1J36V

k ≥ 3
e�ÈjcGAK@ªRS9;AkCD3<9

C3, C4 . . .
5K14:DV�:]36EB5�143Ú:<1J:�:6143<5kAK9G:<5K9G@BN4:69�CD3SIP:XVUIJ3¤H;IJA%IPHGV%�GAK9EB1JNPO�:<1JAKTnIJEL143¤:<14:Ú=<3¤Z6AK14ZSIPN�IPV%9G3<A;e8�r9;5�VK9;:DV&IPVK@M7�9G5�=<9mA[c;Z�14:<5[9;5Ul/H;9pVKV%9�CD3<9G5[VK@B14:¤14:DV�cpV%cTU9;:<cG9;5®9;:
V%3<A[Y<3<EB9G:<H;9*{��Jv]wL��vJv¦��e�f�: Z<A%I¦V%@BCD3<9Pw_@BE���IJ36V®Z�1J3<AiH;9GEaI'=<@B5[Z�145[9;Ab=_^`3<:<9�5[V%IPV%@M5[VK@BCD3<9N4@MN�IJ:DV%9;5[CD3<9blkH¢IJ3<5[9t=69;5�=<@�1UHG3<EMVKc;5�=_^`9;5[VK@BTnIPV%@M14:_e

0214365�=<@M5KZ�145K14:65?TnIJ@B:DV%9G:SIJ:DVL=_^`3<:,Z<IJ:<14AKIJT,IbAK9GEaIPVK@M7�9GTn9G:XV>H;14TUZ<EB9pV�=<9;5?=<@Mh�c;A[9;:DV%9G5?A[9;Z<A[cpO5K9G:XV%IPV%@M14:<5�=<9G5?=<@M5[VKAK@BY636V%@M14:<5L@B:]RS:<@BTU9;:DVL=<@ª7X@B5K@MY<EB9G5;e��W9�V&IJY6EB9¢IP3 á[áKá eª�2AKIJZ<Z�9;EBEM9FEB9G5É9�\]9;TUZ<EB9G5?EM9;5Z<EM3<5FH;1436A%IJ:DV%5�=<9b=<@M5[V%A[@BY<3]V%@B1J:<5.@B:]RS:<@BTU9;:DV.=6@M7X@B5[@BY<EM9;5.9pV2EM9;3<A[5FAK9GZ<AKcG5K9;:DV&I¦V%@B1J:<5;e
�W9?ZSIPA%IJN4AKIJZ<d<9ÉCD3<@D5K3<@ªV�A%IJ5[5K9;TkY6EB9�CD3<9;EMCX369;58=6@B5[VKAK@MY<36V%@M14:<5W@M:6RS:<@MTn9G:XVW=6@M7X@B5[@BY<EM9;5WCD3<@X14:XV�cpV%cZ<A[14Z�1J5Kc;9G5t9G: VK3<AKY<36EB9;:6H;9UZ�1436AjV%9;:DV%9GAb=<9n=6c;H;A[@BA[9UE�^�@M:XVK9;A[Tn@ªVKV%9G:<H;9s5[V&I¦V%@B5zV%@MCX369Je��r9�:<14TkY6AK9;3X\V%AKI�7JIJ3]\�w�ZSIJA[V%IJ:DVi=_^`dX�XZ�1JV%d<�G5K9G5®9pV®=<9�Z<AKcG5K3<Z<Z�145[c;5®=<@M7�9GAK5i9pVi74IJA[@BcG5;w_IPY�143]V%@B5[5K9G:XViVK143<5i=_^`3<:<9��IJ¬G14:s143t=_^`3<:<9.IP36V%A[9.l236:<9�=<@M5[VKAK@BY636V%@M14:b@B:6RS:6@BTU9;:DV�=<@M7X@B5[@BY<EM9Je�yr^`9;5zVLH;9GA[V%IJ@B:<9GTn9G:XV�E�^�@M=<c;9�=_^`3<:<9=<9G5KH;A[@BZ6VK@B14:sl2YSIP5K9�=69?H;IJ5KH;IJ=<9;58Tk3<EMVK@BZ<EM@BH¢I¦V%@M749;5�CX36@]Z<A[1¦741]CD3<9ÉH;9pVKV%9?H;14:D7�9GAKN49G:<H;9?=<9;5�AKc;5[3<EMV%IPV%5Ge

Í�=�� ��Ð ÛFÑ�×�Ô��8Ø]Ï�Û �WÏ Ù�Ï�Ø!ÙjÑMØ3�SÔ¦Ñ�Þ�Ö$�SÑMÕjÛ�Ø Ñ�ÛLß�ÛFÑ­ÐàÏ?Û$�ÚÙjÑMÜ?ÑBØ�Ñ�Þ�ÝMÏ8ØÁÏ?Û
��ÖFÔ¦Þ�Ö�ÝMÏ�Û �WÏ

0214365UcG:]36TncGAK14:<5k=<IJ:<5kH;9'ZSIPA%IJN4AKIJZ<d<9,CX369;EBCD3<9G5n=6@B5[VKAK@MY<36V%@M14:<5t@B:6RS:6@BTU9;:DV�=<@ª7]@M5K@MY<EB9G5sCD3<@14:DVbcGVKcn36VK@BEM@B5KcG9;5b9;:¨V%3<A[Y<3<EM9;:<HG9Je�fLEBEB9G5i5K9nAKcG74�;EB9G:XVb1JTn:<@MZ<AKcG5K9G:XVK9;5bEB14A[5KCD3_^`@BEL5G^�IJNJ@MVb=<9U=<c;HGAK@MAK9E­^`@B:DV%9GAKTU@MV[V%9;:6H;9U5[V&I¦V%@B5zV%@MCX369�9;:ÚV%3<A[Y<3<EB9G:<H;9PwL5K14@ªV�l/V%AKI�7�9GAK5�E�^�cp7�14EM36V%@M14:�=<9G5n=6@B5[VKAK@MY<36V%@M14:<5t=<9;5H;1X921UHG@B9;:DV%5t=_^`14:<=<9GEB9GV[V%9G5k143
=<9G5kIJH;HGAK14@M5K5[9;TU9;:DV%5s=69mEaI'7]@ªV%9G5K5K9'l�V%A%I�7�9GAK5sEM9;5tc;H�d<9;EMEB9G5;w�5K14@ªV�lV%AKI�749;AK58E­^`cGV%36=<9F=<9;5LTk36EMV%@MZ<EB@MH¢IPVK9;3<A[5�IJ5K5[1]HG@Bc;5�ljEBIj=<@B5[5K@MZSIPV%@M14:_eJy�9;AzV&IJ@M:<9;5L14:DV>9G3�Z<EB3<5L=69F5K3<HGH;�;5CD3<9�=_^�IJ36V%A[9;5��XTU1]=6�;EB9�EB14NPOQ:<14A[T,IJED=<9 � 7_9��]w49�\]Z�145KIJ:DV%5�EB14N¦O�Æ814@M5K5[14:s=<9 d]d692���WcG7�«GCX369���T,IJ@M5EaIt=<@B5[H;AK@MTn@M:SIPVK@B14:U9;:DV%A[9j=<@Mh�c;A[9;:DV%5.TU1X=<�;EM9;5�5zV&IPVK@B5zV%@BCD3<9G5.Z�143<A.3<:'Z<d6c;:<14TU�;:69bIJ3<5K5[@_H;1JTnZ<EM9p\]9
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�r@M5[VKAK@BY636V%@M14:
G(Y ) H(q) = ψ(−iq) M{dy}

�r@BAKIJH
δµ −µq /

� IJ3<5[5K@B9G:<:<9 1√
2πσ2

e−
(Y−µ)2

σ2 −µq − σ2q2

2
σ2δ0(y − µ)dy

Æ81J@B5K5[14: λk

k!
e−λ, Y = µ+ k ln β −µq + λ(1− βq) δln β(y − µ)dy

� IJTnTnI βα

Γ(α)
Y α−1e−βY −α ln

(
β

β + q

)
αβ2ye−βydy

α− 5[V%IJY<EM9;5
. . . −µq − σαqα

[
1∓ δ tan

πα

2

]
∝ |y|2−α

Æ814@M5K5[14:'H;14TUZ_e
e−αs

∞∑

k=0

(αs)k

k!
F ?k(Y ) αs(1− F̄ ) αsyF{dy}

�������	�
�
������
�� IJY<EM9¢IJ3,AKc;H;IJZ<@ªV%3<EBIPV%@ª�W=<9iCD3<9;EMCD3<9;5�=<@M5[V%A[@BY<3]V%@B1J:<5�@M:6RS:<@MTn9G:XV?=<@M7X@M5K@BY6EB9;5?H;14TUTk3<:<9G59GVj=<9�EB9G3<AK52=<@Mh�c;A[9;:DV%9G5r=<9G5KH;A[@BZ6VK@B14:65;e
G(Y )

=6c;5K@MN4:<9�EBIU��14:6HGV%@M14:/=<9G:<5K@ªV%c�=69�Z<AK1JYSI¦OY<@MEB@MVKc>Å
G̃(q) = exp(−H(q))

9;5[V�EBIk��1J:<HGVK@B14:'N4cG:<c;AKIPV%A[@BH;9®IJ5[5K1XH;@Mc;9>Å
M{dy} =<c;5[@BN4:<9EaI�TU9;5[3<AK9®=<cpRS:<@B9iZ<IJA�EB9jV%d6c;14A[�;TU9b~6e

CD3<9�EaIjV%3<A[Y<3<EM9;:<HG92dD�X=<AK1X=6�X:SIJTU@BCD3<9F5[9;TkY<EM9FAK9;5zV%9GA?@M:SIJH;HG9;5[5K@BY6EB9�liE­^`9p\]Z�cGAK@M9;:<HG9JeDq�H;9>£[143<A;wDIP3]OH;36:m:<9�Z�9G36V�5[9rZ<A[cGVK9;:<=<A[9r5[3<Z�cGAK@M9;3<A[9rIJ3X\mIP36V%A[9;5;e]y�dSIPH;3<:�I�7JIJ:<H;9�=<9G5�IPAKN43<TU9;:DV%5LVKd<c;14A[@BCD3<9G5;w9p\]Z�c;A[@BTU9;:DV&IJ3]\m143'd<9;36AK@B5zV%@MCX369;5�Z�1J3<A�£[3<5[VK@MRS9GAF5%Ik74IPEB9;36A;eSy�d<IJCD3<9i��14@B5Gw<=<9;5�9�\6Z�145KIJ:XVK5�=<9bEB14@M5=_^`c;H�d<9GEBEB9 � A[9;EaI¦V%@M749;5;w�Z�143<A23<:<9�H;IJ5KH;IJ=<9�EM14NPO�@M:6RS:<@MTn9G:XV�=6@M7X@B5[@BY<EM9�¡.5K14:DVjZ6AKc;=6@MV%5GeQdX9;EB1J:/EB9G5rH¢IP5;wE­^`@B:D7JIJAK@BIJ:<H;9�=_^`c;H�d<9GEBEM9m9;5zV�5K3<Z<Z�145[c;9Jw�143¤A[9;TUZ<EaIPH;c;9,ZSIJAkEB9,H¢IJ=<A[9�Z<EB365kN4c;:<cGA%IJE�=<9;5kH;IJ5KH;IJ=<9;5EB1JNPO�@M:6RS:<@MTn9G:XVÉ=<@ª7]@M5K@MY<EB9G5;e
0214365�:<9ÉH;A[1¦�414:<5�ZSIJ5�CD3_^�36:<9�YSI¦V&IJ@MEBEB985K3<A�EB9G5�7JIJEM9;3<A[5W:]3<TUc;A[@BCD3<9G5�Z6AKc;HG@B5[9;58=69?HG9;5�9p\]Z�1J5%IJ:DV%55K1J@MV>VKAK�;589;:<A[@BH�d<@B5[5%IJ:DV%9Pe4�W9;5LY<IJAKA[9;5L=_^`9;A[AK9;36A�IJHGVK3<9;EMEB9;585K3<ALEM9;5>9G5[V%@MT,I¦V%@B1J:<5�9�\]Z�cGAK@BTU9;:DV&IPEB9;5�5K14:DVV%9GEBEM9;5LCD3_^`@BES9;5zVÉZ<A%IPVK@BCD3<9GTn9G:XV�@MTnZ�145K5[@BY<EM9�=<9�Z<A[@M7X@BEMc;N4@M9;A�V%9;EMEB9G5L143UVK9;EMEB9;5>7JIJEM9;3<A[5L=<9;5�9p\]Z�145%IP:XVK5;eyr^`9;5[V.=SIJ:<5.EBIt=<@ª7�9;A[5K@ªV%c�9GV.E�^�1JAK@BNJ@B:SIJEM@MVKc�=<9G5FIJAKNJ3<Tn9G:XVK5?5zV&IPVK@B5zV%@BCD3<9G5�143,Z<dX�X5[@BCD3<9;5.I�7JIJ:<HGc;5ÉZSIJAH�dSIJCD3<9?IJ36VK9;3<A�CD3_^`@BE���IJ36VWVKAK1436749;A�EaI�5K1436AKH;9É=<9É5%I�AKc��S9p\]@B1J:_w�9;:®@B=<9G:XVK@MR�IJ:DV�IJ365K5K@DHGEaIJ@MAK9;TU9;:DVWCD3<9Z�145K5[@BY<EM9�EB9G5idX�XZ�1JV%d<�G5K9G5®9pVb@BTUZ<EB@MH¢IPVK@B14:65;e�Ê2:
Z�14@B:DVjHG14TUTk3<:/AK9GT,IPAKCD3SIJY<EM9�=<9kZ<AKIPV%@MCD3<9;TU9;:DVV%1J3<58EM9;58AKIJ@B5[14:<:<9GTn9G:XV�Z<A[14Z�1J5Kc;589;5[V8CD3_^�@MEB5���14:XV8IJZ<Z�9;E]lrEBI���IJTU@BEMEB9L=<9G5>=<@M5[V%A[@BY<3]V%@B1J:<5�@B:6RS:6@BTU9;:DV=<@ª7]@M5K@MY<EB9G5.=<c;HGAK@ªV%9;5�9G: �4e��]e
�jIJ:<5iHG9kCD3<@>5K36@MV¢w�14:o5G^�@M:XVKc;AK9G5K5[9k5K14@ªVbl,EaIn=<@B5zV%AK@MY<36VK@B14:*=<3
EB14N�IPAK@MVKd<TU9

Y
=_^�36:<9kCD3SIJ:DV%@MVKc=<cGZ�9G:<=SIJ:DV,=69�E­^`c;H�d<9GEBEM9Jw

Y = ln εr
w
ln | δvr |

143
ln | Tv(a) |

w�5[14@MVnl EBI¨=6@B5[VKAK@MY<36V%@M14:Ú=<9;5Tk3<EªV%@BZ6EB@BH;IPV%9G3<AK5
W

=<cpRS:<@M5iZSIJA ��á e �X��¡peg��9G5jTU1]=<�GEB9G5rTk3<EªV%@BZ6EB@BH;IPV%@ª��5.5K1J:XVr9;:/V%1J@BEB9®=<9���14:6=_eg��I:<1JV%IPV%@M14:
G
9G5[VkA[c;5K9GA[7�cG9'IJ3
:<1��DIJ3 =<3¤Z<A[14ZSIJN�I¦V%9;36As=_^`3<:<9mH;IJ5KH;IJ=<9�EM14NPO�@M:6RS:<@MTn9G:XVj=<@M7X@B5[@BY<EM9=<cpRS:<@�ZSIJA ��á[áKá e��4¡peÉÆ81436AUcp7X@MV%9GAn=g^�IJEM143<A[=<@BAkEM9;5�:<1JV%IPV%@M14:<5�=<9�H;9�Z<IJA%IJNJA%IJZ<d69JwL:<14365,:<1JVK9;A[14:<5@B:6=<@Mh�c;A[9;TUTn9G:XV

ω = lnW
EaI/74IPAK@aIPY<EB9nIJEBc;IPV%1J@BAK9mIJ5K5[1]HG@Bc;9�loEaIo=<@M5[VKAK@BY636V%@M14:

G
143�IJ3ÚEB1JN�I¦OAK@ªV%d<TU9b=<9;5rTk3<EMVK@BZ<EM@BH¢I¦V%9;36AK5

W
e �2IPZ<Z�9GEB14:6529G:6RS:/CD3<9tE­^`dX�XZ�1JV%d<�G5K9 4G=<9s5[@BTU@BEBIJAK@ªV%cjIPTncGEB@B1JAKc;9&4

� ¶&° ��¿g°%½i¯p²´±k² �ª»J¶�²´Ä � � �&¹�·¦Ä �S°&¯p²B¯K¡�Z<A[14Z�145KcG92ZSIPA �214EBTU14N414A[1¦7U{`u��¦� � 7�14@MAL Pe�~�¡85K36N4N4�;A[92=692A[9;EB@M9;ALEM9;5
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�0�

�S3<HpV%3SI¦V%@B1J:<5�=<9;5�IJHGH;AK1J@B5K5[9;TU9;:DV%5
δvr

lkH;9GEBEM9;5�=<9bEaI�=<@M5K5[@BZSIPVK@B14:
εr
N4AKÇJH;9bl'�

á f [ | δvr |q ] ∝ á f [ εq/3r ]rq/3. ��áKá[á e�~4�4¡
�L^�3]V%@BEM@B5KIPV%@M14:k=<9rHG9GV[V%9rdD�XZ�1PV%d<�G5K9rZ�9;A[Tn9pV�=69r=<cG=<3<@BA[92=69;5�A[c;5[3<EMV%IPV%5?5K3<A?EB9;5?IJHGH;AK1J@B5K5[9;TU9;:DV%5

δvr9;:�cGVK3<=<@BIJ:XV.EaIk=<@B5[5K@MZSIPV%@M14:
εr
e

>@?�
 ?A> ^ R�EHGYP
δ

��I'=6@B5[VKAK@MY<36V%@M14:
δy0

HG14:<HG9;:DV%AKcG9UIJ3
Z�14@M:XV
y0

9;5zV®H;EaIP@BAK9GTn9G:XV2@B:]RS:<@BTU9;:DVj=6@M7X@B5[@BY<EM9sZ<3<@M5KCD3<9
δy0 = δ?k(y0/k)

Z�1436A,V%143]V
k ∈ IN∗ � Hp��e.EB9*Z<AK14Z<IJN�IPVK9;3<A�IP5K5K1XH;@Mc/l
E�^�@M:X7JIJAK@BIJ:<HG9�=_^�cGH�d<9;EMEB9JwÉ7�14@MA9p\�e� � Pe�~6e�� � I�¡[¡pe�fLEBEB9U5K9GA%IJ@ªVkIJ5[5K1XH;@Mc;9�IJ3�Tn1X=<�;EM9 �i|<�/{�u6�G��CD3<@.Z6AKc;=6@MV�=69;5�=<@M5[VKAK@BY636V%@M14:<5®@B:D74I¦OAK@BIJ:DV%9;5�=_^�cGH�d<9;EMEB9Je<Æ8143<AFEM9;5�H;1X921UH;@M9;:DV%5F=_^`14:<=69;EB9pVKVK9®=69®EBI�7]@ªV%9G5K5K9b14:*IJ3<AKIJ@MVj�

Pa2(Y ) = δH. ln(a2/a1) ? Pa1 (Y )

á f [| Tv(a) |q] ∼ aqH
��áKá[á e�~J~�¡

I�7�9;H −C1 = H = 1/3
e>yr^�9G5[VUIJ365K5K@FHG9mCD3<9�7�c;A[@MRS9n3<:ÚTn1J367�9;TU9;:DVtY<AK1 � :<@B9G:
��A%IJHpV%@M14:<:SIJ@MAK9

� ��x?Tm¡kZ�1J3<A,EBI TU«;TU9�7JIJEB9G3<A�=<9 H e?y�9GH;@r9�\]Z<EB@MCX369/EB9G5nHG14TnZ<IJA%IJ@M5K14:65U��A[c;CD3<9;:DV%9G5�9;:DV%A[9�3<:��x�T�Z�143<A
H = 1/3

9GV�3<:�5K@MN4:SIJE_=69®7X@MVK9;5[5K9bV%3<A[Y<3<EB9G:XVK9�{ª���]w�¥<9P��e��jIJ:65�HG9GV[V%9®5K@MVK3SIPVK@B14:_w]@BE_:g^`�IJ3<AKIJ@MVrZSIJ5b=_^`@B:DV%9GAKTU@MVKVK9;:<HG9,�_EM9�ZSIJ5[5%IJNJ9U=g^�3<:69kc;H�d<9;EMEB9kl�3<:69�IJ36V%A[9k5K9k��IJ@ªVj9;:¨CD3<9;EMCD3<9�5K14AzV%9=<9j��IJ¬G14:���=6cGV%9GAKTU@B:<@M5[VK9��&eXÆ81J3<A.CD3_^`@BE��,IJ@ªV.@B:DV%9GAKTU@MV[V%9;:6H;9JwD@ME���IJ36V�CD3<9bEB9rZ<IJ5K5KIJN49i=_^`3<:<9icGHpd69;EBEM9
a1

l,3<:69�IJ36VKAK9
a2

Z<EB3<52Z�9pV%@ªV%9®5K14@ªVrZ�9;AzV%3<A[Y�ctZSIJAr=69;5��?¸�ÀpÄ�¸6»JÄ�²­·¦¿6¯pe���In=<@M5[V%A[@BY<3]V%@B1J:*=<9s�r@BAKIJH9;5zV�H;14:<HG9;:DV%A[c;9i9;:�3<:'Z�14@B:DV
(a2/a1)

H eS��Is��IJ¬;14:'EBI�Z<EB3<5�5K@BTUZ<EM9j=_^`@B:DV%AK1X=<3<@MAK9�=<9;5 �S36HGV%3<IPV%@M14:<5H;1J:<5K@M5[V%9,l*A[9;TUZ<EaIJHG9;AbE­^`@B:D7JIJAK@BIJ:<H;9s=_^�cGH�d<9;EMEB9 � EM9nTU1]=6�;EB9 �i|<��¡jZSIPAt3<:69,H¢IP5KH¢IP=<9mEB1JNPO�:<1JAKTnIJEB9
� EM9iTn1X=<�GEB9 � 7_9���{�u4�XwW���4���´¡.9G:*ZSIP5K5%IP:XV�=_^`3<:<9®=<@M5[V%A[@BY<3]V%@B1J:m=<9®�r@BAKIJH®lk3<:<9bN�IJ3<5[5K@M9;:<:<9Pe
>@?�
 ?�� ��G ��OQR*XYOBE�� G ��J N

d]@8EBI,TU9;5K36AK9
M

=<3oV%d6c;14A[�;TU9k~,9;5zVbEaI,TnIJ5[5K9�=<9��r@BAKIJH
σ2δ0

H;14:<HG9;:DV%A[c;9�l,E�^�14A[@BN4@M:<9tI�7�9GHEB9iZ�14@M=<5
σ2 :<143<5FVKAK14367414:<5FEaI�EM14@_:<1JAKTnIJEB9 N (0, σ2)

IP5K5K1XH;@Mc;9bl
G̃(q) = exp(σ2q2/2)

eSyr^�9G5[V�EaI=<@M5[V%A[@BY<3]V%@B1J:,@B:]RS:<@BTU9;:DVÉ=<@M7X@M5K@BY6EB9�:<14:mV%A[@M7X@aIPEB9 � 6= �r@MA%IJH¢¡?EaI®Z<EB365.5K@MTnZ<EM9JeX��Is=<@M5[V%A[@BY<3]V%@B1J:,EB1JNPO:<14A[T,IPEB9�£[143<9É3<:�A�
4EB9LVK1436V�ZSIJA[VK@BHG3<EB@M9;AW9GV�5K9GA[V8=<9?A[cG��cGAK9;:6H;9Je4yr^�9G5[V8=<c�£Kl�EaI�=<@B5zV%AK@MY<36VK@B14:b5K36N4N4c;A[c;9ZSIJA � 9���{`u��¦�WZ�143<A�=<cGH;A[@BAK9iEBIk=<@B5[5K@BZ<IPV%@M14:
εr
e
G(ω)

9;5[VrIJEM14AK5FIP5K5K1XH;@Mc®l�36:<9bEB14@�:<14AKTnIJEM9��
G=N (µ, σ2) ��áKá[á e�~P|D¡

=<9b5K1JA[V%9bCD3<9




G̃(q) = exp(µq +
σ2

2
q2)

H(q) = − µq − σ2

2
q2 (H(q) ≡ ζ(q)

5K@WEM14@B5�=_^�cGH�d<9;EMEB9;5
)

��áKá[á e�~4�4¡

µ � 9G:�NJc;:<cGA%IJE < 0
¡�9GV

σ2 ��� v4¡?5;^`@B:DV%9GAKZ<A[�GV%9G:XV�A[9;5[Z�9GHGV%@ª7�9;TU9;:DVFHG14TnTU9jEM9iH;3<Tk3<EBIJ:DV�=_^`14A[=<AK9k�� EBItTU1¦�49;:<:<9¢¡ C1 = á f [lnW ]
9pVFEB92H;3<Tk36EaIJ:DVÉ=_^�1JAK=<A[9b� � EBI®7JIJAK@BIJ:<HG9�¡ C2 = á f [(lnW − µ)2]

=<9
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4 8 12
log

2
 a

ln
 |T

X
(a

,t)
|

(a)

4 8 12
log

2
 a

ln
 |T

X
(a

,t)
|

(b)

����� � �
�
� � ��
 Ì8EM3<HGVK3SIPVK@B14:<5�=<9
ln | TX(a, t) | e����
	rÆ8143<AF3<:'Z<A[1]HG9;5[5K3<52IJ36VK1PO�5[@BTU@BEaIP@BAK9Pw�EB9G5 �S3<HGVK3SI¦OV%@B1J:<5?5[14:DV�EM9;5�TU«;TU9;5?l®VK1436VK9;5�EM9;5?c;H�d<9;EMEB9G5_Å��
��	.Z�1J3<A?36:<9rH;IJ5KH;IJ=<9jEM14NPO�:614AKTnIJEB9PwJEM9;5

�S3<HGVK3SIPVK@B14:<5�IJ36N4Tn9G:XVK9;:DVF9;:*IJEMEaIJ:DV?749;AK5�EM9;5�Z�9pV%@ªV%9;5FcGH�d<9;EMEB9;5Ge

lnW
e��W9®Tn1X=<�;EM9 � 9���@M:¦£[9;HpV%9bEB9G5 �S3<HGVK3SIPVK@B14:<5�EB1JNPO�:<1JAKTnIJEB9G5�=<3�V&IJ3]\�=69t=<@M5K5[@BZSIPVK@B14:�EM1]H;IJE

εr=SIJ:65�E�^�cpV%3<=69®=69;5�IJH;HGAK14@M5K5[9;TU9;:DV%5�EB14:6N4@MVK3<=<@B:<IJ3]\*�
7JIJA

ln εr = σ2
ln εr

∼ A(x, t) + 9k ln(L/r) ��áKá[á e�~<9�¡
��I/��14:<HGVK@B14:

ln(L/r)
@M:XVKAK1X=<3<@ªV%9mloHG9�:6@M7�9;IJ3ÚAK9;5[Z�9GHGVK9�E�^�@M:X7JIJA[@aIJ:<HG9n=g^�cGHpd69;EBEM9�5[VKAK@BHpV%9Pe � AKÇJH;9l�EBI ¶&° ��¿g°%½¤¯p²´±k² �ª»J¶�²´Ä � � �&¹�·¦Ä �S°&¯p²B¯pw �214EBTU14N414A[1¦7�Z<A[c;=<@ªV/IJEM14AK5'Z�143<A�EaIÚ5[V%IPV%@M5[V%@MCD3<9 =69;5/IPHpOH;A[14@B5[5K9GTn9G:XVK5sEB1J:<N4@MVK3<=<@M:SIJ3]\�wW=<9G5kEB14@M5®=g^�cGHpd69;EBEM9;5�=614:XVtEB9G5s9�\6Z�145KIJ:XVK5�5K1J:XVs=<14:<:<cG5kZSIJA

H(q)=SIJ:65 ��áKá[á e�~4�4¡2I�7�9;H µ = −1/3 − 3k/2
9GV
σ2 = k

Å_=SIJ:65jH;9kH;IJ=<AK9Pw_14:
ImY<@M9;:o5 
<A
n(r) ∼ ln r� 1Jâ n 9;5[VrEaI�Z<AK1P��14:<=<9G3<Ar=<9®EaI�H¢IP5KH¢IP=<9sEM14NPO�@M:6RS:<@MTn9G:XV�=<@M7X@M5K@BY6EB9JwS=6cGRS:<@M9t9G:/ � ¦e�~�¡�e��L^�14A[=<AK9t=<9N4AKIJ:<=<9G3<AFVz�XZ<@MCD3<9i=<9

k
14Y<5K9GA[7�cb9�\6Z�c;A[@BTU9;:DV&IJEM9;TU9;:DV.9G5[V

k ∼ 0, 02− 0, 03
e

fL:*��uJu6�4wPÈÉ9GAKN�IJ5[5K14EBIj��Ì�AK@M5KH�d�{©��¥Jv��S5;^`@B:DV%9GAKAK1JN49¢IJ@M9;:DV>5[3<ALEB9G5L=<@Mh�c;A[9;:<HG9;5�=<9�H;14TUZ�14A[VK9;TU9;:DVl,V%AKI�749;AK5rEB9;5rc;H�d<9;EMEB9G5j=<9;5iHG1]9
1UH;@B9G:XVK5j=_^`14:<=<9GEB9pVKV%9k=g^�3<:
TU14367�9GTn9G:XV2Y<A[1 � :<@M9;:/��AKIJHGVK@B14:<:<IJ@BA[9
� H = 1/3

¡j9GV�=g^�3<:�5K@BNJ:SIJEL=<9U7]@ªV%9G5K5K9nV%3<A[Y<3<EB9G:XV;e��jIJ:<5sEB9;5®=<9G3]\ H¢IJ5Gw�14: Z�9G36V�1JY<5K9GA[7�9GAs=<9G5
�S3<HpV%3SI¦V%@B1J:<5L=<9FH;9G5LH;1X921UH;@M9;:DV%5�IJ3]V%143<AL=69.74IJEM9;3<A[58TU1¦�49;:<:<9G5>AK9G5KZ�9;HpV&IJ:DV�=<9;5�EM14@B5�=<9FZ<3<@M5K5%IP:<H;9
� IPZ<Z<AK1�\]@BTnIPV%@ª7�9;5LZ�143<AÉEaIi7X@MVK9;5K5[9�¡�e<yr^`9;5zVFE­^`cG7�1JEB36VK@B14:�=<92H;9;5 �S3<HpV%3SIPVK@B14:65�ltVKA%I�7�9;A[5�EB9;5?c;H�d<9GEBEB9G5CD3<@�HG14:<5zV%@MVK3<9mEBI*=<@M5[V%@M:<HGVK@B14: 9;5[5K9;:DV%@M9;EMEB9,9G:XVKAK9n3<:¤Z<AK1XH;9G5K5[3<5UIJ36V%1¦O�5K@MTn@MEaIJ@MAK9t9GVk3<:¤Z6AK1XH;9;5[5K3<5AK9G5KZ�9;HpV&IJ:DV�36:<92H;IJ5KH;IJ=<92EB14NPOQ:<14A[T,IJEM9JeP�jIJ:<5É3<:nH¢IJ5 � IJ3]V%1POQ5K@BTU@BEBIJ@BA[9�¡�w¦E�^�IPTnZ<EM@MVK3<=<9�=69;5 �<3<HGVK3SI¦OV%@M14:<5�=<9

Y (a) = ln | Tv(a) |
9G5[ViEBIUTU«;TU9tlnV%143]V%9;52EB9G5rc;H�d<9GEBEM9;5;wSV%IJ:<=<@M5rCD3_^`9;EBEM9®7JIJA[@B9b=SIJ:<5rEB9=<9G3]\]@B�;TU9Je�yr^`9;5zV�EB9UH;36Tk3<EaIJ:DVi=_^`14A[=<AK9,��=<3 Z<AK1JZSIJN�IPVK9;3<A®CD3<@�H;14:DV%A�
4EB9�HG9GVKVK9ncp7�14EM36V%@M14:Ú��5G^�@ME9;5zV�:]3<E�w<@BE�:_^}��I�Z<IJ5�=_^�cp7�14EM36V%@M14: � RSN6e áKá[á eM��¡�eS�jIJ:652EM9iH¢IJ5�=_^`3<:'��x�T � IP36V%145[@BTU@BEBIJ@BA[9�¡>14:�I��
{ á f log2 | dX(j, k) |= Hj + Cte7JIJA

log2 | dX(j, k) |= Cte
��áKá[á e�~4¥4¡

=<14:6H
log2 | dX(j, k) | �<3<HGVK3<9bIJ36VK143<A.=<9 Hj +Cte

w6TnIJ@B5�I�749;Hj3<:69r74IPAK@aIP:<H;92H;14:<5zV&IJ:DV%9Pe<�jIP:<5
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�0�

EB9iH;IJ5�=_^`3<:<9®H¢IJ5[H¢IJ=<9bEM14NPO�:614AKTnIJEB9�@B:D7JIJAK@BIJ:XVK92=g^�cGHpd69;EBEM9j14:*I��
{ á f log2 | dX(j, k) |= −C1j + Cte74IPA

log2 | dX(j, k) |= C2j + Cte
��áKá[á e�~<;�¡

=<14:6H
log2 | dX(j, k) | �S36HGV%369�IJ36VK143<A�=<9 Hj + Cte � a = 2j

¡�w�HG9GV[V%9b��14@B5�O�H;@�I�7�9GH®36:<9t7JIJAK@BIJ:<HG9H;A[14@B5[5%IJ:DV%9iEM14AK5[CD3<9
j
=<cGH;AK1��BV¢e

� 143]V%9;5�EB9G5�IJ36V%A[9;5�EB14@M5F@B:D7�1XCX36c;9;5�ZSIPA�EBIk5K3<@ªV%9®Tn9pVKV%9G:XV�9G:�£[9G3�3<:<9®@B:]RS:<@MVKci=<9®H;3<Tk3<EBIJ:DV%5;e��I®N4IJ3<5K5[@B9G:<:<9r9G5[V?EaIb5K9G3<EB9�=<@B5zV%A[@BY<36VK@B14:k=6cGRS:<@M92Z<IJA?36:,:<14TkY6AK9.RS:<@�=<92H;3<Tk36EaIJ:DV%5 � C1

9pV
C2

¡�eÊ2:69b��1J@B5F9;:6H;14A[9JwSEaIk5[@BTUZ<EB@MH;@MVKc2=69®EBI 4GH;1J3<AKY�9b9;:�H;EB1XH�d<9a4r��IJ@ªV.V%1J36V�5K14:�H�dSIJA[Tn9Pe

>@?�
 ?�
 ��G ��OQR6ZBJ��%OQRTM2MNOcX
��I¨=<@M5[VKAK@BY636V%@M14:Ú=<9�Æ�14@B5[5K14:�=<9�ZSIJA%IPTn�pV%AK9

λ
:<1PV%c;9

Pλ(k)
I
Z�1436AU��14:6HGV%@M14:ÚN4c;:6c;A%I¦V%AK@MH;9

P̃ = e−H
I�7�9;H

H(q) = λ(1− eq) eS��I�=<@B5zV%AK@MY<36VK@B14:m=69iEaIt7JIJAK@BIJY<EM9 −γ + k ln β
w]7�9GAK5[@B14:�=<@MEaIPVKc;99GV�VKA%IJ:<5[EaIPVKc;9i=<9

k
w�I�Z�143<A.��1J:<HGVK@B14:'N4cG:<c;AKIPV%A[@BH;9

P̃ = e−H
I�7�9;Hk�

H(q) = γq + λ (1− βq) ��áKá[á e�~Ju�¡
021J3<5WAK9GH;14:<:<IJ@B5[5K14:<5�E�^�9�\6Z6AK9;5[5K@M14:b=<9;5�9p\]Z�145%IP:XVK5W=<9 d]d<9�O��WcG7�«GCD3<9 � ��u4uP|D¡8{©���J~¦��e�xre¢�r3<Y<A[3<EBEM9F{�9J~P�9GV+dXd<9É� �¤I��XTn@MAK9�{ª���¦|P��14:DVWTU14:DV%AKc8@B:<=<cGZ�9G:<=SIJTUTU9;:DVWEB9>EM@B9G:i9;:DV%AK9LEM9LTn1X=<�GEB9>=<9 dXd<9pO���cp7�«;CD3<99GV�EB9�Z<AK1JZSIJN�IPVK9;3<A?EB14N¦O�Æ814@M5K5[14:_eD�W9rTk3<EªV%@MZ<EB@MH¢IPVK9;3<A

W
IP5K5K1XH;@McrA[9;EB@BIJ:DV�EB9;5?c;H�d<9GEBEB9G5

a0

9pV
a < a05;^`c;HGAK@ªV

W = e−γ∆nβk =W∆n
0 βk ��áKá[á e�|4v�¡14â

∆n = n(a) − n(a0) � = − ln a/a0
=SIP:<5bEB9kH¢IP5®@M:X7JIJA[@aIJ:DV�=_^�cGH�d<9;EMEB9�¡�w_9GV®E�^�9G:XVK@B9;A

k
14Y�cG@MVbl3<:<9bEM14@_=<9®Æ814@M5K5[14:'=<9bZSIJA%IPTn�pV%AK9

λ∆n
w

Pλ∆n(k) =
(λ∆n)k

k!
e−λ∆n. ��áKá[á e�|6��¡

�W9bZ<AK14Z<IJN�IPVK9;3<AF5G^�cGH;AK@ªV®�

G∆n(lnW ) =
∞∑

k=0

(λ∆n)k

k!
e−λ∆n δ (lnW − k ln β + γ∆n)︸ ︷︷ ︸

δ

(
ln W

W∆n
0

−k ln β

)
��áKá[á e�|��4¡

021PV%14:<5tCD3_^�@ME�5;^�IJN4@MV®HG9GVKVK9,��14@M5®=g^�3<:69mEB14@L=69,Z<A[14YSIJY<@MEB@ªV%c�½J²B¯�Àp¶ �pÄ�°pe�y�9nH¢IJAKIJHGVK�;AK9n=<@B5[H;A[9GV¢w�cG741POCD3SIJ:DV�3<:�H;14TUZ�1JA[V%9GTn9G:XV�CX3<IJ:XVK@BCD3<9Pw>:_^�I,£KIPT,IJ@M5�cGVKc'Tn@M5�9;:�cG7X@B=69;:<HG9*9�\6Z�c;A[@BTU9;:DV&IJEM9;TU9;:DV¢w5%IP:<5�CD3_^`@BE�5G^�IPN4@B5[5K9mZ�143<AsIJ36V&IP:XVs=_^�36:ÚIJAKN436Tn9G:XVtAKcG=<d<@BY6@MV%1J@BAK9 � 7414@BA®EB9UZSIJAKIJN4A%IPZ<d<9�~�5[3<A�EM9;5EB1J@B5>=<9�Æ81J@B5K5[14:UH;14TUZ�1J5Kc;9G5&¡�eD��9�TU1]=6�;EB9 ��·%µJ³���·¦²B¯&¯�·¦¿��N���S°p³�� % 	�� �;¸S°_Z�14AzV&IJ:DVL5K36AÉEBIi=<@B5[5K@BZ<IPV%@M14:EB1XH¢IPEB9'I A[9;TUZ�1JA[V%c'3<:�7X@M�j5[3<H;HG�;5mH;IJAUHJ^`9;5[V,EB9'Z<A[9;TU@B9;A�TU1]=6�;EB9'5zV&IPVK@B5[VK@BCD3<9'CD3<@2IJ@MVUZ<A[14Z�1J5Kc3<:<9�@B:DV%9GAKZ<A[cGV%IPV%@M14:�14âU=<9;5É5[VKAK3<HpV%3<A[9;5?H;14d<cGAK9G:XVK9;5É5K@B:6N43<EB@M�;A[9;5L9GVÉEM9;3<A[5ÉH;IJA%IPHGV%cGAK@M5[V%@MCD3<9;5�N4cG14Tnc�OV%A[@BCD3<9G5L£[143<IJ@B9G:XV�3<:�A 
4EM9Je�fL:*VK3<AKY<36EB9;:6H;9Jw�EM9;5�74IJEM9;3<A[5FVz�XZ<@MCD3<9;5�=<9;52ZSIJAKIJTn�pV%A[9;5�Z<AK14Z�145[c;5�ZSIJA



�����&��!L� �/�a. �&,������ ���L�0�&��'2�&�:,�$ � �&� ��$%�&� ��$ ./��)�,�$ � �&�
� �"�0� ����!#���
$%�&� '�� ���")�� ��� � �

d]d<9b9pVr�Wcp7�«;CD3<9n{ª���J~¦��9G:*36VK@BEM@B5%IP:XV2Ä �S°®¶&° ��¿g°%½�¯p²´±k² �ª»J¶�²´Ä � � �&¹�·¦Ä �S°&¯p²B¯?=<9 � 9�� ��áKáKá e�~��4¡�5[14:DVb�
H(q) = γq + λ (1− βq)I�749;H




Z�143<A�EBI�=<@B5[5K@BZ<IPV%@M14:
εr : γ = −2

3
, λ = 2, β =

2

3Z�143<AFEM9;5�IJHGH;AK1J@B5K5[9;TU9;:DV%5
δvr : γ′ =

1

9
, λ′ = 2, β ′ =

(
2

3

)1/3

��áKá[á e�|4~�¡

�W9iTn1X=<�GEB9j=<9 dXd<9pO���cp7�«;CD3<9U{©���J~6w����P|J�_Z<AK14Z�145[9i3<:<9i@B:DV%9GAKZ<A[cGV%IPV%@M14:mZ<dD�X5K@BCD3<9i=69;5�ZSIJAKIJTn�pV%A[9;5
γ � EM9tV&IP3]\/=69�=<@M749;AKNJ9;:<HG9�=<9�EBIn5[VKAK3<HpV%3<A[9kEaI,Z6EB3<525K@B:6N43<EB@M�;A[9�¡F9GV β � ��IPHGV%9G3<Aj=<9sTn1X=<3<EBIPV%@M14:�¡pe�r9kZ<EM3<5;wgEB9;5i9�\]Z�145KIJ:DV%5

ζ(q) � :<1JVKc;5b@BHG@ H(q)
¡2Z<A[c;=<@ªV%5jZSIPAiH;9kTU1]=<�GEB9�Z�143<ArEB9;5iEM14@B52=_^`c;H�d<9;EMEB9=<9G5�IJHGH;A[14@B5[5K9;TU9;:DV%5

δvr
=SIJ:<5ÉEaI � 14:<9�@B:<9GA[V%@M9;EMEB9.HG14AKA[9;5KZ�14:<=69;:DV.IJ5[5K9 � Y<@M9;:nltH;9�CD3<@�9;5zV�N4cG:<c;AKI¦OEB9GTn9G:XV214Y<5[9;Az7�ck9p\]Z�c;AK@MTn9G:XV%IJEB9GTn9G:XV�143o:X3<TUc;A[@BCD3<9;TU9;:DV¢e�y�9GA[V&IP@B:<5iIPAKN43<TU9;:DV%52=<9kH;9sTn1X=<�;EM9=<9GTn9G3<AK9G:XV2H;9GZ�9G:<=SIJ:DViIJ5[5K9 � 14Y<5[H;3<A[5r=SIP:<5rEM9;3<A�5K@MN4:<@MR<H¢IPVK@B14:�9pVjEB9G3<AF7�c;A[@MRSH;IPV%@M14:�9p\]Z�cGAK@MTn9G:]OV&IPEB9iAK9G5[VK9®=6@�1UH;@MEB9Je

�W9;5kTU1]=<�GEB9G5�EB14N�:<14AKTnIJE?9GVkEM14NPO�Æ�14@B5[5K14: 5K14:DV���AKcGCD3<9;TUTn9G:XV�H;@MVKc;5�9pV�H;14:]��AK14:DV%cG5k9;:¤V%3<A�OY<3<EM9;:<HG9Je���I*H;1J:6��AK14:DV&I¦V%@B1J:¨=69,TU1]=<�GEB9G5®5zV&IPVK@B5zV%@BCD3<9G5t9G5[Vs3<:
9p\]9GAKH;@MH;9nZ�cGAK@BEMEB9G3]\�e��jIJ:<5tH;9UH¢IJ5Z<A[c;H;@M5;w�@BE�:<9n��IP36V�ZSIP5�9;5[Z�cGAK9;As=<@B5zV%@B:6N43<9;A®EB9G5s=<9G3]\�Tn1X=<�;EM9;5®5K@MTnZ<EM9;TU9;:DV®9;:¤H;1JTnZSIPA%IJ:DV®=<9;59p\]Z�145%IP:XVK5U=69m��14:<HGVK@B14:65k=<9'5[V%A[3<HGVK3<AK9
ζ(q)

TU9;5[3<AKcG5�=SIJ:<5�3<:<9 � 14:<9'@B:<9GA[VK@B9;EMEB9n143ÚTn«GTn9mEM9;57JIJEB9G3<AK52=<9
H(q)

5K@81J:o36V%@MEB@B5[9tEM9;5jH;IJ5KH;IJ=<9G5®EM14NPOQ@B:6RS:6@BTU9;:DV�=<@M7X@B5[@BY<EM9;5Ge���I,RSNJ3<AK9 á[áKá e��nTn1J:XVKAK95K36A23<:*5K9G3<E�N4A%IJZ6d<@BCD3<9bEB9G5�Z<AKcG=<@BHpV%@B1J:<5�=_^�36:�TU1]=<�GEB9iEM14NPO�Æ�14@B5[5K14: � d]d<9pO��WcG7�«GCX369�¡�9pVr=g^�3<:*Tn1¦O=<�GEB9UEB14N':<14A[T,IPELZ�1436AtEM9;5tIJH;HGAK14@M5K5K9GTn9G:XVK5tEM14:<N4@ªV%3<=6@B:SIJ3X\o=<9UEaI�7X@MV%9G5K5[9 � IP@B:<5[@LCX3g^�3<:�Tn1X=<�;EM9=<9bxre<y.IJ5[V%IJ@B:6N�=<c;HGAK@ªVFZ<EB365.EB14@M:�¡peX��I�=<@M5KH;A[@BTU@B:SI¦V%@B1J:U:6c;H;9G5K5[@MV%9GA%IJ@ªV�=<9j5KI�7�1J@BAÉ9;5[VK@BTUcjH;1JAKAK9GHGVK9pOTU9;:DVjEB9G5j9p\]Z�145%IP:XVK5
H(q)

Z�1436ArEB9G5j14A[=<AK9G5 ≥ 15
I�7�9;Ht3<:<9�Z<A[c;HG@B5K@M14:oTU9;@BEMEB9G3<AK9bCD3<9

10%
e;e;e á E��IJ3<=6A%IJ@ªV?Y6@B9;:n5 
<A�IJ3<5[5K@�«GV%A[9rH;IJZSIJY<EM92=g^�9G5[V%@MTn9GA�H;9;5�YSIJAKA[9;5?=_^�9GAKA[9;3<A[5�� á E�9;5zVFIJ3�£[143<AK=g^�dX3<@�N4c;:6cpOA%IPEB9;TU9;:DV�IJ=6Tn@M5.CD3_^�@ME_��IJ36V�=<@M5KZ�145K9GA�=_^�36:*YSIP:<Hb=<9b=<14:<:<cG9;52=_^�9G:X7X@MAK14:
��v4vkTU@BEMEB@B1J:<5�=<9bZ�14@M:XVK5Z�143<AF9;5[Z�cGAK9GA29G5[V%@MTn9GAFZ<AK1JZ<AK9GTn9G:XV�EM9;5F14A[=<AK9G5

q . 6
1J3

7
e;e;e

>@?�
 ?�� ��J M ��OQRTM �%OQR"MNM2O6X P&O�� �@O@M2D J M
Æ>IJAF=<cpRS:<@ªV%@B1J:�9GEBEM9;5.5G^�cGH;AK@ª7�9;:DV®�

Gs = e−αs
∞∑

k=0

(αs)k

k!
F ?k ��áKá[á e�|J|D¡

14â
F
9;5zV�3<:<9b=<@B5zV%A[@BY<36VK@B14:�CD3<9GEBHG14:<CD3<9Jw

α = Cte > 0
w<9GV

s > 0
e@7j:�7�c;A[@MRS9bIJ@M5KcGTn9G:XV�CD3<9��

Gs ? Gt =Gs+t, ∀ s, t > 0. ��á[áKá e`|D�4¡�W14AK5[CD3<9
F = δ1

14:¤AK9pV%AK1J367�9,EBI*EM14@�=<9�Æ814@M5K5[14:_w�14â
E­^`14: :<1JV%9
δx0

EBI*=<@M5[VKAK@BY636V%@M14:�=<9,�r@BAKIJHH;1J:<H;9G:XVKAKc;9i9G:
x0

e<��Is��14:<HpV%@B1J:mN4c;:6c;A%I¦V%AK@MH;9j=69
Gs

9;5[V
G̃s = e−αs[1−F̃ ] e6��^`c;CD3SI¦V%@B1J: ��áKá[á e �P~�¡?=<3V%d6c;14A[�;TU9j�t9G5[V?7]AKIJ@B9�Z�143<AÉ3<:<927JIJA[@aIJY<EM9FZ�1J5K@MVK@M7�9�I�7�9GH
P{dy} = syF{dy} e��jIP:<5�EM92H;IJ5�=_^`3<:<9H¢IP5KH¢IP=<9rEM14NPO�@M:6RS:<@MTn9G:XV8=<@M7X@M5K@BY6EB9�liV%A%I�7�9GAK5ÉEB9;5�cGHpd69;EBEM9;5GwX5[@�EB9�Z<AK14Z<IJN�IPVK9;3<A�=<cGH;AK@ªV�Z<IJA?EM9�H;143<Z6EB9

(G, n)
9;5zVrIP5K5K1XH;@Mc®l�36:<9b=<@B5zV%AK@MY<36VK@B14:�=<9®Æ81J@B5K5[14:'H;14TUZ�145KcG9JwS14:'Z�143<AKAKIkc;H;A[@BA[9U�

Ga1,a2(ω) = G?[n(a2)−n(a1)]
︸ ︷︷ ︸

G∆n

(ω) = e−∆n
∞∑

k=0

∆nk

k!
F ?k(ω) ��á[áKá e`|a9�¡
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0

1

2

3

4

q

H
(q

)

HSL(q) = q/9 + 2(1-(2/3) q/3)

HLN(q) = (1/3+3k/2)q - k/2 q 2,  k=0.022

HC96(q) = q/3.(1+3T)/(1+qT), T=0.05

Log-Poisson
Log-Normal
Castaing 96
K41

����� � �
�
� � � 
 y�14TUZSIJA%IP@B5K1J:*9G:XVKAK9®EB9;5���14:<HpV%@M14:<5
H(q)

Z�1J3<A236:�TU1]=<�GEB9bEB1JNPO�:<1JAKTnIJE>{`u��¦��w�3<:/TU1PO=<�;EM9iEB14NPO�Æ814@M5K5K1J:/{©���J~¦� � 9p\]Z�145%IP:XVK5F=<9 d]d<9�O��WcG7�«GCD3<9�¡.9GV�EM9jTU1]=<�GEB9 � 4pVK9;TUZ�cGA%IPVK3<AK9&4¢¡Z<AK14Z�145[c�Z<IJAÉxreXy.IJ5[V%IJ@B:6N,{}|�v¦��Z�143<A�EM9;5ÉIJH;HGAK14@M5K5[9;TU9;:DV%5�EB14:6N4@MVK3<=<@B:<IJ3]\s=<9�EaIj7X@MV%9G5K5[9Jeqr3<HG3<:<9/=<@M5[VK@B:<HpV%@B1J:�:_^`9;5zVmZ<AKIPV%@MCD3<9;TU9;:DV,Z�145[5K@BY6EB9'9;:]OQ=<9;5[5K14365�=<9�E�^�14A[=<AK9
q = 10

w5%IJ:<5�HG14TnZ]V%9;A�EM9;5FZ<A[14Y<EB�GTn9G5F=_^`9;5[VK@BTnIPV%@M14:'IJ5[5K1XH;@BcG5��



�����&��!L� �/�a. �&,������ ���L�0�&��'2�&�:,�$ � �&� ��$%�&� ��$ ./��)�,�$ � �&�
� �"�0� ����!#���
$%�&� '�� ���")�� ��� � �

14â
∆n = n(a2)−n(a1)

9;5[V.EaI 4G=<@B5zV&IJ:6H;9rTU1���9;:<:69a4FCX36@g5KcGZSIJA[9rEB9G5�cGHpd69;EBEM9;5
a1
9GV
a2
eXfL:m9phg9pV¢wH;9pVKVK9r=<cpRS:<@MVK@B14: ��á[áKá e`|a9�¡>Z�9;36V?5;^`@B:DV%9GAKZ<A[cGV%9GA?9G:mH;1J:<5K@M=<c;AKIJ:XVÉEM9�Z6AK1XH;9;5[5K3<5�5K3<@ª74IJ:DV¢ead]14@MV N(∆n)EaIb74IPAK@aIPY<EB9�=_^`3<:�Z<A[1]HG9;5K5[3<5�=<9iÆ81J@B5K5[14:�I�7�9;H

P∆n{N(∆n) = k} = e−∆n∆nk/k!
e6Æ81J3<A�H�dSIJCD3<97JIJEB9G3<A�=<9

k
w�5K1J@B9;:DV

ω1, ω2, . . . , ωk
=<9G5�7JIJAK@BIJY<EM9;5�IJEMc¢IPVK14@BA[9;5m@M:<=<cGZ�9G:<=SIJ:DV%9G5*@M=<9;:DV%@MCX369;TU9;:DV=<@M5[V%A[@BY<36c;9;5n5K9GEB14:

F
wÉ@B:<=<cGZ�9G:<=SIJ:DV%9*=<9

k
e?q2EB14A[5 ��áKáKá e`|a9�¡�9;5zV�EaI
=<@B5zV%A[@BY<36VK@B14:�=<9/EBI 5[14TnTU9IJEMc¢IPVK14@BA[9

ω1 + . . . + ωN(∆n)

eWfL:
=_^�IJ36V%A[9;5jVK9;AKTU9;5GwWIJ3
k
O�@B�GTn9s5%IJ36Vj=<3
Z<AK1XH;9G5K5K365t=<9�Æ�14@B5[5K14:9;5zV�IJ5[5K1XH;@Bcr3<:�9Gh�9GV

ωk
w69pV

ω(∆n)−ω(0)
AK9GZ<AKcG5K9;:DV%9iEBIt5[14TnTU9rHG3<Tk3<EMc;9�=<9jH;9G5F9Gh�9GVK5F9;:DV%AK9

09GV
∆n

e
Ê2:�H;IJ5>ZSIPA[V%@MH;3<EM@B9GAW9;5[V8H;9GEB3<@X14â

F = δlnβ
�P14:sAK9GVKAK143]7�9�EM9É��IJTU9;3X\®Z<AK14Z<IJN�IPVK9;3<A�EB14NPO�Æ814@M5K5K1J:=<14:DV�V%14365�EM9;5�ZSIJ5�5K14:DV8@M=<9;:DV%@MCD3<9;5�Z<3<@M5KCD3<9

F
9;5[V8H;14:6H;9;:DV%A[c;9?9;:s36:sZ�14@B:DV¢e�dXd<9.�Á�Wcp7�«;CD3<9i{©���J~��V%AKI�7JIJ@MEBEB9G:XV�5[3<A�EaI�=<@M5K5[@BZSIPVK@B14:

εr
9pV2Z6AK14Z�145K9G:XV�=g^�IJ5[5K1XH;@M9;AFH;9bZ�14@B:DV�lk3<:<9b5zV%AK36HGV%36AK9®5K@B:6N43<EB@M�;A[9=<9*E­^`c;H;1J3<EB9GTn9G:XV;e d]d<9�� �¤I��]TU@BA[9o{©���P|P�25K9*=<9;TnIJ:<=69;:DVn5[@236:<9�HGEaIJ5[5K@MR<H¢IPVK@B14:Ú=<9G5,5[�X5zV%�;TU9;5:<14:ÃEM@B:<c;IJ@BA[9;5n=<@B5[5K@BZ<IPV%@ª��5,9;5zV'Z�1J5K5K@MY<EB9�5K3<A�HG9GVKVK9oYSIJ5[9Je�y�dSIPCX369¨HGEaIJ5[5K9o=_^`3<:<@ª7�9;A[5%IJEM@MVKc�5K9GA%IJ@ªV=<cpRS:<@B9sZSIJAjEM9s:<14TkY6AK9s=69�5[VKAK3<HpV%3<A[9;5b5K@M:<N43<EM@B�;A[9;5�:<c;HG9;5[5%IJ@MAK9;5®lm5KIm=<9;5[H;AK@MZ6V%@M14:_e á E85[3 1UA%IJ@ªVi9;:CD3<9;EMCD3<9/5K1JA[V%9�=<9 4GHG14TnZ]V%9;AnEB9G5m�r@MA%IJH&4 � 9G:Ã5K3<Z<Z�145KIJ:XV,CD3<9

F
5[14@MVn3<:<9�5K14TUTn9*=<9o�r@MA%IJH¢¡Z�143<A�cpV&IJY6EB@BAÉ3<:<9rH;EaIP5K5K@ªRSH¢I¦V%@B1J:_eX�r9;3]\mA%IJ@M5K14:65.IJ3�TU14@B:65?9�\6Z6EB@BCD3<9G:XV�CD3<9jH;9pVKVK9i@B=<cG9r:<9j5[9;TkY<EM9ZSIJ5�I�7�14@MAs=<1J:<:<c�5K36@MV%9PeL��I/Z<AK9GTn@M�;A[9�9;5[V�CD3_^L36:ÚVK9;E.AKIJ@B5[14:<:<9GTn9G:XVs5K3<Z6Z�145[9*CD3_^`@BE?9p\]@B5zV%9'3<::<14TkY6AK9jRS:<@W=69®5zV%A[3<HGVK3<AK9G5r5K@M:<N43<EM@B�GAK9;5Ge á EW:_^`9;5zV2Z<IJ52=63�VK1436V�cG7X@M=<9;:DV�CX3g^�14:�=<14@ª7�9i5K9®EB@MTn@ªV%9GA�lH;9pVKVK92dD�XZ�1JVKd<�;5[9Je]��I®=<9G3]\]@B�GTn9�A%IJ@M5K14:�9G5[V.5KIJ:<5É=<1436VK92CD3_^`@BES9G5[V?9p\XV%A[«;TU9;TU9;:DV�=6@�1UH;@MEB9.=_^`cGV%I��49;A5K1JEB@B=69;TU9;:DVt36:<9,V%9GEBEM9,IJA[N43<TU9;:DV&IPVK@B14:oVKd<c;14A[@BCD3<9mZ<IJAs=<9G5�14Y<5[9;Az74IPVK@B14:65t9�\6Z�c;A[@BTU9;:DV&IJEM9;5tIJ3<5[5K@I�74IJA[9;5.9G:*@M:6��14A[T,IPVK@B14:65�Z<A[c;H;@M5K9G5;e���I�5zV&IPVK@B5zV%@BCD3<9i9G5[V�9p\]@MN49¢IJ:DV%9Pw<EaI�VK3<AKY<36EB9;:6H;9bAKcpV%@M749Je;eGe

�jIJ:<5nEB9'Z<A[14EB14:6N49;TU9;:DV�=<9�5K14:!IJA[VK@BH;EM9
{�~JuP��=<9 �¢u&;4u6w�xre?y.IJ5zV&IJ@M:<N�{`|�v��2I 5K36@M7X@�9;:��¢u4u&93<:<9'=<cGT,IPAKH�d<9mV%d69;AKTU1X=6�X:SIJTU@BCD3<9m9pV�@B:DV%AK1X=<3<@ªV�3<:69�CD3SIP:XVK@MV%c
T
CD3_^`@BE.:<1JTnTU9,V%9GTnZ�c;AKIPV%36AK9Z�143<A.=<cGH;A[@BAK9iEBIs5[V%IPV%@M5[VK@BCD3<9i=<9G5�IJH;HGAK14@M5K5K9GTn9G:XVK5F=<9iEaI®7]@ªV%9G5K5K9Pe��W9iEB14N�IPAK@MVKd<TU9�=63�Z6AK14ZSIPN�IPV%9G3<A

lnG
£[143<9'EB9�A�
4EB9'=_^`3<:<9�9;:DV%A[14Z<@B9PeLxreÉy.IJ5zV&IJ@M:<N¨IJY�1436V%@ªVUIJ@B:65K@Fl
EaIoZ<A[14Z�1J5K@MVK@B14:¤=69

F (ω) =
e−ω/T /T

Z�143<A?=<c;HGAK@MAK9j3<:�Z6AK14ZSIPN�IPV%9G3<A
G
=<3�V��]Z�9 ��áKá[á e�|a94¡?=<c;Z�9;:6=SIJ:DVF=<9jEBItV%9GTnZ�c;AKIPV%3<A[9 T e�W9nZ6AK14ZSIPN�IPV%9G3<A

G
Z<AK14Z�145[cnZSIPAsxre�y.IJ5zV&IJ@M:<N�=<IJ:<5n{`|�v¦�?Z�143<A®=<cGH;AK@MAK9UEB9G5sIJHGH;A[14@B5[5K9;TU9;:DV%5®=<97X@MVK9;5K5[9

δvr
9;:DV%A[9?EBI�NJA%IJ:<=69?cGHpd69;EBEM9

L
9GV�3<:<9�cGH�d<9;EMEB9

r
9;5zVLIJ5[5K1XH;@Mc�l�EaI�=<@B5zV%A[@BY<36VK@B14:bHG14TnZ�14AzV&IJ:DV3<:*IPV%1JTn9j=69®Z�14@M=<5

e−s
9;:

ω = lnW = 0
9GV�=<9b=<9G:<5K@ªV%c � �

GLr(ω) = e−s
∞∑

k=1

sk | ω |k−1

k!(k − 1)!T k
eω/T , ω < 0, ��á[áKá e`|D¥4¡

14â
s = n(r) − n(L)

AK9GZ<AKcG5K9G:XVK9kEaInZ6AK1J��14:6=<9;3<Ar=<9�EaIUH¢IJ5[H¢IJ=69k9;:DV%AK9
L
9GV
r
e � A%ÇPH;9�l ��áKá[á e �J~4¡=<3UV%d<cG14AK�GTn92�®Z<IJN49�9&;6w�14:nAK9pV%AK1J367�9�EB9;5�9�\6Z�145KIJ:XVK5?A[9;EBIPV%@ª��5

H(q)/H(3)
Z<AK14Z�145[c;5ÉZSIJAÉxre]y.IJ5zOV&IP@B:<N'{}|�vP�L�

H(q)

H(3)
=
ϕ(−q)
ϕ(−3)

=
q

3

1 + 3T

1 + qT
��áKá[á e�|&;�¡��IÚR<N43<AK9 áKá[á e �ÚH;14TUZSIJA[9
H;9GV[V%9¨Z<AK1JZ�145[@MVK@B14:�Z�143<A

T = 0, 05
IJ3X\ Tn1X=<�;EM9;5'EB1JN�:614AKTnIJEi9GVEB1JNPO�Æ81J@B5K5[14:���EB9G5jc;H;IJA[VK5i5K14:DVjV%A[�;5r��IP@BY<EM9;5;eªeªe ��9;TnIJAKCD3<1J:<5iCD3<9�xreWy.IP5[V&IP@B:<N'IJ36A%IJ@ªVrZ<3
H�d<14@M5K@MA:_^`@BTUZ�1JA[V%9rCX369;EBEM9i=<@B5zV%A[@BY<36VK@B14:

F
AK9;5[Z�9GHGV%IJ:XV�EBI�H;14:<=6@MV%@M14:

dF

dω
(0) =

1

T
��� :��Q�!"�"��!4�"c)8�QE%1.X�:��QE!e �'E_�a&,-L+.�!:WG7 �:;��"%�'4IE%�!&��!:;� X�+.1�E%E%�!��)I-L:IEa+.-=23 �"�&(4�+<�N)� �:�:��'�C/W-L"�� S��Q-�E_��-�1<:IX=)�-L:WE�> �
	BAiS

� +.+<�h�FEO�=G! �"�"%1.X��'�=1�G71^S
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d]14:ÚH�d<14@©\ÚIo9;:DV%A[9'IJ36VKAK9;5�EM9�TncGAK@MVK9m=<9'H;1JAKAK9G5KZ�14:<=<A[9�lo3<:69�5[@MVK3SIPV%@M14:¤14âÚCD3<9;EMCD3<9;5UH¢IJEMH;3<EM5IJ:SIPEM�DV%@MCX369;5m9pV�5K3<AzV%143]V'3<:<9o@B:DV%9GAKZ<A[cGV%IPV%@M14:!ZSIPAKEaIP:XVK9*5[14:XVmZ�145[5K@MY<EB9G5;e.0�143<5�A[9G7X@B9G:<=<AK1J:<5�9;:=<cpV&IJ@ME_5K3<A�HG9;A[V%IJ@B:65�Z�14@M:XVK5.=<9bH;9pVKV%9®IJZ6Z<AK1XH�d<9i=SIJ:<5�EBI�Z<IJA[VK@B9i~�=<9bH;9bH�dSIJZ<@ªV%A[9Je
fL:6RS:_w�@ME69;5zV?IJTk3<5%IP:XV8=<9�:<1JV%9GALCD3<9FÈ�e ��IJ§Dd<1JVF{ª��¥ 9P��Ij14Y6VK9;:X3�9;:���u4u&;j=<9G5�9p\]Z�1J5%IJ:DV%5>VK1436Vl®��IP@MVÉ5K9GTkY<EaIJY6EB9;5�9G:�Z<AK9G:SIJ:DV�HG14TnTU9�Z�1J@B:DV?=69r=<cGZSIJA[V�E­^`c;CD3SIPVK@B14:U=<9r0rI�7]@M9;A�O\dXVK14§49;5É9GV�5K9G5.5[��OTUcGV%A[@B9G5F��3<:,Z�14@B:DVL=_^�IPV[V&IJCD3<9�A%IJ=6@BH¢IPEB9;TU9;:DV>=6@Mh�c;AK9G:XV�� á E�IJZ<ZSIJAKI��BV�Z�143<AzV&IJ:DVL=SIP:<5?5[14:UAKc;5[3<EMV%IPV3<:¨ZSIJAKIJTn�pV%A[9U:61JV%c

B
e d]@L1J: Z�145K9

B = 1/T
w_EM9;5bZ<A[c;=<@MHGV%@M14:<5i=<9nxre�y.IJ5zV&IJ@M:<N'9GV®=<9�È�e ��I¦O§Dd<1JV?5;^�IJH;HG14AK=69;:DV¢wD=<3,TU14@M:<5LCD3SIJ:DV�IP3]\U9p\]Z�145%IJ:DV%5

H(q)
e � 14365É=69;3]\nH;1J:<5K@M=<�;A[9;:DV�CD3<9�EB9�H�d<14@©\

T = 0.05 ⇔ B = 20
=<c;HGAK@ªVrY<@M9;:/EM9;5�=<14:<:6c;9;5r9p\]Z�cGAK@MTn9G:XV%IJEB9G5rlUdSIJ36V ��9p�]:614EB=<52=<@B5[Z�1J:<@BY<EM9;5GeÆ>IJArIJ@BEMEB9G3<AK5Gwg�jI�7�1436=<@�°pÄ2» ��
>{��4�¦�814:XVjTn14:DV%A[ctCD3_^`14:
Z�14367JIJ@MVrIJ5K5[1]HG@B9GAj3<:o=<cp7�9;EM14Z<Z�9;TU9;:DVi=<9

�iA%IJTU9;A[5zO�Ë*1¦��IJE_lkE­^`c;CD3SI¦V%@B1J:�Z<AK14Z�145[c;9bZSIJA ��IJ§Dd<1JV;e
>@?�
 ? � ��J M ��OQRTM

α
��M
I�G8] ��J M

�W9;5mEM14@B5U5[V%IJY<EB9G5;w?=<14:DV,EBI EB1J@�:614AKTnIJEB9Pw�5K14:DVm@M:6RS:<@MTn9G:XVU=<@ª7]@M5K@MY<EB9G5;eÉ�jIJ:<5,EB9�H;IJ5,EM9�Z<EM3<55K@MTnZ6EB9Jw
F̃α(ν) = e−ν

α

, 0 < α < 2
w<14A

να =
α

Γ(1− α)

∫ ∞

0

1− e−νy

yα+1
dy ��á[áKá e`|�u�¡

14â¨E­^`14:¨AK9;HG14:<:SI �BV®EaI'AK9GZ<AKcG5K9;:DV&I¦V%@B1J: ��áKáKá e��J~�¡iI�7�9;H P{dy} = dy/yα, X ∈ [0, +∞[
q :<1PV%9;ACD3<9jHG9;5�=6@B5[VKAK@MY<36V%@M14:<5�:_^�IJ=<TU9GV[V%9;:DV?ZSIJ5�=6927JIJAK@BIJ:<H;9FRS:6@B9JwX9GV?cG749;:DV%3<9GEBEB9GTn9G:XVÉZSIP5�=<92Tn1���9;:6:<9

� 5[@ α < 1
¡�eSfLEBEM9;5F14:DV�cGVKc®3]V%@BEM@B5[c;9;5�9;:'V%3<A[Y<3<EB9G:<H;9®ZSIJA�dXHpd69;A[V � 9GA2� ��1�7�9�£[1¦��{ª�;|�u¦��e

>@?�
 ?
� ��J M ��OQRTM)��G � � G J I J � �@OcXYJFXSI�RTJ
� �"J
��I�EB14@�9�\6Z�14:<9G:XVK@B9GEBEB9'=_^`9;5[Z�cGA%IJ:6H;9

1
I¨Z�1J3<An��14:6HGV%@M14:!H;IJA%IPHGV%cGAK@M5[V%@MCD3<9

φ(ν) = e−ψ(ν) =
(1− iν)−1 e@7j:�Z�9G36V�TU14:XVKAK9GAFCX369U�

ψ(ν) =

∫ ∞

0

1− eiνy

y
e−y dy ��á[áKá e��Jv�¡

CD3<@STU14:XVKAK9.CD3<9�H;9pVKVK9�=6@B5[VKAK@MY<36V%@M14:k9;5zVÉ@B:6RS:6@BTU9;:DV>=<@ª7]@M5K@MY<EB9.Z63<@B5[CX3g^�9GEBEB9FHG14AKA[9;5[Z�14:6=,liEaIiA[9;Z<A[cpO5K9G:XV%IPV%@M14:�=<3*VKd<c;14A[�;TU9s~�ZSIJNJ9 9�¥�I�7�9;H
M{dy} = ye−ydy

=SIP:<5 ��áKá[á e �Jv4¡pe��W9;52EB14@M5�µ�»J±k±U»®=<9=<9G:<5K@ªV%c
γs(y) = e−yys−1/Γ(s)

14:DVjZ�143<A���14:<HpV%@B1J:�H¢IPA%IJHpV%c;A[@B5zV%@BCD3<9
e−sψ

IJ5[5K1XH;@Mc;9kl,EBI,TU9;5K36AK9
sM

e�fLEBEM9;5i5[14:XV®=<1J:<HUIJ3<5K5[@L@B:6R<:<@BTU9;:DVi=<@ª7]@M5K@MY<EB9G5;wgNJA%ÇJHG9�IJ3¨VKd<c;1JAK�;TU9�|4Y<@M5;eW�W9;5bEM14@B5jN4IJTnTnI14:DV�EaI�Z<A[14Z<A[@BcGVKci=<9i��14AKTU9;AF36:<9i��IJTn@MEBEM925zV&IJY<EM9iZSIJA�H;1J:X7�1JEB36VK@B14:*�
γs ? γt = γs+t ��áKá[á e �X��¡�W9;5?=<@B5zV%AK@MY<36VK@B14:<5�EM14NPO�N4IJTnTnIr14:DVÉcGVKcrZ<A[14Z�1J5Kc;9G5�ZSIPA d6IP@MV%1n{©�¢|D¥���Z�143<AÉ=<c;HGAK@MAK9rE�^�@M:XVK9;A[Tn@ªVKV%9G:<H;9=<9G5 º ¶�°%»¦¼J½X·¦¾L¿�À�·�°�ÂÃÀp²­°p¿SÄ�¯

W = eω
=<92EaIs=6@B5K5[@BZSI¦V%@B1J: � 7�14@BAÉ ¦e�~s9pV. � � ¦e �J¡pwXE­^`3<:m=<9G5FIJAKNJ3<Tn9G:XVK5H;9G:XVKA%IJ3X\�cpV&IJ:DVL£[3<5[VK9;TU9;:DVjEaI�5[V%IJY<@MEB@MVKcb=<9sHG9GVKVK9s��IJTU@BEMEB9Je6�W9sAKcG5K3<EªV&IPVr=<9 d]IJ@MVK1n5[9�AKcGc;H;A[@MVjI�7�9GH:<145�:<1PV&IPVK@B14:<5Gw

G∆n(ω) =γα∆n,β(ω −∆n) =
βα∆n

Γ(α∆n)
(ω −∆n)α∆n−1e−β(ω−∆n) ��áKá[á e �J�4¡
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H
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) 
di
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K62
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Novikov
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�
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 f>\]Z�145%IP:XVK5
H(q)

Z<AK1JZ�145[c;5>Z<IJA�� 9��s{`u����­w&d6IJ@MVK1s{©�¢|D¥��­w<d]d<9�O��WcG7�«GCD3<9b{ª���J~¦��wJ9pVLÆ89G=<AK@ � O
� 9GV[V%@�w�021�7]@M§41�7��ÒÆLA%IP5K§41�7X5K§�� {ª���¦|<wW��~4v��­e���I�VKd<c;1JAK@B9 �i|<�®H;14A[AK9;5[Z�1J:<=/l

H(q) = 0
e��^`14A[=<AK9

q
5K36AtEBI'=6@B5K5[@BZSI¦V%@B1J:oH;14A[AK9;5[Z�1J:<=
l�E­^`14A[=<AK9

3q
5K3<A®EB9G5tIPH;H;A[14@B5[5K9GTn9G:XVK5U�WEM9;5c;H¢IPA[V%52l�E­^`14AK=<A[9®��5K3<A�H;9pVKV%9bRSN436AK9b5K9®H;14TUZSIJA[9;:DV�lUHG9;3]\�1JY<5K9GA[7�cG5rl�E­^`14AK=6AK9 9�=<9bEaIRSN43<A[9 á[áKá e��]e

=⇒

H(q) = − q − α ln

(
β

β + q

)
��áKá[á e �P~�¡

14â
α
9GV
β � > 0

¡�5K14:DV�=<cGVK9;A[Tn@M:<c;9G5s»®¹�·�¯pÄ�°p¶�²­·¦¶p²´e
>@?�
 ?�� ��G E J���E D M2JFX I�G I�R"OcX ZBJ��FJ ��� ��� G � I�JFE � � ( G �BR�EHO

Æ89;=6AK@ � � 9pVKV%@�wg0�1¦7X@M§41¦7�� ÆLA%IJ5[§41�7]5[§��¤{©���P|<w���~4v¦�85;^`@B:DV%cGAK9;5[5K9G:XVblmEBIn=<@M5K5[@BZSIPVK@B14:�V%3<A[Y<3<EM9;:DV%9
εr

TU1¦��9G:<:<cG9/5K3<A�=69;5�Y�1��BVK9;5m=<9/V%IJ@BEMEB9
r
e á EB5m=6cGRS:<@M5K5[9;:DV'=<9;5 º ¶&°&»¦¼J½X·¦¾L¿ Àp·�°�ÂÃÀp²­°p¿SÄ´¯k:<1JVKc;5

qr,l
H;14A[AK9;5[Z�1J:<=SIJ:DV�IP3]\¨Tk3<EMVK@BZ<EM@BH;IPV%9G3<AK5

Wr1,r2

=<cpRS:<@M5tZ<EM3<5bdSIJ36V � y�dge� ;¡pe�Æ�9;=<A[@ � � 9GV[V%@j°pÄj» ��
Z<A[14Z�1J5K9;:DV2=<9s=<cGH;A[@BAK9®EB9®EB1JN�IJAK@ªV%d<TU9i=<9tTk3<EMVK@BZ<EM@BH¢I¦V%9;36AK5.IP=<@BTU9;:<5[@B14:6:<c;5
zr,l = − ln(rqr,l/l) ∈

[0, +∞[
ZSIJAb=<9;5t=<@B5zV%A[@BY<36VK@B1J:<5i@B:6R<:<@BTU9;:DVb=<@M7X@M5K@BY6EB9;5Ge á EB5®5K9UAKcp���;A[9;:DV�IJ3¨V%d<cG14AK�GTn9U=<9n�WcG7D��Ox.I¦\XVK9;AzO�d]dSIJZ6@BAK1�9pV�Z<AK14Z�145[9;:DV236:�H�d<1J@ª\�Z�145[5K@BY6EB9i=<9bEaI�TU9;5[3<AK9

P
=63�VKd<c;14A[�;TU9t�kZ<IJN49 9�¥m�

P (y) = A(e−y/σ1 − e−y/σ2), σ1 > σ2. ��áKá[á e �¦|D¡
�W9;5�9p\]Z�145%IP:XVK5�=69;5�EB14@M5.=_^`c;H�d<9;EMEB9iZ�143<AFEM9;5 º ¶&°&»¦¼J½X·¦¾L¿oÀ�·�°�Â�Àp²­°p¿SÄ´¯�5[14:XV�IPEB14A[5F=<14:<:<cG5�ZSIJAb�

H(q) = q − A ln

(
σ1q + 1

σ2q + 1

)
��áKá[á e �J�4¡
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y�9sH�d<1J@ª\*I�74IJ@ªVFZ�143<A�14YX£[9;HpV%@ª�L=_^�IJTncGEB@M14AK9GAFEB9;52AKcG5K3<EªV&IPVK52=<9 d6IJ@ªV%1*{ª�¢|�¥���w�Z<36@B5KCD3<9tZ�1J3<A2EM9;52EB14@M5N�IJTUTnIs14:*I�=<IJ:<5�H;9pVKV%9®AK9GZ<AKcG5K9G:XV%IPV%@M14:
�
P (y) = Ae−y/σ1 , A > 0, σ1 > 0. ��á[áKá e��<9�¡

��IUZ6AK14Z�145K@ªV%@M14:'=<9sx2egy.IP5[V&IP@B:<N ��á[áKá e`|D¥4¡pw<VKA%IJ:65KZ�145KcG9�IJ3]\ º ¶&°%»¦¼J½X·¦¾L¿
À�·�°�ÂÃÀp²­°p¿SÄ�¯pw]H;14A[AK9G5KZ�14:]O=<AKIJ@MV�IP3*H�d<14@©\/�
P (y) =

y

T
e−y/T ��áKá[á e �J¥4¡

�s^�IJZ<AK�G5�EM9�VKd<c;1JAK�;TU9�9®EM9;5�H;36Tk3<EaIJ:DV%5
Ck

=<9
zr,l = − ln(rqr,l/l)

5K1J:XV?IJEM14AK5�:<cGH;9;5[5%IJ@MAK9GTn9G:XVZ�145K@ªV%@M��5Ge<fL:�ZSIJA[VK@BHG3<EB@M9;A;w




C1 = µ = − á f [ ln(rqr,l/l) ] ≥ 0

C2 = σ2 = á f [(ln(rqr,l/l)− µ)2] ≥ 0

C3 ≥ 0 . . .

