Thèse de Doctorat de l’UNIVERSITÉ PARIS 7

SPÉCIALITÉ : MATHÉMATIQUES

présentée par

Mauricio D. GARAY

pour obtenir le grade de

docteur de l’UNIVERSITÉ PARIS 7

THÉORIE CLASSIQUE ET LEGENDRIENNE

DES POINTS D’APLATISSEMENTS ÉVANESCENTS

DES COURBES PLANES ET SPATIALES

soutenue le 28 Février 2001 devant le jury composé de

M. Vladimir ARNOLD Directeur M. Marc CHAPERON M. Alain CHENCINER Président M. Etienne GHYS Rapporteur M. Duco van STRATEN Rapporteur M. Bernard TEISSIER

Remerciements.

Le travail présenté ici doit son existence à V.I. Arnold qui m’a posé le problème de la généralisation des formules de Plücker et de leur inclusion dans une théorie plus générale. Je souhaite lui exprimer ma gratitude pour m’avoir enseigné la théorie des singularités, la géométrie symplectique et plus généralement les mathématiques avec passion pendant ces dernières années.

M.E. Kazarian a été mon second professeur, je le remercie pour son enseignement, pour les nombreuses corrections qu’il a faites de ce travail et pour l’intérêt qu’il y a porté.

Je voudrais aussi remercier particulièrement A. Chenciner, ses cours de Licence et de Maitrise m’ont orienté vers la géométrie symplectique et la théorie des singularités. J’ai connu V.I. Arnold par l’intermédiaire de M. Chaperon, je le remercie pour cette rencontre. Les cours de A. Chenciner et M. Chaperon m’ont permis de suivre un enseignement qui sinon m’aurait été hors de portée.

C’est au cours de discussions que j’ai appris la géométrie, l’analyse et la topologie. Il serait trop long d’énumérer en détail la contribution dans ce travail de F. Aicardi, A. Albouy, Yu. Baryshnikov, D. Bennequin, Yu. Chekanov, E. Ferrand, A. Givental, V.V. Goryunov, M. Gromov, J.O. Moussafir, F. Napolitano, M. Oka, D. Panov, V.D. Sedykh, B. Teissier, R. Uribe, V.A. Vassiliev, V.M. Zakaliukine, D. Zvonkine ainsi que tous les autres participants du séminaire Arnold à Paris et à Moscou.

Je remercie E. Ghys et D. van Straten de m’avoir fait le plaisir d’être les rapporteurs de cette thèse.

Je remercie également tous ceux qui m’ont enseigné les mathématiques à l’Université et plus particulièrement D. Meyer, L. Schnepps, A. Calvo, F. Boschet et C. Leruste.

Je remercie H. Rosenberg pour m’avoir permis de mener mes recherches dans son laboratoire dans des conditions de travail exceptionnelles. Pour leurs accueils dans leurs Universités respectives, dans leurs séminaires ou pour leur aide en général en plus des mathématiciens déjà cités je voudrais remercier F. Elzein, C. Guillopé, L. Lelièvre, M.O. Perrain, P. Pansu, J.J. Sansuc, M. Vaquié.

Je remercie M. Wasse, C. Roussel, O. Larive, le personnel de la B.U. de Jussieu et également l’Université d’Orsay et son personnel pour m’avoir accueilli pendant une année, l’Université Paris-Dauphine.

Enfin, je remercie D. Hermann, P. Gonzalez Perez et V. Zoonekynd pour leur aide informatique.

iv

Cette thèse est dédiée à V.I. Arnold et à la mémoire de M. Herman.

vi

Contents

Part I. THE CLASSICAL THEORY OF VANISHING FLATTENING POINTS 1

Chapter 1. Introduction. 3 1. Overview. 3 2. Plücker’s theorem. 4

Chapter 2. The classical theory of vanishing flattening points. 13 1. Basic definitions. 13 2. Vanishing flattening points and generalized Plücker formulas. 17 3. The Plücker discriminant. 22 4. The classification with respect to inflection points. 31 5. P-versal deformation theory. 40 6. The modality of map-germs with respect to flattening points. 43 7. Projective-topological invariants. 48

Chapter 3. The generalized Hessian. 57 1. The Hessian hypersurface. 57 2. Generalized Plücker formulas. 65

Chapter 4. The Plücker space. 75 1. Theory of normal forms for G-equivalence. 76 2. Theory of normal forms, the Plücker space. 86 3. The PA^{p,q}_1 series. 92

Chapter 5. Projective topological invariants and the K(π, 1) theorem. 99 1. Preliminaries. 99 2. Basic singularity theory. 101 3. A variant of the Lyaschko-Loojenga mapping. 107

Chapter 6. The modality in Plücker space. 119 1. Asymptotics of vanishing flattening points. 119 2. The modality representation. 127

Part II. TOWARDS A LEGENDRIAN THEORY 135

Chapter 7. Legendrian versal deformation theory and its applications.137 1. The Kazarian folded umbrella. 137 2. Contact geometry. 144 vii viii CONTENTS

3. A brief review of the theory of Legendre singularities. 148 4. Geometrical digression: Legendrian special points. 152 5. The excellent Young diagrams. 159 6. Legendrian versal deformation theory. 160

Chapter 8. Normal forms of generating families. 165 1. Normal forms theory. 165 2. Proof of the theorem on the excellent generating families. 169 3. Proofs of the theorems on normal forms. 180

Part III. APPENDICES 191

Appendix A. Computations of the normal forms. 193 1. Quasi-homogeneous filtrations. 193 2. Normal forms of the P-simple singularities. 194 3. Proof of the P-versal deformation theorem for PA^{p,q}_1 . 202 4. The ”generic” bifurcation diagrams. 206

Appendix B. The finite determinacy and versal deformation theorems for G-equivalence. 209 1. Proof of the finite determinacy theorem for G-equivalence. 209 2. Proof of the versal deformation theorem for G-equivalence. 214

Appendix C. Other results concerning P T -monodromy groups 219 1. Statement of the results 219

Appendix D. A guide for the reader. 226 1. Notations that are commonly used (I). 226 2. Notations which are commonly used (II). 227 3. A quick survey of the thesis. 228

Bibliography 232

Index 236

Part I

THE CLASSICAL THEORY OF VANISHING FLATTENING POINTS

CHAPTER 1

Introduction.

1. Overview.

More than 30 years ago, V.I. Arnold introduced symplectic geometry in the realm of singularity theory ([Arn1]). Later on, he observed that many problems in projective geometry turn out to be problems in symplectic and contact geometries (see for example [Arn6]). Vice-versa new results in projective geometry motivate new developments in symplectic and contact geometries. A basic example of this relationship is given by the ”generic” singularities of the Gauss map of a smooth hypersurface in Euclidean space R^n ([Arn2]). We shall come back to this example when dealing with the contactification of Kazarian’s theory in the second part of this thesis. The first part of this thesis deals with the classical theory of vanishing flattening points. Therefore, we avoid the language of contact and symplectic geometries.

In the second part, we shall see how the study of vanishing flattening points arises in the context of contact and symplectic geometries. For the reader’s convenience the two parts are written independently one from the other once the reader is acquainted with the basic definitions given in chapter 2 section 1 and section 3.

So, our starting point is the study of special points of a curve (complex holomorphic or real C^∞). Roughly speaking, these special points called flattening points are defined as follows. A flattening point of a curve say in (real or complex) n-dimensional affine space is a point where the osculating hyperplane to the curve at the point has a higher order of tangency than at an usual point. For example for plane curves, they are commonly called inflection points^1.

At the end of the eighties’, M.E. Kazarian developed in a series of works ([Ka1],[Ka2],[Ka3], [AVGL2]) the local theory of flattening points for families of rational curves that is families of curves which are locally the images of a family of say real C^∞ maps

f_λ : R −→ R^n

1That might seem odd to an analyst but for a geometer the curve y = x4 has an

inflection point of multiplicity 2 at the origin.

with C^∞ dependence on the parameter λ.

The subject was also treated independently from the algebro-geometric viewpoint by D. Eisenbud and J. Harris ([EH1],[EH2]).

M.E. Kazarian proved that the local study of rational curves with respect to their flattening points can always be reduced to the study of families of smooth curves (see [Ka3]).

When dealing with families of curves depending on a parameter, it may happen that the family cannot be considered as a family of rational curves. A simple example is given by the family of hyperbolas {xy = ε} degenerating at ε = 0. The study of such families cannot be reduced to the study of families of smooth curves.

The behaviour of the flattening points (or more generally of the projective extrinsic invariants) of a family of smooth curves degenerating at a singular point is a subject of long study. The works of great mathematicians like Descartes, Newton, Poncelet, Plücker and Clebsch (e.g. [Clebsch], [Pl], [Poncelet]) where in included in the classical treatises (e.g. [Salmon], [Klein1], [EC]).

It seems that the Kazarian-Eisenbud-Harris theory does not include this setting. We shall develop a theory that does. Although the relationship with usual singularity theory (say for example with the Mixed Hodge structures) is still unclear to me.

There is not yet a contactification nor a symplectization of the “classical” theory that we shall develop. However, for smooth curves (that is for the case treated by M.E. Kazarian, D. Eisenbud and J. Harris), we did make such a theory and this will occupy our last chapter.

Surprisingly enough, at least for symplecticians, there are only a few cases for which the normal forms arising from the theory of flattening points of space curves coincide with the corresponding normal forms for wave fronts dual to the given curves. These cases are what we call the excellent cases. They are excellent because it suffices to study a simple problem on space curves in order to get results on families of wave fronts.

Before starting the theory, we would like to give an informal account on what is commonly called Plücker’s theorem. The approach we will follow is somehow different from the one of the classics although all the results that we shall give are contained in the classical treatises (e.g. [Klein1], [Jor]). This introduction will be informal because we are not going to be completely rigorous. However I hope that these informal considerations will help the reader for the formal ones.

2. Plücker’s theorem.

By holomorphic curve in the affine plane C^2, we mean an analytic subvariety of C^2 with isolated singular points. Denote by D = {t ∈ C :| t |≤ 1} the unit disk centered at the origin.

A parameterization in a neighbourhood of a smooth point p ∈ V is a holomorphic embedding γ : D −→ C^2 whose image is contained in V and contains p.

Definition 1.1. A smooth point p ∈ C^2 of a plane holomorphic curve V ⊂ C^2 is called an inflection point provided that for a given local holomorphic parameterization of V in a neighbourhood of p ∈ V the two first derivatives of the parameterization are linearly dependent at the point p.

Remark. It can be easily proved that the inflection points of a holomorphic curve V ⊂ C^2 are the points for which the multiplicity of intersection of the curve with its tangent line at the given point is at least equal to 3. Example. The curve � (x, y) ∈ C^2 : y = x^{k+2} � has an inflection point at the origin if and only if k > 0.

Fix a coordinate system (x, y) (not necessarily affine) in C^2. Define the holomorphic function H : C^2 −→ C by the formula

H(x, y) = xy.

The holomorphic curves:

H_ε = � (x, y) ∈ C^2 : H(x, y) = ε � have no inflection point.

Let U ⊂ C^2 be a neighbourhood of the origin.

Denote by φ : U −→ C^2 a holomorphic embedding in the affine plane C^2 such that φ(0) = 0.

In general for a fixed value of ε, the image of the curve H_ε under φ have inflection points (see figure 1).

Theorem 1.1. There are 6 complex inflection points of the curve V_ε = φ(H_ε) that converge towards the origin when ε −→ 0 provided that φ is generic^2.

This theorem is due to Plücker ([Pl]). In chapter 2 section 2, we shall generalize this theorem to curves with arbitrary singularities in affine or projective spaces of arbitrary dimensions.

For the moment, we consider an example. Let φ : U −→ C^2 be defined by the polynomials

φ(x, y) = (x + y^2, y + x^2).

Denote by V_ε the image of the curve H_ε under φ. Consider the curve: Ẋ = �p ∈ C^2 : φ(p) is an inflection point of V_{H(p)}� .

2The variety of k-jets of map germs φ : (C2, 0) −→ (C2, 0) that do not satisfy this

property is a semi-algebraic variety of codimension at least one in the space of k-jets at the origin, provided that k > 2

Figure 1. The Plücker theorem. In the right part of the figure among the 6 inflection points of a curve V_ε = φ(H_ε) only 2 have real coordinates (for a real value of the parameter ε). The preimages of the inflection points of V_ε under φ are the intersection points of the curve H_ε with the curve X = � (x, y) ∈ C^2 : D[φ](x, y) = 0 � .

We denote by X the closure of the curve Ẋ.

Classically the curve φ(X) is called the Hessian curve of the holomorphic function H ∘ φ^{−1} ([Klein1]).

We search for an equation of the curve X.

The so-called Hamilton vector field h of H is tangent to the level curves H_ε. It is defined by the Hamilton differential equations (1) � ẋ = ∂_yH, ẏ = −∂_xH.

In our case (∂_yH)(x, y) = x and (∂_xH)(x, y) = y. Consequently the Hamilton vector field h is defined by

h(x, y) = x∂_x − y∂_y.

This field depends, of course, on the choice of the coordinate system (x, y) in C^2.

Denote by φ̇ the Lie derivative along the Hamilton vector-field h defined by

φ̇(x_0, y_0) = d dt |t=0 φ(x(t), y(t))

where t −→ (x(t), y(t)) is the solution of (1) satisfying the initial condition

(x(0), y(0)) = (x_0, y_0).

The first and second derivative of φ along the field h have the values � φ̇(x, y) = (x − 2y^2, −y + 2x^2), φ̈(x, y) = (x + 4y^2, y + 4x^2).

The point φ(x, y) ∈ C^2 is an inflection point of the image of H_ε, ε ≠ 0, under φ if and only if φ̇ and φ̈ are linearly dependent at (x, y) ∈ C^2, provided that (x, y) ≠ 0 is in a sufficiently small neighbourhood of the origin. Denote by D[φ] the 2×2 determinant whose columns are the first and second derivative of φ along the Hamilton vector field h. We have the equality

(2) D[φ](x, y) = 2xy + 2y^3 + 2x^3 − 16x^2y^2.

The curve X being given by X = � (x, y) ∈ C^2 : D[φ](x, y) = 0 � . In other words, the inflection points of the image of the curve H_ε under φ when ε −→ 0 are the images under φ of the points of intersection of the curve H_ε = � (x, y) ∈ C^2 : xy = ε � with the curve X provided that (x, y) ≠ 0 is in a sufficiently small neighbourhood of the origin.

In figure 1, we depicted the curves H_ε, X and their images under φ for different values of ε.

When ε approaches 0 with real values, two real points of intersections of the curve X with H_ε converge towards the origin.

These points correspond to the 2 inflection points of V_ε = φ(H_ε) with real coordinates that approach the origin as ε −→ 0. The other 4 inflection points are not real.

In order to find some approximate formula for the coordinates of the 6 inflection points, we approximate the plane holomorphic curve X in a neighbourhood of the origin.

The curve X “looks like” the union of two parabolas that intersect at the origin. Each one of these looking like parabolas is called a branch of the curve X.

Put y = ax^2 for the parabola tangent to the x-axis. Substituting y = ax^2 in equation (2) we get the approximation

D[φ](x, ax^2) = 2(a + 1)x^3 + o(x^3)

Hence a = −1 provides the best approximation to this branch of X that we can have with parabolas. The curve X is not exactly a parabola. One can prove that it is given by an infinite convergent series y = � n≥2 c_nx^n with c_2 = −1. This series is called the Newton-Puiseux series of the branch of the curve X ([New]).

Similarly, the other branch of X is given by

x = −y^2 + o(y^2)

We just drop the higher order terms and consider the approximation of the branches of the curves given by x = −y^2 and y = −x^2. There is a priori no justification for these approximations. This is what “informal account” means.

The approximated points of intersection of X with H_ε satisfy either the system of equations � xy = ε y = −x^2 or the system � xy = ε x = −y^2 Solving the first system of equations, we find that

x^3 = −ε.