��áKá[á e � ;�¡

yr^`9;5[V�36:<9mZ<A[14Z<AK@McGVKcmAK9GT,IJA[CD3SIJY<EM9Je%d]@�EM9n��14A[T,IJEM@B5[Tn9�=<9G5kH¢IJ5[H¢IJ=<9G5kEB14N¦O�@B:]RS:<@BTU9;:DVb=<@ª7]@M5K@MY<EB9G55;^�I�7��;A[9jZ�9GA[VK@B:<9G:XV � I�7�9;H23<:<9jY�14AK:69j5K3<Z�c;A[@B9G3<AK9i5[3<A.EB9G5.Tk3<EªV%@BZ6EB@BH;IPV%9G3<AK5%¡8EB14A[5�=_^`3<:<9bIP:SIJEM�X5[9j=<9=<14:6:<c;9G5;w�:<14365L=<@B5[Z�145[14:<5>=6c�£Kli=_^`3<:<9FH;1J:<=<@MVK@B14:s:<c;HG9;5K5KIJ@BA[9F5K3<ALEM9;5>:614TkY<AK9G5
Ck
w49;:kE�^�1XH;HG3<AK9G:<H;9EB9G3<AK5�5K@MN4:<9;5GeJÆ8IJA�HG14:<5[c;CD3<9;:DV¢wJEaI�H¢IJ5[H¢IJ=<9.IrEB@M9;3s9G:�5K9G:<5>3<:6@BCD3<9j�¦3<:<9?H¢IJ5[H¢IJ=<9�5K@BTU@BEBIJ@BA[9>AK9GTn1J:]OV&IP:XVrEB9;5rc;H�d<9;EMEB9G5r9;5zVb9p\]H;EM3<9JegfL:¨9phg9pV¢w�EB9;5rH;3<Tk3<EBIJ:DV%5�=<9�EaIn=<@B5zV%AK@MY<36VK@B14:�@B:6R<:<@BTU9;:DVr=6@M7X@B5[@BY<EM9IJ5[5K1XH;@BcG9�5K9;AKIJ@B9G:XVj:<c;HG9;5K5KIJ@BA[9;TU9;:DV®EB9;5 −Ck =<14:DVbEB9G5i5K@MN4:<9;5i:69UZ�9;3]7�9;:DVbZSIJ5b«GVKAK9�EB9G5iTn«GTn9G5 �CD3<9®H;9;3X\'=<9;5

Ck � 5KIJ36��H¢IJ5�V%A[@M7X@aIPE´¡pe
y�14TUTn9'EB9'=<cGTn1J:XVKAK9'H;9pVKV%9�EB@M5[VK9JwLZ<AKIPV%@MCX369;TU9;:DVkV%1436VK9;5UEB9G5n=<@M5[VKAK@BY636V%@M14:<5k@B:]RS:<@BTU9;:DVk=<@©O7X@B5[@BY<EM9;5bIJ=<TU9GV[V&IJ:DVj36:<9�=<9;5[H;AK@MZ6V%@M14:
5K@MTnZ<EM9 � 5[14367�9G:XVb9�\]Z<EB@MH;@MVK9�¡21J:XVbcpV%c�Z<AK1JZ�145[c;9G5®Z�143<Ai=6cpOH;A[@BA[9®E�^�@M:XVK9;A[Tn@ªVKV%9G:<H;92=<9®EaIs7X@MVK9;5K5[9s143'=<9®EaIk=<@M5K5[@BZSIPVK@B14:�9G:*VK3<AKY<36EB9;:6H;9Je�ÆLEM36V 
JV�CD3<9®=<9iV%9G:XVK9;A

� 7JIJ@M:<9;TU9;:DV�¡.=_^�I�£[1436VK9;Aj36:<9kZ<AK1JZ�145[@MVK@B14:*5K3<Z<Z6EBc;TU9;:DV&IP@BAK9tlmH;9pVKVK9kEB@B5zV%9Pw�:<1J3<5j:<14365iZ<AK14Z�145[14:<5=_^`9;5[5%I���9;A2=<9tHG14TUZ<AK9G:<=<AK9tH;9®CD3<9sE�^�14:*Z�9G36V29;5KZ�c;A[9;A2=<9sHG9tV��XZ�9b=_^�IJZ<Z<A[1]H�d<9Peg0�143<5�:<143<52@B:DV%c�OAK9G5K5[9;AK1J:<5?:61JV&IJTUTU9;:DV�IJ3�H¢IJ5�ZSIPA[V%@MH;3<EM@B9GA8=<9G5?Z<A[14ZSIJN4IPV%9G3<AK5LEM14NPO�Æ�14@B5[5K14:�HG14TUZ�145[c;5 ��3 ~�¡>I�7JIJ:XV=<9tH;14:<5[@B=<cGAK9GAjEB9G5rEB@M9;:<5�9;:DV%A[9�IJZ6Z<AK1XH�d<9;52T,IJA[§41�7]@M9;:<:69;5�9GVjH;IJ5KH;IJ=<9G5iEB14NPOQ@B:6R<:<@BTU9;:DVF=<@ª7]@M5K@MY<EB9G5
��3 |D¡�e

� ����Ø����ÉÙFÏ8Ø�ÝBÕ�Ó��]Ñ­ÛLß�ÛFÑ�ÐàÏ�Û
	¤ÙjÑªÜ�ÑMØ�Ñ�Þ�ÝBÏ�ØÁÏ�	�Ð ÖFÝ�	SÑ�×�Ý�Ñ
���
	DÏ�ÖFÔGØ
0214365,AK9p7�9;:614:<5m=_^�IJY�14AK=!l�EaI
CD3<9;5zV%@M14:Á=<3ÁEM@B9G:�9G:XVKAK9�EBI
7JIJA[@aIJY<EM9'IJEBc;IPV%1J@BAK9

W̃
IJ5[5K1XH;@Mc;9IJ3�Z<AK1JZSIJN�IPVK9;3<A

G
=g^�3<:69sH¢IP5KH¢IP=<9tEM14NPOQ@B:6RS:6@BTU9;:DV�=<@ª7X@B5K@MY<EB9Pw<EB9iTk36EMV%@MZ<EB@MH¢IPVK9;3<A 4p7X@BAzV%3<9GE�4Pw69GV2EB9Tk3<EªV%@BZ6EB@BH;IPV%9G3<A 4GAKcG9;EH4
W

=<cGR<:<@�ZSIJA ��á[á e";Jv�¡ � 7�1J@BA. ¦e�~k9pV2 � ¦e�~�¡pe
���� #4IEg+^e -dY;1. �:IEQ)8�����(E%1.X�:I-�+<�h)�-�:IE[+<�h/W-L"V-LX�"V-L/I�����#S ��S @��#�����! #"%$'&����IS
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�jIJ:<5�HG9iZSIJA%IPN4A%IJZ6d<9Jw<:6143<5F:<14365�@M:XVKc;A[9;5K5[14:<5�IJ3X\�Z<A[1]HG9;5K5[3<5�5[V%1XH�dSIJ5zV%@BCD3<9G5
Y (s)

V%9;EM5.CD3_^`@BE9p\]@M5[V%9b3<:69®=6@B5[VKAK@MY<36V%@M14:�@B:]RS:<@BTU9;:DV.=6@M7X@B5[@BY<EM9
G
9pV236:<9i��14:<HGVK@B14:'HGAK14@M5K5%IP:XVK9

n(s)
VK9;EMEB9;5FCD3<9

Ps+∆s(Y ) = G?[n(s+∆s)−n(s)] ? Ps(Y ) ��á[áKá e��Ju�¡
14â

Ps
=<cG5K@BNJ:<9*EBI¨TnIJA[N4@B:SIPEB9m=<9

Y (s)
w�9GV

G?n(s) 9;5[V,IJZ<Z�9;EMc'¹�¶&·&¹<»�µ�»JÄ�°p¸X¶®=<3!Z<A[1]HG9;5[5K3<5 �DH;9Z<A[14ZSIJN�I¦V%9;36AF9;5[V�:<IPV%3<A[9;EMEB9;TU9;:DVFIP5K5K1XH;@Mcblk3<:'5K9;TU@ªOQN4AK1J3<Z�92=<9bH;14:D7�14EM36V%@M14:_eX021J3<5�Tn9pVKV%1J:<5F9;:cG7X@M=<9;:<HG9�CD3<9;EMCX369;5kZ<A[14Z<AK@McGVKc;5s=69mH;9G5kZ<AK1XH;9G5K5K365�IPRS:
=<9,Z<AKcGH;@B5[9;A�=<IJ:<5�CD3<9GEBEB9G5�H;1J:<=<@MVK@B14:65t@ME9p\]@M5[V%9�3<:
EM@B9;:o9�\]Z<EB@MH;@MVK9k9;:DV%A[9kEB9�Z<A[14ZSIJN4IPV%9G3<Ai=<cGR<:<@�ZSIJAiEB9sH;143<Z6EB9
(G, n)

9GV®EaIm=6@B5[VKAK@MY<36V%@M14:
P ω
s,∆s

=<9G5rIPH;H;A[14@B5[5K9GTn9G:XVK5
ω
=<9

Y
e@d]@W1J:*5G^�@M:XVKc;AK9G5K5[9sl�E­^`cG7�1JEB36VK@B14:m=69

Y (a, t) = ln | TX(a, t) |� A[9;5[Z_e Y (r, t) = ln εr(t)
¡pw�l

t
R]\6cPw�9;:���1J:<HGVK@B14:Ú=<9'E­^`c;H�d<9GEBEM9

a � A[9;5KZge r ¡�w>H;9GEaI
AK9G7X@M9;:DVUl¨5[9Z�145K9GA�EBI�CD3<9;5zV%@B1J:*=<3�EB@M9;:�cp7�9;:DV%3<9GEW9;:DV%A[9iEB9iTk3<EªV%@BZ6EB@BH;IPV%9G3<A 4p7X@BAzV%3<9GE�4
W̃

9pV�EB9jTk3<EªV%@MZ<EB@MH¢IPVK9;3<A
4GA[c;9;EH4

W
e�fL:/9Gh�9GV;w�EM9;52IJH;HGAK14@M5K5K9GTn9G:XVK52=69

Y
HG14AKA[9;5[Z�14:6=<9;:DVj=SIP:<5rHG9sH¢IP5jIJ3/EM14N�IJA[@MVKd<Tn9r=<9;5Tk3<EªV%@BZ6EB@BH;IPV%9G3<AK5+4GA[c;9GEB5�4��

ω = lnW
e�y�9GA[V&IP@B:<9G5W=<9;5�AK9GT,IPAKCD3<9;5WCD3<@�5[3<@M749;:DVWZ�9G367�9G:XVW5G^�IPZ<Z<EB@MCD3<9;Al 36:!Z<A[1]HG9;5K5[3<5,9G:!V%9GTnZ65 � 5%IJ:<5U5;^`@B:DV%cGAK9G5K5K9GAml¨5%I 5zV%A[3<HGVK3<AK9*=SIJ:<5U3<:!Z6EaIJ:ÚV%9GTnZ<5�O�cGHpd69;EBEM9�¡�eÆ>IJAb5[143<H;@�=<9UN4cG:<c;AKIJEB@ªV%cJwW:6143<5®143<Y<EM@B14:<5i=614:<HUTn14TU9;:DV&IP:<c;TU9;:DViEB9G5®7JIJA[@aIJY<EM9;5j=69UVK9;TUZ<5

t
9GV=_^`c;H�d<9GEBEB9

a
e_0�143<5jAKIJ@B5[14:<:<14:65j=<9s��IJ¬G14:oN4cG:<c;AKIJEB9t5K3<Aj36:oZ<AK1XH;9G5K5K365

Y (s)
wg14â

s
=<cGH;AK@ªViH;9sCX369:<14365iIJZ<Z�9;EM14:<5jEBIU7JIJAK@BIJY<EB9b:SI¦V%3<A[9;EBEM9s=_^`14Y<5[9;Az74IPVK@B14:ge�Æ8IJAr9�\69GTnZ6EB9Jw�14:
IJ3<AKI

s = − ln a/a0

9GV
Y (s) = ln | TX(a, t = Cte) | Z�1J3<A?36:<92H;IJ5KH;IJ=<92EB14NPOQ@B:6R<:<@BTU9;:DV>=<@ª7X@B5K@MY<EB9�lbV%AKI�7�9GAK5�EB9G5?cGH�d<9;EMEB9;5
a
e���IkZ<AK14Z6AK@BcpV%ci=_^`@B:D7JIJAK@BIJ:<H;92=_^`c;H�d<9;EMEB9i5[9bVKA%IJ=63<@MV�IJEM14AK5�ZSIJA

n(s) = s
e

y�9;5tZ<AK1XH;9G5K5K365s5K1J:XVbZSIPA®=6cGRS:<@ªV%@M14:
:<14:�5zV&IPVK@B14:6:SIJ@BA[9;5 � 5%IJ3]�F=SIJ:<5bEM9UH;IJ5bV%AK@ª7X@aIJE�14â @ME>:_^}�I�ZSIJ5�=_^`cG7�14EM36V%@M14:�¡�e<fL:*5[9t5[14367�9G:SIJ:DV�CD3<9tEBIkH;14:D7�14EM36V%@M14: 4;IJ=6=<@MVK@B14:<:69jEB9G5�HG3<Tk3<EBIJ:XVK5�4PwX:<1JVKc;5
Ck
wS:<143<5�=<cG=<3<@B5[14:<5��r=<9 ��á[áKá e��Ju�¡

∀k ∈ IN∗, CY
k (s) =CG

k .n(s) + CY
k (0) ��á[áKá e�94v�¡

fL:sZSIPA[V%@MH;3<EM@B9GA;w
CY

2 (s) = σ2
Y (s) ∝ n(s)

9;5zV8HGAK14@M5K5%IP:XVK9Je���I�Z6AK14Z<A[@BcpV%c ��á[áKá e�94v�¡g��143<A[:<@MV�3<:®Tn1���9G:Z<AKIPV%@MCX369s=<9s74c;AK@ªRS9;A2E­^`9p\]@B5zV%9G:<H;9�9pVjEBIU��14A[Tn9t=<9
G
9GV
n(s)

eg��I,A[9;EBIPV%@M14: ��áKáKá e�94v�¡F:_^`9;5zVbCX3g^�3<:69AKcGc;HGAK@MVK3<AK9bN4cG:<c;AKIJEB9i=69 ��áKá e�¥<9�¡�e7j:�Z�9;3]V�IJ5K5[1]HG@B9;A�lk3<:'Z<A[1]HG9;5[5K3<5
Y (s)

w<=<1J:XVFEM9;5�IJHGH;A[14@B5[5K9;TU9;:DV%5
ω(∆s, s)

5K1J:XVFcp7�9;:DV%369;EªOEB9GTn9G:XVU:<1J:Á5[V%IPV%@M14:<:SIJ@MAK9G5n9pV��P143!:<14:Á@M:<=<c;Z�9;:6=SIJ:DV%5;wÉ3<:ÁZ6AK1XH;9;5[5K3<5
Ỹ (u)

l
IJHGH;AK1J@B5K5[9;TU9;:DV%5
ω̃(∆u)

5zV&IPVK@B14:6:SIJ@BA[9;5m@M:<=<cGZ�9G:<=SIJ:DV%5Ge á Ei5K3 1�V'Z�143<A�HG9;EaI¤=_^`@B:DV%A[1]=63<@BA[9�3<: Ä�°p±r¹S¯�·&¹�%p¶%»JÄ�²­·¦¿S³¿g° �
u ∝ n(s)

Z�9GAKTU9GVKV%IJ:DV�=<9 4pAKc;HG3<Z�c;AK9GA�4mEaI
¯pÄQ»JÄ�²­·¦¿S¿�»J¶�²´Ä %®=<9G5�IJH;HGAK14@M5K5[9;TU9;:DV%5;e8Ê2:Ú5K@MTnZ6EB9H�dSIJ:<NJ9;TU9;:DV?=g^�cGHpd69;EBEM92=692V%9GTnZ65�Y<@M9;:,H�d<1J@B5K@�Z�9;A[Tn9pV.IJ@M:<5K@�=<92A%IJTU9;:69;AÉE­^`cGV%36=<9r=_^`3<:mZ6AK1XH;9;5[5K3<5CD3<9;EMH;14:6CX3692ljHG9;EMEB9.=_^`3<:�Z<A[1]HG9;5K5[3<5?liIJH;HGAK14@M5K5K9GTn9G:XVK5L5[V%IPV%@M14:<:SIJ@MAK9G5;e á E<5;^�IJN4@ªVL=<9F5K36@M7XAK9FE�^�cp7�14EB3XOV%@M14:k=<3UZ<AK1XH;9G5K5[3<5�9G:,IJHGH;cGEBc;AKIJ:DVL143UA%IJEM9;:DV%@B5[5%IJ:DV>E�^�cGH;1436EB9;TU9;:DVL=<3kVK9;TUZ<5�=<9�T,IJ:6@B�;A[9FIJ=SIPZ6V%cG9Je
á EL�¨I*ZSIPAt9�\69GTnZ6EB9�Y�9;IJ3<HG143<Z
Z<EM3<5®=<9nHG143<Z<5t=<9�V%c;EMc;Z<d614:<9UEB9r£[143<A®CD3<9,EBI':X3<@ªV¢e 7j:�Z�143<A[A%I=<14:6HrcGVK3<=<@M9;AÉEB9;36A?5zV&IPVK@B5[VK@BCD3<9�9;:m3]V%@BEM@B5KIJ:XV�36:nV%9GTnZ65�14Z�c;AKIPV%@M14:<:<9GE�VK9;E�CD3<9rEM92:<1JTkY<AK9�=<92H;14TkOTk3<:<@MH¢IPVK@B14:65iZSIJA®3<:<@MVKcn=69nV%9GTnZ65t14Z�c;AKIPV%@M14:<:<9GE�=<9;TU9;3<A[9,HG14:<5[V%IJ:DV¢e�qr@M:<5K@�w�l�V%1J36VsZ6AK1XH;9;5[5K3<5
Y (s)

7�c;A[@MR�IJ:DV ��áKáKá e�94v�¡�Z�9;3]V�«GV%A[9®IJ5K5[1]HG@Bcb3<:�Z<AK1XH;9G5K5K365 Ỹ (u)
V%9GEWCX369n�

� I4¡ u = αn(s), α > 0
w

� �� #4IE�E%4�/�/9 #E% �:IEQ1�G71�+^e �!681.E_�%�':IG7�h)8�FE�G74�&(4�+�-L:;�VEC)8�
Y
�5�% #4IE[+.�'E[ �"V)8"��'E'S
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� YS¡ ∀k ∈ IN∗, C Ỹ
k (u) =

CG
k

α
.u+ C Ỹ

k (0)
w

Æ81436ALIJEBEMc;N49GA�EM9;5>cGH;A[@MV%36AK9;5Gw4:<14365LHpd614@B5[@B5K5[14:<5>5z�X5[V%cGT,I¦V%@BCD3<9GTn9G:XV
α = 1

wP=<9.5K1JA[V%9FCD3<9
u = n(s)

e021J3<5bH;14TUZ<EBcpV%14:65iEaI�=<cGR<:<@MVK@B14:
=<3¨Z<AK1XH;9G5K5[3<5
Ỹ (u)

ZSIJAbEBImZ<AK14Z6AK@BcpV%c�=_^ª²´¿�½&%�¹�°p¿�½�»J¿gÀp°.=<9U5K9;5IJHGH;AK1J@B5K5[9;TU9;:DV%5
ω̃(∆u, u) = Ỹ (u + ∆u) − Ỹ (u)

e��W9 Z6AK1XH;9;5[5K3<5
Ỹ (u)

IJ@M:<5K@iHG14:<5[VKAK3<@ªV�9;5[V3<:ÁZ6AK1XH;9;5[5K3<5'l!»XÀ�Àp¶�·¦²B¯&¯�°p±,°p¿SÄ´¯,¯pÄ­»JÄ�²­·¦¿S¿�»J²´¶&°&¯'²´¿�½&%�¹�°p¿�½�»J¿SÄ´¯
ω̃(∆u)

eÉ��9G3<A,=6@B5[VKAK@MY<36V%@M14:�9;5[V=<14:6:<c;9jZ<IJA
G?∆u =<c;HGAK@ªV%9jZSIPA�5K9G5FH;3<Tk36EaIJ:DV%5 C ω̃

k (∆u) = CG
k .∆u

e á E���IJ36V�Y<@B9G:�5 
<A.AKIJZ<Z<A[1]H�d<9GAEaIs7JIJA[@aIJY<EM9
ω̃
=<cpRS:<@M9i@BH;@�=<9iH;9GEBEM9j=<cGR<:<@B9iZSIPA ��áKá e�¥4¥4¡�e<�W9iZ<A[1]HG9;5K5[3<5 Ỹ 9;5[V�EM9jZ<A[1]HG9;5K5[3<5�EB9jZ<EM3<5

4G5z�]TUZSIPVKd<@BCD3<9&4,AK9G5KZ�9;HGV%IJ:DV ��áKá[á e �Pu�¡tCD3<9�E­^`14:¤5KIJH�d<9�=<cGR<:<@BAkl/Z<IJA[VK@BA�=<9 Y e>�rcGH;A[@BAK9 Ỹ HP^�9G5[V=<cGH;AK@MAK9bEaI�H;IJ5KH;IJ=<9®Tk3<EMVK@BZ<EM@BH;IPV%@ª7�9r¯�·¦¸D¯p³ � »XÀ�°p¿SÄ�°?l ��áKá[á e �Pu�¡pe�jIJ:<5�EB9ÉH¢IJ5�ZSIJAzV%@MH;3<EM@B9;AW1JâsEB9G58IPH;H;A[14@B5[5K9GTn9G:XVK5�=<9
Y (s)

5[14:XVL¯pÄ­»JÄ�²­·¦¿S¿�»J²´¶&°&¯F°pÄW²´¿�½&%�¹�°p¿�½�»J¿SÄ�¯pw14:�I
Ỹ ≡ Y

e��W9®Z<AK14Z<IJN�IPVK9;3<A
G?∆s =6c;H;A[@MV29p\6IJHpV%9;TU9;:DV2EB9;5�=<@M5[V%A[@BY<3]V%@B1J:<5F=<9;5rIJH;HGAK14@M5K5[9;TU9;:DV%5

ω(∆s)
=<3�Z<A[1]HG9;5K5[3<5

Y (s)
e á EW9;5zV2=g^�IJ@MEBEM9;3<A[5FIJ@B5[ci=<9bTn1J:XVKAK9;A�EaI�Z<A[14Z<AK@McGVKcU�

�����*d]@L3<:¨Z<AK1XH;9G5K5[3<5
Y
7�cGAK@ªR�IJ:DV ��á[áKá e��Ju�¡r9;5zV�l'IJHGH;A[14@B5[5K9;TU9;:DV%5b5zV&IPVK@B14:<:<IJ@BA[9;5j@M:<=<c;Z�9;:6=SIJ:DV%5IJEM14AK5

n(s) ∝ s
e
C

p
fL:*9phg9pV¢wSEB9G5�IJH;HGAK14@M5K5K9GTn9G:XVK5FcGV%IJ:XV�5zV&IPVK@B14:6:SIJ@BA[9;5F9pV�@B:<=<cGZ�9G:<=SIJ:DV%5�14:�I�N4A%ÇPH;9bl ��áKá[á e"9Jv�¡

Cω
k (∆s, s) = Cω

k (∆s)

= CY
k (s+ ∆s)− CY

k (s)

= CG
k [n(s+ ∆s)− n(s)]

��áKá[á e"9]��¡

=_^`14â
Cω
k (∆s) = CG

k [n(s+ ∆s)− n(s)] ⇒ n(s) ∝ s. ��á[áKá e�9��4¡
y7j:¨9G: =6c;=<3<@ªViZSIJAiHG14:DV%A%IPZ�145[c;9kCD3<9�5K@

n(s)
9G5[Vb3<:69���1J:<HGVK@B14:o:<1J:¨EM@B:<c;IJ@BA[9t=69

s
IJEM14AK5rEB9;5IJHGH;AK1J@B5K5[9;TU9;:DV%5b=<9

Y
:69nZ�9;36749;:DVtZ<IJ5t«pV%A[9,l'EaIm��14@M5®5zV&IPVK@B14:6:SIJ@BA[9;5i9pVs@M:<=<c;Z�9;:6=SIJ:DV%5;e�y�9UCD3<@cGV%IJY<EM@MVb3<:¨EB@M9;:
9;:DV%A[9'¯pÄ­»JÄ�²­·¦¿S¿�»J¶�²´Ä % �!½&%�¹�°p¿�½�»J¿gÀ�°�=<9;5tIJH;HGAK14@M5K5[9;TU9;:DV%5b9GV��Q¿g·¦¿	�¦³ � ²´¿ %%»J¶p²´Ä %2=<9

n(s)
e.q236V%A[9;TU9;:DVm=<@ªV¢w?5K@j14:Ã@MTnZ�145[9�EaI 5[V&I¦V%@B1J:<:SIJA[@MV%c*=<9;5'IPH;H;A[14@B5[5K9GTn9G:XVK5;w.EBI�:<14:]OQEB@M:<c¢IJA[@MVKc=<9
n(s)

5K9GA%I�E�^�@MT,IPN49m=<9G5m=<c;Z�9;:6=SIJ:<HG9;5m=<9G5mIJHGH;A[14@B5[5K9;TU9;:DV%5gÅ?5[@214:�@BTUZ�1J5K9'E­^`@B:<=6c;Z�9;:<=SIP:<H;9=<9G5sIJHGH;A[14@B5[5K9;TU9;:DV%5Gw�IJEB1JAK5i@BEM5j5K9GAK14:DV®:<14:¨5[V%IPV%@M14:<:SIJ@MAK9G5;w_9pVtEM9;3<Ai@M:<5[V%IPV%@M14:<:SIPAK@MVKc�5K9GA%I'=<c;HGAK@ªV%9ZSIJA
n(s)

e��W14A[5KCD3_^`14: cGV%36=<@B9
Y (a, t = Cte)

w�I�7�9GH
s = − ln a/a0

w�EaI¤Z<AK1JZ<AK@McGV%c
n(s) = sV%AKIJ=<3<@ªV>E�^�@M:X7JIJAK@BIJ:<HG9L=_^�cGH�d<9;EMEB9JeJÊ2:kcGH¢IJAzVÉljE­^`@B:D74IJA[@aIJ:6H;9L=_^`c;H�d<9GEBEB9PwJEBIrH;1436AKY<3<A[9F=<9

n(− ln a/a0)
wZ�9;36V�«GVKAK9
=�
�lÚE�^�@M:<5[V%IPV%@M14:<:SIPAK@MVKc�9pV��P143�IJ3]\ÃH;14A[AKc;EBIPV%@M14:<5m=69;5*IJH;HGAK14@M5K5K9GTn9G:XVK5

ω
=<1J:<H
=<9;5Tk3<EªV%@BZ6EB@BH;IPV%9G3<AK5

W = eω
l�V%AKI�7�9GAK5FEM9;5Fc;H�d<9GEBEM9;5;e

�W14AK5[CX369rEB9G5ÉIJH;HGAK14@M5K5K9GTn9G:XVK5
ω
5K1J:XV�¿g·¦¿m¯pÄQ»JÄ�²­·¦¿S¿�»J²´¶&°&¯89pVr²´¿�½&%�¹�°p¿�½�»J¿SÄ´¯pwJ@ME<5K3 1�V�=_^�IP=SIJZ6VK9;AEaI'7X@MV%9G5K5[9m=_^`c;H;1J3<EB9GTn9G:XVt=<3
V%9GTnZ65sZ�143<A®14Y6V%9G:<@BAt=<9;5�IJH;HGAK14@M5K5K9GTn9G:XVK5s5zV&IPVK@B14:<:<IJ@BA[9;5;e��L^`@B:<=<c�OZ�9;:<=SIP:<H;9b=<9G5�IJH;HGAK14@M5K5K9GTn9G:XVK5F:_^`9;5[V�Z<IJ5�IPh�9;HGVKc;9bZSIJA�H;9GV[V%9b14Z�c;AKIPV%@M14:_e]��9iZ6AK14ZSIPN�IPV%9G3<A.=<cGH;A[@MV9;:6H;14A[9®EM9;5.TnIJA[N4@B:SIPEB9;5?=<9;5�IJHGH;A[14@B5[5K9;TU9;:DV%5GeF7j:'Z�9G36VFV%AKI�7JIJ@MEBEB9GAL5K3<A�EM9jZ<AK1XH;9G5K5[3<5

Ỹ (u)
VK9;E_CD3<9

u = n(s) 6= s
ω̃(u2 − u1) = ω(s1, s2).

��áKá[á e"9J~�¡



�&� ��
�����
2�����L� ���������0�Y����! ����$+�a� '�� ����)�� ���%��$ !�,�� $\� ��� � ��
�$H��,�. � ���

�W9 4GH�dSIJ:6N49;TU9;:DVj=<9sAKcG��cGAK9G:XVK@B9;EH4t@B:D7�9GAK5K9
s = n−1(u)

Z�9;A[Tn9pVi9;:<5[3<@MVK9�=<9kA[9G��14A[Tk3<EB9GA2EM9;5jZ<A[1POZ<A[@BcGVKc;5�14Y<5[9;Az7�c;9G525[3<A
Ỹ (u)

Z�143<AFEM9iZ<AK1XH;9G5K5[3<5
Y (s)

9GV�:<1PV&IJTUTn9G:XV.5K3<A�EB9G5F=<@B5zV%A[@BY<36VK@B14:65
P ω
s,∆s(ω) = P ω̃

n(s+∆s)−n(s) ��áKá[á e"9P|D¡
�L^�@M:XVKAK1X=<3<HpV%@B1J:�=63�V%9GTnZ65n14Z�c;AKIPV%@M14:<:<9GE

n(s)
Z�9;A[Tn9pV,=<9�V%AKI�7JIJ@BEMEB9GAt5[3<An36:ÁZ<AK1XH;9G5K5[3<5�l¨IJHpOH;A[14@B5[5K9GTn9G:XVK5t5zV&IPVK@B14:<:<IJ@BA[9;5i@B:6=<c;Z�9;:<=<IJ:XVK5;e��W9,A[9GV%1J3<A®IJ3�Z<A[1]HG9;5[5K3<5�EM3<@ªOQTn«GTn9s9;5[Vt=<@MAK9;HpVsH;IJAEaInH;14A[AK9;5[Z�1J:<=SIJ:<HG9k9;:DV%A[9

Ỹ
9pV
Y
AK9G5[VK9k5K@BTUZ<EM9Je��L^�@M:<=<c;Z�9;:6=SIJ:<HG9k=<9;5iIPH;H;A[14@B5[5K9GTn9G:XVK5j9;5zVi3<:<9Z<A[14Z<AK@McGVKcj5[�XTUZSIPV%d6@BCD3<9iCD3<@WN�IJAKIJ:DV%@MV?CD3_^`14:*Z63<@B5[5K9i@B:DV%9GAKZ<A[cGVK9;A

G?[n(s+∆s)−n(s)] HG14TnTU9rEBI�=<@B5�OV%A[@BY<3]V%@B1J:�=<9;5�IJHGH;AK1J@B5K5[9;TU9;:DV%5
ω
=<9

Y
9;:DV%AK9

s
9GV
s+ ∆s

e
����� �����
	��
�S�W9�Z<IJ5K5KIJN49�=<3�V%9;TUZ<5 4GA[c;9;EH4

s
li3<:�V%9;TUZ<5�14Z�c;AKIPV%@M14:<:<:<9GE

u = n(s)
H;14A[AK9;5[Z�1J:<=l�3<:<9b5[14A[VK9i=<9 4GH�dSIJ:<NJ9;TU9;:DV.=<9iA[cG��c;A[9;:DV%@M9;EWIJHGH;cGEBc;A[ca4Pe<f�:'N4cG:<c;AKIJE

n(s)
9;5zV�3<:<9j��14:6HGV%@M14:�:<14:EB@M:<c¢IP@BAK9F=69

s
eY7j:m:692��IJ@ªV?=614:<HrZ<IJ5�3<:,Hpd<IJ:<N49GTn9G:XVÉ=<92AKcG��cGAK9G:XVK@B9;E%4GN�IPEB@BEMc;9G:64r�]EM9 4pAKcp��c;AK9G:XVK@B9GE�4IJ5[5K1XH;@Bcbl

u
9G5[Vs»XÀ�À % � %p¶ %>ZSIJA�A%IJZ6Z�14AzV�l

s
�
d2u

ds2
6= 0.

0214365�:<1J3<5�@M:XVKc;A[9;5K5[14:<5�TnIJ@B:DV%9G:SIJ:DV�IJ3]\b5[@MVK3SIPV%@M14:<5W14â®EB9G58IPH;H;A[14@B5[5K9GTn9G:XVK5�:69É5[14:DV�¹<»¦¯É²´¿�½&%p³¹�°p¿�½�»J¿SÄ�¯pe<Æ89;A[=]O�14:*5[�X5[VKc;TnIPV%@MCD3<9;TU9;:DVrE�^�@M:XVK9;A[Z<AKcpV&IPVK@B14:'=<3/Z6AK14ZSIPN�IPV%9G3<A�H;14TUTn9b=<@M5[VKAK@BY636V%@M14:=<9G5�IJHGH;AK1J@B5K5[9;TU9;:DV%5t=<3�Z<A[1]HG9;5[5K3<5���Æ89;3]V[O�1J:�9;:6H;14A[9mI�7�14@BA
n(s) = s � @M:X7JIJA[@aIJ:<HG9k=_^`c;H�d<9;EMEB9¢¡���W9bZ<AK14Z<IJN�IPVK9;3<AFZ�9;36VzO�@MEg��143<A[:<@BA.36:<9b@B:6��14A[T,I¦V%@B1J:��

�jIJ:<5®EB9sH¢IJ5bN4cG:<c;AKIJEL14â
Y (s)

9G5[Vtl'IJH;HGAK14@M5K5[9;TU9;:DV%5k¿g·¦¿
²´¿�½&%�¹�°p¿�½�»J¿SÄ´¯�9GV �Q¿g·¦¿	�,¯pÄ­»JÄ�²­·¦¿S³¿�»J²´¶&°&¯pw�IJ5K5[1]HG@B9;A,l
Y (s)

36:ÁZ<AK1XH;9G5K5[3<5
Ỹ (u)

l
IJHGH;A[14@B5[5K9;TU9;:DV%5U5[V%IPV%@M14:<:SIP@BAK9G5n@M:<=<cGZ�9G:<=SIJ:DV%5:_^�IJZ<Z�14A[VK9tZ<IJ5rN4AKIJ:<=*Hpd6145K9Pe�fL:/9phg9pV¢w�EaI�H;1JAKAK9G5KZ�14:<=SIP:<H;9�9G:XVKAK9
Y (s)

9pV
Ỹ (u)

:g^�9G5[VjZ6EB3<5�@BTkOTUc;=<@BIPV%9�HG14TUTn9�=<IJ:<5bEB9�H;IJ5bZ<AKcGH;cG=<9;:DV®Z<3<@B5[CD3_^�1J: :<9kZ�9;3]VtZ6EB3<5i5[9UHG14:DV%9;:DV%9GAj=<9�=<cGH;AK@MAK9kEM9;5=<@M5[V%A[@BY<3]V%@B1J:<5r=<9G5bIJH;HGAK14@M5K5[9;TU9;:DV%5;eg�L^�cpV%3<=<9�=<9G5bIJH;HGAK14@M5K5[9;TU9;:DV%5
ω(∆s, s)

9;3]\DOQTn«GTn9G5j5K9GTkY<EB9@B:6cG7X@MV%IJY<EB9�Z�1436AÉ9�\XV%A%IP@BAK9�3<:69�@M:6��14A[T,IPVK@B14:sEB@BcG9FlbEB9;36AL5[V%A[3<HGVK3<AK9�=<9�H;14A[AKcGEaIPVK@B14:_eJ0214365ÉZ�14367414:<5V%1J36V�=<9bTn«GTn9icGH;A[@BAK9bEM9;5F=<9G3]\�c;N�IPEB@MVKc;5.5[3<@M7JIJ:DV%9G5.Z�1JA[V&IP:XVF5[3<A�EB9G5�HG3<Tk3<EBIJ:XVK5r�



CY
k (s+ ∆s)− CY

k (s) = CG
k . [n(s+ ∆s)− n(s)]

CY
k (s+ ∆s)− CY

k (s) = Cω
k (∆s, s) + ρk(∆s, s)

��áKá[á e"94�4¡
14âmEM92VK9;AKTU9

ρk(∆s, s)
A[9;:<=�HG14TUZ6V%92=<9;5FHG14AKA[c;EaI¦V%@B1J:<5Él�=<9;3]\,Z�14@B:DV%5?lsE­^`14A[=<AK9

k
9;:DV%A[9

Y (s)
9pV

ω(∆s)
e6q)E�^�14A[=<AK9t�4w

ρ1 = 0
Å6l�E­^`14AK=<A[9i�]w

ρ2(∆s, s) = 2 á f [Y (s)ω(∆s)]
e6�r9 ��á[áKá e�9��4¡É1J:�=<c;=<36@MV

Cω
k (∆s, s) + ρk(∆s, s) = CG

k . [n(s+ ∆s)− n(s)] ��áKá[á e"9&94¡
021J3<527�1���14:652IPZ<ZSIJAKI��BVKAK9®9p\]Z<EB@MH;@ªV%9;TU9;:DV�@BHG@�EB9®EB@B9G:*9G:XVKAK9

n(s)
9GVrEaI�5[VKAK3<HpV%3<A[9�=<9sHG14AKA[c;EBIPV%@M14:��=<3�Z<AK1XH;9G5K5[3<5

Y (s)
e � AKÇJH;9bl�E­^`c;N�IPEB@MVKc ��áKáKá e�9&9�¡�1J:�1JY6V%@M9;:DVFEaIkZ<A[14Z<AK@McGVKc��i�

��� � ∀ k , ρk(∆s, s) = CG
k [n(s+ ∆s)− n(s)− n(∆s)]
⇔

���`�!48�%\��!�%"���2�-L48�%\^1.+N/9�!:IE%�!" +<�FEHG7 #"%"��!+�-d��1< #:IEJG7 �&�&��,+�- G7 �:WE_�FM#4I�!:IG!�*) e ���9�!��EH)��,��-�1<+.+<��RW:�1<� �7�HY� �1." 1�G71C4�:��
/I-#E%E%�!"��!+.+<� Y��!"VE�+.�'E[��"�-LYL-L486,)8� � S�T=4IP�"%4I+<+.���
��� :��J���!+.+<�HE_�%"�4IG7�%4�"��h)8�HG7 #"%"��!+�-d��1< #:*:�e �'E_��/I-�EgE�-L:IE["V-L/I/W�'+<�'"[G!�!+.+<�H)�4�2 �Q&! 3Y� �1."���S �#"KS
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������� ����������� ���"!#����$%�&� '(� ����)(� ���*��$+$-,�./)�,(� ���
�0�

Y
9G5[V2l�IJH;HGAK14@M5K5K9GTn9G:XVK5�5[V&I¦V%@B1J:<:SIJ@MAK9;5�9GV ∀ k , Cω

k (∆s) = CG
k .n(∆s) C

�jIJ:<5�HG9®H;IJ5�Z<AKcGH;@M5;w<EBI�5[V%A[3<HGVK3<AK9b=<9bHG14AKA[c;EaI¦V%@B1J:m9;5zV�VK9;EMEB9rCD3_^`@BEg9p\]@B5zV%9b3<:'EB@M9;:m��14AzV�9;:DV%AK9iEM9Z<A[14ZSIJN�I¦V%9;36A
G
9pVsEBI�=<@B5zV%AK@MY<36VK@B14:
=<9G5�IJHGH;AK1J@B5K5[9;TU9;:DV%5

P ω e á E�5;^�IJN4@ªV®=_^�36:<9n5[@MVK3SIPV%@M14:
AK9GT,IJA�OCD3SIJY<EM9bZ<3<@B5[CD3<9��
{ I6e

Ps+∆s(Y ) = G?[n(s+∆s)−n(s)] ? Ps(Y )Y_e
P ω

∆s = G?n(∆s) ��áKá[á e"94¥4¡
d]@�14:oH;14:6¬;14@ªViTn1JTn9G:XV%IJ:<c;TU9;:DV�EB9�Z6AK1XH;9;5[5K3<5

Y (s)
HG14TnTU9s36:oZ<AK1XH;9G5K5K365®9G:/V%9GTnZ<5j74c;AK@ªR�IJ:DVEaI'Z<A[14Z<AK@McGVKc����_w�IPEB14A[5®EM9;5®H;14TUZ�14A[VK9;TU9;:DV%5m°p¿ÚÄ�°p±r¹S¯ ��áKá[á e"9�¥PI�¡j9GV*°p¿ %�À �S° � �B° ��áKá[á e"94¥PY�¡j5K14:DV=<cGH;AK@ªV%5�ZSIJAFEM9iTn«GTn9iHG143<Z<EM9

(G, n)
e�yr^`9;5[V�EM9iH¢IJ5�=<3'��x�T � 7�14@BAF�]e �J¡pefL:6RS:_w�=SIJ:<5®EB9�H;IJ5tZ<IJA[VK@BH;36EB@B9GAj14â¨EB9G5tIPH;H;A[14@B5[5K9GTn9G:XVK5t5[14:XVk¯pÄ­»JÄ�²­·¦¿S¿�»J²´¶&°&¯29GVt=<9UTn1���9;:6:<9:<14:�:X3<EBEM9 � E[ω(∆s)] 6= 0

¡pwS1J:�1JY6V%@M9;:DVFZ�1J3<A
k = 1

=SIJ:<5 ��á[áKá e�9&9�¡�w
á f [ω(∆s) ] = Cω

1 (∆s) = CG
1 . [n(s+ ∆s)− n(s)] ��áKá[á e"9&;4¡H¢IPA

ρ1 = 0
eB7j:�9G:/=<c;=63<@MV2EaI�EB@M:<c¢IJA[@MVKci=<9

n(s) ∝ s
ZSIJA�EB9®Tn«GTn9®IJA[N43<TU9;:DV�CX369sEaI�Z<A[14Z<AK@McGVKc

��� {n(s+ ∆s)− n(s) = f(∆s) ⇒ n(s) ∝ s} eS�s^`14â*EBIkZ<AK14Z6AK@BcpV%ck�
� � �

Y
9G5[VrlUIPH;H;A[14@B5[5K9GTn9G:XVK5F5[V&I¦V%@B1J:<:SIJ@MAK9;5F9pV

E[ω(∆s)] 6= 0 =⇒ n(s) ∝ s
e
C

��� ������	 ����wXA[9;N4A[143<Z�14:<5É=_^�IJY�1JAK=UEB9;5�V%A[14@B5�Z<A[14Z<A[@BcGVKc;5ÉCD3<@�5[14:DV�IPZ<ZSIJA[3<9;5?EB14A[5É=692:<1PV%AK9�cGVK3<=<9=<9G52Z<A[1]HG9;5[5K3<5
Y (s)

7�c;A[@MR�IJ:DV ��áKáKá e��Ju�¡r�� � �
Y
l�IJH;HGAK14@M5K5[9;TU9;:DV%5F5[V%IPV%@M14:<:SIP@BAK9G5F@B:<=6c;Z�9;:<=SIP:XVK5

=⇒ n(s) ∝ s� � � ∀ k , ρk(∆s, s) = CG
k [n(s+ ∆s)− n(s)− n(∆s)]

⇔
Y
9;5zV2lUIPH;H;A[14@B5[5K9GTn9G:XVK5�5zV&IPVK@B14:6:SIJ@BA[9;5.9pV ∀ k , Cω

k (∆s) = CG
k .n(∆s) C

� � �
Y
l�IJH;HGAK14@M5K5[9;TU9;:DV%5F5[V%IPV%@M14:<:SIP@BAK9G5F9GV á f ω(∆s) 6= 0 =⇒ n(s) ∝ s

Ê2:�Z�14@B:DVm@MTnZ�14A[V%IJ:DV,CD3_^`@BEr��IP36V'=_^�IJY�1JAK=Ã5K@MN4:SIJEM9;Am9G5[V'E�^�IJY65K9;:6H;9
=_^`c;CD3<@M7JIJEM9;:<HG9/9;:DV%A[9oEaIZ<A[14Z<AK@McGVKc/=_^`@B:D74IJA[@aIJ:6H;9'=_^`c;H�d<9;EMEB9 � n(s) = s
¡U9GV�E�^�@M:<=<c;Z�9;:6=SIJ:<HG9o=<9;5�Tk3<EªV%@MZ<EB@MH¢IPVK9;3<A[5k9;:DV%AK99;3X\ge á ErAK�;NJ:<9o3<: IJ5K5[9 � N4AKIJ:<= �S143�=SIJ:65�EaI
EB@ªVKVKc;A%I¦V%3<A[9�9;:ÃVK3<AKY<36EB9;:6H;9¨l
H;9
Z<A[14Z�1J5;eF0�143<5I�7�14:<5.7X3�CX369®EM9;5�IJHGH;A[14@B5[5K9;TU9;:DV%5�=<9

Y (a, t = Cte)
wS5[14@MV.EB9;5�EM14N�IJA[@MV%d6Tn9G5�=<9G5�Tk36EMV%@MZ<EB@MH¢IPVK9;3<A[5

ω = lnW
w>Z�9;367�9G:XV�«pV%A[9�H;14A[AKc;EMc;5�5%IP:<5�@B:DV%9;A[=<@BA[9,CD3<9

n(s) = s = − ln a/a0

e���I/Z6AK14Z<A[@BcpV%c
���U@M:<=<@BCD3<9rCX369®5[@_EB9G5FTk3<EMVK@BZ<EM@BH;IPV%9G3<AK5�5K1J:XVF5zV&IPVK@B14:6:SIJ@BA[9;5 � 9;:'c;H�d<9GEBEM9�¡É9pV�@B:<=6c;Z�9;:<=SIP:XVK5�IJEB14A[5
n(s) = s = − ln a/a0

9pV�@BEg�mIk@B:D74IJA[@aIJ:6H;9�=_^�cGH�d<9;EMEB9Je6��I�A[c;HG@BZ<A[1]CD3<9i9G5[V���IJ3<5[5K9Je�yr^`9;5zV2IJ3<5K5[@WH;9CD3_^`@B:<=<@MCD3<9bEaI�Z<A[14Z<AK@McGVKc � � e
�W14AK5[CX369�EB9;5�IJH;HGAK14@M5K5K9GTn9G:XVK5

ω
5K14:DVm²´¿�½&%�¹�°p¿�½�»J¿SÄ´¯pw�EB9,Z6AK14ZSIPN�IPV%9G3<A

G?[n(s+∆s)−n(s)] :_^�9G5[VAK@M9;:�=_^�IP36V%A[9/CD3<9�EBI =<@M5[V%A[@BY<3]V%@B1J:
P ω
s,∆s

=<9G5mIJHGH;AK1J@B5K5[9;TU9;:DV%5n9;:DV%AK9
s
9GV
s + ∆s

e?q2Z<Z<EM@BCD3<c;9IJ3ÃZ<A[1]HG9;5[5K3<5
Y (a, t = Cte)

9;:�c;H�d<9GEBEM9JwÉH;9GV[V%9oA[9;TnIJAKCD3<9/:6143<5�Z�9;AKTU9GV[V%AKIJ@MVn=_^`@B=<9G:XVK@MRS9GA,EB9Tk3<EªV%@BZ6EB@BH;IPV%9G3<A#4p7X@BAzV%3<9GE�4
W̃

9GV�EB9�Tk3<EMVK@BZ<EM@BH¢I¦V%9;36A 4pAKc;9GE�4
W
eDyr^`9;5zVÉEB9.5[9;3<ESH;IJ5�14â�H;9GV[V%9�@B=69;:DV%@MVKc5K1J@MV�AK@MN4143<A[9;3<5[9;TU9;:DV.7XA%IJ@M9Je
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�$H��,�. � ���

( t , r )
t−r/2 t+r/2

t
0t

t
0
+r/2t

0
−r/2

r

����� � �
�
� � � 
 y 
4:69U=63 Z<EBIJ:oV%9GTnZ<5�O�cGHpd69;EBEM9�=<14:DViEM9;5iZ�14@B:DV%5j1J:XVb3<:69U@M: �S3<9G:<H;9�5[3<AbEaI,7JIJEB9G3<Aj=<3Z<AK1XH;9G5K5K365rlkE­^`@B:65[V&IP:XV
t0
e � 1J3<5FEB9G5.Z�1J@B:DV%5

(t, r)
V%9GEB5FCD3<9

t− r/2 ≤ t0 ≤ t+ r/2
14:XV3<:<9b@B: �<3<9;:<HG9tZ�1JVK9;:DV%@B9GEBEM925[3<A2E�^�@M:<5[V%IJ:DV

t0
e

y�9GV[V%9�H;14:<5zV&IPV%IPV%@M14:k:_^`9p\]H;EM36VÉZSIJ5�Z�143<A�IJ36V%IJ:DVLE­^`9p\]@B5zV%9G:<H;9�cG7�9G:XVK3<9;EMEB9.=g^�3<:69�H;IJ5KH;IJ=<9�Tk3<EMVK@ªOZ<EM@BH¢I¦V%@M749 4GA[c;9;EMEB9&4r=SIJ:<5FEM9;5�IJ36VKAK9G5�H;IJ5;e�fL:�9Gh�9GV;w<=<cGR<:<@BA 4GHG14TUTn9j=g^�dSIPY<@MVK3<=<9a4jEM9;5FTk3<EªV%@BZ6EB@BH;I¦OV%9G3<AK52ZSIJA
Wa1,a2(t) =| TX(a2, t) | / | TX(a1, t) | � 143 εr2/εr1 ¡.5K9GTkY<EB9bAK9GEB9p7�9;A�=_^`3<:<9®@B:DV%3<@ªV%@B1J:5K@MTnZ6EB@B5zV%9?=<3nZ6EaIJ:�VK9;TUZ<5zOQc;H�d<9;EMEB9Pe4�L^�9G:<5K9GTkY<EB9F=69;5L74IPEB9;36AK5

εr(t) � A[9;5[Z_e Tv(a, t) ¡8AKcGZSIJAzV%@B9G5L=SIJ:<5EB9kZ6EaIJ:oV%9GTnZ65zO�cGH�d<9;EMEB9
(t, r) � AK9G5KZ_e (t, a)

¡rH;1J:<5[VK@MV%369U36:<9nA[9;Z<A[c;5[9;:DV&IPVK@B14:oV%9GTnZ65zO�cGH�d<9;EMEB9k=<9�EaI=<@M5K5K@MZSIPVK@B14:
ε(t) � AK9;5[Z_e�=<3�5[@BN4:<IJEW=<9b7]@ªV%9G5K5K9 v(t) ¡pe@d�^`@B:DV%cGAK9G5K5K9GArIP3�Tk3<EªV%@BZ6EB@BH;IPV%9G3<AK5�V%9GEB5�CD3_^�@MEB55K1J:XV2=<cGR<:<@B5jZ<IJA ��á e �X��¡�A[9G7X@B9G:XVrl,:<9t5;^`@B:DV%c;A[9;5[5K9;ArCX3g^�l,36:<9scp7�14EB3]V%@B1J:*9G:oc;H�d<9;EMEB9tln3<:�@B:<5zV&IJ:DVR6\]cJw�5%IJ:65sH;1J:<5K@M=<c;A[9;AtVK1436VK9nEBI*=6�X:SIJTU@BCD3<9Pw�E­^`cG7�14EM36V%@M14:oV%9GTnZ�14AK9GEBEM9Je ��9;EM@B9;Ab=<9G3]\�H;1X921UH;@M9;:DV%5ZSIJA�3<:*5K9;36E�Tk3<EªV%@MZ<EB@MH¢IPVK9;3<A?5K9;AKIJ@MV2Z�9;A[VK@B:<9G:XV�5[@�36:/Z�1J@B:DV�=<3�Z<EBIJ:'V%9;TUZ<5�O�c;H�d<9GEBEM9

εr(t)
:_^`cGV&IP@MVH;1JAKAKcGEBcFCD3_^�IJ3]\�Z�14@M:XVK585K9FVKAK14367JIJ:DV>IP3UTU«;TU9.@M:<5[V%IJ:XVLlj=_^�IP36V%A[9;5�c;H�d<9GEBEB9G5

εr′(t)
e 7jA>3<:�Z�1J@B:DV>5K9V%A[14367JIJ:DV�9G:

(t, r) � A[9;5[Z_e (t, a) ¡W=SIJ:65>EB9ÉZ<EaIP:®VK9;TUZ<5zOQc;H�d<9;EMEB9�@B: �S3<9;:6H;9.EM9?5[@BN4:SIPEDV��XZ<@MCX369;TU9;:DV8IP3TU14@B:<5É9;:DV%A[9
t− r/2 9GV t+ r/2 � 7414@BALRSN436AK9 á[áKá e`|D¡pe d�^`@BE�9p\]@B5zV%923<:<9jH;IJ5KH;IJ=<9jTk3<EªV%@MZ<EB@MH¢IPVK@M7�9Pw¦9GEBEM9:_^�I�H;9GA[V&IP@B:<9GTn9G:XVFZ<IJ5F3<:<9iN4cG14TUcGV%A[@B9rIJ3<5K5[@_5K@MTnZ6EB9rCD3<9bEM9j5K3<NJN4�;A[9 ��á e��]��¡?9pV�:_^�I�HG9;AzV&IJ@M:<9;TU9;:DVZSIJ5bEM@B9;3
EM9kEB14:<N'=_^`3<:<9UEB@MN4:<9�l

t = Cte
e�Ê2:<9�V%9GEBEM9�H¢IJ5[H¢IJ=69nA[9;EB@M9k:<c;HG9;5[5%IJ@MAK9;TU9;:DV®=<9;5®Z�14@B:DV%5=<3*Z<EaIJ:'V%9GTnZ65zO�cGH�d<9;EMEB9b5K9®V%AK1J3674IP:XVF:614:�ZSIP5r5K36A23<:69sEB@MN4:<9iTnIJ@B5�IP3�TU14@B:<5�=SIP:<5236:�=<14TnIJ@M:<9=<3'Z<EBIJ:�V%9;TUZ<5�O�c;H�d<9GEBEM9JwXZSIJAF9p\]9GTnZ<EM9i3<:�H 
4:<9iA[9;:D7�9;A[5Kcb=<9b5K1JTnTU9GV

(t, r = 0)
9pV�5;^`c;EaIPAKN4@M5K5%IP:XV=SIJ:652EM9t5[9;:<52=<9;5

r � 143 a ¡�HGAK14@M5K5%IP:XVK5;e@7j:�:<9®Z�9;36Vr=<14:<H®9;5[Z�cGAK9;A214Y6VK9;:<@MA�CD3_^`3<:<9t@B:6��1JAKTnIPV%@M14:V%A[�;5tIJZ<Z<A[1�\]@MT,IPVK@M7�9s=_^�36:<9,cpV%3<=<9n=<9;5tTk3<EMVK@BZ<EM@BH;IPV%9G3<AK5�V%9;EM5bCX3g^�@MEB5b5K14:DVt=<cGRS:6@B5®ZSIJA ��á e��]��¡pe���I=<@M5KH;365K5K@M14:ÁIP36V%1436AU=69
W̃

9pV
W

:_^`9;5[V,CD3_^�36:<9*��IJHG9GV[V%9�=<9*EBIoCX369;5[VK@B14:�14367�9GA[VK9*9pVnY�9¢IP3<H;1436ZZ<EM3<5?=6@�1UH;@MEB9F=<3mEM@B9G:U9G:XVKAK9�H¢IJ5[H¢IJ=69;5.EM14NPO�@M:6RS:<@MTn9G:XV8=<@M7X@M5K@BY6EB9;5L9pV.H;IJ5KH;IJ=<9;5?Tk3<EMVK@BZ<EM@BH;IPV%@ª7�9;5GeP��ITU«;TU9iCX369;5[VK@B14:�5K9bZ�145K9bZ�143<AFEM9;5�5K@MN4:SIJ3]\mTk3<EMVK@M��AKIJHGV%IJEB5Ge
fL:6RS:_w�:<143<52I�7�14:<5�IJ3<5[5K@�14Y<5[9;Az7�csCD3<9®EB9®Z<AK1XH;9G5K5[3<5

Y
Z�9G36VrI�7�1J@BA.3<:69t5zV%AK36HGV%36AK9s=69tHG14AKA[cpO
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 y�14TUZSIJAKIJ@B5[14:
9;:DV%AK9�3<:¨c;H�dSIP:XVK@BEBEM14:/=<9k��x�T�Z�1436A
H = 1/3

9pVt5[14:
IP:SIJEB1JN43<9
B̃H� 7�14@MA�V%9�\XV%9�¡�l�IJH;HGAK14@M5K5[9;TU9;:DV%5F:<14:�5[V%IPV%@M14:<:SIP@BAK9G5.@B:6=<c;Z�9;:<=<IJ:XVK5;e

EaI¦V%@B1J:oAK9;TnIJA[CX3<IJY<EB9kVK9;EBEM9kCD3<9
P ω
s,∆s = G?n(∆s) e á E?IPZ<ZSIJAKI��BV®IJEM14AK5i36:<9nHG14AKA[9;5[Z�14:6=SIJ:<HG9n��14AzV%99;:DV%A[9tE�^�cp7�14EM36V%@M14:�°p¿
Ä�°p±r¹S¯ � t ≡ s
@BH;@a¡�=<3�Z6AK1XH;9;5[5K3<5Gwg=<cGH;A[@MV%9®ZSIJA

G?[n(s+∆s)−n(s)] w�9pVrE�^�cp7�14EB3XOV%@M14:o°p¿ %�À �S° � �B° � a = τ = ∆s
@BHG@´¡8=<925K9G5.IJHGH;AK1J@B5K5[9;TU9;:DV%5GwX=6c;H;A[@MVK92ZSIPA

G?n(∆s) e]yr^�9G5[V.EM92H;IJ5É=<9;5TU14367�9GTn9G:XVK5.Y<AK1 � :<@M9;:<5F��A%IPHGV%@M14:<:SIP@BAK9G5.CD3<@W5K1J:XV�=<9bZ<EM3<5�IJ36VK1PO�5[@BTU@BEaIP@BAK9G5;e
�_=	� ��Ö�ÏÉÝ��iÖ�Ï8Ø�Ô;Ï?Ð �?Ô��iÖÉÏ�Ø�� ×�ÔGÕr×�Õ.Ø�ÙFÏ8Ø��
	/Ð

�jIJ:<5tH;9nZSIJA%IPN4A%IJZ6d<9�9;:���14A[Tn9�=<9UZSIJA[9;:DV%d<�G5K9Pw�:<1J3<5t:6143<5s@M:XVKc;A[9;5K5[14:<5tIJ3]\¨TU14367�9GTn9G:XVK5Y<A[1 � :<@M9;:<5.��AKIJHGVK@B14:6:SIJ@BA[9;5 � ��x�T�w]7�14@MA� � ¦eM�JeM��¡.l�EBI�EB3<TU@B�GAK9j=69;5�14Y<5[9;A[7JIPVK@B14:<5�CX369®:6143<5.7�9G:<14:<5=<9b��IJ@BA[9Je á EW9G5[V���IJH;@MEB9j=69®7�1J@BAFCD3<9®EB9;5F��x�T :<1JV%cG5
BH(t) � 7�14@MAF � Peª�4eª�4eª��¡?7�c;A[@MRS9G:XVFVK143<5 ��á[áKá e��Ju�¡I�7�9;HiEM9iTn«GTn9i:<1��DIJ3

GN
=<3�Z<A[14ZSIJN�I¦V%9;36AF=<cGRS:6@�Z<IJA

GN (ω̃) =N (0, σ2) ��áKá[á e"9Ju�¡14â N (0, σ2)
=<cG5K@MN4:<9®EaI�EB14@W:<1JAKTnIJEB9i=<9tTn1���9G:<:<9b:]36EBEB9i9pVr=69t7JIJAK@BIJ:<H;9

σ2 e�fL:*9Gh�9GV¢w�EB9G52TnIJA�ON4@M:SIJEB9G5
PH
t

=_^`3<:*��x�T
BH

5K1J:XV�=<1J:<:<c;9G52Z<IJA
PH
t =N (0, σ2t2H) ��áKá[á e ¥Pv�¡�s^`14â

∀ 0 ≤ t1 ≤ t2, PH
t2

(Y ) = G
?[t2H

2 −t2H
1 ]

N ? PH
t1

(Y )

= G
?[n(t2)−n(t1)]
N ? PH

t1
(Y )

��áKá[á e ¥X��¡
9;:¤Z�145KIJ:XV

n(t) = t2H
e � 143<5tEB9G5s��x�T � ��O�HG14TUZ<AK@M5tEM9,TU14367�9GTn9G:XVtY<AK1 � :<@M9;:�1JAK=<@M:SIJ@BA[9Jw�x�T,¡7�14@M9;:DVFE­^`cG7414EB36VK@B14:mVK9;TUZ�1JAK9;EMEB9j=69®EM9;3<A[5�=<@B5zV%AK@MY<36VK@B14:<5FTnIJA[N4@B:SIPEB9;5?=<c;HGAK@ªV%9®ZSIJAFEB9bTU«;TU9i:<1��DIJ3
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�$H��,�. � � �

:<14A[T,IPE
GN

wW9GVt3<:
V%9GTnZ<5®14Z�c;AKIPV%@M14:<:<9GE
uH ≡ n(t) = t2H

e�021J3<5tZ<IJAKEM14:<5i@BHG@L=<9 4GH¢IJ5[H¢IJ=69;5�4@B:]RS:<@BTU9;:DVm=6@M7X@B5[@BY<EM9;5
»�½�½J²´Ä�² 	J°&¯n5K9;EM14:�3<:�I¦\]9
VK9;TUZ�1JAK9;E � e��j3SIP:XV�IJ3X\�IJHGH;AK1J@B5K5[9;TU9;:DV%5
δBH=<9G5���x?T*w]EB9;5FY6AK3<@ªV%5.N�IP3<5K5[@B9;:65���AKIJHGVK@B14:6:SIJ@BA[9;5 � � � :S¡pw6@MEB5?5K14:DV�5[V%IPV%@M14:<:SIJ@MAK9G5;w6TnIJ@M5�=<cGZ�9G:<=SIJ:DV%5� 5[@B:<1J:,=_^�IJZ<A[�;5�EBItZ<A[14Z<A[@BcGVKc ����=<3m�]eM�214:�IJ36A%IJ@ªV t2H = t

wDH;9rCD3<@�H;14A[AK9G5KZ�14:<=�IJ3nH¢IJ5
H = 1/2=<3�x�T,¡pe?��I�=<@M5[V%A[@BY<3]V%@B1J:�=<9G5'IJH;HGAK14@M5K5[9;TU9;:DV%5,9G5[V�N4IJ3<5K5[@B9G:<:<9/=<1J:<:<c;9oZ<IJA N (0, (∆t)2H ≡

n(∆t)) 6= N (0,∆(t2H))
e�y�14TnTU9 á f δBH(∆t) = 0

9GVtH;1�7
(BH(t), δBH(∆t)) = n(t + ∆t) −

n(t)− n(∆t)
w6:<1J3<5FAK9GT,IJA[CD3<14:<5?CX369

BH

7�c;A[@MRS92EaIsZ6AK14Z<A[@BcpV%c ���_e6fL:�ZSIPA[V%@MH;3<EM@B9GA;wDZ�1J3<A
k = 214:�IJ3<AKI

CδBH

2 (∆t) = σ2 ∆t2H = á f [ δB2
H ] = M2. ��áKá[á e ¥J�4¡7jA;w�EM9;5�IJH;HGAK14@M5K5[9;TU9;:DV%5�cGV%IJ:XV�N4IJ3<5K5[@B9G:<5;w�V%1J3<5�EB9;5�TU14TU9;:DV%5
Mq

=_^`14AK=6AK9
q
5K14:DV�Z<AK1JZ�14AzV%@M14:<:<9GEB5Wl

M
q/2
2 ∝ ∆tqH

e¦�W9?Z6AK1XH;9;5[5K3<589;5[V>IJ36VK1PO�5[@BTU@BEaIP@BAK9PeGË�IJ@B5�H;9ÉA%IP@B5K1J:<:<9;TU9;:DV�AK9G5[V%9É74IPEaIJY<EM9>EB1JAK5KCD3_^`14:AK9GTnZ6EaIJHG9�ZSIJAzV%143]V
t2H = exp(2H ln t)

ZSIPA
exp(2Hf(t))

w?I�7�9GH
f(t) 6= ln t

e.�W9;5�TU14TU9;:DV%5IJY<5[14EB365
Mq

=<9;52IJH;HGAK14@M5K5[9;TU9;:DV%5.7�cGAK@MR<9;:DV�IJEB14A[5j�
Mq(∆t) ∝ exp(qH.f(∆t)) ��áKá[á e ¥J~4¡021J3<5FAK9pV%AK1J367�14:<5FE�^ 4GIJ36V%1¦O�5K@MTn@MEaIJA[@MV[c.cGVK9;:<=63<9a4i=<9 �bIJZ<EBIJ:�� �b361 � ��u4uJ|�¡2{:;&9P�_Z�143<A�EB9jTU14367�9�OTU9;:DVbY<AK1 � :<@B9G:o��A%IJHpV%@B1J:<:SIJ@MAK9Je_Ë�IJEMd<9;3<A[9;3<5[9;TU9;:DV¢wW3<:69���1J@B5i9;:6H;14A[9UEM9kH¢IJAKIJHGVK�;A[9nN�IP3<5K5[@B9;:¨=<3��x�TÃ£[143<9FliZ<EM9;@B:s=SIJ:<5�H;9pVKVK9F=<c;TnIJAKH�d<9Pe4fL:U=<cGRS:6@B5K5KIJ:DVLEB9.HG14TUZ�14AzV%9GTn9G:XV>lbE�^�1JAK=<A[9��]wJ1J:nIj=6cpOV%9GAKTU@B:<cF9G:,TU«;TU9FV%9;TUZ<5LV%1J3<5?EM9;5�14A[=<AK9G5?5[3<Z�cGAK@M9;3<A[5;eXÆ89;3]V[O�«pV%A[92Z�9;36VzO�14:U=<cpRS:<@BA�=<9G5?Z6AK1XH;9;5[5K3<5:<14:
N�IP3<5K5[@B9;:65®=63¨TU«;TU9sV��XZ�9 ��eGe;e[Z�9G36V[OQ«GV%A[9�9;:¨36V%@MEB@B5KIJ:DV236:<9�H¢IJ5[H¢IJ=<9�Tk3<EªV%@MZ<EB@MH¢IPVK@M7�9��4eGe;e%�W9Z�14@B:DV�HGAK3<HG@aIJE?@BH;@?9;5zVnEM9mEB@M9;:
9G:XVKAK9�EBI�5[VKAK3<HpV%3<A[9�=69�H;14A[AKc;EBIPV%@M14:
=<9G5�Tn143]7�9;TU9;:DV%5tY<AK1 � :<@B9G:<5��A%IPHGV%@M14:<:SIP@BAK9G5.9GV�EM9;3<AFH;IJA%IJHpV%�GAK9®IJ36VK1PO�5[@BTU@BEaIP@BAK9Pe

��9GN�IJA[=<14:<5É£[365[V%9GTn9G:XVrH;14TUTU9;:DV25G^�cGH;A[@MViEBInZ<A[14Z<AK@McGVKcs=_^�IJ36VK1PO�5[@BTU@BEaIPAK@MVKcr=_^`3<:/��x�T Z�143<ArEM9EB1JN�IJAK@ªV%d<TU9r=69;5�H;1X921UH;@M9;:DV%5�=_^`14:<=<9GEB9pVKV%9G5
Y (a, t) = ln | TBH

(a, t) | �
∀ 0 ≤ − ln

a1

a0

≤ − ln
a2

a0

⇔ 0 ≤ a2 ≤ a1 ≤ a0, P Y
a2

= δ−H ln(a1/a2) ? P
Y
a1

��áKá[á e ¥¦|D¡
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TBH
(a2, t) = (a2/a1)

H .TBH
(a1, t)

e�jIJ:65tHG9UH;IJ5®Z<AKcGH;@B5GwW:<143<5®H;1JTnZ<A[9;:<1J:<5bY<@B9G: CD3_^`@BE>��IJ3]Vb=<@B5zV%@B:6N43<9;AiEBI�H¢IJ5[H¢IJ=<9UEB1JNPO�@M:6RS:<@MTn9G:XV=<@ª7]@M5K@MY<EB9j=69®EBI�H¢IJ5[H¢IJ=69tTk3<EªV%@MZ<EB@MH¢IPVK@M7�9F5[143<5zOª£KIJH;9G:XVK9bIJ5K5[1]HG@BcG9Je
fL:6RS:_w�:<1JVK14:<5bCD3_^`@BEL9;5zVt��IPH;@BEM9�=<9UH;14:65[V%A[3<@BA[9�3<:�IP:SIJEB1JN43<9 � IP3 5[9;:<5®14â¨@BELIJ36A%I'EB9;5bTU«;TU9TnIJAKN4@M:SIJEM9;5Ul V%1J36V�@B:65[V&IP:XV&¡

B̃H

=_^`3<:Á��x�T
BH

l
IPH;H;A[14@B5[5K9GTn9G:XVK5,@B:6=<c;Z�9;:<=<IJ:XVK5mTnIJ@B5U:<14:5[V%IPV%@M14:<:SIP@BAK9G5;e á Ei5[3 1�V�Z�1436A�HG9;EBIÚ=g^�36VK@BEM@B5K9GAmEaI¤HG14:<5[VKAK3<HpV%@M14:�=69
Ỹ
=<cGH;A[@MV%9
Z<EM3<5�dSIJ3]V¢e��W9;5=<@M5[V%A[@BY<3]V%@B1J:<5j=<9�5K9G5sIPH;H;A[14@B5[5K9GTn9G:XVK5®9G:XVKAK9

s1

9GV
s2

5[14:XV®=<1J:<:<c;9G5tZ<IJA N (0, σ2(s2H
2 − s2H

1 ))
e

á EB5É5K1J:XV?@B:<=6c;Z�9;:<=SIP:XVK5;eXfL:mZ<A%I¦V%@BCD3<9PwD@BE�9;5zV���IJHG@BEB9�=<9�V%@MAK9GA?3<:69rAKc;IJEB@M5%IPVK@B14:�=<9G5.IJHGH;A[14@B5[5K9;TU9;:DV%5GwZ<3<@M5j=<9kE�^�@M:XVKc;N4A[9;A�Z�1436Aj14Y6VK9;:<@MAjEB9�Z6AK1XH;9;5[5K3<5
B̃H

e_��I,RSNJ3<AK9 á[áKá e��,Tn14:DV%A[9s3<:
cGHpd<IJ:XVK@BEMEB14:�=<9
BH

9pVi=<9
B̃H

Z�1J3<A
H = 1/3

e��L^��b@ME�Z�9;36Vi��IP@BAK9tEaI,=6@Mh�c;AK9G:<H;9k9G:
H;14:<5zV&IPV%IJ:DViCD3_^�@ME���ImTn1J@B:<5=<9 �S3<HpV%3SI¦V%@B1J:<5�IJ3]\�Z�9GVK@MVK9;5�c;H�d<9GEBEB9G5F=SIJ:<5
B̃H

CD3<9b=SIP:<5
BH � 7�1J@BA�RSN6e áKáKá e��4¡�e

����-L/I/W�'+< #:IEC-�4*/I-#E%E�-LX#��G7�7�%�%� /�"� �/�"�1<�!�%�=)�4,2 �Q&	��E%1W #:*�'G7�I-L:;��1<+.+< #:�:��[4�:�� "��'-L+.1�E%-L�%1. �:,) e 4�:*2 �Q&
BH(t)

)8�
2�-�
! �:�1<"�"%�'X�4�+.1.$!"��UE%�!+. �:

tk = i2H .∆t0, i ∈ IN
�8 �: "��7��"% #4�Y���4�:��J��"�- �O�'GK�� �1."%�

B1/2(k)
)84 &( #4�Y��!&��!:;��PI"% 
�g:I1<�':

E_��-L:W)�-L"V)?>��d@dA^S
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d]@�E­^`14:iV%@M9;:DV�H;14TUZ6VK9É=69;5�CX369;EBCD3<9G5�Z6AKc;H;IJ36VK@B14:<5�CD3<9É:<143<5�7�9G:<14:<5�=_^`cG7�1XCD3<9;AGw�@BE4Z�9;36V�=<9GTn9G3]OAK9GAj@B:DV%cGAK9G5K5%IP:XVr=<9k5K9�=614:<:<9GAi3<:<9�HG14:X749;:DV%@B1J:/IJA[Y<@MVKA%IJ@MAK9®5K3<AiEM9;5rcp7�c;:69;TU9;:DV%5blmIJ5[5K1XH;@M9;A � ZSIJA9p\]9GTnZ<EM9
t1 = t2

143
x1 = x2

N4AKÇJH;9klmE�^�dD�XZ�1PV%d<�G5K9k=<9 � I��XEM14A&¡FZ�1J3<AjcGVK3<=<@M9;Ai=<@MAK9;HpV%9GTn9G:XVr=<9;5Tk3<EªV%@BZ6EB@BH;IPV%9G3<AK5
Wr1,r2

IP3<5K5[@�IPZ<Z�9GEBcG52¶K»J¿�½X·¦±Ò±k¸&� Ä�²�¹ � ²­À%»JÄ�² 	J° �G»XÀpÄ�·¦¶%¯�{©���P|¦��143 º ¶&°%»¦¼J½X·¦¾L¿�À�·�° ��³�.Àp²­°p¿SÄ´¯�{©���J~6wS��94¥]w����P|6w���~Jv]w��¢|D¥���=<IJ:<5�EBIiEB@MV[V%cGA%IPVK3<AK9PeD02143<5ÉA%IPZ<Z�9GEB14:65?EM9;3<A�=<cpRS:<@MVK@B14: ��á e��]��¡LlZSIJAzV%@MA�=69?EBI�=<@M5K5[@BZSIPVK@B14:bEM1]H;IJEB9
εr
@B5[5K3<9É=_^`3<:�5K@MN4:SIJE�=69É7X@MVK9;5[5K9�=g^�IJ:6c;TU14Tn�pV%A[9?l�RSEDH�dSIJ3<=,{ª���P~¦���

Wr1,r2 =
εr2
εr1

≤ r1
r2
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7j:
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εr
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δvr
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=6�X:SIJTU@BCD3<9/=<9
E�^�cGH;143<EM9;TU9;:DVmcpV%3<=<@McJeLdXAK9;9G:<@M7JIJ5KIJ:�� dXVK14EB1¦O7X@MV � §���{©���JuP�F1J:XV�Z<A[14Z�145Kc'=<9�V%9G:<@BAkHG14TUZ6V%9'=<9'H;9pVKVK9�=6c;Z�9;:<=SIP:<H;9*9;:�H;14:<=6@MV%@M14:<:SIP:XVsEaIo=<@B5�OV%A[@BY<3]V%@B1J:¤=<9;5UTk3<EMVK@BZ<EM@BH;IPV%9G3<AK5sIJ3�V%IJ3]\Ú=69*=<@M5K5[@BZSIPVK@B14:¤EM1]H;IJE­e á EB5�14Y6VK@B9G:<:<9;:DV�3<:�Tn1X=<�;EM9�=<9H¢IP5KH¢IP=<9rHG14AKA[c;EBcG9JeD�W9;36AK5�HG14:<HGEB3<5[@B14:<5�Y<@M9;:UCD3_^�@M:XVKc;A[9;5K5KIJ:DV%9;5?5K14:DV?IJ5K5[9 � Tn@ªV%@BNJc;9;5Ge á EB5�5[14:XVÉ9G:XVKAK9IJ36VKAK9iIPTn9G:<c;5�l�@M:XVKAK1X=<3<@BA[9�3<:'9p\]Z�1J5%IJ:DV
α∗

=614:XV.EaIs5[@BN4:<@ªRSH¢I¦V%@B1J:,AK9G5[VK9i14Y<5KHG3<AK9Pe���IsZ<dD�]5[@BCD3<9IJ5[5K1XH;@BcG9®l�HG9;5�Tn1X=<�GEB9;5�=<9bH¢IJ5[H¢IJ=<9®AK9G5[VK9t=<@ 1UH;@BEM9ilkcGV%IJY<EB@MA;e
Ê2:<9kNJA%IJ:<=69�ZSIJAzVi=<9;5i=6@B5KHG3<5K5[@B14:65jZ�1JA[V%9�IJ3<5K5[@>5K36AjEB9�EM@B9G:�9;:DV%A[9m²´¿�½&%�¹�°p¿�½�»J¿gÀ�°.=<9G5iTk3<EMVK@ªOZ<EM@BH¢I¦V%9;36AK5�9GV2²´¿
	¦»J¶�²�»J¿gÀp°�½ � %�À �S° � �B°pea7j:,1436Y<EB@M9.V%AK1JZn5[14367�9G:XV?CD3<92E�^�@M:<=<cGZ�9G:<=SIJ:<HG92=69;5ÉTk3<EMVK@BZ<EM@ªOH¢I¦V%9;36AK5r9G:XVKAK9®9;3]\*9G5[Vj36:<9tHG14:<=<@ªV%@M14:
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=g^�IJ3]V%9;36AK5s9G: VK3<AKY<36EB9;:6H;9,TU�;:69;:DVtEM9;3<A®AKc��S9p\]@M14:
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n(r) ∝ ln r
e á EM5�AK9;:6H;14:DV%A[9;:DV�IJEB14A[5.=<9G52=<@ 1UH;3<EªV%c;5CD3_^`@BEB5sH;14:DV%1436AK:<9G:XV�9G:�Z6AKc;5[9;Az74IJ:DVkEM9;3<A�IoZ<A[@B14A[@?Z�143<AkE�^�@M:X7JIJAK@BIJ:<HG9U=g^�cGHpd69;EBEM9Je 7jA�HG9':<9�5K14:DVZSIJ5®EB9G5b9p\]Z�1J5%IJ:DV%5

ζ(q) ≡ H(q)
CD3<@�H;1J:XVK@B9;:6:<9;:DVbEaI'=<c;Z�9;:6=SIJ:<HG9,9;: c;H�d<9GEBEB9PeWÆ>IJAbHG14:XVKAK9Pw�9G:IJYSIP:<=<14:<:<IJ:XV�E­^`@B:D74IJA[@aIJ:6H;9k=_^`c;H�d<9GEBEB9,Z�1436A�=<c;HGAK@MAK9mEM9;5�A[c;5K36EMV&I¦V%5k9p\]Z�c;A[@BTU9;:DV&IJ3]\ 9G:�3]V%@BEM@B5KIJ:XV
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n(r) 6= ln r
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9pV ∼ η
Z�143<AUEB9;5ZSIJAKIJTU�GV%A[9;5�=<3�TU1]=6�;EB9 �¦y�9;581JY<5K9GA[7JIPV%@M14:<5�:<9?5[14:DV8ZSIP58Y<@M9;:sHG14TUZ<AK@M5K9;5Gw�9GV>=614@M7�9G:XVW��IP@BAK9�E�^�14YD£[9GV=<9bAKc��S9p\]@M14:<5�H;14TUZ<EMc;TU9;:DV&IJ@MAK9;5Ge

�L^�IJZ6Z<AK1XH�d<9�=<9ÉÌ�A[@B9;=6AK@BH�dr�!Æ89G@B:<§49>��IP@B5%IP:XV�IPZ<Z�9GEDlFE­^`c;CD3SIPVK@B14:b=<9ÉÌ�14§D§49;A�O�ÆLEaIJ:6Hp§®{�¥P|<w�¥J�¦�D:<9��IJ@ªV>ZSIJ5�@M:XVK9;A[749;:<@MA8EB9G5>=<@M5[V%A[@BY<3]V%@B1J:<5>=<9FTk3<EªV%@MZ<EB@MH¢IPVK9;3<A[5�TnIJ@M58=<9G5ÉZ6AK14YSIPY<@BEM@MV%cG58HG14:<=<@ªV%@B1J:<:<9;EMEB9G5V%9GEBEM9;5FCD3<9
P (ṽ2, λ2) =

∫
dṽ1 P (ṽ2, λ2 | ṽ1, λ1)P (ṽ1, λ1) ��áKá[á e ¥ 9�¡

14â
ṽ
=<cG5K@BNJ:<9�3<:¨IJHGH;AK1J@B5K5[9;TU9;:DVj=<9�7X@ªV%9;5[5K9�IJ=6@BTU9;:<5[@B14:<:6cs9GV

λ = ln(Lref/r)
9G5[Vb3<:<9kcGH�d<9;EMEB9EB1JN�IJAK@ªV%d<TU@BCD3<9PeÉÌ�A[@B9;=6AK@BH�d�� Æ�9;@B:6§49/9;5[Z��GAK9G:XV*IJ@M:<5K@2@B:DV%AK1X=<3<@MAK9�Tn1J@B:<5n=_^�I¤Z<A[@B14A[@2=<IJ:<5'EB9G3<AIJZ<Z6AK1XHpd69Je¦Ë*«GTn9�5K@�EM9;3<A[5W14Y<5[9;A[7JIPVK@B14:<5W:69É5G^`�b1JZ<Z�1J5K9;AKIJ@B9G:XV�Z<IJ5W��14AKHGc;TU9;:DV¢w�Ì�AK@M9;=<A[@BH�dj�ÁÆ�9;@B:6§49:<9�AKIJ@B5[14:<:<9G:XVsZSIJ5k9;:¤VK9;AKTU9;5s=<9�Z<AK1XH;9G5K5[3<5�Tk3<EMVK@BZ<EM@BH¢I¦V%@M��eg�W9;5kc;CD3SI¦V%@B1J:<5 ��á[áKá e��4¡t9pV ��áKá[á e ¥ 9�¡:_^`14:DV?Z<IJ5?EBIiTn«GTn9F5[@BN4:<@ªRSH¢I¦V%@B1J:���EM9�Z<AK14Z<IJN�IPVK9;3<A

Ga1,a2

5[9;3<E�:<9�=<@MV�A[@B9G:nCD3SIJ:DV?ltEBIb5zV%A[3<HGVK3<AK9=<9j=6c;Z�9;:<=SIP:<H;9>Å<V%IJ:<=<@M5�CD3<9iEBIsZ<AK1JYSIJY<@MEB@MVKc�H;14:<=6@MV%@M14:<:<9GEBEM9
P (ṽ2, λ2 | ṽ1, λ1)

Z�9;3]VFH;14:DV%9G:<@BA?=<9E­^`@B:]��14AKTnIPV%@M14:iEB@Mc;9?IJ3]\scG7�9G:XVK3<9;EMEB9G58H;1JAKAKcGEaIPVK@B14:65;e�021J3<5>AK9p7X@B9;:6=<AK14:65>5K3<A8EaI2=6@B5[VK@B:<HpV%@M14:s9G:XVKAK9�HG9;5Z<A[14YSIJY<@MEB@ªV%c;5WHG14:<=<@ªV%@M14:<:<9GEBEB9G5W9GV8EB9;5�=<@M5[V%A[@BY<3]V%@B1J:<5�=_^�cp7�9;:DV%369;EB5�Tk3<EªV%@BZ6EB@BH;IPV%9G3<AK5 ��3 |<eM�Je �4¡�w�CD3<@]9G5[VIJ3<5[5K@]cG7�1XCD3<c;9.=<IJ:<5F{©��v4u��­eJË�IJA[H;Ct� 02IJ9;AzVF{©��v�¥¦��w¦CX36@65;^`@B:65KZ<@MAK9;:DV�=<9.EB9G3<AK5�V%AKI�7JIJ3]\�w�V%9G:XVK9;:DV89G3]\=_^`c;HGAK@BA[9t36:<9tcGCD3SIPV%@M14:�=69s��IJ:<NJ9G7X@B:�H;9pVKV%9®��14@B5�O�HG@WZ�1436A�EM9bEB14N�IPAK@MVKd<TU9j=<9®EaI�=<@B5[5K@BZ<IPV%@M14:'EB1XH¢IJEM9
ln εr

e�Ê2:<9U=<9;5[H;A[@BZ6VK@B14: IJ=<=<@ªV%@ª7�9kZ�1J3<A
ln εr

c;CD3<@M7JIJ36VtIJEM14AK5bl'3<:<9n=<9;5[H;A[@BZ6VK@B14:¨Tk3<EMVK@BZ<EM@BH;IPV%@ª7�9Z�143<A
εr
e80214365kAK9G749;:<14:65kZ<EB3<5sZ<AKcGH;@B5[c;TU9;:DVk5K36AkEB9;5sEB@B9G:<5s9G:XVKAK9mcGCD3SIPV%@M14:¤=<9'Ì�14§D§49;A�O�ÆLEaIP:<H�§�wc;CD3SI¦V%@B1J:�=69t��IJ:6N49G7X@B:'9pV2H;IJ5KH;IJ=<9G52Tk3<EªV%@MZ<EB@MH¢IPVK@M7�9G5É=<IJ:<5�EaI�ZSIPA[V%@M9i|<e

� � 	�Ö?ÙFÏ ÙbÖ ×?Ô;Õr×���Ó �
	DÏ�ÖFÔ*ÝBÕ.Ó �	�tÕ2ÑBØ]Ø6ÕjÛ �WÕjÐÒ×�Õ.Ø �
�W9tV%d6c;14A[�;TU9���=<3/ZSIJAKIJN4AKIJZ<d<9U�4eª�4e�|n:<143<52I�74IJ@ªVF=<c�£Kl,5K@MN4:SIJEMc®EM9bA 
4EM9tZSIPA[V%@MH;3<EM@B9GA�£[143<c®ZSIJAEB9G5LEB14@M58=<9�Æ81J@B5K5[14:kH;1JTnZ�145KcG9;5ÉIJ3�5K9G@B:�=<9G5É=6@B5[VKAK@MY<36V%@M14:<5�@B:6RS:6@BTU9;:DV>=<@ª7]@M5K@MY<EB9G5;e40�143<5�I�7�14:<5�7]3IJ3*ZSIJA%IPN4A%IJZ6d<9��4e�~UCD3_^�9GEBEM9;52I�7JIJ@B9G:XV�=<c�£KlUcGVKcscG741]CD3<cG9;5r9G:*VK3<AKY<36EB9;:6H;9sZ<IJA�Z<EB3<5[@B9G3<AK52IJ36VK9;3<A[5;e021J3<52cpV%3<=6@B14:<5�TnIJ@B:DV%9G:SIJ:DVFZ<EM3<5�9;:�=6cGV&IP@BE_EBIk��1JAKTU9®=69tHG9;5�=<@B5zV%AK@MY<36VK@B14:<5�Æ�14@B5[5K14:'H;1JTnZ�145KcG9;5CD3<@�AK9;¬G14@M749;:DVr3<:69s@B:DV%9GAKZ<A[cGV%IPV%@M14:�VKAK�G5rZSIJA[EaIJ:DV%9Pe�fLEBEB9G52HG14:<5zV%@MVK3<9;:DVrl,:<1JVKAK9s5[9;:<5r3<:/9p\]HG9;EBEM9;:DV5K36Z<Z�1JA[V�Z�1J3<AFE­^`@B:DV%3<@ªV%@M14:_wD9GV�TUc;A[@MV%9G:XV.H;9iV%AKIJ@MVK9;TU9;:DVF=<9i��I�749;3<AGe
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	DÏ?Ô¦×�Ô���	 �
	SÑBÕrÛ
Æ>IJAF=6cGRS:<@ªV%@M14:�EB9G5�EM14@B5�=<9®Æ814@B5[5K14:'HG14TnZ�145[c;9;5�5G^�cGH;AK@ª7�9;:DVb�

Gs = e−αs
∞∑

k=0

(αs)k

k!
F ?k ��áKá[á e ¥J¥4¡

14â
F
9G5[Vr3<:<9s=6@B5[VKAK@MY<36V%@M14:'CD3<9;EMH;14:<CD3<9Pw

s ∈ IR+ e α 9;5zVj3<:69sH;1J:<5[V%IJ:XVK9t=6cGRS:<@M5K5KIJ:XV2E­^`3<:<@ªV%c®=<9TU9;5K36AK9b=<9
s
e@7i:�7�cGAK@ªRS9bIJ@B5[c;TU9;:DV�CD3<9��

Gs ? Gt =Gs+t, ∀ s, t > 0. ��á[áKá e�¥<;�¡
�W14AK5[CD3<9

F = δ1
14:�A[9GVKAK1436749 EBIÚEM14@i=<9 Æ814@M5K5K1J:_e���IÚVKA%IJ:<5z��14AKTUc;9
=<9 ��IJZ<EBIJH;9
=<9

Gs

9G5[V
Ḡs = e−αs(1−F̄ ) 9pV ��áKá[á e �J~4¡89;5[V�7XA%IP@B9�Z�1J3<AL3<:<9F7JIJAK@BIJY<EB9?Z�1J5K@MVK@M7�9.I�7�9GH P{dX} = αsXF{dX} ey�14TUTn9o:6143<5'E­^�I�7414:<5m=<c�£Kl�A[9;TnIJAKCD3<c
=SIP:<5 ��áKá[á eM��¥4¡pwFEM9oN4c;:<cGA%IPVK9;3<A U =<3 5K9GTn@©O�N4A[143<Z�9o=<9H;1J:X7�1JEB36VK@B14:�IP5K5K1XH;@Mci5K9®=<c;=63<@MV�=<9bE�^�14Z�c;AKIPV%9G3<A F IJ5[5K1XH;@Mcbl

F
�

U =α (F − 1) ��áKáKá e�¥Ju�¡
��I���14:<HGVK@B14:

H(q)
5K9bV%A[14367�9bIJ@M:<5K@gc;H;EBIJ@BA[c;9i5[143<5�3<:�:<14367�9;IJ3�£[143<Ai�

H(q) = α[1− F̃ (q)] ��á[áKá e�;4v�¡
H
=<c;HGAK@MV2IJ@M:<5K@WEM9iZSIJ5�c;EMc;TU9;:DV&IJ@MAK9j=<9®EaIkH;IJ5KH;IJ=<9®Z<3<@B5[CD3<9tHP^�9G5[Vr3<:<9®@BTnIJN49j=<9®EaIk=<@M5[VKAK@BY636V%@M14:

F
eSyr^`9;5[V�36:<9iAK9GT,IJA[CD3<9j@B:DV%cGAK9G5K5%IP:XVK9r=<3�Z�14@B:DV.=69r7X3<9jV%d<cG14AK@MCD3<9j5K36A[V%1J36V¢e6f�:'Z<AKIPV%@MCD3<9Jw]@BE��mIZ�9;3�=_^�9G5KZ�14@BAF=69®VK@BAK9GAF=<9;5�@M:6��14AKTnIPVK@B14:<5?CD3SIJ:DV%@MV%IPV%@ª7�9;5?V%AK�G5�Z<AKcGH;@B5[9;5�5K3<A

F
=<9bE�^�9G5[V%@MT,I¦V%@B1J:m=<9

H(q)
cpV&IJ:DV�=<14:6:<cbEB9;5FZ6AKc;HG@B5[@B14:<5�9�\6Z�c;A[@BTU9;:DV&IJEM9;TU9;:DV�1J3*:X3<TUc;AK@MCD3<9;TU9;:DV�IJHGH;9;5[5K@MY<EB9G5;e

�jIJ:<5�EB9�H¢IP5�=_^`3<:<9ÉH¢IP5KH¢IP=<9�EM14NPO�@M:6RS:<@MTn9G:XV�=<@ª7]@M5K@MY<EB9�lFV%AKI�7�9GAK5�EB9G5�c;H�d<9;EMEB9G5;w�5K@DEM9ÉZ6AK14ZSIPN�IPV%9G3<A=<cGH;AK@ªVrZ<IJA2EM9bH;143<Z6EB9
(G, n)

9;5zViIJ5[5K1XH;@McslU3<:<9®=<@B5zV%AK@MY<36VK@B14:'=<9sÆ814@B5[5K14:�H;1JTnZ�145KcG9Jw�14:�Z�143<A[A%Ic;HGAK@MAK9k�
Ga1,a2 = G?[n(a2)−n(a1)]

︸ ︷︷ ︸
G∆n

= e−∆n
∞∑

k=0

∆nk

k!
F ?k ��áKá[á e";]��¡

14â
∆n = n(a2)−n(a1)

9;5zV�EaI	4G=<@M5[V%IJ:<H;9&4.Tn1���9;:6:<9.CD3<@<5[c;ZSIJA[9�EB9;5LcGH�d<9;EMEB9;5
a1
9GV
a2
e�ÆLA[c;5K9G:XVKc;9IJ@M:<5K@�w<EaIk��14:<HpV%@B1J:

n(a)
AK9GZ<AKcG5K9;:DV%9t3<:�:614TkY<AK9bTU1¦�49;:'=<9®ZSIJ5�=<9tEBIUH;IJ5KH;IJ=<9Pw�3<:69tZ<A[1J��14:<=69;3<ATU1¦��9G:<:<9PeLÊ2:<9�c;H�d<9GEBEM9�9;5[V,IPV[V%9;@M:XVK9'IJZ<A[�;5�3<:!:614TkY<AK9�=69�Z<IJ5,IPEBc¢I¦V%14@MAK9

k
e d]9;EM14:�EM9�EB@M9;3Ú9GVE­^`@B:65[V&IP:XV;w�EM9�:<14TkY<A[9�=<9kZSIP5®9G:XVKAK9k=<9G3]\
cGHpd69;EBEM9;5jZ�9;3]Vi74IJA[@B9GAs�_@ME89;5zV®=<@B5zV%AK@MY<3<c�5[9;EM14:
3<:<9kEB1J@=<9bÆ81J@B5K5[14:��F=<9iZ<IJA%IJTU�GVKAK9

∆n
e��r9iTn«GTn9Pw6EM9j:<1��DIJ3

G
:<9i=<c;HGAK@ªVFCD3_^�36:<9bcG7�14EM36V%@M14:mTU1¦�49;:<:<9Pe��I�:SIPV%36AK9�=_^`3<: Z<IJ5bc;EBcGTn9G:XV%IJ@BA[9�9;5zV®=<cGVK9;AKTU@B:6c;9�ZSIJAiEBI'=6@B5[VKAK@MY<36V%@M14:

F (ω) = WF (W )
e67j:Z�9;36V�@BTnIJN4@M:<9;A?CD3_^�l�H�dSIJCD3<9bZSIJ5Gw�14:�V%@BA[9bIJ3�5K14AzV�3<:*Tk36EMV%@MZ<EB@MH¢IPVK9;3<A

W
=614:XV�EM9iEB14N4IJAK@ªV%d<TU9

ω9;5zVi=<@M5[V%A[@BY<36cs5K9GEB14:
F
e��r9�HG9GVKVK9s��IJ¬G14:/H�dSIJCD3<9tZSIJ5j9G5[VbIJEMc¢IPVK14@BA[9JwS9pViEB9®:<14TkY<A[9s=<9tZSIJ5

k
EB3<@©OTU«;TU9�9;5zVÉIJEBc;IPV%1J@BAK9Pw�=<@B5zV%AK@MY<3<c?ZSIJA>3<:69.EB14@X=<9�Æ81J@B5K5[14:_e<d]@6E�^�1J:�H�d<9;A[Hpd69Flj@BTnIJN4@M:<9;A�3<:<9FH;IJ5KH;IJ=<9Tk3<EªV%@BZ6EB@BH;IPV%@ª7�9LIJ5[5K1XH;@Mc;9�ljH;9�HG14TnZ�14AzV%9;TU9;:DV¢w¦@BE]5K9GTkY<EB9?CX3g^�@ME6��IJ3<=<AKIJ@MV>IJYSIJ:6=<14:<:<9GALE­^`@B=<cG9.=_^`3<:<9

��� +N�'E_�H/9 #E�E_1.P�+.��)��(X#�!:��'"�-�+<1�E%�!"hG7�!�_�%�,�FG7"�1D��4�"�� �0) e -L48��"%�FEh)81�EO��"%1.P�48��1< #:IEHM�4���+.- +. �1N)8� �` #1.E�E% �: ���?G! �&�/�"�1.E
/9 �4�"h)8�FE )�1.E_�%"�1<PI48�%1. �:IE�� E_4I/�/W #"_�hG7 #:;�%1.:84�S	�c #48�%�FE=+.�'EJ)81�EO��"%1.P�48��1< #:IE 1<:�RI:�1.&(�':;� )81.Y;1.E%1.P�+<�FEJG7 �:8Y;1.�!:�:I�!:;� > ��
BA
�
/�S @�@
�8S
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N4cG14TncpV%A[@B9/IPAKY�14AK9G5KH;9G:XVK9o=<cGVK9;A[Tn@M:<c;9/=69oEaI�H;IJ5KH;IJ=<9
Z<3<@M5KCD3_^`9;EBEM9/=<14@ªVmZ�14367�1J@BA,cp7�14EM3<9;An=SIJ:<5EB9oVK9;TUZ<5*9pV�=<IJ:<5�E­^`9;5KZ<IJH;9Pe á Eb:<9¨��IJ36V�5%IP:<5*=61436V%9¨ZSIJ5�A%IP@B5K1J:<:<9;A�5K36A*3<:�IJAKY6AK9
R6\]c � ZSIJA9p\]9GTnZ<EM9sE�^�IJA[Y<AK9®=6�DIP=<@BCD3<9¢¡pw�T,IP@B5�@BTnIJN4@B:69;AF3<:oIPAKY<A[9�IJEMc¢IPVK14@BA[9Je ��9;TnIJAKCD3<14:65rCD3_^`@BE�:_^}�/IU=<�;5EB1JAK5rZ6A%IPVK@BCD3<9;TU9;:DViIP3<H;3<:o9G5KZ�14@BAr=<9�=<cpV%9;HpV%9GAiEB9�H;IJA%IJHpV%�GAK9�=<@M5KHGAK9GVj143o:<14:o=<9sEaI,=<@M5[VKAK@BY636V%@M14:=<3Ú:<14TkY6AK9m=<9'ZSIP5k=<9'EaI/H¢IP5KH¢IP=<9Je�Ê�:�VK9;E.TUc;H;IJ:<@B5[Tn9,=<9'H¢IJ5[H¢IJ=<9'N41J367�9;A[:<c�ZSIJAkEM9�dSIJ5KIJAK=ZSIJAKI��BV?«GVKAK923<:�Y�1J:,H¢IP:<=<@B=<IPV.Z�143<A?=<c;HGAK@BA[9rHG9;A[V%IJ@B:65.IJ5[Z�9GHGV%5�=_^�36:�Z<d<c;:614Tn�G:<9jIP3<5K5[@gH;1JTnZ<EM9p\]99GV�=<cG5K14A[=<14:<:6ctCD3<9bEaIsVK3<AKY63<EB9G:<H;9Pe
Æ8143<AbA[9;:<=<A[9nZ6EB3<5bZSIJEMZSIJY<EM9kH;9pVKV%9�@M:XVK9;AKZ6AKcGV%IPV%@M14:_w_:6143<5bH;14:65K@B=6c;AK1J:<5tTnIJ@M:XVK9;:SIJ:DVj36:�Z<A[1POY<EM�;TU9,5%IP:<5�A%IPZ<Z�1JA[VkI�7�9GHnEBI*V%3<A[Y<3<EM9;:<HG9Je>0�143<5�9�\]Z<EB14@ªV%9GAK14:<5t9;:<5[3<@MVK9mH;9,Tn1X=<�;EM9nZ�143<At=<cG749pOEB1JZ<Z�9GA�3<:69iIJ:SIJEM14N4@M9�9G:XVKAK92EaItZ6AK14ZSIPN�IPV%@M14:,=69jE­^`c;:<9GAKN4@M92=g^�3<:�AKI��414:,EM3<Tn@M:<9;3X\U=SIJ:<5.36:�9;5KZ<IJH;9Z�9;3<Z<EMc,=<9n:]3<IJN49;5tIJY<5[14AKY<IJ:XVK5t9pV�EBI�H;IJ5KH;IJ=<9m=_^`c;:69;AKNJ@B9ml'V%AKI�7�9GAK5®EB9G5tcGHpd69;EBEM9;5®9;:�VK3<AKY63<EB9G:<H;9

� ~]e �4¡�eÉ��9�Z�14@M:XVU=<9*=<c;Z<IJA[V,=<9;5m1JY<5K9GA[7JIPV%@M14:<5UCX36@25[3<@M7�9G:XV,9;5zVm3<:<9�AK9;TnIJA[CX369�=<9�Ì�9GEBEB9GA'{�9JuP�H;1J:<H;9GAK:SIJ:DV23<:�TU1]=6�;EB9b=<9®Z<A[14ZSIJN�I¦V%@B1J:�=g^�3<:�A%I���14:'EB3<TU@B:69;3]\'=<IJ:<5�EB9®Tn@MEB@B9G3]\,@B:DV%9;A[5[VK9;EBEBIJ@BA[9Je
á E65G^�IPN4@MV�=_^`3<:kTn1X=<�GEB9 � � Z<AK14Z�145[c.ZSIJA8Èse�qtePq2TkYSIJA � 3<TU@aIJ:n{©��vP�]9;:���uJ|J|j=SIJ:<583<:�IJA[VK@BHGEB9É@B:DV%@MVK3<EBc
� ¿/Ä �S°®Ä �S°�·¦¶ �m· � º ¶�²ªµ �XÄ�¿g°&¯&¯ �?¸SÀpÄ�¸6»JÄ�²­·¦¿6¯®²´¿oÄ �S°���² ��¼ ����» �¦e

�jIJ:<5ÉH;9�TU1]=6�;EB9Pw4EaIr7JIJA[@aIJY<EM9
r
A[9;Z<A[c;5K9G:XVK9236:<9�=<@B5zV&IJ:<HG9�9GV

X(r)
9G5[VÉE­^`@B:DV%9G:<5K@ªV%c.=_^`3<:UA%I���14:EB36Tn@M:<9;3]\'741¦�DIPN49¢IJ:DV�=SIJ:<5rE­^`9;5KZ<IJH;9Pec7j:/5K36Z<Z�1J5K9�CD3<9kH�dSIJCD3<9tc;EMc;TU9;:DVr=<9t7�14EB36Tn9®A%I���14:<:69slV&IP3]\�H;1J:<5[V%IJ:XV�=69�5[14A[VK9�CX369

X(r)
H;A[1��BV�EM@B:<c;IJ@BA[9;TU9;:DV � ∝ cr

¡peXË*IJ@B5LE�^�9G5KZSIJHG9�H;14:DV%@M9;:DV�IJ3<5[5K@S=<9G5:X3SIJN49G5.5K14TkY6AK9;5.IJY<5K1JAKYSIJ:DV%5?CD3<9i:<143<5F5[3<Z<Z�145K1J:<5.V%14365F14Z6V%@MCD3<9;TU9;:DV�@M=<9;:DV%@MCD3<9;5.9pVF=<@M5[V%A[@BY<36c;5=<9®��IJ¬;14:�d<14TU14N4�G:<9®@B5K1PV%AK1JZ�9Pe@d]14@MV
α/σ

EM9t:614TkY<AK9b=<9®:X3SIJN49G52ZSIPA23<:6@MV%c®=<9®7�14EB36Tn9>Å
α
5[9sEB@ªVH;1JTnTU9r3<:�:614TkY<AK92Tn1���9G:,=<9i:X3SIJN49G5�ZSIPA.3<:<@ªV%cj=<9rEB14:<NJ3<9;3<AGw]9pV

σ
H;1JTnTU9rEBIs5K9GHGV%@M14:�921UH;IJH;9=<9G5t:X3SIJN49G5;e��W14AK5[CD3_^�@ME>V%AKI�7�9GAK5[9n3<: :]3<IJN49JwW36: AKI���1J: EM3<Tn@M:<9;3X\o:<9UH;14:65K9;Az7�9UCX3g^�3<:69n��A%IPHGV%@M14:IJEMc¢IPVK14@BA[9

W ∈ [0, 1]
=<9 E�^�cG:<9;A[N4@B9
CD3_^`@BEjVKA%IJ:<5[Z�1JA[V%9Pe d]14@B9G:XV

F (ω)
9pV

F (W )
EM9;5�=<9;:<5[@MVKc;5=<9�Z<AK1JYSIJY<@MEB@MVKc�AK9G5KZ�9;HGVK@M7�9G5,=<9

ω = lnW
9GV
W
e�f>\6IJTU@B:614:<5UE­^`cG7�14EM36V%@M14:¤=<9�E­^`c;:<9GAKN4@M9'=_^�36:A%I���14:�EM3<TU@B:<9G3]\�I��DIJ:DV.Z<IJAKHG143<AK3�EaI�=6@B5[V%IJ:<HG9

r
eS�s^`3<:<9®ZSIJAzV¢w<9GEBEM9iIJ3<N4TU9;:DV%9r=<9

cr
l�H;IJ3<5[9t=<3A%I���14:6:<9;TU9;:DVFd<14TU14N4�G:<9i@B5[1JV%A[14Z�9iH;14:<5zV&IJ:DV�9;:'7�14EM3<Tn9PeSy�9pVKV%9b7JIJAK@BIPV%@M14:mEB@M:<c¢IP@BAK92:<9bZ�1J5K9®ZSIJ5=<9�Z<A[14Y<EB�GTn9PwJ9pV�3<:n5[@BTUZ<EB9?H�dSIJ:<N49GTn9G:XV>=<9F74IJA[@aIJY6EB9

X → X−cr Z�9;A[Tn9pVKVKA%Ii=<9�5K9FHG14:<H;9G:XVKAK9GA5K36A.EB9�V%9;A[Tn92=<9 �<3<HGVK3SIPV%@M14:�IJEMc¢IPVK14@BA[9JeX�s^�IJ36VKAK9jZSIPA[V¢wX5K36A.H;9pVKV%9r=<@B5zV&IJ:<HG9
r
w]EM92AKI���1J:,EB36Tn@M:<9;3]\V%AKI�749;AK5[9

k
:]3SIPN49;5ÉIJY<5[14AKY<IJ:XVK5;w41Jâ

k
9;5zV?=6@B5[VKAK@MY<3<cF5K9GEB14:U3<:<9�EM14@<=<9�Æ814@M5K5[14:�=<9�ZSIJA%IPTn�pV%AK9

αr
�

Pαr(k) = e−αr
(αr)k

k!
��áKá[á e";4�4¡

Æ>IJA�H;14:<5[c;CD3<9G:XV;wSEB9jAKI���1J:mEB3<TU@B:69;3]\n5K36Y<@MVF36:<9i5K3<HGH;9G5K5K@M14:�=<9
k
IPV[V%c;:X3SIPVK@B14:65.=<9j��IJHpV%9;36AK5

Wi

w
1 ≤ i ≤ k

w<@M=<9;:DV%@MCX369;TU9;:DVF=<@B5zV%A[@BY<3<cG5F5K9GEB14:
F
e���^�IPV[V%cG:]3SI¦V%@B1J:mV%1JV%IJEB9r7JIJ36V�=614:<H

W =W1 × . . . × Wk ��áKá[á e";J~�¡
H;9bCD3<@W5[9tA[c;c;HGAK@ªV�9;:�Z<AK9G:SIJ:DV2EM9jEB1JN�IJAK@ªV%d<TU9r=69®HG9GV[V%9®AK9;EBIPV%@M14:/�

ω=ω1 + . . . + ωk. ��áKá[á e";P|D¡
021J3<5.9;:�=6c;=<3<@M5K14:65FCX369iEaIt=6@B5[VKAK@MY<36V%@M14:,=69

ω = lnW
9;5zV

F ?k � Z�143<A�H�dSIPCX369r74IPEB9;36A?=<9 k ¡pe6f�:TU1¦��9G:<:SIJ:DVFHG9®A[c;5[3<EMV%IPV�5K3<AFV%1J36V%9G52EM9;5F74IPEB9;36AK5.=<9
k
Z�1J5K5K@MY<EB9G5;w<:6143<5�14Y6V%9G:<14:<5�EBI�=6@B5[VKAK@MY<36V%@M14:

��� ���H& �'&(�H� �;/W�H)8�h&� 8)8$'+<� -��!�%�H/I"% #/W �E_�J/I-�"=�f-�:I)�-L40/9 �4�"U�7��4I)81.�!"�+^e �':��!"�X�1.�H)8�H/W-L"%�%1�G74�+.�'E�E%�H)8�'/�+.- 
!-�:;�
)�-�:IE[4�:0&�1<+.1<�'40 	� �!+.+<�HE%4�P�1�E%E%�!:;�g)8�FEgG7 �+.+.1.E%1< #:IEJ> 
 �BAiS
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������� ����������� ���"!#����$%�&� '(� ����)(� ���*��$+$-,�./)�,(� ���
�0�

=<9
ω
w4��IJHGVK9;3<AÉ=_^�IPVKVKc;:X3SIPVK@B14:UEB14N4IJAK@ªV%d<TU@BCD3<9��K��=<92E�^�cG:<9;A[N4@B9�=<3nA%I���14:�EB36Tn@M:<9;3]\k5K3<AÉEaIb=<@B5zV&IJ:6H;9

r
�

Gr(ω) = e−αr
∞∑

k=0

(αr)k

k!
F ?k. ��áKá[á e";4�4¡

021J3<5�AK9;HG14:<:SIP@B5K5[14:<5�3<:<9®EB1J@g=<9®Æ814@M5K5[14:'H;14TUZ�1J5Kc;9b=<3'V��XZ�9 ��áKáKá e�¥4¥4¡�eÆLAK14Z�145K9GA,3<:ÃZ<IJA%IJEMEB�GEB9�9;:DV%A[9�E�^�cp7�14EB3]V%@B1J:�=69�H;9*A%I���14:�EB3<TU@B:<9G3]\¤VKA%I�7�9;A[5%IJ:DVU=<9;5m:X3SIJNJ9;5IJY<5[14AKY<IJ:XVK5F9GV�HG9;EBEM9j=<9iE�^�cG:<9;A[N4@B9rVK3<AKY63<EB9G:XVK9il�V%A%I�7�9GAK5.EM9;5.cGHpd69;EBEM9;5F5[9;TkY<EM9rAK9GEaIPVK@M7�9GTn9G:XV�:SIPVK3]OAK9GE­eXÊ2:69j@B:DV%9GAKZ<A[cGV&I¦V%@B1J:U=g^�3<:69jH¢IJ5[H¢IJ=69j=<9rV��XZ�92Æ814@M5K5[14:mH;1JTnZ�145KcG9rHG14:<5K@M5[VK9jls@MT,IJNJ@B:<9GALCX3g^�3<::<14TkY6AK9.IPEBc¢I¦V%14@MAK9É=<9�V%1J3<AKY<@MEBEM14:<5�=<9�V&IP@BEBEM9;5�@B:DV%9GAKTUc;=<@BIJ@BA[9;5WV%AKIJ:<5[���GAK9G:XV�IPEBc¢I¦V%14@MAK9;TU9;:DV�E­^`c;:<9GAKN4@M9=<9G5®Z6EB3<5bN4A[145j7�9;A[5bEB9;5iZ6EB3<5iZ�9GVK@MV%5GeW�W9�:<14TkY<A[9�=<9kV%1436AKY<@MEBEB1J:<5r9G:XVKAK9kEaImNJA%IJ:<=69UcGH�d<9;EMEB9
a0

9GVE­^`c;H�d<9GEBEM9
a
5[9;AKIJ@MVi=6@B5[VKAK@MY<3<ckZSIJAi36:<9�EB14@�=<9�Æ814@M5K5K1J:¨=69kZSIJA%IPTn�pV%AK9kZ6AK14Z�14A[VK@B14:6:<9;E8l

n(a)
eW��I��14:<HpV%@M14:

H(q) ∝ 1 − F̄ (q)
5[9;AKIJ@MVi36:<9k@BTnIJN49t=<9kEaI,=6@B5[VKAK@MY<36V%@M14:

F
=<3oV&IJ3X\o=<9�VKA%IJ:<5z��9;AzV

W=<9iE�^�cG:<9;A[N4@B92=_^�36:mV%143<A[Y<@BEMEB14:nl�3<:'IJ3]V%AK9PeS�W9jZSIJAKIJEBEM�;EM929G:XVKAK9jHG9rV��]Z�9j=<9iH;IJ5KH;IJ=<9i9pVFEaIsH;IJ5KH;IJ=<9=<9 ��@BH�dSIJA[=<5K14:Ú9G5[Vn@BTUTncG=<@aIPV;e8�L^`@B:D74IPAK@aIP:<H;9n=_^�cGH�d<9;EMEB9�H;1JAKAK9G5KZ�14:<=!IJ3�H;IJ5U14â�EM9;5k5zV%AK36HGV%36AK9;5=<@M5K5K@MZSIPVK@M7�9G5>5K14:DV�=<@M5[V%A[@BY<36c;9;5�I�7�9GHFEaIjTU«;TU9.=<9;:65K@MVKc�lbNJA%IJ:<=69F9GV?liZ�9pV%@MVK9.c;H�d<9GEBEM9j��14:�AK9pV%AK1J367�9
n(a) = − ln(a/a0)

w69GV�14:':<9iZ�9;36V�Z<IJ5F=<@B5zV%@M:<N43<9GA.3<:<9 � 14:<9 4G@M:<9;AzV%@B9GEBEM9a4�=g^�3<:69 � 14:<9 4G=6@B5K5[@BZSI�OV%@ª7�9a4¦eFd]@_Z<IJA.H;1J:XVKAK9iH;9pVKVK9i=<9;:<5[@MVKcbIJ3<N4TU9;:DV%9r749;AK5FEM9;5FZ�9GVK@MV%9G5.c;H�d<9GEBEM9;5;w614:'IJ3<AKIkVK143¦£[1436AK5 � ZSIJAH;1J:<5[VKAK3<HpV%@B1J:�¡�36:<9�H¢IP5KH¢IP=<9sEM14NPO�@M:6RS:<@MTn9G:XV.=<@M7X@B5[@BY<EM9iT,IP@B5�H;9pVKV%9®��14@B52I�7�9;H
n(a) 6= − ln(a/a0)

e��I � 1J:<9 4G=6@B5K5[@BZSI¦V%@M749a4F9;5[V.=SIJ:<5.HG9jH¢IP5�EaI®N�IJTUTn9�=_^`c;H�d<9GEBEM9;5�1JâmEaI 4G=<9;:65K@MVKcj9;:,5[V%A[3<HGVK3<AK9G5F=<@B5�O5K@MZSIPVK@M7�9G5�4�9G5[VFEBItZ<EM3<5.cGEB9G74c;9Je]�r9jZ6EB3<5Gw6EaI®H¢IJ5[H¢IJ=69j=_^`c;:<9GAKN4@M9iIJ@B:65K@�=<c;HGAK@MVK9r9G5[V � 9;:�TU1¦��9G:<:<9¢¡Él5K9G:<5�36:<@BCD3<9�Z<3<@M5KCD3<92EB9FZ<A[14ZSIJN�I¦V%9;36AÉ:g^�I®ZSIJ5�=_^`@B:D7�9;A[5K9�@B:6R<:<@BTU9;:DVL=<@ª7]@M5K@MY<EB9 � 7�14@MAF�4e �Xe�~�¡�e �2IPZ]OZ�9;EB1J:<5.@BHG@g9G:<H;14A[9iCD3<9i5K@_36:<9iH¢IJ5[H¢IJ=69®@M:6RS:<@MTn9G:XV?=<@ª7]@M5K@MY<EB9�=<c;HGAK@ªVFE­^`cG7�1JEB36VK@B14:n=<9i=<@B5zV%A[@BY<36VK@B14:65
Ps(Y )

9;:DV%A[9
s1

9GV
s2

ZSIJA
Ps2(Y ) = G?[n(s2)−n(s1)] ? Ps1(Y ) ��á[áKá e�;&9�¡IJEM14AK5214:o:<9kZ�9;36ViZ<IJ5ic;HGAK@BA[9�3<:<9kA[9;EBIPV%@M14:�5[@BTU@BEaIP@BAK9i=6c;H;A[@M7JIJ:DVr3<:69kcG7�14EM36V%@M14:�9G:
5K9;:65®@M:X749;AK5[9=<9

s2

7�9;A[5
s1

e?Ì�1JAKTU9;EBEM9;TU9;:DV¢w�AK@M9;:�:_^�@M:XVK9;A[=<@MV�ZSIPAnHG14:XVKAK9�3<:Á=<cGY�1JAK=<9GTn9G:XVn=<3!5[3<Z<Z�14A[V,=<9EaI�=<@B5zV%A[@BY<36VK@B14:
F
9G:¤=<9;d614AK5�=69mE­^`@B:DV%9GA[7JIJEBEM9

[0, 1]
e��jIJ:<5�HG9�H¢IJ5Gw814:
IJ36V%1JAK@B5[9;AKIJ@MV®E­^`9p\]@M5[V%9G:<H;9Z�14:<HGVK3<9;EMEB9k=_^`3<:<9UH¢IP5KH¢IP=<9,@M:X7�9GAK5[9kEB1XH¢IJEM9m�WEB14A[5KCD3<9
W > 1

HJ^`9;5[Vt9;: AKc;IJEB@ªV%ckEaImZ�9GVK@MVK9UcGH�d<9;EMEB9CD3<@_��143<A[:<@MV�=69®E�^�cG:<9;A[N4@B9jlUEBI�N4A%IJ:6=<9Je
� � ������� � �

F �
���	� 	 �
���
� ��� � ��	 �

[0, 1]
� dX@�E�^�1J:�7�9G36VjcpV%3<=6@B9;A�3<:*Z<AK14Z<IJN�IPVK9;3<A�EB14N¦O�Æ814@M5K5[14:H;1JTnZ�145Kct14âoEB9G5iI,Z<A[@B14A[@�5K14@M9;:DVjAKcG=<3<@ªV%5iIJ3�Tn@M:<@BTk3<T�w<14:�Z�9G36ViH�d<14@M5K@BA�Z�143<A

F
EaIUEB14@�H;14A[AK9G5zOZ�14:<=SIJ:DV�lj3<:69F=<@B5zV%AK@MY<36VK@B14:t3<:<@M��1JAKTU9�=<9G5LTk3<EMVK@BZ<EM@BH¢I¦V%9;36AK5�5K3<ALE�^�@M:XVK9;Az74IJEMEB9

[0, 1]
e4�jIP:<5LH;9FH;IJ5;w14:/Z�9;3]VjTU14:XVKAK9GAs{:94u¦� � Zge�~4~<9�¡�CD3<9�EM9tZ6AK14ZSIPN�IPV%9G3<ArZ�9;3]Vj5;^`c;HGAK@MAK9s9�\]Z<EB@MH;@MVK9;TU9;:DV2l,ZSIJAzV%@BA�=<9tEaI��14:<HpV%@M14:'=<9®x�9;5[5K9;E�TU1]=6@MRScG9

I1
5K143652EBIs��14AKTU9k�

G∆n(lnW ) = e−∆n−|lnW |

√
∆n

| lnW | I1(2
√

∆n | lnW |) ��á[áKá e�;�¥4¡
0214365r:<14365rZ<A[14Z�1J5K14:<52=_^`9p\]Z<EB1JAK9;A�EB9G5rHG14:<H;EM3<5K@M14:<5�=<9sE�^�IP:SIJEB1JN4@B9jCD3<9t:<143<5�7�9;:614:<5r=69sZ<A[cpO5K9G:XVK9;Am=<IJ:<5m3<:ÃH;IJ5mZSIPA[V%@MH;3<EM@B9GAUCD3<@274I¨:<143<5mAKIJTU9;:<9GAml�EBI V%9GTnZ�c;AKIPV%3<A[9�=<9�EaI¨VK3<AKY63<EB9G:<H;9Z<A[14Z�1J5Kc;9bZSIPA2x2e�y.IJ5[V%IJ@B:6NU=<IJ:<5®{`|4vP�­e

�%���Ne -d�%�%�!:84W-d�%1. �:
ω
�FEO��)8�h& �'&(�h:W-d�%4I"%�hM�4�e 4�:��h-d�%�%�!:84W-d�%1. �:��!: ) � S
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$H��,�. � ������� �<� �����&� �0�&! ������� ���

�_=	� � Û ����Ø�×��?Ô 	SÑ ��ÖFÝ�ÑBÏÉÔ��
F (ω) = λeλω

0214365�:6143<5�@B:DV%cGAK9;5[5K14:65�TnIJ@M:XVK9;:SIJ:DVFIP3*H;IJ5�ZSIJA[VK@BHG3<EB@M9;A�1Jâ
F (ω) = λeλω ⇐⇒ F (W ) = λW λ−1, λ > 0, W ∈ [0, 1]. ��áKáKá e�;&;�¡

�W9'H¢IJ5
λ = 1

H;14A[AK9G5KZ�14:<=�l
E�^�9�\]9;TUZ<EB9m=63�ZSIPA%IJN4AKIJZ<d<9�Z6AKc;HGc;=<9G:XVU14â�EaI���AKIJHGVK@B14:¤=g^�cG:<9;A[N4@B9Z�9;AK=63<9
W

9G5[V23<:<@ª��14AKTUc;TU9;:DVF=<@M5[V%A[@BY<36c;9 � �2=SIJ:<5
[0, 1]

e�y�9pVKV%9®��14AKTU9 ��á[áKá e�;&;�¡.Z<EB365�NJc;:<cGA%IJEM9tIIJ3<5[5K@XcGVKc�Z<A[14Z�1J5Kc;9?9;:�=69;5�VK9;A[Tn9G5�=<@ªhgcGAK9G:XVK5�ZSIPA�q2TkYSIJA � 3<TU@aIJ:U{©��v¦��w¦VK143¦£[1436AK5�=SIJ:<5�5K14:®V%A%I�7JIJ@BE5K36A>EaI27414@B9?EaIJHpV%c;9PeJ�W9G5L=<9;:<5[@MVKc;5L=<9.Z6AK14YSIPY<@BEM@MV%c�=_^`14A[=<AK9.5[3<Z�c;AK@M9;3<A
F ?k 5[14:DVLIJEM14AK5�=<14:<:<cG9;5LZSIPA.�

F ?k(ω) =γk,λ(|ω|) =
λk

(k − 1)!
|ω|k−1 e−λ|ω| , −∞ < ω ≤ 0. ��áKáKá e�;4u�¡

fL:mAK9GZ�1JA[V&IP:XV ��á[áKá e�;4u�¡L=SIJ:<5 ��á[áKá e�;6��¡pwD:<1J3<5�14Y]V%9;:614:<5.3<:69rZ<A[14YSIJY<@MEB@ªV%c G∆n(ω)
H;14TUZ�14A[V%IJ:XVÉ3<:IPVK14Tn9i=69®Z�14@M=<5

e−∆n lkE­^`14A[@BN4@M:<9 � IJY<5K9G:<H;9®=<9bZ�9;A[VK9�¡.9GV�=<cGH;A[@MV%9iZ�143<A ω < 0
ZSIPA�EBI�=<9;:65K@MVKc��

G∆n(ω) = e−∆n

∞∑

k=1

(λ∆n)k | ω |k−1

k!(k − 1)!
e−λ|ω|

⇐⇒

G∆n(ω) = e−∆n
√
λ∆n

e−λ|ω|√
|ω|

I1(2
√
λ∆n|ω|), ω ∈]−∞, 0[,

��áKá[á e�uJv�¡

14â
I1
9;5[V�EaI.��14:6HGV%@M14:b=<9?x�9;5[5K9;EXTU1]=<@ªRSc;9L=g^�14A[=<AK9��2{�94u¦�­e�0�143<5�=<@B5[Z�145[14:<5�IJ@B:65K@�=_^`3<:<9É9p\]Z<A[9;5K5[@B14:9p\]Z<EM@BHG@MV%9s=<3 Z6AK14ZSIPN�IPV%9G3<A

G∆n

@M:6RS:<@MTn9G:XVr=<@M7X@B5[@BY<EM9kIJ5[5K1XH;@Bc�l�3<:69kEB14@>=69�Æ814@B5[5K14:
HG14TnZ�145[c;9=<cpRS:<@B9'ZSIPA
F (ω) = λeλω

e 7jAkHJ^`9;5zV,9�\<IPHGV%9GTn9G:XVUEM9�Z<AK14Z<IJN�IPVK9;3<A�Z<A[14Z�1J5Kc'ZSIJAUxreÉy.IJ5zV&IJ@M:<N=SIJ:65k{`|4vP�8Z�143<A2=<c;HGAK@MAK9�E�^�cp7�14EB3]V%@B1J:*=<9G5j=<@M5[V%A[@BY<3]V%@B1J:<52=69;5bIJHGH;AK1J@B5K5[9;TU9;:DV%52=<9�EaI�7X@MV%9G5K5[9
δvr

lV%AKI�749;AK5?EB9G5�c;H�d<9GEBEM9;5;e]021J3<5.E­^�I�7�14:<5É=<c�£Kl�cp7�1XCX36cj=SIJ:<5�EB9rZ<IJA%IJNJA%IJZ<d69s�4e�~6e]f�:�9phg9pV¢w<@ME�5;^�IJN4@B5[5%IJ@ªV=<9�EBI/EB14@?=<9'Æ814@M5K5K1J:¤H;14TUZ�1J5Kc;9�Z�143<A
F (ω) = eω/T /T

=SIP:<5 ��á[áKá e`|a9�¡ ≡ ��áKá[á e";]��¡pe8f�:�Z�145%IJ:DV
λ = 1/T

:<143<5�1JY6V%9G:<14:<5mE�^�cGN�IJEM@MV%c ��á[áKá e�u4v�¡�CX36@r��143<A[:<@MVmIJ3ÃZSIJ5[5%IJN49�3<:<9oc;HGAK@ªV%3<A[9/9p\]Z<EM@BH;@ªV%9
� =614:<Hb36V%@MEB@M5%IJY<EM9r9G:*Z<AKIPV%@MCD3<9i9;:�Ë�IPVKEaIJY'143�IJ36VKAK9¢¡F=69®HG9bZ<AK14Z<IJN�IPVK9;3<AGey�9;52AK9;TnIJA[CX369;5r:6143<5�@B:<HG@MV%9G:XV�l�=<cp7�9;EM14Z<Z�9;A�E­^�IJ:SIJEM14N4@B929;:DV%A[9tEBIkVKA%IJ:65KTU@B5K5[@B14:�=<9®E­^`c;:<9GAKN4@M9lsV%AKI�749;AK5�EB9;5FcGH�d<9;EMEB9;5�9;:�V%3<A[Y<3<EM9;:<HG9i9GV�EaItZ<AK14Z<IJN�IPVK@B14:m=g^�3<:'AKI���1J:�EB3<TU@B:<9G3]\n=SIJ:<5F36:�TU@BEM@B9G3IJEMc¢IPVK14@BA[9Je��W9�ZSIJAKIJTU�GV%A[9

λ
=<3/TU1X=<�;EM9tZ<A[c;HGc;=<9G:XViA[9;:<=oHG14TUZ6V%9t=<9�E­^`@BTUZ�14A[V%IJ:<H;9i=69�E­^`c;:<9GAKN4@M9H;cG=<c;9rZSIJA�36:mA%I���14:nEB3<TU@B:<9G3]\Uls36:m:]3<IJN492IJY<5K1JAKYSIJ:DV2�]Z<EM3<5

λ
9;5zV.N4AKIJ:<=_wXZ<EM3<5?EBIt=<@M5[VKAK@BY636V%@M14:=<9G5�Tk3<EMVK@BZ<EM@BH¢I¦V%9;36AK5kV%9G:<= l
=<9G7�9G:<@BA,3<:��r@BAKIJH/HG14:<H;9G:XVKAKco9G:
W = 1

Å�ZSIPAmH;14:65Kc;CD3<9G:XV;wFEaIV%AKIJ:<5[Tn@M5K5K@M14:m=_^`c;:69;AKNJ@B9i9;5zV�=_^�IJ36V&IP:XV�Z<EB3<5F9
1UH¢IJHG9Je
T = 1/λ

CD3SIJ:DV%@ªRS9jEaI�H;IJZSIJHG@MVKcj=<@B5[5K@MZSIPV%@ª7�9=<9G5�:X3SIJNJ9;5�IJY<5[14AKY<IJ:XVK5;eSfL:'V%3<A[Y<3<EM9;:<HG9JwS14:'Z�143<AKAKIJ@MV�=<@BA[9iZSIJA�IJ:<IJEB14NJ@B9rCD3<9
T
H¢IJAKIJHGVKc;AK@M5K9iEM9;55[VKAK3<HpV%3<A[9;5�=<@M5K5K@MZSIPVK@M7�9G5�=<9FE�^�cGH;1436EB9;TU9;:DV¢e�q2@B:<5[@­w¦Z<EB3<5

T
9G5[V�Z�9GVK@MV%9 �XZ<EM3<5

λ
9;5[V�NJA%IJ:<= �®9GVLTU14@M:<5EB9G5�5[V%A[3<HGVK3<AK9G5r=<@M5K5[@BZSIPVK@M7�9G5.5K1J:XV�921UH;IJH;9G5s�SE­^`c;:69;AKNJ@B9iZ�9;36V�H;@MAKHG3<EB9GA�=g^�IJ3]V&IJ:DV�Z<EB365�EM@BY<A[9;TU9;:DVFlV%AKI�749;AK5rEB9;5icGH�d<9;EMEB9;5Ge_�W14A[5KCD3<9

T � 1 � λ � 1
¡pwgEM9;5iTk3<EªV%@MZ<EB@MH¢IPVK9;3<A[5�5[14:DVi=<@B5zV%@MY<3<c;5iZ6AK�;5i=69

0=<9k5[14A[VK9kCX369UZ�9;3
=_^`c;:69;AKNJ@B9�9G5[VbV%AKIJ:<5KTU@B5[9Jeg�jIJ:<5iEBIm5K@MVK3SIPVK@B14:/@M:XVK9;A[TncG=<@aIJ@MAK9b14â
T = 1 = λ

wEB9G5FTk3<EMVK@BZ<EM@BH;IPV%9G3<AK5É5K14:DV�3<:<@ª��14AKTUc;TU9;:DV.=6@B5[VKAK@MY<3<c;5�=SIP:<5
[0, 1]

e
�����U:0/W�'48�g�%"�$'E[P�1.�!:0X#�!:��'"�-�+<1�E_�'"QG!�HM�4��J:� �4IEg-�+<+. �:WEg)81<"��
�(4�: E_4�/I/W #"_�=-�48�%"��hM#4I�

[0, 1]
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������� ����������� ���"!#����$%�&� '(� ����)(� ���*��$+$-,�./)�,(� ���
�0�

d]3<Z<Z�145[14:<5FCD3<9
T
5K1J@MV���1J:<HGVK@B14:m=63m:<14TkY<A[9r=<9 ��9p�]:614EB=<5Ge6q�EaIsEM@BTU@MV%9

T → 0 � λ→ +∞ ¡pwCD3_^`14:k9;5zV>V%9G:XVKc�=_^`@BTnIJN4@M:<9;A�H;1JAKAK9G5KZ�14:<=<A[9�l
Re→ +∞ w¦E­^`c;:<9GAKN4@M9�9G5[VL@M:XVKc;N4AKIJEB9GTn9G:XVWVKA%IJ:<5[Tn@M5K95%IP:<5r=<@M5K5[@BZSIPVK@B14:�=<9GZ<3<@B52EaI�N4A%IP:<=<9®c;H�d<9;EMEB9
L
£[3<5KCD3_^�lm3<:<9tc;H�d<9GEBEB9b=<9 �r14EMTn14NJ14AK1�7U@B:6RS:6@BTU9;:DVZ�9GV%@ªV%9

η → 0
e���I���14:6HGV%@M14:

H(q)
5[9/A%IJZ6Z<AK1XH�d<9;AKIJ@MVn=<9

H∞(q) ∝ q
wÉH;14TUZ�14A[VK9;TU9;:DVmIJ5[5K1POH;@McoIJ3�TU1]=<�GEB9 �b|6�4e á Ej5[9oZ�1J3<AKAKIJ@MVmIJ3<5K5[@iCD3<9 T = Cte

eF�W9;5mVKA%IJ:<5z��9;AzV%5'5K9/��9GA%IJ@M9;:DV�IJEM14AK5V%1J3¦£[143<A[52I�7�9GH®EBIkTn«GTn9b921UH;IJH;@ªV%cb@B:<=6c;Z�9;:<=SIPTnTU9;:DV�=<3�:614TkY<AK9i=69 ��9G�X:<14EM=<5;e��L^`c;H;IJA[V25[�X5[VKcpOTnIPV%@MCX369bl �i|<� � H(q)/H(3) 6= q/3
¡�5[9;AKIJ@MV�IJEM14AK5�3<:<9®H¢IJAKIJHGVKc;AK@M5[VK@BCD3<9i@B:DV%A[@B:<5[�;CD3<9i3<:6@M7�9GAK5K9GEBEM9=<9G5�c;HG143<EB9GTn9G:XV®V%36AKY<3<EM9;:DV%5Ge á E���IJ36Vs@BHG@ÉZ6AK9;:6=<AK9mN4IJAK=<9n=<9,Y6@B9;: =<@B5zV%@M:<N43<9GAt=<9G3]\�CX369;5[VK@B14:65m�EaIm:<IPV%3<A[9k=<3
Z<AK1JZSIJN�IPVK9;3<Ar=<cGRS:6@B9kZSIJAi5[14:
:<1��DIJ3_w�=<c;HGAK@MVjZSIJA

H(q)
wg=_^`3<:<9�ZSIPA[V¢w�9GVbEBImCX369;5zOV%@M14:�=69mE­^`@B:D74IPAK@aIP:<H;9k=_^`c;H�d<9GEBEM9,CD3<@�HG14:<HG9;AK:69�9;5K5[9;:DV%@M9;EBEM9;TU9;:DV®EaI���1J:<HGVK@B14:

n(a)
=_^�IP36V%A[9mZSIJAzV¢eqàEaI�EM3<TU@B�;A[9r=<9iE�^�9�\]9;TUZ<EB9i=<cp7�9;EM14Z<Z�cjH;@©O�=<9G5K5[3<5;w�:<14365FZ�1436AKAK@M14:<5.@M:XVK9;A[Z<AKcpV%9;A

n(a)
HG14TnTU9j3<::<14TkY6AK9kTU1¦��9G:o=<9�5[VKAK3<HpV%3<A[9;5s=6@B5K5[@BZSI¦V%@M749;5j9G:XVKAK9�EaI�N4AKIJ:<=<9�c;H�d<9GEBEM9

a0 ∼ L � cGHpd69;EBEM9k=_^`@B:¦£[9GHpOV%@M14:,=69rE­^`c;:69;AKNJ@B9�¡L9GV?E­^`c;H�d<9GEBEM9
a < a0

H;14:65K@B=6c;AKcG9>Å
dn/d ln a

5;^`@B:DV%9GAKZ<A[�GVK9;A%IP@MV?IJEB1JAK5ÉH;14TUTn9�3<:69=<9G:<5K@ªV%cU=<9,5zV%AK36HGV%36AK9;5t=<@B5[5K@MZSIPV%@ª7�9;5bZSIPAt3<:6@MV%c � EB14N�IPAK@MVKd<TU@BCD3<9�¡�=_^�cGH�d<9;EMEB9Je d�^�@ME>�¨I*@B:D7JIJAK@BIJ:<H;9=_^`c;H�d<9GEBEB9Pw
dn/d ln a = Cte

w�H;9�CD3<@?H;14A[AK9;5[Z�1J:<=<A%IP@MVkl*3<:<9mA[c;ZSIJAzV%@ªV%@B1J:�d<14TU14N4�G:<9,=69;5k5[VKAK3<H�OV%36AK9;5�=<@M5K5K@MZSIPVK@M7�9G5 � EB9G5 4p:]3SIPN49;5�IJY<5[14AKY<IJ:XVK5�4¢¡F=SIJ:652E�^�9G5KZSIJHG9t=69;5�c;H�d<9;EMEB9G5;eBd]@B:614:_wS14:�5;^�IPVKVK9;:<=:SIPVK3<AK9GEBEM9;TU9;:DVrlmHG9�CD3<9
dn/d ln a

HGAK14@M5K5[9�EB14A[5KCD3_^`14:�7JIn7�9GAK5jEM9;5rZ�9GVK@MVK9;5jcGHpd69;EBEM9;5Gw�EM9;5jcGHpd69;EBEM9;5=<@M5K5K@MZSIPVK@M7�9G5;e]��^`9p\]Z<A[9;5[5K@B1J: �Q5[V%A[3<HGVK3<AK9i=6@B5K5[@BZSI¦V%@M749���9;5zV�l�H;14TUZ<A[9;:<=<A[9i@BHG@g=SIJ:65.3<:'5K9G:<5�@BTnIJN4cJw5%IP:<5�IJAKA[@B�;A[9pOQZ�9G:<5KcG9®=]�]:<IJTn@MCD3<9bY<@B9G:�cpV&IJY6EB@B9Pe
�_=�� � ×�ÔGÕr×�Õ.Ø�ÙFÏ Ý � ÛÉÕ 	SÑBÕjÛ Ù��QÑ�Û
	DÏ?ÔPÐÒÑ 	 	DÏ?Û���ÏàØ 	 �
	SÑBØ 	SÑ��iÖ�Ï
� �+>@? 0�143<5�IJY�1436VK@B5[5K14:<5W=<IJ:<5�H;9pV�cGV&I¦V�=_^�9G5KZ<A[@MV�IJ3X\i@B:DV%9GAKZ<A[cGV%IPV%@M14:<5g5[3<@M7JIJ:DV%9G5_=<3bZ<d<cG:<14TU�;:<9=_^`@B:DV%9GAKTU@MVKVK9;:<HG9j5[V%IPV%@M5[VK@BCD3<9i9;:'V%36AKY<3<EM9;:<HG9Je � 1436V�=_^�IJY�14AK=_wSEM9jTU1]=<�GEB9bIJ3]V%1POQ5K@BTU@BEBIJ@BA[9 �i|<�

H(q) = qH,
I�749;H

H =
1

3
n(a) = − ln

a

a0

G∆n = δ(−H)(− ln(a/a0))

��áKá[á e�u]��¡
H;1JAKAK9G5KZ�14:<=<AKIJ@MV�lF3<:<9�V%AKIJ:<5[Tn@M5K5K@M14:b5%IJ:65�=<@M5K5[@BZSIPVK@B14:i=69?E�^�cG:<9;A[N4@B9�lFV%AKI�7�9GAK5WEM9;5�c;H�d<9GEBEB9G5;e��L^`c;:<9GAzON4@M9�VKA%I�7�9;A[5K9GA%IJ@ªVbEB9;5®c;H�d<9GEBEM9;5bZ�1J3<At«pV%A[9n=<@M5K5[@BZ�c;9nl*E­^`@B:]RS:<@ � IJ3�5[9;:<5t14â − ln(η/L) →

η→0
+∞ ¡�e

��I �QEB14@.=69;5m| �J� �'@BTUZ�145K9�IJEM14AK5
H(q) = q/3

Z�1436AnEM9;5nIJH;HGAK14@M5K5K9GTn9G:XVK5,=<9�EaIo7X@MVK9;5K5[9Je d]@�14:9;5[5%IJ@M9t=g^�@MT,IJNJ@B:<9GAFEaIkH¢IJ5[H¢IJ=69s=<9 ��@MH�dSIJAK=65K14:*IJ5K5[1]HG@BcG9Jw�H;9GEBEB9�O�HG@W=<9G7XA%IP@MV2«GV%A[9tHG14:<5zV%@MVK3<c;9®=_^`3<:<9=<@M5[V%A[@BY<3]V%@B1J:nHG14:XVK@B:X3<9�9GV.d614Tn1JN4�;:<92=<9 4pAK9;TU143<5�4PwXEB9;5?Z<EB365�N4AKIJ:<=<5?9;:DV%A%I �a:SIJ:DVÉEB9G5�Z<EM3<5�Z�9GVK@MV%5Gw5%IP:<5r=<@M5K5[@BZSIPVK@B14:ge �2IPZ<Z�9GEB14:65�CD3<9tEaI ��EM14@_=<9G5r| �4� �®IUcpV%ct=<c;TU14:DV%AKcG9bZSIJA �r14EBTU14N41JAK1�7n=<IJ:<5�EaIEB@MTn@ªV%9
Re → +∞ w�9GViTU14:DV%AK9tCD3<9kEB9®V%9;A[Tn9t=<@B5[5K@MZSIPV%@ª�

6ν∂ á f [δv2
r ]/∂r

=63o5K9;HG14:<=
TU9;TkY<A[9s=<9E­^`c;CD3SI¦V%@B1J:�=<9 ���PAKT��J:]O ��1 � IJA[VKd � cGC�e ��á eª�4��¡Fy�d_e� ;¡�9;5[V2IJ5z�XTnZ6VK1JV%@MCD3<9;TU9;:DV�:<c;NJEB@BNJ9¢IJY<EM9 �→ 0CD3SIJ:<=
Re → ∞ ¡pe_y�9GV[V%9k5K@ªV%3SI¦V%@B1J:/H;14A[AK9G5KZ�14:<=¨IJ3oH¢IP5

β = 1
=SIJ:65 ��áKá[á e�|4v�¡2Z_e�¥P|�=<3oTU1]=6�;EB9EB1JNPO�Æ81J@B5K5[14:_eD��ItH;IJ5KH;IJ=<9jZ�9;A[=�=SIJ:<5?H;9jH;IJ5?VK1436V�H¢IJAKIJHGVK�;AK9jIJEBc;IPV%14@MAK9i�X14:�IJ36A%IJ@ªV�E�^�@M=<9;:DV%@ªV%cF5[V%I¦OV%@M5[VK@BCD3<9 � l,3<:<9s=<@BEBIPV&IPVK@B14:'Z<A[�;5%¡r=<9;5jZ6AK1XH;9;5[5K3<5 | Tv(a, t) | � AK9G5KZ_e δvr w εr e;eGe&¡rIJ3X\/=<@ªhgcGAK9G:XVK9;5c;H�d<9GEBEM9;5;e

�FO��
� �%OQR"MNMNOcX ? �jIP:<5�EBI®HG14:XVK@B:X3<@MVKcJw4EM92TU1X=<�;EM9�EM9�Z<EB3<5É:SIPVK3<AK9GE�Z�143<AÉ=<cGH;AK@MAK9�9;:<5[3<@MVK9r3<:,c;H¢IPA[Vl �i|<�4w�VK1436Vb9G: Z<A[c;5[9;A[7JIJ:DVbE­^`@B:D74IPAK@aIP:<H;9b=_^`c;H�d<9GEBEB9Pw_5K9GA%IJ@ªViEB9kTU1X=<�;EM9�EB14N¦O�Æ814@M5K5[14:_e�y�9�Tn1X=<�;EM9



�&���<$ ,2���L�a, �N.�� �2
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$H��,�. � ������� �<� �����&� �0�&! ������� ���

H;1JAKAK9G5KZ�14:<=�lb3<:<925K@ªV%3SIPVK@B14:�14âUV%143]V%9;5ÉEB9G5?5zV%A[3<HGVK3<AK9G5�=<@M5K5K@MZSIPVK@M7�9G5 � 143,EM9;5�:X3SIJN49G5?=_^`qrTkY<IJA � 3]OTU@aIJ:�¡.:<9®V%AKIJ:<5KTU9GV[V%AKIJ@B9G:XV�CD3_^`3<:<9s��AKIJHGVK@B14:
β = Cte < 1

=<9sE�^�cG:<9;A[N4@B9Pe���9®��IJHGVK9;3<A
W0 = e−γ=<9 ��áKá[á e�|�v4¡�=<cGH;A[@MV.HG9jCD3<@g5[9jZSIJ5[5K9j9G:�E­^�IJY<5[9;:<HG9j=<9rVK9;EBEM9;5 4G5[VKAK3<HpV%3<A[9;5�4Pe�y�dSIJCD3<9rZSIJ5.9G5[VF=<cpV%9GAzOTU@B:<@M5[V%9Pe6d]@É14:¨5K3<Z<Z�145[9,3<:<9n=<@B5zV%A[@BY<36VK@B14:
d<1JTn14NJ�;:<9�9;:�c;H�d<9;EMEB9�=<9G5s5[VKAK3<HpV%3<A[9;5t=<@B5[5K@BZ<IPV%@ª7�9;5GwEB9':<1JTkY<AK9

k
=<9*HG9;5n5[V%A[3<HGVK3<AK9G5,@M:XVK9;A[749;:SIJ:DV�=SIJ:65,EB9�VKA%IJ:<5z��9;AzV,=_^`c;:69;AKNJ@B9�9;:DV%AK9'3<:69�N4AKIJ:<=<9c;H�d<9GEBEM9

a0

9pVb3<:<9�Z<EB365iZ�9pV%@MVK9�:<1JVKc;9
a
9;5[V®=<@M5[VKAK@BY63<c�5K9GEB14:
3<:69UEM14@8=69nÆ�14@B5[5K14:o=<9�ZSIPA%IJTU�GVKAK9

λ ∝ − ln(a/a0)
eSÆ>IJAFHG14:<5KcGCD3<9;:DV¢w�14:�14Y6VK@B9;:DVFHG14TnTU9jZ<A[14ZSIJN4IPV%9G3<Ab�
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H;@©O=<9G5K5K1J3<5rHG14:<H;9GAK:<9t3<:�Z<AK1XH;9G5K5K365r9;:�V%9GTnZ<5Gw�T,IJ@M5.EB9i��14A[T,IPEB@B5[Tn92AK9G5[V�74IJEBIJY<EM9r5K@�14:�AK9GTnZ6EaIJHG9
tZSIJAF36:<9tcGH�d<9;EMEB9

a
143'9;:<HG14AK9®ZSIJA − ln a

w
n(a)

e;eGe
^_Da`bXBR�I�RTOcX ? Ê2:/¹�¶�·�À�°&¯&¯p¸�¯k½X° �
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X
9;5zVt36:¨Z6AK1XH;9;5[5K3<5®5[VK1]H�dSIP5[V%@MCD3<9�7�c;A[@MR�IP:XVrEaImZ<A[1POZ<A[@BcGVKci5K3<@ª74IP:XVK9��

∀n , ∀ t1 < t2 < . . . < tn,
P1|n−1(Xn, tn|X1, t1; . . . ;Xn−1, tn−1) = P1|1(Xn, tn|Xn−1, tn−1).
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tn
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l
tn−1
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Xk, k < n− 1
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Z�9GV%@ªV%9G5FZSIJA[VK@BHG3<EB9G5F5K3<Z<Z�145[c;9;52@B:<=6c;Z�9;:<=SIP:XVK9;5;e
Ê2:
Z6AK1XH;9;5[5K3<5s=<9�Ë�IPAK§41�7o9;5zV�9G:XVK@B�;A[9;TU9;:DV®=<cGVK9;AKTU@B:6cnZSIPAtEBI�=<1J:<:<c;9n=<9,5KI*=<@M5[VKAK@BY636V%@M14:@B:6@MV%@BIJEB9

P1(X1, t1)
9GV,=<9/5KI�Z<AK1JYSIJY<@MEB@MVKc'=<9�V%AKIJ:<5[@MV%@M14:

P1|1(X2, t2|X1, t1)
e.y�9pVKVK9/5K@MTnZ<EM@BHG@MV%cI/��IJ@MVsEB9�5[3<H;HG�;5U=<9;5�Z<A[1]HG9;5K5[3<5U=<9*Ë�IJAK§J1¦7�e>Ê�:<9'Z<AK1JZ<AK@McGV%c,9;5K5[9;:DV%@M9;EBEM9�=<9�EaI/Z6AK14YSIPY<@BEM@MV%cn=<9V%AKIJ:<5[@MV%@M14:�9;5zV�EaIm¶&° �ª»JÄ�²­·¦¿
½X° � �6»p¹�±U»J¿S³ �k·�� ±,·&µX·¦¶&·�	��

∀ t1 < t2 < t3, P1|1(X3, t3|X1, t1) =

∫
P1|1(X3, t3|X2, t2)P1|1(X2, t2|X1, t1) dX2

��áKá[á e�uP|D¡�s^�IJ36VKAK9bZSIJAzV¢wS14:�Ik:<c;HG9;5[5%IJ@MAK9;TU9;:DV®�
∀ t1 < t2, P1(X2, t2) =

∫
P1|1(X2, t2|X1, t1)P1(X1, t1) dX1. ��áKá[á e�u4�4¡

��c;H;@MZ<AK1XCD3<9;TU9;:DV¢wÉ=<9G3]\Á��14:6HGV%@M14:<5mZ�145[@MV%@ª7�9;5
P1

9pV
P1|1

7�cGAK@ªR�IJ:DVmEB9G5,HG14:<=<@ªV%@B1J:<5 ��áKáKá e�uJ|D¡U9GV��á[áKá e�u��4¡�=<cpRS:<@M5K5K9G:XV�3<:�3<:<@MCD3<9bZ<AK1XH;9G5K5K3652=<9tË�IPAK§41�7�e�W9;5LZ<A[1]HG9;5K5[3<5L=<9�Ë�IPAK§41�7®d<14TU14N4�;:69;5>Z<A[c;5[9;:DV%9;:DVL3<:k@M:XVKc;A[«GV>Z<IJA[VK@BH;36EB@B9GA;w�:<1JV%IJTUTn9G:XV�Z�143<A=<cGH;AK@MAK92EB9;5 �S3<HGVK3SIPVK@B14:<5�lsE­^`c;CD3<@MEB@MY<AK9Pe d]14@MV?3<:<9rCX3<IJ:XVK@MVKc
X(t)

H;IJA%IJHpV%cGAK@B5KIJ:DV�3<:�5z�X5[V%�GTn9rZ<dX��O5K@MCD3<9���9GAKTUc*@M5K14EMcJe d]36Z<Z�1J5K14:<5nCD3<9
X(t)

H;14:65[V%@ªV%3<9*3<:!Z6AK1XH;9;5[5K3<5,=<9/Ë*IJAK§41�7¤d<1JTn14NJ�;:<9�9GV5[V%IPV%@M14:<:SIP@BAK9Pe�qrEB1JAK5UEaI =6@B5[VKAK@MY<36V%@M14:
P1

9;5zV�@B:6=<c;Z�9;:<=<IJ:XVK9�=<3�V%9;TUZ<5Gw?9pV�:_^`9;5[VmAK@B9G:Á=_^�IJ36VKAK9CD3<9
EaI
=<@M5[VKAK@BY636V%@M14:Á=<9
X

l¤E­^`c;CD3<@MEB@BY6AK9JwÉ@B5[5K3<9o=69¨EBI
TncGH¢IJ:6@BCD3<9o5[V%IPV%@M5[VK@BCD3<9Je.��9/VKd<c;1JAK�;TU9
�S3<HpV%3SI¦V%@B1J:]O�=<@M5K5[@BZSIPVK@B14:
{�;�����:_^�9G5[V®ZSIJ5®EB1J@B:_eGe;e%Ê�:<9�IJ36VKAK9�14Y<5[9;Az74IPVK@B14:
@MTnZ�14A[V%IJ:DV%9s9G5[V®CD3<9UEaIZ<A[14YSIJY<@MEB@ªV%c�=69�VKA%IJ:65K@MVK@B14:

P1|1
=g^�3<:UZ<A[1]HG9;5K5[3<5�=69rË*IJAK§41�7�d614Tn1JN4�;:<9F:69�=6c;Z�9;:<=nZSIJ5�=<9;5É=<9G3]\@B:65[V&IP:XVK5

(t1, t2)
TnIJ@M5.=<9bE­^`@B:DV%9GA[7JIJEBEM9�=69bVK9;TUZ<5

τ = t2 − t1
CD3<@WEM9;5�5KcGZSIJA[9Je�021J3<5�:<1JV%1J:<5�IJEB14A[5

P1|1(X2, t2|X1, t1) = Tτ (X2|X1) , τ = t2 − t1. ��áKá[á e�u<9�¡��IkAK9;EBIPV%@M14:�=<9ty�dSIJZ6T,IJ:XO �r14EMTn1JN4AK14A[1¦7�=<9G7X@B9G:XV�IP@B:<5[@_Z�1J3<A
τ, τ ′ > 0

Tτ+τ ′(X3|X1) =

∫
Tτ ′(X3|X2)Tτ (X2|X1) dX2 ��áKá[á e�u4¥4¡

� AKIJ=<3<@ªV%9j9G:�VK9;A[Tn9G5�=g^�14Z�c;AKIPV%9G3<AK5�=_^`cG7414EB36VK@B14:gw6H;9pVKVK9tcGCX3<IPV%@M14:'5;^`c;H;A[@MV®�
T (τ + τ ′) = T (τ ′) T (τ) ��á[áKá e�u&;�¡021J3<5.AK9GH;14:6:SIJ@B5[5K14:65FEaIs5zV%AK36HGV%36AK9i=_^`3<:/¯�°p±k²´³�µJ¶�·¦¸�¹�°LI�7�9GH T (0) = I1

e<��IsA[9;EBIPV%@M14: ��áKáKá e�u&;�¡É9;5[VFlA%IPZ<Z<AK1XH�d<9;A�=<9 ��áKáKá e�¥4¡�e4y�9GZ�9G:<=SIJ:DVL@BEX:_^`9;5zVLZSIJ5>CD3<9G5[VK@B14:k@MH;@X=<9�HG14:X7414EB36VK@B14:gw�T,IJ@M5�=g^�3<:69F5K@BTUZ<EM9H;1JTnZ�145K@ªV%@M14:'=<9;5214Z�cGA%IPVK9;3<A[52=g^�cp7�14EB3]V%@B1J:
Tτ
e��W9;52Z<AK1XH;9G5K5K365j=<9sË�IJAK§J1¦7'd<1JTn14NJ�;:<9G52=<1J:<:<9;:DV:SIJ@M5K5KIJ:<H;9®lk3<:�5K9GTn@©O�N4A[143<Z�9Je

�g� J
� ���"J M �
� I4¡��?¶&·¦À�°&¯&¯p¸�¯�½X° � ¶�¿6¯pÄ�°p²´¿S³�� �&�B°p¿ º °�À&¼9
Pyr^`9;5zV�E­^`9p\]9;TUZ<EB9�EB9�Z6EB3<5>HG14:<:X3k=<9FZ<A[1]HG9;5K5[3<5�=<9�Ë�IPAzO§41�7m5zV&IPVK@B14:6:SIJ@BA[9Je á E_9;5zVr=<cpRS:<@WZSIPA





P1(X1) =
1√
2π

exp(−X
2
1

2
)

Tτ (X2|X1) =
1√

2π(1− e−2τ )
exp

[
−(X2 −X1e

−τ )

2(1− e−2τ )

] ��áKá[á e�uJu�¡
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q�E­^`14AK@MN4@B:<9Pw4H;9rZ<AK1XH;9G5K5K365�IscGVKcr@B:DV%A[1]=63<@MV�Z�143<A?=<c;HGAK@BA[9rEBI®7X@MVK9;5K5[9j=_^`3<:<9jZ<IJA[VK@BH;36EB9�Y<AK1 � O:<@M9;:<:69Je�y�9/Z<AK1XH;9G5K5[3<5�9;5zV�=<9�TU1���9;:<:69*:X3<EBEM9Jw�9GV,5%I ��1J:<HGVK@B14:�=_^�IP36V%1XH;14A[AKcGEaIPVK@B14:Ú74IP36V5[@BTUZ<EB9GTn9G:XV
κ(τ) = e−τ

e�yr^`9;5zVtEM9�5K9G3<ELZ<A[1]HG9;5K5[3<5®=<9UË�IJA[§41¦7*:<14:oVKAK@M7X@BIJE�CD3<@L5[14@MVilmEaI��14@M52d614Tn1JN4�;:<9t9GVrN�IJ3<5[5K@B9G: � VKd<c;1JAK�;TU9s=69k�r1X14Y¤{:;��¦�a¡pe�02143<5�7�9;A[AK14:65jZSIJAKIJN4A%IPZ<d<9s|6eM�4e`|CD3_^`@BE�9;5zV�5[14EB3]V%@B1J:n=_^`3<:<92c;CD3SIPVK@B14:U=<9rÌ�14§D§49GAzO�Æ�EBIJ:<H�§�e�0rIP9;A[V?9GV�IJE�e�{ª��v4¥Xw����JvP��Z<A[c;5[9;:DV%9;:DVHG9?Z<A[1]HG9;5[5K3<5�9;:scGH�d<9;EMEB9 � 1J:tA[9;TUZ<EaIJHG9 t ZSIJA r 1J3 a ¡WH;14TUTn9L36:<9?Z6AK9;TU@B�GAK9�IJZ6Z<AK1�\]@BTnIPV%@M14:Z�143<AF=<cGH;A[@BAK9bEBI�H¢IJ5[H¢IJ=<9®=_^`c;:<9GAKN4@M9®lkVKA%I�7�9;A[5FEB9G5Fc;H�d<9;EMEB9G5F9;:'V%3<A[Y<3<EB9G:<H;9Pe
� YS¡��?¶&·¦À�°&¯&¯p¸�¯�½X° �o»J¶%¼�·�	8¹S¯�°p¸<½X·¦³���·¦²B¯&¯�·¦¿�
�7j:tN4cG:<c;AKIJEB@M5K9LEBI.:<1JV%@M14:b=<9�Z<AK1XH;9G5K5[3<5�=69�Æ81J@B5K5[14:HG14TnZ�145[c�9;:kA[9;TUZ<EaIP¬¢IJ:DV8EBIrH;1J:X7�1JEB36VK@B14:®=SIJ:<5 ��áKá[á e�|J|D¡�ZSIPA83<:<9F5[@BTUZ<EB9ÉH;1JTnZ�145K@ªV%@M14:_e(d]14@ªV

T
EB9n:<1��DIJ3�=g^�3<:69mH�dSI��a:69n=<9�Ë�IJAK§J1¦7�e�f�: � V%A[�;5&¡bY<AK9p��w83<:69mH�dSI��a:69n=<9�Ë�IJAK§J1¦7¨9;5zVk3<:Z<A[1]HG9;5[5K3<5>=69FË�IJA[§41�7®l�V%9GTnZ658=<@M5KH;A[9GV � 7�14@MAÉ{�¥Jv¦�´¡�e<7j:�Z�9;3]V87�14@MA T H;14TUTn9�3<:sc;CD3<@M7JIJEM9;:DV=<9
Tτ

Z�1436AF3<:
τ
R6\]cPe@d]14@MV

Gt

EaI�Z<A[14YSIJY<@MEB@ªV%cr=69bVKA%IJ:65K@MVK@B14:�5zV&IPVK@B14:6:SIJ@BA[9j=<cpRS:<@B9bZSIPA




Gτ (X2|X1) = e−ατ
∞∑

k=0

(ατ)k

k!
T (k)(X2|X1)

P (X2, t+ τ) =

∫
Gτ (X2|X1)P (X1, t) dX1.

��áKá[á eM��vJv�¡

14â
T (k) HG14AKA[9;5[Z�14:6=*l�EBIsZ<A[14YSIJY<@MEB@ªV%c�=<9jV%AKIJ:<5[@MV%@M14:�l k Z<IJ5 � 5[14@MV k IJZ<Z<EM@BH¢I¦V%@B1J:<5?5[3<H;HG9;5�O5[@M7�9G5�=<3�:<1��DIJ3

T
¡pe
Gt

=<cGH;A[@MV.36:mZ<AK1XH;9G5K5[3<5F=<9bË�IPAK§41�7UZ<5K9G3<=<1PO�Æ814@B5[5K14:ge6�W9rNJc;:<cGA%IPVK9;3<A
U 9;5zVi@BHG@�=<cGH;A[@MVjZ<IJA

α(T − 1)
e��jIJ:<5jEM9tH;IJ5j14â

T (X2|X1) = T (X2 −X1)
1J:/AK9pV%AK1J367�9EM9;5ÉEB14@M5L=<9jÆ81J@B5K5[14:UH;14TUZ�1J5Kc;9G5;e]��It=<cpRS:<@MVK@B14: ��á[áKá eª��v4v�¡>5G^�@M:XVK9;AKZ6AK�GVK92=692��IJ¬G14:nVK1436V�lb��IJ@ªV5[@BTU@BEaIP@BAK9 � 7�1J@BA�~�¡�e�x�AK@M�G7�9GTn9G:XV;w X(t) = SN(t)

1Jâ
N(t)

9;5[Vr3<:�Z6AK1XH;9;5[5K3<52=<9�Æ�14@B5[5K14:�9GV
SN(t)

EBIj5K14TUTU9F=<9
X1, X2, . . .XN(t)

HG14:<5zV%@MVK3SIJ:DVL3<:<9FH�dSI �a:<9F=<9�Ë*IJAK§41�7�NJ14367�9GAK:<cG9FZSIJAEM9i:<1¦��IJ3�=<9iV%AKIJ:<5K@ªV%@M14:
T
e

021J3<5nAKIJZ<Z�9;EM14:<5k=SIJ:65nEM9;5�ZSIJAKIJN4A%IPZ<d<9;5�|<eª�4e�~¨9pVU|<eM�Je�|¨H;14TUTU9;:DV�IJZ<ZSIPA%I��MV�3<:<9�c;CD3SIPVK@B14:�=<9Ì�14§D§49;A�O�ÆLEaIJ:6Hp§iZ�143<A8EB9;58Z<AK1XH;9G5K5K365É=69�Ë�IJAK§J1¦7t9;:�ZSIJ5[5%IJ:DVLZSIPA>EB9.=6cG7�9GEB14Z<Z�9;TU9;:DV>=69 �bAKIJTU9;AK5�OË*1��DIJE�eS�W9sZSIJAKIJN4AKIJZ<d<9®5K3<@ª74IP:XV�TU9GV29;:/EM3<TU@B�;A[9b3<:<9sHG14:<=<@ªV%@M14:'=_^�cGCD3<@M7JIJEB9G:<H;9®9;:DV%A[9s3<:69s=<9G5zOH;A[@BZ6VK@B14:�TnIJA[§41¦7X@M9;:<:<9r9GV�3<:<9bcG7414EB36VK@B14:�Tk36EMV%@MZ<EB@MH¢IPVK@M7�9Pe

�+?A>B?�� � � O���KSI�RTOcX � G�E�� O
��R"JFX8X J � K �:I�R � � R�P&G I�R�� J
0214365®7�1J3<EB14:65iAK9;TnIJA[CX369;A®@BH;@8CX3g^�@MEÉ5[3 1�Vs=g^�@MTnZ�145K9GAbIJ3¨:<1¦��IJ3
=<9UVKA%IJ:65K@MVK@B14:

T (X2 | X1)3<:<9U��14AKTU9UZSIJA[VK@BHG3<EB@M�;AK9�Z�143<A®«GVKAK9,AKIJTU9;:<c,l*EaI'=<9G5KH;A[@BZ6VK@B14: =_^`3<:<9mcp7�14EB3]V%@B1J: Tk3<EªV%@MZ<EB@MH¢IPVK@M7�9Pe021J3<5n:6143<5nIJZ<Z<36�414:<5�Z�1J3<A�Z<EB3<5U=<9'H;EBIJA[VKc'5K3<AUEaIo=<9G5KH;A[@BZ6VK@B14:�=<3�Tn1X=<�GEB9�=_^`qrTkYSIPA � 36Tn@BIJ:=<cGH;AK@ªV�Z<EB365�d<IJ36V ��3 ~�¡�ed]3<Z<Z�145[14:<58CD3<9?E­^`cG7�1JEB36VK@B14:i=<9ÉE­^`c;:69;AKNJ@B9�=_^`3<:sAKI���1J:®EM3<TU@B:<9G3]\iV%AKI�749;AK5KIJ:DV�3<:s9G5KZSIJHG9�Z�9;3<Z6EBc=<9n:]3SIPN49;5tIJY<5[14AKYSIP:XVK5t9G5[V�A[c;N4@M9nZ<IJAt36:�Z<A[1]HG9;5K5[3<5�=<9mË�IJA[§41¦7�e+d]14@ªV
T (X2 | X1)

EBI*=<9G:<5K@ªV%c=<9bZ<A[14YSIJY<@MEB@ªV%cj=<9iVKA%IJ:<5[@MVK@B14:�=<9
X1(r1)

l
X2(r2)

w
X1

9GV
X2

A[9;Z<A[c;5[9;:DV&IJ:DV�E­^`c;:<9GAKN4@M9i=<3�A%I���14:EB36Tn@M:<9;3]\rAK9G5KZ�9;HpV%@M749;TU9;:DV�I�7JIJ:DVg9pV�IJZ<A[�;5�EB9>Z<IJ5K5KIJN49Él�V%AKI�7�9GAK5W3<:b:X3SIJN49>IJY<5K1JAKYSIJ:DV¢e¢f�:b5[3<@M7JIJ:DV3<:�AKIJ@B5[14:<:<9GTn9G:XV�IJ:SIJEM14N43<92lsHG9;EB36@�=<3'~]w]@ME�9G5[VFA[9;EBIPV%@ª7�9;TU9;:DV���IJH;@MEB9�=<9r7�1J@BAÉCX369jE­^`cG7�1JEB36VK@B14:U=<9E­^`c;:69;AKNJ@B9�=63�A%I���14:�EM3<TU@B:<9G3]\tI�749;H�EBI2=<@M5[V%IJ:<H;9�ZSIJAKHG143<A[3<9.:<1JVKc;9
r
9;5zVL=<cGH;AK@ªV%9.Z<IJA83<:kZ6AK1XH;9;5[5K3<5=<9�Ë�IPAK§41�7¨Z<5K9G3<=<1PO�Æ814@B5[5K14: � 7�14@MAs|<eª�4eª� � Y�¡[¡pe���I/=<9;:<5[@MVKc�=<9mZ<A[14YSIJY<@MEB@ªV%cU=<9mV%AKIJ:<5K@ªV%@M14:�9G:XVKAK9
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X1(0)
9GV
X2(r)

5;^`c;HGAK@MV�=69®TnIJ:<@M�;A[9iN4c;:<cGA%IJEM9k�

Gr(X2 | X1) = e−αr
∞∑

l=0

(αr)l

l!
T (l)(X2 | X1) ��áKá[á eM��v]��¡

d]@�14:���IJ@ªVrE�^�dD�XZ�1JVKd<�;5[9s5[3<Z<Z<EMc;TU9;:DV&IJ@MAK9®CX369 �ª» ��¶K»XÀpÄ�²­·¦¿ ½ � %p¿g°p¶­µJ²­°F¹�°p¶%½J¸S°�l,H�dSIPCX369sV%AKI�7�9GAK5[c;9=_^`3<:�:]3SIPN49,°&¯pÄ?²´¿�½&%�¹�°p¿�½�»J¿SÄ�°b½X° � � %p¿g°p¶­µJ²­°r²´¿S²´Ä�²�» �B°pwSIPEB14A[5
T (X2 | X1) dX2 = θ

(
X2

X1

)
dX2

X1
= θlog(lnX2 − lnX1) d lnX2, ��áKá[á eM��v4�4¡

14â
θ
9G5[V�3<:<9F=6@B5[VKAK@MY<36V%@M14:�=<9FZ6AK14YSIPY<@BEM@MV%cÉH;1J:<H;9G:XVKAKc;9F5[3<A

[0, 1]
eJ�W9;5LZ<A[14YSIJY<@MEB@ªV%c;5�=<9.V%AKIJ:<5[@MVK@B14:=_^`14AK=6AK9b5K3<Z�c;A[@B9G3<AK9i7�cGAK@MR<9;:DV � HG��eSy�dSIJZ<TnIJ:]O �r14EBTU14N41JAK1�7<¡

T (l+m)(X3 | X1) =

∫
T (l)(X3 | X2)T

(m)(X2 | X1) dy ��áKá[á eM�¢v4~�¡
yr^`9;5[V2EaI�Z6AK14Z<A[@BcpV%c ��á[áKá eª��v��4¡?VKA%IJ=63<@MV�9G:*A[c¢IJEM@MV%cr3<:<9bcG7�1JEB36VK@B14:/±k¸&� Ä�²�¹ � ²­À&»JÄ�² 	J°?=<9bE­^`c;:<9GAKN4@M9Je�7j:AK9pV%A[14367�9bEaIsVKA%IJHG9b=<9bH;9GV[V%9bZ<A[14Z<AK@McGVKci=SIJ:<5�EB9j��IJ@ªVFCD3<9

T (l) 9GV Gs

Z�9;367�9G:XV�5[9®A[c;cGH;AK@MAK9




T (l)(X2 | X1) dX2 = θ(l)

(
X2

X1

)
dX2

X1

Gs(X2 | X1) dX2 = Qs

(
X2

X1

)
dX2

X1

��áKá[á eM��vP|D¡

fL:*A[9;Z�14A[V%IJ:DV ��á[áKá eª��vJ|D¡�=SIP:<5 ��áKá[á eM�¢v4~�¡�:<143652I�7�14:65
∫

T (l)(X3 | X2) T (m)(X2 | X1) dX2 = T (l+m)(X3 | X1)

⇒
∫

1

X2

θ(l)(
X3

X2

)
1

X1

θ(m)(
X2

X1

) dX2 =
1

X1

θ(l+m)(
X3

X1

)

⇒
∫

X2

X3
θ

(l)
log(ln(

X3

X2
))

X1

X2
θ

(m)
log (ln(

X2

X1
))

dX2

X2
=

X1

X3
θ

(l+m)
log (ln(

X3

X1
))

⇒
∫

θ
(l)
log(ln(

X2

X1
)) θ

(m)
log (ln(

X3

X1
)− ln(

X2

X1
)) d ln(

X2

X1
) = θ

(l+m)
log (ln(

X3

X1
))

��áKá[á eM��v4�4¡=_^`14â'RS:SIJEM9;TU9;:DVi�
θ

(l)
log ? θ

(m)
log = θ

(l+m)
log ��áKá[á eM��v<9�¡�W9'ZSIJ5K5KIJN49�loEaI�7JIJAK@BIJY<EM9

ω = ln(X2/X1)
VKA%IJ:65[��14A[Tn9�EM9;5kEB1J@B5�=<9�HG14TUZ�145[@MVK@B14:<5s9;:�EB14@M5�=<9À�·¦¿
	J·�� ¸]Ä�²­·¦¿Se�02143<5kZ�14367414:<5k=<cGH;AK@MAK9mE�^�cp7�14EM36V%@M14:�=<9

X1

l
X2

Z<IJA�3<:ÚZ<A[1]HG9;5K5[3<5U=<9�Ë�IJA[§41¦7Z<5[9;3<=<1¦O�Æ814@M5K5[14:s143gw�=<9�TnIJ:<@M�;AK9LcGCD3<@M7JIJEB9G:XVK9Jw¢Z<IJA�36:sZ<A[14ZSIJN�I¦V%9;36A�EM14NPO�Æ814@B5[5K14:iHG14TUZ�145[c
Gr(ω)V%9GEWCD3<9��

Gr(ω) = e−αr
∞∑

l=1

(αr)l

l!
F ?l(ω) ��áKá[á eM�¢v�¥4¡

14â
F = θ

(1)
log

e�0�143<5�AK9pV%A[14367�14:65nEM9�AKc;5[3<EMV%IPV ��á[áKá e�;��4¡�=<3�~6eM�Je��r9*TnIJ:<@M�;A[9�N4c;:<cGA%IJEM9JwLHP^�9G5[VnEaIZ<A[14Z<AK@McGVKc ��áKáKá eª��v��J¡bCD3<@�IJ5K5[3<AK9mCD3_^`3<:<9,=<9;5[H;AK@MZ6V%@M14:�Tk36EMV%@MZ<EB@MH¢IPVK@M7�9®9;5zVkZ�9;A[VK@B:<9G:XVK9Je+7j:
ZSIJ5[5K9
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IJ@M:<5K@L=<9UEaI�A[9;H�d<9;A[H�d<9n=g^�3<:69,=<9G5KH;A[@BZ6VK@B14:
=_^`3<:
Z6AK1XH;9;5[5K3<5t=<9,Ë�IJAK§J1¦7o5[3<A
δX

l�E�^�cpV%3<=69U=g^�3<:Z<A[1]HG9;5K5[3<5ilUIJH;HGAK14@M5K5[9;TU9;:DV%5�@B:<=<cGZ�9G:<=SIJ:DV%5�Z�143<A
lnX

e�021PV%14:<5�CD3<9s=<IJ:<5�EB9bH¢IJ=6AK9s=g^�3<:69scG741POEB3]V%@B1J:,Tk3<EªV%@BZ6EB@BH;IPV%@ª7�9.@ME���IJ36=<A%IJ@ªV.HG9;A[V%IJ@B:69;TU9;:DV.TU9;5K36AK9;A�EB9;5�EB14:<NJ3<9;3<A[5.=<9iHG14AKA[c;EaI¦V%@B1J:,5K36A.3<:<9c;H�d<9GEBEM9iEB14N�IPAK@MVKd<TU@BCD3<9Je
����� �����
	�� ��14:�Z�9;36VsZSIJAtIJ@BEMEB9G3<AK5iTU14:DV%AK9GAbCX369mEaI'=<9;:65K@MVKc

Pr
=<9nE­^`c;:<9GAKN4@M9

x(r)
=<3 A%I���14:EB36Tn@M:<9;3]\,=<3�Tn1X=<�GEB9j=_^`qrTkY<IJA � 3<Tn@BIJ:m7�cGAK@MR<9iE­^`c;CD3SIPVK@B14:�=<9®Ì�14§D§49;A�O�ÆLEaIP:<H�§UNJc;:<cGA%IJEM@B5KcG9U{�94u��

∂Pr(X)

∂r
= −c∂Pr(X)

∂X
− α

∫
(δX(z)− T (X | z))Pr(z) dz ��á[áKá eª��v&;�¡

�W9jZ<A[9;TU@B9;A�V%9GAKTU9j=<3�5[9;H;1J:<=�Tn9GTkY<AK92:_^`9;5[V.CX3g^�3<:�VK9;AKTU9r=69rV%AKIJ:<5KEBIPV%@M14:,CD3<@�AK9G:<=�H;14TUZ6VK9j=<9E­^`9Gh�9GV2H;36Tk3<EBc®=<3/AKI���1J:<:<9;TU9;:DV�9;:�7414EB3<TU9Je��W9tVK9;A[Tn9®9;:
δX(z)

HG14AKA[9;5KZ�14:<=/l,EaIUZ<AK14Y<IJY<@BEM@MVKcCD3<9®EB9bA%I���14:'EB36Tn@M:<9;3]\m:_^�IJ@MV�V%AKI�749;AK5[c®IJ3<H;36:�:X3SIJN49PeS�W9t=<9GAK:<@M9;AFV%9GAKTU9tA[9;:<=�H;1JTnZ6VK9t=69®E�^�IPY]O5K1JAKZ6VK@B14:�IPEBc¢I¦V%14@MAK9�=<9jE�^�cG:<9;A[N4@B92EB3<TU@B:<9G3<5K9�ZSIJA?EB9G5.:]3<IJN49;5?CD3<@g=<1J:<:<9jEM@B9;3,IJ3]\��S3<HpV%3SIPVK@B14:65.=<95K1J:*@M:XVK9;:<5[@MV%c � 7�14@MAF~6eª�bZ�1436A�EM9;5F=<cpV&IJ@MEB5.=63*TU1]=6�;EB9¢¡pe
�+?A>B?�
 ^ J � #TD � K G I�R"O6X � G � I�EHJ MNM2J[G8K5Z@D �SJ
��O�� �@J
� JFX I ZBJ �_E G � JFEHM � � O �&G �
��#TD �6KYG I�R"OcX � G � I�EHJ MNM2J ? �L^�cGCD3SIPV%@M14:�TnI��MV%AK9G5K5[9t9G5[V2c;CD3<@M7JIJEM9;:DV%9®lUEBIUA[9;EBIPV%@M14:'=<9ky�dSIPZ<T,IP:]O
�r14EMTn1JN414AK1�72Z�1436A8EB9G58Z<A[1]HG9;5[5K3<5L=<9.Ë�IJA[§41¦7�ePfLEBEB9ÉZ�9;36V85K9.EM@BAK9�HG14TnTU9É3<:kY<@BEBIJ: 4G9;:DV%A[c;9pOQ5K14AzV%@M9a4143 4G9�\6HG@MV%IPV%@M14:]O�=6c;5K9�\]H;@MV%IPV%@M14:64Pe

Æ8143<A25K@MTnZ<EM@MRS9GA;wSHG14:<5K@M=<c;A[14:<5
Tτ

EBI,Z<AK1JYSIJY<@MEB@MVKcb=<9sV%AKIJ:<5[@MV%@M14:�=_^�36:oZ<AK1XH;9G5K5K365®=69�Ë�IJA[§41¦7d<14TU14N4�G:<9Je d]14@ªV
W (X2|X1)

EBI®¹�¶&· º » º ² � ²´Ä %2½X°jÄ�¶K»J¿6¯p²´Ä�²­·¦¿s=<9 X1
l
X2

¹<»J¶2¸X¿S²´Ä %®½X°rÄ�°p±r¹S¯�VK9;EBEM9CD3<9
Tτ (X2|X1) = (1−a0(X1)τ) δ(X2−X1) + τW (X2|X1) + o(τ), W (X2|X1) ≥ 0. ��áKá[á eM�¢v4u�¡
�W9.H;1X921UHG@B9;:DV

(1−a0τ)
9G5[VLEBI2Z<A[14YSIJY6@BEB@ªV%c�CD3_^�IJ3<H;36:<9.V%AKIJ:<5K@ªV%@M14:t:g^�IJ@ªV>EM@B9;3tZ�9G:<=SIJ:DV>E�^�@M:XVK9;Az74IJEMEB9=<9iV%9GTnZ65

τ

a0(X1) =

∫
W (X2|X1) dX2 ��áKá[á eM�4�¢v�¡

7j:'Z�9G36V�Tn1J:XVKAK9;A�CX369®EBI�AK9GEaIPVK@B14:m=69®y�dSIJZ<TnIJ:]O �r14EBTU14N41JAK1�7 ��á[áKá e�uJ|D¡�9G5[V�IJEM14AK5.cGCD3<@M7JIJEB9G:XVK9jlE­^ % �;¸<»JÄ�²­·¦¿�±U»��´Ä�¶&°&¯&¯�°2{�;����
∂

∂τ
Tτ (X3|X1) =

∫
{W (X3|X2)Tτ (X2|X1) − W (X2|X3)Tτ (X3|X1)} dX2. ��áKá[á eM�4�J��¡

fLEBEM9j9;5zVr9G:*N4cG:<c;AKIJEWc;HGAK@ªV%9iZ�143<AFEaIk=<@M5[VKAK@BY636V%@M14:
P
9GEBEB9�O�TU«;TU9r5[143<5�EaIs��14A[Tn9k�

∂P (X, t)

∂t
=

∫
{W (X|X ′)P (X ′, t) − W (X ′|X)P (X, t)}dX ′. ��áKá[á eM�4���4¡

y�9;Z�9;:6=SIJ:DV¢w.@MEr:<9/��IJ3]V�ZSIJ5�1436Y<EB@M9;A,CD3<9oE�^�cGCD3SIPV%@M14:ÃTnI��BVKAK9;5[5K9/Z�14AzV%9/5[3<A�EaI
Z<A[14YSIJY6@BEB@ªV%c�=<9V%AKIJ:<5[@MV%@M14:��XZ<IJA?=6cGRS:<@ªV%@M14:_wD9;EMEB9�=<c;HGAK@ªV�3<:,Z<AK1XH;9G5K5K365.=<9iË*IJAK§41�7�eX��9���IJ@MVÉCD3<92EB9;5?=<@B5zV%A[@BY<36VK@B14:65@B:65[V&IP:XV%IJ:<c;9G5
P (X, t)

74c;AK@ªRS9;:DVFE�^�cGCX3<IPV%@M14:�T,I �BV%A[9;5[5K9b:_^`9;5[V�ZSIP5�36:<9bH;14:<=6@MV%@M14:�5K3S1n5KIJ:DV%9Je
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�L^�cGCX3<IPV%@M14:�TnI��MV%AK9G5K5[9¨Z�9;3]V*5[9 EM@BA[9oH;14TUTn9o36:<9 cGCD3SIPV%@M14:]OQY<@BEBIJ:_e?��9¨Z<A[9;TU@B9;AmVK9;A[Tn9
=<3TU9;TkY<A[9�=692=<A[14@MVK9�=<9 ��áKáKá eª�4���J¡L9G5[V�3<:nVK9;AKTU9�=<9 4GN4IJ@B:64j�D@BE�A[9;Z<A[c;5K9G:XVK9rEM9�V%IJ3]\ � EBI®Z6AK14YSIPY<@BEM@MV%cZSIJA�3<:<@ªV%c®=<9tVK9;TUZ<5&¡F=_^�IJAKA[@M7�cG9;5�9;:
X
e��W9t5K9;HG14:<=�VK9;A[Tn9

W (X ′|X)P (X, t)dX ′ 9G5[Vr3<:*VK9;AKTU9=<9 4GZ�9;AzV%9a4k�<@ME_AK9GZ<AKcG5K9;:DV%9®EB9jV%IJ3]\'=69®=6c;ZSIJAzV%5�=<9;Z63<@B5
X
eS��I�=<@Mh�c;A[9;:<HG9b9;5[V�EBIk7JIJA[@aIPVK@B14:n=<9bEaIZ<A[14YSIJY<@MEB@ªV%cb=_^`«GV%A[9�9;:

X
l,E­^`@B:<5zV&IJ:DV

t
e_�jIP:<5jEB9tH¢IJ5r=_^�36:oZ<AK1XH;9G5K5K365i=<9kË�IPAK§41�7�@B:<d<1JTn14NJ�;:<9PwEaIm5z�XTncpV%AK@M9k9;:DV%A[9UEM9;5i=<9G3]\oVK9;AKTU9;5b=<@M5KZSIPA%I��MV¢w�9GV®@BE���IJ36Vb@B:DV%A[1]=63<@BA[9s5KcGZSIJA[c;TU9;:DVt=69;5iV&IJ3X\
=<9V%AKIJ:<5[@MV%@M14:

WG

9pV
WP

IJ5K5[1]HG@BcG5�A[9;5[Z�9GHGV%@ª7�9;TU9;:DV�IJ3'N�IJ@M:�9GV2lkEaIkZ�9;A[VK9U{ª�¢|6�G��e
�FJ Z@D � J
��O ���@J�� J�XSI ZBJ � EHG�� JFEHM � � O �&G � ? f8\]Z<A[@BTU14:<5.V%1J36V�=_^�IPY�14A[='EB9jV&IP3]\'=<9bV%AKIJ:<5K@ªV%@M14:
W

9G:���1J:<HGVK@B14:'=<3�Z�1J@B:DV.=<9b=<cGZSIJA[V�9pV2=69®EBIsV&IJ@MEBEM9r=<3�5%IJ3]Vt�
W (X|X ′) =W (X ′, r), r = X −X ′. ��áKá[á eM�4�¢~�¡�L^�cGCD3SIPV%@M14:'N4c;:6c;A%IPEB9 ��á[áKá eª�4���4¡?=69G7X@B9G:XV

∂P (X, t)

∂t
=

∫
W (X − r, r)P (X − r, t) dr − P (X, t)

∫
W (X,−r) dr. ��á[áKá eª�4�¢|D¡

d]14365jAKcG5K9;Az7�9kCD3<9
W (X ′, r)

5[14@MVr3<:<9���14:6HGV%@M14:�VKAK�;5rZ<@BCD3<cG9�=<9
r
9GVj7JIJAK@M9tEM9;:DV%9GTn9G:XVrI�749;H

X ′ w9GV,5K@214:!5[3<Z<Z�145K9oCD3<9
P (X, t)

74IPAK@B9'EM9;:DV%9;TU9;:DVnI�749;H
X
w?1J:ÁZ�9G36Vm=6cG7�9GEB14Z<Z�9;AnE­^`@B:DV%cGN4A%IJ:6=<9=<9 ��á[áKá eª�4�¢|D¡�9G:*36:<9b5Kc;A[@B9b=<9 � I��XEB14A?=<9b5K14AzV%9bCD3<9��

∂P (X, t)

∂t
=

∞∑

k=1

(−1)k

k!