These 3 solutions correspond to 3 approximated inflection points of the curve V_ε = φ(H_ε). The other system gives also 3 solutions. Hence there are 3 + 3 = 6 approximated inflection points of the curve V_ε in a neighbourhood of the origin. They are the images under φ of the points whose coordinates have the expressions (3) (−ε^{1/3}, −ε^{2/3}), (−ωε^{1/3}, −ω^2ε^{2/3}), (−ω^2ε^{1/3}, −ωε^{2/3}), (−ε^{2/3}, −ε^{1/3}), (−ω^2ε^{2/3}, −ωε^{1/3}), (−ωε^{2/3}, −ω^2ε^{1/3})

Here ε^{1/3} denotes a determination of the cube root of ε and ω = e^{2iπ/3}. Remark that for ε real, only the points (−ε^{1/3}, −ε^{2/3}) and (−ε^{2/3}, −ε^{1/3}) are real. These are the approximations of the preimages of the real inflection points that are visible in figure 1.

Our example allows us to illustrate the relationship between asymptotics, monodromy and Galois groups. In the sequel, we shall in general avoid Galois theory because of its arithmetical subtleties. However Galois theory is inherent in our work because of this relationship that we explain now. The geometric Galois groups defined below is a classical object of study ([Jor], [Seg]).

Recall that V_ε is the image of the level-curve H_ε under φ. For each value of ε, the curve V_ε has 6 inflection points that ”vanish” at the origin when ε −→ 0.

Put ε(t) = δ^3e^{2iπt}, where δ is a small non-zero real number. The inflection points of V_ε depend continuously on the parameter t. Hence, when t varies from 0 to 1 the inflection points of V_ε are permuted. The group generated by this permutation is called the monodromy group with respect to inflection points of the family of curves (V_ε).

We assert that, in the example we are studying, the monodromy group with respect to the approximated inflection points of the family of curves (V_ε) is the cyclic group Z/3Z. A generalization of this theorem is given in chapter

2 page 54 (see also theorem 2.6 on page 35).

For the rest of this subsection, the preimages of the inflection points of V_ε = φ(H_ε) under φ will be called preinflection points of H_ε. Project the preinflection points of H_ε on the complex line L = � (x, y) ∈ C^2 : y = −x � . We take the first coordinate x times √ 2 for coordinate-system in L.

With these coordinate-systems, the projection on L is given by:

C^2 −→ L (x, y) → x − y.

We consider only the leading term in ε when ε −→ 0 of the projected points. For example for the projection of the first point of the list (3) above we take −ε^{1/3} instead of −ε^{1/3} − ε^{2/3}. Still there is no justification for this approximation but as we shall see later, we get the correct answer for the monodromy when we make it (see theorem 2.6 on page 35). The approximated projections of the 6 preinflection points of the curve H_ε are given by ±ω^kε^{1/3} with k ∈ {1, 2, 3}. These are the six vertices of a regular hexagon (see figure 2 on page 12).

We put ε(t) = δ^3e^{2iπt}, then the 6 approximated projections of the preinflection points of H_{ε(t)} are given by the expressions: � z_1(t) = δe^{2iπt}3 , z_2(t) = δe^{2iπt}3^{+ 2iπ}3 , z_3(t) = δe^{2iπt}3^{+ 4iπ}3 z_4(t) = −δe^{2iπt}3 , z_5(t) = −δe^{2iπt}3^{+ 2iπ}3 , z_6(t) = −δe^{2iπt}3^{+ 4iπ}3 .

When t moves from 0 to 1, the six vertices of the regular hexagon rotate by an angle^{2π}_3 .

The points are numbered such that the permutation corresponding to the loop [0, 1] −→ C

t → ε(t) exchanges the numbering of the z_i’s like the cyclic permutation

(123)(456).

This permutation generates the cyclic group Z_3 of order 3. This result is of course connected with the fact that the asymptotics of the approximated preinflection points of H_ε when ε −→ 0 are ±ω^iε^{1/3}. If the asymptotics had been ε^2, there would have been no monodromy. If the asymptotics had been ε^{1/6}, the monodromy group would have exchanged cyclically the 6 points and so on. This is the relation between the asymptotics and the monodromy.

Finally remark that the asymptotics discussed above form continuous invariants related to a discrete one: the monodromy. But in fact the continuous invariants contain much more information as we shall see in chapter 6.

The connection with Galois theory is as follows. First I recall the definition of the Galois group of a polynomial ([Gal1]). Consider a polynomial:

P (x) = x^n + a_1x^{n−1} + · · · + a_n,

where the a_k’s are fixed complex numbers. Denote by x_1, . . . , x_n the roots of P over C. Denote by L the field generated by the a_i’s over Q.

Theorem 1.2. (Galois) There exists one and only one permutation group G on (1, . . . , n) having the following property:

for any polynomial function f : C^n −→ C defined by a polynomial with coefficients in the field L, the complex number f(x_1, . . . , x_n) belongs to the field L if and only if f(x_1, . . . , x_n) = f(x_{σ(1)}, . . . , x_{σ(n)}), ∀σ ∈ G .

This theorem is proved in [Gal1] by an explicit construction. Namely the group G of the theorem is isomorphic to the automorphisms of the field K generated by the x_k’s over Q that fix the elements of the subfield L ⊂ K. The group G is called the Galois group of the polynomial. For example, the Galois group of P (x) = x^2 − 1 is trivial, whereas the Galois group of P (x) = x^2 − 2 is the cyclic group Z/2Z. In the second case the map: (4) Q[ √ 2] −→ Q[ √ 2] A + B √ 2 → A − B √ 2 is the generator of the automorphism group described above. The corresponding permutation exchanges the two roots of the polynomial. To compute the Galois groups of the classical equations (e.g. the Galois groups of the modular equations) was a classical problem for the XIX^{th} century mathematicians. In fact this was one of Galois’ motivations for creating his theory ([Gal2]).

We come back to the inflection points of the curves V_ε = φ(H_ε). Fix a complex number ε. Consider the polynomial P of degree 6 whose roots are the coordinates of the approximated projections of the 6 preinflection points of H_ε.

We have P (x) = (x^3 + ε)(x^3 − ε). It is easily seen that the Galois group of the polynomial P is the product S_3 × S_3 of two permutation groups on 3 elements provided that ε^{1/3} /∈ Q. The monodromy group Z/3Z that we computed above is an invariant subgroup of this Galois group. Of course, to construct this Galois group several choices were made: the affine coordinate-system in C^2, the line of projection and so on. However, it can be proved that for almost all possible choices we get the same result.

Following Jordan ([Jor]), given a projective plane curve, we consider the polynomial whose roots are the projections of the inflection points of the curve on a generic line. The Galois group of this polynomial is called the geometric Galois group of the curve. At the end of the XIX^{th} century and at the beginning of this century the geometric Galois groups were considered by Jordan, Weber, Dickson, Segre and others.

We now give few results concerning these geometric Galois groups. The first of these results is proved in the classical treatises some other are not. For the other ones I do not know wether these are new results or not. I give them without proofs, just for the reader curiosity. The proofs are based on the local theory which is developed in the thesis but they can also be proved directly.

Theorem 1.3. The geometric Galois group of an elliptic curve is the group of affine transformation of the affine plane (Z_3)^2 over the finite field Z_3.

This theorem is proved in [Jor], a beautiful exposition of it is also given in [BrKn]. Direct computations show that this group coincide with the monodromy group of the covering whose base is the set of (smooth) elliptic curves and the fibre consists of the inflection points of the corresponding elliptic curve.

Theorem 1.4. The geometric Galois group of a generic curve of degree 4 is the permutation group on its 24 inflection points.

The geometric Galois group of a generic hyperelliptic curve of degree d > 3 is the permutation group on its 3d + 3 inflection points.

Here again the geometric Galois group coincides with the monodromy group of the covering whose base is the set of smooth curves of degree 4 (resp. smooth hyperelliptic curves of degree d > 3) with non-degenerate inflection points^3 and the fibre consists of the inflection points of the corresponding curve.

Remark that the inflection points of a plane complex curve of degree 4 coincide with its Weierstrass points ([GrHa]). Theorem C.1 asserts that for a generic curve these points cannot be distinguished one from the other. In this thesis, we shall rather be interested in the local analytic case than in the algebraic case. As a general rule we shall compute monodromy groups rather than geometric Galois groups. Although it seems that when dealing with projective extrinsic invariants a strange phenomenon occurs: when the complexity increases the monodromy groups tend to become a full permutation group S_k (and consequently coincides with the corresponding Galois group).

This is not a theorem but rather an experimental fact based on the previous theorems and on some other examples. On the other hand, it seems that the exceptional varieties of CP^n might lead to unexpected geometric Galois groups which up to my knowledge have not been considered since Segre ([Seg]).

We have finished with Plücker’s example. The next chapter presents most of our results, except for the results concerning the Legendrian theory which are given in the second part of the thesis.

3An inflection point p of a curve V ⊂ C2 is degenerate if there exists a line L inter-

secting V at p with intersection multiplicity at least 4.

Figure 2. Approximated projections of the preinflection points of the curves H_ε on the y = −x complex-line. The line with an arrow represents the projection for real values of x and y. It contains the two real approximated preinflection points 1 and 4.

CHAPTER 2

The classical theory of vanishing flattening points.

1. Basic definitions.

For notational reasons, we consider only the complex holomorphic case. The definitions of section 1 and of section 3 can be easily adapted to the real C^∞ case and for K formal or analytic series, K = R or K = C.

1.1. The Young diagram of a map-germ. We follow O.P. Scherback [Sch] and M.E. Kazarian [Ka1].

Consider a holomorphic map-germ f : (C, 0) −→ C^n, where C^n denotes the n-dimensional complex affine space.

Definition 2.1. The map-germ f is called triangular provided that there exists an affine coordinate system in C^n such that:

f : (C, 0) −→ C^n t → (t^{α1} + (. . . ), t^{α2} + (. . . ), . . . , t^{αn} + (. . . )),

The dots inside the parenthesis stand or higher order terms in the Taylor series and 0 < α_1 < α_2 < · · · < α_n are integers.

Example 1. The map-germ f : (C, 0) −→ C^2 defined by f(t) = (t, t) is not triangular.

Example 2. The map-germ f : (C, 0) −→ C^2 defined by f(t) = (t^2, t^4) is triangular.

Example 3. The map-germ f : (C, 0) −→ C^3 defined by f(t) = (t, t^2, t^2) is not triangular.

Remark 1. Examples 1 and 3 are in some sense exceptional: the set of nontriangular holomorphic map-germs (for a fixed dimension n) form a variety of infinite codimension in the space of holomorphic map-germs. Remark 2. The sequence α_1 < · · · < α_n does not depend on the choice of the affine coordinate system in C^n, nor on the choice of the coordinate in C. We explain this fact.

Define an osculating k-plane of a curve V ⊂ C^n at a point p to be a complex k-plane intersecting V with maximal multiplicity at p.

For instance, the osculating 1-plane at a point p ∈ V is the tangent line at p. For simplicity, assume that the map f : (C, 0) −→ (C^n, 0) is the germ of map f̄ which defines a topological embedding. Denote by V the curve germ parameterized by f̄.

Since f is triangular, the osculating k-plane at the origin is unique. The number α_k is the multiplicity of intersection at the origin of V with this osculating k-plane.

Remark that this coordinate free definition of the sequence α_1, . . . , α_n depends only of the local projective structure. In particular, it is well defined for a map-germ f : (C, 0) −→ CP^n.

Definition 2.2. Let j be the least number such that α_j − j > 0. The sequence a_1 = α_n − n, . . . , a_{n−j+1} = α_j − j is called the anomaly sequence of the map-germ f (the anomaly sequence can be empty).

Example 1. The anomaly sequence of the map-germ t → (t, t^3, t^4, t^6) is (2, 1, 1).

Example 2. The anomaly sequence at the origin of the map-germ t → (t, t^2, t^6) is (3).

Remark. To each non-increasing sequence of positive integer numbers (a_j ), j ∈ {1, . . . , k} is associated a Young diagram. The number of squares in the j^{th} line of the Young diagram being equal to a_j . The Young diagrams of example 1 and example 2 are^{□ □}□ and □□□.

1.2. Conventions. By holomorphic curve in affine space C^n, we mean the choice of a collection of holomorphic maps

f_j : U_j −→ C^{n−1}

satisfying the 2 following conditions.

1) the analytic subvariety V = {p ∈ C^n : ∃j, f_j(p) = 0} of C^n is of dimension one, 2) In any coordinate system, the components of f_j form a reduced system of equations of V ∩ U_j .

The points p ∈ (V ∩ U_j ) for which (Df_j)(p) is not surjective are called the singular points of the curve V ⊂ C^n.

The points which are not singular points are called the smooth points of V . The object that we call a curve is sometimes called a local complete intersection.

Let p be a point of a holomorphic curve V ⊂ C^n. Let B_r ⊂ C^n be a small closed ball centered at p of radius r. The connected components of (V ∩ B_r) \ {p} for r small enough are called the branches of V at p. If p is a smooth point then V has only one branch.

The plane holomorphic curve of equation xy = 0 has two branches at the origin, namely the two coordinate axis.

A parameterization of a curve-germ (V, 0) (resp. of a curve V ) in C^n is a holomorphic map-germ g : (C, 0) −→ (C^n, 0) (resp. a holomorphic map) such that:

1) the image of g is equal to (V, 0) (resp. contained in V ), 2) the map g is a topological embedding (i.e. a homeomorphism onto its

1. BASIC DEFINITIONS. 15

image).

For example, the map defined by the polynomials t → (t^2, t^4) is not a parameterization of the lane curve given by the equation y = x^2. Analogous conventions hold for curves in projective space CP^n.

1.3. Flattening points of holomorphic curves.

Definition 2.3. A point p ∈ C^n (or in CP^n) of a holomorphic curve V in affine space C^n is called triangular if for any branch V_j of V at p the germ of V_j at p can be parameterized by a triangular map-germ. The curve V is called triangular if all its points are triangular.

Example 1. A line V = � (x, y) ∈ C^2 : y = ax + b � is not a triangular curve.

Example 2. The plane curve V = � (x, y) ∈ C^2 : xy + x^3 = 0 � is not triangular. The plane curve W = � (x, y) ∈ C^2 : xy + x^3 + y^3 = 0 � is triangular.

In the sequel, all the curves that we consider are triangular unless we mention explicitly the contrary.

Definition 2.4. The anomaly sequence at a point p of a curve V in affine space C^n is the anomaly sequence of a triangular map-germ f : (C, 0) −→ C^n parameterizing the germ of V at p.

Remark 1. The anomaly sequence at a point of a curve does not depend on the choice of the triangular parameterization of the germ of the curve at the point.

Remark 2. The anomaly sequence of a point of a curve is also well-defined for curves in projective space CP^n.

Definition 2.5. A point p of a holomorphic curve V ⊂ C^n is called a flattening point of the curve V provided that: - p is a smooth point of V , - the anomaly sequence of V at p is not empty.

Example. For n = 2, the flattening points are the so-called inflection points. For instance, the plane holomorphic curve:

V_k = � (x, y) ∈ C^2 : y − x^{k+2} = 0 � has an inflection point at the origin provided that k > 0.

Definition 2.6. A flattening point p of a holomorphic curve V ⊂ C^n is called a degenerate flattening point of the curve V provided that the anomaly sequence of V at p is not equal to (1).

1.4. The Milnor number of a complete intersection map-germ. We recall the definition of the Milnor number of a one-dimensional complete intersection ([Mil], [Hamm]).

Definition 2.7. A holomorphic map-germ f : (C^n, 0) −→ (C^p, 0) is called a complete intersection map-germ provided that the following three conditions are satisfied 1) the variety^1 f^{−1}(0) of dimension n − p, 2) the origin is either a smooth point or an isolated critical point of f^{−1}(0), 3) the equations f define a reduced system of equations of V .

Remark. With respect to the usual definition, we have added the conditions 2 and 3 for convenience.

Example. The map-germ f : (C^2, 0) −→ (C^2, 0) defined by f(x, y) = (x, x + xy) is not a complete intersection map-germ.

Consider a complete intersection map-germ f : (C^n, 0) −→ (C^{n−1}, 0). Let f̄ : U −→ C^{n−1} be a representative of f. Consider the family of curves (V_ε) defined by: V_ε = � p ∈ U : f̄(p) = ε � . Assume that V_0 has a singular point at the origin.

Denote by B_δ the closed ball of radius δ centered at the origin. Choose δ small enough so that V_0 intersects transversally the boundary of the ball B_r for any 0 < r ≤ δ. Choose ε such that V_ε ∩ B_δ is smooth. Then V_ε ∩B_δ is homotopically equivalent to a bouquet of circles S^1 ∨· · · ∨S^1 provided that ε is small enough. Moreover, the number of circles depends only on f. These facts are proved in [Mil] for function-germs and in [Hamm] for complete intersection map-germs.

Definition 2.8. The number of circles in the bouquet described above is called the Milnor number , denoted μ(f), of the complete intersection mapgerm f.

Remark. When there is no possible misunderstanding, we simply write μ instead of μ(f).

Example. An explicit formula was found by Milnor ([Mil]) and completed by Greuel ([Gre]) and Hamm ([Hamm]. For plane holomorphic curves this formula is as follows.

Consider a holomorphic function-germ f : (C^2, 0) −→ (C, 0) with an isolated critical point at the origin. Choose coordinates x, y in C^2. Denote by:

- O_{x,y} the ring of holomorphic function-germs, - J_f the Jacobian ideal of f in O_{x,y} generated by the partial derivatives ∂_xf, ∂_yf.

Then the Milnor number of f is given by the formula

μ(f) = dim_C[O_{x,y}/J_f ].

1More precisely the germ at the origin of the zero-level set of a representative of f.

Here and in the sequel, we, abusively, use this ”shortened” formulation.

The assumption that the singularity is isolated is equivalent to the assumption dim_C[O_{x,y}/Jf] < +∞ ([AVG]).

For example, take f(x, y) = x^p +y^q. Then J_f is generated by x^{p−1} and y^{q−1}. Consequently, in this particular case, the Milnor number of f is equal to

μ = (p − 1)(q − 1).

2. Vanishing flattening points and generalized Plücker formulas.

2.1. The number of vanishing flattening points. Consider a holomorphic function f : U −→ C where U denotes an open neighbourhood of the affine plane C^2.

Assume that f has an only critical point in U. Then, some inflection points of the curves:

V_ε = {(x, y) ∈ U : f(x, y) = ε} , converge towards the critical point of f when ε approaches the corresponding critical value.

Following Arnold ([Arn7]), we say that the inflection points ”vanish” at the critical point. For example Plücker proved that the number of vanishing inflection points at a generic Morse critical point (the meaning of generic will be explained in the sequel) of a holomorphic function is equal to 6 ([Pl]). Among these 6 vanishing inflection points no more than two can be real (see figure 1).

More generally consider a one parameter family (V_ε) of holomorphic curves in affine space C^n of arbitrary dimension n > 1.

Definition 2.9. A flattening point p_1 ∈ V_{ε1} vanishes at a singular point p_0 ∈ V_{ε0} provided that there exists a holomorphic function h : S_θ −→ C^n such that: - h(1) = p_1, - h(t) is a flattening point of the curve V_{ε(t)} where ε(t) = tε_1 + (1 − t)ε_0. Here S_θ denotes the closure of the sector {t ∈ C : 0 <| t |≤ 1, | Argt |≤ θ} with θ > 0.

Remark. A similar definition holds in projective space CP^n.

2.2. Generalized Plücker formula. We denote by C^n the n-dimensional vector space.

In this subsection and in the next one the flattening points are counted multiplicities: if a flattening point of a curve has anomaly sequence a_1, . . . , a_k then it is counted

�_k j=1 a_j times.

Consider a complete intersection map-germ f : (C^n, 0) −→ (C^{n−1}, 0) with an isolated critical point at the origin. Denote by f̄ : U −→ C^{n−1} a representative of f. Let f̄_ε : U −→ C^{n−1} be a one-parameter family of complete intersection map germs such that f_0 = f.

Denote by V_ε the curve in affine space C^n which is the zero-level set of f_ε.

Figure 1. Vanishing inflection points at a generic Morse critical point of a real analytic function f. We have drawn the level curves f = ε in the affine plane R^2. The complexification of the level curve f = ε is a Riemann surface with 6 inflection points. Among the six inflection points of this complex holomorphic curve no more than two can reals. The two inflection points of the real curve of equation f = ε lie either on two distinct components or on the same component (depending on the sign of ε).

Assume that the family of curves (V_ε) in C^n is such that: - for ε ≠ 0, V_ε is smooth, - the germ of V_0 at the origin is triangular.

To each branch C_k of V_0 at the origin, we associate a number η_k as follows. The anomaly sequence of C_k at the origin is say (a^k_1 , . . . , a^k_s ) or empty. We put:

η_k = s� j=1 a^k_j

if the anomaly sequence is not empty, η_k = 0 either.

Theorem 2.1. The number N(f) of vanishing flattening points at the origin of the family of curves (V_ε) when ε −→ 0 is equal to:

N(f) = n(n + 1) 2 (μ + r − 1) + r� k=1 η_k.

Here r is the number of branches of the curve V_0 and μ is the Milnor number of f.

This theorem is proved in chapter 3, section 2 where the relation with Teissier’s polar invariants is given.

Theorem 2.1 implies that the number of vanishing flattening points at the origin of the family of curves (V_ε) depends only on the map-germ f : (C^n, 0) −→ (C^{n−1}, 0). Consequently the following definition makes sense.

Definition 2.10. The number N(f) given in theorem 2.1 is called the number of vanishing flattening points of f.

Example. Let f(x, y) = xy + x^3 + y^3. Put:

V_ε = � (x, y) ∈ C^2 : f(x, y) = ε � . According to Milnor’s formula cited above, the Milnor number of (V_0, 0) is μ = 1. The number of branches at the origin of V_0 is equal to r = 2. The germs at the origin of the branches of V_0 are parameterized by:

(C, 0) −→ (C^2, 0) t → (t, −t^2 + (. . . ))

and:

(C, 0) −→ (C^2, 0) t → (−t^2, t + (. . . )).

Here the dots stand for higher order terms in the Taylor series. Both anomaly sequences are empty, thus N = 6 as found by Plücker.

Remark (for specialists). This theorem can be proved using Chern classes of line bundles and a result of Bassein which generalizes Milnor’s formula 2δ = μ + r − 1 ( [Mil], [Bas], [BuGr], [MoSt]) .

This leads to a more general theorem which is in fact valid for curves which are not necessarily local complete intersections.

The proof we shall give is much more elementary. Vice-versa our proof implies both Milnor’s formula 2δ = μ + r − 1 and Bassein’s generalization of it for one dimensional complete intersection.

After Plücker, particular cases where obtained by several authors [EC], [Gud], [Sh]. Other kind of generalizations of the so-called Plücker-Poncelet formulas have also been given ([Kl], [Tei1], [Vi], [Yang]). In the plane case (n = 2), theorem 2.1 is explicitly cited in [AVGL2]. A special case of theorem 2.1 was obtained in [Ga].

Definition 2.11. Let V ⊂ CP^n be a triangular curve. A singular point p ∈ V is called minimal if the number of vanishing flattening points at p is minimal among all the curve-germs having a singularity analytically equivalent to (V, p).

According to Veronese, a smooth curve of degree d and genus g in CP^n has (n + 1)(d + ng − n) flattening points^2 ([Ve]). Assume that there exists a family of curves (V_ε) such that: - for ε ≠ 0, V_ε is a smooth curve of degree d and genus g, - V = V_0.

Then theorem 2.1 implies that V has (n + 1)(d + ng − n) flattening points

2Such a curve exists only for particular values of g, d ([GrHa]).

minus the number of vanishing flattening point at the critical point given by the theorem. This is a generalization of the classical Plücker formula:

i = 3d(d − 2) − 6m − 8κ giving the number i of point of inflection points of a plane curve of degree d with m minimal double points and κ semi-cubical cusps and no other singularities ([Pl]).

The most simple non-trivial example is obtained as follows. Consider a curve V ⊂ CP^3 of degree 6 obtained as the intersection of a quadric with a cubic surface. Assume that V has no other singularities than minimal double points and semi-cubical cusp points.

If V is smooth then according to Veronese it has 60 flattening points (d = 6, g = 4, n = 3).

If V has m minimal double points and κ minimal cusp points then, the number f of flattening points of V is: f = 60 − 12m − 15κ.

In particular if no branch of V is contained in a plane (i.e.: V is triangular) then V has can have at most: - 5 double points, - 3 double points and 1 semi-cubical cusp point, - 2 double points and 2 semi-cubical cusp points, - 1 double point and 3 semi-cubical cusp points, - 4 semi-cubical cusp points.

2.3. The generic number of vanishing flattening points for A, D, E singularities.

Definition 2.12. A holomorphic function-germ H : (C^2, 0) −→ (C, 0) belongs to a singularity class A_k, D_k, E_6, E_7, E_8 provided that there exists a biholomorphic map-germ g : (C^2, 0) −→ (C^2, 0) such that one of the following equalities hold A_k H ∘ g(x, y) = y^2 + x^{k+1}, D_k H ∘ g(x, y) = x^2y + y^{k−1}, E_6 H ∘ g(x, y) = x^3 + y^4, E_7 H ∘ g(x, y) = x^3 + xy^3, E_8 H ∘ g(x, y) = x^3 + y^5

Choose a singularity class X among the singularity classes A_k, D_k, E_6, E_7, E_8. Let H be a function-germ belonging to X.

Let H̄ be a representative of H. Denote by H_ε the level curves H̄^{−1}(ε). Given a holomorphic map φ : (C^2, 0) −→ (C^n, 0) denote by N_φ the number of vanishing flattening points at the origin of the family of curves V_ε = φ(H_ε) when ε −→ 0.

Theorem 2.1 implies that, for any k big enough, there exists a semi-algebraic variety Σ of codimension at least one in the space J^k_0 (C^2, C^n) of k-jets at the origin of maps such that the number N_φ is constant for j^k_0 φ /∈ Σ. In the table below this number is denoted by N[X].

n = 2 3 4 n n = 2 3 4 n N[A_1] = 6 12 20 n(n + 1) N[D_4] = 18 36 60 3n(n + 1) N[A_2] = 8 15 24 n(n + 2) N[D_5] = 20 39 64 n(3n + 4) N[A_3] = 12 24 40 2n(n + 1) N[E_6] = 22 43 70 n(3n + 6) − 2 N[A_4] = 15 29 47 2n(n + 2) − 1 N[E_7] = 26 51 84 n(4n + 5) N[A_5] = 18 36 60 3n(n + 1) N[E_8] = 29 56 92 4n(n + 2) − 4, n ≥ 3

Remark that if H ∈ X is such that the branches of H^{−1}(0) are smooth then theorem 2.1 implies the equality N[X] = (μ(H) − 1)N[A_1].

Figure 2. The real part of the family of curves V_ε = � (x, y) ∈ C^2 : y^2 + x^3 = ε � for real values of the parameter ε. Among the 8 complex inflection points of V_ε, ε ≠ 0 only 2 are real.

3. The Plücker discriminant.

The results of this section and of the next one can be stated in the real C^∞ case, in the K analytic case and for K formal power series with K = R or K = C. However, for simplicity, we give the definitions in the complex holomorphic case. The theorems will be stated in the real C^∞ case and in the complex holomorphic case but they are valid for all the other categories stated above.

3.1. Inflection points of holomorphic curves. The flattening points of plane curves in the affine plane C^2 (or in the projective plane CP^2) are the inflection points.

For the reader’s convenience, we state equivalent but simpler definitions for this case (n = 2).

Definition 2.13. Let p ∈ C^2 (or in CP^2) be a smooth point of a holomorphic curve V ⊂ C^2. Denote by L the tangent complex line of V at p. The point p is called an inflection point provided that the multiplicity of intersection at p of V with L is at least equal to 3.

Definition 2.14. The anomaly at a point p of a holomorphic curve V ⊂ C^2 is the maximal multiplicity of intersection at p of a line with the curve V .

Example. At an inflection point the anomaly is at least equal to 1.

Definition 2.15. An inflection point p ∈ C^2 of a holomorphic curve V ⊂ C^2 is called a degenerate inflection point provided the anomaly of p ∈ V is at least equal to 2.

Example. The holomorphic curve:

V_k = � (x, y) ∈ C^2 : y − x^{k+2} = 0 � has an inflection point at the origin provided that k > 0. For k > 0, the anomaly of the origin is equal to k. Thus, the origin is a degenerate inflection point of the curve V_k provided that k > 1.

3.2. The Plücker discriminant of a family of curves. In the sequel, by family of holomorphic curves (V_λ) in the affine complex plane C^2, we mean the choice of a holomorphic map:

G : Λ × U −→ C such that the curves of our family are given by

V_λ = {p ∈ U : G(λ, p) = 0} .

Here Λ ⊂ C^k is the space of the values of the parameter λ and U denotes an open neighbourhood of the complex affine plane C^2.

Definition 2.16. Let (V_λ) be a family of holomorphic curves in C^2. The set of the values of the parameter λ for which the curve V_λ has either a degenerate inflection point or a singular point is called the P-discriminant (read Plücker discriminant) of the family (V_λ).

Figure 3. The P-discriminant of the family of curves (V_λ) given by V_λ = � (x, y) ∈ R^2 : y + x^5 + λ_1x^3 + λ_2x^2 = 0 � . Inside the disks, we represented the real parts of the curve of the corresponding value of the parameter. The marked points on the curves stand for the inflection points. In case of a degenerate inflection point, we have put the marked points near one to the other.

Example 1. Consider the two parameter family of mappings f_λ : C −→ C^2

t −→ (t, t^5 + λ_1t^3 + λ_2t^2),

depending on the parameter λ = (λ_1, λ_2) ∈ C^2. Denote by V_λ the curve parameterized by f_λ.

The curve V_λ ⊂ C^2 is smooth for any value of λ ∈ C^2. Thus, the Pdiscriminant consists only of the values of the parameter λ ∈ C^2 for which the curve V_λ has a degenerate inflection point.

Consider the two parameter family of holomorphic functions g_λ : C −→ C defined by g_λ(t) = t^5 + λ_1t^3 + λ_2t^2.

The point f_λ(t) is an inflection point of the curve V_λ if and only if the second derivative of g_λ vanishes at t, that is g”_λ(t) = 0.

Consequently, the P-discriminant Σ of the family of curves (V_λ) is given by Σ = � λ ∈ C^2 : ∃t ∈ C, g_λ”(t) = g^{(3)}_λ (t) = 0 � .

By direct computations, we get that the P-discriminant of the family of curves (V_λ) is the semi-cubical parabola Σ = � λ ∈ C^2 : 2λ^3_1 + 5λ^2 = 0 � . We depicted the P-discriminant Σ for real values of the parameter λ in figure 3.

Example 2. Consider the holomorphic function G : C^2 × C^2 −→ C defined by the polynomial

G(λ, x, y) = y^2 + x^3 + λ_1x + λ_2.

The plane holomorphic curves V_λ = {(x, y) : G(λ, x, y) = 0} are of degree 3. Hence, they have no degenerate inflections.

The P-discriminant of the family (V_λ) consists only of the values of the parameter λ for which the curve V_λ is singular. Consequently, the Pdiscriminant Σ of the family (V_λ) is given by: Σ = � λ ∈ C^2 : ∃(x, y) ∈ C^2, ∂_xG(x, y, λ) = ∂_yG(x, y, λ) = G(x, y, λ) = 0 � . By direct computations, we get: Σ = � λ ∈ C^2 : 4λ^3_1 + 27λ^2 = 0 � .