∂k

∂Xk
{D(k)(X)P (X, t)} ��á[áKá eª�4���4¡

14â'EB9G5�H;1X921UH;@M9;:DV%5
D(k) 5[14:XV�EM@BcG5�IJ3]\'TU14TU9;:DV%5.=<9G5�5%IJ36VK52Z<IJA

D(k)(X) =

∫ +∞

−∞

rkW (X, r) dr. ��á[áKá eª�4��9�¡
yr^`9;5[VrEB9n½&% 	J° �B·&¹�¹�°p±,°p¿SÄÉ½X° �®¶%»J±,°p¶%¯p³ �¨· �4» �X=<9®E­^`c;CD3SIPVK@B14:'TnI��BVKAK9G5K5K9Pe@d]143<52EB9G5�HG14:<=<@ªV%@M14:<5�=<9AKcGN43<EBIJAK@ªV%cbTn9G:XVK@B14:6:<c;9G52HG@ªO�=69;5K5[3<5;w�H;9�=6cG7�9GEB14Z<Z�9;TU9;:DV�9;5zVic;CD3<@ª74IJEM9;:DV�l,E­^`c;CD3SI¦V%@B1J:*TnI��BVKAK9G5K5K9Pe�W92NJc;:<cGA%IPVK9;3<A U =63,5K9GTn@©O�N4A[143<Z�9F=<c;HGAK@ª74IJ:DV�EB9�Z<A[1]HG9;5[5K3<5.=69jË�IPAK§41�7UIJ5K5[1]HG@Bc�9;5zV.E�^�14Z�c;AKIPV%9G3<A��

U =

∞∑

k=1

(−1)k

k!

∂k

∂Xk
{D(k)(X) • } ��á[áKá eª�4��¥4¡

�L^�cGCD3SIPV%@M14:m=<9rÌ�1J§X§J9;AzO�ÆLEaIJ:<H�§t5K3<Z<Z�145[9iCX3692V%1J3<5�EM9;5?VK9;A[Tn9G5�=_^`14AK=6AK9r5[3<Z�c;AK@M9;3<A.l��t5[14:XV?:<cGN4EB@©ON49;IJY<EB9G5;e�qFVKV%9G:XVK@B14:�H;9GZ�9G:<=SIJ:DViln:<9�ZSIJ52H;14:65K@B=6c;AK9GAjEB9G52VK9;AKTU9;525K3<HGH;9G5K5K@ª��5i=<3/=<cp7�9;EM14Z<Z�9;TU9;:DV=<9 �iA%IJTU9;A[5zO�Ë*1¦��IJEgHG14TnTU9jHG9;3]\�=<3�=<cp7�9;EM14Z<Z�9;TU9;:DV�=<9bE­^`c;CD3SIPVK@B14:�TnI��BVKAK9G5K5K9iA[9;EBIPV%@ª7�9;TU9;:DVFl3<:�Z�9pV%@ªV�ZSIJA%IPTn�pV%AK9Pe�y�9;HG@W:_^`9;5[V29;:�N4cG:<c;AKIJE_7XA%IJ@WCD3<9�£[3<5[CX3g^�lUE­^`14AK=<A[9b�'{�;����­e
�+?A>B?�� � #TD � K G I�R"O6X ZBJ � O � �<JFE � � �"GBXFP �

7j:�Z�9;36V�=<cpRS:<@BA�E�^�cGCX3<IPV%@M14:'=<9sÌ�14§D§49GAzO�ÆLEBIJ:<H�§Z� � 5[14@MV�Z�143<A�3<:69tZ<A[14YSIJY6@BEB@ªV%cj=69®VKA%IJ:<5[@MVK@B14:_w5K1J@MV�Z�143<A�EaI�=<@B5zV%A[@BY<36VK@B14:�=g^�3<:69®7JIJAK@BIJY<EM9iIJEBc;IPV%1J@BAK9r5K3<A�EaIJCD3<9GEBEM9j5;^`14Z��;AK9®EB9G5FV%A%IP:<5K@ªV%@B1J:<5;e�0�143<5
� � �Ne �'M�4I-L�%1. �: )�� �W ������!"%\��N+�-L:WG �,�'E_�J-�4IE�E_1Z-L/�/9�!+.�!� ���������	�
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36VK@BEB@M5K14:65ÉHG9GV[V%9j=<9G3]\]@B�GTn9�=<cGR<:<@MVK@B14:_eXfLEBEM92=6c;H;A[@MV?E­^`cG7�1JEB36VK@B14:�=_^`3<:<9j=6@B5[VKAK@MY<36V%@M14:nI�7�9GH2EM9�VK9;TUZ<5
� EM9�V%9GTnZ65LZ�1436AKA%Ii«pV%AK9FA[9;TUZ<EaIPH;c.ZSIPAL3<:�ZSIJA%IPTn�pV%AK9FCD3<9GEBHG14:<CD3<9FV%9GE r w a w − ln(a/a0)

w
n(a)

e;e;e%¡peÆLEB3<5[@B9G3<AK5bV%AKI�7JIJ3]\
9G: VK3<AKY<36EB9;:6H;9,Z6AK14Z�145K9G:XVt=<9G5sc;CD3SI¦V%@B1J:<5t=63�V��]Z�9 4;Ì�1J§X§J9;AzO�ÆLEaIJ:<H�§B4sZ�143<A=<cGH;AK@MAK9?E­^`cG7�14EM36V%@M14:b=<9;58=<@B5zV%AK@MY<36VK@B14:<5�=<9G5LIJH;HGAK14@M5K5[9;TU9;:DV%58=69?7X@MVK9;5K5[9;5
δvr

l�VKA%I�7�9;A[58EB9G5�cGH�d<9;EMEB9;5GwH;@ªV%14:65b{ª��~]w��4�]w�¥P|]wW���JvXwW��¥<9¦��e
^_Da`bXBR�I�RTOcX ? ��^`c;CD3SI¦V%@B1J:�=69tÌ�14§D§49GAzO�ÆLEBIJ:<H�§nZ�143<AFEM9;5F=<@M5[VKAK@BY636V%@M14:<5

P (X, t)
5;^`c;HGAK@MVb�

∂P (X, t)

∂t
= − ∂

∂X

[
D(1)(X, t)P (X, t)

]
+

1

2

∂2

∂X2

[
D(2)(X, t)P (X, t)

] ��áKá[á eM�4��;�¡
7j:*:61JV%9GA%I UFP E�^�14Z�c;AKIPV%9G3<A � NJc;:<cGA%IPVK9;3<A�=<9®Ì�14§D§49;A�O�ÆLEaIJ:6Hp§]¡

UFP = − ∂

∂X
D(1)(X, t) +

1

2

∂2

∂X2
D(2)(X, t) ��áKá[á eM�J��u�¡

CÆ>IJA�=<cpRS:<@MVK@B14:gwSE­^`c;CD3SIPVK@B14:�=<9tÌ�14§D§49GAzO�Æ�EBIJ:<H�§,9G5[V23<:<9tc;CD3SIPVK@B14:�EB@M:<c¢IJ@MAK9i5[3<A
P
e��L^�IJ=�£[9;HGVK@M�

4GEM@B:<c;IJ@BA[9a4?Z�9;36V?=<14:6H2«pV%AK9�36VK@BEM@B5KcF=<IJ:<5�3<:mIP36V%A[9�5[9;:<5GeY7j:UZSIJA[EB9F=_^`c;CD3SIPVK@B14:n=<9�Ì�1J§X§J9;AzO�ÆLEaIJ:<H�§
� ²´¿ %%»J²´¶�°ÉEM14AK5[CD3<9

D(1)(X, t)
9G5[V�3<:<9i��14:<HpV%@M14:'EB@B:6c¢IJ@MAK9r=69

X
9GV
D(2)(X, t)

9;5[V�HG14:<5[V%IJ:DVt�
∂P

∂t
= − ∂

∂X
[(A0 + A1X)P ] +

B0

2

∂2P

∂X2
��áKá[á eM���Pv�¡

d]@
A1 < 0

wFEB9
Z<A[1]HG9;5K5[3<5�=69
Ë�IPAK§41�7Ã5[V%IPV%@M14:<:SIP@BAK9
IP5K5K1XH;@Mc
9;5[V*EB9/¹�¶&·�Àp°&¯&¯p¸�¯/½X° � ¶�¿6¯pÄ�°p²´¿S³
� �&�B°p¿ º °�À&¼¦e]Æ8143<A A1 ≥ 0

w<@BEg:_^`��IUZSIP5�=69®5[14EB3]V%@B1J:�5[V&I¦V%@B1J:<:SIJ@MAK9Je
0214365�I�7�14:65WA%IJZ<Z�9;EMcL=SIJ:<5�H;9�|<eª��=<9;3X\®Z<AK14Z6AK@BcpV%cG5���1J:<=SIJTU9;:DV&IJEM9;5�=<9;5�Z<AK1XH;9G5K5[3<58=<9?Ë�IPAK§41�7�e�s^`3<:<9�ZSIPA[V¢w�EB9G5�Z<AK1JYSIJY<@MEB@MVKc;5®=<9,VKA%IJ:<5[@MVK@B14: =_^�36:�Z6AK1XH;9;5[5K3<5�=<9�Ë�IJAK§J1¦7¨d<14TU14N4�G:<9m=<1J:<:<9;:DV:SIJ@M5K5KIJ:<H;9rlt3<:6925zV%AK36HGV%36AK9j=<9b¯�°p±k²´³�µJ¶�·¦¸�¹�° � 7�1J@BA�|<eª�4eM��¡LVK9;EBEM9FCD3<9 T (τ + τ ′) = T (τ ′)T (τ)

eX�W9;55K9GTn@©O�N4A[143<Z�9;52=<9�H;1J:X7�1JEB36VK@B14:�9;:
5K1J:XVr3<:<9k5K1J3<5zOQH;EaIP5K5K9Pe_�s^�IJ36VKAK9kZSIPA[V¢w�E­^`c;CD3SIPVK@B14:*=<9�Ì�14§D§49;A�OÆLEaIJ:6Hp§
A[9;Z<A[c;5K9G:XVK9�3<:<9m=69;5KHGAK@MZ6V%@M14:
EB@MTn@ªV%cG9 � � l*E­^`14AK=<A[9���=<9,E­^`cG7�14EM36V%@M14:¨=<9;5�TnIJA[N4@B:SIPEB9;5®=<3Z<A[1]HG9;5K5[3<5j�D9;EMEB9�:<9���IJ@MVÉ@B:DV%9GA[7�9G:<@BALCD3<9rEB9;5ÉTU14Tn9G:XVK5L=_^`14AK=<A[9;5j�29GV.�®=<9G5�5KIJ36V%5Gw]HP^�9G5[VzO�l¦OQ=<@BA[92EM9;5=<9G3]\�Z<A[9;TU@B9GAK5.HG1]9
1nHG@B9G:XVK5
D(1) 9GV D(2) =<3�=<cG749;EB1JZ<Z�9GTn9G:XV�=<9 �iA%IJTU9;A[5zO�Ë*1¦��IJE­eD�W9iZ<A[1]H�dSIJ@M:ZSIJAKIJN4AKIJZ<d<9?5K3<@ªV>3<:�IJ3]V%AK9�Hpd69;TU@B:sTU9;:<IJ:XV�EB36@6IJ365K5K@6ljE­^`c;CD3SIPVK@B14:t=<9FÌ�14§D§49;A�O�ÆLEaIP:<H�§jT,IP@B5�H;9GV[V%9��14@M5zO�HG@WlkZSIJAzV%@BA�=_^�36:<9tH;IJ5KH;IJ=<9bEB1JNPO�@M:6RS:<@MTn9G:XV?=<@M7X@M5K@BY6EB9Je
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02143658A%IPZ<Z�9GEB14:65�=g^�IJY�14A[=t=SIP:<58EM9É|6e �]eª�ÉH;14TUTn9G:XV�1J:sZ�9;36V�=<c;=63<@BA[9?3<:69?cGCX3<IPV%@M14:s=<9?Ì�14§D§49;A�OÆLEaIJ:6Hp§*=<9kE­^`9p\]@M5[V%9G:<H;9�=_^`3<:¨Z<AK1JZSIJN�IPVK9;3<AiEM14NPOQ:<14AKTnIJE�Z�143<Ai3<:<9kH;IJ5KH;IJ=<9UEB14N¦O�@B:]RS:<@BTU9;:DV�=<@M7X@©O5K@MY<EB9'l
ZSIJAzV%@MAk=_^�36:<9�A[9;TnIJAKCD3<9'=<9*xreÉy.IJ5zV&IJ@M:<N!{}|<�p�29pVU:<143<5U=<@B5[H;36VK14:<5UEaIoZ�14A[VKc;9'=<9�H;9GV[V%9
� ��� �_���!:;��1< #:�-�4*G!-�"�-#GK�%$'"%�g-�/�/�"� d681<&,-d��1D2 )8��+^e �FM�4I-d��1< #:*)8� �W ����#�'"_\ �N+�-L:IG	�9SF���FEN �"V)8"��'E`E%4IG!G!�'E�E_1<2�E�)�4*)8�!Y��!+. �/8\
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14Y<5[9;Az74IPVK@B14:ge8�W9�TU«;TU9,A%IP@B5K1J:<:<9;TU9;:DV�Z�9;3]V�5;^�IJZ<Z<EM@BCD3<9;A�l/3<:<9�H¢IP5KH¢IP=<9'EB14NPOQ@B:6R<:<@BTU9;:DVb=<@M7X@©O5K@MY<EB9�CD3<9GEBH;1J:<CD3<9nZ�143<A®14Y6VK9;:<@MAiEB9�=<cp7�9;EM14Z<Z�9;TU9;:DVt=69 �iA%IPTn9GAK5zO�Ë*1��DIJE­e�021J3<5tZ6AK14Z�145K1J:<5t9G:]O5K36@MV%9k=<IJ:<5bEB9�|6e �]e��m3<:<9k=<cGTn1J:<5[VKA%IPVK@B14:o14A[@BN4@M:SIJEM9t=<3¨EB@M9;:/9G:XVKAK9kEM9;5iH;36Tk3<EaIJ:DV%5
Ck

=<3
:<1��DIJ3=<3'Z<A[14ZSIJN�I¦V%9;36AF=_^�36:<9bH¢IJ5[H¢IJ=<9®EB1JNPO�@M:6RS:<@MTn9G:XVÉ=<@ª7]@M5K@MY<EB9 � 7�14@MAr�4e��4¡�9pV�EB9;5FHG1]9
1UH;@B9G:XVK5 D(k) =<3=<cp7�9;EM14Z<Z�9;TU9;:DVF=<9 �iA%IJTU9;A[5zOzË�1¦�DIPE ��á[áKá eª�4���4¡�e
�+?�� ?A> � E O��YG ��G I�JFK8E ��O�� �NX O8E�� G��8JaI D �6KYG I�R"OcX ZBJ � O � �<JFE � � ��G8XFP �

0214365FAK9G��1JAKTk3<EM14:<5�@BHG@_ls:<1PV%AK9rT,IJ:6@B�;A[9rE�^�IJA[N43<TU9;:DVÉ=<9ixre<y.IJ5[V%IJ@B:<Nm{`|<�G�_CD3<@gcpV&IJY6EB@MV?EB92EB@M9;:9;:DV%A[9bZ<AK14Z<IJN�IPVK9;3<AFEM14NPO�:614AKTnIJE�9GV�c;CD3SI¦V%@B1J:�=69tÌ�14§D§49GAzO�ÆLEBIJ:<H�§�e
d]14@ªV

G(lnW )
EM9�:<1��DIJ3o=_^`3<:
Z<A[14ZSIJN�I¦V%9;36AjEB14N¦O�:<14A[T,IPE�=6c;H;A[@M7JIJ:DVjE­^`cG7414EB36VK@B14:*=<9

P s(δX)
w9GV�5K14@ªV

n(s)
EaI�Z<AK1P��14:<=<9G3<AkIJ5[5K1XH;@BcG9Je*7i:¤5[3<Z<Z�145K9�CD3<9,EB9;5scG7�14EM36V%@M14:<5®=<9;5�IP@BEB9G5tZ�145[@MV%@ª7�9;5t9GV:<cGN�IPV%@ª7�9;5i5[14:DVbAKc;NJ@B9;5bZSIPAiEB9�Tn«GTn9sZ<AK14Z<IJN�IPVK9;3<AGe á EL5K3 1�VtIJEB1JAK5i=_^`9Gh�9;HpV%3<9GAtEM9;5iH¢IPEBH;36EB5iZ�143<A

δX > 0
e��jIJ:65rH;9tH¢IJ5Gw�14:�Z�9;36Vr36V%@MEB@M5K9;A

Ps(ln δX) = δXP s(δX)
e���I���14:<HpV%@B1J:*N4cG:<c;AKIPV%A[@BHG9t=<3Z<A[14ZSIJN�I¦V%9;36AF5;^`c;H;A[@MV

G̃s(q) = e−H(q) n(s) = exp

{(
C1q +

C2

2
q2

)
n(s)

}
��áKá[á eM���X��¡

�s^`14â�E­^`14:�V%@BA[9
∂G̃s

∂n
=

(
C1q +

C2

2
q2

)
G̃s(q) ��áKá[á eM���4�4¡

⇓ ∂

∂ lnW
≡ −q





∂Gs

∂n
= −C1

∂Gs

∂ lnW
+
C2

2

∂2Gs

∂ lnW 2

G0 = δ0.

��áKá[á eM���P~�¡

14â
E­^`14:�7414@MVbIPZ<ZSIJAKI��BVKAK9sEBImH;14A[AK9G5KZ�14:<=SIJ:6H;9�9;:DV%A[9�EB9G5iZ<3<@B5[5%IJ:6H;9;5b=<9
q
=<c;HGAK@M7JIJ:DV

H(q)
9GVbEM9;5=<cGAK@M74c;9;525K3<HGH;9G5K5K@ª7�9;5i=6c;H;A[@M7JIJ:DV2EM9tNJc;:<cGA%IPVK9;3<A U e��L^�cGCX3<IPV%@M14:/=_^`cG7�1JEB36VK@B14:�=<9 Ps 9;:DV%AK9 s0

9GV
s5K9bA[c;5K36Tn9b@BHG@Wl�3<:<9b5K@MTnZ<EM9jH;1J:X7�1JEB36VK@B14: ��áKá e�94u�¡�CD3<9b:<14365�A[c;cGH;AK@ª7�14:<5b�

Ps =G?n(s) ? Ps0 (n(s0) = 0). ��á[áKá eª���P|D¡
7j:!Z�9;36Vn=<14:6H�7�1J@BA

Gs
HG14TUTn9'3<:<9'��14:<HpV%@M14:�=69 � AK9G9;:ÃIJ5[5K1XH;@Mc;9*l¨E�^�cGCX3<IPV%@M14: ��áKá[á eM���P~�¡�9GV

Ps(ln δX)
9;5zV2EBI�5K14EM36V%@M14:�=<3�Z<AK1JY<EB�GTn9





∂Ps
∂n

= −C1
∂Ps

∂ ln δX
+
C2

2

∂2Ps
∂ ln δX2

Pn(s)=0 = Ps0

��áKá[á eM���J�4¡
14â'E­^`14:'AK9GH;14:6:SI��BV�36:<9bc;CD3SIPVK@B14:�=<9®Ì�1J§X§J9;AzO�ÆLEaIJ:<H�§�EB@M:<c¢IP@BAK9PeY7j:�36V%@MEB@M5K9jEBI�AK9;EBIPV%@M14:

Ps(ln δX) = δXP s(δX)
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Z�143<AF14Y6VK9;:<@MAFE­^`c;CD3SIPVK@B14:'5[3<A
P s

�
∂P s

∂n
= − ∂

∂δX

[
(C1 +

C2

2
)δX Ps

]
+

∂2

∂δX2

[
C2

2
δX2 Ps

]
��áKá[á eM��� 9�¡

021J3<5jIJY�1436VK@B5[5K14:<5rl,3<:<9sc;CD3SIPVK@B14:*=<9kÌ�14§D§49;A�O�ÆLEaIJ:6Hp§,:<14:/EM@B:<c;IJ@BA[9 � EaIUTn«GTn9®=<cGTn14:65[V%AKIPV%@M14:9;5zVi74IPEaIJY<EM9tZ�143<A
δX ≤ 0

¡peWy�9pVKVK9k:<14:]OQEB@B:6c¢IJA[@MV%c®9;5zVbH;9GZ�9G:<=SIJ:DVbY<@B9G:oZSIJAzV%@BHG3<EB@M�;A[9sZ<3<@M5KCD3_^`9;EMEB9V%AKIJ=<3<@ªVjE�^�@M:X7JIJAK@BIJ:<HG9®Z<IJAj=<@MEaIPV%IPV%@M14:
δX → αδX

wg1J3_w_=<9���IJ¬G14:oc;CD3<@ª74IPEB9;:DV%9Pw�E�^�@M:X7JIJA[@aIJ:<HG9iZSIJAV%AKIJ:<5[EaIPVK@B14:¤9G:
ln | δX | eLfLH;AK@ªV%9'Z�143<A�EaI/CD3SIP:XVK@MV%c δX wLE�^�cGCX3<IPV%@M14: ��á[áKá eª���<9�¡s9G5[VnY<@B9G:�Z6EB3<5H;1JTnZ<EM@BCD3<cG9jCD3<9 ��áKá[á eM���4�4¡�CD3<@_��IJ@ªVF@B:DV%9GA[7�9G:<@BA?EaIs7JIJAK@BIJY<EB9 ln δX

w<Z6EB3<5�IJ=<IJZ6V%cG9®l�EBI�:SIPVK3<AK9b=<3Z<A[14Y<EB�GTn9Pe��r9UTn«GTn9PwWE­^`36V%@MEB@B5KIPV%@M14:�=69nEBI�7JIJA[@aIJY<EM9
n(s)

l�EBI'Z6EaIJHG9U=69nEBI�7JIJA[@aIJY<EM9
s
5[@BTUZ<EB@ªRS9EaI/A[9;Z<A[c;5[9;:DV&IPVK@B14:Ú=<3�Z<AK1JY<EB�GTn9PeL�W9;5k74IPAK@aIPY<EB9G5

ln δX
9GV
n(s)

5K14:DV�EB9G5V4GY�14:<:<9G5�4m74IJA[@aIJY6EB9;5GwAK9G5KZ�9;HpV&IJ:DV�EB9;5F5z�XTncpV%AK@M9;5�=<3�Z<AK1JY<EB�GTn9Pe
fL:mV%3<A[Y<3<EB9G:<H;9Pw]EM9;5?AKc;5[3<EMV%IPV%5?9p\]Z�c;AK@MTn9G:XV%IJ3]\U=<9G5�V%AKI�7JIJ3]\kZ<AK14Z�145KIJ:XV?=<92=<c;HGAK@BA[9rEM9;5�=6@B5[VKAK@©OY<36VK@B14:65L=<9;5?IJH;HGAK14@M5K5[9;TU9;:DV%5L=<9�EaIr7X@ªV%9;5[5K9�ZSIJAL3<:69�cGCD3SIPV%@M14:�=<9�Ì�1J§X§J9;AzO�ÆLEaIJ:<H�§U{�¥P|J��:_^`9p\]H;EM3<9;:DVZSIJ5bE�^�9�\6@M5[VK9;:<HG9n=_^`3<:<9�H;IJ5KH;IJ=<9UEB14NPOQ@B:6R<:<@BTU9;:DVr=6@M7X@B5[@BY<EM9�IJ5[5K1XH;@BcG9Je+d]@MN4:SIJEM14:<5jZSIPAbIJ@BEMEB9;36AK5jCD3<9E­^`9;5zV%@MT,IPVK@B14:®=<9G5ÉHG1]9
1UH;@B9G:XVK5>=<9 �iA%IPTn9GAK5zO�Ë*1��DIJEXN4A%ÇJHG9Flj=<9G5É9G5[VK@BTnIPV%9G3<AK5>=69FTn1���9;:6:<9;5>HG14:<=<@©OV%@M14:<:<9GEBEM9;5LH;1JTnTU9F=SIJ:<52{�¥P|J��5;^�I�7��;A[92=<@ 1UH;@BEM9.9GV?9;:DV&IPHpd6c;9�=<9�YSIJAKA[9;5É=_^`9;AKA[9;3<AÉ@BTUZ�14A[V%IJ:XVK9;5GeDy�9;5Z<A[14Y<EB�GTn9G5�=_^`9;5zV%@BTnIPVK@B14: 5K14:DV�5KIJ:<5k=<143]V%9'IJ3¤TU14@B:65s9;:¤Z<IJA[VK@B9m=<365�l�E­^`36V%@MEB@M5%IPVK@B14:
=<9�EBI*74I�OAK@BIJY<EM9
δvr

Z6EB36V 
JV�CD3<9
ln δvr

eX02143<5ÉAK9pV%14TkY�14:<5�5[3<A�EBIbCD3<9G5[VK@B14:m=63,H�d<14@©\�=_^`3<:<9rA[9;Z<A[c;5[9;:DV&IPVK@B14:IJ=SIPZ6V%cG9JwS=<c�£Kl�cp7�1XCX36c;9b9;:�|<eª�4e �Xe6q H;9iH�d<14@©\�w<5;^�I�£[1436VK9bEB9jZ<A[14Y<EM�;TU9j=<3�Hpd614@ª\,=<9;5�9G5[V%@MT,I¦V%9;36AK5CD3<@WZ�9;AKTU9GV[V%A[14:XV.=<9 � @B:]O�¡�7JIJEB@M=<9;A�EM9iTn1X=<�;EM9Je

�+?�� ?�� ��J ZBD � J
�"O�� �@J
� JFX I Z@J � EHG � JFE M � � O �<G � � ]@RTM ?&?a?
0214365tZ<A[c;5[9;:DV%14:<5tH;@©O�=<9G5K5K1J3<5t36:<9n=6c;TU14:<5[VKA%IPVK@B14:
14A[@BN4@M:SIJEM9s=<9UE­^`c;N�IPEB@MVKc�9;:DV%A[9�H;1X921UH;@M9;:DV%5=<9 �iAKIJTn9GAK5�OzË*1��DIJES9pVFH;3<Tk36EaIJ:DV%5�=<3�Z<A[14ZSIJN4IPV%9G3<A�Z�143<A?3<:<9jH;IJ5KH;IJ=<9iEB1JNPO�@M:6RS:<@MTn9G:XVL=6@M7X@B5[@BY<EM9

� EM14AK5[CD3<9nEM9;5®H;3<Tk36EaIJ:DV%5i=<9�V%1J3<5t1JAK=<A[9;5s=63�Z<A[14ZSIJN�I¦V%9;36AK5®9p\]@B5zV%9;:DV�¡�e���9nZ�1J@B:DVb=<9n=6c;ZSIJAzVs9G5[VEaIkA[9;EaI¦V%@B1J:�9;:DV%AK9bEBI�Z<AK14Y<IJY<@BEM@MVKcj=<9iV%AKIJ:<5K@ªV%@M14:
T
9GV�5KI���14:6HGV%@M14:'H¢IJAKIJHGVKc;A[@B5[VK@BCD3<9

θ
=SIJ:65�EM9iH¢IJ5N4cG:<c;AKIJEL�

T (Y, a2|Y ′, a1) =
1

2π

∫ +∞

−∞

e−iu(Y−Y ′) θ(u, Y ′, a1, a2) du ��áKá[á eM���4¥4¡
Æ>IJAF=6cGRS:<@ªV%@M14:�=<9;5�H;36Tk3<EaIJ:DV%5

κk
=69

T
14:�I

T (Y, a2|Y ′, a1) =
1

2π

∫ +∞

−∞

e−iu(Y−Y ′) exp

{
∞∑

k=1

(iu)k

k!
κk(Y

′, a1, a2)

}
du ��áKá[á eM���<;�¡

7jA,:<1J3<5m:<14365m@B:DV%cGAK9;5[5K14:65m@BHG@rIJ3ÃH;IJ5mZSIPA[V%@MH;3<EM@B9GAU1Jâ
T
=6c;H;A[@MV,3<:<9/H;IJ5KH;IJ=<9oEB1JNPO�@M:6RS:<@MTn9G:XV=<@ª7]@M5K@MY<EB9j=614:<HiEB9G5�H;3<Tk3<EBIJ:DV%5

κk
5K1J:XVFVK9;EB5FCD3<9

∀ k, κk(Y
′, a1, a2) =Ck [n(a2)− n(a1)] =Ck ∆n. ��áKá[á eM���Pu�¡
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fL:*A[9;Z�14A[V%IJ:DV ��á[áKá eª���Ju�¡�=SIP:<5 ��áKá[á eM���<;�¡�:<14365�1JY6V%9G:<14:<5

T (Y, a2|Y ′, a1)− T (Y, a1|Y ′, a1) =
1

2π

∫ +∞

−∞

e−iu(Y−Y ′)

{
exp

[
∞∑

k=1

(iu)k

k!
Ck∆n

]
− 1

}
du

=
1

2π

∫ +∞

−∞

e−iu(Y−Y ′)
∞∑

p=1

(
∞∑

k=1

(iu)k

k!
Ck

)p
∆np

p!
du

τ→0'
(

1

2π

∫ +∞

−∞

e−iu(Y−Y ′)
∞∑

k=1

(iu)k

k!
Ck

)
∆n

τ→0' ∆n

(
∞∑

k=1

(−1)k
∂k

∂Y k

Ck
k!
δ(Y − Y ′)

)

��áKá[á eM��~Jv�¡=_^`14â�=SIJ:<5�EaI�EM@BTU@MVK9
(a2 − a1) → 0

T (Y, a2|Y ′, a1)− T (Y, a1|Y ′, a1)

∆n
−−→
τ→0

∞∑

k=1

(−1)k
∂k

∂Y k

Ck
k!
δ(Y − Y ′) ��áKá[á eM��~]��¡

7j:*9G:*=6c;=<3<@ªV�E­^`c;CD3SIPVK@B14:�Z�143<A�EM9;5F=<@M5[V%A[@BY<3]V%@B1J:<5
Pa

AKc;NJ@B9;5�ZSIPA
T
�

∂Pa
∂n

=
∞∑

k=1

(−1)k

k!

∂k

∂Y k
[Ck Pa ] ��áKá[á eM��~4�4¡

14â'E­^`14:'AK9GH;14:6:SI��BV�EM9i=<cG749;EB1JZ<Z�9GTn9G:XV.=<9 �iAKIJTn9GAK5�OzË*1��DIJE ��á[áKá eª�4���4¡.I�7�9;H
D(k) = Ck ��áKá[á eM��~J~�¡Æ81436A?3<:69rH¢IP5KH¢IP=<9 � EM14NPO�¡z@B:]RS:<@BTU9;:DV>=6@M7X@B5[@BY<EM9Jw�EB9G5?HG3<Tk3<EBIJ:XVK5�=<3,Z<A[14ZSIJN4IPV%9G3<A�5[14:XV�IJ3<5[5K@�wXEM14AK5�OCD3_^`@BEB5F9�\]@B5[VK9;:DV¢wSEM9;5FH;1X921UHG@B9;:DV%5�=<9 �iA%IPTn9GAK5zO�Ë*1��DIJE­e

����� �����
	��!� 5[@.14:¤AK9GTnZ6EaIJHG9
∂Pa/∂n

ZSIJA
∂Pa/∂ ln a

w8VK143<5kEB9G5
D(k) 5K1J:XVkA[9;TUZ<EaIPH;c;5sZSIJA

D(k).∂n/∂ ln a
e

y�9FZSIJAKIJN4A%IPZ<d<9F|<e��r:<143<5>IbZ�9;A[Tn@M58=<9FTU9GV[V%A[9.9;:�cG7X@M=<9;:<HG9FE­^`c;CD3<@ª74IJEM9;:<HG9�9G:XVKAK9F3<:kZ<A[14ZSIJN4I¦OV%9G3<AF=<9bH¢IP5KH¢IP=<9bEB14NPOQ:<14A[T,IJEM9�9GV�3<:<9icGCX3<IPV%@M14:'=<9®Ì�14§D§49GAzO�Æ�EBIJ:<H�§kZ�143<AF=<cGH;AK@MAK9iE�^�cp7�14EB3]V%@B1J:m=<9=<@M5[V%A[@BY<3]V%@B1J:<5
Ps
e4�jIJ:65>EB9?H¢IJ5>NJc;:<cGA%IJE � :<1J:kEB14NPOQ:<14A[T,IJEa¡pwG:<143<5LI�7�14:658cGV%IJY<EM@XEBIrH;1JAKAK9G5KZ�14:<=SIP:<H;99;:DV%A[9�EB9G5rHG3<Tk3<EaIP:XVK5

Ck
=<3oZ<AK1JZSIJN�IPVK9;3<Ar=_^�36:<9kH¢IJ5[H¢IJ=69kEB14NPOQ@B:6R<:<@BTU9;:DVF=<@ª7]@M5K@MY<EB9®9GViEM9;5jHG1]9p�aORSHG@B9;:DV%5

D(k) =<3
=<cp7�9;EM14Z<Z�9;TU9;:DVs=<9 �bAKIJTU9;AK5�OzË*1��DIJE�eW�L^�cpV&IJZ�9,:<IPV%3<A[9;EMEB9U5K3<@ª74IJ:DV%9�ZSIP5K5K9,ZSIJAE­^`c;CD3SI¦V%@B1J:/=<9���IJ:<N49p7X@B:
CD3<@>H;1J:<5[VK@MV%369k3<:
IJ36VKAK9kZ�14@B:DVj=<9k=6c;ZSIJAzVbZ�1J3<AiIJY�1436VK@BAjlmE�^�cGCD3SIPV%@M14:=<9®Ì�14§D§49;A�O�ÆLEaIJ:6Hp§�e]Ê2:<9b��14@M5.9;:<HG14AK9®3<:<9b5zV%AK36HGV%36AK9®=<9b5K9;TU@ªOQN4AK1J3<Z�9jIJZ<ZSIJAKI��BV;e;eGe
� =�� � �iÖ �
	SÑBÕjÛ ÙFÏ � ��Û�Ó.Ï�Ü�Ñ�Û

�

Ø]Ï�ÐÒÑ �4Ó2Ô;ÕjÖF×�Ï�Ø¤Ï�	 ����Ø����ÉÙ�Ï�Ø
ÝMÕ.Ó��]Ñ�ÛLß�ÛFÑ­ÐàÏ?Û
	ÚÙjÑMÜ?ÑBØ�Ñ�Þ�ÝMÏ8Ø

0214365F:<143<5FZ<EBIJ¬;1J:<5Fl�Z<A[c;5K9G:XV�°p¿o»J±,·¦¿SÄg=<9jE�^�cGCD3SIPV%@M14:�=<9bÌ�14§D§49;A�O�ÆLEaIP:<H�§�wD9G:�HG14:<5[@B=<cGA%IJ:DVE­^`c;CD3SI¦V%@B1J:Á=<9o��IJ:<NJ9G7X@B:_e d]@BNJ:SIJEB1J:<5,IP3ÃZSIJ5K5KIJN49oEM9;5,VKA%I�74IJ3X\�=<9¨Ë�IJA[H;C�� 02IJ9;AzV
{ª�¢v�¥��r5K3<A
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ln εr
9G:�VK3<AKY<36EB9;:6H;9Je�0�143<5�IJEMEB14:<5�A%IJZ<Z�9;EM9;AFHG14TnTU9;:DV�IJZ6ZSIJA%I �BVF3<:69t5zV%AK36HGV%36AK9b=<9�¯�°p±k²´³�µJ¶�·¦¸�¹�°IJHGH;14TUZSIJN4:6c;9¨=<9 5[14:àµ&%p¿ %p¶K»JÄ�°p¸]¶,l�EBIÚ��14@M5'=SIJ:<5�3<:<9¨c;CD3SIPVK@B14: =<@ªhgcGAK9;:DV%@M9;EMEB9/5zV%1XHpd<IJ5[VK@BCD3<9

� ��IJ:6N49G7X@B:S¡�9GV�=SIJ:<5�E�^�cGCX3<IPV%@M14:'IJ3]\'=6c;AK@ª7�c;9G5�ZSIJA[VK@B9GEBEB9G5FIJ5[5K1XH;@BcG9 � Ì�14§D§49;A�O�ÆLEaIJ:6Hp§]¡�e
�+?�
 ?A> � �6KYG I�R"OcX ZBJ���GBX ��J ��R�X JaI M2J
� R����cEHOcK �@J M
^_Da`bXBR�I�RTOcX ? d]14@ªV

B(t)
3<:69U��14A[H;9U=<9n��IP:<N49G7X@M:_wWHJ^`9;5zV[O�l�O�=<@MAK9�3<:�Z6AK1XH;9;5[5K3<5t5[VK1]H�dSIJ5zV%@MCX369UVK9;ECD3<9

� @´¡ 〈B(t)〉 = 0
w

� @M@´¡ 〈B(t)B(t′)〉 = δ(t− t′)
e

�L^ % �;¸6»JÄ�²­·¦¿/½X° ��»J¿XµX° 	�²´¿k5G^�cGH;A[@MV�ZSIJAF=<cpRS:<@ªV%@B1J:
Ẋ = −γX + σB(t) ��á[áKá eª��~J|D¡

C

�W9bZ<AK14Y6EB�;TU9j=<9ty.IJ36HpdD��5zV%1XHpd<IJ5[VK@BCD3<9bIJ5[5K1XH;@BcbZ�9;36V2IJ365K5K@W5G^�cGH;A[@BAK9
{
dX = −γX dt + σdB
X(0) = X0

��áKá[á eM��~4�4¡
021J3<5n5KI�7414:<5�CD3<9�E�^�cGCX3<IPV%@M14:�=69���IJ:<NJ9G7X@B:�14â

B(t)
9;5zVmEM9�TU1436749;TU9;:DV�Y<AK1 � :<@B9G:�5zV&IJ:6=SIJAK==<cGH;AK@ªVFEB9rTn«GTn92Z<AK1XH;9G5K5K365�=69®Ë�IJAK§J1¦7n=<@MV�=<9 7jAK:<5zV%9G@B:]O�Ê2d<EM9;:XY�9GHp§�CD3<9bE­^`c;CD3SI¦V%@B1J:m=<9bÌ�14§D§49;A�OÆLEaIJ:6Hp§

∂P (X, t)

∂t
= γ

∂

∂X
XP +

σ2

2

∂2P

∂X2
��áKá[á eM��~<9�¡CD3<@_9G5[V�=<3mV��XZ�9 ��áKáKá eª���Jv4¡pe<fL:'H;1J:<5K9GA[7JIJ:XV.E­^`dX�XZ�1JV%d<�G5K9jCD3<9 B(t)

9;5zV�EB9jTU1436749;TU9;:DV.Y<A[1 � :<@M9;:5[V%IJ:<=SIPAK=_w�14: Z�9G36V�5G^�@M:XVKc;AK9G5K5[9;A�IP3 Z<A[14Y<EM�;TU9n=<9,y.IJ3<H�dD�
5[VK1]H�dSIJ5zV%@MCX369nZ<EM3<5®N4c;:<cGA%IJE�5[3<@M7JIJ:DV{©��¥4¥�� � c;CD3SIPVK@B14:'=<9®��IJ:<NJ9G7X@B:':<14:�EB@M:<c¢IP@BAK9¢¡��
{
dX = µ(X) dt + σ(X)dB
X(0) = X0

��áKá[á eM��~4¥4¡
14â

µ(X)
9pV
σ(X)

14:DVÉ=<9 4pY�14:6:<9;5�4�Z<A[14Z<AK@McGVKc;5É=<92A[c;N436EaIJA[@MV%cF9pV�=692HGAK14@M5K5%IP:<H;9�Tn1X=<cGAKc;9PwD9GV
X0IJ=<TU9GV?3<:<9�74IPAK@aIP:<H;9Pe���It5K1JEB36VK@B14:

Xx(t)
IJ3n5K9;:65.=<9 á V 
 � �.=<3,Z<AK14Y6EB�;TU9 ��á[áKá eª��~�¥4¡LI�7�9;H X0 = x9;5zV2IJZ<Z�9;EBcG9j¹�¶�·�À�°&¯&¯p¸D¯j½X°t½J² ��¸�¯p²­·¦¿ �S·¦±,·%µ �p¿g°pe

� EHO��@O�M(R�I�RTOcX ? {©��¥4¥���d]14@ªV
ϕ
3<:<9�IJZ<Z<EM@BH;IPV%@M14:�HG14:XVK@B:X3<9,Y�14A[:<c;9'=<9

IR
=SIJ:65

IR
eLÆ8143<AtV%1436V

t > 0
wS14:':<1PV%9 Gtϕ E­^�IJZ<Z<EM@BH¢I¦V%@B1J:,CD3<@�l x ∈ IR

IJ5K5[1]HG@B9
Gtϕ(x) = á f [ϕ(Xx(t)) ] ��áKá[á eM�¢~&;�¡

qrEM14AK5
� � � +Z�7681.E_�%�()8�!4�6?G7 �:8Y��!:;��1< #:IEQG7 �4I"�-�:;�%�'E=) e 1.:;�%�'"%/I"%�!��-d��1< #: )8�'E �'M�4I-L�%1. �:IEU)84 � ��/9�� � � �KS �'@ � " �9G!�!+.+<�()8� � �%"V-d\

�% #:� LY;1�GK� ���!�=G7�'+<+.�H)8� �i���WS
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� @´¡��L^�IJZ<Z<EM@BH¢I¦V%@B1J: Gtϕ 9;5zV2HG14:DV%@B:X3<9j9pV�Y�14A[:<c;9Pe
� @M@´¡ Gtϕ HG14:X749;AKNJ9i3<:<@M��1JAKTUc;TU9;:DV�7�9GAK5

ϕ
CX3<IJ:<=

t
V%9G:<='7�9;A[5

0+ e
� @B@M@´¡ ∀ s, t ≥ 0, Gs+tϕ=QsGtϕ=GtGsϕ C

�W9;5�Z<AK1JZ<AK@McGV%cG5>c;:614:<H;cG9;5ÉH;@©O�=<9G5K5K365���1J:XV8=<9FEaIr��IJTU@BEMEB9�=_^`14Z�c;A%I¦V%9;36AK5LEB@M:<c¢IP@BAK9G5 {Gt, t ≥ 0} 36:¯�°p±k²´³�µJ¶&·¦¸�¹�°peWyr^`9;5zV�HG9n5[9;TU@ªO�NJAK143<Z�9�CD3<@�=<c;HGAK@MVtE­^`cG7414EB36VK@B14:o@M:<d<cGAK9;:DV%9Ul�E­^`c;CD3SIPVK@B14: ��á[áKá eª��~�¥4¡�e��I®Z6AK14Z<A[@BcpV%c � @B@M@´¡�=6c;H;1J3<EB9�=<3,H;IJA%IPHGV%�GAK92T,IJA[§41�7]@M9;:k9pV�=<92E­^`d<14TU14N4cG:<c;@ªV%cJead]143<5ÉEB9G5?dD�XZ�1JVKd<�;5[9;5=<3!VKd<c;1JAK�;TU9�=69 �2@MEBEM9pO �?145[@B=SI � 7�14@MAUZ<IJA,9�\69GTnZ6EB9 {�~4~]w 94u]w���¥<;P�a¡pw�V%1436Vn5K9GTn@©O�N4A[143<Z�9�IP=<Tn9pV3<: µ&%p¿ %p¶K»JÄ�°p¸X¶2CD3<@89;5[Vb��14A[Tn9GEBEM9;TU9;:DVr5KI'=6c;AK@ª7�c;9kEM14N�IJA[@MVKd<Tn@MCD3<9 � 7�14@MA��4eª�4e�~�¡peg�jIJ:<5bEB9sH¢IJ5b=<3Z<A[1]HG9;5K5[3<58=69�=<@ªhg3<5[@B14:gw¢EB9�N4cG:<c;AKIPV%9G3<A�=63s5K9GTn@©O�N4A[143<Z�9ÉIJ5K5[1]HG@Bc�9;5zV>E­^`14Z�c;AKIPV%9G3<A U � l2AKIJZ<Z<A[1]H�d<9GA=<9 UFP =<3�|6eM�4e`|D¡®VK9;E.CD3<9'Z�143<A�VK1436V%9m��1J:<HGVK@B14:
ϕ
=<9G3]\Ú��14@B5sH;14:DV%@M: 
<TU9;:DVt=<@Mh�c;A[9;:DV%@aIPY<EB9n9GVY�14AK:<cG9

d

dt
Gtϕ=UGtϕ=GtUϕ ��áKá[á eM��~Ju�¡I�7�9;H

Uϕ(x) = − ∂

∂x
[(µ(x) + σ′(x)σ(x))ϕ(x)] +

1

2

∂2

∂x2
[σ2(x)ϕ(x)] ��áKá[á eM�;|�v�¡

021PV%14:<5
f(x, t) = Gtϕ(x) = á f [ϕ(Xx(t)) ]

e�qrEB1JAK5
f(x, t)

9;5zV�5[14EB3]V%@B1J:i=<3tZ6AK14Y<EM�;TU9L=<@Mh�c;A[9;:DV%@M9;E5K36@M7JIJ:XV




∂f(x, t)

∂x
= Uf(x, t)

f(x, 0) = ϕ(x).

��áKá[á eM�¢|6��¡
Ê2:69kIJ36VKAK9�@M:XVK9;AKZ�cGV%IPV%@M14:�Z�145[5K@BY6EB9®=<9kEaIUAK9;EBIPV%@M14: ��áKá[á eM��~Ju�¡�Z�14A[VK9s5[3<AiEaIUZ<AK14Y<IJY<@BEM@MVKct=<9tV%A%IP:]O5K@ªV%@M14:/=_^`3<:¨Z<AK1XH;9G5K5K365t=<9UË*IJAK§41�7�ecd]1J3<5b=<9;5idD�XZ�1JVKd<�;5[9;5®=<9kAKcGN43<EBIJAK@ªV%cs5[3 1U5%IJ:DV%9�=<9

µ
9pV
σ
w14:/=6c;TU14:XVKAK9®CD3<9sEBIU7JIJAK@BIJY<EB9bIPEBc¢I¦V%14@MAK9

Xx(t)
IJ=<TU9GV23<:<9t=<9;:65K@MVKcJw�Z�1436A�VK1436V

x ∈ IR
9GV2V%1436V

t > 0
eBd]3<Z<Z�145[14:<5rCD3<9tH;9t5K14@ªVrEM9®H;IJ5r9pVr:61JV%14:65

Wx(X, t)
HG9GV[V%9s=69;:<5[@MV%cPegÆ�143<A�V%1436VK9®��1J:<HGVK@B14:

ϕ
H;14:DV%@M:]369iY�14A[:<c;9i9GEBEM9j7�c;A[@MRS9

á f [ϕ(Xx(t)) ] =

∫ +∞

−∞

ϕ(y)Wx(y, t) dy ��á[áKá eª�¢|D�4¡
�r9bZ<EM3<5�14:�I

lim
t→0+

Wx(y, t) = δx(y)

14â
δx

9;5[VnEaIoTnIJ5K5[9*=69��r@MA%IJH�IJ3�Z�14@B:DV
x
eÉ�r9;5Uc;CD3SIPVK@B14:65 ��áKáKá eª��~4u4¡k9pV ��áKá[á eM�;|�v�¡�14:�=<c;=<36@MVE­^`c;CD3SI¦V%@B1J:�=<9®Ì�14§D§49GAzO�Æ�EBIJ:<H�§U143'c;CD3SIPVK@B14:'=<9 �r14EMTn1JN414AK1�7�=<@MAK9;HpV%9U{:;����

∂Wx(X, t)

∂t
= − ∂

∂X

[
µ(X) +

1

2
σ′(X)σ(X)

]
Wx(X, t) +

1

2

∂2

∂X2

[
σ(X)2

]
Wx(X, t).

��áKá[á eM�¢|4~�¡��Io��IPTn@MEBEB9U=<9'=<9G:<5K@ªV%c {Wx(X, t)}
H;1J:<5[VK@MV%369�36:�5z�X5[V%�GTn9'��14:<=<IJTn9G:XV%IJEÉ=<9'5K14EM36V%@M14:<5�143¿g· �J»J¸¨��14:6=SIJTU9;:DV&IJE�e 7i:Ã1JY6V%@M9;:DV,EBI 5K1JEB36VK@B14:�N4c;:6c;A%IPEB9�Z<IJAmH;1J:X7�1JEB36VK@B14:�I�7�9;H*3<:<9���14:6HGV%@M14:CD3<9;EMH;14:6CX369Jw�H;14:6=<@MVK@B14:�@M:<@MVK@aIJEM9Je
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0214365�7�9G:<14:<5�=<9®A%IPZ<Z�9GEB9GAFEB9iEB@M9;:'9;:DV%A[9b3<:<9n»p¹�¹�¶�·�À �S°i½X°®Ä �&¹�° ��»J¿XµX° 	�²´¿�I�7�9GH®TU1436749;TU9;:DVY<A[1 � :<@M9;:�5zV&IJ:<=<IJAK='9GV � � % �;¸6»JÄ�²­·¦¿�½X°0��·�¼�¼�°p¶p³�� �ª»J¿gÀ&¼ � � lsV%A%I�7�9GAK5F3<:/¯�°p±k²´³�µJ¶&·¦¸�¹�°L9pV�5K14:*µ&%p¿ %p³¶K»JÄ�°p¸X¶�eg�s^�IJZ<A[�;5jEM9tVKd<c;14A[�;TU9k�nZ<IJN49 94�]w�=<IJ:<5rEM9sH;IJ5j14â/HG9s5[9;TU@ªO�NJAK143<Z�9®9;5[Vj3<:o5K9GTn@©O�N4A[143<Z�9=<9iHG14:X7414EB36VK@B14:gw�@BEg9�\]@B5[VK9i3<:<9i=<@M5[VKAK@BY636V%@M14:,@M:6RS:<@MTn9G:XV?=<@M7X@M5K@BY6EB92IJ5K5[1]HG@Bc;9 �X14:�Z�143<A[A%I�EaIt=<cGRS:6@BAZSIJAFEBIk=<14:<:<cG9b=<9
H(q)

CD3<@W5K9®EB@ªV.HG14TnTU9i3<:<9bA[9;Z<A[c;5K9G:XV%IPV%@M14:'=<9 U e
�+?�
 ?�� � �6KYG I�R"OcX ZBJ���GBX ��J ��R�X JaI P&G M�P&GFZ@J M �"O�� �
R�XS`bXBR � JFX I Z6R��FRTM�R�]��"J M

0214365�I�7�14:<5�7X3�=<IJ:<5�EB9
ZSIJAKIJN4A%IPZ<d<9
|<e��ÚCD3_^`3<:<9 H¢IJ5[H¢IJ=<9 EB14N¦O�:<14A[T,IPEB9�TU9;:<IJ@MV�IJ365K5K@®l3<:<9bcGCX3<IPV%@M14:'=<9bÌ�1J§X§J9;AzO�ÆLEaIJ:<H�§�wX9GV�CD3<9bZ<EB3<5FNJc;:<cGA%IJEM9;TU9;:DVF3<:'=<cG749;EB1JZ<Z�9GTn9G:XV.=<9 �bAKIJTU9;AK5�OË*1��DIJE�Z�143]74IJ@ªV�«pV%A[9jV%AK�G5F5K@MTnZ<EM9;TU9;:DV.IP5K5K1XH;@MciIJ3]\mH¢IJ5[H¢IJ=69;5�@B:6R<:<@BTU9;:DV.=<@ª7X@B5K@MY<EB9G5 � EB14A[5KCD3<9iEM9;5H;36Tk3<EaIJ:DV%5�=<9ÉV%14365814A[=<AK9G589p\]@M5[V%9G:XV&¡pe¦021J3<5>:<143658@B:DV%cGAK9G5K5K1J:<58TnIJ@B:DV%9G:SIJ:DV�IJ3�EM@B9G:t9G:XVKAK9�H;IJ5KH;IJ=<9EB1JNPO�@M:6RS:<@MTn9G:XVL=6@M7X@B5[@BY<EM9�9pVFc;CD3SI¦V%@B1J:m=<9i��IJ:<NJ9G7X@B:_e]�W14AK5[CD3<9jEB9G5�HG1]9
1nHG@B9G:XVK5
µ(X)

9pV
σ(X)

=<3ZSIJAKIJN4AKIJZ<d<9bZ<A[c;H;cG=<9;:DVjZ6AK9;:6:<9;:DVr36:<9t��14A[Tn9bZSIPA[V%@MH;3<EM@B�GAK9Jw6E­^`c;CD3SIPVK@B14:'=<9t��IJ:<N49p7]@M:�=<cGH;A[@MV�3<:<9cG7414EB36VK@B14:o±k¸&� Ä�²�¹ � ²­À&»JÄ�² 	J°pe
qÒH;9pVic;N4IJAK=_w�:<143<52V%AK1J367�14:<52=<9;5icGEBcGTn9G:XVK52V%A[�;5j@M:<5[VKAK3<HpV%@ª��5r=SIJ:65jEB9 ��@M5K§49G:¤{ª�;|<�;��w�Z_e`|D��OQ|a;9GV�=SIJ:<5�EM9nÈ?IJ: �bIJTUZ�9;:Ã{:;�����w8Zge �J~Jv6e � 143<5�=69;3]\���14:XVtEB9nEB@M9;:¤I�7�9;HnE­^`c;CD3SIPVK@B14: =<9���IJ:<NJ9G7X@B:IJ5[5K1XH;@BcG9Je��L^`14367XA%IJNJ9®=69 ��@B5[§49;:gw<Z_e`|D�]w<:<1J3<5�5K@BNJ:SIJEB9iCD3<9bE�^�cGCX3<IPV%@M14:�=<9t��IP:<N49G7X@M:

ξ̇=C1ξ +

√
C2

2
ξL(t) ��áKá[á eM�;|4|D¡

14â
C1

9GV
C2(> 0)

5K1J:XVs=<9;5tH;14:<5zV&IJ:DV%9G5�9GV
L(t)

9;5[V�EB9UTn143]7�9;TU9;:DV®Y<AK1 � :<@B9G:�5zV&IJ:<=<IJAK=_w�9;5zV3<:<9�7�9GAK5[@B14:Ú5K@MTnZ6EB@MR<c;9m=<3�Z<A[14Y<EB�GTn9�HGEaIJ5[5K@MCX369�=<9 �i3<Y�1 � 145[H;@MEBEaI¦V%9;36A�lo��AKc;CD3<9G:<H;9�Y<A[3<@MVKc;9�¡�e�L^�cGCD3SIPV%@M14:'=<9®Ì�1J§X§J9;AzO�ÆLEaIJ:<H�§Uc;CD3<@ª74IJEM9;:DV%9 � Z_e`|a;�¡�5G^�cGH;AK@ªV®�
∂P s

∂s
= − ∂

∂ξ

[
(C1 +

C2

2
)ξ Ps

]
+

∂2

∂ξ2

[
C2

2
ξ2 Ps

]
��áKá[á eM�¢|��4¡

021J3<5�A[9;HG14:<:SIJ@M5K5[14:<5�E­^`9p\6IJHGVK9W£[36Tn9GEBEB9L=69?E�^�cGCX3<IPV%@M14: ��áKá[á eM���<9�¡pe��W9LV%9GAKTU9 ∂

∂ξ

C2

2
ξ Ps

5G^�@M:XVK9;A[Z<AK�pV%9
dSIJY6@MV%369;EBEM9;TU9;:DV.HG14TnTU9j3<:69®=6c;AK@ª7�9bZSIJAKIJ5K@ªV%9i=<3<9®IJ3'Y<A[3<@MV;e

�r9�5K14:
H 
JV%cPw_È�IP: �bIJTnZ�9;:�{:;�����w_Z_e��J~4v]w_:<143<5iZ6AK14Z�145K9�3<:69kTncpV%d<1X=<9k5[�X5zV%c;TnIPVK@BCD3<9kZ�143<AV%AKIJ:<5z��14AKTU9;A�3<:<9®c;CD3SI¦V%@B1J:*=<9t��IJ:<N49p7X@B:�:<14:�EB@B:6c¢IJ@MAK9j9G:�3<:<9®c;CD3SI¦V%@B1J:*=<9t��IJ:<N49p7X@B:�EB@B:6c¢IJ@MAK9Je
d]14@ªVFE­^`c;CD3SI¦V%@B1J:�=69t��IJ:6N49G7X@B:':<1J:*EM@B:<c;IJ@BA[9

ξ̇=A(ξ) +

√
C2

2
C(ξ)L(t) ��á[áKá eª�¢|a9�¡

7j:�ZSIJA[EB9�=SIJ:<5FHG9jH¢IJ5�=<9 º ¶�¸]²´ÄL±k¸&� Ä�²�¹ � ²­À&»JÄ�² ��e 7i:,Z�9G36VF5K9rA%IJTU9;:<9GAFIJ3mH;IJ5.EM@B:<c;IJ@BA[929G:�=<@M7X@B5KIJ:DVE­^`c;CD3SI¦V%@B1J:�ZSIJA
C(ξ)

w<9GV�9G:*9phg9GHGVK3SIJ:DV2EM9iH�dSIJ:<N49GTn9G:XV.=<9i74IJA[@aIJY6EB9
y=

∫
dξ

C(ξ)
, C1(y) =

A(ξ)

C(ξ)
, Ps(y) =Ps(ξ)C(ξ). ��á[áKá eª�¢|D¥4¡

� � � +I2�-�48�CPI1<�': E_� E_ #4�Y��!:�1."NM�4�e �':,�% #48�%�U"%1.X�4I�!4�"N #:*/I-�"%+.�=) e �'M�4I-L�%1. �:*)8� �I � ���!"%\ �N+.-�:IG � +< #"�E�M�4�e  �:,E!e 1.:;�%�!"��'E�E%�
� )8�FEH/�"� �PI-�P�1.+<1<�%�FEH)8�,��"�-�:IE_1<�%1. �:fSf�Ne �'M�4I-L�%1. �: �'E_�5-L4WE%E%1NY��!"�1DRI�'��/I-L"H+.�'E5)81�EO��"%1.P�48��1< #:IE

P (X, t)
)84�/I"% 8G7�FE%E%4IE

+.4�1D\i& �!&���S �= �4IE[1.:IE%1.E_�% #:IE[E_4I"[G!�J/W #1<:;�gG!-�"Q1.+ �'E_�[1<&�/9 �"%��-L:;�g)8�h)81�EO��1<:IX�4��'"Q/9 �4I"[M�4��'+<+.�hM�4I-L:;��1D���U #: �'G!"%1<�g4�:��
�'M�4I-L�%1. �:0)8� �W ����#�'"_\ �N+�-L:IG	�9S



� � �F�&�
���:,���� �&� � � �

7j:*TU14:DV%A[9iIJEB1JAK5.CD3<9®E­^`c;CD3SIPVK@B14: ��áKá[á eM�¢|&9�¡�9;5zV2cGCD3<@M7JIJEB9G:XVK9il
∂Ps
∂s

= − ∂

∂y
[C1(y)Ps(y) ] +

∂2

∂y2

[
C2

2
Ps(y)

]
��áKá[á eM�¢|&;�¡

�jIJ:65¨EM9¤H¢IJ5
14â
A(ξ) = C1ξ

9pV
C(ξ) = ξ

wj14: Z�1J5K9
y = ln ξ

w
C1(y) = C1 = cste

w
Π(y) = ξP (ξ)

e;e;e[9GV�E�^�cGCX3<IPV%@M14: ��áKá[á eM�;|a;�¡?9G5[V2c;CD3<@M7JIJEM9;:DV%9jl ��á[áKá eª���4�4¡�e
��9;TnIJAKCD3<9n�g3<:<9sAKc;5[14EB3]V%@B1J:�=<@MAK9;HpV%9tZSIJAr=69;5iTUcGV%d61]=<9G5r=<9sH¢IJEMH;3<E�5[VK1]H�dSIJ5zV%@MCX369s=<9�E�^�cGCD3SIPV%@M14:=<9���IJ:<NJ9G7X@B:k:<1J:kEB@B:6c¢IJ@MAK9ÉH;14A[AK9;5[Z�1J:<=SIJ:DV�IJ3�Z<A[14ZSIJN�I¦V%9;36A8EB1JNPO�:<1JAKTnIJED9;5[V�Z6AKc;5[9;:DV%cG9F=SIJ:<5�{©�4�;��e

� �mÕjÛ��>Ý�ÖÉØ�ÑBÕrÛ
��I�:<1PV%@B1J: =<9�5[9;TU@ªO�NJAK143<Z�9kH;1J:<5[VK@MV%369nEM9�RSE�AK143<NJ9U=69nHG9nH�dSIJZ6@MV%A[9Je�fLEBEM9k:<143<5tI'Tn9G:<c�=<9;55K9GTn@©O�N4A[143<Z�9;5�=<9sHG14:D7�14EB3]V%@B1J:�IJ3X\�H;IJ5KH;IJ=<9G5jEB14N¦O�@B:]RS:<@BTU9;:DVF=<@ª7X@B5K@MY<EB9G52Z63<@B52IJ3]\�Z<AK1XH;9G5K5[3<5i=<9Ë�IJA[§41�7�9GVrIJ3]\'cGCD3SIPV%@M14:<5�=<9tÌ�14§D§49GAzO�Æ�EBIJ:<H�§U9GV2=<9s��IJ:6N49G7X@B:ge�02143<52I�7�14:<5�AK9GT,IPAKCD3<c®CX369tEM9;5=<@M5[V%A[@BY<3]V%@B1J:<5F@B:6R<:<@BTU9;:DV�=<@M7X@M5K@BY6EB9;5�IPZ<ZSIJAKIJ@B5[5K9;:DV�V%A[�;52��A[c;CD3<9GTnTU9;:DV�=SIJ:<5�EB9G5�VKA%I�74IJ3X\�5K36A2EM9;5IJ5[Z�9GHGV%5�5[V%IPV%@M5[VK@BCD3<9;5F=69®EBI�V%3<A[Y<3<EB9G:<H;9Pe
0214365?:<1J3<5?5[14TUTn9G5L@B:DV%c;A[9;5[5Kc;5?IJ3]\kTk3<EMVK@BZ<EM@BH¢I¦V%9;36AK5 �[º ¶�°%»¦¼J½X·¦¾L¿�À�·¦°�ÂÃÀp²­°p¿SÄ´¯K¡�5[14367�9G:XVÉcG741POCD3<c;5s9;: VK3<AKY63<EB9G:<H;9Pe á EÉ5;^�IJN4@ªVt@MH;@�=_^`3<:�cGEBcGTn9G:XV®=_^`3<:<9mA[c �S9�\]@B14: Z<EB3<5b7JIJ5[VK9n5[3<AsEM9UEM@B9G: 9G:XVKAK9H¢IP5KH¢IP=<9;5�Tk3<EªV%@BZ6EB@BH;IPV%@ª7�9;5W9pV�H¢IJ5[H¢IJ=69;5�EB14N¦O�@B:]RS:<@BTU9;:DV�=<@M7X@M5K@BY6EB9;5 � 5[@BN4:SIPEB14:<58IJ3�ZSIJ5[5%IJN49FE�^�IPA[V%@MH;EM9=<9 � e Ë e�Ë�14EBH�dSIJ:¨{©�4��~��´¡je�021PV%AK9bHG14:X7X@MHGV%@M14:�9;5zV�CX369tEBI�=6cGRS:<@ªV%@M14:'dSIJY<@ªV%3<9GEBEB92=<9;5�Tk3<EªV%@BZ6EB@BH;I¦OV%9G3<AK5
Wr1,r2

A[9;EM�G7�9j=g^�3<:69iT,IJ3]74IJ@M5K92@B:DV%3<@ªV%@B1J:n=<3�Z6EaIJ:mVK9;TUZ<5zOQc;H�d<9;EMEB9PeYd]@�9;EMEB9rZ�9;3]V�5K9?£[3<5zV%@MR<9;AZSIJA�EaIFA[9;H�d<9;A[H�d<9?=69�EB1J@B5W3<:<@ª7�9;A[5K9GEBEB9G5�9;:tVK3<AKY63<EB9G:<H;9 � VK9;EBEM9;5�CD3<9�EBI �L²´¶&¯pÄ�¸]¿S² 	J°p¶%¯;» � ²´Ä � � �&¹�·¦Ä �S°&¯p²B¯=<9 � 9��4¡�w6E­^`@B:]��14AKTnIPV%@M14:UCX3g^�14:�9;5[Z��GAK9®9;:'V%@MAK9;A�:<9b5K9;AKIkCX369tZSIPAKH;9GEBEBIJ@BA[9r9GV�=6@�1UH;@MEB9ilk9p\]Z<EM14@MVK9;AGey�9;Z�9;:6=SIJ:DV¢w4:<1J3<5L:_^`9p\]H;EM3<14:<5�ZSIJ5Gw4Y<@M9;:UIJ3kH;1J:XVKA%IJ@MAK9Jw¦3<:<9�HG14:<:<9�\6@M14:k��14A[VK9.9;:DV%A[9FH¢IJ5[H¢IJ=69;5�EB14N¦O@B:]RS:<@BTU9;:DV�=<@ª7]@M5K@MY<EB9G5W9GV�H¢IJ5[H¢IJ=<9G5>Tk3<EªV%@BZ6EB@BH;IPV%@ª7�9;5GeGyr^�9G5[V>36:<9?=6@BAK9GHGVK@B14:®=<9�A[9;H�d<9GAKH�d<9É9;5K5[9;:DV%@M9;EBEM9=SIJ:65�EBIJCD3<9;EMEB9jZ6EB3<5[@B9;36AK5�IJ5[Z�9GHGV%5�=<9GTn9G3<AK9G:XV�TnIJEgHG14TnZ6AK@B5Ge
0214365tI�7�14:65j9;:<5[3<@MVK9�@B:<5[@B5[VKck5K3<AbEM9�A 
4EM9�V%A[�;5iZSIJAzV%@MH;3<EM@B9;A�£[143<ckZSIJAiEM9;5iH;IJ5KH;IJ=<9;5®Z�145K5[c;=SIJ:DV3<:
:<1��DIJ3oEM14NPO�Æ�14@B5[5K14:/HG14TUZ�145[cJeWÊ�:<9�IJ:SIPEB14N4@M9s9G:XVKAK9kEB9sTn1X=<�;EM9�=<9�Z<A[14ZSIJN�I¦V%@B1J:/=_^`3<:
A%I���14:EB36Tn@M:<9;3]\ =SIP:<5�EaI�È?1J@B9n��IPHGV%cG9m=�
Úl/q2TkYSIJA � 3<TU@aIJ:�{ª�¢v¦�.9pVkEaI*H¢IJ5[H¢IJ=<9�=g^�cG:<9;A[N4@B9�l�VKA%I�7�9;A[5EB9G5tcGH�d<9;EMEB9;5®9;: V%3<A[Y<3<EB9G:<H;9,:<143<5sI�IJTU9;:<cG5�l�Z<AK14Z�145[9;As36:<9n7X@B5[@B14: 14AK@MN4@B:<IJEB9�=63
Z<d<cG:<14TU�;:<9=_^`@B:DV%9GAKTU@MVKVK9;:<HG9t5zV&IPVK@B5zV%@BCD3<9®9;:/VK3<AKY63<EB9G:<H;9Pe_021J3<5r��14A[Tk3<EB14:65�:61JV%A[9s@B:DV%9GAKZ<A[cGV%IPV%@M14:*9G:/V%9GAKTU9;5=<9�V&IJ3]\�=<9*V%A%IP:<5[��9GA[Vm=g^�cG:<9;A[N4@B9�l¨V%AKI�749;AK5n3<:Á:<1JTkY<AK9*IJEBc;IPV%1J@BAK9�=69/5[VKAK3<HpV%3<A[9;5m=<@M5K5[@BZSIPVK@M7�9G5AKcGZSIJAzV%@B9G5F9;:DV%A[9®EM9;5FcGHpd69;EBEM9;5F=_^`@B:�£[9;HGVK@B14:'9pV2EM9;5FcGHpd69;EBEM9;5F=<@M5K5[@BZSIPVK@M7�9G5;e
��Is��14:<HGVK@B14:

H(q)
9;5[V�IP5K5K1XH;@Mc;9iltEaIt=6@B5[VKAK@MY<36V%@M14:,=69jH;9jV%IJ3]\,=<9rV%AKIJ:<5z��9;A[V;e<�jIP:<5.EB92Tn1X=<�GEB9

�i|<�4wX@BE�5;^�IJN4@ªV�=g^�3<:69j=<@B5zV%A[@BY<36VK@B14:U=<9i�2@BA%IPHrH;1J:<H;9G:XVKAKc;9r9;:
β = 1

e]�L^�cG:<9;A[N4@B929;5[V.@B:DV%c;NJA%IJEM9;TU9;:DVV%AKIJ:<5z��c;AKcG9j5%IP:<5FZ�9GA[VK9j=<9;5�N4A%IJ:6=<9;5.cGH�d<9;EMEB9;5?=_^`@B:¦£[9GHGV%@M14:b£[365KCD3_^�IJ3]\�cGH�d<9;EMEB9;5?EB9G5�Z<EM3<5.Z�9GV%@ªV%9G5�14â9;EMEB9�9;5zVF=<@B5[5K@MZ�cG92=SIP:<5.5%I®V%1JV%IJEB@ªV%cJeD�W92Tn1X=<�;EM92EM14NPO�Æ814@B5[5K14:UZ<A[14Z�1J5K9r=g^�36VK@BEM@B5K9GA�3<:<9j=<@M5[VKAK@BY636V%@M14:=<9*�r@BAKIJH'9;:
β = Cte < 1

e 7j:�H;14:65K@B=6�;AK9*IJEM14AK5�CD3<9�EaIo=<@B5[5K@MZSIPV%@M14:Ú9;5zV,Z<A[c;5[9;:DV%9*l
VK1436V%9G5EB9G5�c;H�d<9GEBEM9;5;w�T,IP@B5sCD3_^`9;EMEB9n9;5[V�=63<9'l/3<:¤5K9G3<EF9GV�3<:<@BCD3<9mV��XZ�9m=<9m5zV%AK36HGV%36AK9;5�=<@M5K5[@BZSIPVK@M7�9G5;w�H;9CD3<@bZSIJAKI��BV�@M:XVK3<@MVK@M7�9GTn9G:XVnH;1J:XVKA%IJ=<@MHGVK14@BA[9oI�749;HoEaI¤HG14TnZ6EB9p\]@ªV%co=<9G5*cGH;143<EM9;TU9;:DV%5mVK3<AKY<36EB9;:DV%5Ge
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�W9;5FTU1]=6�;EB9G5�EM14NPO�Æ�14@B5[5K14:nH;14TUZ�1J5Kc;5.IJ36V%1JAK@B5[9;:DV.EM9rV&IJ3X\m=<9jVKA%IJ:65[��9;AzV�l �S3<HpV%3<9GA�IJEBc;IPV%1J@BAK9GTn9G:XV
� β 6= Cte

¡pe
�j3<9;EMEB9bCD3<9�5K1J@MV�EaI�=<@B5zV%A[@BY<36VK@B14:*IJ5[5K1XH;@BcG9sl

H(q)
w�E�^�@M:X7JIJA[@aIJ:<HG9r=_^`c;H�d<9GEBEM9 � n(a) ∝ ln a

¡F9;5zVAK9GEB@Mc;9jlt3<:<9j=<@M5[VKAK@BY636V%@M14:,d<1JTn14NJ�;:<929;:�c;H�d<9GEBEM92=<9G5F5[VKAK3<HpV%3<A[9;5F=<@M5K5K@MZSIPVK@M7�9G5;e]f�:'IPYSIJ:<=<1J:<:SIJ:DVE­^`@B:D7JIJAK@BIJ:<H;9i=g^�cGHpd69;EBEM9Jw�14:oAK9G:<=oH;14TUZ6VK9�=<9kEaIU74IJA[@aIPVK@B14:'=<9kEBI,=<9G:<5K@ªV%c�9G:¨5zV%A[3<HGVK3<AK9G5i=<@B5[5K@BZ<I¦OV%@ª7�9;5Gw>Z<EM3<5s��IJ@MY<EB9�IP3]\¤N4AKIJ:<=<9G5kc;H�d<9GEBEB9G5k=_^`@B:¦£[9GHGV%@M14:_w�Z<EB3<5sN4A%IJ:6=<9'IJ3]\ÚcGH�d<9;EMEB9;5s=<@B5[5K@BZ<IPV%@ª7�9;5Ge
n(a)

5;^`@B:DV%9;A[Z<AK�pV%9iHG14TnTU9i3<:�:<14TkY<A[9jTU1¦��9G:�=<9b5[VKAK3<HpV%3<A[9;5r=6@B5K5[@BZSI¦V%@M749;5.9G:XVKAK9i=<9G3]\�c;H�d<9GEBEB9G5;e
fL:6RS:_wW:<1J3<5jH;EBIJAK@ªRS14:<52EB9G5iEB@B9G:<5r9G:XVKAK9�H;IJ5KH;IJ=<9G5®EM14NPOQ@B:6RS:6@BTU9;:DV�=<@M7X@B5[@BY<EM9;529GViZ<A[1]HG9;5[5K3<5®=<9Ë�IJA[§41�7*9G:oc;H�d<9GEBEB9Peg0�143<5j9�\]Z<EB@MH;@MVK14:<5���14AKTU9;EMEB9GTn9G:XV�EBI,H;14A[AK9G5KZ�14:<=SIJ:6H;9�9G:XVKAK9�HG1]9
1nHG@B9G:XVK5j=<9

�iA%IJTU9;A[5zO�Ë*1¦��IJEg9pV�H;3<Tk3<EBIJ:DV%5.=<3�Z<A[14ZSIJN�I¦V%9;36A;eS0�143<5�Tn1J:XVKAK14:<5�5K3<AzV%1436V�HG14TnTU9;:DVFEBI�:<1JV%@M14:=<9'5K9GTn@©O�N4A[143<Z�9,Z�9;A[Tn9pV�=<9'AKc;36:<@BA � 5K14365UHG9;AzV&IJ@M:<9;5�H;1J:<=<@MVK@B14:65&¡tEM9;5�H;IJ5KH;IJ=<9;5UEB1JNPO�@M:6RS:<@MTn9G:XV=<@ª7]@M5K@MY<EB9G5;w6E�^�cGCD3SIPV%@M14:�=<9t��IJ:<N49p7]@M:'9GV�E­^`c;CD3SIPVK@B14:�=69tÌ�14§D§49GAzO�ÆLEBIJ:<H�§�e
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��I�Tn1X=<cGEB@B5KIPV%@M14:Ú=<9/=<1J:<:<c;9G5m9p\]Z�c;A[@BTU9;:DV&IJEM9;5UZSIJA,=69;5mEM14@B5U=_^`c;H�d<9;EMEB9G5,ZSIJ5[5K9���I¦V&IJEM9;TU9;:DVZSIJA®V%A[14@B5®cGV%IJZ�9G5�9;5[5K9G:XVK@B9;EMEB9G5;e��jIJ:<5�36:¤Z<AK9GTn@M9;AbV%9;TUZ<5Gw�@MEÉ��IJ3]Vs=<cpV%9GHGV%9GAkEaI�Z<AKcG5K9;:6H;9�=<9mHG9;5EB1J@B5F=_^`c;H�d<9GEBEB9Pe�f�:65K3<@ªV%9®EB9®Tn1X=<�;EM9bZ<AK14Z�145[ct=<1J@MV�«GVKAK9t7JIJEM@B=<cPw6H;9tCD3<@�5[3<N4N4�GAK9tE­^`36V%@MEB@B5KIPV%@M14:,=g^�3<:V%9G5[V;e�f�:]RS:_w�E­^`9;5zV%@BTnIPVK@B14:n=<9;5�ZSIJAKIJTn�pV%A[9;5F=<3�Tn1X=<�GEB9iZ�9;AKTU9GV[V%AKI�=<9bCX3<IJ:XVK@MRS9GAFZ<EB365�1J3�TU14@M:<5Z<A[c;H;@M5KcGTn9G:XV2EB9G52H;IJA%IJHpV%cGAK@B5zV%@MCX369;5�9;5K5[9;:DV%@M9;EBEM9;5�=<9G5r=<14:6:<c;9G5_Åg=<9tZ<EB365�@ME�9;5[V29;:�N4c;:<cGA%IJE�5[143<dSIJ@©OV&IPY<EB9�CD3<9�HG9GVKVK9kcGV%IJZ�9k=g^�9G5[V%@MT,I¦V%@B1J:/5K14@ªVblmEaIU��14@B5jA[14Y<3<5zV%9�9GVjA%IJZ<@M=<9Je_02143<5iZ6AKc;5[9;:DV%14:65i=SIJ:<5H;9�H�dSIJZ6@MV%A[9�3<:<9�cpV%3<=<9�=_^`9;5zV%@MT,IPVK9;3<A[5bl�YSIJ5K9�=_^`14:<=69;EB9pVKVK9;5bZ�1J3<AiE­^�IJ:SIJEª�X5K9�=<9G5bEB14@M5j=_^`c;H�d<9;EMEB9Pe��I®Z<IJA[VK@B9b��7X@M5K9�=_^�IPY�14A[=,lbH¢IPA%IJHpV%c;A[@B5[9;A�3<:,9G5[VK@BTnIPV%9G3<A�=<9;5É9p\]Z�145%IJ:DV%5
ζ(q)

=<3 4GTk3<EMVK@B5[H¢IJEM@B:<N�4
� 7414@BA�y�dge� � ;¡pw<I�7�9GHiEB9i5[143<H;@�=_^�IJHGH;14TUZSIJN4:69;AFE­^`9;5zV%@MT,IPVK@B14:,=_^�36:*@M:XVK9;A[7JIJEMEB9�=<9bH;14:6RSIJ:<H;9Pe��jIJ:<5EaIiZSIPA[V%@M9��]w4:<1J3<5?Z6AK14Z�145K1J:<5�9GVÉcGVK3<=<@B1J:<5�=<9;5�9;5zV%@MT,IPVK9;3<A[5�Z�1436ALEB9;5�CD3SIJ:DV%@ªV%cG5

H(q)
9GV
n(a)

H¢I¦OA%IPHGV%cGAK@M5%IJ:DVF3<:<9bH;IJ5KH;IJ=<9bEB14N¦O�@B:]RS:<@BTU9;:DVÉ=<@M7X@M5K@BY6EB9>Å]:<143<5�Z<A[c;5K9G:XVK14:<5�EB9G5FAKcG5K3<EªV&IPVK5F14Y6V%9G:]365F5K3<A=<9G5j=<14:<:6c;9;5r=<9tVKc;EBcpV%AKIPRSHs@M:6��14A[T,IPVK@BCD3<9Pe���IUZSIJAzV%@B9t~,5G^�@M:XVKc;AK9G5K5[9�IJ3/H;IJ5jZSIPA[V%@MH;3<EM@B9GAF=<9�E­^`9;5zV%@©OTnIPV%@M14:�=<3�5KZ�9;HpV%A[9�Tk36EMV%@ª��A%IJHpV&IJED=<9G5LTn1J367�9;TU9;:DV%58EB@B:6c¢IJ@MAK9;5���A%IJHpV%@M14:<:SIJ@MAK9G5>5[V%IJY<EB9G5 � � Z6AK1XH;9;5[5K3<5
α
OQ5[V%IJY<EB9G5;wSIPZ<Z�9GEBcG52�Le�Ì�e"d�e Ë¨e ¡�e

Í � ÛLÜ��ÉÔPÑ ��Û���Ï Ù�� � ����ÏÉÝ�ÝMÏ Ï 	ÚÏ8Ø 	SÑ�Ð �
	DÏ�ÖFÔGØ�� Þ���Ø6Ï Ù��´ÕjÛÉÙFÏ?ÝMÏ�	 	DÏ�Ø
��IrTn1PV%@M7JIPVK@B14:i9G5K5K9G:XVK@B9GEBEB9É=<3sVKA%I�74IP@BE4Z<A[c;5[9;:DV%c.=SIP:<5>H;9pVKVK9.ZSIJAzV%@B9É9;5zVLE­^`9;5zV%@MT,IPVK@B14:b=<9G5>9p\]Z�1PO5%IP:XVK5
ζ(q)

=<92EM14@B58=_^�cGH�d<9;EMEB9JwJT,IJ@M5>5K36A[V%1J36VÉE­^`9;5[VK@BTnIPV%@M14:�HG14:¦£[14@M:XVK9F=_^�36:n@M:XVK9;A[7JIJEMEB9É=<9�H;14:6RSIJ:<H;9Z�143<A�EBI®7JIJEB9G3<A�14Y6VK9;:X3<9Je<Ë*«;TU9jIJZ6Z<AK1�\]@BTnIPV%@ª��w4E­^`@B:DV%9GA[7JIJEBEM9�=<9jHG14:6R�IP:<H;9j9G5[VF36:�c;EBcGTn9G:XV?@B:6=<@B5�OZ�9;:<5KIJY<EB9�lbE­^`9p\]Z<EM14@MV%IPV%@M14:�=<9�AKcG5K3<EªV&IPVK5?IP3]\]CX369;EB5É14:U:<9�5%IJ3<AKIJ@MV�CD3<9GE�HGAKcG=<@MV?IJHGH;14A[=<9;A�5K@M:<14:_eD��IH;1JTnZSIPA%IJ@M5K14: �¦H;14:6��A[14:DV&IPVK@B14:�9;:DV%A[9U=6@Mh�c;AK9G:XVK5iAKcG5K3<EªV&IPVK5i:_^�9G5[V®Z�145K5[@BY<EM9kCX369U5[@LE­^`14:
I�3<:<9�@B=6c;9IJ3/TU14@M:<5rIPZ<Z<AK1XH�d<c;9t=<9;5rYSIJAKA[9;5j=g^�9GAKAK9G3<AiIJ5[5K1XH;@Mc;9;5GeWyr^`9;5zVbZ�1436AKCD3<14@�:<143<5rZ<AK14Z�145[14:<5j@MH;@�3<:<9TUcGV%d61]=<9i=g^�9G5[V%@MT,I¦V%@B1J:�=<9;5�@B:DV%9GA[7JIJEBEM9;5É=<9bH;14:]R�IJ:<HG9t5[3<A�EB9;5�9G5[V%@MT,I¦V%@B1J:<5�=<9G529�\]Z�145KIJ:DV%5
ζ(q)

e

Í�=�Í ��ÛÉÙFÏ?ÝMÏ�	 	DÏ�Ø�Ï 	ÃÝBÕ2ÑBØÃÙ�� ������Ï?Ý�ÝBÏ
0214365jI�7�14:<5�=<c�£Kln9;3/3<:�IJZ�9;AK¬G3/=<9G5jCD3SIJEB@ªV%cG529G5K5K9G:XVK@B9GEBEB9G5�=<9;5rVKA%IJ:65[��14A[TncG9;5r9G:�14:6=<9;EM9GVKVK9;5=SIJ:65�EBI�ZSIJAzV%@B9i � ¦e��]eM�Je � A[14@B5.Z6AK14Z<A[@BcpV%c;5F7�1J:XV�£[1J3<9;A�@BHG@_3<:�A 
4EM9jH;EMcJe
��I,Z<AK9GTn@M�;A[9s9;5zViEaI � � � � ��� 	���� ��� ������� ��� � ����� ����� � ��� ��Z<IJArEM9;5rHG1]9
1UH;@B9G:XVK5j=_^`14:<=<9GEB9pVKV%9PeÊ2:69mYSIJ5[9�=_^�1J:<=<9;EM9GV[V%9;5kcpV&IJ:DV�1JY6V%9G:]3<9G5kZSIJAt=<@BEBIPV&IPVK@B14:¨=<9mE�^�1J:<=<9;EM9GV[V%9,TU�;A[9Jw�EB9;5sH;1X921UH;@M9;:DV%5=_^`14:<=<9GEB9pVKV%9�=g^�3<:ÚZ<A[1]HG9;5[5K3<5

X
AK9GZ<AK1X=<3<@M5K9G:XVkZ<IJA[��IJ@ªV%9GTn9G:XVtEB9G5kEB14@M5s=_^`c;H�d<9GEBEB9nCD3_^�@ME.H;1J:XVK@B9;:DV¢w

� ���FEC&� #&(�':;��EC) e  #"�)�"%�
q
) e 4I:��UYL-�"%1�-LPI+<�

α
\iE_��-�P�+<�U:�e �7681.E_�%�':;�QM�4��U/W #4�"

−1 < q < α
�8G7�JM�4�1W2�-L1<�[-�/�/I-L"V-����%"��

)8�FE[/�"% #P�+.$!&��'EgE%/W�FG71<RWM�4��'E'S



� ��� � � �����<� �b��� �0���2���:� ���a� ��$ �0��$ � �&�
	S����$\�"! 