The singularities of Plücker discriminants of families of rational holomorphic curves where studied by M.E. Kazarian. He obtained in particular the bifurcation diagrams for the two and three parameters ”generic” families of such curves (see [Ka1]).

3.3. The genericity notion. In the following theorems, we consider ”generic holomorphic functions” of the type F : Λ × U −→ C where Λ and U are open neighbourhoods of a in the affine plane C^2 and in the analytic space C^k.

The word generic means that there exists an integer N and a variety M ⊂ J^N (Λ × U, C) such that F satisfies the theorem provided that the map

j^N F : Λ × U −→ J^N (Λ × U, C)

is transversal to M.

In fact in all our cases M will be of codimension strictly higher than k + 2. Consequently the transversality condition means simply that the image of j^N F , which is of dimension at most k + 2, does not intersect M. Replacing the words complex and holomorphic by real and C^∞ we get the meaning of the genericity notion in the real case.

3.4. The generic Plücker discriminants of foliations by plane curves. The theorems stated in this subsection are corollaries of the general methods developed in section 4 and section 5.

Consider a holomorphic function F : Λ × U −→ C depending on the parameter λ = (λ_1, . . . , λ_k) ∈ Λ. Here U denotes an open subset in the complex affine plane C^2 and Λ is an open neighbourhood in the analytic space C^k. The level-curves of F (λ, .) define a family of holomorphic curves (V_{λ,ε}) in the affine plane C^2. The curve V_{λ,ε} being defined by:

V_{λ,ε} = {p ∈ U : F (λ, p) = ε} .

The curve V_{λ,ε} is defined as the zero level-set of the function G(λ, ε, .) = F (λ, .) − ε depending on the k + 1 parameters λ_1, . . . , λ_k, ε. Thus, the parameter of the family of curves which was denoted by λ in the preceding subsection is denoted in this subsection by (λ, ε).

Definition 2.17. The P-discriminant of the function F is the P-discriminant of the family of curves (V_{λ,ε}).

Denote respectively by Λ^1, U neighbourhoods of the origin in C and in C^2.

Theorem 2.2. Let F : Λ^1 × U −→ C be a generic function. Let Σ ⊂ Λ × C be the P-discriminant of F . Then, the germ of Σ at an arbitrary point (λ, ε) ∈ Σ is biholomorphically equivalent to the germ at the origin of one of the following curves in C^2, provided that U is small enough: PA_1, K_1 : A line. PA^1 : The curve � (λ, ε) ∈ C^2 : ε(ε − λ^4) = 0 � . PA_2, K_2 : The curve � (λ, ε) ∈ C^2 : ε^2 − λ^3 = 0 � . Remark. In the C^∞ category, for a generic C^∞ function F : Λ × U −→ R, Λ ⊂ R, U ⊂ R^2, the germ at the origin of the P-discriminant is diffeomorphic to the real part of one of the complex P-discriminants listed above.

The ”typical” deformations giving the bifurcation diagrams PA_1, PA^1 and PA_2 are as follows:

PA_1 PA^1 PA_2 xy + x^3 + y^3 xy + x^4 + λx^3 + y^3 y^2 + x^3 + λx

The first deformation is constant in the parameter λ.

The P-discriminant of the family F : R×R^2 −→ R defined by the polynomial

F (λ, x, y) = xy + x^4 + λx^3 + y^3

is depicted in figure 4. The level-curves V_{λ,ε} = � p ∈ R^2 : F (λ, p) = ε � corresponding to different values of the parameter (λ, ε) are depicted in figure 5.

Figure 4. The real P-discriminant of the function F (λ, x, y) = xy + x^4 + λx^3 + y^3. The curves corresponding to values of the parameter (λ, ε) in the connected components 1, 2, 3 are depicted in figure 5. The stratum K_1 corresponds to the values of the parameter (λ, ε) for which the curve V_{λ,ε} has a degenerate inflection point of anomaly 2. The values of the parameters (λ, ε) for which the curve V_{λ,ε} is singular has two strata. One stratum of dimension 1 denoted PA_1 and a stratum of dimension 0 denoted PA^1 which lies in the closure of the the strata of dimension 1. The stratum PA_1 is not connected (while in the complex case it is connected).

We turn on to the case where the space of the parameters (λ, ε) is of dimension 3. We recall the following definition.

Definition 2.18. A holomorphic function f : U −→ C is called a Morse function provided for any critical point p ∈ U of f, the second differential of f at p is a non-degenerate quadratic form. Here U is an open neighbourhood in C^2.

Denote by Λ^2, U neighbourhoods of the origin in C^2.

Theorem 2.3. Let F : Λ^2 × U −→ C be a generic function. Let λ_0 be such that F (λ_0, .) is a Morse function. Denote by p_0 ∈ C^2 a critical point of F (λ_0, .) of critical value ε_0 ∈ C.

Then, the germ at (λ_0, ε_0) of the P-discriminant of F is biholomorphically equivalent to the germ at the origin of one of the following 4 surfaces in (λ, ε)^′s space Λ^2 × C ⊂ C^3, provided that U is a sufficiently small neighbourhood of p_0:

1) PA^{1,1}_1 : One of the polynomials x^4 + λ_1x^3 + ε, y^4 + λ_2y^3 + ε has at least a double root .

2) PA^2_1 : The polynomial x^5 + λ_1x^4 + λ_2x^3 + ε has at least a double root. 3,4) Cylinders over the P-discriminants denoted PA^1 or PA_1 in the list of theorem 2.2.

Figure 5. We have numbered the level curves in R^2 by 1, 2, 3. The black disks stand for the inflection points of the curves labelled 1, 2, 3. The number 1 curve and the number 2 curve have 3 (real) inflection points. The number 3 curve has only one real inflection point. Between the curve 2 and the curve 3 there is a curve with a degenerate inflection point. Between 1 and 2 there is a curve with a node singular point. This singular curve has an inflection point.

The ”typical” deformations giving the bifurcation diagrams PA^{1,1}_1 and PA^2_1 of theorem 2.3 are:

PA^{1,1}_1 PA^2_1 xy + x^4 + y^4 + λ_1x^3 + λ_2y^3 xy + x^5 + y^3 + λ_1x^4 + λ_2x^3 . The real C^∞ version of this theorem is as follows.

The levels V_ε = {(x, y) ∈ U : f(x, y) = ε} of a Morse function f : U −→ R whose second differential has signature (+, +) or (−, −) are either convex curves or empty, provided that ε ≠ 0 is small enough. Thus, they have no inflection points provided that U is small enough. Consequently, we do not consider these cases. Denote by Λ^2, U neighbourhoods of the origin in R^2.

Theorem 2.4. Let F : Λ^2 × U −→ R be a generic function, U ⊂ R^2. Let λ_0 be such that F (λ_0, .) is a Morse function. Denote by p_0 ∈ R^2 a critical point of F (λ_0, .) of critical value ε_0 ∈ R. Assume that the Hessian of F (λ_0, .) at p_0 is neither positive definite nor negative definite. Then, the germ at (λ_0, ε_0) of the P-discriminant of F is diffeomorphic to the germ at the origin of one of the following 5 surfaces in (λ, ε)^′s space Λ^2 × R, provided that U is a sufficiently small neighbourhood of p_0: 1,2) PA^{1,1,±}_1 : One of the polynomials x^4 + λ_1x^3 + ε, ±y^4 + λ_2y^3 + ε has at least a (real) double root .

3) PA^2_1 : The polynomial x^5 + λ_1x^4 + λ_2x^3 + ε has at least a (real) double root.

4,5) Cylinders over the P-discriminants denoted PA^1 or PA_1 in the list of theorem 2.2.

The ”typical” deformations giving the bifurcation diagrams PA^{1,1,±}_1 and PA^2_1 of theorem 2.3 and theorem 2.4 are:

PA^{1,1,±}_1 PA^2_1 xy + x^4 ± y^4 + λ_1x^3 + λ_2y^3 xy + x^5 + y^3 + λ_1x^4 + λ_2x^3 . The surfaces corresponding to the P-discriminant of theorem 2.4 are depicted in figure 6, figure 8 and figure 9. The complex P-discriminants of theorem 2.3 are obtained by complexifying these real surfaces. Remark that the surface drawn in figure 6 is not the discriminant of the boundary singularity B_3 ([AVGL1]). Indeed a transversal slice of this surface gives two curve intersecting with multiplicity 4 at the origin (instead of 2 for the discriminant of the boundary singularity B_3).

Figure 6. The P-discriminant of the family of curves PA^2_1 : xy+x^5+λ_1x^4 +λ_2x^3 +y^3 = ε. The stratum K_j corresponds to the values of the parameter (λ, ε) for which the curve V_{λ,ε} has a degenerate inflection of anomaly j + 1. A transversal slice of the surface gives two curves intersecting with multiplicity 4 at the origin.

Figure 7. One component of the P-discriminant of PA^2_1 is diffeomorphic to a cylinder over a semi-cubical parabola. The other component is a plane.

Figure 8. The P-discriminant of the family of curves PA^{1,1,+}_1 : xy + x^4 + y^4 + λ_1x^3 + λ_2y^3 = ε. The stratum K_j corresponds to the values of the parameter (λ, ε) for which the curve V_{λ,ε} has a degenerate inflection point of anomaly j + 1.

Figure 9. the P-discriminant of the family of curves PA^{1,1,−}_1 : xy + x^4 − y^4 + λ_1x^3 + λ_2y^3 = ε. The stratum K_j corresponds to the values of the parameter (λ, ε) for which the curve V_{λ,ε} has a degenerate inflection point of anomaly j + 1.

Figure 10. Left-hand side: plane section of the Pdiscriminant PA^{1,1,+}_1 . Right-hand side: plane section of the P-discriminant PA^2_1. The stratum K_j corresponds to the values of the parameter (λ, ε) for which the curve V_{λ,ε} has a degenerate inflection point of anomaly j + 1.

4. The classification with respect to inflection points.

The results that we have presented in section 3 are by-products of a classification method that we shall explain in this section. In this section, several uses will be made of the symbol C^2. It will denote either the affine complex plane, the complex two dimensional vector space, the analytic manifold. If no precision is given then we are just considering the analytic manifold otherwise we shall specify the additional structure which is involved. We made that choice in order to avoid complicated notations.

4.1. The bordered Hessian. Denote by U an open neighbourhood of the affine complex plane C^2.

Let f : U −→ C be a holomorphic function with isolated critical points. Consider the family of curves (V_ε) defined by:

V_ε = {p ∈ U : f(p) = ε} .

For simplicity, assume that:

1. the set of values of ε ∈ f(U) for which the curve V_ε has a degenerate inflection point is finite. 2. Ẋ_f = � p ∈ U : p is an inflection point of V_{f(p)} � is a curve.

Definition 2.19. The closure X_f of the curve Ẋ_f is called the Hessian curve of f (see figure 11).

Fix an affine coordinate-system in affine space C^2.

Definition 2.20. The bordered Hessian , denoted Δ_f , of a holomorphic function f : U −→ C^2 is the determinant of the matrix: � � f_{xx} f_{xy} f_x f_{xy} f_{yy} f_y f_x f_y 0 � � .

Remark. The bordered Hessian depends on the choice of the affine coordinate system.

According to Klein [Klein1], the following proposition is due to Plücker (for simplicity, we assume that f satisfies the conditions 1 and 2 stated above).

Proposition 2.1. 1. The Hessian curve X_f is given by:

X_f = {(x, y) ∈ U : Δ_f (x, y) = 0} .

2. The multiplicity of intersection at p of the curve V_ε with the Hessian curve X_f = {(x, y) ∈ U : Δ_f (x, y) = 0} is equal to the anomaly of p.

The proof of this proposition is elementary, it is given, in a more general form, in chapter 3, page 59.

Example. Consider the function f(x, y) = y − x^3. The Hessian curve of f is

Figure 11. Two examples of Hessian curves. The Hessian curve X_f = {(x, y) : Δ_f (x, y) = 0} intersects the curve V_ε = {(x, y) : f(x, y) = ε} at an inflection point. If the point p is a non-degenerate inflection point then the intersection of V_ε with X_f at p is transversal (left-hand side).

the line of equation x = 0 in the (x, y)-plane (see left part of figure 11).

The map f together with the function Δ_f contains all the information on the inflection points of the curves V_ε. Once Δ_f is calculated, we forget the affine structure of U ⊂ C^2 and we study the map:

(f, Δ_f ) : U −→ C × C.

This is the main idea for the classification of function-germs with respect to inflection points. In order to study the map (f, Δ_f ), we apply G-equivalence. This equivalence relation was introduced by V.V. Goryunov ([Go],[AVGL2]).

4.2. V -equivalence, G-equivalence and the Plücker space. In this subsection, we recall basic facts of singularity theory ([Tyu],[Math],[Mar]) and introduce the G-equivalence relation ([Go]).

A more detailed exposition of the notions introduced in this section is given in chapter 4.

We use the following notations:

1. Diff(k) is the group of biholomorphic map-germs φ : (C^k, 0) −→ (C^k, 0) preserving the origin.

2. O_{x,y} is the ring of holomorphic function-germs f : (C^2, 0) −→ C. 3. GL(2, O_{x,y}) is the ring of invertible matrices with entries in O_{x,y}. The space Diff(2) × GL(2, O_{x,y} ) can be endowed with a group structure which makes it a semi-direct product. This semi direct product is defined as follows.

Any matrix A ∈ GL(2, O_{x,y} ) is of the form A = � α β γ δ � with α, β, γ, δ ∈ O_{x,y} and (αδ − βγ)(0) ≠ 0.

Given a holomorphic map germ f̃ : (C^2, 0) −→ (C × C, 0), define A × f̃ by: � α β γ δ � f̃ = (αf + βE_f , γf + δE_f ),

where f̃ = (f, E_f ).

The action of Diff(2) × GL(2, O_{x,y}) on O_{x,y} × O_{x,y} is defined by:

(φ, A).f̃ = A × (f̃ ∘ φ^{−1}).

The composition law in O_{x,y} × O_{x,y} induces a semi-direct product structure on Diff(2) × GL(2, O_{x,y} ), namely:

(5) (φ, A).(φ^′, A^′) = (φ ∘ φ^′, A × (A^′ ∘ φ)).

This group is denoted by K, it is sometimes called the contact-group but we shall not use this terminology.

Definition 2.21. Two holomorphic map-germs f̃, g̃ : (C^2, 0) −→ (C × C, 0) are called V -equivalent provided that they are in the same orbit under the action of the group K defined above.

Definition 2.22. The group G is the subgroup of Diff(2) × GL(2, O_{x,y} ) defined by the following condition:

(φ, A) ∈ G ⇐⇒ ∃α, β ∈ O_{x,y}, A = � 1 α 0 β � . Remark. With the notations of the definition, since A is invertible we have β(0) ≠ 0.

Definition 2.23. Two holomorphic map-germs f̃, g̃ : (C^2, 0) −→ (C × C, 0) are called G-equivalent provided that there exists a biholomorphic map-germ ψ : (C, 0) −→ (C, 0) such that ψ ∘ f̃ and g̃ are in the same orbit under the action of the group G.

Definition 2.24. The Plücker space is the set of holomorphic map-germs (g, E_g) : (C^2, 0) −→ (C×C, 0) for which there exists a holomorphic functiongerm f : (C^2, 0) −→ (C, 0) and a coordinate system C^2 centered at 0 such that the following G-equivalence relation holds:

(f, Δ_f ) ∼ (g, E_g ).

Remark. The holomorphic function-germ E_g : (C^2, 0) −→ (C, 0)g is not necessarily the bordered Hessian of g.

Choose a vector space structure on C^2.

Definition 2.25. Two holomorphic function-germs f, g : (C^2, 0) −→ (C, 0) are called P-equivalent if the map-germs (f, Δ_f ), (g, Δ_g ) are G-equivalent.

Remark. The function-germ Δ_f depends on the choice of the linear coordinates in C^2. However, the G-orbit of (f, Δ_f ) depends only on the choice of the vector space structure in C^2 and not on the choice of the linear coordinate system introduced for computing the bordered Hessians. Indeed, it is readily verified that the computations of the bordered Hessians in two distinct systems of linear coordinates are equal up to a multiplicative non-zero constant.

4.3. The finite determinacy theorem for G-equivalence. Consider a holomorphic map-germ: f̃ : (C^2, 0) −→ (C × C, 0). Put f̃ = (f, E_f ). Fix coordinates (x, y) in C^2 and in C × C.

Definition 2.26. The G-tangent space to f̃, denoted T f̃ is the O_{x,y}-submodule of O_{x,y}×O_{x,y} generated by the 6 map-germs x∂_xf̃, x∂_yf̃, y∂_xf̃, y∂_yf̃, (E_f , 0), (0, E_f ).

Remark. We have used here a shortened formulation. The G-tangent space to f̃ is in fact the tangent space at the ”point” f̃ ∈ (O_{x,y} × O_{x,y}) to the orbit of f̃ under the action of the group G × Diff(1) (with the semi-direct product structure induced by the composition law). .

The space (O_{x,y} × O_{x,y})/T f̃ is a C-vector space.

Definition 2.27. The G-Milnor number of a holomorphic map-germ f̃ : (C^2, 0) −→ (C × C, 0) is defined by the formula

μ_G(f̃) = dim_C[(O_{x,y} × O_{x,y})/T f̃].

Remark. When no confusion is possible we simply write μ_G instead of μ_G (f̃).

Denote by M^k the k^{th} power of the maximal ideal of O_{x,y}. Denote by ~M^k the submodule of O_{x,y} × O_{x,y} of map-germs of the type g = (g_1, g_2) such that g_1, g_2 ∈ M^k.

The following theorem is the finite determinacy theorem for G-equivalence.

Theorem 2.5. Let f̃ : (C^2, 0) −→ (C × C, 0) be a holomorphic map-germ satisfying μ_G(f̃) < +∞. Then for any map-germ ψ ∈ ~M^{μG +1}, we have the following G-equivalence f̃ + ψ ∼ f̃.

This theorem is proved in a slightly a more general form in appendix B. It is proved along the same lines than the standard finite determinacy theorem ([Math], [Tyu], [Mar]). I do not know whether Damon’s general theory ([Da]) can be applied to the group G or not.

4.4. The Plücker theorem. Here is the most elementary result that one can obtain using the methods of the preceding subsection (compare chapter 1, section 2).

Theorem 2.6. If f : (C^2, 0) −→ (C, 0) is a generic Morse function-germ^3 then the pair (f, Δ_f ) is G-equivalent to (x^3 + y^3, xy).

Let f̄ be a representative of a generic Morse function-germ. Then, theorem 2.6 implies that:

1) there are 6 inflection points of the curve V_ε = {(x, y) ∈ U : f(x, y) = ε} that ”vanish” at the origin when ε −→ 0 ([Pl]), 2) when ε turns counterclockwise around the origin the 6 inflection points permute of V_ε and one can number the inflection points in such a way that the resulting monodromy is (123)(456).

4.5. The P-simple function germs. Following Arnold, who introduced the modality and the simplicity notions in [Arn2] for the case of critical points of functions, we introduce the notion of modality in Plücker space.

Assume that we are given an equivalence relation on a (finite dimensional) manifold M. Then according to Arnold, the modality of a point in M is the least number m such that a neighbourhood of the point is covered by a finite number of m-parameter families of equivalence classes^4. If m = 0 then the point is called simple. More details on the modality under various circumstances can be found in [AVGL1].

Here and in all this subsection C^2 denotes the two-dimensional vector space. Consider the algebra M̄^2 of the holomorphic function-germs of the type

g : (C^2, 0) −→ (C, 0)

with a critical point at the origin.

The algebra M̄^2 is not the square of the maximal ideal of O_{x,y} because we are considering germs of function defined on the vector space C^2 and not on the analytic variety C^2.

Let f ∈ M̄^2 be a holomorphic function-germ such that (f, Δ_f ) has finite G-Milnor number, that is μ_G(f, Δ_f ) < +∞.

Definition 2.28. The holomorphic function-germ f : (C^2, 0) −→ (C, 0) has P-modality m provided that m is the least number satisfying the following

3The Morse function-germs that do not satisfy the property form a semi-algebraic

variety of codimension at least one in the space of r-jets of Morse function of two variables for any r > 3.

4One of the basic examples is the following.

Let M = GL(2, R) be the space of invertible 2 × 2 matrices. Consider the equivalence relation:

A ∼ B ⇐⇒ (∃P ∈ GL(2, R) such that A = P BP^{−1}) Let ρ : GL(2, R) −→ R^2 be the map sending a matrix A to its characteristic polynomial det(A − Id.X).

Assume that A has two distinct eigenvalues. Then, in a neighbourhood of A the equivalence classes are parameterized by the value of ρ. Hence the modality of A is equal to 2.

property. For any k > μ_G, a neighbourhood of j^kf ∈ J^kM̄^2 is parameterized by a finite number of m-parameter families of k-jets of P-equivalence classes.

Remark. The G-finite determinacy theorem implies that m does not depend on the choice of k.

Theorem 2.7. For any k > 3, the variety of the non P-simple functiongerms is of codimension 2 in the space J^kM̄^2 of k-jets of maps with a critical point at the origin of critical value equal to zero.

In order to give the complete list of the P-simple function-germs, we need to state some definitions.

Definition 2.29. A P-singularity class is a subset of the space of functiongerms f : (C^2, 0) −→ (C, 0) in M̄^2 which is invariant under P-equivalence.

Definition 2.30. A holomorphic Morse function-germ f : (C^2, 0) −→ (C, 0) belongs to the P-singularity class PA^{p,q}_1 , with p ≤ q, provided that the following property holds. There exists a linear coordinate-system in the vector space C^2 such that the two branches of the zero-level set of f admit holomorphic parameterizations of the type: (C, 0) −→ (C^2, 0)

t → (t, t^{2+p} + o(t^{2+p})) and (C, 0) −→ (C^2, 0)

t → (t^{2+q} + o(t^{2+q}), t).

Here p, q are either integers or equal to zero. If p or q is equal to zero, we omit to write it.

Example. The function-germ f : (C^2, 0) −→ (C, 0) defined by the polynomial f(x, y) = xy + x^4 + y^5 belongs to the P-singularity class PA^{1,2}_1 .

Definition 2.31. A holomorphic function-germ f : (C^2, 0) −→ (C, 0) with an isolated critical point at the origin belongs to the P-singularity class PA_2 provided that the following property holds. There exists a linear coordinatesystem in C^2 such that the zero-level set of f admits a holomorphic parameterization of the type: (C, 0) −→ (C^2, 0) t → (t^2 + o(t^2), t^3 + o(t^3)).

Theorem 2.8. The (complex holomorphic) classes PA^{p,q}_1 and PA_2 coincide with the list of the P-simple singularities. Moreover any function-germ belonging to one of these P-singularity classes is P-equivalent to one of the following function-germs:

PA_1 PA^p_1 PA^{p,q}_1 PA_2 xy + x^3 + y^3 xy + x^{p+3} + y^3 xy + x^{p+3} + y^{q+3} y^2 + x^3 τ = 0 τ = p τ = p + q τ = 1 where p, q are strictly positive integers. Here τ denotes the codimension of the P-singularity class in the space M̄^2 (see below).

The techniques for proving theorem 2.7 and theorem 2.8 are developed in chapter 4. The details of the computations are given in appendix A.

We explain the meaning of the number τ in the table of theorem 2.8. Recall that M̄^2 denotes the space of function germs:

g : (C^2, 0) −→ (C, 0)

with a critical point at the origin.

Consider a function-germ f ∈ M̄^2 of the previous list. Remark that the G-Milnor number of (f, Δ_f ) for such a function-germ is finite. Denote by V the variety of map-germs which are P-equivalent to f. The finite determinacy theorem for G-equivalence implies that the codimension of J^kV ⊂ J^kM̄^2 does not depend on k provided that k > μ_G (f, Δ_f ). This codimension is denoted by τ (because of the analogy with the Tyurina number of singularity theory).

Although, we defined it in the complex holomorphic case, the P-equivalence relation has an immediate variant in the real C^∞ case.

Let f : (R^2, 0) −→ (R, 0) be a (real C^∞) Morse function-germ whose second differential at the origin has signature (+, +) or (−, −). Here R^2 denotes the (real) two dimensional vector space.

The curves V_ε = {p ∈ U : f(p) = ε} are either convex curves or empty, provided that ε ≠ 0 is small enough. Hence we do not consider these cases.

Definition 2.32. A C^∞ function-germ f : (R^2, 0) −→ (R, 0) is of the type PA^{p,q,±}_1 provided that the following property holds. There exists a linear coordinate-system in R^2 such that the two branches of the zero-level set of f admit C^∞ parameterizations of the type:

(R, 0) −→ (R^2, 0) t → (t, t^{2+p} + o(t^{2+p})) and (R, 0) −→ (R^2, 0) t → (±t^{2+q} + o(t^{2+q}), t).

Here p, q are either integers or equal to zero. If p or q is equal to zero, we omit to write it.

Remark 1. The real C^∞ function-germs f, g : (R^2, 0) −→ (R, 0) defined by the polynomials f(x, y) = xy + x^4 + y^4 and g(x, y) = xy − x^4 − y^4 are P-equivalent since −f(−x, −y) = g(x, y).

Remark 2. For p = q(mod2) the P-singularity classes PA^{p,q,+}_1 and PA^{p,q,−}_1 are equal. We denote this P-singularity by PA^{p,q}_1 omitting the +, − symbols.

The definition of the P-singularity class PA_2 in the real C^∞ case is obtained from the complex one by replacing the words complex holomorphic by real C^∞.

Theorem 2.9. Any (real C^∞) function germ belonging to the class PA^{p,q}_1 or PA_2 is P-equivalent to one of the following function-germ:

PA^{p,q}_1 PA^{p,q,±}_1 PA_2 xy + x^{p+3} + y^{q+3} xy + x^{p+3} ± y^{q+3} y^2 + x^3 τ = p + q, p = q(mod2) τ = p + q, p ≠ q(mod2) τ = 1 , where p ≥ 0, q ≥ 0. If p or q is equal to 0 then we omit to write it.

4.6. Adjacencies of the P-singularity classes.

Definition 2.33. A P-singularity class L is adjacent to a P-singularity class K, denoted L −→ K, if every map f ∈ L can be deformed to a map of class K by an arbitrary small perturbation.

If L is adjacent to K and K is adjacent to J then L is adjacent to J. We simply write: L −→ K −→ J, omitting the arrow between L and J.

Here are the list of all the adjacencies for the P-simple singularities in the space M̄^2 of holomorphic function-germs with a critical point of critical value 0.

The P-singularity class A_3 denotes the function-germs f : (C^2, 0) −→ (C, 0) equal to y^2 + x^4 up to a biholomorphic change of variables where C^2 denotes the complex two dimensional vector space. The parenthesis means that this P-singularity class is not P-simple. PA_2 ← (A_3) ↙ ↙ PA_1 ← PA^1 ← PA^2_1 ← PA^3_1 ← PA^4_1 ← . . . ↖ ↖ ↖ ↖ PA^{1,1}_1 ← PA^{1,2}_1 ← PA^{1,3}_1 ← . . . ↖ ↖ PA^{2,2}_1 ← . . .

Remark that there is only one non-simple class A_3 ”bounding” the list of P-simple singularities.

The relation with Kazarian’s classification (in the plane case only) is as follows. Denote by K_j the set of function germs g : (C^2, 0) −→ (C, 0) such that the origin is an inflection point of the 0 level-curve germ of g with anomaly j + 1.

Definition 2.34. A P-singularity class L is adjacent to K_j , denoted L −→ [K_j ], if every function-germ f ∈ L can be deformed to a map g ∈ K_j by an arbitrary small perturbation

Remark. K_j is not a P-singularity class for example both map-germ f(x, y) = y +x^4 and g(x, y) = y +x^4 +yx^2 are in K_2 and are not P-equivalent. Indeed, denote respectively by Δ_f , Δ_g the Hessian determinants of f and g. Direct computations show that the origin is not an isolated critical point of Δ_f , while it is an isolated critical point of Δ_g.

The adjacencies with the K_j ’s are as follows:

[K_1] ← [K_2] ← [K_3] ← [K_4] ← [K_5] ← . . .

↖ ↖ ↖ ↖ ↖ PA_1 ← PA^1 ← PA^2_1 ← PA^3_1 ← PA^4_1 ← . . . ↖ ↖ ↖ ↖ PA^{1,1}_1 ← PA^{1,2}_1 ← PA^{1,3}_1 ← . . . ↖ ↖ PA^{2,2}_1 ← . . .

Remark that the adjacencies PA^1 −→ K_1 and PA^2_1 −→ K_2 can be seen in figure of the corresponding P-discriminants that we depicted in subsection 3.4. The adjacencies listed above are direct corollaries of theorem 2.11 cited below in page 42.

5. P-versal deformation theory.

In this section, we introduce the notion of versality with respect to inflection points of plane curves. As usual the versal deformation is the ”largest” possible deformation.

In subsection 5.1, we define G-versality and state the G-versal deformation theorem.

In subsection 5.2, we define P-versality, that is versality with respect to inflection points.

In subsection 5.3, we apply these techniques to the case of Morse functions. A more detailed exposition of the notions developed in the two first subsections of this section is given in chapter 4.

5.1. Versal deformation theory for G-equivalence. Consider a holomorphic map-germ: f̃ : (C^2, 0) −→ (C × C, 0).

In this subsection, no affine structure is involved, in particular C^2 denotes the analytical manifold and neither the affine complex plane nor the twodimensional vector space.

Definition 2.35. A holomorphic map-germ F̃ : (C^k × C^2, 0) −→ (C × C, 0) such that F̃ (0, .) = f̃ is called a deformation of f̃ .

Definition 2.36. A deformation G̃ : (C^r × C^2, 0) −→ (C × C, 0) of f̃ is induced from a deformation F̃ : (C^k × C^2, 0) −→ (C × C, 0) of f̃, provided that there exists a holomorphic map-germ h : (C^r, 0) −→ (C^k, 0) such that G̃(λ, .) = F̃ (h(λ), .). We use the notation: G̃ = h∗F̃ .

Definition 2.37. The translation by a vector u ∈ C^2 is the map-germ:

τ (C^2, 0) −→ (C^2, u) x −→ x + u.

We denote by T ≈ C^2 the group of all translations.

Definition 2.38. Two deformations F̃ , G̃ : (C^k × C^2, 0) −→ (C × C, 0) are called G-equivalent provided that there exist holomorphic map-germs γ : (C^k, 0) −→ G ⊕ T ψ : (C^k × C, 0) −→ (C, 0) such that the following equality holds identically

(γ(λ).(G_1, G_2))(λ, p) = (ψ(λ, F_1(λ, p)), F_2(λ, p))

and ψ(0, .) is a biholomorphic map-germ. Here F̃ = (F_1, F_2), G̃ = (G_1, G_2).

Definition 2.39. A deformation F̃ is called G−versal if any other deformation of the same germ is G-equivalent to a deformation induced from F̃ .

Fix a coordinates (λ_1, . . . , λ_k) in C^k and (x, y) in C^2.