$\� �&�

CD3_^`@BE>5G^�IJNJ@B5K5[9�=_^�IP36V%1POQ5K@MTn@MEaIJA[@MV%cPwS=<9�=<c;Z�9;:6=SIJ:<HG9nEM14:<N43<9Pw_=<9�AKcGN43<EBIJAK@ªV%c�EM1]H;IJEB9Pwg143
=_^`3<:¨H;14TkOZ�14A[VK9;TU9;:DV�Tk3<EMVK@M��A%IPHGV&IPE8{��J~6w��4��uXwW���]w��4¥Dwg�Pu]w�¥4�Xw���~]�Jw���94~��­eB7j:*A[9GVK@B9;:6=<A%IUCX369tZ<AKIPV%@MCD3<9;TU9;:DVV%1J36V%9G5LEB9;5�Z<AK1JZ<AK@McGV%cG5>14Y<5[9;Az74IJY6EB9;585K3<A>EM9;5LIPH;H;A[14@B5[5K9GTn9G:XVK5>=_^`3<:�Z<AK1XH;9G5K5K365;w�EB9?5K14:DVL5[3<A>5%IrVKA%IJ:65zO��14A[TncG9i9;:�14:<=<9GEB9GV[V%9G5;e
��I�=<9;3]\]@M�;TU9iZ<AK14Z6AK@BcpV%cj@MTnZ�14AzV&IJ:DV%9�9GV.VKAK�G5FZ<A%IPVK@BCD3<9i9G5[V�E­^`9Gh�9GV.=<9�� � � � � ��� � � ��� � � � � ��� �
�=<9G58H;1X921UHG@B9;:DV%5�9;:s14:<=<9GEB9GV[V%9PeP�W14A[5KCD3_^`14:�5[9�AK9G5[VKAK9;@M:XV8l2E�^�cpV%3<=69?=<9G58Z<A[1]HG9;5[5K3<5Ll2IJH;HGAK14@M5K5[9;TU9;:DV%55[V%IPV%@M14:<:SIP@BAK9G5;w�EB9G5�H;1X921UHG@B9;:DV%5t=_^`14:<=<9GEB9GV[V%9mHG14:<5zV%@MVK3<9;:DVkl*Hpd<IJCD3<9mc;H�d<9GEBEM9n=<9G5�Z<A[1]HG9;5K5[3<5k5[V%I¦OV%@M14:<:SIP@BAK9G5;e4Ë*@B9G3]\�w�Z�1436AL3<:�Z<AK1XH;9G5K5K365�lbIJHGH;AK1J@B5K5[9;TU9;:DV%5L=_^`14A[=<AK9

p ≥ 1
5[V%IPV%@M14:<:SIP@BAK9G5 ��EB14A[5KCD3<9EB9':<1JTkY<AK9

N
=<9�Tn14TU9;:DV%5k:X3<EM5U=69*E�^�14:6=<9;EM9GVKVK9'9;5[V,5K3<Z�c;A[@B9G3<An1J3!c;N4IJE�l

p
wLEM9;5UH;1X921UH;@M9;:DV%5=_^`14:<=<9GEB9pVKV%9n��14AKTU9;:DV�l*Hpd<IJCD3<9mc;H�d<9GEBEM9,3<:¤Z<A[1]HG9;5[5K3<5k5zV&IPVK@B14:<:<IJ@BA[9�{©�;��e�q2@B:<5[@�:<14365�Z�1J3<AKA[14:<536VK@BEB@M5K9GA�=69;5iTU1¦��9G:<:<9G52V%9GTnZ�14A[9;EBEM9;5�Z�1J3<Ar9G5[V%@MTn9GA2=69;5iTU1¦��9G:<:<9G5r=_^`9;:<5[9;TkY<EM9Je��r9�5[3<AKHGAK1��MV¢w�EaIV%AKIJ:<5z��14AKTUc;9�9;:U14:<=69;EB9pVKVK9�9G5[V?@B:<5[9;:<5[@BY<EM9�IJ3]\kVK9;:<=SIP:<H;9G5�Z�14EM�X:<14TU@aIPEB9;5�=_^`14AK=<A[9 ≤ N−1

eXÆ8143<A
N
5K3 1U5%IPTnTU9;:DV.N4AKIJ:<=_wDEM9;5�HG1]9
1UH;@B9G:XVK5�9G:m14:<=<9GEB9pVKV%92:<9jA[9;:<=<A[14:DV�=<1J:<HjH;1JTnZ6VK92CD3<9r=<9;5 �<3<HpOV%3<IPV%@M14:<5;wX5%IP:<5.«GVKAK9j5[9;:<5[@BY<EM9ils3<:69j=<c;A[@M7�92=<143<HG9 � Z�14EM�X:<1JTn@BIJEB9¢¡8ZSIJA%IP5K@MV%IJ:DV?cp7�9;:DV%369;EBEM9;TU9;:DV�EM95K@MN4:SIJE�e
��IUV%A[14@B5[@B�GTn9iZ<A[14Z<A[@BcGVKct9G5[Vr=�
olnE�^ ��� � ��� � � ��� ��� ��� � � � ��� ��=<9G5rHG1]9
1nHG@B9G:XVK5r=_^`14:<=<9GEB9pVKV%9PeÆ81436A?EBIbVKA%IJ:<5z��14AKTUc;929;:m1J:<=<9;EM9GV[V%9�=<@B5[H;AK�pV%9j=69;5�Z6AK1XH;9;5[5K3<5�IP36V%145[@BTU@BEBIJ@BA[9;58N4IJ3<5K5[@B9G:<5FlsIPH;H;A[14@B5�O5K9GTn9G:XVK5�5[V&I¦V%@B1J:<:SIJ@MAK9;5Gw614:�Z�9;36V�TU14:XVKAK9GA.CD3<9U{�¥4�Xw_��94~P�

á f [ dX(j, k)dX(j, k′) ] ' | k − k′ |2H−2N , | k − k′ |→ +∞ ��á È�eª��¡fL:sZSIPA[V%@MH;3<EM@B9GA;w¢=<�G58CD3<9?EB9�:<14TkY<A[9�=<9?TU14TU9;:DV%5W:X3<EB5
N > H+1/2

w�EB9G5�HG1]9
1nHG@B9G:XVK5�=_^`14:<=69;EB9pVKVK9
dX(j, .)

:<9
Z<AKcG5K9G:XVK9;:DV*Z6EB3<5�=<9o=6c;Z�9;:<=SIP:<H;9¨EB14:6N43<9JeFy�9GVKVK9
5[V%A[3<HGVK3<AK9
=<9
HG14AKA[c;EaI¦V%@B1J:ÁAK9G5[V%97JIJEaIJY6EB9rZ�143<A�EB9;5�Z<A[1]HG9;5[5K3<52IJ36VK1PO�5[@BTU@BEaIP@BAK9G5ÉlUIPH;H;A[14@B5[5K9GTn9G:XVK5F5[V&I¦V%@B1J:<:SIJ@MAK9;5�:<14:]OQN�IJ3<5[5K@B9G:<5�=<97JIJAK@BIJ:<H;9jR<:<@B9Pe��L^`cGVK3<=<9®=<9tHG9GV29Gh�9GV2=<9sHG9GV29Gh�9GV2=<9®=<c;HG14AKA[c;EaI¦V%@B1J:�Z�143<A�EB9G5�14AK=<A[9;5�5K3<Z�c;A[@B9G3<AK5lk�bAK9;5zV%9ilb��IJ@BA[9JeX021J3<5?��9GAK14:<5�ZSIJAÉEaIt5[3<@MVK9rE�^�dD�XZ�1JVKd<�;5[9 � @B=<c;IJEB9¢¡L=g^�9�\<IPHGV%9r@B:<=<cGZ�9G:<=SIJ:6H;9j9G:XVKAK9V%1J3<5�EB9;5�HG1]9
1nHG@B9G:XVK5U=g^�14:6=<9;EM9GVKVK9'=<@B5[H;AK�pV%9
dX(j, k)

eÉy�9GV[V%9�dX�XZ�1JV%d<�G5K9PwÉY6@B9;:�CD3_^`cG7X@B=<9GTnTU9;:DVV%A[14Z'14Z6VK@BTU@B5[VK9Jw]5;^�I�7��GAK9jVK1436V2l���IJ@MVFZ�9;AzV%@M:<9;:DV%9Pe
� 143]V%9;5tH;9G5sZ<A[14Z<AK@McGVKc;5®:<143<5t@B:<HG@MV%9G:XVtl�cGV%36=<@B9GAtEM9;5®EB14@M5®=g^�cGHpd69;EBEM9,l�ZSIJAzV%@BAb=_^`3<:<9,IJ:SIJEª�X5K9Tk3<EªV%@BA[c;5[14EB36VK@B14:�=_^`3<:�Z<AK1XH;9G5K5[3<5rlkIPH;H;A[14@B5[5K9GTn9G:XVK5F5[V&I¦V%@B1J:<:SIJ@MAK9;5Ge<�W9;5�HG1]9
1nHG@B9G:XVK5F=_^�1J:<=<9;EM9GV[V%9AK9GZ<AK1X=<3<@M5K9G:XVsH;9;5kEM14@B5t=_^`c;H�d<9;EMEB9Pe>y�14TUTU9,@BEM5®��1JAKTU9;:DV�=<9G5�Z<AK1XH;9G5K5[3<5�5[V&I¦V%@B1J:<:SIJ@MAK9;5sl�H�dSIJCD3<9c;H�d<9GEBEM9Jw6:6143<5FZ�143<AKA[14:<5.3]V%@BEM@B5[9;A�=69;5FTU1¦��9G:<:<9G5�V%9GTnZ�14AK9GEBEM9;5�Z�143<AF9G5[VK@BTU9;A�=69;5�9;5[Z�cGA%IJ:<HG9;5�T,I�OV%d6c;TnIPV%@MCX369;5;e�fL:6R<:_w�E­^`@B:<=<cGZ�9G:<=SIJ:6H;9 � 5[3<Z<Z�145KcG9�¡'=<9;5'H;1X921UHG@B9;:DV%5 dX(j, k)

9G:XVKAK9
9;3X\�:<143<5Z�9;AKTU9GV�=69®Z6AK14Z�145K9GA�3<:<9b9;5zV%@BTnIPVK@B14:�HG14:X749;:SIJY6EB9j=<9G52@M:XVK9;Az74IJEMEB9G5?=<9bHG14:6R�IJ:6H;9Je
Í�=	� 
¤Ñ ��ÓrÔ ��Ð ÐàÏ8ØÁÝMÕ.Ó�� ������Ï?Ý�ÝBÏ�Ø

�jIJ:<5?EB9G5ÉZ<IJA%IJNJA%IJZ<d69;5��4e��®lU�4e�|6w�:<143<5É:<143<5É@B:DV%cGAK9G5K5K1J:<5ÉltE­^`9;5zV%@MT,IPVK@B14:s=<9;5É9p\]Z�145%IJ:DV%5
ζ(q)V%9GEB5FCD3<9 � RSN6e á È�eª��¡j� á f [ | dX(j, k) |q ] ∝ 2jζ(q), j1 ≤ j ≤ j2 ��á È�e��4¡�W9�Hpd614@ª\r=<9�EaI.N�IPTnTU9

[j1, j2]
=SIJ:65WEaIJCD3<9GEBEB9814:b9Gh�9;HGVK3<9ÉE­^`9;5[VK@BTnIPV%@M14:r9G5[V�=<@ 1nHG@BEM9LlF14Z6V%@MTn@M5K9GA_=<9��IJ¬G14:,5z�]5zV%cGT,IPVK@BCD3<9Pe60�143<5ÉEaIJ@M5K5K1J:<5?HG9GV[V%9rCD3<9G5[VK@B14:n=<9rH 
JV%cPw]9pV�5[3<Z<Z�145K14:65�EaIbN�IJTUTU9�=g^�cGHpd69;EBEM9

� ���FEh-�G!G!"% #1.E�E%�!&��!:;�VE�) e  �"V)8"%� ��E_ #:;�U+.�'Eh-�G'G7"� �1�E%E%�!&��':;��E�)8�FEh-�G'G7"� �1�E%E%�!&��!:;�VE����': G! �:IE%1�)8�!"V-L:;�U)��(&,-�:�1<$'"%�
"��'G74I"%"��!:;���=+.�'Eg-�G'G7"� �1�E%E%�!&��':;��EQ)8�'Eg-#G!G7"� �1�E�E_�'&(�':;��E'S!S'S_ �:,)8�!RI:�1<�=+.�'Eg-�G'G7"� �1�E%E%�!&��':;��E�)�e  #"�)8"��

p
S



��� �T�0'N
�.A� 
(�
�0�L��� �0���2���:� � ��$*����$ ��! 

$H��,�. � � )N
���� ��� �&�2����� ��$ $ ��� � � �

0 10
j

lo
g 2 S

1

-1 0 1 2 3 4 5
-1

0

1

2

q

ζ(
q)

����� � ��� � ��
 f8\]9;TUZ<EB9b=<9b=<@BIJN4A%IPTnTU92EM14NPOQc;H�d<9;EMEB9Pw]9pV�9p\]Z�1J5%IJ:DV%5
ζ(q)

14Y]V%9;:X3<5Gw�IPhg9GHGVKc;5�=<9bEB9G3<AK5@M:XVK9;Az74IJEMEB9G5?=<9bHG14:6R�IJ:6H;9tlUu4���me
[j1, j2]

Z<AKcG=<cGVK9;AKTU@B:6c;9Je*7j:�=<cpRS:<@MVsEB9G5t��14:<HpV%@M14:<5®=<9,5zV%AK36HGV%36AK9m14:6=<9;EM9GVKVK9 � 7�14@BA  � ¦e �Xe�|D¡iZ�143<AV%1J36V
q
ZSIJA

Sq(j) =
1

nj

nj∑

k=1

|dX(j, k)|q, ��á È�e�~�¡
14â

nj
9;5zVmEM9�:614TkY<AK9'=<9�H;1X921UHG@B9;:DV%5U=_^`14:<=<9GEB9pVKV%9*l E�^�cGH�d<9;EMEB9

j
e �2IJZ6Z�9GEB14:<5�CD3<9*5K@

n
9G5[VnEaIEB1J:<N43<9G3<A8=<9FEBIrAKc;IJEB@M5%IPVK@B14:®cGVK3<=<@Mc;9Jw

nj ∝ 2−jn
e4�W9;5LHG1]9
1nHG@B9G:XVK5

dX(j, .)
��14AKTnIJ:DV836:kZ<AK1XH;9G5K5K3655[V%IPV%@M14:<:SIP@BAK9PwJ14:UZ�9;36V�IJ3<5[5K@<7�14@MA

Sq(j)
HG14TUTn9F3<:U9;5zV%@MT,IPVK9;3<AL=69 á f [ |dX(j, k)|q ]

eD��IiTncpV%d<1X=<9=_^`9;5zV%@BTnIPVK@B14:�=<9
ζ(q)

EaI¤Z<EB365*5[@BTUZ<EB9o5[3<N4N4cGAKc;9 ZSIJA ��á Èse �J¡'HG14:<5K@M5[VK9�IJEM14AK5�lÚ9Gh�9;HpV%3<9GA�3<:<9AKcGN4AK9G5K5[@B14:�EB@M:<c¢IJ@MAK92=SIJ:<5�3<:�=<@aIPN4A%IJTUTU9rEB1JNPO�cGHpd69;EBEM9;5
log2 Sq

7X5
j = log2(a)

e�7j:*Z�145[9
Zq(j) = log2 Sq(j). ��á È�e`|D¡�L^�9G5[VK@BTnIPV%9G3<A

ζ̂(q)
@B5[5K3�=<9bEaI�A[c;N4A[9;5K5[@B14:�EB@M:<c¢IP@BAK929;5zVr=<cGH;A[@MV�ZSIJA

ζ̂(q) =

j2∑

j=j1

wj Zq(j) ��á È�e��4¡
14â'EB9G5�Z�14@M=<5

wj
=<1J@M7�9G:XV.74c;AK@ªRS9;A





j2∑

j=j1

j wj = 1

j2∑

j=j1

wj = 0.

��á È�e�9�¡

7j:k36V%@MEB@M5K9;AKI25[14@MVL36:<9FAKcGN4AK9G5K5K@M14:kEB@M:<c¢IP@BAK9É:<14:XO�Z�14:<=<cGAKc;9Pw45K1J@MVL3<:69FAKc;NJAK9;5[5K@M14:kEB@M:<c¢IJ@MAK9ÉZ�1J:<=<c;A[c;9
� Z<IJA nj 143�7JIJA (Zq(j)) ¡�e@7j:�9G5[VK@BTU9bIJEB14A[5FEaIs7JIJAK@BIJ:<HG9j=<9bH;9pV29G5[VK@BTnIPV%9G3<AFZSIJA

7JIJA
(ζ̂(q)) =

j2∑

j=j1

w2
j

7JIJA
(Zq(j)) ��á È�e�¥4¡
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9;:¨5K36Z<Z�1J5%IJ:DVb7]AKIJ@B9kE�^�dD�XZ�1PV%d<�G5K9�=_^`@B:<=<cGZ�9G:<=SIJ:6H;9U9;:DV%AK9�EM9;5iH;1X921UHG@B9;:DV%5b=_^`14:<=69;EB9pVKVK9Je��W9;5b74I�OAK@BIJ:<HG9;5�7JIJA
(Zq(j))

5[9;AK1J:XVF5[9;EM14:�EB9G5.H¢IJ5�H¢IJEMH;3<EMc;9;5.IJ:SIJEª�XVK@BCD3<9GTn9G:XV;wDV%IJY<3<EMc;9G5F:]3<TUc;A[@BCD3<9GTn9G:XV;w143/9G5[VK@BTUc;9;5Ge � A%ÇPH;9�lU3<:oIJA[N43<TU9;:DVr=69s:<14A[T,IPEB@MVKcbIJ5[�XTUZ6V%1PV%@BCD3<9Pw�1J:/Z�1J3<AKAKIn9;:�=<c;=<36@BAK9t3<:<99;5zV%@MT,IPVK@B14:,=_^�36:*@M:XVK9;A[7JIJEMEB9�=<9bH;14:6RSIJ:<H;9 � l�u�� � =SIJ:65�:61JV%A[9®H;IJ5&¡�e��W9®Y6@aIJ@M5.9;5zV2=6cGRS:<@�ZSIPA
j2∑

j=j1

wj ( á f [Zq(j)]− log2 á f [ | dX(j, k) |q ]︸ ︷︷ ︸
ζ(q)j+bq

) ��á È�e�;�¡
fL:6RS:_wSZ�143<AFVK9;5[VK9;A�E­^�IJ=<cGCD3SIPV%@M14:'=<3'Tn1X=<�GEB9Jw614:'36V%@MEB@B5[9jEaIs7JIJA[@aIJY<EM9

F =

j2∑

j=j1

(
Zq(j)− (ζ̂(q)j + b̂q)

)2

7JIJA
(Zq(j))

��á È�e�u�¡
14â
ζ̂(q)

9pV
b̂q
5K1J:XV�AK9G5KZ�9;HGVK@M7�9GTn9G:XV�EB9G58Z�9;:DV%9É9GV814AK=<1J:<:<c;9.l2E­^`14A[@BN4@M:<9L9;5zV%@BTUc;9G58ZSIPA�EBI2AKcGN4AK9G5K5[@B14:EB@M:<c¢IP@BAK9Pe 7j:ÁIJZ<Z6EB@BCD3<9*l

F
3<:!VK9;5zVm=<3

χ2 l [(j2 − j1 + 1) − 2]
=<9GN4AKcG5m=<9*EB@BY�9;AzV%cPwL9;:Á5[9��14:<=<IJ:XVr9;:<HG14AK9k36:<9���14@B525K3<ArE­^`dX�XZ�1JV%d<�G5K9�=g^�@M:<=<c;Z�9;:6=SIJ:<HG9U=69;5iH;1X921UHG@B9;:DV%5r=_^�1J:<=<9;EM9GV[V%9�9G:XVKAK99;3X\ge%7j: H;IJEBHG3<EB9UIJEM14AK5bEBI'Z6AK14YSIPY<@BEM@MV%c

Q
CX369,EaIm7JIJAK@BIJY<EM9

F
Z<AK9G:<:<9n3<:<9�74IJEM9;3<Ai5[3<Z�c;AK@M9;3<A[9,lH;9GEBEM9n9phg9GHGV%@ª7�9;TU9;:DVt14Y<5K9GA[7�cG9Jw�H;9,CD3<@?Z�1J3<AKAKIJ@MV®H;1J:<5[VK@MV%369;AsEBI*YSIP5K9,=g^�3<:
VK9;5zV�=<9mEBI�Z6AK14Z<A[@BcpV%c=_^`@B:D74IPAK@aIP:<H;92=_^�cGH�d<9;EMEB9Je

Í�=�� � � Ï�ÐÒ×�ÝBÏ ÙFÏ Ý �´Ï�Ø 	SÑ�Ð � 	SÑMÕjÛ#ÙiÖ ×��?Ô ��Ð�� 	SÔ;Ï)Ù �
��Ö 	DÕ �4Ø�Ñ­ÐÒÑ�Ý �?Ô¦Ñ 	 �
H×�ÕrÖ�Ô¨Ö�Û ×�ÔGÕ �WÏ8Ø]ØgÖ�Ø¤Ó ��Ö�Ø6Ø�ÑBÏ?Û

0214365n:<1J3<5�5K9;Az7�14:<5U=<9'H;9pV,9�\]9;TUZ<EB954G5[@BTUZ<EB9&4,Z�1J3<A�Z<AKcGZSIJAK9GA�EB9�ZSIJAKIJN4AKIJZ<d<9'5K36@M7JIJ:XV�9GVTU9GVKVKAK9
9;: cG7X@M=<9;:<HG9 EM9;5'=<@ 1nHG3<EMVKc;5'CD3<@iZ�9;367�9G:XV�5[3<AKN4@MA�=SIJ:<5�EB9oH;IJ=<A[9¨Z6EB3<5'N4cG:<c;AKIJE­e�0�143<5AK9G:X741¦��1J:<5.EB9iEM9;HpV%9;36A2lkEBI�AKcG��cGAK9G:<H;9,{�����Z�1436AF3<:<9bZ<AKcG5K9G:XV%IPV%@M14:'=<cGV%IJ@BEMEBc;9Pe
�L^�9G5[V%@MT,I¦V%9;36AFCX369t:<1J3<5�Z<AKcG5K9;:DV%1J:<5�T,IJ@M:XVK9;:SIP:XV�9;5[V�5[3<N4N4cGAKc®ZSIJAFEaI�A[9;EBIPV%@M14:o�
á f [ | dX(j, k) |q ] = 2jqH á f [ | dX(0, k) |q ], ∀ q �¨á f [ | dX(j, k) |q ] < +∞. ��á È�eª��v�¡

7j:*H�d<9GAKH�d<9bIJEM14AK5�lk9G5[V%@MTn9GA
H
N4A%ÇJHG9®l'�

Ĥq =
1

q

j2∑

j=j1

wj Zq(j)

︸ ︷︷ ︸
q̂H

��á È�eª�4��¡

�jIJ:658EB9ÉH¢IP5�=_^`3<:�Z6AK1XH;9;5[5K3<58N�IJ3<5[5K@B9G:_w¦Z�1436A
q = 2

w�14:sZ�9;3]V>H¢IPEBH;36EB9;A�IJ:<IJEM�DV%@MCD3<9;TU9;:DV�EB9ÉY<@aIP@B5�9GVEaIr7JIJA[@aIJ:<HG9�=<9�HG9GV�9;5zV%@MT,IPVK9;3<A � 5K14365LdX�XZ�1JV%d<�G5K9�=_^`@B:<=6c;Z�9;:<=SIP:<H;9�=<9;5�HG1]9
1nHG@B9G:XVK5L=_^�1J:<=<9;EM9GV[V%9�¡�e7j: TU14:DV%A[9nIP@B:<5[@LCX369nY<@BIJ@B5i9pVt7JIJA[@aIJ:<HG9k5K9UH;14TUZ�14A[VK9;:DVb9;:
1/n

wW1Jâ
n
9;5zVsEBI'EM14:<N4369;3<Ab=<9UEaIAKc;IJEB@M5%IPVK@B14:*cGVK3<=<@BcG9Je��r9�Z<EM3<5;wg@BE89G5[V®IJEM14AK52��IJH;@MEB9�=<9kHG14AKA[@BN49GAjEB9�VK9;A[Tn9k=<9kY6@aIJ@M5;wg9pVb=<9k=<14:6:<9;AIJ:SIPEM�DV%@MCX369;TU9;:DVt36:
@B:DV%9GA[7JIJEBEM9s=<9nH;14:6RSIJ:<H;9,5K3<A

Ĥ2

e8fL:6RS:gw�14:�Z�9G36V�14Z]V%@BTU@B5[9;AiE�^�9G5[V%@MT,I¦V%@B1J:9;:¤9phg9GHGVK3SIJ:DV�3<:<9,AKc;NJAK9;5[5K@M14:
EB@M:<c¢IP@BAK9�Z�14:<=<cGAKcG9mZSIJA
wj ∝ 1/

7JIJA
(Z2(j))

w�1Jâ�74IPA
(Z2(j))

9;5[VH¢IPEBH;36EBc;9bIP:SIJEM�DVK@BCD3<9;TU9;:DV¢e



��� �T�0'N
�.A� 
(�
�0�L��� �0���2���:� � ��$*����$ ��! 

$H��,�. � � )N
���� ��� �&�2����� ��$ $ ��� � � �

�W14AK5[CX3g^�14:�5;^`@B:DV%c;A[9;5[5K9mIP3]\ 9;5[VK@BTnIPV%9G3<AK5
Ĥq

Z�1436A
q 6= 2

w�EM9;5®H¢IJEMH;3<EM5tIP:SIJEM�DVK@BCD3<9;5®:<9UZ�9GAzOTU9GVKVK9;:DV8Z6EB3<5�=_^�1JY6V%9G:<@BA�CX369.=<9;58AKc;5[3<EMV%IPV%5>IJZ<Z<A[1]H�d<cG5 � =6cG7�9GEB14Z<Z�9;TU9;:DV%5�EB@MTn@ªV%cG5�9G: 1/n
¡peP02c;IJ:]OTU14@B:<5Gw>3<:<9'=<cGT,IPAKH�d<9�V%143]VUl
��IJ@ªVk5K@MTn@MEaIJ@MAK9nloH;9;EMEB9�36VK@BEM@B5KcG9�Z�1J3<A

q = 2
9;5zVUZ�145[5K@MY<EB9�Z�143<A14Z6VK@BTU@B5[9;A�E­^`9;5[VK@BTnIPV%9G3<A;e87j:o14Y<5[9;A[749kIJEB1JAK5rCD3<9kEM9;5j9G5[VK@BTnIPV%9G3<AK5

Ĥq
w
Ĥ2

9;5zVb14Z6V%@MT,IPE­w�IJ3o5[9;:<514âÚE­^`9;A[AK9G3<A�CX3<IJ=<A%I¦V%@BCD3<9'TU1¦�49;:<:<9 � 7JIJAK@BIJ:<H;9 � H¢IJA[AKc�=<3�Y<@BIJ@B5%¡t9;5zV,TU@B:<@MT,IPEB9Je á EF:g^�9G5[VnZSIJ5cGVK14:<:SIP:XV�CD3<9®EaIk74IJEM9;3<A
q = 2

£[143<9b3<:*A 
4EM9iZSIJAzV%@BHG3<EB@M9;AF=SIP:<52EM9iH¢IJ5�=_^`3<:�Z6AK1XH;9;5[5K3<5rN�IJ3<5[5K@B9G:_wZ<3<@M5KCD3<9iV%1J3<5�EB9;5�TU14TU9;:DV%5.5[14:XV�=6cGV%9GAKTU@B:<cG5FZSIJA�EaIs7JIJA[@aIJ:<HG9Je
0214365b741¦��1J:<5jZ�14@B:<=6AK9�EM9;5i=<@ 1nHG3<EMVKc;5jCD3<9�Z�143<A[A%Im5K1J3<EB9p7�9;AiE�^�9G5[V%@MT,I¦V%@B1J:�:<14:
Z<EM3<5i=<3
5K9G3<EZSIJAKIJTU�GV%A[9

H
T,IJ@M5�=<9;5.9�\]Z�145KIJ:DV%5

ζ(q)
=<3mTk36EMV%@M5KH;IJEB@M:<N<wJ=<IJ:<5�36:mH¢IJ=6AK9jcp7�9;:DV%3<9GEBEM9;TU9;:DV�:<14:]ON�IJ365K5K@M9;:_e

Í�= � �rØ 	SÑ­Ð �
	SÑMÕjÛ#ÙFÏ8Ø�Ï � ×�Õ�Ø ��Û
	DØ ζ(q) ÙiÖ��>Ð ÖFÝ 	SÑMØ����FÝ�Ñ�Û�Ó��
0214365�cGVK3<=<@M14:<5É@BH;@�E�^�9G5[V%@MT,I¦V%9;36AL=<9;5.9�\]Z�145KIJ:DV%5

ζ(q)
Z6AKc;5[9;:DV%crIJ3��4e��]eX�jIJ:65�EB9�TU«;TU9�9G5KZ<A[@MVCD3_^�IJ3'�4e�~]wP14:kH�d<9GAKH�d<9Flj1JY6V%9G:<@BA�@B=<c;IJEB9GTn9G:XV�3<:�9;5zV%@MT,IPVK9;3<A�:<14:]OQY<@aIP@B5KcPw�=<9.74IPAK@aIP:<H;9ÉTn@M:<@BTnIJEM9Je021J3<5,Z<A[c;5[9;:DV%14:<5,=_^�IPY�14A[=!EM9;5,A[c;5[3<EMV%IPV%5n14Y6V%9G:]365,5K1J3<5,E�^�dD�XZ�1JVKd<�;5[9�CD3<9/EBI¨=6@B5[VKAK@MY<36V%@M14:�=<9;5

dX(j, k)
9;5[V�N4IJ3<5K5[@B9G:<:<9 ��3 �4e`|<eM��¡pe<0�143<5.Z6AK14Z�145K1J:<5F9;:<5[3<@MVK9i3<:<9jTUcGVKd<1X=<9j=_^`9;5zV%@BTnIPVK@B14:n5%IJ:<5�IZ<A[@B14A[@�=SIJ:<5�EB9ÉH¢IJ5�14â�EM9;5�H;1X921UH;@M9;:DV%5�=_^�1J:<=<9;EM9GV[V%9�5[14:DV�cp7�9;:DV%369;EBEM9;TU9;:DV�:<14:]OQN�IJ3<5[5K@B9G:<5 ��3 �Je�|<e��4¡�e��I.RSN43<A[9 á Èse";FZ_eD��~4~FZ<A[c;5[9;:DV%9�EB9G5�A[c;5[3<EMV%IPV%5�14Y6VK9;:X3<5�5K3<A�E�^�9�\69GTnZ6EB9L=_^`3<:sTU1436749;TU9;:DVWY<AK1 � :<@M9;:��A%IPHGV%@M14:<:SIP@BAK9F9G:,V%9GTnZ65?Tk3<EªV%@ª��A%IJHpV&IJE�eJ��I®R<N43<AK9�È�eª��~tZge���9�¥®TU14:DV%AK9�EM9;5ÉAKc;5[3<EMV%IPV%5É14Y6VK9;:X3<5É5K3<AEB9G5.��14:<HpV%@B1J:<5F=<9b5[VKAK3<HpV%3<A[9t9G:�VK3<AKY<36EB9;:6H;9Je

>@?��%?A> � GYM)��G8K MNM�RTJFX
0214365r:<143652HG14:<H;9G:XVKAK14:652=SIP:<5rHG9tZSIPA%IJN4AKIJZ<d<9b5[3<ArE�^�9G5[V%@MT,I¦V%@B1J:m=_^`9p\]Z�1J5%IJ:DV%5

ζ(q)
wS5K1J3<52EM9;5dD�]Z�1JVKd<�;5[9;5�5K3<@ª74IJ:DV%9G5j�

� � � á f [ | dX(j, k) |q ] = aq 2jζ(q), j1 ≤ j ≤ j2
w

� � �iEB9G5
dX(j, k)

5[14:DV�@B:<=<cGZ�9G:<=SIJ:DV%5 � 9pV�@B=<9G:XVK@BCD3<9GTn9G:XV�=<@B5zV%A[@BY<3<cG5L5K9GEB14:k3<:69�EM14@X:<14AKTnIJEM9 �lkH�dSIJCD3<9bc;H�d<9GEBEM9Je
�L^�9G5[VK@BTnIPV%@M14:m9;5zVjIPEB14A[5���14:<=<cG9b5K3<A�EaIkA[9;EaI¦V%@B1J: ��á Èse �4¡.CD3<9b:<14365�A[c;cGH;AK@ª7�14:<5�5[143<5�EaI���14A[Tn9

log2 á f [ | dX(j, k) |q ] = jζ(q) + bq, j1 ≤ j ≤ j2 ��á È�eª���4¡7j:*HG14:<5[@B=<�GAK9®IJEB1JAK5.E�^�9G5[V%@MT,I¦V%9;36A.cG7�1XCD3<cb=SIJ:<5�EM9iZSIJA%IPN4A%IJZ6d<9��4e �m�
ζ̂(q) =

j2∑

j=j1

wj Zq(j) ��á È�eª��~�¡
� �� #4IE�48��1<+.1�E_ #:IE�E �;E_�%�'&,-d�%1�M�4��!&��':;��+ e � �;/W ��%��$FE_� M�4I-�E%1<\^1.:I)81�E_/9�!:WE%-�P�+<� )�e 1.:I)8�'/W�':I)�-L:WG7� )8�FE G! ��!b*G71.�!:;��E

dX(j, k)
S

�[TU-�:IE(+<� G!-#)8"%��)84 &(4�+<�%1�E%G'-L+.1<:�X �aG!�7�_��� � �;/9 L�%�I$'E%�*�'E_�5:��FG7�FE%E�-L1."%�'&��!:;�H4�:��0-L/I/�"% L6;1.&,-d��1< #:�S �� #4IE5-LY# #:IE
)8�����5 #PIE%�!"�Y#�=M�4�e  �: /9 �4�YL-�1D��-�E�E% ;G!1<�'"Q-�4 G! �&�/9 �"%�%�!&��':;�Q)8�J&(4�+D��1.E�G!-�+<1.:�X(4�:��J�!Y� �+.48��1< #: )8�'Eg)�1.E_�%"�1<PI48�%1. �:IEg)��'E
G7 ;�!b,G!1<�':;��E[) e  �:I)��!+.�7�_��� �5�%"V-dY#�'"�EN+<�FEg�'GK�I�!+.+<� �;)� �:IGJ-dY��'G

j
S
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 f8\]9;TUZ<EB9�=69�V%IJY<3<EBIPV%@M14:�=69
gq(nj)

9pV
σ2
q (nj)

Z�143<A
q = 4

e�y�9;5i7JIJEB9G3<AK525K14:DVi14Y]V%9pO:X3<9G5?:X3<TUc;AK@MCD3<9;TU9;:DVÉltZSIPA[V%@MAL=<9j~Jv4v4v4viAKc;IJEB@M5%IPVK@B14:65L@B:<=<cGZ�9G:<=SIJ:DV%9G5?=g^�3<:6927JIJAK@BIJY<EB9IPEBc¢I¦V%14@MAK9�N�IJ3<5[5K@B9G:<:<9PeL7j:ÃEB9;5,36V%@MEB@B5[9*36:<@BCD3<9GTn9G:XV�EM14AK5[CD3<9
nj ≤ Nlim

e � IJ:DV,CD3<9
nj ≥ Nlim

EM9i=<cG7�9GEB14Z6Z�9GTn9G:XV ��á È�eª�¢|D¡�9G5[V�74IJEBIJY<EM9Je
Æ81436AF=<cGVK9;AKTU@B:69;AFEB9iY6@aIJ@M5F9GV�EaIs7JIJAK@BIJ:<HG9j=<9bH;9pVr9G5[V%@MT,I¦V%9;36A;w6:6143<5�=<9G7�1J:<5�H;14:<:<I��BVKAK9 á f [Zq(j)]9GV�7JIJA

(Zq(j))
e

Æ8143<AFEM9;5�N4AKIJ:<=<9G5�7JIJEM9;3<A[5.=<9
nj
wS14:'Tn1J:XVKAK9iIJ5[5K9 � ��IJHG@BEM9;TU9;:DV.CD3<9U�





á f [ Zq(j) ] ' log2 á f [ | dX(j, k) |q ] − Vq
2 ln 2nj︸ ︷︷ ︸
gq(nj)7JIJA

(Zq(j)) ' Vq
(ln 2)2nj︸ ︷︷ ︸
σ2
q(nj)

��á È�eª�¢|D¡

I�7�9;H
Vq =

74IJA
(| dX |q)

( á f [ | dX |q ])2

=
√
π

Γ(q + 1/2)

Γ( q+1
2

)2
− 1.

��á È�eª���4¡

��IiCX3<IJ:XVK@MVKc
Vq
9;5zVÉ@B:<=<cGZ�9G:<=SIJ:DV%9F=69�EBIj74IJA[@aIJ:6H;9.=<9G5�H;1X921UH;@M9;:DV%5;w�9pVÉ:_^�9G5[V?H¢IJAKIJHGVKc;A[@B5[VK@BCD3<9FCD3<9=<9FEBIr��14AKTU9.N�IJ365K5K@M9;:<:69�=69FEaIj=<@M5[V%A[@BY<3]V%@B1J:_e¦��9G5�=<cG7�9GEB14Z6Z�9GTn9G:XVK5>EB@MTn@ªV%c;5 ��á ÈseM�;|D¡85K14:DV>7JIJEaIPY<EB9G55K@

nj �
Vq

(ln 2)2
. ��á È�eª��9�¡

fL:
Z<A%IPVK@BCD3<9Pw_EB9G5jAK9GEaIPVK@B14:<5 ��á ÈseM�¢|�¡25K14:DVjVKAK�;5bY<@M9;:/7�cGAK@ªRSc;9G5iZ�1436A nj ≥ Nlim = 10Vq/(ln 2)2 eÆ81436A
q = 2

w�EM9;5�AKcG5K3<EªV&IPVK5�IP:SIJEM�DVK@BCD3<9;5�cp7�1]CD3<cG5�=<IJ:<5�EB9LZSIJAKIJN4AKIJZ<d<9�Z<A[c;H;cG=<9;:DV>A[9;5zV%9;:DV�74IPEaIJY<EM9;5Gw9GV�:<1J3<5�Z�1436AKAK1J:<5FEB9G5�3]V%@BEM@B5[9;A;e
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 fL5[V%@MT,I¦V%@B1J:/5%IJ:65tI�Z<A[@B14A[@>=<9 � l�N<e�¡ á f [Zq(j)] ' log2 á f [|dX(j, k)|q] + βq/nj
9pV � l=6A;e�¡F=69b7JIJA

(Zq(j)) ' νq/nj
9G:*3]V%@BEM@B5KIJ:XV ��á ÈseM��;4¡�Z�1436A q = 3

e
7jA�EM9b:<14TkY<A[9i=<9bH;1X921UH;@M9;:DV%5�=<@B5[Z�14:6@BY<EM9;5Fl�H�dSIJCD3<9®c;H�d<9;EMEB9i9G5[V�V%9;EWCD3<9

nj ∝ 2−jn
w�9pV2=6cpOH;A[1��BV?9p\]Z�14:<9G:XVK@B9;EMEB9GTn9G:XV�EM14AK5[CX369

j
H;A[1��BV;e]0�143<5.A[@B5[CX3614:<5�=614:<Hj=_^`«GVKAK92H;14:6��A[14:DV%c;5?Z<EB365�5K1J367�9;:DVCD3_^`14:*:69iEB9j5[143<dSIJ@ªV%9bl�3<:69®5[@MVK3SIPV%@M14:m14â'EM9;5FIJZ6Z<AK1�\]@BTnIPV%@M14:<5 ��á È�eª�¢|D¡�:69i5K14:DV�Z<EB365FH;14A[AK9;HpV%9G5;e021J3<58:_^�I�7�14:<5�=SIJ:658H;9ÉH¢IP58ZSIJ5�=_^�IJ36VKAK9�5[14EB3]V%@B1J:®CD3<9?=<9?V%IJY<3<EM9;A�EB9G5�VK9;A[Tn9G58=<9ÉY<@aIP@B5

gq(nj)
9GV8=<97JIJAK@BIJ:<H;9

σ2
q(nj)

EB@BcG5Él
Zq

Z�143<AÉ3<:,9G:<5K9GTkY<EB9�=<927JIJEM9;3<A[5É=69
q
9GV�=<9

nj ≤ Nlim = 10Vq/(ln 2)2 e�W9;5j7JIJEB9G3<AK5�V&IJY63<EBcG9;5j5[14:XVj14Y6V%9G:]369;5iZ�143<ArH�dSIPCX369
nj

9G:o9Gh�9;HpV%3SIJ:DVb3<:oN4AKIJ:<=o:<1JTkY<AK9t=<9�V%@©OA%IPN49;5i=<9
nj

7JIJAK@BIJY<EB9G52N4IJ3<5K5[@B9G:<:<9;5b@M:<=<c;Z�9;:6=SIJ:DV%9;5
(x

(i)
k )k=1,nj

w
1 ≤ i ≤ Ntirages

e67j:
H¢IJEMH;3<EM9
Z

(i)
q = log2(1/nj

∑ | x(i)
k |q) Z�1J3<AsH�dSIJCD3<9nV%@BAKIJN49Pe���I�TU1���9;:<:69,9GVsEaI'74IJA[@aIJ:6H;9U=<9 Z(i)

q
5K3<AE­^`9;:65K9;TkY6EB9®=<9;5rVK@BAKIJN49;52=<9�EM14:<N43<9G3<A

nj
��1J3<AK:<@ªVr36:<9sV%A[�;5jY�14:<:69kIJZ<Z<A[1�\]@MT,IPVK@B14:'=<9 á f [Zq ]

9GV7JIJA
(Zq)

e4��^`14Z�c;AKIPV%@M14:�9;5zV�AKcGZ�cpV%c;9FZ�143<A83<:�9;:<5[9;TkY<EM9.=<9�7JIJEB9G3<AK58=<9
q
9GV�=<9

nj
H;14:D7�9G:SIJY<EM9;TU9;:DVAKcGZSIJAzV%@B9G5;e

�L^�9G5[V%@MT,I¦V%9;36A
ζ̂(q)

36V%@MEB@B5KIJ:DV?EM9;5
Zq(j)

9G5[V�IJ5z�XTnZ6VK1JV%@MCD3<9;TU9;:DV�:614:]O�Y6@aIJ@M5KcJwXEB9�Y<@BIJ@B5É=<c;HGAK14@M5zO5%IP:XV�IJ5[�XTUZ6V%1JVK@BCD3<9GTn9G:XVs9;:
1/n

e � A%ÇPH;9�IJ3X\
14Y65K9;Az74I¦V%@B1J:<5sCD3<9m:6143<5�7�9G:<14:<5�=69m��IJ@BA[9Jw�:<143<5Z�14367�14:65�9G:<H;1JAK9®IJTUc;EB@M14AK9GA�HG9®HG14TUZ�14AzV%9GTn9G:XVF9G:*A[9;TUZ<EaIP¬¢IJ:DV
Zq(j)

Z<IJA

Z̄q(j) = Zq(j) − gq(nj) ��á È�eª��¥4¡
14â

gq(nj)
9;5zV¢w�5K9GEB14: EB9G5�H;IJ5;w2IJZ<Z6AK1XHpd6c¨NJA%ÇJHG9 l ��á ÈseM�¢|�¡�1J3�V&IPY<3<EBco:X3<TUc;A[@BCD3<9;TU9;:DV'Z�143<A

nj ≤ 10Vq/(ln 2)2 eÉ�r9*Tn«GTn9PwL14:!36VK@BEM@B5K9GA%IoZ�143<A�EaIo74IPAK@aIP:<H;9�=<9 Z̄q EBI
7JIJEB9G3<Ak=<14:6:<c;9*ZSIJA
σ2
q(nj)

=SIJ:<5 ��á ÈseM�;|D¡�143'5%Ik7�9;A[5K@M14:�V&IJY<36EBc;9b:X3<TUc;AK@MCD3<9;TU9;:DV¢e

>@?��%?�� � GYM X OcX!���@GBKYMNM�RTJFX
0214365tIPYSIJ:<=<1J:<:<14:<5®TnIJ@B:DV%9G:SIJ:DVrE�^�dD�XZ�1JVKd<�;5[9 � �¨Z6AKc;HGc;=<9G:XVK9n9G: :69U5[3<Z<Z�145%IP:XV®Z<EM3<5i3<:<9=<@M5[V%A[@BY<3]V%@B1J: :614AKTnIJEB9o=69;5�H;1X921UH;@M9;:DV%5

dX(j, k)
e�0�143<5�5K3<Z<Z�145[14:<5/IPEB14A[5�36:�H;1JTnZ�14A[VK9;TU9;:DV
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5K@MTn@MEaIJ@MAK92l ��á È�eª�¢|D¡�Z�143<A Zq(j) wS=<9bEBIs��14AKTU9





á f [ Zq(j) ] ' log2 á f [ | dX(j, k) |q ] +
βq
nj︸︷︷︸

gq(nj)74IPA
(Zq(j)) ' νq

nj︸︷︷︸
σ2
q(nj)

��á È�eª��;�¡

021J3<5UI�7�1J:<5UIJYSIJ:<=614:<:<c�V%1J36VnI
Z6AK@B1JAK@.5[3<AnEM9;5�=<@M5[V%A[@BY<3]V%@B1J:<5�=<9G5
dX(j, k)

e�Æ>IJAkHG14:<5[c;CD3<9;:DV¢wE­^`9;5zV%@MT,IPVK@B14:U=<9
gq(nj)

9GV.=<9
σ2
q (nj)

l�H�dSIJCD3<9j1XHGV%I�749
j
9;5zV�@B:<cp7]@ªV&IJY6EB9JeX��I�TUcGV%d61]=<9rCX369j:<143<5I�7�14:<5�TU@B5K9�9G: �b367XAK9�9;5zV,EBIo5K3<@ª74IJ:DV%9Pe>q H�dSIJCD3<9�1]HpV&I�7�9

j
14:�=<c;HG143<Z�9*E�^�9G:<5K9GTkY<EB9�=<9G5

njH;1X921UHG@B9;:DV%5r=_^�1J:<=<9;EM9GV[V%9�9G:
l
5[143<5zOQ9;:<5[9;TkY<EM9;5j=6@B5�£[1J@B:DV%5�=<9

n
(l)
j = nj/l

H;1X921UH;@M9;:DV%5Ge_Æ81436Ar3<:<9
7JIJEB9G3<Ab=<9

l
w�1J:
Z�9G36VkIPEB14A[5t9G5[V%@MTn9GA á f [ Z

(l)
q (j) ]

9GVt74IPA
(Z

(l)
q (j))

l�ZSIJAzV%@MA®=69;5s7JIJEB9G3<AK5®=<9
Zq14Y6VK9;:X3<9;5s5K3<A�EM9;5t5K143<5�O�9G:<5K9GTkY<EB9G5m��EBI*TU1¦�49;:<:<9U9GV�EaI�7JIJA[@aIJ:<HG9n=69mH;9G5s74IPEB9;36AK5®=<14:<:<9G:XVs3<:<99;5zV%@MT,IPVK@B14:�=69 á f [Zq ]

9GV�=<9b74IJA
(Zq)

H;IJEBHG3<EBcG52I�7�9GH
n

(l)
j

H;1X921UHG@B9;:DV%5GeB7i:�9Gh�9;HpV%3<9tH;9pVKV%9®14Z�c;AKI¦O
V%@M14:�Z�143<AFZ<EM3<5K@M9;3<A[5.74IJEM9;3<A[5.=<9

l
w<HJ^`9;5zV[O�l¦O�=<@MAK9iZ�143<AFZ<EM3<5K@M9;3<A[5.V&IJ@MEBEM9;5

n
(l)
j

=<9G525[143<5�O�9;:65K9;TkY6EB9;5Ge
�L^�1JAK=<14:6:<c;9rl®E�^�14A[@BN4@M:<9.9pV.EaIiZ�9;:DV%9�=_^`3<:<9rA[c;N4A[9;5[5K@B1J:,EB@M:<c¢IP@BAK9F=<IJ:<5É3<:m=<@BIJN4A%IPTnTU9 á f [ Z

(l)
q (j) ]9;:*��14:<HGVK@B14:*=<9

1/n
(l)
j

��143<A[:<@B5[5K9G:XVrAK9;5[Z�9GHGVK@M7�9GTn9G:XV23<:<9�9G5[VK@BTnIPV%@M14:'=<9
log2 á f [| dX(j, k) |q] 9GV3<:<9r9;5[VK@BTnIPV%@M14:U=<9

βq
wX=<14:6Hr=<9

gq(nj)
e]�r9jTU«;TU9JwD3<:<9rAKc;NJAK9;5[5K@M14:mEB@M:<c¢IP@BAK9�5[3<A�7JIJA

(Z
(l)
q (j))

9;:��14:<HpV%@M14:�=<9
1/n

(l)
j

��1J3<AK:<@ªV�3<:<9�9;5zV%@BTnIPVK@B14:k=<9
νq
=<1J:<H2=69

σ2
q(nj)

eD��IiRSN43<A[9 á Èse�~bAKcG5K3<TU9�H;9GV[V%9TUcGV%d61]=<9Pe
y�14TUTn9.=<IJ:<5LEB9FH;IJ5LN�IJ365K5K@M9;:_wJ:<143<5LZ�14367�1J:<5�IJEB1JAK5>36VK@BEM@B5K9GA

Z̄q
IJ3�EB@M9;3�=69

Zq
Z�143<ALI¦VKV%cG:]369;AEB9UY<@BIJ@B5Gw�9pV�Z<A[14Z�145K9GAs3<:
@M:XVK9;Az74IJEMEB9�=69mH;14:]R�IJ:<HG9,N4AKÇJH;9,IJ3]\ 74IJEM9;3<A[5b9;5[VK@BTUc;9G5s=<9,7JIJA

(Zq(j))AK9GZ�1JA[V%cG9;5k=SIP:<5 ��á Èse ¥4¡�eL�W9�AK9GH;143<A[5�l/3<:<9mV%IJY<3<EBIPV%@M14:�Z�143<AkEM9;5�Z�9GVK@MV%5 nj 9G5[V�9�\6HGEB3ÚZ<3<@M5KCD3<9:<14365t:<9UH;1J:<:SIJ@M5K5K1J:<5sZSIP5sI'Z<AK@M14AK@LEM9;5b=<@M5[V%A[@BY<3]V%@B1J:<5i=<9;5
dX(j, k)

e�q23<5K5[@É��IP3<=<A%I�OQV[OQ@BE�Z<AK9G:<=<AK9N�IJA[=<9blk=<@B5[Z�1J5K9;A�=_^`3<:<9b5zV&IPVK@B5[VK@BCD3<9i5[3 1U5%IJ:DV%9 � nj IJ5K5[9 � N4AKIJ:<=�¡.l�H�dSIJCD3<9ic;H�d<9GEBEM9 j1 ≤ j ≤ j2Z�143<AFTU9GVKVKAK9b9;: �b367XAK9bH;9pVKVK9®TUcGVKd<1X=<9Je
fL:6RS:_wD@B:65K@B5zV%14:65>5K3<A�EM9FA 
4EM9.H;A[3<H;@BIJE<=<9�EaIjN4IJTnTU9�=g^�cGHpd69;EBEM9;5

j1−j2
AK9pV%9;:X3<9�Z�143<A�IJZ<Z6EB@BCD3<9GAEaI�Z<AK1XH;cG=<3<A[9.=_^`9;5[VK@BTnIPV%@M14:_e�0�143<5>:<9�=<@B5[Z�145[14:<5�=_^�IP3<H;3<:�IPEBN414A[@MVKd<Tn9L=69.5KcGEB9;HpV%@M14:�IJ3]V%14TnIPV%@MCD3<9EB1JAK5KCD3<9�EB9G5�EB14@M5L=_^�cGH�d<9;EMEB9�cGVK3<=<@BcG9;5?:<925[14:DVÉ7JIJEBIJY<EB9G5LCD3<92=<IJ:<5�36:<92N4IJTnTU9FAK9G5[VKAK9;@M:XVK9Je]yr^`9;5[V�9;:N4cG:<c;AKIJE6EBIrZ<dD�]5[@BCD3<9 � IJ3k5K9G:<5LEaIPAKN49?=<3�V%9GAKTU9�¡�=63k5[�X5[VK�;TU92IP@B:<5[@]CD3<9FE�^��b@BED9�\69GAKHGcF=<9 4GE�^�9�\6Z�9;AzV�4CD3<@g=6cGV%9GAKTU@B:<9G:XV�EB92Hpd614@ª\U=<9G5Fc;H�d<9GEBEB9G5

j1
9pV
j2
e á E�5;^�IJN4@ªV.=_^`cG7X@MVK9;A.EM9;5?H;14:<HG9;5[5K@B1J:<5FEB14A[5�=<9rH;9GV[V%9cGV%IJZ�9sZ<A[c¢IJEBIJY<EB9Pe@7jZ6V%@MTn@M5K9;A�IJ3]V%14TnIPV%@MCD3<9;TU9;:DV�EB9®ZSIJAKIJTn�pV%A[9

F
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����� �����
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βq
9pV
νq
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dX(j, k)
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H(q)
Ï�	

n(a)

�W9;5�TncpV%d<1X=<9G5�=g^�9G5[V%@MT,I¦V%@B1J:<5gCD3<9�:<14365�=6c;H;A[@M7�1J:<5WH;@©O�=<9G5K5K1J3<5�Z�9G367�9;:DV�«GVKAK9�36VK@BEB@M5KcG9;5_Z�143<AWEM9;5=<@ªhgcGAK9;:DV%9G5?��14A[Tn9G5?=69rV%AKIJ:<5[��1JAKTUc;9;5?9;:m1J:<=<9;EM9GV[V%9 � H;14:DV%@M:]369JwD=<@B5[H;A[�GV%9Pw6TnI¦\]@BTnIi=<9;5.TU1X=<3<EB9G5&¡�e021J3<5�EB9G5mZ<AKcG5K9G:XVK14:<5'=_^�IJY�1JAK=Ã=<9oTnIJ:<@M�;AK9*N4c;:6c;A%IPEB9oZ�143<A
TX(a, t) ��3 �XeM�
lÚ�]e�~�¡,I�7JIJ:XVn=<9H;1JTnZSIPAK9;AFEM9;5FA[c;5K36EMV&I¦V%5�14Y6VK9;:X3<5�I�7�9GHiH�dSIJH;36:<9b=<9;5�V%AKIJ:<5[��1JAKTUc;9;5F9G:*1J:<=<9;EM9GV[V%9Je

�W9;5�A[9;EBIPV%@M14:<5�H¢IJAKIJHGVKc;A[@B5[VK@BCD3<9G5?=_^`3<:<92H¢IJ5[H¢IJ=69rEB1JNPO�@M:6RS:<@MTn9G:XV8=<@M7X@B5[@BY<EM9;5�5K36A?EM9;5ÉH;1X921UH;@M9;:DV%5=_^`14:<=<9GEB9pVKV%9
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H
e á E85G^�IPN4@MVr=_^�36:<9k=<c;HG14:D7�14EB3]V%@B1J:�lmE�^�IJ@M=<9s=69�EaInVKA%IJ:65[��14A[TncG9s=<9�Ì�143<A[@B9;A�=<3oZ6AK14ZSIPN�IPV%9G3<ACD3<@�9;5[V?9;5zV%@MTncG92=<@MAK9GHGV%9GTn9G:XVÉZ�143<AÉ=<@Mh�c;A[9;:DV%5�H;1J3<Z�9G5�=_^`c;H�d<9GEBEM9;5É=<92=6c;ZSIJAzV.9pV�=_^�IJA[AK@M74c;9

a
9GV
a′
eÆLEB36V 
JV?CX369r=<92H;14TUZSIJA[9;AÉ=<@Mh�c;A[9;:DV%5�14AK=6AK9;5

q
9G:XVKAK9�9;3]\�wXH;9pVKV%92TncpV%d<1X=<92H;14TUZSIJA[9�Z�143<AÉH�dSIJCD3<97JIJEB9G3<A.=<9

q
=<9G3]\'7JIJEB9G3<AK5.=6@Mh�c;AK9G:XVK9;5�=<9bE­^`c;H�d<9GEBEM9Jw

a
9GV
a′
e
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 �r9;:65K@MVKc;5É=<9�Z<AK14Y<IJY<@BEM@MVKc�=<3nEB14Ni=<9G5?HG1]9
1UH;@B9G:XVK5?=g^�14:6=<9;EM9GVKVK9
ω = log2 |dv(j, k)|

IP3]\cGH�d<9;EMEB9;5
j = 6

l
10 � l2N�IJ3<H�d<9¢¡pw¦9GV>=69;:<5[@MV%cG5>=<9?Z<AK14Y<IJY<@BEM@MVKcL=<c;=<36@MV%9G5>ZSIJA�H;14:D7�14EM36V%@M14:I�7�9GHiEB9iZ<A[14ZSIJN�I¦V%9;36AF9;5[VK@BTUc � lk=<A[14@MVK9�¡pe

�_= � �,ÕjÐÒ×��?Ô �FÑBØ]ÕjÛ Ï?Û
	SÔ;Ï ÙjÑ � �ÉÔ;Ï?Û 	DÏ�Ø�Ð � 	 ��ÕjÙFÏ8Ø6=
�6?��%?A> ' EHG8X M���OBE�� D J M JFX OcXFZ@J
�"JaI0I�J M ?

á E_9p\]@M5[V%9iZ6EB3<5[@B9;36AK5���14A[Tn9G5.=<9jVKA%IJ:<5z��14AKTUc;9G5F9;:'14:<=69;EB9pVKVK9;5i�<HG14:XVK@B:X3<9JwX=<@M5KH;A[�GVK9i9GVFTnI¦\]@BTnI=<9G5®TU1X=<3<EB9G5 � Ë/Ë � 7®¡�e��W9;5bH;1X921UH;@M9;:DV%5b=<9�EaIm5[9;HG14:<=<9UH;14:65[V%@ªV%3<9G:XVbEBImZSIJAzV%@B9k=69UHG9;3]\o=<9�EaIZ<A[9;TU@B�;A[9bEB1XH¢IJEM@B5KcG9i5K3<A�3<:<9tN4AK@MEBEM9rRSN4cG9Jw�=<@MVK9®=]�DIJ=<@MCX369n�
dX(j, k) = TX(a = 2j, t = 2jk)

e��W9;5H;1X921UHG@B9;:DV%5�=<9?EaIFV%AK1J@B5K@M�;TU9>��14AKTU9;:DV�c;N�IPEB9;TU9;:DV�3<:<9?ZSIJAzV%@B9É=<9ÉEaI�Z<AK9GTn@M�;A[9?HG14AKA[9;5KZ�14:<=<IJ:XV8l25[9;5TnI¦\]@BTnI�EM1]H;IJ3]\�e á E]9;5[V>@BTUZ�14AzV&IJ:DV�=<9F:<1JVK9;A>CD3<9Pw4=SIJ:65>EaIiË�Ë � 7�w4EB9G58TnI¦\]@BTnI2=<3kTU1]=63<EB9É5K14:DVH�dSI��B:<c;52Z�1436Ar��14AKTU9;A2=<9;5rEB@BNJ:<9;52=<9�TnI¦\]@BTnI6e�Æ8143<A2EB9sH;IJEBHG3<E8=69
Sq(a)

wg1J:oAK9;TUZ<EBIJH;9
TX(a, t)ZSIJA?EB92T,I¦\]@MTk3<TÒEB1XH¢IPE

supa′≤a TX(a′, t(a′))
14Y6V%9G:]3�EM9rEM14:<Ns=69jEaI®EB@BNJ:<92=69jT,I�\6@MT,I®l�EaIPCX369;EBEM9@BE�IPZ<ZSIJAzV%@B9G:XV�{��]�4w��4�¢u¦��e]�W9G5�c;CD3SI¦V%@B1J:<5 ��á È�eª��u�¡Ll ��á È�e��J~�¡L5K14:DVÉ=<cGR<:<@B9G5�Z�143<ALV%143]V%9;5?EB9G5���1JAKTU9;5=<9�VKA%IJ:65[��14A[TncG9;5m9G: 1J:<=<9;EM9GV[V%9;5Ge á E29;5[V'=614:<H/Z�145K5[@BY<EM9�=_^`9;:D7X@B5KIJN49;A,Hpd<IJH;3<:Ã=69;5m9G5[V%@MT,I¦V%9;36AK5Z<A[c;H;cG=<9;:DV%5�Z�1436A�H�dSIJHG3<:<9r=69;5.=<cGH;EM@B:SIJ@M5K14:65É=69rEaIbV%AKIJ:<5[��1JAKTUc;9�9;:�14:<=69;EB9pVKVK9JeX0214365�7�143<EM14:<5É@BHG@EB9G5FH;14TUZSIJA[9;AGe

�6?��%?�� � R � K ��G I�R"OcX ZBJ P&GYM�P&GFZ@J M ��O � �
R�XS`bXBR � JFX I Z6R��FRTM�R�]��"J M ?
d]3<@ª74IJ:DV_EM9;5WIPEBN414A[@MVKd<Tn9G5�Z6AK14Z�145KcG5�=SIJ:<5�{©��¥¦��w¢:<14365WH;14:<5zV%A[3<@B5[14:<5W=<9G5�H;IJ5KH;IJ=<9G5�EM14NPOQ@B:6RS:6@BTU9;:DV=<@ª7]@M5K@MY<EB9G5.5K3<A�YSIP5K9;5�=_^`14:<=<9GEB9pVKV%9G5�14A[VKd<14N414:<IJEB9G5;e�7j:'Z�9G36V�c;HGAK@BA[9 ∀x ∈ L2(IR)

w ∀j0 ∈ ZZ
w

x(t) =
∑

k∈ZZ

aX(j0, k)φj0,k(t) +
∑

j≤j0

∑

k∈ZZ

dX(j, k)ψj,k(t) , ��á È�e�~4~�¡
14â EB9;5 {φj0,k, k ∈ ZZ } 9GV®EB9G5 {ψj,k, k ∈ ZZ , j ≤ j0}

w�=<@MEaIPVKc;9G5®9pVbV%A%IP:<5KEBIPV%cG9;5®=<9,EBI���1J:<HGVK@B14:=_^`c;H�d<9GEBEB9
φ0

9GVF=69iE­^`14:<=<9GEB9GV[V%9�O�TU�;AK9
ψ0

w]��1JAKTU9;:DV.3<:<9bYSIP5K9i14AzV%d<14:614AKTUc;9PeF7j:�H�d<14@B5[@MV�EB9;5FHG1]9p�aORSHG@B9;:DV%5�=_^�IJZ<Z6AK1�\6@MT,I¦V%@B1J: {aX(j0, k)}k
c;N4IJ3]\*l

0
e��W9;5 {dX(j0, k)}k

5K36@M7�9G:XV�3<:<9®EB1J@W:<14AKTnIJEM9=<9�TU1���9;:<:69s:X3<EBEM9t9pVi=<9s7JIJAK@BIJ:<HG9tcGN�IJEB9sl
1
eg�W9;5jHG1]9
1nHG@B9G:XVK5 {dX(j, k)}j,k

Z�143<A
j < j0

5K14:DV
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�$ � �&�L���
H(q)

��$
n(a)

��� �

V��XZ�9 á á á á áKá
C1

O�v6e"; O�v6e�; O�v6e�� O�v6e�� O�v6e";
C2

v6e�v4~ v6eM� v6e�v4~ �¦| v6eª� �P| v6e�v4~
V��XZ�9 áKá � á[á á[á áKá[á áKáKá
C1

O�v6e"; O�v6e�� O�v6e�� O�v6e�� O�v6e";
C2

v6eª� v6e�v4~ �¦| v6eª� �P| v6e�v4~ �P| v6e�v4~
�������	� � ��� 
 Æ>IJAKIJTn�pV%A[9;5L36VK@BEB@M5KcG5>Z�1J3<A�EaIj5[�X:DV%d<�G5K9�=<9�H¢IJ5[H¢IJ=69;5�EM14NPOQ@B:6RS:6@BTU9;:DV�=6@M7X@B5[@BY<EM9;5>9G:U7X3<9=<9ÉH;14TUZSIJA[9;AW=<@ªhgcGAK9;:DV%5W9G5[VK@BTnIPV%9G3<AK5Ge ��á ¡ n(a) = − ln a

w ��áKá ¡ n(a)
EB14NFZSIPA�TU14A[H;9¢IP3]\�w

a∗
=<c;5[@BN4:69nE�^�cGHpd69;EBEM9�=<9nAKIJH;HG14AK=�Hpd614@B5[@B9kc;N4IJEB9nl

27 � ��14A[Tn9�14Y65K9;Az7�c;9n=SIJ:<5tE­^`cGVK3<=<9=<3'V%A%I¦RSH á :XVK9;AK:69GV®{©��9&;P�a¡pw ��áKá ∗ ¡�HG14AKA[9;5KZ�14:<=�lkEaIsRSN436AK9 á È�e��]w ��á[áKá ¡ n(a) ∝ a−β/β
e

=<cpRS:<@MV�A[c;HG3<AK5[@M7�9GTn9G:XV�=<9bEBI�TnIJ:<@M�;A[9j5K3<@ª74IP:XVK9��
dj−1,2k = W

(1)
j−1,j dj,k

dj−1,2k+1 = W
(2)
j−1,j dj,k.�W9;5

Wj−1,j

5K14:DV?=<cGRS:6@B5ÉZSIJA ± exp(ωj−1,j)
14ânEB9G5

ωj−1,j

5K14:DVÉ=<9;5É74IJA[@aIJY6EB9;5�IPEBc¢I¦V%14@MAK9;5L=614:XVÉEM9;5H;36Tk3<EaIJ:DV%5?5%IPVK@B5z��14:XV�EM9;5FA[9;EaI¦V%@B1J:<5 ��á Èse �X��¡�9GV ��á Èse �J�4¡pe
�6?��%?�
 � O�� � G@E GBRTM2OcX Z@J M J M
I�R � GSI�J�KBEHM
� EHOFI�OcP&O���J ? 02143<5�IJEBEM14:<5�TnIJ@B:DV%9G:SIJ:DV�CX3<IJEB@ªRS9;AÉEB9G5�Z�9;A[��1JAKTnIJ:<H;9G5�5zV&IPVK@B5[VK@BCD3<9G5�=<9G5.=<9;3X\m9G5[V%@©OTnIPV%9G3<AK5GwSTn@M5F9;: �b367XA[9t5[3<A�EB9;5FVKA%IJ:<5z��14AKTUc;9G529G:*1J:<=<9;EM9GV[V%9;5�H;1J:XVK@B:X3<9i9GV�=<@M5KH;A[�GVK9sIJ@M:<5K@WCD3_^`9;:36VK@BEB@M5%IJ:DV�EaI
TUcGV%d61]=<9�Ë/Ë � 7 � Ë*I¦\]@BTnI¨=<9G5'Ë*1X=<3<EM9;5U=<9�EBI � AKIJ:<5z��14AKTUc;9'9;: 7i:6=<9;EM9GVKVK9;5%¡pey�9;5nH;14TUZSIJAKIJ@B5[14:<5�5K1J:XVnH;14:6=<3<@MVK9;5U5K3<An=<9;5nH¢IJ5[H¢IJ=69;5,EM14NPOQ@B:6RS:6@BTU9;:DV�=<@ª7]@M5K@MY<EB9G5U5z�X:XVKd<cGVK@B5KcG9;5:X3<TncGAK@MCX369;TU9;:DV¢wSI�7�9;HiVKAK14@M5FH¢IPVKc;N414A[@B9G5�=69®��14:6HGV%@M14:<5�: � I�¡j� ��á ¡ n(a) ≡ ln a

w ��á[á ¡ n(a)
EB14N�ZSIPATU14AKHG9¢IJ3]\�w

a∗
=<cG5K@MN4:<9FE­^`c;H�d<9GEBEM9?=<9FAKIJH;HG14AK=kH�d<1J@B5K@M9�cGN�IJEB9�l

27 � ��1JAKTU9�14Y<5[9;Az7�c;9�=SIJ:65>E­^`cGVK3<=<9F=<3V%AKIPRSH á :XVK9;A[:<9GV�{ª��9&;P�a¡pw ��á[áKá ¡ n(a) = a−β/β � Tn1X=<�GEB9�36V%@MEB@M5KcL9;:®V%3<A[Y<3<EM9;:<HG9�=<cp7�9;EM14Z<Z�c;92{��]�Pw�|�~P�a¡pe�W9;5
ωj−1,j

5K14:DV�=69;5�7JIJAK@BIJY<EM9;5�IJEMc¢IPVK14@BA[9;5�:<14A[T,IJEM9;5É=<9rTU1���9;:<:69
mj−1,j = C1(n(2j)−n(2j−1)

¡9GV�7JIJAK@BIJ:<H;9
σ2 = C2(n(2j)−n(2j−1)

¡�Å�V%1J3<5�EM9;5�IJ36VKAK9;5�H;36Tk3<EaIJ:DV%5W5[14:DV�:X3<EM5;e��r@ªhgcGAK9;:DV%9G5�Z<IJ@BA[9;5=<9�ZSIJAKIJTU�GV%A[9;5
C1, C2

5[14:DVL9;:D7X@B5%IPN4c;9G5;w�H;1JAKAK9G5KZ�14:<=SIP:XVÉli=<9G5É5[@MVK3SIPV%@M14:<5>=69�=6@�1UH;3<EªV%cG5>=<@M749;AK5[9;5
� ��IP@BY<EM9k143¨��1JA[V®c;H;IJA[Vt=<9 H(q)

l
qH

w_7�1J@BAjV&IPY<EB9;IJ3 á ÈseM��¡pe���I'V%IJ@BEMEB9�=<9G5t5[@BN4:<IJ3]\¨5[�X:DV%d<cpV%@M5Kc;57JIJAK@M9j=<9
n = 218 l 225 e

� D M(K �:I�G I�M ? �W9;5F9;5zV%@MT,IPVK9;3<A[5.5K1J:XVFTU@B5?9;: �b367XAK9i5[3<A.V%1J36V%9jEBIsN�IJTUTU9r=_^`c;H�d<9GEBEB9G5.=<@M5KZ�14:<@BY6EB9Jw=<9
23 l 210 w¦N�IJTUTn9ÉCD3<9FE­^`14:�:<9�Hpd69;AKH�d<9?ZSIJ5LliIP=SIJZ6VK9;A;e&7j:�:<9.5[9FZ<AKcG1]HGH;3<Z�9.@BHG@]CD3<9F=69.Z�9GA[��14A�OTnIJ:<H;9G5F=_^`9;5[VK@BTnIPV%@M14:<5Gw]9pVF:<14:'=<9jVK9;5[V�=69iTn1X=<�;EM9 � @­e`9Jeªw6EB9G5.H¢IP5KH¢IP=<9;5�EB1JNPO�@M:6RS:<@MTn9G:XVÉ=<@ª7]@M5K@MY<EB9G55K1J:XV�5K3<Z<Z�145[c;9;5?V%143¦£[1J3<AK5É74IJEM@B=<9G5&¡�eDÆ�EM36V 
PV�CD3<9j=69j=<cGV%IJ@BEMEB9GALEB9;5?9;5zV%@BTnIPVK@B14:<5�A[9;EaI¦V%@M749;5?ltH�dSIJCD3<9��IJTU@BEMEB9.=<925K@MN4:SIJ3]\�wX:<143<5?Z<AKcG5K9G:XVK14:<5.EM9;5�RSN43<A[9;5.Z�143<AÉ3<:<9j5[9;3<EM92��IJTU@BEMEB9.A[9;Z<A[c;5[9;:DV&IPVK@M7�9 � A[9;Z�cpOAKcG92Z<IJA � =SIP:<5�EB9FV&IJY6EB9¢IP3�¡pe�0�145ÉH;14:<HGEB3<5[@B14:65ÉA[9;Z�145K9G:XVÉ:<c;IJ:<TU14@B:65É5[3<A�E­^�IJ:SIJEª�X5K9�=<9�E­^`9;:<5[9;TkY<EM9=<9G5jRSN43<A[9;5i=<9sV��XZ�9 á È�e��,9GV á Èse"9 � H;9;5jR<N43<AK9G5iZ�1J3<ArH�dSIJCD3<9kH;IJ5KH;IJ=<9kEM14NPO�@M:6RS:<@MTn9G:XV�=6@M7X@B5[@BY<EM95K1J:XV2=<@B5[Z�1J:<@BY<EM9;5�l������ �����	��

� ������������� ∼ ��������� ¡pe��W9;52Z�9GA[��14A[T,IP:<H;9G52=_^`9;5zV%@MT,IPVK@B14:�14Y6VK9;:X3<9;5rI�749;H
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 ����� � � � � ��� � �	� d]36AjV%1436VK9;5iEM9;5rRSNJ3<AK9G5;w_EM9;5 ′∗′ H;14A[AK9;5[Z�1J:<=<9;:DV®lmEaIUV%A%IP:<5[��14A[TncG9k9;:1J:<=<9;EM9GV[V%9;5®=<@M5KH;A[�GVK9U9pV®EB9;5 ′o′ l�EaI�Ë/Ë � 7�e��r9;3X\¨Z<AK9GTn@M�;AK9G5bEB@BNJ:<9;5k�WY<@BIJ@B5iA[9;EBIPV%@ª��5
H(q)/H(p)

Z�1J3<A
p = 1

9GV
q = 2, 3, 4, 5

e � AK14@M5K@M�;TU9tEM@BN4:<9n�gY<@BIJ@B52AK9GEaIPVK@M��=<9
C2/C19pV2IJY<5K1JEB3'=<9

C3/C1

e
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 ����� � � � � ��� � �	� d]36AjV%1436VK9;5iEM9;5rRSNJ3<AK9G5;w_EM9;5 ′∗′ H;14A[AK9;5[Z�1J:<=<9;:DV®lmEaIUV%A%IP:<5[��14A[TncG9k9;:1J:<=<9;EM9GV[V%9;5L=6@B5KHGAK�pV%9F9GV�EM9;5 ′o′ ljEBIiË/Ë � 7�eDÆLAK9GTn@M�;A[9.EB@MN4:<9r�P9;5zV%@BTUc;9G5L=<9
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Z�9G:<=SIJ:DVsZ6EB3<5[@B9;36AK5d<9G3<AK9G5�=<14:DV,5[14:XV,9p\XV%AKIJ@MVK9;5n=<@M7�9GAK5[9;5m5[c;AK@M9;5,VK9;TUZ�1JAK9;EMEB9G5�VK9;EMEB9;5nCD3<9/EB9 �S3]\�=<9G5�ZSIJCD3<9GVK5�IJ3Z<A[1JV%1XH;14EM9 � y.Æ � á Æ8w�EB9 �S3]\ =69 HG14:<:<9�\6@M14:<5*IJHGVK@M7�9G5;wFEM9
V%IJ3]\ =_^`9p\XVK@B:<HpV%@B1J:_wF=_^�IJHGVK@M7JIPV%@M14:Ã=<9H;1J:<:<9p\]@M14:<5;w]EB9�7�14EB36Tn9�9;:�YD�DV%9;5�=<9jH;9G5FH;14:6:<9p\]@B1J:<5.143mEM9r=<cGEaIJ@�9;:DV%A[9rHG14:<:<9�\6@M14:<5F5[3<H;HG9;5K5[@M7�9G5;e
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�L^�36VK@BEM@B5%I¦V%@B1J:U=69;5.143]V%@BEM5�Z<AKcGH;c;=69;TUTn9G:XV�=<c;HGAK@MVK5�5[3<A.H;9G5.=<14:6:<c;9G5.Tn1J:XVKAK9�CX369jH;9GEBEB9G5zOQH;@�5K14:DVY<@M9;:®=<c;HGAK@MVK9;5�ZSIJA�=<9G5�H;IJ5KH;IJ=<9G5�EM14NPO�@M:6RS:<@MTn9G:XV�=<@ª7]@M5K@MY<EB9G5_=SIJ:<5�3<:69ÉVKAK�;5�EBIJAKN49LN4IJTnTU9>=_^`c;H�d<9GEBEM9;5
� ���'1XHGV%I�7�9G5b9;:D7]@MAK14:S¡peW��I'H¢IJAKIJHGVKc;AK@M5[VK@BCD3<9�Z<AK@M:<H;@MZSIJEM9kAKc;5[@B=<9U=SIJ:65tEM9;3<A[5b��1J:<HGVK@B14:<5 n(a) � 7�14@MARSN436AK9 á È�e�¥4¡�eSfL:�9phg9pV¢w<HG9;EMEB9;5�O�HG@_=<@Mh��;A[9;:DV.5[@BN4:<@ªRSH¢I¦V%@M749;TU9;:DV�=<9 ln a