5. P-VERSAL DEFORMATION THEORY. 41

Definition 2.40. Let F̃ : (C^k × C^2, 0) −→ (C × C, 0) be a deformation of a holomorphic map-germ f̃ : (C^2, 0) −→ (C × C, 0). The G-tangent space to F̃ is the sum of the following C-vector subspaces of O_{x,y} × O_{x,y}: - the O_{x,y} module generated by the four map-germs ∂_xf̃, ∂_yf̃, (E_f , 0), (0, E_f ), - the C-vector space generated by the restriction to λ = 0 of the ∂_{λi}F̃ ’s, - the C-vector space generated by (1, 0). The tangent space to F̃ is denoted by T F̃ .

Remark. We have used a shortened formulation. The tangent space is the restriction to λ = 0 of the tangent space at F to the orbit of F under the action of the group Diff(1) × G × T (with the obvious semi-direct product structure induced by the composition law).

The following theorem is the versal deformation theorem for G-equivalence.

Theorem 2.10. A deformation F̃ : (C^k × C^2, 0) −→ (C × C, 0) of a holomorphic map-germ f̃ = F̃ (0, .) is G-versal provided that the equality

T F̃ = O_{x,y} × O_{x,y}

holds.

The proof is given in a slightly more general form in appendix B. It is analogous to the proof for the standard versal deformation theorem ( [Math], [Tyu], [Mar]). I do not know whether this theorem follows from Damon’s general theory or not ([Da]).

5.2. Versal deformation theory in Plücker space. In this subsection, we denote by C^2 the (complex) two dimensional vector space. Let f : (C^2, 0) −→ (C, 0) be a holomorphic function-germ.

Definition 2.41. A holomorphic map-germ F : (C^k ×C^2, 0) −→ (C, 0) such that F (0, .) = f is called a deformation of f.

Fix coordinates (λ_1, . . . , λ_k) in C^k and linear coordinates (x, y) in C^2. Given a deformation F : (C^k × C^2, 0) −→ (C, 0) of a holomorphic functiongerm f : (C^2, 0) −→ (C, 0).

We denote by Δ_F : (C^k × C^2, 0) −→ (C, 0) the Hessian determinant of F with respect to the variables (x, y).

Definition 2.42. A deformation F (λ, .) of a function-germ f : (C^2, 0) −→ (C, 0) is called P-versal if for any other deformation G of f, the germ of the deformation G̃ = (G, Δ_G) is G-equivalent to the germ of a deformation induced from F̃ = (F, Δ_F ).

5.3. P-versal deformations of germs belonging to PA^{p,q}_1 . Denote by C^2 the two-dimensional vector space.

Let g : (C^2, 0) −→ (C, 0) be a holomorphic function-germ belonging to the P-singularity class PA^{p,q}_1 .

Theorem 2.8 asserts that g is P-equivalent to the holomorphic function-germ f defined by f : (C^2, 0) −→ (C, 0) (x, y) → xy + x^{p+3} + y^{q+3}.

We keep these notations.

For notational reasons assume that pq > 0.

Theorem 2.11. The p + q-parameter deformation F : (C^{p+q} × C^2, 0) −→ (C, 0) of f defined by:

F (α, β, x, y) = xy + x^{p+3} + y^{q+3} + p� j=1 α_j x^{j+2} + q� k=1 β_ky^{k+2}

is P-versal.

Moreover, the deformation (F, Δ_F ) is G-equivalent to the deformation (α, β, x, y) → (P (α, β, x, y), xy) defined by:

P (α, β, x, y) = x^{p+3} + y^{q+3} + p� j=1 α_j x^{j+2} + q� k=1 β_ky^{k+2}.

Here Δ_F denotes the bordered Hessian of F with respect to the variables (x, y), α = (α_1, . . . , α_p) and β = (β_1, . . . , β_q).

Remark.If p ≠ 0 and q = 0, then the theorem holds if we replace the expressions of F and P by the function-germs defined by the polynomials � F (α, x, y) = xy + x^{p+3} + y^3 +

�_p

j=1 α_j x^{j+2}, P (α, x, y) = x^{p+3} + y^3 +

�_p

j=1 α_j x^{j+2}.

The case p = q = 0 has been considered in theorem 2.6. The proof of this theorem is given appendix A. The case p = 1, q = 0 is treated in chapter 4 page 95.

The results of section 3 on the bifurcation diagrams associated to Morse functions follow directly from this theorem.

6. The modality of map-germs with respect to flattening points.

In the previous sections, we have concentrated ourselves to the case of plane curves. In this section, we deal with the higher dimensional case. A more detailed exposition of the notions introduced in the first two subsections is given in chapter 3.

6.1. The generalized Wronskian. Denote by U a neighbourhood of the origin in the analytic space C^2.

Consider a holomorphic map H : U −→ C with isolated critical points. Notations. Denote by h the Hamilton vector field of H. Let h. be the Lie derivative along the vector field h. We denote by [g_1, . . . , g_n] the determinant whose columns are (h.g_i, h.h.g_i, . . . , h^ng_i). Fix an affine coordinate system in the affine space C^n.

Definition 2.43. The (generalized) Wronskian of a holomorphic map φ : U −→ C^n with respect to H is the determinant

D[φ] = [φ_1, . . . , φ_n].

Remark. The generalized Wronskian depends on the choice of the analytic coordinate-system in C^2 and on the affine coordinate-system in C^n. However, the zero-level set of the generalized Wronskian does not depend on these choices.

In order to simplify the notations, we omit the dependence of the differential operator D on H and on the coordinate systems in C^2 and C^n.

Let p ∈ U be a smooth point of the curve: H_ε = {p ∈ U : H(p) = ε} .

Assume that φ is a holomorphic embedding.

Denote by V_ε the image of the curve H_ε under φ. The proof of the following proposition is analogous to that of proposition 3.3 (see chapter 3 section 1).

Proposition 2.2. a. The curve H_ε intersects the variety {x ∈ C^p : D[φ] = 0} at p if and only if φ(p) is a flattening point of V_ε.

b. A flattening point φ(p) is a degenerate flattening of the curve V_ε if and only the multiplicity of the solution p of the system of equations � H(p) = ε, D[φ](p) = 0.

is strictly higher than one (see figure 12).

6.2. P-equivalence in higher dimensions. The map H together with the function D[φ] contains all the information on the flattening points of the curves V_ε. Once D[φ] is calculated, we forget the affine structure of C^n and we study the orbit of the map:

(H, D[φ]) : U −→ C × C,

Figure 12. The inflection points of V_ε = φ(H_ε) are the images under φ of the intersection points of the curve X = � (x, y) ∈ R^2 : D[φ](x, y) = 0 � with the level-curve H_ε = � (x, y) ∈ R^2 : H(x, y) = ε � . For ε = 1 the curve V_ε has two (real) inflection points that coalesce for ε = 0. The intersection of the curves H_0 and X at the origin is not transversal.

under G-equivalence.

We denote by C^n the n-dimensional complex vector space.

Definition 2.44. Two holomorphic map-germs (H, φ), (H^′, φ^′) : (C^2, 0) −→ (C × C^n, 0) are called P-equivalent if the mapgerms (H, D[φ]), (H^′, D[φ^′]) : (C^2, 0) −→ (C × C, 0) are G-equivalent.

The P-modality of a map germ (H, φ) : (C^2, 0) −→ (C×C^n, 0) is the modality with respect to P-equivalence.

6.3. A lower bound for the P-modality. We fix the dimension n of the affine space C^n.

We now state a theorem giving a lower bound for the P-modality. This theorem is related to some combinatorics.

Denote by T_j the triangle of vertices (0, 0), (j, 0), (0, n − j + 1). Let h_j be the number of integer points lying on the hypotenuse of T_j distinct from the vertices. Let a_j be the number of integer points contained in the interior of T_j.

For j ∈ {1, . . . , n}, we define the integer c_j by:

c_j = max {0, j − a_j − h_j } .

Theorem 2.12. Let H : (C^2, 0) −→ (C, 0) be a holomorphic function-germ with a critical point at the origin. Then, for any holomorphic map-germ φ : (C^2, 0) −→ (C^n, 0) the P-modality of the map-germ (H, φ) is not less than: m = ( n� j=1 c_j ) − (n + 1),

provided that n > 2.

Example 1. Let n = 3. We have three triangles depicted in the left part of figure 13. None of these triangles contains integer points in its interior. Consequently, the numbers a_i vanish a_1 = 0, a_2 = 0, a_3 = 0.

Only the second triangle contains an integer point on its hypotenuse distinct from the vertices, thus the values of the h_j ’s are equal to h_1 = 0, h_2 = 1, h_3 = 0.

We get that the values of the c_j ’s are equal to c_1 = 1, c_2 = 1, c_3 = 3.

According to the theorem, for n = 3 the P-modality of a pair (H, φ), where H has a critical point at the origin is at least equal to 5 − 4 = 1. Example 2. Let n = 4. We have 4 triangles depicted in the right part of figure 13. the values of the a_j ’s are equal to: a_1 = 0, a_2 = 1, a_3 = 1, a_4 = 0.

None of the triangles contains integer points on its hypotenuse distinct from the vertices, thus the values of the h_i’s vanish: h_1 = 0, h_2 = 0, h_3 = 0, h_4 = 0.

We get that the values of the c_j ’s are equal to c_1 = 1, c_2 = 1, c_3 = 2, c_4 = 4.

According to the theorem, for n = 4 the P-modality of a pair (H, φ), where H has a critical point at the origin is at least equal to 8 − 5 = 3. Example 3. Let n = 5. We have 5 triangles (see figure 14). The sequences are: � � � a_1 = 0, a_2 = 1, a_3 = 1, a_4 = 1, a_5 = 0 h_1 = 0, h_2 = 1, h_3 = 2, h_4 = 1, h_5 = 0 c_1 = 1, c_2 = 0, c_3 = 0, c_4 = 2, c_5 = 5 According to the theorem, for n = 5 the P-modality of a pair (H, φ), where H has a critical point at the origin is at least equal to 8 − 6 = 2. Remark that the first triangle and the last do not contain integer points in their interior, thus c_1 + c_n = n + 1.

Moreover the values of c_{n−1} are easily computed. We have the equalities

c_{n−1} = � � � n−1 2 for n odd n 2 for n even Thus we have the following corollary of theorem 2.12.

Corollary 2.1. Let H : (C^2, 0) −→ (C, 0) be a map-germ with a critical point at the origin. Then, for any map-germ φ : (C^2, 0) −→ C^n the Pmodality of the map-germ (H, φ) is at least equal to^{n−1}_2 provided that n > 2.

In particular the list of the P-simple map-germs for map-germs of the type

(H, φ) : (C^2, 0) −→ (C × C^n, 0)

such that H has a critical point at the origin coincides with the list of the P-simple function germs of section 4.

Figure 13. Counting a lower bound of the P-modality by means of combinatorics for the cases n = 3 and n = 4.

Figure 14. Counting a lower bound of the P-modality by means of combinatorics for the case n = 5.

6.4. Vanishing flattening points at a node singular point. We now state a simple theorem generalizing theorem 2.6. This theorem is related to the lower bound for the P-modality given in theorem 2.12, as we shall see in chapter 6.

In this subsection, H : U −→ C denotes the map defined by H(x, y) = xy. Here U is a neighbourhood of the origin in the analytic space C^2 with a fixed coordinate-system.

Consider a non-constant holomorphic map φ : U −→ C^n where C^n denotes the n-dimensional complex vector space. For simplicity, assume that φ preserves the origin that is φ(0) = 0 holds.

Denote by V_ε the image of the curve H^{−1}(ε) under the holomorphic map φ.

Definition 2.45. A value x ∈ C for which there exists y such that φ(x, y) is a flattening point of V_ε, with ε = H(x, y), is called a label of a flattening point of V_ε.

We use the old-fashioned language of multi-valued functions. Thereafter, we explain how to avoid it.

We shall prove the following theorem in chapter 6 section 1 (compare chapter 1, section 2).

Theorem 2.13. The vanishing flattening points of the curves V_ε when ε → 0, are given n-labels. These labels are (n + 1)-valued function x_1, . . . , x_n of the type:

x_i(ε) = a_iε^{in+1} + o(ε^{in+1} ), provided that φ : (C^2, 0) −→ (C^n, 0) is generic^5.

Remark 1. There are n labels each of them is n+1-valued. Thus the number of vanishing flattening at a ”generic” Morse singular points is n(n+1). This is in accordance with the generalized Plücker formula (theorem 2.1 of page 18).

Remark 2. To avoid using multi-valued function put ε = t^{n+1}. Then, for each i ∈ {1, . . . , n}, instead of one (n + 1)-valued function x_i we get (n + 1) holomorphic functions x_{i,1}, . . . , x_{i,(n+1)} of the type:

x_{i,k} = a_iω^kt^i + o(t^i),

where ω = e^{2iπn+1} .

Theorem 2.13 does not give only the number of ”vanishing flattening points”, it also gives the monodromy of the vanishing flattening points that is how the points permute when ε makes a turn around the origin. The monodromy is one of the so-called projective topological invariants that we shall study. The multi-valued functions giving the vanishing flattening points are the continuous invariants related to the extrinsic projective structure. Whereas the monodromy and the number of vanishing flattening points are discrete invariants related to it.

5In the space of k-jets J k_0 (C2, Cn) the set of maps that do not satisfy this theorem

form a semi-algebraic variety of codimension at least one, for any k > n.

7. Projective-topological invariants.

7.1. Introduction. In [Arn10], Arnold introduced the notion of projective topological invariant of a variety in real or complex projective plane. It is a discrete invariant of the variety defined by means of the projective structure. For example the number of inflection points of a plane curve is a projective topological invariant.

Now, a local projective topological invariant (abbreviated P T -invariant) of a holomorphic function f : U −→ C is a discrete invariant depending on the projective structure CP^2. Here U ⊂ CP^2 denotes an open neighbourhood. That an invariant of a holomorphic function f : U −→ C depends only on the projective structure means that for any projective transformation A ∈ P GL(2, C), the invariant take the same value for f and for f ∘ A. As a general rule, we consider the open subset U of the affine plane C^2 and not in CP^2. This means that there exists a complex line L ⊂ CP^2 which does not intersects U. The affine plane C^2 is identified with CP^2 \ L. The projective-topological of a holomorphic function f : U −→ C should not depend on the choice of the line L.

We already encountered a projective-topological invariant of a function: the sequence giving the number of vanishing flattening points at the critical points of the function.

Assume that f has just one critical point in U. Then, the number of inflection points of the plane holomorphic curves:

V_ε = {(x, y) ∈ U : f(x, y) = ε} ,

that vanish at that critical point of f when ε approaches the corresponding critical value is a P T -invariant of f.

For example, we saw that the number of vanishing inflection points at a generic Morse critical point of a holomorphic function is equal to^6 6 ([Pl]). The general formula for the number of vanishing flattening points of a family of curves at a singular point was given in section 2. We now turn on to subtler P T -invariants.

7.2. P T -invariants of a family of curves. Let (V_λ), λ ∈ Λ be a family of holomorphic curves in C^2. We recall that the values of the parameters λ ∈ Λ for which the curve V_λ is either singular or has a degenerate inflection point is called the Plücker-discriminant (abbreviated P-discriminant) of the family (V_λ) (see section 3).

Definition 2.46. A family of curves (V_λ), λ ∈ Λ is called good provided that:

- for any λ ∈ Λ, the number of inflection points of the curve V_λ does not

6According to our classification by P-singularity types (see section 4), f : U −→ C has

a generic critical point at p ∈ U means that the germ of f at p belongs to the P-singularity class PA1.

depend on the choice of λ, - the P-discriminant of (V_λ) is a variety of codimension one.

Example. Let B_r = {ε ∈ C :| ε |< r}, B̃_r = � (x, y) ∈ C^2 :| x |^2 + | y |^2< r^2 � . The family of complex holomorphic curves (V_λ), λ ∈ B_3:

V_λ = � (x, y) ∈ B̃_2 : y = x^3 + λ � is not good. For | λ |< 2, the curve V_λ has one inflection point. For | λ |≥ 2 it has no inflection point. The ”subfamily” (V_λ), λ ∈ B_1 is good.