9pV�AK9G5K5K9GTkY<EB9G:XV.=SI�7JIJ:DV&IJNJ9li=<9;5���14:<HpV%@M14:<5LEB1JNiZSIJALTU14AKHG9¢IJ3]\ � £[3<5zV%@MRSIJ:XV>EB9.V��XZ�9 ��áKá ¡8=<9G5?5[@BN4:SIP3]\k=<9�5z�]:DV%d6�;5K9�H�d<14@M5K@<Z<EM3<5V 
PV�¡pe�y�9;5,=<9;3]\!H;1JTnZ�14A[VK9;TU9;:DV%5U=<@B5zV%@M:<HGVK5mI�74IJ@M9;:DV�=<c�£Kl cGV%c�14Y<5K9GA[7�cG5mZSIJAn=_^�IJ36V%A[9;5�IP36V%9G3<AK5=SIJ:65tEM9nH;IJ=<AK9UTk3<EªV%@M��AKIJHGV%IJE�143 4GTk36EMV%@M5KH;IJEB@M:<N�4n{:9&;XwÉ���<9P��e8y�9G5s=<9G3]\ H;14TUZ�14A[VK9;TU9;:DV%5i5K1J:XVt@BHG@=<cGH;AK@ªV%5�5K@MTk3<EMV%IJ:<cGTn9G:XV�ZSIJAF3<:<9®5K9G3<EB9bH;IJ5KH;IJ=<9®EB14NPOQ@B:6R<:<@BTU9;:DV�=6@M7X@B5[@BY<EM9Je<�L^`c;H�d<9GEBEB9i=69®A[3<Z6VK3<AK9=<9�EBIU��14:6HGV%@M14:
n(a)

H;14A[AK9;5[Z�1J:<=
l,3<:�VK9;TUZ<5r=69�E­^`14AK=6AK9®=<9sV%A[14@B5�5K9GH;14:6=<9;5Ge d]14:/14A[@BN4@M:<9bAK9G5[V%9lt=6cGV%9GAKTU@B:<9GA�Z<A[c;HG@B5KcGTn9G:XV;eX��9G5?��14:6HGV%@M14:<5
H(q)

14Y<5[9;A[74c;9;5F=6@Mh��;AK9G:XV���IJ@MY<EB9GTn9G:XV�=63mH;14TUZ�14A[VK9pOTU9;:DVFEB@M:<c¢IJ@MAK9
qH

9GV�EM9;5FAKcG5K3<EªV&IPVK5F=<9;5�5[@BTk3<EBIPV%@M14:<5É:]3<TUc;A[@BCD3<9G5F=<c;HGAK@MVK9;5�Z<A[c;H;cG=<9;TUTU9;:DV�:<143<5@B:D7X@MVK9nl�H;14:6H;EB36AK9UCX369mH;9pV�c;H;IJA[Vt:<9nZ�9G3]\ «GV%A[9,HG14:<5K@M=<c;A[c,HG14TnTU9�5K@MN4:<@MR<H¢IPVK@M��e���I*HG14:<H;EM3<5K@M14:9;5zVr=614:<H®CX369tEBI�HG14TUZ<EB9�\6@ªV%ci=<9G52HG14TUZ�14AzV%9GTn9G:XVK5F9;:�EM14@B5F=g^�cGHpd69;EBEM9i=SIJ:<5�EB9G5�=<14:<:<cG9;5 á :XVK9;AK:69GVV%@M9;:DVb=SI�74IJ:DV&IPN49�l�EaIm��14A[Tn9k=69
n(a)

CD3_^�l�HG9;EBEM9k=<9
H(q)

w]£[3<5[VK@MR�IJ:DVbl'Z�1J5[V%9GAK@M14AK@>E�^�@M:XVKc;A[«GVi=<9:_^�I�7414@BA�ZSIJ5?��14AKHGc
n(a) ≡ ln a

IsZ<A[@B14A[@­eD�r9G5�IJ:SIJEª�]5[9;5.Z6EB3<5?H;14TUZ<EB�pV%9G5�=<9jHG9;5.=614:<:<cG9;5 á :DV%9;A[:<9GV5K1J:XV�Z<A[c;5[9;:DV%c;9G52=<IJ:<5t{ª�¢|��XwW��9&;��­e
� � 	�Ö?ÙFÏ Ù � 	 �FÑ�Ý�Ý ��ÏÒÙ���Ö�Û ����Ø�×��?Ô 	SÑ
�LÖFÝ�ÑBÏÉÔ ��ÝBÏ�Ø � = � =�Î = � =

0214365UZ6AKc;5[9;:DV%14:65n3<:69�HG14:DV%AK@MY<36VK@B14:ÚloE­^`cGVK3<=<9'=<9'EaI/Z6AK1XH;c;=63<AK9�3<5K369;EBEM9�=_^`9;5[VK@BTnIPV%@M14:¤=<35KZ�9;HpV%A[9¨Tk36EMV%@ª��A%IJHpV&IJEF=69
��9GN49;:6=<AK9
36VK@BEB@M5%IJ:DVUEB9G5m��14:<HGVK@B14:65m=<9oZSIJAzV%@ªV%@B1J:!=<9G5�HG1]9
1UH;@B9G:XVK5�=<9EaI�VKA%IJ:65[��14A[TncG9�9G:�1J:<=<9;EM9GV[V%9;5�{}|D¥���e���IoTncpV%d<1X=<9�9;5zVnIJZ<Z<EM@BCD3<c;9�lo=<9G3]\�5K@MN4:SIJ3]\Á�>3<:�Tn1J3]O7�9GTn9G:XVUY<A[1 � :<@M9;:Ú��A%IJHpV%@M14:<:SIJ@MAK9�9G:!V%9GTnZ<5UTk3<EªV%@M��AKIJHGV%IJE � Ë���x�T,¡k9GVn3<:!Z<A[1]HG9;5[5K3<5 α O�5zV&IJY<EM9IJ36VK1PO�5[@BTU@BEBIJ@BA[9 � α O\dYd d<¡nIJZ6Z�9GEBc�TU1436749;TU9;:DVnEM@B:<c;IJ@BA[9���A%IJHpV%@B1J:<:SIJ@MAK9'5[V%IJY<EB9 � �Le�Ì�eTd�e Ë e�¡�e?�W9;5V%AKI�£[9;HpV%14@MAK9G52=<9®H;9G5r=<9G3]\�Z<A[1]HG9;5K5[3<5jZ<A[c;5[9;:DV%9;:DV2=<9;52IJEBEM3<AK9G5�@BAKA[c;N436EB@B�GAK9G5.V%AK�G525[9;TkY<EBIJY<EM9;5FZ�143<AE­^ �b@BE�e_021J3<5sIPEBEB1J:<5j7�14@MAiCX369,H;9pVKVK9,IJ:<IJEM�X5K9U=<14:6:<9nZ�143<A®EB9�5[9;H;1J:<=�Z<A[1]HG9;5[5K3<5�36:<9n9G5[VK@BTnIPV%@M14:AK9GEaIPVK@M7�9GTn9G:XVsN4AK1J5K5K@M�;A[9�=63�5[Z�9GHGV%A[9'Tk3<EMVK@M��A%IPHGV&IPE­w�EaI/:SI¦V%3<A[9
α
O�5zV&IJY<EM9�=<3�Z<AK1XH;9G5K5K365nZ�14367JIJ:DVZSIJ5[5K9GAm@B:SIPZ�9GAK¬;369JeÉ0214365,9p\]Z<EM@BCD3<14:65,E­^`14A[@BN4@M:<9�=<9�HG9GV[V%9�9GAKA[9;3<AnN4A%ÇJHG9/l¨3<:<9�cpV%3<=69/=<cGV%IJ@BEMEBcG9=<9G5.��14:<HGVK@B14:65.=<9jZSIPA[V%@ªV%@M14:,=<3�Z6AK1XH;9;5[5K3<5

α
O�5[V%IJY<EM9jIJ36VK1PO�5[@BTU@BEBIJ@BA[9JeDy�9i5[14:XV�EB9G5.Z<AK1JZ<AK@McGV%cG5�V%A[�;5ZSIJAzV%@MH;3<EM@B�;A[9;5i=<9G5tHG1]9
1UH;@B9G:XVK5b=_^�1J:<=<9;EM9GV[V%9�=<9UH;9�Vz�XZ�9�=<9�Z<AK1XH;9G5K5K365sCD3<@�Z�9GAKTU9GV[V%9;:DV®=_^�IJY�1J3]OV%@MA;e�0�143<5�@B:<=6@BCD3<14:<5UIJEM14AK5�HG14TnTU9;:DV�TU1]=<@ªRS9;Ak:61JV%A[9�=6c;TnIJAKH�d<9'dSIJY6@MV%369;EBEM9�Z�1J3<A�cG7X@MVK9;A�3<:<9cG749;:DV%3<9GEBEB9rTncGZ<AK@M5K9Je

á EL9;5zVb@BTUZ�14AzV&IJ:DV2=<9�Z<AKcGH;@B5[9;AiCD3<9�H;9kVKA%I�74IJ@ME�ImZ�1436Ai14AK@MN4@B:<9t3<:<9�AK9G:<H;1J:XVKAK9k9;:DV%A[9�Æ>IPVKAK@BHG9qrY6A[�n9GV�qr:6:<9 � IP:<N436� � �rcGZSIJAzV%9;TU9;:DV.=69bÆ�dD�X5K@MCX369j=<9;5�Ë*IPV%cGAK@aIP3_w6Ê�:<@M7�e6�W�414: á ¡�IJ36VK143<A?=<9;5Z<A[1]HG9;5K5[3<5®�Le�Ì�e"d�e�Ë e_9pVi=<3
Z<AK1JY<EB�GTn9t=<9kEaI,=69;5KHGAK@MZ6V%@M14:o=_^`3<:<9kEB@MN4:<9t=<9kTn1J3<@BEMEaIJN49U{©��9����­egÊ2:<9��14@M5F=<9bZ<EB3<5Gw<Z<dD�X5K@BCD3<9b9pV�VKA%IJ@ªV%9GTn9G:XVF=63*5[@BN4:SIPEg5;^`9;:6AK@BH�d<@M5K5[9;:DV2Tk3]V%3<9GEBEB9GTn9G:XV;e
�_=�Í �tÕ�Ø�Ñ�	SÑBÕjÛ#ÙiÖ ×�ÔGÕrÞ�Ý ��ÐàÏ

�W9;5�5K@BNJ:SIJ3]\ÁZ<AKcG5K9;:DV&IP:XV�5K@MTk3<EMV%IJ:<cGTn9G:XVn3<:<9 µJ¶K»J¿�½X° 	¦»J¶�²�» º ² � ²´Ä %m5[3<A'3<:<9
EaIJA[N49oN�IJTUTU9=_^`c;H�d<9GEBEB9G5gV%9GTnZ�14A[9;EBEM9;5_9pV�3<:mÀ�·¦±r¹�·¦¶�Ä�°p±,°p¿SÄ��B·�À%» �PÄ�¶ �&¯É²´¶p¶ %QµJ¸!� ²­°p¶�IPZ<ZSIJAKIJ@B5[5K9;:DVW=SIP:<5W=<9;5�HG14:XVK9p\XV%9G5=<@ª7�9;A[5;eW�L^B»J¿�» � ��¯�°s±k¸!� Ä�² ��¶K»XÀpÄQ» �B°s{©�¢|�v¦�>9;5[Vb=69G7�9G:]3<9kE�^�36:¨=69;5i1436VK@BEM5rEB9G5iZ<EB365jH;1436A%IJTUTn9G:XVr36V%@©OEB@M5KcG5tZ�143<A®H¢IJAKIJHGVKc;A[@B5K9GAsHG9;5�5[@BN4:SIP3]\�e8y�1JTnTU9n:6143<5sE�^�I�7�14:65b7X3
=<IJ:<5sEM9nH�dSIPZ<@MVKAK9U � Pw�H;9UV��]Z�9
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H = 1/2

�
� I�¡rq�H;HGAK14@M5K5K9GTn9G:XVK5;w � Y�¡jZ<AK1XH;9G5K5[3<5;w � H¢¡j=<@aIJNJA%IJTUTn9®EB1JN�IJAK@ªV%d<TU@BCD3<9tZ�1J3<A q = 1

9GV
� =�¡ q = 3

w � 9¢¡É9�\6Z�145KIJ:XVK5 ζ(q) =<9G5?��14:6HGV%@M14:<5É=<9rZ<IJA[VK@MV%@M14:�w � �&¡ d]Z�9;HpV%AK9rTk3<EMVK@M��A%IPHGV&IPE
D(h)

eP��I2EM@BN4:<9�Z�14@B:DV%@MEBEMc;9 � AK9;5[Z_eJEM9;5�H;9;A[H;EM9;5&¡�AK9GZ<AKcG5K9;:DV%9�EB9;5�74IPEB9;36AK5�V%d<cG14AK@MCX369;5 � AK9G5KZ_e9G5[VK@BTUc;9;5%¡pe���IjH;IJ5KH;IJ=<9�=<9F5[�X:DV%d<�G5K9�9;5zVÉ3<:<9FH¢IP5KH¢IP=<9�Y<@B:<1JTn@BIJEB9�5[�XTUcGVKAK@BCD3<9F3]V%@BEM@B5KIJ:XV36:<9b=<@B5zV%AK@MY<36VK@B14:
β
=<9;5�Tk3<EªV%@BZ6EB@BH;IPV%9G3<AK5É=<9bZSIJAKIJTU�GV%A[9

p = 1.6
wW{©�¢|�v¦�­e
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H = 0.47

�_y�14TnTU9iZ�143<A�EaI�RSN436AK9 á È�e�;UTnIJ@M5� 9�¡nA[9;Z<A[c;5[9;:DV%9
EB9G5mZ�9G:XVK9;5 θq w.CD3<@rHG14AKA[9;5[Z�14:6=<9;:DV�IJ3]\ ζ(q)
5[9;3<EM9;TU9;:DV�5K@

q ∈] −
1, α]

e]Ì8@BN436AK9 � �&¡É3<:�5KZ�9;HpV%AK9iTk36EMV%@ª��A%IJHpV&IJE69;5[VK@BTUcjH;1J3<AKY�9iIJZ<Z<IJA%I��MV¢wXCD3SIJEB@ªV&IPVK@M7�9GTn9G:XV=6@Mh�c;AK9G:XV�=63�7XA%IP@_5KZ�9;HpV%AK9®Tk3<EªV%@M��AKIJHGV%IJE � EM@BN4:<9G5.H;1J:XVK@B:X3<9;5%¡re
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=<9kTU1]=6�;EB9sZ�9GAKTU9GVi=<9�=<cGH;A[@BAK9k=69;5i5K@MN4:SIJ3X\o=<14:DViEBIm5[V%A[3<HGVK3<AK9�9G:¨cGH�d<9;EMEB9�9G5[V®Y<@B9G:oZ<EB365iH;14TkOZ<EM9p\]9nCD3<9nH;9GEBEB9�=<3¨V%AKIJ=<@MVK@B14:6:<9;ELTU14367�9GTn9G:XVbY6AK1 � :<@B9G:¨��AKIJHGVK@B14:<:<IJ@BA[9 � ��x�T,¡pe�Ê�:<9nZ6AK14Z<A[@BcpV%c@BTUZ�14A[V%IJ:XVK9�=<9�HG9;5ÉZ<AK1XH;9G5K5K365�Z<A[1¦7X@B9G:XV>=<9�EB9;36AÉH;IJA%IPHGV%�GAK9�:<14:XO�N�IJ365K5K@M9;:_eD�L^`cGVK3<=<9�=<9;5ÉTn1JTn9G:XVK5=_^`14AK=6AK9b5K3<Z�c;A[@B9G3<AF9;5zV2@M:<=<@M5KZ�9;:<5KIJY<EB9PeSÊ2:69iTncpV%d<1X=<9i3<5[3<9;EMEB9iH;1J:<5K@M5[V%9®lk9;5zV%@MTn9GA.EB9G5F9p\]Z�1J5%IJ:DV%5
ζ(q)

N4AKÇJH;9�li3<:69FAKc;NJAK9;5[5K@M14:nEM@B:<c;IJ@BA[9?=<IJ:<5�3<:�=<@aIPN4A%IJTUTU9�EB1JNPO�EM14N2HG14TUTn9.=6c;H;A[@MV�9G:*�4e`|<e 7j:�9;:=<cG=<3<@MV.9;:<5[3<@MVK9iEB9®¯�¹�°�ÀpÄ�¶�°2±k¸&� Ä�² ��¶K»XÀpÄQ» �g½X° ��°QµX°p¿�½J¶�° �
D(h) = infq∈IR[qh− ζ(q)] =<3�Z<A[1]HG9;5[5K3<5Ge

á Eg9�\6@M5[VK9i3<:<9iIJ3]V%AK9rH;EaIP5K5K9r=<9iTn1X=<�GEB9;5?CD3<@gHG3<Tk3<EB9G:XV?EB1J@B5É=_^�cGH�d<9;EMEB9;5�9GVFN4AKIJ:<=<9r@BAKA[c;N436EaIJA[@MV%cEB1XH¢IPEB9'��EM9;5®Z<AK1XH;9G5K5[3<5
α
OQ5[V&IPY<EB9G5sIJ3]V%1POQ5K@BTU@BEBIJ@BA[9;5 � α O�dYdYd<¡�e8y�9G5�Z<A[1]HG9;5K5[3<5k5K1J:XVtTk3<EMVK@M��AKIJHGV%IJEB5{:;��]wF�¢|�v��­e á EM5�H;14:<5zV%@ªV%3<9G:XV�HG9;Z�9;:<=SIP:XVn3<:<9'H;EBIJ5K5[9�loZSIPA[VUZ<3<@M5KCD3<9�EB9;36AK5�5[V%IPV%@M5[V%@MCD3<9;5�=_^`14AK=6AK9

q ≤ −1
9pV
q ≥ α � 0 ≤ α ≤ 2

¡É:<925K14:DV�Z<IJ5�=<cpRS:<@M9;5 � 5%IJ36�_=SIJ:<5.EM92H;IJ5�N4IJ3<5K5[@B9G:_w α = 2
¡�e6y�9pVKVK9Z<A[14Z<AK@McGVKck9;5[V®3<:69n5[143<AKHG9�=_^�@MAKA[c;N43<EBIJAK@ªV%ctY<@B9G: =<@M5[VK@B:<HpV%9k=<9�H;9GEBEM9k=<9;5®IJ36VKAK9G5®Z6AK1XH;9;5[5K3<5tTk3<EMVK@ªO��A%IPHGV&IPEB5;wSVK9;EB5�EB9G5rH;IJ5KH;IJ=<9;5rTk3<EMVK@BZ<EM@BH¢I¦V%@M749;5�@M:XVKAK1X=<3<@ªV%9;5�ZSIPAjË�IP:<=<9;EMY<AK1PV¢w�=<14:DVrEM9;5�T,IJA[N4@B:<IJEB9G5EB1JNPO�:<1JAKTnIJEB9G5?14:DVFV%1J3<5�EB9;36AK5�Tn1JTn9G:XVK5�RS:<@M5;eS0�143<5�Tn1J:XVKAK14:<5FCD3<9bTnIJEBNJAKcjHG9GVKVK9t=6@Mh�c;AK9G:<H;9b9G5zO5K9G:XVK@B9GEBEB9Pw�@ME89G5[V®Z�1J5K5K@MY<EB9s=<9kH;14:]��14:<=<A[9k=<9;5b5K@MN4:SIJ3X\o=<9G5®=69;3]\
HGEaIJ5[5K9G5iEB14A[5KCD3_^`14:
9Gh�9;HGVK3<9�3<:<9IJ:SIPEM�X5K9/Tk36EMV%@ª��A%IJHpV&IJEM9'l�E­^�IJ@M=<9�=<9�E­^`9;5[VK@BTnIPV%@M14:�=<9;5

ζ(q)
e?Ê�:<9/V%9GEBEM9�TUc;Z<A[@B5K9*Z�9G36V�5G^�I�7�c;A[9;AEB1J3<AK=<9,=<9�H;14:65Kc;CD3<9G:<H;9G5;e?Æ>IJA�9�\]9;TUZ<EB9m9G:¤V%c;EMc;HG14TnTk36:<@BH;IPV%@M14:_wW=SIJ:65kE­^`cGV%36=<9�=<9;5�R<EB9;5k=g^�IPVzOV%9G:XVK9k=<9�H;14:6:<9p\]@B1J:<5;wW=<9G5bTn14TU9;:DV%5r=<@M7�9GAKN49G:XVK5j9;:¨9;:DV%A[c;9�Z�9;367�9G:XVb9G:XVKA%I��B:<9;ArEaImZ<A[c;5K9G:<H;9n=<9TU14Tn9G:XVK5.@B:]RS:<@B5F=<IJ:<5�EB9G5.RSEB9G5�=g^�IPV[V%9G:XVK9Jw<=_^`14â�=<9;5�V%9GTnZ65F=_^�I¦VKV%9G:XVK9b9p\XV%A[«;TU9;TU9;:DV�EB14:<NJ5;e

q!ZSIPA[V%@MA�=<9�=<9G3]\t9p\]9;TUZ<EM9;5;w¦3<:m±,·¦¸&	J°p±,°p¿SÄ º ¶&·¦¾L¿S²­°p¿ ��¶K»XÀpÄ�²­·¦¿S¿�»J²´¶&°.°p¿UÄ�°p±r¹S¯�±k¸!� Ä�² ��¶K»XÀpÄQ» �� Ë'��x�Tm¡j9pVs3<:�±,·¦¸!	J°p±,°p¿SÄF¯pÄ­» º �B° � ²´¿ %&»J²´¶&°p±,°p¿SÄ ��¶K»XÀpÄ�²­·¦¿S¿�»J²´¶&°pwg36:�Z<A[1]HG9;5K5[3<5 α O\dYd d¨5K@MTnZ6EB9Jw:<14365UTU14:DV%A[14:<5�CD3<9�EB9G5k=<@�1UH;36EMV%cG5�AK9;:6H;14:DV%A[c;9;5�5[14:XV�=69�=69;3]\ÚV��XZ�9G5;e��s^`3<:<9�ZSIJAzV¢w>=69'��IP¬;14:IJ5[5K9 � 5[3<AKZ6AK9;:<IJ:XVK9Jw>@ME�:_^�IJZ<Z<IJA%I��MVkIJ36H;3<:<9�=6@B5KHG14:DV%@B:X3<@ªV%c�Y<AK3]V&IJEM9m=SIJ:<5sEB9mHG14TnZ�14AzV%9;TU9;:DVt=<9;59p\]Z�145%IP:XVK5
ζ(q)

9;5zV%@BTUc;52IJ36VK143<A�=<9
q = α

e��s^�IJ36VKAK9sZ<IJA[V;w�EM9;5�Z<AK1JY<EB�GTn9G52=_^`9;5zV%@MT,IPVK@B14:�IJ3]V%143<A=<9�H;9�Z�1J@B:DVLZ�9G367�9G:XV?T,IP5KCD3<9;A�=<9G5�=<@ªhgcGAK9G:<H;9G5?=<9�H;1JTnZ�14A[VK9;TU9;:DVLCD3<@�9p\]@B5zV%9G:XV?Y�9GES9GV?Y<@B9G:_eD�W9;5H;1J:<5KcGCX369;:<HG9;5kZ<A[@B:<HG@BZSIJEM9;5i5[14:XVtCD3<9UEB9�5KZ�9;HpV%AK9nTk3<EMVK@M��AKIJHGV%IJE�9G5[V�IJ5K5[9 � NJAK145[5K@B�GAK9GTn9G:XV®9;5zV%@MTncPw9GV�CD3<9�EBI/:SIPVK3<AK9�cp7�9;:DV%3<9GEBEM9;TU9;:DV
α
O�5[V%IJY<EM9m=<3ÚZ<AK1XH;9G5K5[3<5�AK9;5zV%9'H¢IPHpd6c;9Je>Ê2:<9�cpV%3<=<9�RS:69�=<9;5��14:<HpV%@M14:<58=69.ZSIJAzV%@MVK@B14:658lrY<IJ5K9.=g^�14:6=<9;EM9GVKVK9;5L=<9G5>Z<A[1]HG9;5K5[3<5

α
OQ5[V%IJY<EB9G58:<1J3<5>Z�9;AKTU9GV>=_^�9�\]Z<EB@MCX369;AE­^`14A[@BN4@M:<9�=<9.VK1436VK9;5�H;9G5?=<@ 1UH;3<EªV%c;5Gw4=<9�=<cGH;AK@MAK9FEM9FH;14TUZ�1JA[V%9GTn9G:XV2° �D»XÀpÄ<=<9;5�CD3SIJ:DV%@ªV%cG5 �

ζ(q), q ∈
ZZ � 9G5[VK@BTUc;9;5Gw�IJ@B:<5[@LCD3<9nEM9;5b5KZ�9;HpV%A[9;5sTk36EMV%@ª��A%IJHpV&IJEM52HG14AKA[9;5[Z�14:6=SIJ:DV%5;e�fL:6RS:gw�:6143<5®Z<AK14Z�145[14:<5CD3<9;EMCD3<9;5�5K3<NJN49;5zV%@B1J:<5�Z�9GAKTU9GVKV%IJ:DVF=_^`cG7X@MVK9;A�H;9bN49G:<AK9b=<9bTUc;Z<A[@B5K9Pe

�_=	� 

Ï�Ö � ×?Ô;Õ ��Ï�Ø6Ø�ÖÉØÃÐ ÖFÝ�	SÑ �¦Ô � ��	 �FÝMØ
�r9;5�Tn1JAKH;9;IJ3]\b=69ÉVKA%I�£[9GHGV%1J@BAK9�=<9G5�=69;3]\tZ<A[1]HG9;5K5[3<58CD3<9É:<143658IJEMEB14:65WcGV%36=<@B9GA�5[14:DV�A[9;Z<A[c;5[9;:DV%c;59;:�dSIJ36Vr=<9;5rR<N43<AK9G5 á Èse";,9pV á Èse�u,A[9;5[Z�9GHGV%@ª7�9;TU9;:DV¢e��W9;52ZSIJA%IPTn�pV%AK9G5r=<9tH;9G5jZ<AK1XH;9G5K5[3<5i14:DV2cpV%cH�d<14@M5K@B58=<9F5K14AzV%9�CD3<9�EB9G3<AK58VKA%I�£[9GHGVK14@BA[9;5L5K1J@B9;:DV�=_^�IJEBEM3<AK9G5>9GV�=g^�@MAKAKcGN43<EBIJAK@ªV%c;5�5K9GTkY<EaIJY6EB9;5GeJq2@B:<5[@­wJ5[@E­^`14:k@MN4:<14AKIJ@MV�E­^`14AK@MN4@B:69?=<9FHG9;5�5K@MN4:SIJ3X\gwJ14:kZ�1J3<AKAKIJ@MVL«pV%A[9FA%IJ@M5K14:<:<IJY<EB9GTn9G:XV�V%9G:XVKcF=_^�IJZ<Z<EM@BCD3<9;A8EaITU«;TU9tTUcGVKd<1]=69s=_^�IJ:SIJEª�X5K9kIJ3X\�=69;3]\/5K@BNJ:SIJ3]\*Z�143<A�=<cGVK9;AKTU@B:69;ArEM9;3<A[5r5[Z�9GHGV%A[9;5iTk3<EªV%@ª��A%IJHpV&IJEM5;e021J3<5F=<c;HGAK@ª7�14:<5.TnIJ@M:XVK9;:SIJ:DVÉ9;:'=<cpV&IJ@ME�EM9;5.Z<A[14Z<A[@BcGVKc;5.=69iHpd<IJH;3<:�=69iH;9;5F=69;3]\m9p\]9;TUZ<EB9G5;w<9pV�9;:ZSIJAzV%@MH;3<EM@B9;A?EB9G3<AK5�5KZ�9;HpV%A[9;5�Tk3<EMVK@M��A%IPHGV&IPEB5;e

�QT e -L4��%"��'E[� �;/9�'E[)8�HE%/W�FGK��"%�FE[&54�+<�%1<23"V-�GK�V-L+�EQ�7681.E_�%�':;�Q&,-�1.E[:��HE% �:;�[/I-#EgG7 �:WE_1�)8�!"��!�FEQ1.G!1`> � �
	BA
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6?�� ?A> � OcK�� J
� JFX I ]�EHO � XBR"JFX ��EHGFP<I�R"OcX8X GBR�E J[JFX I�J
� � M � K �:I�R �-EHGFP<I�G �
�W9iTn143]7�9;TU9;:DVFY<A[1 � :<@M9;:m��AKIJHGVK@B14:<:<IJ@BA[9r9;:�VK9;TUZ<5FTk3<EMVK@M��AKIJHGV%IJE B(t) � Ë���x�T,¡�IkcGVKci@B:DV%A[1PO=<3<@ªVk=SIJ:65'{ª��vP|6w��¢v��¦�Fl/Z6AK14Z�145�=<9G5kT,IPAKH�d<c;5tRS:SIJ:<HG@B9GAK5;e á E.9;:DV%A[9GV%@M9;:DVkIJ365K5K@�=<9;5kHG14:<:<9�\6@M14:<5cGVKAK14@ªV%9G52I�7�9GHiE­^`c;CD3SIPVK@B14:'=<9®x�3<A[N49;A[5s{©��94u��­e��W9tË���x�T {:;6�PwW�¢|�vP��9G5[V�3<:�Tn143]7�9;TU9;:DV�Y<AK1 � :<@M9;:��A%IPHGV%@M14:<:SIP@BAK9

BH(t)
=69kZSIJA%IPTn�pV%AK9s=_^�IP36V%1POQ5K@MTn@MEaIJA[@MV%c

H
{©�¢|a;��­wg=<14:DViEB9sVK9;TUZ<5iI�cGVKckAK9G=<@B5zV%AK@©OY<3<c*�

t → M(t)
e�y�9 4GY<AKIJ5K5KIJN49&4n9;5zVs��14AzV%9;TU9;:DV®:<14:]OQEB@M5K5K9Pw�9;:���IJ@ªV®Tk3<EMVK@M��A%IPHGV&IPE­w�IJ3�5[9;:<5�1Jâ

M(t)
9G5[V�EBI'��1J:<HGVK@B14: =<9,=<@M5[VKAK@BY636V%@M14:
=_^�36:<9,TU9;5[3<AK9nTk3<EMVK@M��A%IPHGV&IPEB9sA[c;5[3<EMV%IJ:XVt=_^`3<:<9nH¢IJ5[H¢IJ=<9Tk3<EªV%@BZ6EB@BH;IPV%@ª7�9UY<@B:<1JTn@BIJEB9�5zV%1XHpd<IJ5[VK@BCD3<9Je?021J3<5,AKIJZ<Z�9;EB1J:<5nY6AK@B�p7�9;TU9;:DVn9;:ÁCD3<14@�H;1J:<5K@M5[V%9*3<:<9H¢IP5KH¢IP=<9rY<@M:<14TU@aIJEM9Je á E�5;^�IJN4@MVÉ=_^`3<:<9�=<@M5[V%A[@BY<3]V%@B1J:UA[c;HG3<AK5[@M7�9�=_^`3<:,Z�14@B=65;w�@B:6@MV%@BIJEB9GTn9G:XV�AKcGZSIJAzV%@�=<9��IJ¬G14:n36:<@M��14A[Tn9F5[3<AÉ3<:,@M:XVK9;A[7JIJEMEB9 4GZ��GAK9&4Pw�5K3<AÉ=<9G5�@B:DV%9GA[7JIJEBEM9;5 4pRSEM5�4FHpd<IJCD3<9���1J@B5L=<9G3]\U��14@B5LZ<EM3<5H;1J3<A[VK5;e���9G5r5[9;N4TU9;:DV%5�14Y6VK9;:X3<5rIPZ<AK�G5rH�dSIJCD3<9t=<@M7X@B5[@B14:'5[9t7�14@M9;:DV2IPVKVKAK@BY63<9;A�=<9G5rZ�14@B=<5�14Y6VK9;:X3<5ZSIJA2Tk3<EMVK@BZ<EM@BH;IPV%@M14:,=<3oZ�14@M=<5 4pZ��GAK9a4®ZSIJAr=69;5r7JIJAK@BIJY<EM9;5�IJEBc;IPV%1J@BAK9G5�@B5K5[3<9;5r=<9sV%@MA%IJNJ9;5�@B:<=<cGZ�9G:]O=SIJ:DV%5Ge�Æ�143<A,36:<9/AK9p7X3<9/=<9G5�H¢IJ5[H¢IJ=<9G5�Tk3<EMVK@BZ<EM@BH;IPV%@ª7�9;5t9GVm=63 Ë���x�T 7�14@BA�{©�¢|�vP��e?��9�5KZ�9;HGVKAK9Tk3<EªV%@M��AKIJHGV%IJE

DB(h)
=<3�Ë���x?T 5K9�=<c;=<36@MVÉ=<9�H;9;EM3<@�=<9�EaIiH¢IJ5[H¢IJ=692ZSIPA

DB(h) = DM(h/H)
eD�W9;55KZ�9;HpV%A[9;5U=<9�:<14TkY<A[9;3<5[9;5kH;IJ5KH;IJ=<9;5U5K@MTnZ6EB9;5sZ�9G367�9;:DVk«pV%AK9'H;IJEBHG3<EBcG5kIJ:SIJEª�DV%@BCD3<9GTn9G:XV;e á EFI/cpV%c=<cGTn14:DV%A[ct=<IJ:<5k{:;6�G��CD3<9�EM9;5r9�\]Z�145KIJ:DV%5

ζ(q)
=<9G5r��14:<HpV%@B1J:<52=69�ZSIJAzV%@MVK@B14:'14:6=<9;EM9GVKVK9s=<3¨Ë'��x�T5K1J:XV�Y<@M9;:�IJ5[5K1XH;@BcG5�lU5[14:*5[Z�9GHGVKAK9bTk3<EMVK@M��AKIJHGV%IJE­e


6?�� ?�� � OcK�� J
� JFX I
α
�-M2I�G8]��"J � R�X D G@R�E J �-EHGFP<I�R"OcX8XYG@R�E J

� ��EHO��@O�M ZBJ M ZcRTM
I�E R�]8KSI�RTOcXYM
α
��M
I�G8] ��J M ? á E�5;^�IJN4@ªV�=69;5.=<@M5[VKAK@BY636V%@M14:<5É=<9r7JIJAK@BIJY<EB9G5ÉIJEBc;IPV%14@MAK9G55[V%IJY<EM9;5bZSIJA®IJ=<=6@MV%@M14:_eQd]@

X1, . . . , XN

5[14:XV
N
7JIJAK@BIJY<EM9;5iIJEMc¢IPVK14@BA[9;5

α
O�5zV&IJY<EM9;5b@B:6=<c;Z�9;:<=<IJ:XVK9;5@B=69;:DV%@BCD3<9GTn9G:XV.=<@B5zV%AK@MY<3<cG9;5�IJEM14AK5

Sn = X1 + . . .+Xn

9G5[V2IJ3<5[5K@
α
O�5[V%IJY<EM9i9GV�14:�I��

SN
d
= N1/αX ��á È�e�~J|D¡

�W9;5�=<@M5[V%A[@BY<3]V%@B1J:<5�5zV&IJY<EM9;5F5[14:XV�=g^�IJ@MEBEM9;3<A[5�EB9G5F=<@B5zV%A[@BY<36VK@B14:65�=<9G5�EM@BTU@MVK9;5É=<9b5K14TUTn9G5.@B:]RS:<@B9G5F=<97JIJAK@BIJY<EB9G5�@B:<=<cGZ�9G:<=SIJ:DV%9G5F@B=<9G:XVK@BCD3<9GTn9G:XVÉ=<@M5[V%A[@BY<36c;9;5GeS�W9jZSIJAKIJTU�GV%A[9
α
9;5[VFVK9;E�CX369

0 < α ≤ 2
e�W14AK5[CD3<9

α < 2
wSEBI�74IJA[@aIJ:6H;9j:_^`9;5zVrZ6EB3<5�=<cGR<:<@B9>ÅSEM14AK5[CD3<9

α < 1
EaIkTU1¦�49;:<:<9i:g^�9G5[VjZ6EB3<5�=<cpRS:<@B9:<14:�Z6EB3<5Ge6Æ81J3<A

α = 2
14:�AK9pV%A[14367�9jEBItEM14@�:<14AKTnIJEM9JeX�W9;5FEB1J@B5�5[V%IJY<EB9G5.5K1J:XV�@B:6RS:6@BTU9;:DV�=<@ª7X@B5K@MY<EB9G59GVÉ5[14:XV�9G:nNJc;:<cGA%IJES=<cGH;A[@MV%9G5?Z<IJALEB9G3<A>��14:<HpV%@B1J:UH;IJA%IPHGV%cGAK@M5[V%@MCD3<9 � 7�1J@BA�y�d_eD � � ¦eM�Je �]e��4¡�=69�EBIj��14AKTU9

φ = e−ρ
14â





ρ(ν) = −iγν + σα | ν |α
[
1 + iβ

ν

| ν | ω(ν, α)

]

ω(ν, α) =





tan
πα

2

5K@
α 6= 1

2

π
ln | ν | 5K@

α = 1

��á È�e�~��4¡

�W9sZSIPA%IJTU�GVKAK9®=_^�cGH�d<9;EMEB9
σ ∈ IR+ =<cGH;AK@ªVjE�^�IJTUZ<EM@MV%36=<9i=<9;5�74IPAK@aI¦V%@B1J:<5;e

β ∈ [−1, 1]
9G5[ViEM9tZSIPA%I¦OTU�GV%A[9r=<9r5[�XTncpV%A[@B9s�XEB1JAK5KCD3<9

β = 1 � A[9;5KZge −1
¡pwXEaI®=<@B5zV%AK@MY<36VK@B14:U9;5zVFH;14:6H;9;:DV%A[c;9bls=6AK14@ªV%9 � AK9G5KZ_el*N4IJ3<H�d<9�¡i=<9

γ
e%7j: =<c;5[@BN4:<9nZSIJA

Sα(σ, β)
E�^�9G:<5K9GTkY<EB9�=<9G5s=<@M5[VKAK@BY636V%@M14:<5

α
OQ5[V&IPY<EB9G5®=69,ZSIJAKI¦OTU�GV%A[9;5

σ
9GV
β
eW�W9kZSIJAKIJTn�pV%A[9

γ ∈ IR
:_^�9G5[VtCD3_^�36: ZSIPA%IJTU�GVKAK9k=<9�EB1XH¢IPEB@B5KIPV%@M14: � V%AKIJ:<5[EaIPVK@B14:�¡�e7j:�VKAK143]7�9;AKI�=69;5�Z<AKcG5K9G:XV%IPV%@M14:<5F=<cpV&IJ@MEBEBcG9;5F=<9G5F74IJA[@aIJY6EB9;5

α
OQ5[V&IPY<EB9G5F=SIJ:<5®{:94u6w�;4vXwW�¢|a;¦��e



�&���<$ ,2���L� ��$�
��"�:� �0� ����,�� ��

� �2
�. $\� ��,�� � ��. �Y� ���
�<� � � �Y� � � � � �

� EHOcP&J M2M KYM � ? �b?��#? � ? 0214365�H;1J:<5K@M=<c;A[14:<5�TnIJ@M:XVK9;:SIJ:DV�3<:mZ6AK1XH;9;5[5K3<5
α
O�5zV&IJY<EM9rI�7�9GH

α ∈]0, 2[
w=<cpRS:<@WZSIJA�5KIUA[9;Z<A[c;5K9G:XV%IPV%@M14:'@B:DV%cGN4A%IJEM9�{©�¢|a;����

X(t) =

∫
f(t, u) M{du} , ��á Èse�~&94¡

14â
M{du} 9;5zVk3<:<9nTn9G5K3<A[9 α OQ5[V%IJY<EB9U5[�XTUcGVKAK@BCD3<9,=<9,ZSIPA%IJTU�GVKAK9U=_^�cGH�d<9;EMEB9 σ Å f(t, u)

9;5[V�3<::<1��DIJ3
=g^�@M:XVKc;N4AKIPV%@M14: CD3<@?H;14:DV%A�
4EB9nEB9G5s=<cGZ�9G:<=SIJ:<HG9;5kV%9GTnZ�14A[9;EBEM9;5®=<9;5kZ6AK14Z<A[@BcpV%c;5s5[V&I¦V%@B5zV%@MCX369;5=<9
X
eQdX@

f
9;5zVi3<:<9®��14:<HGVK@B14:*Y<@B9G:�H�d<14@M5K@M9Jw

X
9G5[Vi3<:�Z<AK1XH;9G5K5K365iIJ36VK1PO�5[@BTU@BEaIP@BAK92=<9�ZSIPA%IJTU�GVKAK9

=_^�IJ36VK1PO�5[@BTU@BEaIPAK@MVKc
H � ∀c > 0, {c−HX(ct), t ∈ IR} d

= {X(t), t ∈ IR} w�14â d
=
5[@BN4:<@ªRS9FE­^`c;N4IJEB@ªV%cF=<9V%1J36V%9G5jEB9G5rEB1J@B5FRS:<@M9;5j=<9t=<@B5zV%A[@BY<36VK@B14: 	J·¦²´¶ � ���K¡��W9sZ<A[1]HG9;5K5[3<5i=<9k�Wcp7X�4w
f(t, u) = 1(t − u ≥

0) − 1(u ≤ 0)
wF9;5zV*E�^�9�\]9;TUZ<EB9oEM9oZ<EB3<5�5[@BTUZ<EB9��F5K9;5*IJHGH;AK1J@B5K5[9;TU9;:DV%5�5[14:XV'5zV&IPVK@B14:6:SIJ@BA[9;5�9pV@B:6=<c;Z�9;:<=<IJ:XVK5;w
H = 1/α

e_�W9kTU14367�9GTn9G:XVr5[V%IJY<EB9t��A%IJHpV%@B1J:<:SIJ@MAK9sEM@B:<c;IJ@BA[9 � ��Ì*d<Ë/¡s{©�¢|a;P��wgZ�143<AEB9GCD3<9;E
f(t, u) = (t − u)

(H−1/α)
+ − (−u)(H−1/α)

+

wg14â
(u)+ = u

5[@
u ≥ 0

9GV
(u)+ = 0

IJ@BEMEB9G3<AK5Gw
α ∈]0, 2[

w
H ∈]0, 1[ H 6= 1/α

wS9;5zVrE�^�IP:SIJEB1JN43<9j5zV&IJY<EM9t=63���x�T lUIJHGH;AK1J@B5K5[9;TU9;:DV%5�5[V%IPV%@M14:<:SIP@BAK9G5TnIJ@B5�=<cGZ�9G:<=SIJ:DV%5Ge<�s^�IJZ<A[�;5i{��<;6w���~6�p�­wXTn1���9G:<:SIJ:DVÉ=<9rEMc;N4�GAK9;5?H;14:DV%AKIJ@B:DV%9G5?5[3<A�E�^�1J:<=<9;EM9GV[V%9�Tn�GAK9
ψ
w8EB9G5�H;1X921UHG@B9;:DV%5k=g^�14:6=<9;EM9GVKVK9

dX(j, k)
=69;5kZ<A[1]HG9;5K5[3<5�5[V%IJY<EB9G5�9p\]@M5[V%9G:XV�9pVk5K1J:XVk9G3]\DO�TU«;TU9;5=<9G5b7JIJA[@aIJY<EM9;52IJEBc;IPV%1J@BAK9G5

α
OQ5[V%IJY<EB9G5j=<9kZSIPA%IJTU�GVKAK9

αj = α
Z�143<A2V%1436V

j
eW�L^`dX�XZ�1JV%d6�;5K9�=_^�IJ36VK1PO5K@MTn@MEaIJA[@MVKc2@MTnZ<EM@BCD3<92CX369®EM9;3<A[5�ZSIJA%IPTn�pV%AK9G5F=_^`c;H�d<9;EMEB9j7�cGAK@ªRS9�{�~¦�

σj = σo 2jH , ��á È�e�~�¥4¡14â
σo
=<c;Z�9;:<=*l�EaIs��14@M5F=<9

ψ
9GV�=<9

f(t, u)
eS�29®Z6EB3<5Gw

á f |dX(j, k)|q = cq 2jqH , −1 < q < α. ��á Èse�~&;4¡fL:n=69;d<14A[5�=<9
q ∈]−1, α[

wDEB9G5LTn1JTn9G:XVK5>=<9FEaIj7JIJEB9G3<A>IPY<5K14EM3<9F5K1J:XV�@M:6RS:<@M5;e�Æ>IPA>H;14:65Kc;CD3<9G:XV;wDEB9;59p\]Z�145%IP:XVK5
ζ(q) = qH

:69.5K14:DV�Y<@B9G:�=<cGR<:<@B5>CD3<9�5K3<A�H;9GV>@B:DV%9;Az74IPEBEB9Pe¢�W9.H;IJEBHG3<E � V%A[�;585[@BTUZ<EB9¢¡�=69�EaIV%AKIJ:<5z��14AKTUc;9F=<9��W9GN49;:<=6AK9�H;14A[AK9G5KZ�14:<=SIJ:DV%9F=614:<:<9�EB9�5KZ�9;HGVKAK9�Tk3<EMVK@M��AKIJHGV%IJE@4GZ�14@B:DV%364ÉAK9;Z6AKc;5[9;:DV%cRSN436AK9 á È�e�u � �&¡�e��W9;5W=<9G3]\bZ�9;:DV%9;5W5[14:DV�=<14:<:<cG9;5�ZSIJA α Z�1436A h ∈]−∞, H[
w;9GV −1

Z�1436A
h ∈ [H,∞[� 5[9�AK9GZ�1JA[V%9GAjl*{�;��Xw��¢|4v¦��Z�1436Ar3<:<9tZ<AKcG5K9G:XV%IPV%@M14:�V%d6c;14A[@BCD3<9s=69;5jZ<A[14Z<A[@BcGVKc;52Tk3<EMVK@M��A%IPHGV&IPEB9;5�=<9;5Z<A[1]HG9;5K5[3<5

α
O\d dYd<¡pe


6?�� ?�
 ��J5X�� KFZ Z6K ��EHOc] ��*
� J
0214365�IPV[V%9G@BN4:<1J:<5�EB9�Z�1J@B:DV�H;AK36H;@aIPEW�X9G:,Z<AKIPV%@MCD3<9�14:,:<9�5%IP@MVÉZSIJ5r»2¹�¶p²­·¦¶�²]5K@�3<:,5[@BN4:<IJESTk3<EMVK@ªO��A%IPHGV&IPE_9;5zV

α
O�5zV&IJY<EM9j9GVt» �¢·¦¶pÄ�²­·¦¶�²

α
5[9;AKI�NJc;:<cGA%IJEM9;TU9;:DVF@B:<HG14:<:X3_eS0�1JV%14:65�IJ3'ZSIJ5K5KIJN49bE­^`@B:DV%cGAK«pV=<9kE�^�9G5[V%@MT,I¦V%@B1J:�=<9kHG9kZSIJA%IPTn�pV%AK9sH;EBcPec7j:
:<9k5%IP@MVj=614:<HkZSIJ5i5[@>EB9G5

ζ(q)
5[14:XVjZSIJA[VK1436Vb=<cpRS:<@M5;w:<@ÉCD3<9;EÉ9;5zV�cG749;:DV%3<9GEBEB9GTn9G:XVbEM9;3<A®=<14TnIJ@M:<9�=_^�9�\]@B5[VK9;:<HG9Je8��I�CD3<9;5zV%@B1J:
9;5zV�=<9n5%I�7�14@BAiHG9,CD3<@É5K9ZSIJ5[5K9GA%I'5K@LE­^`14:
IJZ6Z<EB@MCX369 4GH;1JTnTU9�=_^`dSIJY<@ªV%3<=69a4�EaImTUcGVKd<1]=69k=_^�9G5[VK@BTnIPV%@M14:/=<cGH;AK@ªV%9�Z<A[c;H;cG=<9;TkOTU9;:DVjl,=69;5i14A[=<AK9G5

q ≥ α
143

q ≤ −1
e�021PV%14:<5rCX369�Z�1J3<Ar=<9G5iZ<AK1JY<EB�GTn9G52=<9sH;14:D7�9;A[N49;:6H;9�=<9G59;5zV%@MT,IPVK9;3<A[5;w�EB9G5s74IPEB9;36AK5

q ≤ 0
5K14:DV�AKIJAK9GTn9G:XVt9p\]Z<EM14@MVKc;9;5Ge>0�c¢IJ:<TU14@M:<5s:<1J3<5�Z<A[c;5K9G:XVK14:<5�EM9;5AKcG5K3<EªV&IPVK5FV%d<cG14AK@MCX369;5�H;14:6H;9;A[:SIJ:DV2IJ3<5K5[@WY<@B9G:

q ≤ −1
CD3<9

q ≥ α
e


6?�� ?�� � I�KYZBJ Z6K5P&GYM
q ≥ α

�jIJ:<5�HG9�Z<IJA%IJNJA%IJZ<d69Jw4:<1J3<5L:<143<5�@M:XVKc;AK9G5K5[14:<5�IJ3]\k14AK=<A[9;5
q
Z6EB3<5LN4AKIJ:<=<5LCD3<9

α
e���IiCX369;5[VK@B14:

4GZ<AKIPV%@MCD3<9a4j9;5zV®� �;¸�°®±,·¦¿SÄ�¶�°j¸]¿¨½J²�»�µJ¶K»J±k±,°
log Sq

	;¯
j
¹�·¦¸X¶

q ≥ α � e



� ��� � � �����<� �b��� �0���2���:� ���a� ��$ �0��$ � �&�
	S����$\�"! 

$\� �&�

Æ8143<AW�iA[c;Z�14:<=<A[9Jw�H;1J:<5K@M=<c;A[14:<5
X ∈ Sα(σ, β)

36:<9É7JIJA[@aIJY<EM9>IJEMc¢IPVK14@BA[9
α
OQ5[V%IJY<EB9L=69?ZSIPA%IJTU�GVKAK9=_^`c;H�d<9GEBEB9

σ
9pV�=<9bZSIJA%IPTn�pV%AK9r=<9b5[�XTncpV%A[@B9

β
e�d]14@ªV

F (x)
5KI���14:6HGV%@M14:�=<9b=<@M5[V%A[@BY<3]V%@B1J:mH;3<Tk36EBc;9Pe�s^�IJZ<A[�;5�EB9jV%d6c;14A[�;TU9b~6wSZ<Z_e��P|�¥s=<9U{�94u¦�­w




xα[1− F (x)] −−−−→

x→+∞
L(α)σα(1 + β)

xαF (−x) −−−−→
x→+∞

L(α)σα(1− β).
��á È�e�~4u�¡

I�7�9;H
L(α) =





2− α

π
sin(

πα

2
)Γ(α)

5K@
0 < α ≤ 1,

2− α

απ
sin(

πα

2
)Γ(α)

5K@
1 ≤ α < 2.

��á È�e`|�v�¡
d]14@ªV

G(y)
EaIr��1J:<HGVK@B14:�=<9�=<@M5[V%A[@BY<3]V%@B1J:kH;3<Tk3<EMc;9.=69

Y = |X|q I�7�9;H q > α
eD�29 ��á È�e�~4u�¡8@ME67X@B9;:DV��

G(y) =





0
Z�143<A

y ≤ 0,

1− [2L(α)σα + µ2(y)]
1

yα/q
Z�1436A

y > 0,
��á È�e`|<��¡

14â
limy→+∞ µ2(y) = 0

e��W9G5�IJ@BEM9;5U=<9
G(y)

5%IPVK@B5z��14:XV,IJEM14AK5UEB9G5,dD�]Z�1JVKd<�;5[9;5m=<3ÁVKd<c;1JAK�;TU9o�XwZ<Z_eW��;6�b=<9U{�;4v¦�­e@7j:'9;:�=<c;=63<@MV�CD3<9
G(y)

IJZ<ZSIPA[V%@M9;:DV�IJ3�=<14TnIJ@B:69j:<14A[T,IJEg=_^�I¦VKV%AKIJHGVK@B14:�=g^�3<:69EB1J@g5[V%IJY<EM9
Sα/q((2L(α)σα)q/α, 1)

eFdX14@MV
Z
7JIJAK@BIJY<EM9rIJEMc¢IPVK14@BA[9r=<@M5[VKAK@BY63<c;9j5[9;EM14:'H;9GV[V%9bEB1J@­wX9GV�5K1J@MV

{Xk, k = 1, . . . , n} =<9;5>7JIJAK@BIJY<EM9;5�IJEBc;IPV%14@MAK9G5�@M:<=<c;Z�9;:6=SIJ:DV%9;5L@M=<9;:DV%@MCD3<9;TU9;:DV8=6@B5[VKAK@MY<3<c;9G5 � @�e�@�e�=_e�¡=<9bEB1J@
Sα(σ, β)

e]qrEB1JAK5
Z

d
= lim

n→+∞

1

nq/α

n∑

k=1

|Xk|q ��á È�e`|D�4¡
y�14TUTn9

α/q < 1
IJ3<HG3<:<9mHG14:<5zV&IJ:DV%9m=69mAK9GH;9;:DV%AKIJN49m:g^�9G5[V�:<cGH;9;5[5%IJ@MAK9PeL�s^�IJZ<AK�G5�=<9G5kAKc;5[3<EMV%IPV%55[V%IJ:<=SIPAK=<5®{:94uP��wS:<143<5�14Y6VK9;:<1J:<5 � c` 9;5[V2EaI�HG14:<5zV&IJ:DV%9b=_^�fL3<EB9GA&¡r�
E[log2 |Z|] =

c`
ln 2

( q
α
− 1
)

+ log2((2L(α)σα)q/α

+
q2

α2
log2

(
1 + tan2

(πq
2α

))
= C.

��á È�e`|�~�¡

��c;c;HGAK@ª7�14:<5�TnIJ@B:DV%9G:SIJ:DV
Sq(j)

wSZ�143<A
q > α

w6=<9bEaI���IJ¬;1J:�5[3<@M7JIJ:DV%9��

Sq(j) =
1

nj

∑
|dj,k|q =

σqj

n
1−q/α
j

1

n
q/α
j

∑∣∣∣dj,k
σj

∣∣∣
q

︸ ︷︷ ︸q
. ��á È�e`|4|D¡

��I¨CD3SIP:XVK@MV%c�:614AKTnIJEB@M5KcG9
A
9;5[VnIJ5z�XTnZ6VK1JV%@MCD3<9;TU9;:DV � nj → ∞ ¡k@M:<=<cGZ�9G:<=SIJ:DV%9'=<9

j
e d]@FE­^`14:��IJ@ªVmE­^`dD�]Z�1JVKd<�;5[9/CD3<9
EB9;5,=<cGV%IJ@BEM5,=<9oE�^�IJ:<IJEM�X5K9�Tk3<EMVK@BAKcG5K14EM36V%@M14:Ú5K14:DV�@�e�@�e�=_e � 5zV&IPVK@B14:6:SIJ@BA[9;5n9GV��IJ@MY<EB9GTn9G:XVsH;14A[AKc;EMc;5U9;:�AKc;IJEB@ªV%c�¡�l
c;H�d<9GEBEM9mR6\]c;9 {�~P��:<1J3<5UIJZ<Z<EM@BCD3<14:<5�EM9;5�AKcG5K3<EªV&IPVK5UHG@ªOQ=<9;5[5K3<5I�7�9;Hi3<:�ZSIJAKIJTU�GV%A[9i=_^`c;H�d<9;EMEB9icGN�IJEWl

1
Z�1J3<AF14Y6VK9;:<@MAFEB9iAKcG5K3<EªV&IPV�IP5[�XTnZ]V%1JVK@BCD3<9k�

á f [log2 Sq(j)] = log2 σ
q
j − log2 n

1−q/α
j + C. ��á È�e`|D�4¡



�&���<$ ,2���L� ��$�
��"�:� �0� ����,�� ��

� �2
�. $\� ��,�� � ��. �Y� ���
�<� � � �Y� � � � ���

��I�A[c;ZSIPA[V%@ªV%@M14:o=<9;5®H;1X921UHG@B9;:DV%5b=_^`14:<=69;EB9pVKVK9n=_^`3<: 5K@BNJ:SIJE>=<1J:<:<cU=<9nEM14:<N4369;3<A
n
5K3<Ab3<:�IJAKY6AK9=6�DIP=<@BCD3<9®@BTUZ<EB@MCD3<9

nj ' n2−j
w�CD3_^�@MEW��IJ3<=<AKIJ@MV�@M=<c¢IJEM9;TU9;:DV�AK9GTnZ<EBIJH;9GA�ZSIJA�EB9®:<14TkY<A[9i=<9sHG1]9p�aORSHG@B9;:DV%5�@M:<=<c;Z�9;:6=SIJ:DV%5�lUH�dSIPCX369®cGH�d<9;EMEB9 � HG9t:614TkY<AK9i5[9bH;14TUZ�1JA[V%9®IJ365K5K@�9G: ∼ n2−j

¡�e � AKÇJH;9®lEaI�A[9;EBIPV%@M14: ��á Èse�~�¥J¡ � σj = σo 2jH
¡�:<143<5�H;14:6H;EB3614:<5FCD3_^�IJ5[�XTUZ6V%1JVK@BCD3<9GTn9G:XVb�

á f [log2 Sq(j)] =

[
1 + q

(
H − 1

α

)]
j +

y�5[V%9
. ��á È�e`|a9�¡

y�9�AKc;5[3<EMV%IPVU@B:<=6@BCD3<9�CX369Jw�Z�1J3<A
q ≥ α

wLEB9'=<@aIPN4A%IJTUTU9mEB14N¦O�EB1JN/=<9
Sq(j)

=<14@ªV�Z<AKcG5K9;:DV%9GA,3<:H;1JTnZ�14A[VK9;TU9;:DVF9;5[5K9G:XVK@B9;EMEB9GTn9G:XV�EB@B:6c¢IJ@MAK9j=<9bZ�9;:DV%9
1 + q

(
H − 1

α

) e
fL:¨A[c;5[3<TncPwg5[@>14:o5;^`@B:DV%cGAK9G5K5K9�IP3]\���1J:<HGVK@B14:<52=<9kZSIJAzV%@ªV%@B1J:<521J:<=<9;EM9GV[V%9�=_^`14A[=<AK9

q ≥ α
=_^�36:��Ìbd<Ë w á f Sq(j) :_^`9;5[V2ZSIJ5�=<cpRS:<@M9bV%IJ:<=<@M5FCD3<9 á f log Sq(j)

E­^`9;5zV29pV�Z<AKcG5K9G:XVK9t3<:�H;1JTnZ�14A[VK9;TU9;:DVEB@M:<c¢IP@BAK9U9;:
j
eb7j:ÚZ�9G36V�=<14:6H�=<cGRS:6@BAk=<9G5kCX3<IJ:XVK@MVKc;5k:<1JVKc;9G5

θ(q)
w>Z�9;:DV%9;5k9G5[VK@BTUc;9;5k=<IJ:<5k=<9G5=<@BIJN4A%IPTnTU9;5?EB14N�IPAK@MVKd<TU@BCD3<9;52�




θ(q) = qH = ζ(q)

Z�143<A − 1 < q < α,

θ(q) = 1 + q

(
H − 1

α

) Z�143<A
q ≥ α

��á È�e`|D¥4¡


6?�� ? � � I�KYZBJ Z6K5P&GYM
q ≤ −1

�W9�H;IJ5
q ≤ −1

Z6AKc;5[9;:DV%9�3<:U@B:DV%c;A[«GV�Z<AKIPV%@MCD3<9�Tn14@M:<=<A[9.CD3<92EM9FZ<AKcGH;cG=<9;:DV�Z63<@B5[CX3g^�@MES9;5[V?IJ5[5K1POH;@Mc®lU=<9G5r=<@ 1UH;3<EªV%c;5�:X3<TUc;AK@MCD3<9;5�=_^`9;5zV%@BTnIPVK@B14:�=<9G52��14:6HGV%@M14:<5�=<9®ZSIJAzV%@MVK@B14:�1J:<=<9;EM9GV[V%9b=_^`14AK=<A[9;5:<cGN�IPV%@ª��5;eDy�9GZ�9G:<=SIJ:DV¢w4VKA%IJ@ªV%9GALH;14TUZ<EB�pV%9GTn9G:XVLHG9�H¢IJ5ÉZ�9GAKTU9GV�=_^�IJZ<Z�14AzV%9;A�3<:69�A[c;Z�14:<5[92HG14TnZ6EB�GVK9lkEaIkCD3<9;5zV%@M14:*=69®=6c;ZSIJAzV � 14:�5;^`@B:DV%cGAK9G5K5K9®lkV%14365FEB9;5�14A[=<AK9G5 q ∈ ZZ
¡pe

��I,=<c;TnIJA[Hpd69�9;5zVi9;5[5K9;:DV%@M9;EMEB9;TU9;:DV�EaIUTn«GTn9tCX369kZ�1436A
q ≥ α

e_��I,=<@ªhgcGAK9G:<H;9s7X@M9;:DVj=<3���IP@MVCD3<9UEB9;5iTU14TU9;:DV%5j=g^�14A[=<AK9G5b:<c;N�I¦V%@M��5i=g^�3<:69n=<@M5[VKAK@BY636V%@M14:/5K1J:XV®=<14TU@B:6c;5jZSIPA®EM9kH;14TUZ�14A[VK9;TU9;:DV=<9bEaI�y.�rÌ�IJ3'7�14@M5K@M:SIJN49j=69
x = 0

wS9GV�:<14:�Z<EM3<5�ZSIJAFE­^�IJEMEB3<A[9r=<9G52IP@BEB9G5F=<9bEaI�y.�jÌ?e
y�14:<5[@B=<cGAK14:<5

X ∈ Sα(σ, β)
3<:<9�74IJA[@aIJY6EB9'IJEMc¢IPVK14@BA[9

α
O�5zV&IJY<EM9*=69�ZSIJAKIJTU�GV%A[9*=g^�cGHpd69;EBEM9

σ9GVt=<9nZSIJA%IPTn�pV%AK9U=<9U5[�XTUcGV%A[@B9
β
e%dX14@MV

F (x)
5%I'��14:<HGVK@B14: =<9U=<@B5zV%AK@MY<36VK@B14:
H;36Tk3<EBcG9Je+7j:�Z�9;36VTU14:XVKAK9GAjCD3<9�EB9;5i��14:6HGV%@M14:<5j=69;:<5[@MV%c�=<9�Z<A[14YSIJY6@BEB@ªV%ct=<9;5®=<@B5zV%A[@BY<36VK@B14:65

α
OQ5[V%IJY<EB9G5i5K14:DVbY�14AK:<cG9;59GV�@M:6RS:<@MTn9G:XV�=<c;A[@M7JIJY<EB9G5i{:94uP� � �g14EB1JV%IJAK9p7��¢u&;&9�¡�eS0214365�Z�14367414:<5F=<14:6H®cGH;A[@BAK9��

F (x) ∼ ao + a1x
IP3'7414@B5[@B:SIJNJ9j=<9

0 ��á È�e`|a;�¡14â
a1

9G5[V�EBI�7JIJEB9G3<A®=<9,EBI���14:<HpV%@M14:�=<9G:<5K@ªV%cm=69,Z<A[14YSIJY<@MEB@ªV%c �®9;:
0
e*dX14@MV

G(y)
EBI'��14:6HGV%@M14:
=<9=<@M5[V%A[@BY<3]V%@B1J:�H;3<Tk3<EMc;9j=69

Y = |X|q I�7�9GH q < −1
e�0�1JV%1J:<5�CX369U�

1−G(y) = F (
1

y1/|q|
)− F (− 1

y1/|q|
) ��á È�e`|�u�¡

fL:*A[9;Z�14A[V%IJ:DV ��á Èse�|a;4¡F=<IJ:<5 ��á Èse�|�u4¡�@BEg7X@B9G:XVb�
G(y) ∼ 1− 2a1

y1/|q|

Z�143<A
y −→ +∞ (q < −1) ��á È�e��Jv�¡

�QTU-�:IEJ+.��G'-�EJ �
a1

E_�'"�-�1D�J:84�+.+<� � 1<+Z2�-�4I)8"V-L1<�J"��!/I"%�':I)8"��5+.��& �'&��("V-L1�E% �:�:��'&��!:;�U�': "��!&�/�+�-�
'-L:;�
a1

/I-�"h+.-
YL-L+.�!4I"[)�� +�-(/�"��!&�1<$'"%�h)8�'"%1.Y��!�U)�e  #"�)8"��J1<&�/I-�1<"

2p + 1
)8�

F (x)
:I �:8\i:84�+.+<� �!:

0
S�TU�h/�+.4IEg1.+ 2�-L4I)�"�-�1D�g"��!&�/�+�-�G7�'"

1/|q|
/I-�"

(2p + 1)/|q|
/W-L"%�% �4��[ � G!�!+�-(�'E_��:��'G!�'E�E%-�1<"��
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$\� �&�

021J3<5'Z�143]7�14:<5�lÚ:<14367�9;IJ3 36V%@MEB@B5[9;AmEM9/V%d<cG14AK�GTn9 �]wFZ6Z_eb��;6�
=<9�{�;JvP�bZ�1J3<A�9;:�=<c;=<36@BAK9
CD3<9
� � �6¡UIPZ<ZSIJAzV%@B9G:XV,IJ3�=<14TnIJ@B:<9':<1JAKTnIJE�=_^�I¦VKV%AKIJHGVK@B14:�=_^`3<:<9/EM14@F5[V%IJY<EM9 S1/|q|((2a1)

|q|, 1)
e#d]1J@MV

Z
7JIJAK@BIJY<EB9�IJEMc¢IPVK14@BA[9'=<@B5zV%AK@MY<3<cG9/5K9GEB14:ÃHG9GVKVK9/EB1J@­w�9GV�5[14@MV {Xk, k = 1, . . . , n} =69;5,7JIJAK@BIJY<EM9;5IJEMc¢IPVK14@BA[9;5.@M:<=<c;Z�9;:6=SIJ:DV%9;5�@M=<9;:DV%@MCX369;TU9;:DV.=<@M5[V%A[@BY<36c;9;5 � @­e`@­e`=_e ¡É=<9bEB14@ Sα(σ, β)

e6q2EB14A[5

Z
d
= lim

n→+∞

1

n|q|

n∑

k=1

|Xk|q ��á È�e��]��¡
CD3<@_9G5[V�E­^�IJ:SIPEB14N4369r=<9 ��á È�e`|D�4¡�e<qr3<HG3<:<9iHG14:<5[V%IJ:DV%9i=<9iA[9;H;9G:XVKA%IJNJ9j:_^`9;5[V�:<cGH;9G5K5%IP@BAK9iH;IJA 1/|q| <
1
e�fL:�HG14:<5[@B=<cGA%IJ:DV*l�:<143]7�9¢IJ3�EB9G5�=6cGV&IP@BEB5�l�c;H�d<9;EMEB9/R6\]cG9
H;14TUTU9o=<9;5�74IJA[@aIJY6EB9;5�@�e�@�e�=geMw.EM9;5c;CD3SI¦V%@B1J:<5 ��á È�e`|�~�¡W9GV ��á È�e`|4|D¡�14âsE�^�14:tAK9GTnZ<EBIJH;9 q/α ZSIJA |q| Z�9;A[Tn9pVKVK9;:DV>=_^�IJY�1436V%@MA�l2EaI�AK9GEaIPVK@B14:IJ5z�]TUZ6VK1JV%@MCX369k�

á f [log2 Sq(j)] = log2 σ
q
j + log2 n

|q|−1
j + C. ��á È�e��4�4¡7jA

nj ' n2−j
wS=<1J:<HbN4A%ÇJHG9®lUEBI�AK9;EBIPV%@M14: ��á Èse�~4¥4¡ � σj = σo 2jH

¡�:6143<5�H;14:<HGEB3<1J:<5�CX3g^�IJ5z�XTnZ6VK1POV%@MCD3<9;TU9;:DVb�
á f [log2 Sq(j)] = [1 + q (H + 1)] j +

y�5[V%9
, q ≤ −1 ��á È�e��J~�¡Ê2:69*��14@M5n9G:<H;14A[9
wÉ@BEF��IJ3<=<AKIJ@MVU@M=<c¢IJEM9;TU9;:DVUAK9;TUZ<EBIJH;9GA

nj
Z<IJA,EM9*:<1JTkY<AK9�=<9�HG1]9
1UH;@B9G:XVK5,@M:]O=<cGZ�9G:<=SIJ:DV%5sl*H�dSIJCD3<9Uc;H�d<9GEBEB9PwWT,IP@B5bH;9n:<14TkY<A[9U5[9,HG14TnZ�14AzV%9UIJ3<5[5K@É9;: ∼ n2−j

e8y�9UAKc;5[3<EMV%IPV@B:6=<@BCD3<92CX369Jw<Z�143<A
q ≤ −1

w6EM9r=<@BIJN4A%IPTnTU9�EB14NPOQEB14Nb=<9
Sq(j)

=<1J@MV?Z<AKcG5K9;:DV%9GAF3<:�H;1JTnZ�14A[VK9;TU9;:DV9;5[5K9G:XVK@B9;EMEB9GTn9G:XVrEB@B:6c¢IJ@MAK9s=69UZ�9;:DV%9
1 + q (H + 1)

e á EL9;5zVbAK9;TnIJA[CX3<IJY<EB9kCD3<9�HG9UHG14TUZ�14AzV%9GTn9G:XV:<9b=<cGZ�9G:<=�CD3<9b=<9
H
9GV�:<14:�=<9

α
e

Ì8@B:<IJEB9GTn9G:XV;w]5[@�E�^�1J:�5;^`@B:DV%c;A[9;5[5K9tIJ3]\���14:6HGV%@M14:<5�=<9bZSIJAzV%@ªV%@B1J:m14:<=<9GEB9pVKV%9b=_^`14A[=<AK9
q /∈]− 1, α[=_^`3<:
��Ìbd<Ë w á f Sq(j) :g^�9G5[ViZSIP5i=<cGRS:6@B9sV%IJ:<=<@M5rCD3<9 á f log Sq(j)

E­^`9;5zVi9GViZ6AKc;5[9;:DV%9k3<:oHG14TUZ�14A�OV%9GTn9G:XV�EB@M:<c¢IJ@MAK9�9;:
j
eY7j:mZ�9G36VF=<1J:<Hr=<cpRS:<@MA.=<9;5�CX3<IJ:XVK@MVKc;5�:61JV%cG9;5

θ(q)
wXZ�9;:DV%9;5�9;5[VK@BTUc;9G5�=SIJ:65=<9G52=<@BIJN4AKIJTnTU9;5?EB14N4IJAK@ªV%d<TU@BCD3<9G5r�





θ(q) = 1 + q (H + 1)
Z�1J3<A

q ≤ −1,

θ(q) = qH = ζ(q)
Z�143<A − 1 < q < α,

θ(q) = 1 + q

(
H − 1

α

) Z�143<A
q ≥ α

��á È�e��P|D¡

�_=�� 
¤ÑBØ ��Ö�Ø]Ø�ÑMÕjÛ �kÝBÏ ×�Ñ �8Ó�Ï
��I*Z<A[1]HGc;=<3<A[9n=g^�9G5[V%@MT,I¦V%@B1J:¨9G5[VsIJZ<Z<EM@BCD3<cG9nI�7�9GHU5[3<H;HG�;5kl'E­^`c;H�dSIP:XVK@BEBEM14:�=69nV%AKI�£[9;HpV%14@MAK9�=<3Ë���x�T�Z�1436A

q ∈ [−1, 5] � 7�14@MAsRSN436AK9 ��á Èse";�¡[¡pe dX3<A�EaI/EB@MN4:<9m=63�TU@BEM@B9;3 5K14:DV�AK9GZ<AKcG5K9G:XVKc;5UEB9;5=<@BIJN4A%IPTnTU9;5iEM14N�IJA[@MV%d6Tn@MCX369;5jZ�143<AbEB9G5t1JAK=<A[9;5
q = 1

9GV
q = 3

e�0�143<5®H;14:<5zV&IPVK14:<5tEB9;5i7JIJEB9G3<AK59;5zV%@MTncG9;585[3<@M749;:DV8Y<@M9;:tEaI�Z<AKcG=<@BHpV%@B1J:tV%d6c;14A[@BCD3<9 � 9;:sVKA%IJ@ªV�Z<EB9G@B:�¡�eP�29�TU«;TU9Jw�EB9G5�7JIJEB9G3<AK5�9;5zV%@MTncG9;5=<9G5j9p\]Z�145%IJ:DV%5
ζ(q)

5[14:DV2VKAK�;5�7�14@M5K@B:69;5�=<9;5r7JIJEM9;3<A[5�VKd<c;1JAK@BCD3<9G5;w�9GVjEM9t5[Z�9GHGVKAK9�Tk3<EªV%@ª��A%IJHpV&IJE�9;5[VY<@M9;:'AK9GZ<AK1X=<3<@ªV¢e
��I�RSNJ3<AK9 ��á Èse�u�¡WTU14:XVKAK9LEM9;5�AKcG5K3<EªV&IPVK5�14Y]V%9;:X3<5�Z�143<A�EB9���Ìbd<Ë ePy�14TUTU9ÉZ6AKcG7X3_w�=<9G58HG14TnZ�14A�OV%9GTn9G:XVK58EM@B:<c;IJ@BA[9;5�5K14:DVL14Y<5[9;Az7�c;5L=SIP:<5>EB9G58=<@BIJN4AKIJTnTU9;5�EB1JN�IJAK@ªV%d<TU@BCD3<9G5;w�TU«;TU9�Z�143<A

q = 3 > αIJEM14AK5FCD3<9 á f S3

:_^`9;5[V2ZSIJ5�=<cpRS:<@M9Je��W9;5�Z�9G:XVK9;5�9;5zV%@BTUc;9G5
θ(q)

7�c;A[@MRS9G:XV�Y6@B9;:�EB9G5�EB14@M5.Z<AKcG=<@MVK9;5�9GVEB9G5?H�dSIP:<N49;TU9;:DV�=<9�H;14TUZ�14A[VK9;TU9;:DV�9;:
q = α

9GV
q = −1

eXfL:mA[9G7JIJ:<H�d<9Jw�EM9�5KZ�9;HGVKAK92Tk3<EMVK@M��A%IPHGV&IPE
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� �2
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�<� � � �Y� � � � � �

=<9®�W9;N49G:<=<A[9t9G5[V%@MTnc®Ik3<:<9b��14A[Tn9i9G:*HGEB1XHpd69JwSY<@M9;:�IJAKA[14:<=<@M9Jw<:69GVKVK9;TU9;:DV�=<@Mh�c;A[9;:DV%9b=<3�5KZ�9;HGVKAK9V%d6c;14A[@BCD3<9Jw�IP:<N43<EM9;3]\�w<EM@B:<c;IJ@BA[9jZSIJAFTU14AKHG9¢IJ3X\ge
�W14AK5[CX3g^�14:�IJZ<Z<EM@BCD3<9�EBI�Z<AK1XH;cG=<3<AK9�=_^�IJ:SIPEM�X5K9�Tk3<EªV%@M��AKIJHGV%IJEB9bdSIPY<@MVK3<9;EMEB9kl�3<:¨Z<AK1XH;9G5K5[3<5

α
O5[V%IJY<EM9nTk3<EªV%@ª��A%IJHpV&IJE�w�EM9n5[Z�9GHGV%A[9m=<9n�W9;N49G:<=<AK9,9;5[VK@BTUcn:69,5K9n=<@B5zV%@M:<N43<9�ZSIJ5t=_^`3<:
5KZ�9;HpV%A[9mTk3<EªOV%@ª��A%IJHpV&IJE�5zV&IJ:<=<IJAK=_w�9GVkEBI*:SI¦V%3<A[9mIJ36VK1PO�5[@BTU@BEBIJ@BA[9�=<3¤Z<A[1]HG9;5K5[3<5k:_^`9;5zVkZSIJ5�=6cGV%9GHGVKc;9Je>Æ8143<AzV&IJ:DVEB9G5kH¢IJ365K9;5�=<3�H¢IPA%IJHpV%�;A[9�Tk3<EMVK@M��AKIJHGV%IJE�=<9;5�Z<A[1]HG9;5K5[3<5�cGVK3<=<@BcG5�5K14:DV�A%IJ=6@BH¢IPEB9;TU9;:DVt=<@Mh�c;A[9;:DV%9;5Ge�jIJ:65jEB9tH¢IJ5jZ<IJA[VK@BH;36EB@B9GA2=63oZ<AK1XH;9G5K5K365b��cp7D�DOQ5[V%IJY<EB9PwgEM9;5iIJHGH;A[14@B5[5K9;TU9;:DV%525K14:DVj5zV&IPVK@B14:6:SIJ@BA[9;529GVEB9G5i@BA[AKc;NJ3<EaIJA[@MVKc;5�:SIJ@B5[5K9G:XVb=<3
H;IJA%IJHpV%�GAK9

α
OQ5[V%IJY<EB9�IJ36V%1¦O�5K@MTn@MEaIJ@MAK9i=<3
Z<A[1]HG9;5[5K3<5Ge���Im��14AzV%9�@MAKAKc�ON43<EBIJAK@ªV%c�=<9G5�Ë���x?T Z<AK1�7X@B9;:DVUIJ3�H;14:DV%AKIJ@BA[9�=<9*EBI¨HG14TUZ<EB9�\6@ªV%c�=<9G5,=<cGZ�9G:<=SIJ:6H;9;5,@B:DV%AK1X=<3<@ªV%9G5ZSIJALEBIjH;14:65[V%A[3<HGVK@B14:U9;:�H;IJ5KH;IJ=<9JeX�L^�IJY<5K9G:<H;9�=_^`3<:<9�5K@MN4:SIPVK3<AK9

α
O�5zV&IJY<EM9 ��IJNJA%IJ:DV%9F9G5[V�V%A[14TnZ�9;365K9:<14:XO�5K9G3<EB9GTn9G:XV8=SIJ:<5LEM9.5KZ�9;HpV%A[9FTk3<EMVK@M��A%IPHGV&IPE­w¢TnIJ@B5�=<c�£Kl]w4Y<@B9G:k9;:UIJTU14:DV¢w�=SIJ:<5LEM9;5>=6@aIJN4AKIJTUTn9G5EB1JN�IJAK@ªV%d<TU@BCD3<9G5;eD�r9G5FAK9GEaIPVK@B14:<5ÉEB@M:<c¢IP@BAK9G5?9G:XVKAK9jEM14N�IJA[@MVKd<Tn9G5�5K14:DV.14Y65K9;Az7�c;5FEBls14â�IP3<H;3<:69iEB14@�=<9Z<3<@M5K5KIJ:<H;9U:<9UZ�9G36Vt«GV%A[9n=6cGRS:<@M9 ���L^�cp7�14EM36V%@M14:
=<143<HG9n9pVsA[14:<=<9�=<3 H;14TUZ�1JA[V%9GTn9G:XVj=<9;5tZ�9G:XVK9;5

θ(q)
IJ36VK143<A2=<9

q = α
9pV
q = −1

:g^�IJ@M=<9sZ<IJ5r:<1J:oZ<EB3<5rl,Z<A[9;:<=<A[9�=<3oA[9;H;36E­e;eGe&y�9pVKV%9k=6143<H;9G3<A9;5zVr=63<9�l�EaI�CD3SIJEB@ªV%ci=<9G5r9G5[V%@MT,I¦V%@B1J:<5F=<9
θ(q)

CD3<@�9;5[Vr=_^�IJ36V&IP:XV�Z<EM3<5�IPhg9GHGVKc;9sCD3_^`14:�IJZ<Z<A[1]H�d<9EB9G5.74IPEB9;36AK5
q = α

9GV
q = −1

e
0214365>=<9G7414:<5�IJ3<5[5K@]AK9;TnIJA[CX369;A>CD3<9.EBIr5K@MTnZ6EB@BHG@MVKcL=<3k5KZ�9;HpV%AK9FTk36EMV%@ª��A%IJHpV&IJE � ��14:<HpV%@M14:sEM@B:<c;IJ@BA[9ZSIJA�TU14AKHG9¢IJ3�¡.=SIP:<5rEM9®H;IJ5�=<3o��Ìbd<Ë :_^�9G5[VjIJY<5K1JEB3<TU9;:DV�ZSIJ5�@B=<9G:XVK@MRScG9Je���In5[143<A[H;9s=69tE�^�9GAKAK9G3<A:_^`9;5zVkZSIJ5t=SIJ:<5tEaI*=6@Mh�c;AK9G:<H;9n9;:DV%A[9,EB9G5tVKA%IJ:<5z��14AKTUc;9G5s=<9,�W9;N49G:<=<AK9,=<9

ζ(q)
9GV
θ(q)

e8yr^�9G5[VkEBICD3SIJEM@MV%ck=69;5s9G5[VK@BTnIPV%@M14:<5iZ�143<A
q ∼ α

CD3<@�=<14@MV®«pV%AK9U@B:6H;AK@MTn@M:<c;9Pe_fL:�9phg9pV¢w�EaImVKA%IJ:<5z��14AKTUc;9U=<9�W9;N49G:<=<A[9s9;5zV2VKAK�G5r5K9G:<5K@MY<EB9tIJ3]\�9GAKA[9;3<A[5r5K36A2EM9;5�=<AK1J@MV%9G5;e���IUEMc;N4�GAK9®H;1436AKY<3<A[9s=<9G5
θ(q)

=SIJ:<5�EaIN�IJTUTU9
q ≤ α

4;IJY �aTU9a4®EBInZ�14@B:DV%9®=<3/5[Z�9GHGVKAK9kTk3<EªV%@M��AKIJHGV%IJE_5[@MV%36c;9�9G:
(h,D(h)) = (H, 1)

e��W9H�dSIJ:<NJ9;TU9;:DV�=<9tZ�9;:DV%9bY<A[36V&IPE�IPVKVK9;:<=<3*5K9bV%AKIJ:<5[��1JAKTU9i9;:�36:<9tHGEB1XH�d<9iTn1JEBEB9GTn9G:XV.IJAKA[14:<=<@M9JeS��I=<@ 1nHG3<EMVKctHG9;:DV%AKIJEB9i7X@B9G:XV2=<3�Y<IJ5KHG3<EB9GTn9G:XV2=<9sE�^�9�\]@B5[VK9;:<HG9�lUEaI�:<14:]OQ9p\]@B5zV%9;:6H;9s=69;5jTU14TU9;:DV%5�9;:
q = α

eWÊ�: �b@BE89p\]9;A[H;cU9GVsIPVKVK9;:DV%@M�ÉZ�143<A[A%ImV%143]Vt=69UTU«;TU9�«GVKAK9UIJEB9GA[VKckZSIJAbE­^�IJH;HG3<Tk3<EBIPV%@M14:/=<9Z�14@B:DV%5iIP36V%1436Ai=<3 TnI¦\]@BTk36T =<IJ:<5bEB9�5[Z�9GHGVKAK9UTk3<EMVK@M��A%IPHGV&IPE�9G5[VK@BTUcJe á E>9G5[VtIJ3<5[5K@�AK9GT,IPAKCD3SIJY<EM9CD3_^`14:ÚIJAKA[@M7�9,l/9;5zV%@BTU9;At=<9;5k9�\]Z�145KIJ:DV%5�Z<A[c;5[9;:DV&IJ:DVk3<:¤TnI¦\]@BTk3<T � 9;: q = α
¡pe�f�:Ú9phg9pV¢w8EM9;5Z<A[1]HGc;=<3<A[9;5n=_^�9G5[VK@BTnIPV%@M14:Ú:_^�IPAKAK@ª7�9;:DV�9;:�N4c;:6c;A%IPE�Z<IJ5,l
=<cGH;AK@MAK9�EaIoZ<A[c;5K9G:<H;9�=_^�36:!TnI¦\]@BTk3<T5K36@M7X@W=_^`3<:<9b=<c;HGAK14@M5K5KIJ:<H;9®=<9G5

ζ(q)
EM14AK5[CD3_^�@MEB5.5[14:DV�Y<@B9G:�=6cGRS:<@M5;e

Ê2:mTU1���9;:U=<9�5K3<A[Tn14:DV%9GA?HG9rZ<A[14Y<EM�;TU9�5[9;AKIJ@MV?=_^`@B=<9G:XVK@MRS9GAÉEM9;5ÉH¢IJ365K9;5�=<9rHG9;5�9G5[VK@BTnIPV%@M14:<5�=<9
4GCD3SIJEM@MVKc®TUc;=6@B1XH;AK9&4®=SIP:<5rEM9tY<3]Vj=<9tEB9;52c;EM@BTU@B:<9GA;eSÊ�:<9�IJ3]V%AK9sIJZ<Z<A[1]H�d<9®H;1J:<5K@M5[V%9slmI�£[143]V%9;A29;:IJTU14:DV�=<9�EBI�TUcGVKd<1]=69?=_^�IJ:SIPEM�X5K9?3<:tVK9;5[V8=<9�HG14:D7�9;A[N49;:<HG9�=<9G5