Definition 2.47. The P T -covering (read projective-topological covering) of a good family of curves (V_λ), λ ∈ Λ is the covering:

1. whose base is B = Λ \ Σ, where Σ denotes the P-discriminant of (V_λ) . 2. whose fibre at a point λ ∈ B is the set of inflection points of the curve V_λ ⊂ C^n.

Remark. It is readily seen that the P T -covering is locally trivial (just apply the implicit function theorem).

Definition 2.48. The P T -fundamental group (read projective-topological fundamental group) of a good family of curves (V_λ) is the fundamental group of the complement Λ \ Σ of the P-discriminant Σ of (V_λ).

Definition 2.49. The P T -monodromy group (read projective-topological monodromy group) of a good family of curves is the monodromy group of the P T -covering.

Example. Consider the family (V_λ), λ ∈ C of holomorphic plane curves defined by: V_λ = � (x, y) ∈ C^2 : y = x^4 − 6λx^2 � . Obviously, the Plücker discriminant Σ ⊂ C of this family is Σ = {0}. The curve V_λ has two inflection points namely p_± = (± √ λ, −5λ^2) provided that λ ≠ 0. The curve V_λ is parameterized by its first coordinate. Thus, the P T -covering of (V_λ) is biholomorphically equivalent to the covering:

C^∗ −→ C^∗ α → α^2.

where C^∗ = C \ {0}.

Indeed (α, −5α^4) and (−α, −5α^4) are the inflection points of V_λ for λ = α^2. Consequently, we get that:

1) the P T -fundamental group of the family (V_λ) is π_1(C^∗) = Z, 2) the P T -monodromy group of the family (V_λ) is Z_2.

7.3. P T -invariants of holomorphic functions. Let U be an open neighbourhood in the affine complex plane C^2.

Let f : U −→ C be a holomorphic function with μ Morse critical points of P-singularity class PA_1 (roughly speaking ”generic Morse critical points”).

Figure 15. Vanishing inflection points at a generic Morse critical point of a holomorphic function f from the topological view-point (compare with figure 1 of page 18). The complex curve of equation f = ε is locally homeomorphic to a cylinder provided that ε ≠ 0. The inflection points are 6 marked points on the cylinder. When ε goes to zero the 6 points converge towards the singular point of the cone.

Denote by ε_1, . . . , ε_μ the corresponding critical values. Assume that the curves:

V_ε = {(x, y) ∈ U : f(x, y) = ε} , have non-degenerate inflection points except for a finite number of values ε = v_1, . . . , v_p.

The holomorphic curve V_ε is a Riemann surface for ε /∈ {ε_1, . . . , ε_μ}. When ε approach a critical value of f some of the inflection points vanish at the corresponding critical point.

From the topological view-point the local ”behaviour” at a Morse critical point of the type PA_1 is shown schematically in figure 15. Indeed, assume that f has a Morse critical point at the origin of critical value equal to zero.

Then, the intersection of the surface V_ε with a small ball B centered at the origin is:

- homeomorphic to a cylinder provided that ε ≠ 0 is small enough, - homeomorphic to a cone for ε = 0.

To see it, just apply the Morse lemma stating that there exists (non-affine) coordinates x̃, ỹ such that in this coordinates f is given by

f(x̃, ỹ) = x̃ỹ.

Now, the curve V_ε ⊂ C^2 has 6 inflection points vanishing at the critical point of the cone (Plücker formula again). These considerations “explain” figure 15. Definition 2.50. A holomorphic function f : U −→ C is called good provided that the family of curves (V_ε) defined by:

V_ε = {(x, y) ∈ U : f(x, y) = ε}

for ε ∈ f(U) is good.

Definition 2.51. The P T -covering of a good function f : U −→ C is the P T -covering of the family of curves:

V_ε = {(x, y) ∈ U : f(x, y) = ε} .

Definition 2.52. The P T -monodromy group of a good function f : U −→ C is the P T -monodromy group of the family of curves:

V_ε = {(x, y) ∈ U : f(x, y) = ε} .

We now define a braid group related to the projective structure. First, we recall some basic definitions from topology.

Definition 2.53. The configuration space B(X, k) of a topological manifold X is the topological space of k pairwise distinct unordered points on X:

B(X, n) = {{x_1, . . . , x_n} : x_l ∈ X, x_j ≠ x_k for j ≠ k} .

Definition 2.54. The (classical) braid group on k strands, denoted Br(k), is the fundamental group of the configuration space B(C, k).

We come back to our discussion.

We shall use the notations D = f(U), D^′ = D \ {ε_1, . . . , ε_μ, v_1, . . . , v_p} . Choose a base point α^∗ ∈ D^′. Fix a closed loop α ⊂ D^′ starting at α^∗. The inflection points of V_ε lie on the intersection of V_ε with the smooth part of the Hessian curve X of f.

When t varies, the points of intersection of V_{α(t)} with the Hessian curve X vary continuously with t. Consequently each element of the fundamental group π_1(D^′) gives rise to an element of π_1(B(Ẋ, k)) where Ẋ is the smooth part of the Hessian curve X.

Definition 2.55. The image of the group π_1(D^′) in π_1(B(Ẋ, k)) is called the PT-braid group of the holomorphic function f : U −→ C.

Definition 2.56. The P T -invariants defined above are called the fundamental P T -invariants of the holomorphic function f.

Example. Let f : B_δ −→ C be a holomorphic function with a Morse critical point at the origin. Here B_δ ⊂ C^2 denotes the closed ball centered at the origin of radius δ. Assume that the germ of f at the origin belongs to the P singularity class PA_1. Roughly speaking ”the origin is a generic Morse critical point”.

Let Δ_f be the Hessian determinant of f.

Theorem 2.6 asserts that the germ at the origin of (f, Δ_f ) is G-equivalent to the map germ (C^2, 0) −→ (C × C, 0) (x, y) mapsto (x^3 + y^3, xy).

This means that there exists r ≤ δ such that for any ε ∈ f(B_r), ε ≠ 0, the two following facts hold.

1) The inflection points of V_ε = {(x, y) ∈ B_r : f(x, y) = ε} are in one-to-one (biholomorphic) correspondence with the solutions of the system of equations (6) � x^3 + y^3 = ε, xy = 0.

2) The Hessian curve of f is biholomorphically equivalent to the curve {(x, y) ∈ B_r : xy = 0}.

Consequently the Hessian curve is homeomorphic to a cone. As an immediate corollary of 1) and 2), we get that the P T -invariants of the restriction of f to B_r (under the smallness assumptions of r and ε stated above) are as follows (compare chapter 1 section 2): - the P T -braid group of f is isomorphic to the group Z, - the P T -monodromy group of f is isomorphic to the cyclic group Z_3 of order 3.

7.4. Plücker functions and the fundamental P T -invariants of a function-germ. Denote by B_r the closed ball of radius r centered at the origin in the complex two dimensional vector space C^2. By analogy with Morse functions, we define Plücker functions.

Definition 2.57. A holomorphic function g : B_δ −→ C is called a Plücker function if the conditions 1,2,3,4,5 below are satisfied. Denote by V_ε the curve

V_ε = {p ∈ B_δ : g(p) = ε}

1) g is a Morse function, 2) there are only a finite number of values of the parameter ε ∈ g(B_δ ) for which the curve V_ε has a degenerate inflection point, 3) the anomaly sequence at a degenerate inflection point of a curve V_t is equal to (2), 4) the number of singular points of a curve V_t plus the number of degenerate inflections of it is at most equal to one, 5) the Hessian curve of g is transverse to the boundary of the ball B_δ.

By analogy with the Morsification of a function germ, we define the Plückerization of a function germ.

Recall that for a given holomorphic function-germ f : (C^2, 0) −→ (C, 0), N(f) is the number of vanishing flattening points of f (see page 17). Denote by D the unit disk of C centered at the origin.

Definition 2.58. A Plückerization of a holomorphic function-germ f : (C^2, 0) −→ (C, 0) with an isolated critical point at the origin is any Morse function g : B_δ −→ C for which there exists a holomorphic function G : D × B_δ −→ C satisfying the conditions 1,2,3,4 below. 1) The germ of G(0, .) at the origin is equal to f and g_1 = g. 2) for any t ∈]0, 1], g_t has exactly μ(f) distinct Morse critical points of the type PA_1 with distinct critical values in the interior of B_δ, 3) for any (t, ε) /∈ Σ, V_{t,ε} has exactly N(f) distinct inflection points in the interior of B_δ, 4) for each t ∈]0, 1], the function G(t, .) is a Plücker function.

Remark. Like for the Morsification, a Plückerization of a function germ is not always possible. Take for example the function-germ f : (C^2, 0) −→ (C, 0) defined by f(x, y) = xy.

Note that the zero-level set of f consists of two lines (and consequently is not a triangular curve).

The Hessian of f is equal to Δ_f (x, y) = 2xy. In particular, the multiplicity at the origin of the system of equations � f(x, y) = 0, Δ_f (x, y) = 0

is undefined.

However such cases are of infinite codimension in the space of functiongerms at the origin. If a function germ f : (C^2, 0) −→ (C, 0) admits a Pversal deformation then one can construct the Plückerization from it (in the same way that the Morsification can be defined using a versal deformation [AVGL1]).

Definition 2.59. The fundamental P T -invariants of a holomorphic functiongerm f : (C^2, 0) −→ (C, 0) are the fundamental P T -invariants of any Plückerization of f.

Remark. It is readily verified that the fundamental P T -invariants of a holomorphic function-germ do not depend on the choice of the Plückerization.

7.5. Computation of some of the P T -invariants for the P-simple singularities. We first need a definition. The P T -braid group of a holomorphic function is a subgroup of the fundamental group of a configuration space B(Ẋ, k). Here Ẋ is a holomorphic curve (the smooth part of a Hessian curve). Assume that the closure X of Ẋ has only one singular point. Let ~X −→ X be a resolution of the singular point. We get an inclusion map:

F : B(Ẋ, k) −→ B( ~X, k)

which induces a group homomorphism

F_∗ : π_1(B(Ẋ, k)) −→ π_1(B( ~X, k)) between the fundamental groups of both space. We call this (injective) group homomorphism, the forgetting homomorphism (because we forget the singular point).

Theorem 2.14. The image of the P T -braid groups Br(Y ) for f ∈ Y under the forgetting homomorphism is as follows (in particular it does not depend on the choice of the resolution):

F_∗(Br(PA_1)) = Z, F_∗(Br(PA^p_1)) = Br(3 + p) ⊕ Z, F_∗(Br(PA^{p,q}_1 )) = Br(3 + p) ⊕ Br(3 + q).

Here p, q denote strictly positive integers.

Theorem 2.15. The P T -monodromy group S(Y ) of the P-simple function germs f ∈ Y are given by the following list:

S(PA_1) = Z_3, S(PA^p_1) = Z_3 ⊕ S_{p+3}, S(PA^{p,q}_1 ) = S_{p+3} ⊕ S_{q+3}, S(PA_2) = SL(2, Z_3).

Here:

1. Z_3 is the cyclic group of order 3. 2. S_k is the permutation group on k elements.

3. SL(2, Z_3) is the group of invertible linear transformation in the two dimensional vector space (Z_3)^2 over the field Z_3. And p, q denote strictly positive integers.

Theorem 2.14 and theorem 2.15 are direct corollaries of theorem 2.11. For the description of the P T -fundamental groups, we will use Dynkin type diagrams.

Notation. We consider the free group G generated by a_1, . . . , a_k. Each circle of the diagram represents an a_i. We describe the subgroup R of G giving the relation. A line between two circles corresponding to a_i, a_{i+1} means that a_ia_{i+1}a_i(a_{i+1}a_ia_{i+1})^{−1} ∈ R. A double line means that (a_ia_{i+1})^4(a_{i+1}a_i)^{−4} ∈ R. The minimal invariant subgroup H containing R is called the relation subgroup. That is H is generated by the elements of R and by all their conjugates. The group corresponding to the Dynkin diagram is G/H.

Let F : (C^k × C^2, 0) −→ (C, 0) be a P-versal deformation . Take a representative F̄ : Λ × U −→ C of the function germ F . Denote respectively by B̃_r ⊂ C^2 and B_δ ⊂ C^k × C the closed balls of radius r and δ centered at the origin in C^2 and in C^k. Consider the family of curves:

V_{λ,ε} = � p ∈ U : F̄ (λ, p) = ε � .

Theorem 2.16. Assume that F (0, .) is a P-simple function-germ. Then, for any r, δ small enough the P T -fundamental group of the family of curves (V_{λ,ε} ∩ B̃_r), (λ, ε) ∈ B_δ is given by one of the Dynkin type diagrams of figure 16.

Figure 16. Dynkin type diagrams for the P-fundamental groups of the P-simple singularities.

The proof of this theorem is given in chapter 5. It requires the construction of a Lyaschko-Loojenga type mapping (see below).

7.6. A K(π, 1) theorem for P-simple singularities.

Definition 2.60. A connected topological space X is called a K(π, 1) space if π_i(X) = 0 for all i > 1.

One of the classical questions in singularity theory is the problem of knowing if the complement of a discriminant or of a bifurcation diagram is a K(π, 1) space or not.

Consider a holomorphic function G : Λ × B_r −→ C and the family of curves:

V_{λ,ε} = {p ∈ B_r : G(λ, p) = ε} .

Here B_r denotes the closed ball of radius r centered at the origin in the vector space C^2.

Definition 2.61. The P-bifurcation diagram of the holomorphic function G : Λ × B_r −→ C is the set of values of the parameter λ ∈ Λ for which G(λ, .) is not a Plücker function.

For the definition of a Plücker function see page 52.

Let F : (C^k × C^2, 0) −→ (C, 0) be a P-versal deformation . Take a representative F̄ : Λ × U −→ C of the function-germ F . Denote respectively by B_δ ⊂ C^k and B̃_r ⊂ C^2 the open balls of radius r and δ. Let F_{δ,r} be the restriction of F̄ to B_δ × B̃_r.

Theorem 2.17. If F (0, .) is a P-simple function germ then for any (δ, r) small enough the complement of the P-bifurcation diagram of F_{δ,r} is a K(π, 1) space.

Remark. I do not know whether a similar theorem does hold for P-discriminants or not.

The proof of this theorem is given in chapter 5. It is based on the construction of a variant of the Lyaschko-Loojenga mapping, that we shall give in the next subsection.

7.7. A Lyaschko-Loojenga mapping for PA^{p,q}_1 . We keep the same notations than those of the preceding subsection.

Definition 2.62. The P T Lyaschko-Loojenga mapping is the map sending λ ∈ B_δ \ Δ to the polynomial whose roots are: 1) the critical values of F_{δ,r}(λ, .) and, 2) the values of ε for which the curve V_{λ,ε} = � p ∈ B̃_r : F (λ, p) = ε � has a degenerate inflection point.

Using the covering property of the usual Lyaschko-Loojenga mapping ([Arn4], [Loo]), theorem 2.11 implies the following result (the details are given in chapter 5).

Theorem 2.18. If f ∈ PA^{p,q}_1 then the P T Lyaschko-Loojenga mapping of F_{δ,r} defines a covering onto its image provided that r and δ are small enough. Moreover, the image of this P T Lyaschko-Loojenga mapping is diffeomorphic to the complement of the discriminant of the direct product B_p × B_q of the Coxeter group B_p and B_q.

CHAPTER 3

The generalized Hessian.

Consider a non-constant holomorphic function f : U −→ C, where U denotes an open neighbourhood of the affine complex plane C^2. The inflection points of a plane holomorphic curve:

V = {(x, y) ∈ U : f(x, y) = 0}

can be computed in terms of f.

Indeed, we saw in chapter 2, section 4 that one can consider a determinant Δ_f called the bordered Hessian of f such that the points of inflection of V lie on the curve X = {(x, y) ∈ U : Δ_f (x, y) = 0} .