Sq(j)
Z�1436A�=<cpV%9GAKTU@B:<9GA�EBI�N�IPTnTU9=<9G5�14A[=<AK9G5

q
Z�9GA[V%@M:<9;:DV%5ÉZ�143<AÉE­^`9;5[VK@BTnIPV%@M14:k=<3m5[Z�9GHGVKAK9jTk3<EªV%@ª��A%IJHpV&IJE�wPTnIJ@B5ÉIJ365K5K@�IJ5[5K1XH;@BcG5.l®=<9;59;5zV%@MT,IPVK9;3<A[5kZ�9GA[��14A[T,IP:XVK5;e>�29'VK9;EM5�VK9;5zV%5�:<9'5K14:DV�ZSIJ5�cp7]@M=<9;:DV%5UloTU9GVKVKAK9�9G: �b367XAK9'5[3<A�=<9;55KcGAK@M9;5�VK9;TUZ�14A[9;EMEB9;5ÉCD3<@gZ�9;3]7�9;:DV.5G^�I�7�c;A[9;A.:614:]O�5zV&IPVK@B14:6:SIJ@BA[9;5É9GV �P143mZ<A[c;5[9;:DV%9;A�=<9;5F=<cGZ�9G:<=SIJ:6H;9;55[V%IPV%@M5[VK@BCD3<9;52@BTUZ�1JA[V&IP:XVK9;5�l,EB1J:<N43<9tZ�14AzV%cG9Je���9G5jH;1X921UHG@B9;:DV%529;:o14:6=<9;EM9GVKVK9;5jA[9;Z<A[1]=63<@B5[9;:DVrY<@M9;:EB9UH;1JTnZ�14A[VK9;TU9;:DV®=<9;5tTn14TU9;:DV%5Gw�5K14:DVs5zV&IPVK@B14:6:SIJ@BA[9;5b9GVsZ<AKcG5K9G:XVK9;:DV�=<9G5�=<c;Z�9;:6=SIJ:<HG9;5s��IJ@MY<EB9G5143n=<9rHG143<A[VK9rZ�14A[VKc;9Pe á EM5?HG14:<5[VK@MVK3<9;:DV�Z6AK14YSIPY<EB9GTn9G:XVÉ=<9�Y�1J:<5�H;IJ:<=<@M=SIPV%5ÉZ�143<AÉE­^`c;EaIPY�14AKIPV%@M14:�=<9H;9G5�VK9;5zV%5;e
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0214365�I�7�1J:<5�=_^�IJY�14AK=�=6c;H;A[@MVF9pV�cGVK3<=<@Bcr=<9;5F9G5[V%@MT,I¦V%9;36AK5Fl�YSIP5K9j=_^`14:<=69;EB9pVKVK9;5F=<9G5F9p\]Z�1J5%IJ:DV%5
ζ(q)

=<3 Tk3<EMVK@B5KH;IJEB@M:<N � 143¨=<3 ��14A[T,IPEB@B5[Tn9tTk3<EMVK@M��AKIJHGV%IJE´¡�egy�9G5t9G5[VK@BTnIPV%9G3<AK5bH;1J:<5K@M5[V%9G:XV®9G:�3<:<9AKcGN4AK9G5K5[@B14: EB@B:6c¢IJ@MAK9JwgZ�14:6=<c;A[c;9,1J3�:<14:gw�=<IJ:<5®=<9;5t=<@aIJNJA%IJTUTn9G5iEB14N¦O�c;H�d<9GEBEM9JwgHP^�9G5[VzO�l¦OQ=<@BA[9
Zq =

log2 Sq
7X5

j = log2 a
e�021J3<5*Z6AK14Z�145K1J:<5'=<9;5�9;5zV%@BTnIPVK9;3<A[5�=<IJ:<5�EB9;5'H;IJ5*N4IJ3<5K5[@B9G:<5*9pV�:<14:]ON�IJ365K5K@M9;:<5Ge�y�dSIJCD3<9o��14@M5;w?3<:�@B:DV%9;Az74IPEBEB9�=69oH;14:6RSIJ:<H;9
9G5[V'H¢IPEBH;36EBc�VKd<c;14A[@BCD3<9GTn9G:XV,143�9;5[VK@BTUc:X3<TncGAK@MCX369;TU9;:DV¢e

0214365tZ<A[14Z�145K14:65t9G:<5K3<@ªV%9U3<:<9UTncpV%d<1X=<9�=_^`9;5zV%@BTnIPVK@B14:
=<9G5®��14:6HGV%@M14:<5
H(q)

9pV
n(a)

H¢IJAKIJHpOV%cGAK@M5%IJ:DV�=_^`3<:<9�H;IJ5KH;IJ=<9�EM14NPO�@M:6RS:<@MTn9G:XVj=<@M7X@B5[@BY<EM9,l/Z<IJA[VK@BA®=<9;5kTU14TU9;:DV%5 á f | dX(j, k) |q e>��l9;:6H;14A[9t:<1J3<5rIPH;H;1JTnZSIPN4:<14:<5�E­^`9;5zV%@MT,IPVK@B14:,=_^�36:�@B:DV%9GA[7JIJEBEM9r=<9®H;1J:6R�IJ:<HG9t5[3<A
Ĥ(q)

e�0�143<5�36V%@MEB@©O5K1J:<52=69;5�AKc;NJAK9;5[5K@M14:<5�EB@M:<c¢IJ@MAK9G5.=SIJ:<5�=<9G5�=6@aIJN4AKIJTUTn9G5
log Sq

7X5
log Sp

e�021J3<5�Z<AK14Z�145[14:<5�IJ3<5[5K@=<9G5k9;5[VK@BTnIPV%9G3<AK5�l/ZSIJA[VK@BA®=<9;5kHG3<Tk3<EBIJ:XVK5
Ck

=<9
ln | dX(j, k) | e � 1436VK9;5�HG9;5kTUcGV%d61]=<9G5�5K1J:XVTU@B5K9G5F9;: �b367XAK9b5K143652EBIs��14AKTU9i=<9bH;1X=<9;52Ë*q � �Wqjx�=<@M5KZ�14:<@BY6EB9;5�5K3<A�=<9GT,IJ:6=<9Je

��ImH;14TUZSIJAKIJ@B5[14:�9G:XVKAK9�=<@ªhgcGAK9G:XVK9;5jTUcGVKd<1]=69;5j=_^`9;5zV%@MT,IPVK@B14:*36V%@MEB@M5%IJ:DV�=<@Mh�c;A[9;:DV%9;52V%A%IP:<5[��14A�OTUc;9;5�9G:*14:6=<9;EM9GVKVK9;5 � =6@B5KHGAK�pV%9b9GVrË/Ë � 7b¡.TU14:XVKAK9jCD3_^`@BEWA[9;5zV%9b9;:<HG14AK9®=<3�ZSIJ@M:�5K3<A�EaIkZ<EBIJ:<H�d<9Pe
d�^`@BE�5K9;TkY6EB9sCD3<9kEBI,TUcGV%d61]=<9kË/Ë � 7 5[14@MVrZSIJA[��1J@B5rEMc;N4�GAK9GTn9G:XViZ6EB3<5jZ6AKc;HG@B5[9k9GViZ<EM3<5j5zV&IJY<EM9Jw_EM9Y<@BIJ@B5?9GVFEBIt74IPAK@aIP:<H;9�AK9G5[V%9G:XV.T,IJE�TnI��BVKAK@B5[c;5Gw]HG14TnTU9rZ�143<A�EB9;5�IJ36VKAK9;5FTUcGVKd<1X=<9;5Ge<�W9;5FTUcGVKd<1]=69;536VK@BEB@M5%IJ:DVb3<:<9nV%A%IP:<5[��14A[TncG9,9G:
14:<=<9GEB9pVKV%9,=<@B5[H;AK�pV%9nZ<AKcG5K9;:DV%9G:XV�EB9UN4AK145sI�7JIJ:DV&IJNJ9U=g^�«pV%AK9,9p\XV%A[«pOTU9;TU9;:DVtAKIJZ<@M=<9;5Ge � 1436VK9;5®EB9;5®TUcGV%d61]=<9G5s5[9;TkY<EM9;:DVb=_^�IP36V&IJ:DVtTn14@M:<5iR�IJY<EM9;5®CD3_^�1J:
5;^`c;H;IJA[VK9m=<9E­^�IJ36VK1PO�5[@BTU@BEBIJAK@ªV%cF5[VKAK@MHGV%9 � ζ(q) =<9bZ<EB365F9;:�Z<EB3<5�HG143<AKY�c;5%¡pe0214365?Z<A[c;5[9;:DV%14:<5ÉliV%@ªV%AK9F=g^�IJZ6Z<EB@MH¢IPVK@B14:�EM9;5�AKcG5K3<EªV&IPVK5�14Y6V%9G:]365É5[3<A�=<9;5É=<14:6:<c;9G5?=<9FVKc;EBcpV%AKIPRSH@B:]��14AKTnIPV%@MCD3<9JeD0�143<5.14Y65K9;Az7�14:<5�CX369

H(q) ' qH
9G5[VFHG9;A[V%IJ@B:69;TU9;:DV�3<:69r��14:<HpV%@B1J:,EB@M:<c¢IP@BAK9�=<9

q
wH;9�CD3<@�H;14A[AK9;5[Z�1J:<=ml®3<:<9�=<@B5zV%AK@MY<36VK@B14:�=<92�r@BAKIJH�Z�1436AÉEM9�Z<AK14Z<IJN�IPVK9;3<AGe6y�9GZ�9G:<=SIJ:DV¢wDEBIb��14:6HGV%@M14:

n(a)
9;5zV*Z6A%IPVK@BCD3<9;TU9;:DV�3<:69/��14:<HGVK@B14:�EM14N�IJA[@MV%d6Tn@MCX369�Z<IJA�Tn1JAKH;9;IJ3 �.EaI
HG14TUZ<EB9�\6@ªV%c*=<9
H;9;55K@MN4:SIJ3X\m9G5[VF9G5K5K9G:XVK@B9GEBEB9GTn9G:XV?H;1J:XVK9;:X3<9jZSIJA?EaIt��1J:<HGVK@B14:

n(a)
e<021PV%14:<5�H;9j��IJ@ªV�A[9;TnIJAKCD3SIJY6EB9rCD3<9EB9G5�=<@B5zV%AK@MY<36VK@B14:<5L=69;5ÉH;1X921UH;@M9;:DV%5

dX(j, k)
5K14:DVÉ=SIJ:<5ÉH;9�H¢IP5ÉVK1436V%9G5?5[@BTU@BEBIJ@BA[9;5>lb3<:<9�=<@MEaIPV%IPV%@M14:Z<A[�;5;w�5KIJ:<5�CD3<9bEB9iZ<A[1]HG9;5K5[3<5r5[14@MVFIJ36V%1¦O�5K@MTn@MEaIJ@MAK9Pe

0214365FTn14:DV%A[14:<5É9;:6R<:�HG14TUTn9G:XV;wX=<IJ:<5.HG9;A[V%IJ@B:65.H¢IJ5Gw6E�^�IJZ6Z<EB@MH¢IPVK@B14:nI�749;3<N4EM92=69;5FZ<A[1]HGc;=<3<A[9;5dSIJY6@MV%369;EBEM9;5b=_^`9;5zV%@BTnIPVK@B14:¨=_^`3<:
5KZ�9;HpV%A[9mTk3<EMVK@M��AKIJHGV%IJE8=<9,�W9;N49G:<=<AK9,Z�9G36V�HG14:<=<3<@MAK9nl�3<:<9nTnc�OZ<A[@B5K9Pe.�W9;5�TU1436749;TU9;:DV%5,EM@B:<c;IJ@BA[9;5U��A%IJHpV%@B1J:<:SIJ@MAK9;5U5[V%IJY<EM9;5 � �Le�Ì�e"d�e Ë¨e ¡nZ�145[5K�;=69;:DV'3<:�5KZ�9;HGVKAK9Tk3<EªV%@M��AKIJHGV%IJE�V%AK@ª7X@aIJE4HG14:<5zV%@MVK3<cÉ=<9�=<9G3]\t5K9GN4Tn9G:XVK5�=<9�=<A[14@MVK9;5Ge���9ÉH¢IPA%IJHpV%�;A[9.IJ:6N43<EB9G3]\®=<3t5KZ�9;HGVKAK9Tk3<EªV%@M��AKIJHGV%IJE � 9;:*��14AKTU9i=<9tVK9;:DV%9¢¡�9G5[V2=<@�1UH;@MEB9GTn9G:XVFTU@B5�9G:�cG7X@M=<9;:<HG9sZSIPA2EBIUZ<A[1]HGc;=<36AK9®=_^�9G5[VK@ªOTnIPV%@M14:_e4ÆL@MAK9F9;:6H;14A[9JwXIJEB1JAK5LCD3<9�EB9;5�TU14TU9;:DV%5>=_^`14A[=<AK9
q < −1

9GV
q > α

:<9�5K14:DVÉZSIJ5�=<cGR<:<@B5Gw�14:14Y<5[9;Az7�9F:<9GV[V%9GTn9G:XV8=<9;5L=<A[14@MVK9;5>=<IJ:<5LEB9G58=<@BIJN4AKIJTnTU9;5�EB1JNPO�cGHpd69;EBEM9 � log2 Sq
7X5
j = log2 a

¡pe�0�143<5=<cGTn14:DV%A[14:<5�IJ:<IJEM�DV%@MCD3<9;TU9;:DVLH;9�H;1JTnZ�14A[VK9;TU9;:DVLZSIJAL36:mIJA[N43<TU9;:DVL=<9�EB@MTn@ªV%9�HG9;:DV%AKIJEB9 � H;14:D7�9;A�ON49G:<H;9�7�9;A[5?36:<9�7JIJA[@aIJY<EM9
α
OQ5[V%IJY<EB9¢¡pw49pV�@M:<5K@M5[VK14:<5�5K3<AÉEaIi:<cGH;9G5K5K@ªV%c2=_^�36:<92=6cGV%9GHGVK@B14:nZ<AKc;IJEaIJY6EB9F=<3H¢IPA%IJHpV%�;A[9

α
O�5zV&IJY6EB9i=<3�Z<AK1XH;9G5K5[3<5;e
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0214365rI�7�14:<5�=<c�£KlUZ6AKc;5[9;:DV%c � y�d_e� ;¡FCD3<9GEBCD3<9G5zO�36:<9;5j=69;5�CX369;5[VK@B14:652CD3<@�5K9®Z�1J5K9;:DV�9;:�V%3<A[Y<3]OEB9G:<H;9�lmZ<AK14Z�1452=<9;5i:<1PV%@B1J:<5r=_^`@B:DV%9GAKTU@MV[V%9;:6H;9s5zV&IPVK@B5zV%@BCD3<9Pw�=g^�@M:XVK9;AKTU@MV[V%9G:<H;9®5KZSI¦V%@B1¦OQV%9GTnZ�14A[9;EBEM9JwIJ@M:<5K@LCD3<9n5K3<AtEB9;36AK5®AK9;EBIPV%@M14:<5icp7�9;:DV%3<9GEBEM9;5;e��L^`@BTUZ�14AzV&IJ:6H;9kAKcG9;EMEB9�=<9;5 4G5[VKAK3<HpV%3<A[9;5tH;14d<cGAK9G:XVK9;5�4
� CD3<9GEBEM9sCD3<9k5K1J@MVjEM9;3<A2=<cGR<:<@MVK@B14:�¡F:_^`9;5zVbZSIJ5jHGEaIJ@MAK9;TU9;:DV�cGV%IJY<EB@M9m{�¥<9¦��ecdX@8E­^ �b@BE�=<9�E�^�1JY<5K9GA[7JIPV%9G3<A5K9®��1]H;IJEB@M5K9b:SIPVK3<AK9GEBEM9;TU9;:DV�5K3<A2H;9;AzV&IJ@M:<5r1JYX£[9GVK5rZ<A[c;5K9G:XVK5j=SIJ:65r3<:*c;H;1J3<EB9GTn9G:XV;w�EM9;5�cGVK3<=<9;5r5[�X5zOV%cGT,I¦V%@BCD3<9G5�Z�9;@B:69;:DVkl�TU9GV[V%AK9,EB9;36AsA 
JEB9,=]�]:<IJTn@MCD3<9m143¤EM9;3<AtZ�14@M=<5�5zV&IPVK@B5[VK@BCD3<9n9;:ÚcG7X@B=69;:<HG9JeÆ>IJA[Tn@]=_^�IJ36V%A[9;5�Z<A[14Z�1J5K@MVK@B14:65;wadXd<9r���WcG7�«GCX369s{©���J~���5K3<N4NJ�;AK9G:XV�CD3<9�EB9G5LT,I�\6@MT,I2=<9�=<@B5[5K@BZ<IPV%@M14:£[143<9G:XV23<:/A�
4EB9®H;9G:XVKA%IJE�9GVrH;14:DV%A�
4EB9G:XV�EM9;5rEM14@B5�=_^`c;H�d<9GEBEM9;5�14Y<5K9GA[7�cG9;5i5[3<ArEM9;5r5[@BN4:<IJ3]\*=<9t7X@ªV%9;5[5K9
4pRSE?H�dSIJ3<=64¦e80�143<5kI�7�14:<5tTn9G:<c,36:
V%A%I�7JIJ@BE>=<IJ:<5�HG9GVKVK9�=<@BA[9;HpV%@B1J:_w�I�7�9GHmIJ3¤=6c;ZSIJAzV�Y�9¢IJ36H;143<Z=_^`9;5[Z�14@MA�Z63<@B5[CX369�EB9G5�1JY<5K9GA[7JIPV%@M14:<5�9p\]Z�cGAK@MTn9G:XV%IJEB9G5�5[9;TkY<EBIJ@B9G:XV_H;14:6R<AKTU9;A8HG9GV[V%9�HG14:¦£[9GHGV%36AK9JeP�W9;5AKcG5K3<EªV&IPVK52=69tHG9GVKVK9tcpV%3<=69Jw�CX36@�IkV%9GTnZ�c;A[ct:61JV%A[9®9G:XVKd<143<5[@aIJ5[Tn9b9G:�TU9GVKV%IJ:DV�lj£[1436A�36:/IJAzV%9G��IPHGV5[V%IPV%@M5[VK@BCD3<9rA[9;TnIJAKCD3SIPY<EB9 � 4GE�^�9�\6Z�145KIJ:XVÉOz� �P~t9;5zV�ZSIJAzV%1436V�� 4¢¡�w]5[14:DV.A%IPZ<Z�1JA[V%cG5.=SIJ:65.E­^�IJ:<:<9�\]9��meyr^`9;5[V23<:<9®IJZ6Z<AK1XH�d<9i=<@Mh�c;A[9;:DV%9iCD3<9®:<143<5�=<cGH;A[@M7�14:65F=SIJ:<5�H;9®H�dSIJZ<@ªV%A[9Je

�W9;5rH;IJ5KH;IJ=<9G5jEB14N¦O�@B:]RS:<@BTU9;:DV.=6@M7X@B5[@BY<EM9;5 � Z�143<A�EB9G5rIJHGH;A[14@B5[5K9;TU9;:DV%5�143*Z�1436A2EM9;5�H;1X921UH;@M9;:DV%5=_^`14:<=<9GEB9pVKV%9¢¡���1436AK:<@M5K5K9G:XV?3<:mH;IJ=<A[92��14A[Tn9GE�l®EaIb��14@B5�5K1J3<Z<EB929GV�AK@BH�d<9�Z�143<AÉN4c;:<cGA%IJEM@B5[9;AÉEaIb:<1JV%@M14:=_^`@B:D74IPAK@aIP:<H;9k=_^`c;H�d<9GEBEM9 � y�dge� � ;¡pe�qrZ<A[�;5�9G:ÚI�7414@BAi=<cp7�9;EM14Z<Z�c,=<@ª7�9;A[5�IJ5[Z�9GHGVK5 � y�d_e� � � ¢¡�w�:<143<5I�7�14:<5.Z6AKc;5[9;:DV%c®9GV�CD3SIJEM@MRScrEB9;5F1J36V%@MEB5.=_^`9;5zV%@MT,IPVK@B14:mIJ5K5[1]HG@Bc;5GwS:<c;HG9;5[5%IJ@MAK9;52lkEaI�TU1]=6c;EB@M5%IPVK@B14:n=<9=<14:6:<c;9G5�9p\]Z�c;A[@BTU9;:DV&IJEM9;5 � y�d_eD ��*¡�eD02143<5�Z<A[c;5[9;:DV%14:<5É=SIJ:65?HG92H�dSIJZ6@MV%A[9F3<:<9�cGVK3<=<9�9p\]Z�cGAK@MTn9G:]OV&IPEB9�=<9,E�^�@M: �S3<9G:<H;9U=<9n5[V%A[3<HGVK3<AK9G5�H;1Jd<c;A[9;:DV%9;5s5K3<A®E­^`@B:DV%9GAKTU@MVKVK9;:<HG9k5[V%IPV%@M5[V%@MCD3<9n=g^�3<:�5K@BNJ:SIJE�=<97X@MVK9;5K5[9	4pRSE�H�dSIJ3<=c429;:mTU9GV[V&IJ:DV�ltZ<A[1JR<V.E�^�@M:X749;5[VK@B5[5K9;TU9;:DV�V%d<cG14AK@MCD3<9r9pV.Z<AKIPV%@MCX369r=<9G5.H�dSIJZ<@ªV%AK9G5Z<A[c;H;cG=<9;:DV%5Ge
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H = 42
HGT*w

φ = 25.5
HGT*w

2R = 20
H;T�e
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λ
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ln~Jv � � w
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lU|4v � � e � È�e��4¡
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P ��� �
	 = P ������� − P � ����� ��� CX3g^�@MEg��IJ36V�HG14:<5K@M=<c;A[9;AGe
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P ��� �
	 ∝ ρ � È�e�~�¡=<9 P ��� �
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ρ
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P ��� �
	 = α (ρR3).(RΩ)2

︸ ︷︷ ︸
∼m v2

.Ω = αρΩ3R5 � È�e`|D¡

q�7�9;H
Ω = 2π × 30

A%IJ=_e`5 −1 9pV R = 10, 7
HGT�:<143<5�14Y]V%9;:614:<5
α ' 0, 4 � Èse �4¡

y�9G5kAKc;5[3<EMV%IPV%5s5K14:DV�V%1J36V�l*��IJ@ªV�HG14d<c;A[9;:DV%5�I�7�9;HnEB9G5�Tn9G5K3<A[9;5kZ<A[c;5[9;:DV%c;9G5�ZSIJA	7�eLy.IP=<1JV=SIP:<5�5KI®V%d6�;5K9�{�~J|¦�­e]�W9;5?cGV%36=<9;5?5K@BTU@BEBIJ@BA[9;5>Z6AKc;HGc;=<9G:XVK9;5FI�7JIJ@B9G:XVLZ�14AzV%c�5K3<A?EaIb=<c;Z�9;:<=<IJ:<H;99G:
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Ω
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ρ
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 �
� � ��� ��� � � � ��� � � � � � � � � � � � ��� ��� � � ����� � ����� � ��� ����� ��� � ����� � � � � ��� � � � � ���

�

� ��� � �	� � ltN<e�¡>AK9;Z6AKc;5[9;:DV&IPVK@B14:UEB@M:]O�EM14Nk��H;9pVKVK9r=<@M5[V%A[@BY<3]V%@B1J:U9G5[V?Y<@B9G:,TU1]=6c;EB@M5KcG9FZSIJA�3<:<9EB14@�9�\6Z�14:<9G:XVK@B9GEBEB9Pw¢5K1J367�9;:DV8IJ5K5[1]HG@Bc;9�l23<:69?EM14@D=<9�Æ�14@B5[5K14: � ∼ exp(−t/τ), τ ∼ 20Trot
¡IJ3]\jVK9;TUZ<5�EB14:6N45 � ∆t > 15 Trot ∼ 0.5s

¡�Å � lF=<A;e�¡_H;9GV[V%9�AK9GZ<AKcG5K9G:XV%IPV%@M14:bEB14NPOQEB14N?5K9GTkY<EB9@B:<=<@MCD3<9;AÉCD3_^�36:<9iEB14@�=<9rZ<3<@B5[5%IJ:6H;9 � ∼ ∆t−2 ¡�Z�1J3<AKAKIJ@MV?Tn1X=<cGEB@B5[9;AÉIJ5[5K9 � HG14AKA[9;HpV%9;TU9;:DVEaI�=<@M5[V%A[@BY<3]V%@B1J:�IJ3]\�VK9;TUZ<5�H;1436A[V%5Ge
Z�143<AKAKIJ@MV.Tn1X=<c;EM@B5[9;AFH;1JAKAK9GHGVK9;TU9;:DV�EB9;5FVK9;TUZ<5�EB14:<NJ5 � ∆t > 15Trot

¡pwSTnIJ@B5.TU14:DV%A[9i3<:*cGH¢IJAzVr:69GVl�H;9GV[V%9®EB14@_IJ3]\'V%9GTnZ65�HG143<AzV%5;e���I�AK9;Z6AKc;5[9;:DV&IPVK@B14:�EB1JNPO�EM14N�=<9®EaI�RSN436AK9bÈ�e�¥ � Y�¡.@M:<=<@BCD3<9bCD3_^`3<:<9EB1J@�=69sZ<3<@M5K5KIJ:<H;9 � ∼ ∆t−2 ¡�Z�143<A[A%IJ@ªV�AK9;:6=<AK9�HG14TUZ6V%9®=<9�HG9GVKVK9sZSIPA[V%@M9t=69�EaI�=<@B5zV%A[@BY<36VK@B14:ge�Ê2:<9=<@M5[V%A[@BY<3]V%@B1J:�9;:UEB14@6=<9�Z<3<@B5[5%IJ:6H;9�Z�1J3<AKAKIJ@MVL«pV%A[92IP5K5K1XH;@Mc;9�lb3<:<9�H;1JAKAKcGEaIPVK@B14:s5[V&I¦V%@B5zV%@MCX369b{ª�4wS���4¥���e
á EW��IJ36V2AK9GT,IJA[CD3<9;A�CD3<9sE�^�cGHpd69;EBEM9i=<9tVK9;TUZ<5 ∼ 15Trot

CD3<@�5Kc;Z<IJAK9tH;9;5r=<9;3]\*HG14TnZ�14AzV%9;TU9;:DV%5F9G5[V3<: 14AK=<A[9�=<9�N4A%IJ:6=<9;3<A®Z<EM3<5bN4A%IJ:6= CD3<9UEB9kV%9GTnZ65®=69nA[9GV%1J3<AK:<9GTn9G:XV
Trot

e�y�9�V%9GTnZ65tZ�143<A[A%IJ@ªV5;^`@B:DV%9GAKZ<A[cGVK9;AFH;1JTnTU9i3<:'V%9;TUZ<5�=<9bH;1JAKAKcGEaIPVK@B14:,T,I¦\]@MT,IJE�9;:DV%A[9bEB9;5Fcp7�c;:69;TU9;:DV%5;e
Ê2:<9bIP36V%A[9jdX�XZ�1JV%d6�;5K9i5[9;TkY<EM92Z6EaIJ3<5[@BY<EM9Je]�W14AK5[CX3g^�14:�A[9;Z<A[c;5[9;:DV%9

P (log10 ∆t)
14:m7�14@ªVFIJZ<Z<I¦OA%I �BV%A[9t=69;3]\*TU1]=<9G5r=SIP:<5rEBIn=<@M5[V%A[@BY<3]V%@B1J:_w<5K1J@MV2=<9;3]\*V%9GTnZ65rH¢IPA%IJHpV%c;A[@B5zV%@BCD3<9G5;e�Ê2:<9®V%9GEBEB9tIJEMEB3<A[99;5zV®H¢IJAKIJHGVKc;AK@M5[VK@BCD3<9k=<9kEBImH;14TkY<@M:SIJ@M5K14:/=69k=<9;3]\oEB14@M5j=<9�Æ814@M5K5[14:_w_E�^�3<:69k=<9�V%9GTnZ<5bH;IJA%IJHpV%cGAK@B5�OV%@MCD3<9

τ1 ∼ 1, 2Trot
9GVrE­^�IJ36VKAK9®=<9tVK9;TUZ<52H;IJA%IPHGV%cGAK@M5[V%@MCD3<9s=<9tE­^`14AK=6AK9®=<9

τ2 ∼ 26Trot � RSN<eSÈse";�¡�efL:*9phg9pV¢wSEM14AK5[CX369U�
P (∆t) = α

e−∆t/τ1

τ1
+ (1− α)

e−∆t/τ2

τ2
, 0 < α < 1, � È�eª��u�¡14:�I

P (ln∆t) = ∆t P (∆t) = α∆t
e−∆t/τ1

τ1
+ (1− α)∆t

e−∆t/τ2

τ2
, 0 < α < 1, � È�e��Jv�¡

=<9�5[14A[VK9�CD3<9
P (ln ∆t)

Z<A[c;5K9G:XVK9k=<9;3X\/TnI¦\]@BTnIn9G:
∆t = τ1

9GV
∆t = τ2

egyr^�9G5[Vb5[9;TkY<EM9pOQVzO�@ME_H;9CD3<9®:<143<5F7�1���14:<5�@BH;@�e
�j3<9;EMEB9;5�CD3<925K14@M9;:DV�EB9;5ÉEB1J@B5L5[V%IPV%@M5[VK@BCD3<9;5�A[c;9;EMEB9G5;w�EB9G5?=6c;Z<A[9;5K5[@B14:65.IJA[AK@M749;:DVL=<14:<H�ZSIJAÉZSIJCD3<9pV%55K9oZ6AK1X=<3<@B5KIJ:DV,V%1J3<5�EB9G5��Jv¤l¤~4v

Trot
9;:D7X@BAK1J:Ã9GV'H;1JTnZ<A[9;:SIP:XV,3<:<9
Y�1J36hgcG9o=<9o=<cGZ<AK9G5K5K@M14:<5
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 � � � � � ��� ��� � � � 	 ��� � ��� � � � � � ����� � ����� � ��� � ��� ��� � � ��� � � � � ��� � � � ����� � ��� � �	�
7i:�14Y6V%@M9;:DV®H;9,V��XZ�9n=<9,=6@B5[VKAK@MY<36V%@M14:¨Y<@BTU1]=<IJEB9kEM14AK5[CX369

P (∆t)
9G5[VkEBI*HG14TkY<@B:<IJ@B5[14:EB@B:6c¢IJ@MAK9r=69i=<9;3]\�EM14@B5?9p\]Z�14:<9;:DV%@M9;EMEB9;5Gw65[14367�9G:XV�IJ5[5K1XH;@Mc;9;5�lkEaI�5[3<Z�9;AKZ�145[@MV%@M14:�=<9b=<9G3]\EB14@M5k=<9/Æ81J@B5K5[14:��

P (∆t) = α exp(−t/τ1)/τ1 + (1 − α) exp(−t/τ2)/τ2
w�I�7�9;H

τ1 '
1, 2Trot

IJ3]\tV%9GTnZ<5LHG143<AzV%5Fw49pV
τ2 ' 26Trot

IJ3]\sV%9;TUZ<5LEM14:<N45 � ∆t > 15 Trot ∼ 0.5s
¡pe

5KcGZSIJA[c;9;5�ZSIJA��jls�
Trot

9G:X7X@MAK14:_eXyr^`9;5zV.5KIJ:<5�=61436V%9�E­^`145[H;@BEMEaIPVK@B14:sEB9;:DV%9�=<9�EaIbH;1J3<H�d<92HG9;:DV%AKIJEB9�=<9H;@M5%IJ@MEBEM9;TU9;:DV2=69G7JIJ:XVjEB9kH¢IPZ6V%9G3<AbCX36@>9p\]Z<EM@BCD3<9�H;9G5tIPAKAK@ª7�c;9G5i9;:
ZSIJCD3<9pV%5®AK9GEaIPVK@M7�9GTn9G:XV29;5[ZSIJH;cG5;ey�9;5?14Y<5[9;A[7JIPVK@B14:<5É5K1J:XVÉH;1Jd<c;A[9;:DV%9;5.I�7�9GH�EB9;5ÉAKcG5K3<EªV&IPVK5�=<9G5�A[cG��c;A[9;:<HG9;5i{©�4wD|<w]¥<;P��14ân3<:<92H;143<Z63<AK9IJ36VK143<A
∆t ∼ 10 Trot

I�7JIJ@MV�=6c�£KlmcGVKc�14Y<5[9;Az7�c;9Pe_�jIJ:65�{�~J|¦�­w�3<:oc;H;IJA[VjlmEaIUEB14@�=<9kÆ�14@B5[5K14:/cpV&IJ@ªV14Y<5[9;Az7�cFZ�1J3<A
∆t < Trot

e4�jIJ:65�{ª�¢|J|J�SIJ3kHG14:DV%A%IP@BAK9PwP36:<9FEB14@X=<9FÆ�14@B5[5K14:kZ<36AK9F5K9GTkY<EaIP@MV�H;14:D7�9G:<@BAGwTnIJ@B5.5[3<A�EaIkYSIJ5[9b=_^�36:<9b=<cGRS:6@MV%@M14:'=<@Mh�c;A[9;:DV%9i=<9G5�cG7�cG:<9;TU9;:DV%5�=<cpV%9;HpV%cG5;e

�_=�� 

Ï8Ø��>Ô¦Ñ�× 	SÑMÕjÛ#ÙFÏ8Ø ��Ü �?Û�Ï�ÐàÏ�Û
	DØÚÙ ��	DÏ ��	 �8Ø �k×�ÔGÕ�ßtÝBØ ÐàÕ � Ï�Û�Ø
0214365F:<143<5F@M:XVKc;AK9G5K5[14:<5�l�EaIt5K@BNJ:SIPV%36AK9rVK9;TUZ�14A[9;EMEB92V��XZ<@MCX369iIJ5K5[1]HG@BcG9bIJ3]\�=6c;Z<A[9;5K5[@B14:65F=SIJ:<5EB9G5�5K@BNJ:SIJ3]\'=69®7X@MVK9;5[5K9®9GV2=<9tZ6AK9;5[5K@M14:_e�Ê2:69tTU1¦�49;:<:<9i5z�X:<H�d<AK14:69s5K36A2EM9;5FV%AKIJ:<H�d<9;5�=<9®5K@MN4:SIJ3X\H;9G:XVKAKcG9;5s5[3<A®EB9;5®@B:65[V&IP:XVK5

ki
=<9n=<cGVK9;HGVK@B14:¨=<14:6:<9,EM9;5bZ<AK1PRSEB5®Tn1���9G:<5iAK9GZ<AKcG5K9;:DV%cG5sRSN436AK9�È�e�u6ey�14TUTn9iZ6AKcG7X3_w�EM9iZ<AK1JR<EWTn1���9;:'=<3�5K@MN4:SIJEg=<9bZ<AK9G5K5K@M14:�9G5[V�3<:<9®H�d]3]V%9i=<9bZ<A[9;5K5[@B14:*=<9 −4Prms9;:D7X@BA[14:_e��r9�Z<EB365;w�Y<@B9G:¤CX369mEaI�=6cGV%9GHGVK@B14:ÚIJ@ªVsEM@B9G3
5K3<AsEaI�Z<A[9;5[5K@B1J:_w83<:¤Z6AK1JRSE?:<14:]O­V%A[@M7X@aIJEL9G5[VTU@B5m9G:�cp7]@M=<9;:6H;9
=SIJ:<5'EM9o5K@BNJ:SIJEr=69
7X@ªV%9;5[5K9Ú�FEB9G5�=<c;Z6AK9;5[5K@M14:<5�5K14:DV'IJ5[5K1XH;@BcG9;5�l¤E­^`9p\]@B5zV%9G:<H;9=<9k5zV%AK36HGV%36AK9;5iZ�145[5Kc;=<IJ:XVb36:oZ<AK1JR<E8=<9�7X@MVK9;5[5K9kZSIJAzV%@MH;3<EM@B9;A�=SIJ:65iE­^`c;H;1J3<EB9GTn9G:XV�V%3<A[Y<3<EM9;:DV¢e�Ê2:<9TU1¦��9G:<:<9�5[3<Ai=<9G5®@M:<5[V%IJ:DV%5jH�d<14@M5K@M5iIJ3
dSIJ5KIJAK=
=<14:6:<9k3<:<9�5K@MN4:SIPVK3<AK9sZ<EaIPVK9JeW0�143<5bI�7X@B14:<5r=<c�£KlZ<A[c;5K9G:XVKc�3<:<9�cGVK3<=<9�=<cGV%IJ@BEMEBcG9s=<9�H;9G5bZ<AK1JR<EB5i=SIJ:65�{`|D���­eW0�143<5b:<9�AK9p7�9;:614:<5b@BHG@8Z�143<AiTUc;TU14@BA[9CD3<9®5K3<A�CD3<9;EMCD3<9;5�Z�1J@B:DV%5.9G5K5K9G:XVK@B9GEB5;e

�s^�IJZ<AK�G5*EM9;5�14Y65K9;Az74I¦V%@B1J:<5m9p\]Z�c;A[@BTU9;:DV&IJEM9;5o{`~J|6w.~��]w 96�Jw 9��Xwi�J������w.14:�5;^�IPV[V%9;:6=�l¤H;9
CD3<9
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 � � � � � � � ��� ��� � ��� � � ��� 	 ��� 	�� � � � � � � ����� � ���	�j��9G5�Z<A[1JRSEM5*14Y]V%9;:X3<5�ZSIJA�3<:<9Tn1���9;:6:<9�H;14:<=6@MV%@M14:<:<cG9,IP3]\ @B:<5zV&IJ:DV%5®=<9,=6cGV%9GHGVK@B14:
=69;5�=<cGZ<AK9G5K5[@B14:<5s5K14:DVsA[9;Z<A[c;5[9;:]OV%c;5�9;:�V%AKIJ@MV�Z<EM9;@M:_e á EB5�5K1J:XV2H;14TUZSIJA[c;5�IJ3]\�Z6AK1JRSEM52@M5K5[3<52=g^�3<:�7�14AzV%9p\�=69sx�A[3<N49GAK5 � 9;:Z�14@M:XVK@BEMEBc�¡�e���9G5sZSIPA%IJTU�GVKAK9;5b=<3�Tn1X=<�;EM9k5K14:DVU�
U = Vmoy = 7.3m.s−1, max(| ∆P |

) = max(| ∆Psig |) = 200 Pa, α = 0, δ = 1.4 mm, r0 = 3.2 mm
e
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� � � � ��� � 	 � ����I'ZSIJA[14@L9;5zV�ZSIJAKIJEBEM�;EM9kIJ3�Z6EaIJ: � 72\X�6¡pe��W9URSE�H�dSIJ36= 9pVsEM9UH;IJZ6VK9;3<A=<9�Z6AK9;5[5K@M14:o5K9�VKAK1436749;:DVil,E�^�14A[@BN4@M:<9 7�eg�W9sVK143<AKY6@BEBEM14:�9;5[ViIJEB@MN4:<c®5K3<AjE�^�I�\69 � 7 � ¡�9GVIJ=6749;HGVKcslkEBIs7]@ªV%9G5K5K9 ~U e



����� � �V�T��$ ��. !L� $ $H���
�0���%��� $ ,(./)�,�� ���
�0���F,��
� ��$ ,
�(�L� � � ��.A��! ����$�
�� �

EB9G5mZ<A[1JRSEB5nTn1���9G:<5nHG14AKA[9;5[Z�14:6=<9;:DV�IJ3ÁZSIP5K5%IPN49/=<9/RSEBIJTU9;:DV%5U=<9�7�14AzV%@MH;@MVKc�IP3!7�14@M5K@B:<IJN49�=<9;5H¢IPZ6V%9G3<AK5GeQ7j:�Z�9;3]VrTU1]=6c;EB@M5K9GAFEB9bZSIJ5[5%IJN49t=_^`3<:*VK143<AKY6@BEBEM14:�Z<A[�;5r=69;5rH;IJZ6VK9;3<A[5r9GV2H;1JTnZSIPAK9;A�EM9;55K@MN4:SIJ3X\mI¦VKV%9G:<=<3<5�9GVF14Y65K9;Az7�c;5GeSÆ81436A?=<9G5FA%IJ@M5K14:65�=<9j5[@BTUZ<EB@MH;@ªV%cJwJ14:mH�d<14@M5K@MVÉ=_^`36VK@BEB@M5K9GA?EM927�14AzV%9�\=<9bx�36AKN49GAK5FH;1JTnTU9jAKcp��c;A[9;:<HG9JwSTnIJ@B5?EB9;5FA[c;5[3<EMV%IPV%5.AKIJZ<Z�14A[VKc;5FHG@ªO�=69;5K5[143<5F:<9i=6c;Z�9;:<=<9bZSIP5F=<9iH;9H�d<14@©\�=<9i��IJ¬G14:'H;AK36H;@aIPEB9Je
�2IPZ<Z�9GEB14:65�VK1436V�=_^�IPY�14A[=sCD3<9GEBCD3<9;58:<1JV&I¦V%@B1J:<5�36V%@MEB9;5Ge¦Æ8143<A�3<:s7414A[VK9p\®=<9�x�3<AKNJ9;AK5�AK9GHGV%@MEB@MN4:<9JwZSIJAKIJEBEM�;EM9jl�E­^�I¦\]9

Oz
9pV�=<9i7�14AzV%@BHG@MVKc

ω(r) = ω0e
−γr2/4ν w<EB9G5FHpd<IJTnZ65.=<9i7X@MV%9G5K5[9®9pV�=<9bZ<AK9G5K5[@B14:5K1J:XV�=<1J:<:<c;5�ZSIJAi�

ur = −1

2
γr , uϕ =

Γ

2πr

(
1− e

−
(

r
2r0

)2)
, uz = γz , � È�e��]��¡

p(r) = − ρΓ2

4π2r2
0

∫ ∞

r/r0

(1− exp(−x2/4))2

x3
dx , � È�e��4�4¡

14â
(x, y, z)

9pV
(r, φ, z)

5K14:DV�EB9G5�H;1X14AK=<1J:<:<c;9G5�H;IJA[VKc;5K@M9;:<:69;5É9GV?HG�XEB@M:<=<AK@MCD3<9;5Gw
γ
9;5zV�EM9.V&IJ3]\U=g^�cpV%@ªO

AK9GTn9G:XVs=<3
7�14AzV%9�\gw
r0 =

√
ν
γ

5K1J:¤A%I���14:
H;IJA%IJHpV%cGAK@B5zV%@MCX369m9GV
Γ = πr2

0ω0

5%I/HG@BA[H;3<EBIPV%@M14:_e��W9;5
TU9;5K36AK9;5?cGV%IJ:XVÉ9phg9GHGV%36c;9;5FZ6AK�;5É=<92EaIbZSIJAK1J@ � ∼ 2− 3

TnT,¡pw�:<1J3<5?HG14:<5[@B=<cGAK14:<5?CD3<9JwX9;:mZ6AK9;TU@B�GAK9IJZ<Z6AK1�\6@MT,I¦V%@B1J:�9pVi9;:
IPH;H;1JAK=
I�7�9;HtEB9;5r14Y<5K9GA[7JIPV%@M14:<5�Z<AKcGH;cG=<9;:DV%9G5n{`~J|]w_~��¦��w�EB9;52V%143<A[Y<@BEMEB14:65�=6cpOV%9GHGVKc;5r5[14:DV�Z�9GAKZ�9;:<=<@MH;3<EBIJ@BA[9;5�l�EaIkZSIJA[14@­e<02143<5�:<cGN4EB@MN49;14:65FEaI�7X@MV%9G5K5[9sI¦\]@BIJEB9i=<9p74IP:XV�EBIk7X@ªV%9;5[5K9I � @BTk36VKdSIJEB9Pe<y�9pVKVK9tIPZ<Z<AK1�\]@BTnIPV%@M14:,9G5[VL£[3<5[VK@MRScG9®I�Z�145zV%9;A[@B14A[@_ZSIJAFEM9j��IJ@MV.CX369
Γ

4πν
� 1.

qr@M:<5K@�w<Z�143<AF3<:'V%1436AKY<@MEBEB1J:mEB1XH¢IJEM9;TU9;:DV.IP=67�9;HpV%ctlkEaIs7X@MVK9;5K5[9 ~U wSl�EaI�=<@M5[V%IJ:<H;9 δ =63*H;IJZ6V%9G3<A�9GV=SIJ:65�36:<9b=<@BA[9;HGVK@B14:���IJ@M5%IJ:DV.36:�IJ:6N4EB9
α
I�7�9;HiEM9jRSEWH�dSIJ3<=gw<14:�Tn9G5K3<A[9 � RSN<e6ÈseM�¢v�¡j�

umeas(t) =| U cosα + uϕ(r)
y

r
| . � È�e��J~�¡

ÆLEB3<5[@B9;36AK5WZ<A[1JRSEB5g5K14:DV�Z�1J5K5K@MY<EB9G5;wG9;:i��14:<HpV%@B1J:i=<3bHpd614@ª\r=<9;5�ZSIPA%IJTU�GVKAK9;5g=<3bTn1X=<�;EM9 � U,max(|
∆p |), α, δ 9pV r0 ¡�e]y�9;A[V%IJ@B:69;5ÉH;14TkY<@M:SIJ@M5K14:<5L=692ZSIPA%IJTU�GVKAK9;5É:<92H;14:DV%A[@BY<3<9G:XV�Z<IJ5?1J3nV%A[�;5?Z�9G3mIJ3Z<A[1JRSEWTU1¦��9G:�V&IJ:<=6@B5FCD3<9®=_^�IP36V%A[9;5�H;14:DV%A[@BY<3<9G:XV.9;:�TU1���9;:<:69bl�36:�Z<A[1JRSE_V%A[�;5�5K@MTn@MEaIJ@MAK92lUHG9;EM3<@CD3<9®E­^`14:'14Y<5K9GA[7�9®9p\]Z�c;A[@BTU9;:DV&IJEM9;TU9;:DV¢e]��9®Z<A[1JRSEWTU1¦��9G:�=<9b7]@ªV%9G5K5K9®9;5zVrY6@B9;:'A[9;Z<A[c;5K9G:XVKcsZSIPA�EM9H¢IP5

α = 0
wgHG14d<cGAK9;:DVbI�7�9;HsEaIn5z�XTncpV%AK@M9�ZSIJAjIJZ<Z�14A[VjlmE­^�I¦\]9

Ox � EB9�H;IJZ6VK9;3<Aj=69kZ<AK9G5K5K@M14:o:_^`9;5zVZSIJ5r5K9;:65K@BY6EB9kl
α
¡peg�s^�IP36V%A[9�ZSIJAzV¢wgEBIn=<@M5[V%IJ:<H;9

δ
9G:XVKAK9�EM9tRSEBIJTn9G:XV�9pViEB9tH¢IJZ6VK9;3<Ai9G5[ViY�14A[:<c;9klEaI,��1J@B5j@M:6��c;A[@B9;36AK9;TU9;:DVi9pVb5K3<Z�c;A[@B9;36AK9;TU9;:DV��

δ
9G5[V®:<c;HG9;5[5%IJ@MAK9;TU9;:DVb:<14:XO�:X3<E � δ = 0

=<14:<:69U36:Z<A[1JRSESZ<EBIPV�5K3<A
u
¡pwJ9GV

δ
=<14@ªV�AK9;5zV%9GA?Z<EM3<5�Z�9pV%@ªV�CX369

δmax ∼ 5
TUT*wP5K@M:<14:UEaIj=<cGZ<AK9G5K5K@M14:,:6925[9;A%IP@MVZSIJ5�=<cpV%9;HpV%cG9tZSIPA�EM9bH¢IJZ6VK9;3<A�=<9®Z<AK9G5K5[@B14:_eSq2@B:<5[@

δ
=<14@ªV�«GV%A[9tH�d<1J@B5K@M9i=<9®E­^`14AK=<A[9i=<3�TU@BEMEB@MTn�pV%AK9Pe��I�7X@MVK9;5[5K9

U
9;5zV�=<9nE­^`14AK=6AK9U=_^�36:<9n7X@MVK9;5[5K9mTU1¦�49;:<:<9�V��XZ<@BCD3<9U=<9,Z<IJ5K5KIJN49,=69;5sRSEBIJTU9;:DV%5b5K14@ªVZ<A[1]H�d<9t=<9U¥nT�e�5 −1 e_��I,Z<A[1J��14:<=69;3<Aj=69�EaI,=6c;Z<A[9;5K5[@B14: max(| ∆P |) 9G5[VbI�£[365[V%cG9k5K3<ArEaIn7JIJEB9G3<ATU1¦��9G:<:<9n14Y<5K9GA[7�cG9JeL��I�RSNJ3<AK9,Èse�u/TU14:DV%A[9,EaI�H;14TUZSIJAKIJ@B5[14:
9G:XVKAK9mEM9;5sZ6AK1JRSEM5�TU1¦��9G:<5s1JY<5K9GAzO7�cG9;5 � VKA%IJ@ªVjZ<EM9;@B:S¡29GVb3<:
TU1]=6�;EB9t=<9Ux�3<A[N49;A[5 � Z�14@B:DV%@MEBEBc¢¡.Z�1436A δ = 1.4

TUT�9pV
r0 = 3.2

TnT�e��ImAK9G5K5K9GTkY<EaIP:<H;9s��AKIJZ<ZSIP:XVK9�9;:DV%A[9�EB9�TU1X=<�;EM9s9GVjEB9;5rTn9G5K3<A[9;5bH;14:]RSAKTU9�EB9G5jAKcG5K3<EªV&IPVK5j=_^`cGVK3<=<9;5IJ:DV%cGAK@B9G3<AK9G5;e á E�9;5zVsEMc;N4@ªV%@MTn9�=g^�IJ5[5K1XH;@M9;AbEB9G5t=<cGZ<AK9G5K5[@B14:<5sl�=69;5®5[V%A[3<HGVK3<AK9G5�H;1Jd<c;A[9;:DV%9;5®=<9�V��]Z�9V%1J3<AKY<@MEBEM14:<:SIJ@MAK9i=SIP:<5iH;9pVic;HG143<EB9GTn9G:XV2V%3<A[Y<3<EM9;:DV¢e���9sA%I���14:�V��XZ<@BCD3<9t=<9;5i5zV%A[3<HGVK3<AK9G5®CD3<9s:<143<5



�&� �T��$H��./!L� $ $H���
�0� ��$%��$ ./,2��$ ,�.����*�0� � ��. ����$H��� �Y,��
��
(�2
(� � �����&�
����� ��$ $H� �0�&�
�&� $ � �&�(� �0� �2
�. � 
 ��. ������� �&� �����

=<cpV%9;HpV%14:65i9;5[V
r0 ∼ 3

TnT�w�=69�E­^`14AK=6AK9s=69�E­^`c;H�d<9GEBEB9b=<9 � I��XEM14A � λ ∼ 1.3
TUT =SIJ:<5rH;9kH¢IP5&¡peg�W9A%I���14:*=<9;5iZ6EB3<52Z�9pV%@MVK5jcG74c;:<9GTn9G:XVK5jCD3<9�EB9tH¢IJZ]V%9;36Ai=<9�Z<A[9;5K5[@B14:oZ63<@B5[5K9�=<cpV%9GHGV%ck9G5[Vb=<9sE­^`14AK=<A[9=<9

0.5
TUT*e�y�9pVKV%9tH;14:6H;EB365K@B1J:�9;5zVjHG14d<c;A[9;:DV%9sI�7�9GHtEM9;5�AKcG5K3<EªV&IPVK5r=<9n{`|��]w@94v6w��¢|4|<w���¥J����CX36@�14:DVTU14:XVKAKc2CX369iEB9j=<@BIJTU�GV%A[9r=<3�H �b3<AF=<9;5.VK143<A[Y<@BEMEB14:<5�RSEBIJTn9G:XV%IJ@BA[9;5�9;5zV�=<9iE­^`14A[=<AK92=<9iE­^`c;H�d<9GEBEB92=<9

� I��XEB14AGe
� J�� G@E � KYJ � :<1JVK14:<5�CD3<9�=<@Mh�c;A[9;:DV%9;5�TUcGVKd<1]=69;5U=<9'=<cGVK9;HGVK@B14: � ZSIPAk9p\]9;TUZ<EB9�EaIW4GTUcGVKd<1X=<9� á Ë 4oCX36@iZ�14AzV%9o5[3<A'EB9o5K@MN4:SIJEr=<9o7]@ªV%9G5K5K9
EM3<@ªOQTn«GTn9�{�~&9��´¡mZ�9;36749;:DV'Tn9G:<9;A'lÚ=<9;5'A[c;5K36EMV&I¦V%55K@MTn@MEaIJ@MAK9G5;wDEB9G5�EM@B5zV%9;5F=69®=6cGV%9GHGVK@B14:<5�cpV&IJ:DV�=_^�IJ@BEMEB9;36AK5�HG14TUZSIJA%IPY<EB9G5;e
� � Û
	DÏ?ÔPÐÒÑ�	 	DÏ�Û��WÏàÏ�	ÚØ 	SÔPÖ���	�Ö�ÔGÏ8Ø �WÕ � �?ÔGÏ�Û
	DÏ�Ø ��Ö�ÛÉÏ ��Û��FÝ � Ø]Ï ÕjÛÉÙFÏ?ÝMÏ�	 	DÏ

�WÕjÛÉÙiÑ�	SÑMÕjÛ�Û ��Ï ×��ÉÔ¨Ý � ×�ÔGÏ8Ø6Ø�ÑBÕrÛ
�W9/H;14:DV%9G:]3Ã=69/H;9/Z<IJA%IJNJA%IJZ<d69/9;5zV�@B5[5K3Ã=<9G5�=<14:<:<cG9;5�A[c;H;1JEMV%cG9;5�N4AKÇJH;9/IJ3Á=<@M5KZ�145K@ªV%@M�j: o �3<:<@MCD3<9;TU9;:DV¢eS�W9G5�=614:<:<cG9;5�AKcGH;14EªV%c;9G5�l�Z<IJA[VK@BA.=<3�=<@M5KZ�145K@ªV%@M��: o ��5K9GAK14:DV�cGVK3<=<@BcG9;5�=SIJ:65�EM9iZSIJAKI¦ON4AKIJZ<d<9b|<e
�jIJ:<5sEB9;5sZSIJA%IPN4A%IJZ6d<9;5tZ<AKcGH;c;=69;:DV%5;w8:<143<5kI�7�14:65tTU14:DV%AKcUCD3<9m:<1J3<5�=<cpV%9;HpV%@M14:<5�=<9G5�14YX£[9pV%5H;1Jd<c;A[9;:DV%5É=SIJ:<5�3<:Uc;HG143<EB9GTn9G:XVLVK3<AKY63<EB9G:XV;w49GVÉ:<14365�I�7�14:<5LcpV%3<=6@Bc�EB9G3<AK5�H¢IPA%IJHpV%c;A[@B5zV%@BCD3<9G5�5[V&I¦V%@B5�OV%@MCD3<9;5GeD��9FY636V�=<9FH;9�ZSIPA%IJN4AKIJZ<d<9F9G5[V�=<9�H�d<9GAKH�d<9;A�ljTU9GV[V%A[9F9;:UcG7X@B=<9G:<H;9�3<:�EM@B9;:kcp7�9;:DV%369;E<9G:XVKAK9E­^`9p\]@M5[V%9G:<H;9U=<9U5[VKAK3<HpV%3<A[9;5�HG14d<c;A[9;:DV%9G5t=SIP:<5tE�^�cGH;1436EB9;TU9;:DV¢wgE­^`@B:DV%9;A[Tn@ªVKVK9;:<HG9�5KZSI¦V%@B1¦OQV%9GTnZ�14A[9;EBEM9Jw9GV�E�^�@M:XVK9;A[Tn@ªVKV%9G:<H;925[V%IPV%@M5[V%@MCD3<9Je6Æ>IJAF@B:DV%9GAKTU@MV[V%9;:6H;9r5zV&IPVK@B5zV%@BCD3<9r:<143<5�9;:DV%9G:<=<14:65)%�À%»J¶�Ä � � � »J¸XÄ�·¦³¯p²´±k² �ª»J¶�²´Ä %®¯pÄ�¶p²­ÀpÄ�°U½J¸�À �6»J±r¹¤½X° 	�²´Ä�°&¯&¯�°pw�143oc;H;IJA[VilmEaIUVKd<c;1JAK@B9 �i|<�4eWy�9pVKVK9�cG7�1JEB36VK@B14:�ImEB14:<N¦OV%9GTnZ652cpV%c®cGV%36=<@BcG9sl�E­^�IJ@B=69i=<9;525K9;36EB9;5���14:<HpV%@B1J:<5�=<9t5zV%A[3<HGVK3<AK9Peg�jIP:<5236:�Z<A[9;TU@B9;AFVK9;TUZ<5�:<143<5H;1JTnZSIPAK14:<5�EB9;5?��14:<HGVK@B14:65.=<9i5[VKAK3<HpV%3<A[9i=<9iE­^`9;:65K9;TkY6EB9r=63�5[@BN4:<IJEg=<927]@ªV%9G5K5K9b9pVFEB9G5.��14:<HGVK@B14:65.=<95[VKAK3<HpV%3<A[9tHG14:<=<@ªV%@M14:<:<9GEBEB9G5.IJ5[5K1XH;@Mc;9;52IJ3���14:<=�VK3<AKY<36EB9;:DV�9GV2IJ3X\�RSEaIPTn9G:XVK5;e
�W9rH¢IPEBH;36E�=<9���14:<HpV%@B1J:<5�=<925[VKAK3<HpV%3<A[9jH;14:6=<@MVK@B14:<:69;EBEM9;5ÉIt=6c�£KlscpV%crZ6AK14Z�145KcPe<�jIP:<5j{©�4wX|<w��;|4|P��wEB9G5���14:6HGV%@M14:<5�=<9.5zV%AK36HGV%36AK9.=<3s5K@BNJ:SIJED=<9.Z<A[9;5[5K@B1J:�5K14:DV>HG14TUZSIJAKcG9;58lrH;9GEBEB9G5�=63���14:<=sVK3<AKY<36EB9;:DV�9GV=<9G5.RSEaIJTU9;:DV%5Gw]9G:'36V%@MEB@B5KIJ:DV?36:<9i=<cGVK9;HpV%@B1J:�5K3<AFEM9r5K@MN4:SIJE�=<9jZ<A[9;5[5K@B1J:�EM3<@ªOQTn«GTn9PeDÊ2:<9i=6cGV%9GHGVK@B14:14Z�c;A[c;9/5[3<AmEB9*5K@MN4:SIJE�=<9�7X@MVK9;5[5K9/EM3<@ªOQTn«GTn9'Z�9;AKTU9GV,=_^`9Gh�9;HGVK3<9;A�=69;5mHG14TnZ<IJA%IJ@M5K14:65,9;:DV%A[9�EM9;5��14:<HpV%@M14:<5k=<9'5[VKAK3<HpV%3<A[9*=69�E�^�9G:<5K9GTkY<EB9,=<3�5[@BN4:<IJE�=<9�7X@MVK9;5[5K9�9GVUH;9GEBEB9G5k=<3Ú��14:<=¤V%3<A[Y<3<EM9;:DV�9GV=<9G5jRSEaIJTU9;:DV%5�=SIJ:65k{��J¥]w_~&9��­eg0214365jZ<AK1JZ�145[14:<5j36:/V%A%I�7JIJ@BEW=<9sH;14TUZSIJAKIJ@B5[14:�5[@BTU@BEaIP@BAK9i3]V%@BEM@B5KIJ:XV3<:<92=<cGVK9;HpV%@B1J:,5K36A�EB9�5[@BN4:SIPE�=692Z<A[9;5[5K@B1J:_e60�143<5?36V%@MEB@B5[14:<5LEM9;5���14:<HGVK@B14:65?=<9�5[VKAK3<HpV%3<A[9r14:6=<9;EM9GVKVK9;5

� I�7�9GH�7JIJEM9;3<A[5tIPY<5K14EM3<9;5%¡b@M:XVKAK1X=<3<@ªV%9;5bIP3� � n�]e`|*=<1J:XVtEB9G5®Z�9;Az��14AKTnIJ:<HG9;5®=_^`9;5[VK@BTnIPV%@M14:
14:DVtcpV%ccGVK3<=<@Mc;9b=SIJ:<5�EM9iHpd<IJZ<@MVKAK9i  � �
Sq(a = 2j) =

1

nj

nj∑

k=1

| d(j, k) |q � È�e��P|D¡
14â

nj
9G5[V?EB9�:<14TkY<A[9F=<9�H;1X921UH;@M9;:DV%5Él®H�dSIPCX36921XHGV%I�7�9

j � HJ^`9;5zV[O�l¦O�=<@MAK9�lbHpd<IJCD3<92cGH�d<9;EMEB9 a = 2j
¡�eÆ81436A�5K@MTnZ6EB@MR<9;A;w�:6143<5���9GAK14:<5�E­^�IJY<3<5?=_^�cGH;A[@MV%36AK9

Sq(j) ≡ Sq(a = 2j)
e6�jIJ:<5�3<:�=<14TnIJ@B:69214â,=<9;5EB1J@B5.=_^`c;H�d<9GEBEM9;5F5K1J:XVF7�cGAK@ªRSc;9G5;wS14:*I��

Sq(j) ∼ 2jζ(q)
e

�r9;5idD�XZ�1PV%d<�G5K9;5id<IJY<@MVK3<9;EMEB9G529G:/V%3<A[Y<3<EB9G:<H;9s9GVjZ6AKc;5[9;:DV%cG9;5iH;1JTnTU9s=<9G5jN4cG:<c;AKIJEB@M5%IPVK@B14:<5�=<3TU1]=<�GEB9�=<9 �r14EMTn14NJ14AK1�7®=<@MV �i|<�s{`u6�;��wD5K3<Z6Z�145[9;:DV.CD3<92EB9;5���14:<HpV%@M14:<5�=<9r5zV%A[3<HGVK3<AK925K3<@ª7�9;:DVÉ=SIJ:<5
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EaI � 14:<9i@M:<9;AzV%@M9;EBEM92=69;5�EB14@M5�=<9rZ<3<@B5[5%IJ:6H;9 Sq(j) ∼ 2jζ(q)
w69GV�CD3<9iEaIt:<14:]OQEB@B:6c¢IJA[@MV%c�=<9G5F9p\]Z�1J5%IJ:DV%5

ζ(q)
9G5[Vi36:<9kT,IP:<@M��9G5[V&I¦V%@B1J:*=<9sE­^`@B:DV%9;A[Tn@ªVKVK9;:<HG9Je�fL:o9Gh�9GV¢w�5K@>EM9;529p\]Z�1J5%IJ:DV%5

ζ(q)
=<cGZ�9G:<=SIJ@M9;:DVEB@M:<c¢IP@BAK9GTn9G:XV?=<9

q � ζ(q) = q/3.ζ(3)
¡pw]EB9G5�=6@B5[VKAK@MY<36V%@M14:<5.=69;5�H;1X921UH;@M9;:DV%5�=_^`14:<=<9GEB9pVKV%9bZ�143<AF=<@ª�aO��c;A[9;:DV%9G5mc;H�d<9GEBEB9G5,Z�143<A[A%IJ@M9;:DVn«pV%A[9/5K3<Z�9;A[Z�1J5Kc;9G5�IJZ<AK�G5m3<:<9�5K@BTUZ<EM9�A[9;:<1JAKTnIJEB@M5%IPVK@B14:ÚZSIJAn3<:<9EB1J@�=<9�5[@BTU@BEB@ªV%3<=69n=<cGZ�9G:<=SIJ:DV�=<9

ζ(3)
5K9G3<EB9GTn9G:XVm�>EB9G5���14AKTU9;5�=69�H;9;5�=<@M5[VKAK@BY636V%@M14:<5�5[9;A%IP@B9;:DV5K@MTn@MEaIJ@MAK9G5;e<q23oH;14:DV%AKIJ@BA[9Jw�3<:oc;H;IJA[Vj=<9;5
ζ(q)

lmEaIUEB@B:6c¢IJA[@MV%cbV%AKIJ=<3<@ªVr36:<9k=<cG��1JAKTnIPV%@M14:*=69;5i=<@M5zOV%A[@BY<3]V%@B1J:<5;wD9GV.AK9;:D7�14@M9rIP3mZ<d<cG:<14TU�;:<9j=g^�@M:XVK9;AKTU@MV[V%9G:<H;9�5[V%IPV%@M5[V%@MCD3<9Je]�L^�IJ3]V%1POQ5K@BTU@BEBIJAK@ªV%c.cpV%9G:<=<3<9
� fFe"d�e"d�e ¡b{`~4vP��9;5zVj3<:69tTUcGVKd<1]=69®=g^�9G5[V%@MT,I¦V%@B1J:�=<9;529p\]Z�1J5%IJ:DV%5 ζ(q) V%A[�;5�AKc;Z<IJ:<=<3<9t=SIJ:<5�E­^`cGVK3<=<9=<9G5ÉEM14@B5�=_^`c;H�d<9;EMEB9F9G:�VK3<AKY63<EB9G:<H;9Pe á E<5;^�IJN4@ªVL=<9FV%9G5[V%9GAL=<9;5�EM14@B5>=g^�cGHpd69;EBEM9.AK9GEaIPVK@M7�9G5>9;:DV%A[9.��14:<HpV%@B1J:<5=<9�5[VKAK3<HpV%3<A[9Jw�HJ^`9;5zV[O�l¦O�=<@MAK9

Sq(j) ∼ Sp(j)
ξ(q,p) e�f�:
V%36AKY<3<EM9;:<HG9Jw S3

£[143<9k5K1J367�9;:DV®3<:¨A 
4EM9�Z<AK@©O7X@BEMc;N4@Mcbl,H¢IJ365K9s=69sEaI�AK9GEaIPVK@B14:'=<9 � �JAKT��J:]O �21 � IJAzV%d
{:;�¥¦��w�9pVj:<1J3<5r=<cpRS:<@M5K5K1J:<5 ξ(q) ≡ ξ(q, 3)
e�W9;5FCD3SIJ:DV%@ªV%cG5

ξ(q)
IJ@B:<5[@g=<cpRS:<@M9;5�9GV�EM9;5.CD3SIJ:DV%@ªV%cG5

H(q)
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ki
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ζ(q)
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q
eÉq�HGH;AK1J@B5K5[9;TU9;:DV%5�143�14:<=<9GEB9GV[V%9G5;wÉEB9;5Z<A[1]HGc;=<3<A[9;5?=_^�9G5[VK@BTnIPV%@M14:k5K14:DVÉEB9G5ÉTU«;TU9;5Ge 7j:n9G5[V%@MTn9�EM9;5�Z�9G:XVK9;5É=<9�AKc;NJAK9;5[5K@M14:<5ÉEB@B:6c¢IJ@MAK9;58=SIJ:<5=<9G52=<@BIJN4AKIJTnTU9;5?EB14N¦O�c;H�d<9GEBEM9 � y�dgeS ��*¡�w log Sq

7X5
log τ

143
log2 Sq

7X5
log2 a = j

eS��IU=<@ 1UH;3<EªV%c9;5[5K9G:XVK@B9;EMEB9�7]@M9;:DVF=<9iHG9jCD3<9Jw�l�:<1JTkY<AK92=<9 ��9p�X:<14EB=65.Tn1X=<cGAKc � =<14:<HbIJHGH;9G5K5K@MY<EB9r9p\]Z�cGAK@MTn9G:XV%IJEB9�OTU9;:DV¢e;eGe&¡�w_14:o:_^`14Y<5[9;A[749UZ<IJ5i=<9kEB1J@8=_^`c;H�d<9GEBEB9�IJ3o5K9G:<5b5[V%A[@BHpV%9Je á E8��IJ36Vi=6cGRS:<@MAi3<:
=<14TnIJ@B:69s14â3<:<9sEB14@�=_^`c;H�d<9;EMEB9tIJZ<Z<A[1]H�d<cG9�5K9GTkY<EB9b7JIJEaIJY6EB9��gEBI � 1J:<9�@B:69;A[VK@B9GEBEB9Pe�0214365iI�7414:<5jIPAKY<@ªV%A%IP@BAK9GTn9G:XVH�d<14@M5K@X3<:<9 � 14:<9.14â�IP3<5K5[@6Y<@M9;:kEB9?5KZ�9;HpV%AK9F=g^�cG:<9;A[N4@B9?=<9.EaI�7]@ªV%9G5K5K9FCD3<9�EB9;5���14:<HGVK@B14:658=<9.5zV%A[3<HGVK3<AK9=_^`14AK=6AK9�~m=<9G5bIJH;HGAK14@M5K5K9GTn9G:XVK5j9GVj=<9;5bH;1X921UHG@B9;:DV%5r=_^�1J:<=<9;EM9GV[V%9�IJZ<Z6AK1XHpd69;:DVjAK9GEaIPVK@M7�9GTn9G:XV�Y<@M9;:3<:<9FEM14@X=<9.Z<3<@M5K5KIJ:<H;9PeDy�9F:_^`9;5zV�ZSIJ5>3<:kHGAK@ªV%�;A[9.14YX£[9GHGVK@M��wJTnIJ@M58@BEX9;5zVLH;1Jd<c;A[9;:DVÉI�7�9GH�EM9;5>TUcGVKd<1]=69;5dSIJY6@MV%369;EBEM9;5Ge<�jIJ:652EM9;5FH;1J:<=<@MVK@B14:65F=<3'=<@B5[Z�145[@MVK@M��: o �Jw<:<143<5�14Y6VK9;:<1J:<5�Z�1436AFEB9;5�14:6=<9;EM9GVKVK9;5b�
j ∈ [j1 = 6, j2 = 8] , � È�e��<9�¡9GV�Z�143<AFEM9;5�IJHGH;AK1J@B5K5[9;TU9;:DV%5b�

τ ∈ [∼ 0.49ms,∼ 1.5ms], i.e. r ∈ [∼ 80η,∼ 250η] . � È�e��4¥4¡d�^`@BEj9G5[V*IJ5[5K9 � 5[@BTUZ<EB9/=g^�cpV&IJY<EM@BAm36:<9
H;14A[AK9;5[Z�1J:<=SIJ:<HG9
9;:DV%AK9o36:<9
N�IJTUTn9/=g^�cGHpd69;EBEM9;5 � =<cGRS:6@B9Z�143<A�EaIFV%A%IP:<5[��14A[TncG9�9;:�14:6=<9;EM9GVKVK9;5�ZSIJA�3<:t��IJHpV%9G3<A�=69�=<@MEaIPV%IPV%@M14:�¡�9pV83<:69�N�IJTUTU9L=<9?��A[c;CD3<9;:6H;9;5
� Z�143<A8EaI2VKA%IJ:<5z��14AKTUc;9�=<9FÌ�143<AK@M9;A%¡pw�EB9.EM@B9G:kI�749;H�36:<9FN�IJTUTn9?=<9F=<3<A[c;9G5LZ�1436A>EB9G5LIJH;HGAK14@M5K5[9;TU9;:DV%5AK9G5[VK9rCD3SIJEM@MV&I¦V%@M��e4y�9;Z�9;:<=<IJ:XV;wDEB9;5�A[c;5K36EMV&I¦V%5É=<c;HGAK@MVK5?Z<IJA?EBIi5K3<@ªV%9�:<92=6c;Z�9;:<=<9G:XV�ZSIJ5É=<9�H;9;5?H�d<14@ª\=<9bTnIJ:<@B�GAK9jHGAK3<HG@aIJEM9Je

0214365.9;5[5%I���14:<5.TnIJ@M:XVK9;:SIJ:DVÉ=<9jHG14TnZ<IJAK9GA�EB9G5�9G5[V%@MT,I¦V%@B1J:<5?3]V%@BEM@B5KIJ:XV�EM9;5���1J:<HGVK@B14:<5?=<9j5zV%AK36HpOV%36AK9ÉZ�1436A�=<9G5814:6=<9;EM9GVKVK9;5�=<@Mh�c;A[9;:DV%9G5 � ZSIJA�IJY<3<5�=<9ÉEaIJ:<N4IJN49�:<143<5�IJ5[5K@BTU@BEM14:<5_EM9;5�IJH;HGAK14@M5K5[9;TU9;:DV%5
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ζ(q) ζwtq ζwtq ζwtq

y�14:]��e á :XV;e
N = 3 N = 5 N = 7 � � � ¡� v6e�~J| v6e �Pu v6e��Ju v]e �Ju ± v]e�v6�� v6e�9J| v6e � 9 v6e��4� v]e �<9 ± v]e�v��~ v6e�u�� v6e ¥Pu v6e�¥Ju v]e";6� ± v]e�v��| �4eª��� v6e�uJu v6e�u4u �Je�v4~ ± v]e�v4~� �4e�~�� �4eM��� �4eª��� �Je �4� ± v]e�vJ|

9 �4e`|�u �4e �¦| �4e��4� �Je�~�¥ ± v]e�v&9¥ �4e��Ju �4e � 9 �4e��Ju �Je�|D¥ ± v]e�v&;
������� � � � 
 � � � � � � � ��� ����� �
� � ��� ��� � � ��� � � ��	 ��� 	����
� ζ(q) 9;5zV%@BTUc;5�lbZSIJAzV%@MA>=<9;5?IJHGH;AK1J@B5K5[9pOTU9;:DV%5;wD9pV.Z�143<A.~®14:<=<9GEB9pVKV%9G5.=<@ªhgcGAK9;:DV%9G5;e]��It=<9GAK:<@M�;AK9rH;14EM14:<:<9�=<14:<:69jEB9G5?@M:XVK9;A[7JIJEMEB9;5=<9bH;1J:6R�IJ:<HG9®l

95%
Z�143<AFEM9;5�9;5zV%@BTnIPVK@B14:<5�lUY<IJ5K9b=_^`14:<=<9GEB9pVKV%9G5;e

C 9;:<5[9;TkY<EM9 ��14:6= RSEBIJTn9G:XVK5� v6e��Ju ± v]e�v6� v6e�~6� ± v6e�v]� v6e��4� ± v6e�v��� v6e��<9 ± v]e�v6� v6e��Ju ± v6e�v4� v6e`|<� ± v6e�v4~~ v6e�;6� ± v]e�v�� v6e�;�¥ ± v6e�v4� v6e��4¥ ± v6e�v��| �4e�v4~ ± v]e�v4~ �4eª�¢| ± v6e�vJ~ v6e�¥Jv ± v6e�v�¥� �4e��4� ± v]e�vJ| �4e�~4u ± v6e�vP| v6e�;4v ± v6eª��v
9 �4e�~�¥ ± v]e�v&9 �4e�9�� ± v6e�v<9 v6e�;�� ± v6eª�¢|¥ �4e`|D¥ ± v]e�v&; �4e�;�� ± v6e�v<; v6e�;�¥ ± v6eª��u
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 � � � � � � � ��� ����� � � ����� ��� � � � � � ��� 	 ��� 	�� ��� � � ��� � ��� � ��� � � ���	�.y�9'V&IPY<EB9;IJ3�9G5[V14Y6VK9;:X3tZ�143<A�3<:69É1J:<=<9;EM9GV[V%9É=<9É�jIJ3<Y�9;H�d<@M9;58¥ � @­e`9Jeªw N = 7
¡_=SIP:<5�EBIFN�IJTUTn9

(j1, j2) =
(6, 8)

e
l236:sH¢IP5�3<:sZ�9G3sZSIJAzV%@MH;3<EM@B9;AW=69ÉVKA%IJ:<5z��14AKTUc;9�9G:�14:<=<9GEB9pVKV%9¢¡pe¦�W9;5�9p\]Z�1J5%IJ:DV%5

ζ(q)
14:XV�cpV%cÉ9;5[VK@BTUc;5lmZSIJAzV%@MAr=<9G5tIPH;H;A[14@B5[5K9GTn9G:XVK5j9GVb=_^`14:<=69;EB9pVKVK9;5iZ�143<AjEM9;5KCD3<9GEBEM9;5

N = 1, 2, . . . , 7 � 1J:<=<9;EM9GV[V%9;5i=69�jIJ36Y�9GHpd6@B9;5�14AzV%d<14:614AKTUc;9G5�l�5[3<Z<Z�14A[V�H;14TUZSIJHpV?{��P|¦�´¡�e��W9ÉV%IJY<EB9;IJ3iÈ�e�~�AKIJ5K5[9;TkY<EM9�EB9;5W7JIJEB9G3<AK5W1JY]OV%9G:]369;5 � Z�1436A>0 � ~6w��]w�¥4¡�9pV>EM9;58@M:XVK9;Az74IJEMEB9G5W=<9.H;1J:6R�IJ:<HG9�l 95%
eP�W9;5>9G5[VK@BTUc;5>l2YSIJ5K9�=_^�1J:<=<9;EM9GV[V%9;55K1J:XVb5z�]5zV%cGT,IPVK@BCD3<9GTn9G:XVbZ<EM3<5iZ�9GV%@ªV%5jCD3<9�HG9;EBEM9;5i36VK@BEM@B5%IP:XV2EB9G5bIJH;HGAK14@M5K5K9GTn9G:XVK5;e�y�9pVbc;H¢IPA[V®Z�9G36VZ<A[1¦7�9G:<@BAr=<9kEaIm=<@ 1UH;3<EªV%c�lm=<cpRS:<@BAi36:<9�H;14A[AK9;5[Z�1J:<=SIJ:<HG9nZ6AKc;HG@B5[9k9;:DV%AK9kEM9;5iN�IPTnTU9;5j=69�VK9;TUZ<5

� =63<AKcG9;5 τ ¡j9GVb=_^`c;H�d<9GEBEM9;5 � ��IPHGV%9G3<Ab=<9�=<@BEBIPV&I¦V%@B1J: a ¡pe_�r9nZ6EB3<5Gw_E­^`9;5zV%@BTnIPVK@B14:*5K9;TkY6EB9k5K9G:<5K@MY<EB9�lE­^`14:<=69;EB9pVKVK9rH�d<14@M5K@B9Pw�Tn«GTn925K@�EB9;5É74IPEB9;36AK5ÉAK9;5zV%9G:XVFZ6A%IPVK@BCD3<9;TU9;:DV?=SIJ:<5.EM9;5?YSIJAKA[9;5.=g^�9GAKAK9G3<A;eYd]@gEM9AK9GN4AK1J3<Z�9GTn9G:XV�=69;5�74IJEM9;3<A[5FN�IJAKIJ:XVK@MVFCD3_^�IJ3<HG3<:oIJAzV%9p��IJHGVFVK9;E�CD3_^�36:<9tVK9;:<=SIP:<H;9®=<cGVK9;A[Tn@M:<@B5zV%9i1433<: Y<AK3<@ªV®:<14:]OQ@B:D74IJA[@aIJ:DV2=_^�cGH�d<9;EMEB9�:_^�I*Z�14EBEM3<ckEB9G5t=<1J:<:<c;9G5;w�EB9G5tcGH¢IJAzV%5s5[9;TkY<EM9;:DVb@B:<=6@BCD3<9;AbCD3<9EB9G5bEB14@M5i=_^�cGH�d<9;EMEB9;5b:<9U5K1J:XV®ZSIJ5®AK@MN4143<A[9;3<5[9;TU9;:DVb9p\6IJHpV%9;5,{�9¦��=SIJ:<5®EaI � 1J:<9n@M:<9;AzV%@M9;EBEM9�TU«;TU9U5[@9;EMEB9G5FAK9;Z6AKc;5[9;:DV%9G:XV�3<:<9bY�14:<:<9bIPZ<Z<AK1�\]@BTnIPV%@M14:_e]fL:6RS:_wSA[9;TnIJAKCD3<14:65�CD3<9bEBIs74IJEM9;3<A
ζ(3) ' 0, 929;5zV%@MTnct5K3<A2EB9;5rIJH;HGAK14@M5K5[9;TU9;:DV%5r9G5[ViZ6EB3<52Z�9pV%@MVK9sCD3<9m�Je_y�14TUTU9t:<1J3<5r36VK@BEM@B5K1J:<52EM9;5�74IJEM9;3<A[5rIPY]O5K1JEB3<9G5�CD3<@�Z<EM3<5�9;5zV25[3<A�=<9;5�Tn9G5K3<A[9;5�9Gh�9;HpV%3<cG9;5rZ6AK�;5�=_^`3<:<9®ZSIJA[14@­w6EaI�74IPEB9;36A.=<9

ζ(3)
:_^�9G5[V2ZSIJ5:<cGH;9;5[5%IJ@MAK9GTn9G:XVi5[143<TU@B5[9klmEaI,A[9;EBIPV%@M14:�=<9 ���PAKT��J:]O ��1 � IJA[VKd_e��r9G5b7JIJEM9;3<A[5r5K@MTn@MEaIJ@MAK9G5F5K14:DVi5K@©ON4:SIPEBc;9G5L=SIJ:<5�=<9G5LV%A%I�7JIJ3]\t9p\]Z�c;AK@MTn9G:XV%IJ3]\�{ª��~4���S9pV?:X3<TUc;A[@BCD3<9;5�{`uP�S9G:kV%3<A[Y<3<EB9G:<H;9�@M:<d<14TU14N4�G:<9IJ:<@M5K1JVKAK14Z�9Je



�&� �T��$H��./!L� $ $H���
�0� ��$%��$ ./,2��$ ,�.����*�0� � ��. ����$H��� �Y,��
��
(�2
(� � �����&�
����� ��$ $H� �0�&�
�&� $ � �&�(� �0� �2
�. � 
 ��. ������� �&� ��� �

0 5 10 15
−10

−5

0

5

10

lo
g

2
(S

w
t

1
(j
))

j
0 5 10 15

−25

0

25

50

lo
g

2
(S

w
t

5
(j
))

j

����� � � ��� � 
 �
� � ��� ��� � � ��� ��� ��	���� 	�� � � � ��� � � ��� ���
log2(S1) � lbN4IJ3<H�d<9�¡�9GV log2(S5) � lj=<AK1J@MV%9¢¡9;:U��14:<HpV%@B1J:U=69;5�1]HpV&I�7�9;5

j
Z�1436AÉEM9F5K@MN4:SIJE � � ¡pw4EM9.��14:<=�V%3<A[Y<3<EM9;:DV � 1D¡>9GVÉEM9;5LRSEaIPTn9G:XVK5� � ¡�e

0 2 4 6
0

0.5

1

1.5

2

q

ζw
t

q

total
fond turbulent
filaments

����� � � ��� � 
 � � � � � � � � � � ��� � � ����� ��� � � � � � � ��	 ��� 	 � � � ����� � � ��� �o9G:
��14:<HpV%@B1J:�=<9
q
Z�143<AE­^`9;:65K9;TkY6EB9F=<3U5K@MN4:SIJE�wJEB9F��14:6=U9pV�EM9;5>RSEBIJTU9;:DV%5;e4��IiEM@BN4:<9FZ�14@M:XVK@BEBEMc;9É5K9GA[VÉ=<9�AKcG��cGAK9G:<H;9EB@M:<c¢IP@BAK9Pe



����� � �V�T��$ ��. !L� $ $H���
�0���%��� $ ,(./)�,�� ���
�0���F,��
� ��$ ,
�(�L� � � ��.A��! ����$�
�� �

0214365�:6143<5F@B:DV%cGAK9G5K5K1J:<5FT,IP@B:DV%9;:<IJ:XV�IJ3]\m9p\]Z�145%IJ:DV%5
ζ(q)

w
ζ (f)(q)

9pV
ζ (b)(q)

H;1JAKAK9G5KZ�14:<=SIP:XVAK9G5KZ�9;HpV%@M749;TU9;:DV�ljE­^`9;:<5[9;TkY<EM9�=<3�5[@BN4:SIPE­wPIJ3]\�R<EaIJTU9;:DV%5�9GV�IJ3k��14:6=�V%3<A[Y<3<EB9G:XV � Z�143<A>E�^�14:6=<9;EM9GVKVK9
N = 7

wL=SIJ:65,EaIoN�IPTnTU9
[j1 = 6, j2 = 8]

¡pe?y�9;5U74IPEB9;36AK5k5K1J:XVn14Y6VK9;:X3<9;5U5KcGZSIJAKcGTn9G:XVnN4AKÇJH;9IJ3]\ ��14:<HpV%@M14:<5�=<9,5[V%A[3<HGVK3<AK9'HG14:<=<@ªV%@B1J:<:<9;EMEB9G5t=<cGH;A[@MV%9G5�9;:�~6eª�4e8Ê2:¤9p\]9GTnZ<EM9m=<9G5���14:<HGVK@B14:65�=<95[VKAK3<HpV%3<A[9kZ�1J3<ArH�dSIJHG3<:<9k=<9G5jZ<dSIP5K9;5i9G5[VbA[9;Z<A[c;5K9G:XVKc�RSN43<A[9sÈ�eª���]e��W9;5jVKAK14@M5rH;1J3<AKY�9;5j5[14:DVrV%A[�;5AK9G5K5[9;TkY<EBIJ:XVK9;5Ge&d]@]14:kZ�9;36VL=6cGRS:<@MA>=<9G5>EB@MN4:<9;5�=<9�V%IJ:<N49G:<H;9 � =<14:<H.=69;5L9p\]Z�145%IP:XVK5&¡�Z�143<A>EM9�5[@BN4:SIPE=<9�7]@ªV%9G5K5K92=SIJ:<5?5K14:,9;:<5[9;TkY<EM9JwDHJ^`9;5zV.c;N4IJEB9GTn9G:XVÉZ�145K5[@BY<EM92Z�143<AÉEB9G5?Z<d<IJ5K9G5_4p��14:6=nV%36AKY<3<EM9;:DV�4�9GV
4pRSEBIJTU9;:DV%5�4¦e6q :<1436749¢IJ3_w�3<:69®EMc;N4�GAK9b=<cGZ�9G:<=SIJ:<HG9s9G:

N
=<9G5

ζ (f)(q)
9GV�=<9G5

ζ (b)(q)
9G5[V�7X@B5K@MY<EB9Pw=<3oTU«;TU9s14A[=<AK9tCD3<9kZ�1J3<ArEM9;5

ζ(q)
e��L^`9p\6IJTU9;:o=<9G5r7JIJEB9G3<AK52AKc;H;IJZ<@ªV%3<EMc;9;52=SIJ:<5rEB9tV%IJY<EM9¢IJ3�Èse�|AKcp7��;EM9?=g^�@M:XVKc;AK9G5%IJ:DV%9G5�7JIJA[@aIPVK@B14:<5Ge��W9;5�9p\]Z�1J5%IJ:DV%5

ζ(b)(q)
w�Z�143<A�EB9���14:<=_w�5[14:XV�Z<EM3<5�NJA%IJ:<=658CD3<9�EM9;5

ζ(q)
wDZ�143<AÉE­^`9;:<5[9;TkY<EM9JwD9;3X\XOQTn«GTn9G5�Z<EM3<5�NJA%IJ:<=65�CD3<9jEM9;5

ζ (f)(q)
w]Z�143<AÉEB9G5?RSEBIJTU9;:DV%5�5K9G3<EB5GeSy�9;5c;H;IJA[VK5�5[14:XV?CD3SIJ:DV%@ªV&IPVK@M7�9GTn9G:XVL5[@BN4:6@MRSH;IPV%@ª��5F�XEM9;5É@B:DV%9GA[7JIJEBEM9;5>=<92H;14:]R�IJ:<HG9r:<925K9rA[9;HG14367XAK9G:XV�ZSIJ5

� :6143<5rAKIJZ<Z�9;EM14:<5rCD3<9sEB9;52@B:DV%9GA[7JIJEBEM9;5.=<9sH;14:6RSIJ:<H;9s5K14:DVr@MH;@�9;5zV%@BTUc;5�V%d<cG14AK@MCD3<9;TU9;:DV¢w�y�d_e� ��*¡�e�W9;5�cGH¢IJAzV%5�14Y<5[9;Az7�c;5�9G:XVKAK9/Z<d<IJ5K9G5�5[14:DV�3<:Ã14A[=<AK9o=<9�N4A%IJ:6=<9;3<A�Z6EB3<5m@MTnZ�14AzV&IJ:DV%5UCD3<9oH;9G3]\14Y<5[9;Az7�c;5�Z�1J3<AF3<:<9bZ<dSIP5K9®=<14:<:<cG9tEM14AK5[CD3_^�1J:�H�dSIP:<N49
N
e�Æ8IJAFH;14:65Kc;CD3<9G:XV;w�:<143<5�I 1UAKTU14:<5FCD3<9EB9G52=6@Mh�c;AK9G:<H;9G5j14Y<5[9;Az7�c;9G5j9;:DV%A[9tEM9;5�9p\]Z�1J5%IJ:DV%5

ζ(q)
9G5[V%@MTncG52Z�143<A�EB9G5�VKAK14@M52Z6dSIJ5K9G5 � 9G:<5K9GTkY<EB9Pw��14:<=gwDR<EaIJTU9;:DV%5%¡L5[14:DV?5[@BN4:6@MRSH;IPV%@ª��5;e��r92Z<EB365?:<1J3<5�:<1PV%14:<5É3<:m9phg9pV�=69rH;1J3<AKY<36AK9s�DEBI®HG143<AKY�9�=<9;5

ζ(b)(q)
9;5zVkZ<EB365�Z<AK1XH�d<9,=g^�3<:69mEB@MN4:<9U=<AK14@ªV%9nCX369mH;9GEBEB9U=<9G5

ζ(q)
w�9GVkHG9;EMEB9U=<9;5

ζ (f)(q)
9G5[VkZ6EB3<5IJA[AK14:<=6@B9 � RSN<egÈseM��~4¡pe_�W9G5 ζ(f)(q)

Z<AKcG5K9G:XVK9;:DVb3<: cGH¢IJAzVbZ<EB365j@BTUZ�1JA[V&IP:XVrlmEaImEM@B:<c;IJAK@ªV%c®CX369UEM9;5
ζ(b)(q)

e�y�9G5>14Y<5[9;A[7JIPVK@B14:<5�:<9.5[14:XV8ZSIJ5�5K9;:65K@BY6EB9;5>ljE­^`14:<=<9GEB9GV[V%9ÉH�d<14@B5[@B9Pw¦:6@<lr3<:69.EBcGN4�;A[9�74IPAK@aI¦V%@B1J:=<9FEBIjAKc;NJ@B14:�=g^�9G5[V%@MT,I¦V%@B1J:_eJ�29;5�cGVK3<=<9;5�TU9;:<cG9;5�IJ3k7�1J@B5K@M:SIJN49?=_^`3<:<9FN4A[145K5[9�5zV%A[3<HGVK3<AK9FHG14d<c;A[9;:DV%9V%1J3<AKY<@MEBEM14:<:SIJ@MAK9�A%IJZ6Z�14AzV%9G:XV�=<9G5�AKc;5[3<EMV%IPV%5�CD3<@_7�1J:XVF=<IJ:<5�EB9jTU«;TU9i5K9G:<5s{©�¢|<wg��~��¦��e
q)E­^`@B5[5K3<9r=_^�36:<9rV%9GEBEM9jIJ:SIPEM�X5K9Pw614:�Z�9;36V.«GV%A[9rV%9G:XVKcj=<9jHG14:<HGEB3<A[9jCD3<9iEB9���14:<=,VK3<AKY<36EB9;:DV�VK9;:<=l/14Y�c;@MA�l/3<:ÚH;1JTnZ�14A[VK9;TU9;:DV�=<9nVz�XZ�9 �i|<�,V&IP:<=<@B5sCX369�EB9;5�R<EaIJTU9;:DV%5®5;^`9;:�c;H;IJA[VK9;A%IP@B9;:DV¢e��W9;5RSEBIJTn9G:XVK5>5K9GA%IJ@M9;:DVÉ=<14:<H�AK9G5KZ�14:<5KIJY<EB9G5?=69�E�^�@M:XVK9;A[Tn@ªVKV%9G:<H;9�5[V&I¦V%@B5zV%@MCX369Je�0�143<5?IJEBEM14:<5>TU14:DV%AK9GAL9;:36VK@BEB@M5%IJ:DV®EB9G5�H¢IJ5[H¢IJ=69;5�EB14N¦O�@B:]RS:<@BTU9;:DVb=<@ª7]@M5K@MY<EB9G5sl/CD3<9GE.Z�1J@B:DVs3<:69mV%9;EMEB9n@B:DV%9;A[Z<AKcpV&IPVK@B14: Z�9G36V5;^�I�7�c;A[9;AF@B:6H;14TUZ<EB�pV%9Pe

�_=�� �jÑ�Ý ��ÐàÏ�Û
	DØÚÏ�	 ����Ø����ÉÙFÏ8Ø�ÝBÕ.Ó �6Ñ�ÛLß�ÛFÑ�ÐàÏ�Û
	ÚÙjÑMÜ?ÑBØ�Ñ�Þ�ÝMÏ8Ø
á ES9;5zV�=<@�1UH;@MEB9.=69.V%9;5zV%9GA;wDIJ3�5K9G:<5É5[V%A[@BHpVL=<3�V%9;A[Tn9PwJE�^�9�\6@M5[VK9;:<HG9�=g^�3<:69�H;IJ5KH;IJ=<9�EB1JNPO�@M:6RS:<@MTn9G:XV=<@ª7]@M5K@MY<EB9Pe�Ê�:<9
Z<AK9GTn@M�;AK9�TncpV%d<1X=<9oH;1J:<5K@M5[V%9/74c;AK@ªRS9;A�E�^�9�\]@B5[VK9;:<HG9
=<9oEB14@M5m=_^`c;H�d<9GEBEB9G5mAK9GEaIPVK@M7�9G59;:DV%A[9kEB9G5iTn14TU9;:DV%5jIJY<5K1JEB3<5Gw_143
=<9�T,IP:<@B�GAK9�cGCX36@M7JIJEB9G:XVK9 � TU1]=63<EB1mEM9�Z<A[14Y<EB�GTn9kcp7�1XCX36ck=SIJ:<5EB9tH�dSIJZ<@ªV%AK9®  �*¡�E�^�9�\6@M5[VK9;:<HG9�=<9�A[9;EaI¦V%@B1J:<5�EB@B:6c¢IJ@MAK9;5�9;:DV%A[9sEM9;5rEM14N�IJA[@MVKd<Tn9G5�=<9;5jTU14TU9;:DV%5�IJY<5[1POEB365 ��á Èse �Jv4¡pe�yr^`9;5zVtEBImAKcGZSIJA[VK@MVK@B14:/@M:<d<14TU14N4�G:<9s=69;5i74IPEB9;36AK5j9G5[V%@MTncG9;5bIJ3X\o=<@ªhgcGAK9;:DV%9G5ic;H�d<9GEBEB9G5CD3<@�Z�1J5K9�Z<AK1JY<EB�GTn9PeW�jIJ:<5b3<: =<@aIPN4A%IJTUTU9

logSq
7X5

logSp
wWEM9;5bZ�14@B:DV%5iIP5K5K1XH;@Mc;5®IJ3]\oN4A%IJ:6=<9;5c;H�d<9GEBEM9;5�14:DV�VK9;:<=<IJ:<H;9�l25[9?A[9;N4A[143<Z�9;A�V&IJ:<=6@B5�CD3<9�CD3<9GEBCD3<9;5�Z�1J@B:DV%5�IJ5K5[1]HG@BcG58IJ3X\®Z�9pV%@MVK9;5�c;H�d<9GEBEB9G55;^`@B5[14EB9G:XV � RSN<eLÈ�eª�¢|D¡�e��r9*Z<EB365n@ME�5G^�IPN4@MVU=_^`3<:Á=<@BIJN4AKIJTnTU9 �B·%µ�»J¶�²´Ä �X±k²��;¸S°�1Jâ�V%1J3<5,EM9;5UZ�14@M:XVK5:_^`14:DV?Z<IJ5?EM9�Tn«GTn9�Z�14@B=<5�5zV&IPVK@B5[VK@BCD3<9Pe]�2cGV%9GAKTU@B:<9GA�3<:,HGAK@MVK�;A[92ZSIPA[��IJ@ªV%9;TU9;:DV�14YX£[9GHGVK@M�_=6c;H;A[@M7JIJ:DVEaIkCD3SIJEM@MVKci=<9tE�^�IPEB@BNJ:<9;TU9;:DV.=<9G52Z�14@M:XVK5F=SIJ:<5�3<:'V%9;E�=<@BIJN4AKIJTnTU9j:_^`9;5zVrZ<IJ525[@BTUZ<EB9Pe<��I�5K9;HG14:<=<9TUcGV%d61]=<9FA[9;Z�145K9F5[3<A�EaIr7�cGAK@ªRSH¢IPVK@B14:s=<9;5�AK9GEaIPVK@B14:65>EB@M:<c¢IJ@MAK9G589;:DV%A[9FEB9G5LH;3<Tk3<EBIJ:DV%58=63UEM14N�IJA[@MVKd<Tn9=<9G5t7JIJEB9G3<AK5®IJY<5[14EB369;5®=<9;5tH;1X921UH;@M9;:DV%5®=_^�1J:<=<9;EM9GV[V%9 � c;C�e ��á È�e��4�4¡[¡pe�y�9pVKV%9,IJZ<Z<A[1]H�d<9UZSIJAKI��BV®5[cpO=<3<@M5%IJ:DV%9sZ<3<@B5[CD3_^�9GEBEM9�9p\6IJTU@B:<9s5Kc;Z<IJAKcGTn9G:XViEM9;5i=<@ªhgcGAK9G:XVK5j14AK=6AK9;5i5[3<Z�c;AK@M9;3<A[5i=<3
Z<AK1JZSIJN�IPVK9;3<AGe

��IJZ<Z�9;EB1J:<5FCD3<9s5[@_V%143<5�EB9G5FH;3<Tk36EaIJ:DV%5F=_^`14A[=<AK9 ≥ 3
5K14:DV�:]3<EM5FEB9iZ<A[14ZSIJN4IPV%9G3<A�9;5[V2EB1JNPO�:<1JAKTnIJE­e



�&� �T��$H��./!L� $ $H���
�0� ��$%��$ ./,2��$ ,�.����*�0� � ��. ����$H��� �Y,��
��
(�2
(� � �����&�
����� ��$ $H� �0�&�
�&� $ � �&�(� �0� �2
�. � 
 ��. ������� �&� �����

C 9;:<5[9;TkY<EM9 ��14:6= RSEBIJTn9G:XVK5� v6e�~4u v6e�~4u v6e`|�v� v6e�¥4� v6e�¥]� v6e�¥4�~ O O O| �4e��4� �4e��<9 �4e��4�� �4e`|a; �4e��Jv �4e`|a;
9 �4e�94u �4e�¥Jv �4e�¥Jv¥ �4e�;&; �4e�;4u �4e�u6�

������� � � � 
 � � � � � � � � � ��� ��� � ��� � H(q)
��� � � � � ��� ��� � � ��� � � ��	 ��� 	���� � � � � � � � � � 	 � � � ��� � � �

� 	 � ��� ��	 � 	 � � � � � � � � ��	��
G = exp(−H)

�>Æ89G:XVK9;5b=<9G5t=<@BIJN4AKIJTnTU9;5
lnSwtq

	;¯
lnSwt3

wgZ�143<A23<:<9�1J:<=<9;EM9GV[V%9��t»J¸ º °�À �X²­°&¯�� � @�e�9PeMw N = 7
¡�=SIJ:<5jEBInN�IPTnTU9

(j1, j2) =
(2, 10)

5KcGZSIJAKcGTn9G:XV�Z�143<AFE�^�9G:<5K9GTkY<EB9j=63*5[@BN4:SIPE­w6EM9j��14:<=�V%36AKY<3<EM9;:DV�9GV�EB9G5.RSEaIPTn9G:XVK5;e
�r9nZ<EB3<5GwWZ�1J3<AtEM9�5K@BNJ:SIJEL=<9U7]@ªV%9G5K5K9UV%3<A[Y<3<EM9;:DV¢wWEB9G5t1JAK=<A[9;5®=<9nNJA%IJ:<=69;3<A®5K14:DV®V%9;EM5bCX369

C1
9G5[VZ<A[c;Z�14:<=<cGA%IJ:DV�=<9G7JIJ:DVFV%14365FEB9;5�IJ3]V%AK9G5�H;3<Tk3<EBIJ:DV%5;eY7jA

log á f | X |q =
∑

k

qk

k!
Ck(ln | X |) � È�e��<;�¡

=<9�5K1JA[V%9�CD3<9
log á f | X |q 9G5[V?9;5K5[9;:DV%@M9;EBEM9;TU9;:DVL=<cpV%9;A[Tn@M:<cFZSIJA C1

w�EM9;5�H;36Tk3<EaIJ:DV%5�=_^`14AK=<A[925[3<Z�cpOAK@M9;3<A
C2, C3 . . .

:<9L£[143SIJ:DVÉCD3<9j=<9G5�A 
JEB9;5ÉH;1JAKAK9GHGVK@M��5;eX��Is5[9;:<5[@BY<@MEB@MVKcF=<9rEBI®Z6AK9;TU@B�GAK9�TncpV%d<1X=<9�5K9V%A[14367�9GA%IJ@ªV?IJ@B:<5[@SAKcG=<3<@MVK9Je]fL:,Z<AKIPV%@MCX369JwDE­^`14Y<5zV&IJHGEB9�T,I�£[9G3<AÉltHG9GVKVK9rTUcGVKd<1]=6929G5[V.EBI®=6@�1UH;3<EªV%c�=<9E­^`9;5zV%@MT,IPVK@B14:®=<9G5>H;3<Tk36EaIJ:DV%5GeP�W9G5LH;1X921UH;@M9;:DV%5>14:6=<9;EM9GVKVK9;5>5[14:DV>=<@M5[V%A[@BY<36c;5LIJ3]V%143<A�=<9 � cGAK1<wPZ�1J@B:DV=<9b=<@ª7�9;A[N49;:<HG9b=<9tEBIs��14:<HpV%@B1J:�EM14N�IJA[@MVKd<Tn9Pe6Ê�:<9®Z�9pV%@MVK9j74IPAK@aI¦V%@B1J:<5�=<9G52HG1]9
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9GV

logSp � RSN<e�È�eª�¢|D¡�e4�W9;58Z�14@M:XVK55K1J:XV?Y<@B9G:mIJEM@BN4:6c;5L5K36A�=<9G5�EB@MN4:<9G5É=6AK14@ªV%9;5ÉZ�143<A�V%1436VK9;5ÉEB9G5?ZSIP@BAK9G5
(p, q)
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(φ)

lnSwt(φ)
q = −H (φ)(q)n(φ)(a) + C(φ)

q,p , � È�e��Ju�¡9GV�9�\6Z6EB14@ªV%9;A�H;9GV[V%9bAK9GEaIPVK@B14:�Z�143<AF9G5[VK@BTU9;AFEB9G5.��14:<HpV%@B1J:<5
H(φ)(q)

9pV
n(φ)(a)

e�fLEBEM9;5.5[14:DV�=<cGRS:6@B9;5lk3<:<9bH;1J:<5[V%IJ:XVK9bTk3<EMVK@BZ<EM@BH¢I¦V%@M749FZ<AK�G5;w�9GV�:<1J3<52H�d<1J@B5K@M5K5[14:<5�IJA[Y<@MVKA%IJ@MAK9;TU9;:DV
H(φ)(3) = 1

e
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H(φ)(q) Z<IJA�AKc;NJAK9;5[5K@M14:tEM@B:<c;IJ@BA[9>=<9G5�=<@BIJN4AKIJTnTU9;5 log Sq
7X5

log S3 � RSN<e¢È�eª�¢|D¡�e�W9;5�AKcG5K3<EªV&IPVK5�5[14:DV2Z6AKc;5[9;:DV%cG52=SIP:<52EM9jV&IJY6EB9¢IP3�Èse �k9GV�EaI�RSNJ3<AK9bÈ�eª���]e�0�143<5�14Y<5[9;A[7414:<5�CX369tEM9;5��14:<HpV%@M14:<5
H(φ)(q)

5[14:DVt@M=<9;:DV%@MCD3<9;5iIP3]\
YSIJA[AK9G5®=g^�9GAKAK9G3<AK5®9p\]Z�c;A[@BTU9;:DV&IJEM9;5jZ<A[�;5bZ�143<AbEB9G5jV%AK1J@B5Z<dSIP5K9;5Ge
H(φ) :<9�=<cGZ�9G:<=ÚZSIJ5k=<9mEBI�Z<dSIP5K9 (φ)

e80214365k9p\XV%AKI���1J:<5
n(φ)(a)

5K9;EM14:¤EaI*Z<AK1XH;cG=<3<AK9=<cGH;AK@ªV%9®IJ3'  �
e �]eª�4eS�L^`14AK=6AK9
q = 3

9G5[V�@BHG@_H�d<14@B5[@_H;1JTnTU9jAKcp��c;A[9;:<HG9Je
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logS
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9GV � l
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(φ)
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ξwt,(φ)(5, 3) = 5/3
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9GV
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9G5[VK@BTUc;5�5K9GEB14:UEaITUcGV%d61]=<9?=<c;HGAK@ªV%9�=<IJ:<5>EM9?V%9�\XV%9 � E­^`c;H�d<9;EMEB9 a′ = 211 � 1XHGV%I�749 j = 11
¡�5[9;A[V>=<9.AKcp��c;A[9;:<HG9IJA[Y<@MVKA%IJ@MAK9 � @�e�9Pe n(φ)(211) = 0

¡peXl®=<AK14@ªV%9b��	 � ��� ��� � � � � 	 � � �
�
	��
n(a)

H;1JTnZSIPAKc;9IJ3�Tn1X=<�GEB9
napprox ∝ 1−a−0.55
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n(a)

� � � � ��� � � � � �
(j1, j2) = (5, 10)

eWq=<A[14@MVK9k� � � � �
log2

� � ��	�� � ��� � � � � ��� � � � � � � 	�� � 	
� ��� � � � � � � � ��� ��� ��� � �

�W9®Z6AK9;TU@B9GA.AKcG5K3<EªV&IPV�=69®HG9;5�9;5zV%@BTnIPVK@B14:<5�=<9
H(q)

9pV
n(a)

9G5[V2CX369®EM9;5FH;IJ5KH;IJ=<9;5�@B:]RS:<@BTU9;:DV=<@ª7]@M5K@MY<EB9G52A[9;Z<A[c;5K9G:XVK9;:DVb3<:oTU1]=<�GEB9®74IJEBIJY<EM9®Z�143<Ar=<c;HGAK@BA[9kIJ3<5[5K@>Y6@B9;:oE�^�9G:<5K9GTkY<EB9t=<3o5K@MN4:SIJE�=<97X@MVK9;5K5[9tCD3<9bEM9j��14:<=�V%3<A[Y<3<EM9;:DV�143*EM9;5.RSEBIJTU9;:DV%5.5[9;3<EM5;e
�W9;5F��14:<HpV%@B1J:<5

n(φ)(a)
5K14:DVFAK9GZ<AKcG5K9G:XVKc;9;5�RSN436AK9jÈ�eª��96e6�W9;5.V%A[14@B5�H;143<A[Y�9G5�5K14:DVFN4EM14YSIJEM9;TU9;:DVIJ5[5K9 � 5K@MTn@MEaIJ@MAK9G5;w�9GVt:<9�Z<AKcG5K9;:DV%9G:XVtZSIJ5b=<9 � 1J:<9�cGV%9G:<=<3<9n14â n(φ)(a) ∝ ln a

=<9���IJ¬;1J: 5[@BN4:<@ªR6OH¢I¦V%@M749Je���I*H¢IJ5[H¢IJ=<9mVK3<AKY63<EB9G:XVK9,:_^`9;5zV�ZSIJ5s@M:X7JIJA[@aIJ:DV%9k=_^`c;H�d<9GEBEM9Jw�H;9mCD3<@?9;5[V�HG14d<cGAK9;:DVkI�7�9GHm=<9:<14TkY6AK9;365K9;5L1JY<5K9GA[7JIPV%@M14:<5>lj:614TkY<AK9G5>=<9 ��9G�X:<14EM=<5LTU1]=<cGAKcG5;wJTU«;TU9.=SIP:<5L=<9;5�cGH;143<EM9;TU9;:DV%5>d61POTU14N4�;:69;5.@M5K1JVKAK14Z�9;5Ge<y�9pVKV%9jI 1UAKTnIPV%@M14:n9G5[V�IJ3�£[143<AK=g^�dX3<@�H;143<AKIJTUTn9G:XV?IJHGH;9;Z]V%c;9i9G:mV%3<A[Y<3<EM9;:<HG9Je021PV%AK9®IJ:<IJEM�X5K9icpV%9G:<=�HG9GVKVK9bH;14:<HGEB3<5[@B14:�IJ3X\'Z<dSIJ5[9;5 4p��14:<=�VK3<AKY<36EB9;:DV�4r9pV 4pRSEaIPTn9G:XVK5�4Pe
qr3�EM@B9G3t=_^`9;5[5%I���9;A�=_^�IJZ<Z<A[1]H�d<9GA�3<:69�ZSIJAzV%@M9ÉA[9;5zV%AK9G@B:DV%9 � � 1J:<9?@M:<9;AzV%@M9;EBEM9�¡g=<9?EaI�H;1436AKY�9 n(φ)(a)

wZ<EM3<5K@M9;3<A[5�TU1]=6�;EB9G5�1J:XV�cGVKc�Z<A[14Z�145KcG58Z�143<A�=<c;HGAK@BA[9?E�^�IPEBEB36AK9LN4EM14YSIJEM9L=<9
n(φ)(a)

I�7�9GH?EBI�HG14:XVKA%IJ@M:XVK9CD3_^`14:�AK9GVKAK143]7�9.3<:�H;1JTnZ�14A[VK9;TU9;:DV>EM14N�IJA[@MV%d6Tn@MCX369?lj:614TkY<AK9?=<9 ��9G�X:<14EM=<5>@B:]RS:<@­ePÆ>IJA89p\]9;TUZ<EB9PwEaIs��1JAKTU9j��14:<HGVK@B14:6:<9;EMEB9j5[3<@M7JIJ:DV%9jI�cGVKcbZ<AK14Z�145[c;9U{��X�4w<|�~6wY;J|<w_��vJvP�L�

napprox(a) = µ1
1− a−β

β
+ µ2 , � È�e�~4v�¡

14â�EM9;5.ZSIPA%IJTU�GVKAK9;5
µ1

w
µ2

9GV
β
Z�9;367�9G:XV.=<c;Z�9;:<=6AK9i=<9

Re
9pV�=<9jEBIsN4c;1JTncpV%AK@M92=69iE­^`c;H;1J3<EB9GTn9G:XV;ey�9GV[V%9s��1JAKTU9®��14:6HGV%@M14:<:<9GEB9®9;5zVjV%9GEBEB9®CD3<9

limβ→0[(1 − a−β)/β] = ln a
eg��InRSNJ3<AK9sÈseM��9nTU14:XVKAK9

� l¨=<A;e�¡U36:<9�HG14TnZ<IJA%IJ@M5K14:�9;:DV%A[9*:6145,=<1J:<:<c;9G5m9GV,H;9*Tn1X=<�;EM9'Z�1436A β = 0, 55
eÉy�9GV[V%9�7JIJEB9G3<A9;5zVbAK9GEaIPVK@M7�9GTn9G:XV�H;1Jd<c;A[9;:DV%9�I�7�9;HtH;9;EMEB9G5jcG7�1XCD3<c;9G5i=SIJ:<5�{:;J|¦�­w_1Jâ/@BE�9;5[Vj=<9kZ<EB365jTn1J:XVKAKc®CX369

β=<cGH;AK1��BV�EB1JAK5KCD3<9bEM9i:<14TkY<A[9j=<9 ��9p�X:<14EB=652IP3<N4TU9;:DV%9Je
Ë�IJEMN4AKciEBI�AK9;5[5K9GTkY<EaIJ:6H;9i=<9G52IPEBEB36AK9;5FNJEB14YSIPEB9;5?=<9;5�V%A[14@B5?��14:<HGVK@B14:65

n(φ)(a)
w<:<143<5�14Y65K9;Az7�14:<5=<9G5�=<@ªhgcGAK9;:6H;9;5?T,IP:<@M��9G5[V%9G5?=<IJ:<5ÉEaIbN�IJTUTn9F=_^`c;H�d<9GEBEM9;5

[26, 210]
w]@M=<9;:DV%@ªRSc;9FZ6EB3<5ÉdSIJ36V?H;1JTnTU9�EaI

� 1J:<9t@M:<9;AzV%@M9;EBEM9 � R<N<eSÈ�eª��¥4¡pe��W9G52YSIPAKAK9G52=g^�9GAKAK9G3<Ar=69tHG9GVKVK9®R<N43<AK9 �X9GEBEB9G5�AKc;5[3<EMVK9;:DV�=<9tEBIU=6@B5KZ�9;A�O5K@M14:�=69;5�9G5[V%@MT,I¦V%@B1J:<5i=<9
n(a)
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ζ(q)
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ζwt(φ)
q =

d lnS
wt(φ)
q (a)
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ζ(φ)(q)

AKcG5K3<EªV%9®=<9tEBIk=<c;Z�9;:<=<IJ:<H;9s=<9
dn(φ)(a)/d ln a
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(φ)
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e�yr^`9;5[VrH;14:]RSAKTUctZ<IJA2EBI�RSN43<A[9®ÈseM��¥ � =<AGe ¡14â
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zooming around bursting events
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G-^X^�"$���af��%���\[ G!c�"$�)^#I�� log10 εr

���P=L" �)c,�Yf�"$�D��� log10 r
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	�lN�ed,��� d"! # �m����d �m�G�
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�Yf�!R/a[��C� 	 �8�\�%� G7�Yf��%� f�&&���B�OEF/)[Tf�&4�-� c�� ^������)[G� G7� G@/(/%G-^��,!R!0���)�%�OEF�Y^ G "-^��)f.�%G-fT^!�.1=�8�\f��)fG� fTG-[��,!>��� �
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[/"$�-� c�"$���Xf����S^�"$�-�%���YI)^��)fG�qI)[TG �)c65�G8�����Xf���� 1L�)f��Xc_^!�,�O3 ui ` � ��� ui �!"$� �'�����q'-G-^YfTG@I)[����IGd[�� GAD
�)"-fT^����If.������/#���-�%G �)�)���If������ �Yf�&&����!0���)�/�)f��%� ^Yf�I��������+1��������PJ�� 3�` [/"$���%�-�,Q3�)f.���!"$���\G-[." ^�� yi = u2

i
���

�������YfG�)�(���Z/)^�"@I%G@I)f [Tf���� p(y) �,�;�-�Z=L" �)c,�Yf�"$�I���(�)f.�#�Y^Yf�I-�(� f."$��c��(!B�)[���� P (y) `��@"$�)^+���D���,59!0���)�
��� N = 2M + 1 /�" f.� ���_Z,��" fG�

y0 = max(y0, y−M , . . . , yM) 1 9I`W� 3
[/" ���]'�"$�)[."$���+���Sc_^Yf ^��:p

f(M) =
1

2M + 1

(
y0 +

M∑

i=−M,M 6=0

yi

)
1 9I`��)3

� PH���"/#�_^YG �)c��E��� f(M) ���%�/�-"$�������>/%Gd^
E[f(M)|C ≡ y0 ≥ y−M , . . . , yM ] =

1

2M + 1

(
M∑

i=−M,M 6=0

E[yi|C] + E[y0|C]
)
.
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

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E[f(M)] =
2Mb + a

2M + 1
a = E[y0|C],
b = E[yi|C].

1 9I`W  3

a ��PH�8' Gd[����%�Xf�!H/)[��,!>��� ��5 ^��-c��Z-

a =

∫ +∞

−∞

y
(
2Mp(y)P 2M−1(y)

)
dy 1 9I`b�93

[/" ���;"9I(�)����"$��� G-[." ^��]/#"$�)^ b p

b =
2M

2M − 1

(
E[y]−

∫ +∞

−∞

yp(y)P 2M−1(y)dy

)
→ E[y] G � M →∞. 1=9I`b�93

�K�\^������)[G� G7�;���#� c�"9*-�_^���� � G4'��_c [fP f.� ���)f��Yf�"$�H&&��� [\PA"$�I��" fG��^��,�Y^�"$�F'��_^ E[f(M)] → ¢ � [ y ] �,�G��"$�ac
b ' ¢ � [ y ] [�" ^!�"&&��� M →∞ `

[/"@��"$��� &&���Y/#"$�)^ N = 2M + 1 �!� �0� G@!H!>��� �T5 ^ G �-�:Z5"$� G a/b � 1 ` � G^/a^�"8c����-�)^��
c�" ���)f���"$�������W���a^ [����6! G$E f�! GP!H<�����G-[�"-^��>-������T&&�%G8�Yfb[." f1���T/��)f.���YG �)c��d`Z���Q�
	��,�_Z [TGB/#���)�)�
�%G �-�G�-�B5 ^YG@/C*�� ln f(N) ���.=L"$�)c8� f."$�D��� lnN 1 N ���#� fTcSf:[\P G �%G-[."95$���/��� r 35���#�G��"$���-���Z/%G-^

d ln f

d lnN
' −N − 1

N
� G � �s&4�-� Nb

a
� 1. 1 9I`W� 3

� ���:/)^!��! f�<S^����6'-G-[.���)^!�C��"$�)� 0 1 [ ���A3OZ −2/3 1 [ �^� 3�Z −3/4 1 [ �(Y93�`S`_`��@"$�(����� c����:/���� �����T���
��" � �>/%G �Z� ^#<��?�af�	��_^���� �����E�,�>/)^�"8cO*����E��� −2/3 �m�<�;/a[����SZ([TGP5-^ G@/C*-�>��� ln f(N) ��� =L"$�)c8� f."$�
��� lnN !0�,�(���[�8'8f������)c��T���
/�"-f��)�%�QP f�� �3�OE f�"$�:Z ������¤�"$�-�+�Y^"<��E�Xf�! fT[TG-fT^!�r-I�����T�)^!" f����-`/�@"$�)^
a/b ∼ 50 /%G-^I�OE-�,!R/a[��-Z�[ G^/#���)�)� G � /#" f��)�W�QP f����3�8E f�" �	���#� ∼ −0.75 ���)'8fT^!"$�:Zbc��S&4�af%���#�
/)^!" cO*��G��� −2/3 ' −0.67 `
�%�R/�" �)^Y^YG-f���='G-cSfT[��,!>��� ��/#���-���_^N&&�QP f [S��P G@5 f��2�QPA����� [�" f3���K/��)f.��� G8�)c��
�QPA�8EF/#"$� G �)� −2/3 Gd[�" ^!�]&4�`P f [ �`PtX G+/%G �/��� [�" f*���V/��)f.���YG �)c��d` � PA�_c_G-^#� - [TG [." f����>/��)f.��� G8�)c��E���%�
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p(y) GV/����W�QP f�!H/�"-^#� G8�)c��;�%G �-��c��8�"���<���,!>"$�-�#� ^YG7� f."$�:`F¢ [#�QPA���#��/%G �2��"$�;/a[����6���_c����!� G-f ^���&&��� [����
yi

�!" f���� �m/#"$�Xf�� fG=L�_`
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�)��������� �Z-��O�)���-�)^���� [ G�c�"$�)^"I#� ln f(N) ���Y=L" �)c,�Yf�"$�F�-� lnN Z G-c_c����)�)�%G8� �I[\P f�!H/)^������Yf."$���`PH���-�
'��S^Yf�� G@I)[.�![�" f@�QPA�_cO*��_[ [��B�QPA" ^Xf�5 f.���6/C*)X4�Yf�&&���d`/¢ [����,!:I)[��6&&��� c����E"9I����S^#'-G7� f."$���'�!" f���� �(��� ^!� G-[ f����
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���)^"I-�)[����)c��0���
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1 �G�43OZ [.�%�)f�"4E X4���(��� c_G-^"I#"$���;1 �
�

2
3OZS�,� [\Pt*��8EaG ����" ^��a^��E���\�!"$�(= ^!�;1 ���

6
3O`H��G ��� [����?5 G#¤ G �(� ^!���

&&��� [\P G-fT^SZ f [ G6='G-[T[.�T!>�8�"�Y^��(���P/)[ Gdc��%�����)f��#/�" �Yf��Yf�=J�8�/�-���Z!>�8�u*�"4���\G �%G7/(�)���_`
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[/"$�-� ^YG@/C/#�_[."$���:I)^Xf�<,'$��!0���)� [��W�af��"/#"$�Xf�� fG=;�(� f [Tf.���DG � [TG@I�"-^ G7��" fT^!�R/#"$�)^B�8� G-[."$�����S^ [����6Q)[��
cO*%G ���-�/�%G8��� [fP GdfT^_`4¢ [J��P G@5 f��;�`PH���-�r/#�,� fG�)�(��" ��
0�_^Yf.�\�-"$� �;" ��"9I(�Yf���� �;��� c G-[ f�I)^YG@5$� �O' fG�)�������\���
��"-^#� f.� � v ��� =L"$�)c8� f�" �I���\[ G �8�������Xf�"$�I�QP G-[ f�!0���)� G7�Yf�"$� � U �-�.'$���)� fT[TG7�)���)^s- [fP G-f.���<�`PH���-�E�!"$�����
���'��f���"@� `

� �KQ%[Wc8*)G �������#� f.���#� G-[T[.�?->&&���_[�&&�����]! fT[ [Tf�!H<,�Y^����M���I[TG>I��-���-ZF/��S^"/#�����afTc��a[ G-f ^���!0���)� G � ���FE
�QP G-fT^S`��'�2!0���!�)^�� [ G �)�����Yf."$� e ���_[ f�'8^����H/)G-^ [fP G8����!0"9!H<,� ^!�:/�" �)^(�����0���_^Xf��0���+' G-[.���)^!�%��� [ G
�)�����Yf."$� U �QP G-[Tf�!>��� � G7� f."$�C���R'����)� f [ G7�����)^S`��%�����W�������)fG��[TGV=L"$�)c8� f."$� e(v) `4��G �-��[\PA���#/)^YfG�K�-�I[ G[�"-f ����� f��C5aZ�"$�D���%� f�!0�\G-[." ^�� [.��� c�"4��� cSf����)�)� A(T ) �,� B(T ) �)�S[��]&&���Hp

e2 = A(T ) +B(T )vγ 1 �I` �A3
��� /)^ G7�Yf�&&���dZ5��"$���I�F� fT[ f��!"$��� γ = 0.4 &&�)f<����!:Ia[��F��� 5 �����S^ G-[ =L" �)^��)f ^W����� G7/C/)^�"4E f�! G7� f."$�
[��,59<_^!��!0���)�?!>�SfT[T[.���)^!�Z&4�-� γ = 0.5 1'[�"-f*����� f��(5��#�Y^Yf c,�)�g3�`>�R"$�a^/���BQ%[J=L" �)c,�Yf�"$���)G � �K- � Y#� oC Z"$� G+/�"$�a^ [����]/#�,�Yf������]' Gd^Yf G$� f�" ���2�-�Z����!H/��S^ G7���)^����Zp





A(T ) = A0
250− T

250− Tref

B(T ) = B0
250− T

250− Tref

1 �I` � 3

"�� Tref ���#� [TG:����!H/��S^ G7���)^��%�-�B5�G.¤ [�" ^!�+���\[\PA�_cO*%G �)� f [T[�" ���%G@5$�d`
�1G-^ [TGT�!�)f����-Z��-"$���;�(� f [Tf.��"$���bG �����Xf [ G ^��S[ G7�Yf�"$��^��_cSf�/)^!"F&&���+p

vγ = a+ b(T )e2 1 �I`W� 3
"��	c��8�"���V=L" f.�5"$� G p 



b(T ) = b0

250− Tref
250− T

a ' Cte
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[��+!HM�!0�+/�"$�a^ [.��� �B5�G.¤ [." ^��#&4�-� [TGP5$��"9!0�,� ^Xf��T�,� [��:=L" ^�¡ G@5 �>�!"$� � f.�����)� f�&4�-���_` � f1"$�[�)f��#/�" ���
�QPA�����8� G-[."$���%G75$�(�%G ��� [\P G-fT^SZ)[����;�,� Gd[�"$���)G@5$���m/#"$�)^ [���� G8�(� ^!��� 5 G#¤Z/����('����)�/��PA�����-�����)f ^��E��� [ G
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0�_^Yf.���8E f��%� G �)� /#"$�)^
[\P G-f ^5�����V/%G-^%� f��\c8X [ f����a^Yf�&&���Z/)^!�_c��������?�QPA�����VI����!�?�QPA���)� ^!��� f������ �Yf�&&���Z- c��_[ [��(���E��" ^%� f.�-`H�<���FE
5 ^XfT[T[.���SZ [fPH�-���65 ^!"$���Xf�<_^!�'£4��� ��� �Y^����C��� [ GR/%G-^#�Yf��!c8X8[Tf��-�)^Yf�&4�-�J£ [fP G �F� ^��>/)[��-��Q3���B£4��� ���)� ^����B���
[ G0I-���������I��"-^#� f.�J£ G �!���)^!���)�>�-���.*�"9!0"95$���-�_f��YG7� f."$� ���	[fPH�Sc�"$�)[.��!0���)� G4' G8� � [��T/%G8��� G75$�D�%G ���
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��������������� �N�8�u*�"4���2�#� G$� f��%� f�&4�-�2�QPA�,� G-[�" ���%G@5$�N-K/)G-^#�YfT^J����[fP *af��#��"95 ^YG@!R!0����� [ G]�)���-�Yf�" �?���S[Tf�'8^!���
/%Gd^([fP G8����!0"9!H<,� ^!�?1 /#"$�)^J���V5�G#¤�&&���_[ c�"$�(&4�-�43*�,�@���3[\Pt*)f��%�)"95 ^YG@!H!>�M�-� [TGs' fG�)�������e/#"$�)^
[fP G-f ^_`

5 ^ G �-�����)^ He GdfT^ CO2 SF6
���)fG�)�

!�G �!���Z!0" [ G-f ^�� M 4 29 44 146 5)` !0" [ −1

!�G8�����q'�"-[��C! f�&&��� ρ 0, 164 1, 18 1, 79 5, 9 U)5)` ! −3

c�"$�����ac,� fG'8f��)���"*��_^#! f�&&��� λth 0, 191 0, 0262 0, 0166 0, 013
� ` ! −2 ` � −1

c G@/)G-c_fG�)���u*-�_^"! f�&&��� cp 5200 1006 833 661 � `AU)5 −1 ` � −1

'8f��Xc�"$�Xf��)�\cSf����,!�G7�Yf�&&��� ν 12 1, 57 0, 834 0, 19 .10−5 ! 2 `A� −1

'8f.�Yc�" �Yf����(�(X4�%G@! f�&&��� µ 1, 99 1, 85 1, 49 1, 15 .10−5 U)5)`t! −1 `H� −1

�)f 	 ���Xf�'8f���� �u*-�_^"! f�&&��� κ 22, 4 2, 22 1, 12 0, 33 .10−5 ! 2 `A� −1

�-"9!:I)^��<���'�3^YG ���(�Y[ Pr 0, 54 0, 71 0, 75 0, 6 −−

����� � � ������� ^ G �-�����)^!� c G-^YG-c,���_^Xf��#�Yf�&&�����5����� �:5�G.¤6pC*��S[Tf��(! Z8G-f ^_Z-�af�"4EFX4���<��� c G-^#I�" ���'�,�m*-�8EaG$D
�3��" ^!�)^��(���E��"$�F= ^��Z-:�)��!H/#�_^ G$�)�)^!�\G@!:I)f G8� ���:1 � � ◦ �]3n� � Y ZH�F�X� `

���)'8fT^!"$��G$Q3�>�-� [fP G@!0���-�_^e-Z����!H/��S^ G7���)^�� G@!:Iaf G �)�)�d` � ���6���,&4�-���)c����5���?!0�����a^����2���G���)^���� �e&&���
&&���_[�&&����� ! f.�,�(����� /#"$�)^J��P G 	W^ G �ac8*afT^*��� ^��8= ^�" f.�)f��!����!0���)�J��:r- [TG;�-�,�)��� ���1���r5�G.¤ 1 f�!H/��S^Yc���/(�Yf�I)[.�
/#"$�)^ [\Pt*��S[Tf��(! ! G-f�� ' f." [���� � /�" �)^ [\Pt*��8EaG ����" ^��a^��1���1��"$�F= ^��43O`��If.���Yf+Z_[ G�����!H/��S^ G7���)^����-�>5�G.¤�^����%�)�
� ^#<��m/)^!" cO*��%���\[TG:����!H/��S^ G7���)^��\G7!:I)f G �)�)�/���)^YG � ��[fPH�8� G-[."$���%G75$�-`

� G c G8������/a^Yf��ac_f�/)G-[��+�QP f��ac��_^%� fG�)�����G��� c��,�#�)�K!>�8�u*�"4���G���#�bG-[�"-^�� [ GZ/��S^#�)�(I%G7� f."$�0���I[TGE�!"$�����
���
	�fG�)"@�>/%G-^ [��>�YfT[ [ G@5 �0�-� Q%[ c8*)G ���:` [/"$�-� GA'$"$���V/�� '��S^Yf�Q��_^r&&����c��,�#�)�T/#�_^%�)�)^#I%G7�Yf�"$� ^����%�)�
='G-f�I)[��dZ(!HM�!0�%�Yf*�_[ [���/#���F�IG$�"�)�Sf����a^��EY:- �N����`�[/"$�-�G�-�,'8^�"$�-�/��" ���;��� c�"$�)�)��� ���_^_`
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[/"$�-�b^��,5 ^�"$�(/�"$�-�5�%G ��� [��?� G@I)[.� G � �I` � [.��� c�"4��� c_f.���)�)� a �8� b ����[ G ^��S[ G7�Yf�"$� 1 �I`! 32"9IF�)���4���
/#"$�)^" TQ%[.�'�)f�	��_^!���)�)�SZ /#"$�)^�cO*%G-c���������� � 5�G.¤-Z /#"$�)^ γ = 0, 4 `�#R"$���Ic����(�8� G-[."$���%G@5 ���'"$�)�%���
[Tf.���B-������ �)�,!R/#�_^YG7�)�)^!��� c�"9!H/%G-^YG@I)[���� �<[����K'-G-[����)^���^��,/�"-^#�)�����'�)G ���I[.�>� G@I)[��_G ���!"$�)�Ic�" ^Y^Xf�5$�����
/#"$�)^3c�" ^X^����"/#"$���)^!�IG � E+' G-[.���)^!��- � � oC ` [/"@��"$����&&��� c���� c�"4��� c_f.���)�)��' Gd^Yf���� �M�QPH�-�RQ%[\-\[\P G �(� ^!�



� � � ��� � ��� � � � ��� � ��
�� � ��� ��� ��� 
�� � ��� ��
 � � � � ��� � ���

He air CO2 SF6

b a b a b a b a
fil no1 1, 04 −2, 17 1, 82 −1, 13 1, 69 −0, 91 1, 19 −0, 50
fil no2 0, 99 −1, 49 1, 92 −0, 84 1, 94 −0, 86 1, 22 −0, 18
fil no3 nondisp. 1, 73 −1, 03 1, 70 −0, 93 1, 12 −0, 41

����� � � ����� �K"4��� c_f.���)�)� a �,� b ����[TG�^��_[TG7� f."$�.1 �I`  3M"9IF�)���4����/#"$�)^  �Q%[.��c8*)G �������)f 	 �S^���� ���_Z9/#"$�)^
c8*)G-c����N����� �+5�G#¤Z/#"$�)^ γ = 0, 4 - T = 20oC ` b '-G-^Yf.� G4'��_c\[ Gr����!H/��S^ G7���)^��\c�"9!R!0�
(250− Tref )/(250− T ) ZC� G �-�)f��]&&��� a ���#� f��-����/#�����)G � �;�-� [TG6�)��!H/#�_^ G$�)�)^!�-`
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`

��� ='G#¡�"$����"@� G7I)[��dZ�!HM�!0�I�Yf [����B" ^��a^����T���.5 ^YG �������)^B��" � �:��"$� e!"$�)^!� [����:!RM,!>���_` 	R" �)^B��� Q%[
��"$�-���-Z�[.����' Gd^Yf G$� f�" ���R�QPA���H5�G#¤?- [\P G �(�Y^��+��" � �6�Yf�! f [ G-f ^���� /#"$�)^�[.����� ^!" f�� Q%[.�_` [G"$��� GA'$"$�������!� G4X��
/)[.���Yf.���)^!� [." f��%�af�!0�����Xf�"$���-�_[T[.����/#"$�)^(���Sc_^XfT^�� c�� c�"9!R/#" ^%�)��!0���)�%���2=L"$�)c8� f."$����� 5�G.¤-Z*��"@� G@!:D
!0���)�+��� =L"$�)c8� f."$�I������c�"$�����)c8� fG' fG�)���+�,�;���D��"9!:Ia^��'��� 	�^ G8���(� [+Z(! G-f��2� G �-�G�!�)c_c,<��S`_`_`"[/"$�-�'���
�)f.�"/#"$��"$�-� Gdf����Xfs&&���N�`PH���-� f.���)f c G7�Yf�"$�^&&�%Gd[Tf�� G7� fG'��-Z/f��)�)�S^����!� G �)�)� /-�)f��#&4�-� ^YG-^��,!>��� �+! f��!�I���
�,'8f.�����)c��-`
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!>"$�)� ^!�D���)^0��� !HM�!0�.5 ^ G7/C*)f�&&��� [���� ^!���!�)[�� G7�)�0"9I(�����4���R/)G-^ [TGS!>�8�u*�"4���
���%� G7�Yf��#�Yf�&&�����0�,� [ GP!>�8�u*�"4��� ���8EF/#�_^Xf�!0���)� G-[.� �d` � G c�"$�)^#I��>��� �Y^ G-fG�>/a[��_f.�2!0"$�)� ^!� [TG c�"$�)^"I#�
�QPA�,� G-[�"$�-�%G@5$�E�
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� G8�FE �+�!�]� ^�" �('����)�1��" �('����)��/)[.����I%G ��&&����[����e/#" f.� ��� ���%� G7�Yf��#�Yf�&&����� �d` �K�8�"�)�;"9I-���_^%' G$� f�" � f����)f�&&���
&&���![TG>��" �����C��� 	�f��)"7� ZS�YfG�)�����?��� G7!>"$�)�G��� Q%[(cO*%G ���6Z !0���!�)^��6/#���F�#D M8� ^!�?�����>' fG�)������� [���5@<_^��OD
!0���)�m/)[����s='Gdf�I)[.��&&��� c��_[ [�� ^����_[ [���!0���)�s'4���Z/%G-^�[.��Q%[ cO*%G ���:` � �Z/%G-^YG@5 ^YG@/C*��%�!�)f�'-G �)�+�8EF/)[ f�&&���
c�"@!R!0���)�+��"$�-� G4'�"$�-�+�8E � ^YG@/�"-[�� [\PA�,� G-[�" ���%G@5$��G �FE I)G ���!���K'8fG�)���!�����_`
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
β = 2x1

α = −(ax0 + b) exp(
β
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Pélec =Ppertes + Pvisq 1 � ` �A3
"�2 Ppertes ���_cS^Yf�� [.���V/��S^#�)���?���-���!G8�FEY= ^�"@�#�)�,!>��� ��� G8�O�)fG'�� G � �����?�)f 	 �S^����)�)���Z/%G-^#�Yf����>!0�_c_G$D
�)f�&4�-��� G-f����Xf�&&��� [.���V/��S^#����� � "$�)[��dZ*�,� Pvisq ���Sc_^YfG� [ G /��)f.��� G8�)c��0��� [ GI�)f��!�Yf�/%G7� f."$�S'8f��"&&���������
�%G �-� [.�?5 G��-` � ��c�"9!H/#" ^#����!0���)�3[Tf��-� G-f ^��5��� Pélec G4'��_c�[TGZ! G �!���m'�" [��(! f�&4�-� ρ =L"$�a^��)fG��/)[����Xf����)^��
f��F=L" ^"! G7� f."$���e� ^"<��m/)^��Sc_f����������K&&�%G8� �?- c����G�-���FE.���_^"!0���Zp
1+G93 � PA" ^���" �������;- [\PA" ^Xf�5 f.��� c�" ^X^����"/#"$��� - [ GB/-�)f��!� G �)c��W�)f.���Yf�/���� f.�����,/������%G@!H!>��� �E��� 5�G��

�(�YfT[ f����rp)c#PA���%� Ppertes ` [/" ���;�����������af���" ���
Ppertes ' 39

�
, -  �% ')�dZ

Ppertes ' 52
�
, - �&% ')�d` 1 � ` � 3

�K�8�"�)�T= ^YG-c,�Yf�"$�O���T/��)f.���YG �)c��I�-� /%G-^#�YfTcSf�/#�;/%G �?"$�^� ^#<��:/#��� - [\PA�_cO*%G8� 	 �,!>��� �?��� 5�G��d`
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1 I�3 � G J43�5<N�L J � L6M�N � �PL63 � � � N
Pvisq ∝ ρ 1 � `! 3

��� Pvisq G4'��_cI[ G>! G �!����'�" [.�C! f�&&��� ρ ���#��c�"9*��S^����)�)��GA'��Sc�[�� ^ G-f.��"$�-����!0���)�5�)f�!>�����Yf."$�����S[
cS[ G �!�Yf�&&���Z&&�)f /)^!���)fG�

Pvisq =α (ρR3).(RΩ)2

︸ ︷︷ ︸
∼m v2

.Ω =αρΩ3R5 1 � `��)3
7 '��_c Ω = 2π × 30 ^ G �:`A� −1 �8� R = 10 c�! ��" ���;"9I(�)����"$���

α ' 0.54 1 � ` Y93
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� ���G�,���������K/)^!�_c�������� �����<�Xf�! fT[TG-fT^!���N- [TGT��
@� ^!�E" � �m/#" ^#���(���)^�[ GB���,/������%G �ac��?��� R �,�/���
Ω ` [G"$���Z'��_^Xf�Q3"$�-� fTc_f � � J43�5 N�L J � L6MON N�L ρ ` 7 f����Xf Z���" ���Z/�"$�F'�"$���Z/)^!���)f ^�� [ G /��)f.���YG �)c��
�)f.���Xf�/#��� Pvisq /%G-^%�-���>�OEF/��S^Yf����)c��0�(�YfT[Tf.� G �)��[.�����
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� 1'c��H&&�)f1��PA���%�
G4'��_^!��'��S^Yf�Q��+�8EF/��S^Yf�!>��� � G-[��,!>��� � 3�` � �$� �

6
c�"$:(����c8*-�_^��,�e/#" [T[.���-Z ���;��"-^#�)�]&&�QPA"$�0���m/����(�

��� '8f��YG@5$�S^\���2� ^�"@/^5 ^ G8���O��"@!:I)^��0���;! G �)f�/��)[TG7� f."$��� f��F= ^��)c8�)�����������_` � �^/)G-^#�YfTc��a[Tf��S^_Z f [
���#�>���_c������YG-fT^!�N�-�B/)^!�,'�"-fT^B�C<�� [.�I����/%Gd^#�>����� G-[Tf�!>��� � G7� f."$���E�_[.�_c,�Y^Yf�&4�-���0��� �0� G7!R!0���)�
/��af����YG �)�)���K1L�,�3c G7/%G@I)[.���1���]=L"$�)^!�)fT^���� c�"$�)^ G8� �1�!� �0� G �)�O3O`�� [C='G �(� G ���!�Yf G �)� f c_f�/#�_^/[��]/)[.���
/#"$���Xf�I)[.� [����+�)f � c��a[��)���;�,'���� �����_[ [����SZ(�)�S[T[.���]&&�QPA�����Sc8*)G � 	���!0���)�]� ^�"@/ f�!R/#" ^%� G �)�5���P5�G��d`
�K���>!0���!�)^����Z'$"$� �(�-"$���Z/��S^"!0�,�#� ^��T���+I)f.��� �)f�!0���-�Yf�" �����_^I[��B�)f.�"/#"$�YfG� f�=6��� ^!�,= ^�"-f��)f.�����OD
!0���)� `

1'cg3 � �(Q3�6Z f [ ='G8�(�K�-"@�)�S^�&&���-ZF&&���_[\&&���'��"-f�� [��m5�G��/�(� f [Tf��!�-Z�[fPH�Sc�"$�)[.��!0���)�6���_^YG c Gd^ G-c8�)�_^Xf��!� - ΩQ(E,���>/%Gd^ [��q!HM�!0��� G �FEI���(�)f��!�Yf�/)G7� f."$�;�)�a^"I��)[.���)�)�d` 	1G-^5�OE-�,!R/a[��V-  �% ')�+p

ε=
Pvisq
ρV

=Cte ' 1900
� `AU 5 −1 1 � `�
 3

[G"$��� GA'$"$���s� ^YGA'-G-f [T[��m-�� � |	�	J8N J ������� 5 � � ��� L ε M�� L���� � L��+`

� � _ � ��� o ��������� !]i�o�� �)iNb lmaNd,��� �]d,i����g���

� � ���_^!�����!"$��� D ��"$�-��!�Gdf��)�)���)G � �?- [ G+�)��!H/#�_^ G$�)�)^!�\��� 5�G��-` � GHQC5$�)^��(� ` � /)^�������� ���?������!>�OD
���a^����T���T����!H/��S^ G7���)^����B�
	��_c8�)�������0��� ^��,5 f�!0��c�" � �Y^ G-^!"@� G7�Yf�=m- � = ^!��&&�����ac����0���D^!"@� G7�Yf�"$�O�����
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flasque

cylindre
laiton
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h

convection + rayonnement

����� �10 � � � � cO*%G �C5 ���]�u*��S^"! f�&&�����G��� [fP G7I������)c��(���(�)f.�"/#"$�YfG� f�= ���\^!�,= ^�"-f��)f.�����,!>��� �_`

�)f.�"&&�����q1� �%?�8� �&%(')�436�%G ��� [��<�af��"/#"$�Xf�� fG=���" � ^��,!R/)[ fS���'�)f."AE X4���G����c Gd^"I#"$���+1 CO2
3�`�� [#��P G@5 fG�

���]!0",�-�_[Tf.���S^@���s='G"��"$�B�Xf�!H/)[�� [\PA�,'�"-[��(�Yf�"$�\��� T (t) /�"$�a^M���T�������)fT^!�b[����M" ^!�)^��������]5 ^ G8�������a^M�����
/%G-^YG@!H<,� ^!���s! f��6��� e!���:` �K�8�"�)� !>"4���_[ f��YG7� f."$�>�-"$���s/#�_^#!>�8�+����/)^!���)f ^�� T (t) /#"$�)^5�-� 5�G�� &&���S[GD
c�" �C&&���-` � PA�,� G@/#�K���af�'-G � ���-ZAc.PH���#�#D -$D �afT^�� [��6�)f�!>�����Yf."$�����,!>��� � �QPA���C�%X,�%�u<,!>�5�-�b^��8= ^�" f.�)f��!����!0���)� Z
���S^ GT�C<�� [�"-^��s/#"$���Xf�I)[.�\GA'$�_c%�����ZI#"$�����Z/)^!�_cSf��Yf."$�:`

� � � 
�� !maeo ���(��������� !]i � �4���

�'�2/#���(�E�Xf�!H/)[��,!>��� � !>"4���_[ f��!�_^�[fPH�8'�" [��F� f�" �F��� [ G;�)�,!R/#�_^YG7�)�a^��T���
5�G��-Z*��� [fP G7I������)c��0���
�#X4�%�u<�!0�C��� ^��,= ^!" f��af����!��!0���)� Z -;/)G-^#�YfT^G�QPH�-�SI)fT[TG �N�-�6/��)f.��� G8�)c��.1 '�" f ^G�XcO*���! G � `! 3�` � ��� �Y^�" f.�
G@/C/a^�"4Eaf�!�G$� f�" ���K�!�)f�'-G �)�)���K��"$�)�m/)[��Sf����,!>��� �(e!���#�Yf�Q3�����Zp
1+G93	[TGm/-�)f��!� G �)c�� c�"$���!"9!R!0����/)G-^#[��3^��Sc8*)G � 	���!0���)�J���>5 G��1���#�@���,5 [Tf�5$�������8' G8� �#c��_[T[.��c�"$�-��"9!:D

!0���q/%Gd^ [fP G8�C59!0���)� G7�Yf�"$�>���q�)��!H/#�_^ G$�)�)^!�%���\[ G:I�"����)� !>�8� G-[ [Tf�&&���dZ
1 I�3	[TGV�)�,!R/#�_^YG7�)�a^��'���I[ G>I#"����)� !0�,� G-[T[ f�&&���;��Pt*�"9!0"95$�����_f.���'�-� ='G���" � &4�)G �Yf D f��-�#� G8� � G �����r1'c_G-^

λth/e� h ����� 3�Z
1'cg3	[.���K�ScO*%G �C5$���+���)^�[ G>/)G-^�" fWf��)�)�S^����/���_cS^Yf����s/%G-^ h ����� ��"$�)�s�Y^"<���^ G@/)f.�����q1'c�" � '��Sc,�Yf�"$�H�)�)^#I��FD

[.���)�)� f��)�)�S^����g3 /%G-^3^ G@/(/�" ^%� G �FE0�_cO*%G8�C5$���6���a^ [TGV/%Gd^�" f3�OEF���_^!���<���Sc_^Xf��)��/%Gd^ h ����� 1 c�"$�)'��_cOD�Yf�"$�0�%G7���)^��S[T[��+�OE �)�_^!���431���<�!" ^#���K&&�QPA"$�R/����(��c�"$���Xf����S^��_^N&&��� T ��������� ' T �! �" 1 h ���#� � h ���#� 3O`
[/" ���s/#"$�('�"$�-�5��"$�)cI^ G-f.��"$���-�_^K�)G ���b[.�Ic G8�)^��%���I[\P G@/C/)^!"AE f�! G7�Yf�"$�B�QPA���D^!��5 f�!>�K&4�)G �Yf��#� G$� f�" �FD
�%G-f ^��dZ��,�G�_cS^Yf ^��

P $%��&(' ' P �������(� + P �����

' ! ��������� C )+* �, �-p

dT ���������
dt

+ h ���#� S �������(� (T ��������� − T ���#� )
1 � `/.93



� � � ��� � � � � ��� � � ��� � � ����� � ��
 � ��� � � ����������� � ��� �

"�2 h ����� ���#�\[.� c�",� � cSf���� �%�!�)^#='Gdc_f�&&���B�`PH�Sc8*)G �C5$� c�"$�����)c8�)"7D c�"$�)'��Sc,� fG=e-�[ G;/)G-^�" f@�8E �)�S^����B�-� [ G
I#"������<�,� S �������(� ���#��[TG?���)^%='G-c��%�OE �)�_^!���(��� [ G>I�"����)�d` 7 �(� ^!��!0���)�+�)f��_Z [TG6/��)f.��� G8�)c�� f.� e!�_c8�)���<�%G ���
[\PA�_c�"$�)[.��!0���)�K1=���)� f�<_^!��!0���)�1�)f��!�Yf�/#���m/%Gd^e'8f��Xc�"$�Xf����43M���S^#�2�����!���)� f.�_[T[.��!0���)�1�QPA�����?/%G-^#��-\c8*)G � 	��_^
[ G>I�"����)��!0�,� G-[T[ f�&&���G�,�;�QP G �(�Y^��q/%Gd^#�m- ^��ScO*%G � 	��_^b[fP GdfT^bG7!:I)f G �)�6��� [ GC�YG-[T[.�<���q! G �)f�/��)[TG7� f."$� � `
� GH/-�)f��!� G �)c��?�)f.���Xf�/#���V/%G-^]'8f��Yc�"$�YfG�)�E���S^#� - cO*%G � 	��_^�[.�V5 G��-Z ! G-f��+�!�)^#��"$�(� - cO*%G � 	��_^ [ G:I#"������
!0�,� Gd[T[Tf�&&���2�8��[\P G-f ^@��� [TG /)f�<_c��d` � ^��-c�� G �FE G@/C/)^!"AE f�! G7�Yf�"$��� /)^!�_c�������� �����_Z�[.�sI)f [ G �\���]/��)f.��� G8�)c��
��PA�_cS^YfG�

P $���&�' =m �������(� c )+* �, �-p

dT

dt
+ h ���#� S �������(� (T − T ����� ) 1 � `�� 3

�QPA"�2
p
T (t) ' T ���#� +

P $%��&('
h ���#� S �������(�

[
1− exp

(
− h ���#� S ���������
m �������(� c )+* �, �-p

t

)]
1 � `�� 3

� GR�)�,!R/#�_^YG7�)�a^��C�8'�" [��-�>'��S^��%�����>�)��!H/#�_^ G$�)�)^!�C�#� G7� f."$���%G-f ^�� T & �, � GA'$�_cC���0����!H/���c_G-^ G-c8�)�S^Yf�� D
� f�&&��� τ �-"$�������?/)G-^Zp

T &(�� � = T ����� +
P $���&�'
h ����� S �����

τ =
h � �#� S � �#�

m � �����(� c )+* �� �-p

1 � ` � % 3

� ���;" ^!�)^����G�-�V5-^ G ���-���)^?-:/)^������)^!�\��� c�"9!R/F�)�%��" � � fTcSf
S ����� = 0, 37 ! 2,

m ��������� c )+* �, �-p = 5, 78.103 � ` � −1,

h ����� ∼ 10 - 15
� `t! −2 ` � −1

P $���&�' =

{
P $%��&(' ' 70

� /#"$�)^ CO2, Frot = 30 ')� ,
P $%��&(' ' 160

� /#"$�)^ CO2, Frot = 40 ')� .

1 � ` ���A3

� ��G e!���#� G �)�\[����q/)G-^ G@!H<,�Y^���� h ���#� �,� P $%��&(' ���
/����Y/)[����q/a^��_cSf��!��!0���)�%���T��" ^%�)�:&&��� [��r!>"4�C<_[.�
���Sc_^YfG'��\c�" ^X^��Sc,�)�,!>��� ��[.���]!0���!�)^����/"$�D"9IF� f���� ���>1 '�" f ^�Q�5)`�� ` � 3

� -  �% ')�+p 



h ���#� ' 11
� `t! −2 ` � −1,

P $%��&(' ' 67
�
,

T &(�� � − T ����� ' 16, 5 � ,
τ ' 24 ! f�� .

� - �&% ')�+p 



h ���#� ' 14
� `t! −2 ` � −1,

P $%��&(' ' 159
�
,

T &(�� � − T ����� ' 30.7 � ,
τ ' 19 ! f�� .

�	��

����������� ����
�
��������! #"$�%���'&(�#�)
*� "$�#+(���%�%���%�,�-� �# ��.�/�0 #12���%�)34���%�%�#��56�)
�7�8$90�%�0:;�� <�=
��0�!:;�0�%�#���0�=�� >:?"�����@6�$ <�=
��0�70A2B��� #8C�0�=�2D<�%�0�% ��0�FE
hext GIH�H0HJ=K	 ;3#�L�M�%�N&(�#�'��
<���$���O�%�0 �������A2"$:;3�����A2"$�����0AI����:;�� <�P���

T Q/R�STR −T UWVIR ��� τ H(X  Y"C5��%����+C�Z�%"$�#�O[.���$�\�O
�"$8$�N&(�#��:;�0 <�&(�#�
hext

�0�T�]3#
����F8C���$ ��^[>_(`badce&(�-� [bf$`ba,c HPg ��A2�	���h�Y�#i^�$�^8$�L�$������ <�j:;"�kC�0 l���m����:;347��L�M�%���%�e[n
N�o3�����"$��2D<������ #�=���?A2k<
��� ��#�%�Cp03#
����P��:?34"$�%���$ <�q[d_(`,a,c=&(�-� [.fC`dadc)rs
����t34���%�%���t3��$�PA�"$ �+(�0A2�%��"$ ) ��M���#�%�0
�
��Z���P�L�Mk("$ # ���:;�� <��%"$ <����� �$�����$ <�!3�
����d8$�L�� ������ H
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�%G ����[��%�!�_^#/���� �Yf��:`

� � � � ���ef o ��� �����

� PH�8�)����� &4�-����"$�-�;'����-"$�����-�����Sc_^Yf ^��B/��S^"!0�,�>��� c�"$���%G���� ^!� G �!�����0/)^��Sc_f.����!0���)� [�� c�"9!:D
/#" ^#����!0���)�:�u*��S^"! f�&&�������N�-"@� ^!���af��"/#"$�Xf�� fG= �8!�G-cO*)f.��� -�[ G4'��_^ ������[fP G7I������)c��N���N�%X4�#�u<,!>�N���
^��8= ^�" f.�)f��!���,!>��� �_` 7 /%G-^%� f ^>��� c��P� ^ G4'-G-fT[s/#"$�)^ [�� CO2

Z2�-"$����G4'�"$�-�>���-� f������ G8�������0/)^!�_c_f.���
5 ^ �-c��q-.1 � ` � 32�,�Z1 � `��)32���I[ Gr/��af����YG �)c��%�_[��Sc,�Y^Yf�&&���K&&�QP f [ ='G �F�]M,�Y^���c_G@/%G@I)[.�'��� =L" �)^��)f ^s-  �% ')�
[�"-^��"&&����[��e5�G��5���#����� SF6

Z8�!" f�� � ��% � ��� '8f ^�"$�:Z c�" ^Y^!���"/#"$���)G � ��- Pvisq ' 240
� `@[/"$���@� G4'�"$���

G-[." ^��q5 ^ �-c��R-21 � ` � % 3�&&�QP fT[ ='G �(�E��P G7�#�)�����)^��;-��-����G8�C59!0���)� G7�Yf�"$� ���+�)�,!R/#�_^YG7�)�a^��T��� [\PA" ^��)^!�
���'Y�%r- 
�%�� ���;&4�-�_[�&&�����5�)f�� G-f.�����6��� ! f��4�(����� � � ���N!>�����)^!���bf.�����-���K�`PH���	G8����!0"9!H<,� ^!�?->Q%[�!
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_ � i� 7d,� � !q���(�Fi�bciN��� le�Nd �m� �FiNd$lmi������ � 	�i ���

_	� � 
�� !maeo ���(���������

� � /)^Xf��)cSf�/#� ^!�,�����4�W���%�bc��S[��)fS�QPA���W�!�_^#/���� �Yf��T-E� G �>����c��)f�'8^!�<��" ������- [ GZ/%G-^!" fS����c8X [ f����a^��
��� [ Gdf��)" � Z%[��%���S^"/#���)� f.�N�8� G �)� G-[Tf�!>��� ����/%G-^ [fPH�_G � c�"$�)^YG �)�)�%���(/C/�" ����� G �P/)[����?-6�)�,!R/#�_^YG7�)�a^��
G@!:I)fTG �)�)��� *��d (2�� "��
	#��� ��
�� ` � [-��P G@5 fG������'$�_^YfGQ3�_^�&4�`PH���+�)�S[-�%X,�%�u<,!>�m/#�_^"!0�,�#� ^YG<��� ^��8= ^�" f.�)f�� D
���,!>��� �6� � c_G-c��/���H5�G��-Z�����[ f�! f�� G8� �/[\PA�_[.�,'-G7� f."$�C���m�)�,!R/#�_^YG7�)�)^!�?- � % ◦ ��G �H/)[��-�e/)G-^1�8E,��!H/)[��d`
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�������10 ��� � �/���YcS^Yf�/(� f."$� �YcO*��,!�G7�Yf�&&���F�-���I�_cO*%G8�C5$� �"*��_^#! f�&4�-�F���)� ^!� [��B5�G��S- [fP f.� ���_^Yf.���)^0���
c,X8[Tf.���)^��%�-� [TG-f���"$�:Z,�,� [\PA�8E �)�S^Yf.���)^V1'G-fT^ G7!:I)f G �)��
 � G �����D���S^"/#���)� f.� 3�`

03;DF(;8* *_$+& � �
� /�" ��� [��m/)^�"@I)[�<,!>�]�u*-�_^"! f�&&���?-\c�"$�-�Yf��-�_^��S^2���;='G-f.� G �)�3G@/C/)G-^ G��T^���[����1�)f�	��_^!���)�)�
� ^YG ���%=L�_^#���+! f.�C��� e!���:` � G [�"$�(5$�����a^C��� ���_^#/���� �Yf��:ZR� G ���HM,�Y^��D�8E c������Xf�'��dZ1��" f��6/��S^"!0�,�"�Y^��D���
^��8= ^�" f.�)f��!���,!>��� �+- [ G0=L" f.�B��� c Gdc����,�R*�"9!0"959<��-�-` ��G8���>�-"@� ^!� c_G �_Z1"$� ���P5�G@5$�-� /)[����+5 ^YG ���
cO*�"$�!��G �FD ���_[�-��-� .B- �B! ���H�)�CI#�-Z ��"-f�� �P�)" �)^��E��� c8X [ f����a^��0���)' f ^�"$�6` [/"$��� G-[T[."$���(�(�YfT[Tf.���S^
/)[.���Yf.���)^!��G@/C/)^!"AE f�! G7�Yf�"$���SZ ��"$�(����� G@!H/)[��,!>��� �#e!���#�Yf�Q3�����Vp
��� [fP G@/(/)^�"4E f�! G7� f."$�C������^��,5 f�!0���e&&�%G �XfGD /#�_^#!�G8�����)�)�K1 ��"$��� [����e! G7�)�S^Yf G8�FET��" � �e� ^#<���c�"$�����ac8D

�����)^!�_Z<[��V!>" �('���!0���)�]�)�a^"I��)[.���)�;���05�G"� G8�����a^��?�-� I#"$�P�Y^ G �-�#=L�_^%��- [ G:/%G-^!" f#f��)�)�S^����(���
c8X [ f����a^��-Z#[fPH�_G � cSfT^Yc��)[�� G4'��_c0���^I#"$�[����I)fG� ZJ�,� [\P G-fT^%�OE �)�_^Xf����)^?�!��c�"@!R/#" ^#��� c�"9!H!>�0���
�"*��_^#!>"$�%� G7� 3�Z

��� c�"$� '$�_c,�Yf�"$�B�)G7�)�)^!�_[ [��5�8�3^ G4X�"$�����,!>��� ��-�[ G'���a^#='G-c��G�OE �)�_^Xf����)^��;���0�)f��#/�" �Yf��Yf�=S���,5 [Tf�5$� G7I)[����
1 h ∼ 10

� `t! −2 ` � −1 3K���,'-G �)��[�� ^!�,= ^�"-f��)f.���"!0���)�s/)G-^�[��'�!�_^"/#���)� f.�:Z
��� f.��"@�"*��_^#! f.��f����%� G �)� G8�����%��� c,X8[ f����)^!�%��� [ G-fG�)"$�S1 λlaiton

H/9
∼ 10000� hgaz

3OZ
� 
 f.��"@�"*��_^#! f.��f����%� G �)� G8�����%����� �<G �"&&�����<���N���a^ G-[�1 λdural

eflasque
∼ 10000 � hgaz

3�Z
��� f.��"@�"*��_^#! f.��f����%� G �)� G8�����%���.�)�(I��%���\c��)f�'8^��R1 λCu

etube
∼ 10000� heau

3O`
[/" ���6/#"$�('�"$�-� G-[�"-^��?�F� fT[ f��!�_^ [\P G �%G-[."95 f��T�S[��_c8� ^Xf�&&���T/#"$�)^![.��^!��5 f�!>�>�#� G$� f�" ���%G-f ^��-ZJ! G-f�� G ���!�Yf
/#"$�)^'���#� f�!>�S^<���S����!H/���c Gd^ G-c8�)�_^Xf��%� f�&&���?��� ^���5-f�!0�>� ^YG ���Xf��)"-fT^��d` � ���q!�G$�)�_^Xf G � E��!" [Tf.�����SZ ��"$���
�����r!0�,� G8�FEWZ �!"$�)�?���RI�" ���V'$" fT^!�+�Y^"<��rI#"$��� c�"$���-�)c,�����)^!�_` � ��� c�" �����)c8� G �)c���� e!" �%G �)�\�-� ^ 
 [.�
[Tf�! fG� G �)� '8f���������� �R�,'���� �����_[ [���!0���)� ����� � ^ G8���#=L�S^#�)� c�"$���-�)c,��"7D c�"$� '$�_c,�Yf�=L� G �FE>/%G-^!" f��@���)� ^��N5�G��2�,�



����� �����	��

����� ��� ������������������� �! �"�#�$�%'&	(*)!+,"�-.(�/

λth ρ cp� `t! −2 ` � −1 U)5)`t! −3 � `HU)5 −1 ` � −1

c��)fG' ^!� �&%�% �4��%�%  4�  
[TG-f���"$� ��� % �$Y�%�%  4��Y
���)^YG-[ � 
 � � .4�
� �4�  
�,� G-f�� 
 �
�_G � %a` 
 � %�%�% � �<��%

����� �60 � ��� �K"$�����)c8� fG' fG�)�s�"*��_^#! f�&4�-� λth Z9! G �!���s'�" [.�C! f�&&��� ρ �8� c_G@/%G-cSf������u*��S^"! f�&&���]! G ���Xf�&&���
cp

/#"$�)^�[�� c��)f�'8^!�-Z%[�� [TG-f���"$�:Z8[��%���a^ G-[*�8��[\PA�,� Gdf��:`

c,X8[ f����)^!�2�`PH���-�s/%G-^%� Z �,�M��� �Y^��e�)�CI#�K�8�M� G8�C�QP G �(� ^!��/%Gd^#� `"�<���M" ^��a^����@����5-^ G ���-���)^/^ G-f.��"$���)G@I)[���� �
����� c�",� � cSf���� ��� c G-^YG-c,���_^Yf.� G �)��c����]� ^ G8���#=L�S^#�)�G��" � �Zp

{
hgaz ' 100

� ` ! −2 ` � −1

heau ' 1000
� ` ! −2 ` � −1

1 � ` � � 3
�<�q/)[.���5��" ���+����5-[Tf�5 ��"$��� [���^!�,= ^!" f��)f.���!��!0���)�]-r� ^YGA'$�_^�� [���� �<G �#&4�-���G�Yf�����������G �FE��8E � ^!��! f������+���
c,X8[ f����)^!�-`

_	� _ ` �nbciN�e�\��� �?��iNbci���� �Z�m�e�]o�� 
 ��i aeo�i�f ��d$� �'��i

� �H/a^�"9I)[�<�!0�B�_[.�_c,�Y^Yf�&4�-� G8�%G-[�"@5$���r�����%G �)�\c�"@!R/(���T��� c���� G@/C/a^�"4Eaf�!�G$� f�" ���/���#�\���_cS^YfG�Z/%G-^
� ; *��d (2�� " � ��� "�2D��" � ��^!��/#" ^#������� [���� c�"$�-���)c,� G �)c����K�"*��_^#! f�&&�����]! f��!���+���!e!���6`
• Scyl = 0, 33 ! 2

hgaz ' 100
� ` ! −2 ` � −1

}
=⇒ Ggaz = hgazScyl ' 30

� ` � −1

• Gsoud+tube '
(

eS
λétainSS

+
etube

λCuStube

)−1

' λétainSS
eS

' 500
� ` � −1

• Stube ' 0, 20 ! 2

heau ' 1000
� `t! −2 ` � −1

}
=⇒ Geau = heauStube ' 200

� ` � −1

[/" ���;"9I(�)����"$��� G-[." ^���G4'��Sc%�����q� ^#<��mI�" ����� G@/C/)^!"AE f�!�G7�Yf�"$�
TCyl ' Ttube ' Teau

1 � ` �  3
� GH'-G-^YfTG7� f."$� ! G$E f�! G-[��%���V�)�,!R/#�_^YG7�)�)^!�\�-�05�G��>- [TG@&&���_[ [��\fT[ ='G �(�/��P G7�#�)���-�)^��\��� ^!��5 f�!>�(�#� G$D
� f."$���%GdfT^��<���#�G���\[fPH" ^!�)^��%�-�

∆Tgaz '
Pvisq
hgazScyl

1 � ` � �)3
��"-f��;�%G �-� [.� c G �;��� SF6

1'[.�q/)[����+�-�,='G4'�" ^ G7I)[��g3Kp
∆TSF6 '

240

30
≤ 10 ◦C 1 � ` � Y93

���O"$�#�
hgaz

"C 34����� �%�m5��C�T�0�j�%�#�F
��0�F��70�%�#
��������)�2D��N�h�L�� <�j36"C�#�]
��0�j3#
N�$&(�#���j3#
��$ #�0� H �O"$��� heau

p-
 � "$�L���%�;���8$�L�� 6�����#�=�/"$���% #��36���'
����=�/"$��:Y�#
��0�=34"$�#���# >�%��56�j���0AI����
���8$ #�j�0�T��A2"$B�7����� <�!��+C��A�A2�FAIB#"C�\D H�� �$ ��'
����'������DnA��$�0p�A2��%"$ <�����0�'"C�������0�'���F8C���$ ����0�#���'A�"$�#�L�� <�L�
	���
���� H
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�������10 ����� 7 �%G-[."95 f.�G�S[��Sc,� ^Xf�&&���/��� /)^�"@I)[�<,!>�m�u*��S^"! f�&&���d` � ���5��"9!:I)^!���2��"$�)�K�-���bc�"$�����)c8� G �ac����
�u*��S^"! f�&&�����SZ3��� W.m−1 `

� [�^����#���R- '��S^Yf�Q��_^q&&��� [ G;����!H/��S^ G7���)^��T��� [\PA� G8�
&&�)f�cSfT^Xc��)[.�B�%G ���\[��6���CI#�0��� c��)f�'8^!�B���#�>/)^YG$D
� f�&&����!0���)� c�"$�-�#� G8� ��� G8� c�"$�)^��0���D��" � �Y^ G e!�8� ` U � �_cO*%G ��	 �,!>��� � f�!R/#" ^#� G �)�C��� [\PA� G ����� �Y^��
[\PA���)� ^!���G�,��[ G\�!" ^#�Yf��G���S^ G-fG�K�%X,�-"$� X !0�<�QP f��-��� c G-cSf����<���W�%X4�#�u<,!>�d`_`S` �,�C/(/�"$�!"$����[ Gq�)�,!R/#�_^YG7�)�a^��
��� [ G /%Gd^�" f1f.� ���_^!���B���2���CI#�0�-� c��)f�'8^!� c�"$���%� G �)�)�T��5 G-[��+- Ttube 6= Teau

` � G �)�,!R/#�_^YG7�)�a^��T���
[\PA� G8� [.� [�"$�(5B���P���CI#�E"@I��Sf��m-

dTeau
dx

+
πheaud

DH2O
m cH2O

p

(Teau(x)− Ttube) = 0 1 � ` � 
 3
� G [."$�C5$�-���)^�� X /)f�&&���T�!�)^ [TG@&&���_[ [��C" �2/#���(�\��P G7�#�)���-�)^��R-�"@I����S^#'��S^\���-�H'-G-^YfTG7� f."$���-"@� G@Ia[��T���
Teau

���%�

L=
DH2O
m cH2O

p

πheaud
' 80 ! . 1 � ` � .93

" ^�[.�r�)�(I��r='Gdf���!0" f.���<��� �T! ���![."$�C5)Z���"$�)c![TGR�)�,!R/#�_^YG7�)�a^��B���![fPH�_G �0'-G-^Yf.�>� ^#<��q/#��� p:[fPH�_G �
G �!���)^!�\��� ^��8= ^�" f.�)f��!���,!>��� �bG �����XfJ��� c G-c�� G8���-��I��(�/��� �)�(I��Z&&�QP - [TG:Q��:`

� � ���ef o �e�\��� �

� G�! f.���5�����(�('8^!�+�8EF/��S^Yf�!>��� � G-[��6��PA���%��G4'��S^����N� ^"<���� G7�Yf��%='G-f��YG � ���-`7[/"$�-�3GA'�" ����/��:�Y^ G4' G-f [T[.�_^
-?����!H/��S^ G7���)^���G@!:I)fTG � ��� /#"$�)^ ��"$���/[����J5�G��2�(� f [Tf.������pA*��S[Tf��(! Z G-f ^_Z �)f."AE X4���6����c_G-^"I#"$���2�,� *-�8EaG$D
�3��"-^��)^!�%���(��"$�(= ^!�-` 7 f����Xf���"$�-��GA'�" ���s/��D�(�YfT[Tf.���S^�[����+�,� G-[�"$�-�%G@5$���+��� Q%[:cO*%G ���D��� G7/C/)[Tf�&&�%G �)�



��� � �����	��

����� ��� ������������������� �! �"�#�$�%'&	(*)!+,"�-.(�/

[����q!>�8�u*�"4������[Tf.��� G-f ^���� *%G@Iaf��)�-�_[T[.���'�-� c�"9!H/������ G$� f�" �F�����q='G-f�I)[����K'-G-^YfTG7� f."$���G���6�)�,!R/#�_^YG7�)�a^��
/#"$�)^3[���� c�",� � c_f���� ���2�-� [TG\[." f���� � f��C5a` [/"$�-� c�"$���Yf.���_^!"$���e&&��� [.��c G@/(�����)^6���?/)^������Xf�"$�>���#�N/)^YG$D
� f�&&����!0���)� f��-�����-�Yf�Ia[��:-I�����Z'-G-^Xf G7�Yf�"$���G���6����!H/��S^ G7���)^���� [Tf�! f���������- &&���_[�&4�-���(����5-^���� �K�S[��Yf.���
G �(��"$�)^+���\[TG:����!H/��S^ G7���)^��\G7!:I)f G �)�)�d`
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� � � 	 ` 7 I)^#X�` � L J8N��TN�� � N���N��bQ"|��_R�|��TN�L6MON���� | � � � ��3�� � �}| � ��� L����%H ��� � � � � 	 � N��bJ8N
	 3AM�� � 5 � ��� � ��� L��
VOL%K � ��� � L6MON J�� 
�M
	%N�� �TN�N���� ���-L � | � J8N�� � N�������� L/`��If.���_^!"@� Z � �)fG�)���a^E�-���(� c_f.���)c����?�8�E�����
7 ^#�)�SZ 	1G-^Xf��_Z ���
� . `
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