The curve X_f is called the Hessian curve. In this chapter, we generalize this fact to higher dimensions.

Let U be an open neighbourhood in the affine space C^n. Fix a complete intersection map: f : U −→ C^{n−1}

whose level-curves have isolated flattening points.

Given an affine coordinate-system in C^n, we construct a holomorphic function Δ_f : U −→ C called the generalized Hessian determinant. The function Δ_f satisfies the following property: the flattening points of the level curves of f lie on the hypersurface:

X = {p ∈ U : Δ_f (p) = 0} .

The hypersurface X ⊂ C^n will be called the Hessian hypersurface. We also study an analog of the bordered Hessian for the case of non-affine coordinatesystems.

We apply these techniques in order to generalize Plücker formula giving the number of vanishing inflection points at node and cusp singular points of space curves to higher dimensions.

1. The Hessian hypersurface.

1.1. The Hessian equation in affine coordinates. Let U be an open neighbourhood in the affine space C^n.

In all this subsection we fix an arbitrary complete intersection map:

f : U −→ C^{n−1} and an affine coordinate system x = (x_1, . . . , x_n) in C^n.

The calculation of the equation of the Hessian hypersurface (in case it is a hypersurface) is based on the choice of parameterizations of the curves V_ε. These parameterizations are given by the time of the so-called generalized Hamilton vector field that we shall now define.

We consider the restriction to U ⊂ C^n of the differential n-form:

ω = dx_1 ∧ . . . ∧ dx_n.

We denote abusively this restriction by the same symbol ω. First, we recall the following definition.

Definition 3.1. The interior product i_X ω of ω with the vector field X is the n − 1 differential form defined by:

∀p ∈ U, i_X ω takes the value ω(p)(X(p), Y_1, . . . , Y_{n−1}) on arbitrary vectors Y_1, . . . , Y_{n−1} of the tangent plane to C^n at p.

The following proposition is straightforward ([AVGL2]).

Proposition 3.1. There exists a unique holomorphic vector field X_f such that i_{Xf} ω = df_1 ∧ . . . ∧ df_{n−1}.

Remark. The Hamilton vector-field X_f of f depends on the choice of the affine coordinates in C^n.

Definition 3.2. The vector-field of the previous proposition is called the (generalized) Hamilton vector field of f.

Remark 1. The time differential of the Hamilton vector-field is defined by dx_1 ∧ . . . ∧ dx_n df_1 ∧ . . . ∧ df_{n−1} . Remark 2. The Hamilton vector-field depends on the choice of the affine coordinate system.

Example 1. If n = 2, then the Hamilton vector field of f : U −→ C is given by the formula X_f = (∂_{x2} f)∂_{x1} − (∂_{x1} f)∂_{x2} .

Definition 3.3. The (generalized) Hessian determinant Δ_f of f is the determinant of the matrix whose k^{th} column is formed by the k^{th} derivatives of the coordinates x = (x_1, . . . , x_n) with respect to the Hamilton vector field of f for 1 ≤ k ≤ n.

Definition 3.4. The Hessian hypersurface of f : U −→ C^{n−1} is the zero level-set of the holomorphic function Δ_f .

Example. Assume that n = 2 and that f : C^2 −→ C is defined by the polynomial f(x_1, x_2) = x_2 − x^3_1.

Then, the Hamilton vector-field of f is equal to

X_f = ∂_{x1} + 3x^2_1∂_{x2} .

In the old-fashioned notations, the Hamilton vector-field is defined by the Hamilton differential equations � ẋ_1 = 1, ẋ_2 = 3x^2_1.

The Hessian determinant Δ_f is equal to: � � � 1 3x^2_1 0 6x_1 � � � = 6x^1.

Straightforward computations show that we get the same result by computing the bordered Hessian of f (defined at page 31).

The Hessian curve of f is the plane curve of equation equation x_1 = 0.

Fix a point called 0 in C^n. The proof of the following proposition is obvious (see also lemma 3.1 of page 60).

Proposition 3.2. Let A : C^n −→ C^n be a linear non-degenerate map then the following equality holds

Δ_{f∘A} = k(Δ_f ∘ A)

with k = (detA)^{n(n+1)−1}.

Thus up to a multiplicative non-zero constant, the function Δ_f does not depend on the choice of the affine coordinate system. Consider the curve V = {x ∈ U : f(x) = 0}.

Proposition 3.3. a. The curve V intersects the Hessian hypersurface X = {x ∈ U : Δ_f (x) = 0} at a smooth point p of V if and only if p is a flattening point of V (see figure 1).

b. A flattening point p ∈ V having an anomaly sequence equal to (a_1, . . . , a_k) is a solution of the system of equations � f(p) = ε, Δ_f (p) = 0

of multiplicity

�_k i=1 a_1 (see figure 1, page 1).

1.2. Proof of proposition 3.3. Consider a biholomorphic map φ : U −→ U^′ where U and U^′ denote open neighbourhoods in affine space C^n. Fix affine coordinates x = (x_1, . . . , x_n) in C^n.

Denote respectively by T U and T U^′ the holomorphic tangent bundles over U and U^′.

The map φ sends a holomorphic vector field X : U^′ −→ T U^′ to a holomorphic vector field Y : U −→ T U by:

Y (x) = ((Dφ)(x))^{−1}X(φ(x)).

Here D denotes the derivative of φ. The map (Dφ)(x) is a linear map from T_xU to T_{φ(x)}U^′. Hence ((Dφ)(x))^{−1} is a linear map from T_{φ(x)}U^′ to T_xU. We use the notation Y = φ^∗X.

Lemma 3.1. Let f : U −→ C^{n−1}, g : U^′ −→ C^{n−1} be two holomorphic maps such that g = f ∘ φ. Then the Hamilton vector fields X_f , X_g of f and g satisfy the relation X_f (x) = det(B)(φ^∗X_g)(x), where B : T_xU −→ T_{φ(x)}U^′ denotes the linear map (Dφ)(x).

Proof.

Let Y_1, . . . , Y_n be arbitrary vectors of the tangent plane at x ∈ C^n. The map B = (Dφ)(x) sends a vector Y_i of tangent plane at x ∈ U to the vector BY_i of the tangent plane at φ(x) ∈ U^′. Moreover:

(df_1∧. . .∧df_{n−1})(x).(Y_1 . . . , Y_{n−1}) = (dg_1∧. . .∧dg_{n−1})(φ(x)).(BY_1 . . . , BY_{n−1}).

The definition of the Hamilton vector field implies:

(dg_1∧. . .∧g_{n−1})(φ(x)).(BY_1 . . . , BY_{n−1}) = ω(φ(x))(X_g (φ(x)), BY_1, . . . , BY_{n−1}).

Put ξ(x) = B^{−1}(X_g(φ(x))). We get:

ω(φ(x))(X_g (φ(x)), BY_1, . . . , BY_{n−1}) = det(B)ω(x)(ξ(x), Y_1, . . . , Y_{n−1}).

Hence X_f (x) = det(B)ξ(x). Lemma is proved.

Lemma 3.1 implies that in order to prove proposition 3.3, we can use an arbitrary affine coordinate-system in C^n.

Recall that we consider only triangular curves. This means that the germ of V at a smooth point p is parameterized by a triangular holomorphic map-germ of the type

γ : (C, 0) −→ (C^n, 0) t −→ (t + (. . . ), t^{α2} + (. . . ), . . . , t^{αn} + (. . . )),

with 0 < α_2 < · · · < α_n. Here the dots stand for higher order terms in the Taylor series.

Recall from chapter 2 section 1 that by definition the anomaly sequence (a_1, . . . , a_k) of the point p ∈ V_ε is defined by

a_1 = α_n − n, . . . , a_{n−j+1} = α_j − j

where j is the least number such that α_j − j > 0.

Take the point p for the origin of the time τ of the Hamilton vector-field. The time τ of the Hamilton vector-field X_f can be expressed as a holomorphic function h of the parameter t.

The proof of the following lemma is straightforward.

Lemma 3.2. The Taylor expansion at the origin of the holomorphic function h is of the type h(t) = ct + o(t) with c ≠ 0.

The restriction of the Hessian determinant Δ_f to V can be expressed as a holomorphic function δ of the parameter t.

By definition, the order of δ at the origin is equal to the multiplicity of intersection of the system f = 0, Δ_f = 0.

Denote by W the determinant whose k^{th} column is the k^{th}-derivative of γ with respect to t.

Lemma 3.2 implies that the order of W at the origin is equal to the order of δ at the origin.

By straightforward computations, we get:

W (t) = ct^k + o(t^k),

where k =

�_k i=1 a_i, c ≠ 0. Proposition 3.3 is proved.

Figure 1. Two examples of Hessian curves. At a nondegenerate inflection point the Hessian curve intersects transversally the level curve (left part).

1.3. The Hessian equation in non-affine coordinates. Denote by U a neighbourhood of the origin in the analytic space C^p. Consider a complete intersection map H : U −→ C^{p−1} and a holomorphic map φ : U −→ C^n with n ≥ p.

We fix a coordinate system in C^p and denote by h the (generalized) Hamilton vector field of H defined in the preceding subsection. Recall that this vector field depends on the choice of the coordinate system. Let h. be the Lie derivative along the vector field h. We denote by [g_1, . . . , g_n] the determinant whose k^{th} column is given by (h.g_k, h.h.g_k , . . . , h^ng_k).

Definition 3.5. The generalized Wronskian of the map φ (with respect to h) is the determinant D[φ] = [φ_1, . . . , φ_n].

Remark. In order to simplify the notations, we omit the dependence of the differential operator D on H and on the coordinate system.

Let m ∈ U be a smooth point of the curve:

H_ε = {z ∈ U : H(z) = ε} .

Assume that φ : U −→ C^n is a holomorphic embedding.

Denote by V_ε the image of the curve H_ε under φ. The proof of the following proposition is analogous to that of proposition 3.3.

Proposition 3.4. a. The curve H_ε intersects the variety {x ∈ C^p : D[φ] = 0} at m if and only if φ(m) is a flattening point of V_ε. b. The multiplicity of the solution m of the system of equations � H(m) = ε, D[φ](m) = 0

is equal to

�_k i=1 a_i where (a_1, . . . , a_k) is the anomaly sequence of the point φ(m) ∈ V_ε (see figure 2).

Example 1. Consider the pair H(x, y) = y, φ(x, y) = (x, x^4 + yx^2 + y).

The Hamilton vector field of H is h = ∂_x.

We get the following values for the derivatives of φ along the Hamilton vector-field h � (h.φ)(x, y) = (1, 4x^3 + 2yx), (h.h.φ)(x, y) = (0, 12x^2 + 2y).

Consequently, the function D[φ] evaluated at (x, y) is equal to

D[φ] = 12x^2 + 2y.

We apply proposition 3.4. The image of the curve H_ε = � (x, y) ∈ C^2 : y = ε � under φ has two non-degenerate inflection points provided that ε ≠ 0. It has a degenerate inflection point at the origin if ε = 0 (see figure 2). Take ε ∈ R. If ε > 0 the two inflection points are real. If ε < 0 the two inflection points are complex conjugate.

Another fundamental example was given in chapter 1, section 2.

1.4. Vanishing flattening points at a Morse double point. In this subsection, we prove proposition 3.5 cited below. This proposition is a particular case of the generalized Plücker formula. The flattening points of a curve are counted with multiplicities. Denote by H : (C^2, 0) −→ (C, 0) the holomorphic function-germ defined by

H(x, y) = xy.

Proposition 3.5. For a generic holomorphic map φ : (C^2, 0) −→ (C^n, 0) the number N of vanishing flattening points of the curves φ̄(H̄_ε) when ε −→ 0 is equal to n(n + 1) for any representatives φ̄, H̄ of the germs of φ and H. Remark. The word generic means that in the space of N-jets at the origin of such map-germs, the set of map-germs that do not satisfy the theorem form a semi-algebraic variety of codimension at least one for any N > n.

Figure 2. The inflection points of V_ε are the images under φ of the intersection points of the curve X = � (x, y) ∈ C^2 : D[φ](x, y) = 0 � with H_ε = � (x, y) ∈ C^2 : H(x, y) = ε � . For ε = 1 the curve V_ε has two real inflection points that coalesce for ε = 0. The intersection of the curves H_0 and X at the origin is not transversal.

Proof.

Proposition 3.4 implies that the number N is equal to the multiplicity of the solution x = 0, y = 0 of the system of equations (7) � H(x, y) = 0 D[φ](x, y) = 0

The plane curve-germ of equation H = 0 is the germ at the origin of the two coordinate axis in the plane x, y.

Denote respectively by δ_1, δ_2 : (C, 0) −→ (C, 0) the holomorphic functiongerm obtained by substituting x by 0 and y by 0 in D[φ]. The holomorphic function-germ δ_i is of the form:

δ_i(t) = c_it^{Ni} + o(t^{Ni} ),

with i = 1 or i = 2.

By definition of the multiplicity of a solution of a system of equations, the number N is equal to N_1 + N_2.

Let ψ : (C, 0) −→ (C^n, 0) be the restriction of the map φ : (C^2, 0) −→ (C^n, 0) to the line of equation y = 0.

The holomorphic map ψ can be represented in the form

ψ(t) = a_1t + · · · + a_nt^n + o(t^n)

where the a_i’s are vectors of C^n.

If the map φ is generic then the a_i’s form a basis of C^n.

Denote by D the restriction of the derivation along the Hamilton vector field of H to y = 0.

In the basis a_1, . . . , a_n, the function-germ δ_1 is the determinant of the matrix whose k^{th} column is

(8) (Dt^k, D^{(2)}t^k, . . . , D^{(n)}t^k),

where D^{(m)} is the m^{th} derivative with respect to D.

Lemma 3.3. We have the equality Dt^k = kt^k for any integer k > 0.

Proof.

The Hamilton differential equations are: (9) � ẋ(x, y) = x ẏ(x, y) = −y The first equation of the system can be interpreted as follows. The derivative of the linear function (x, y) → x along the Hamilton vectorfield is equal to (x, y) → x. Consequently the derivative of the function t with respect to D satisfies the equality Dt = t. This proves the lemma.

This lemma implies that the expression (8) is equal to

t^k(k, k^2, . . . , k^n).

Consequently, the first term appearing in the Taylor series at the origin of δ_1 with a possibly non-zero coefficient is the determinant of the matrix

t^{n(n+1)2} � � � � 1 2 3 . . . n 1 2^2 3^2 . . . n^2 . . . . . . . . . . . . . . . 1 2^n 3^n . . . n^n.

� � � � Thus, we get the equality

δ_1(t) = c_1t^{n(n+1)2} + o(t^{n(n+1)})

where c_1 is the Vandermonde determinant of (1, 2, . . . , n) times n!, in particular c_1 ≠ 0.

Similarly, we get the equality

δ_2(t) = c_2t^{n(n+1)2} + o(t^{n(n+1)})

with c_2 ≠ 0.

From this two last equalities, we deduce that the multiplicity of the solution x = 0, y = 0 of the system (7) is equal to n(n + 1). Proposition is proved.

2. Generalized Plücker formulas.

The techniques introduced in the preceding chapter allow us to generalize Plücker’s theorem on the 6 vanishing inflections at a ”generic” Morse critical point. The proof is related to the classical Poncelet-Plücker formula and to polar varieties. So, we would like to make a digression on this subject and prove a generalization of the Poncelet-Plücker formula. This digression will show the relationship between vanishing flattening and polar varieties. We point out that the generalized Poncelet-Plücker formula giving the degree of the dual curve to a given curve that we will obtain is not new. Indeed, B. Teissier obtained a generalization of the Poncelet-Plücker formula to hypersurfaces ([Tei2]). Teissier’s formula was completed by Kleiman ([Kl]) who obtained a formula much more general than ours. However, our proof is elementary and lies on our way^1. Hence, we have thought that it was worthwhile to present it and to relate it to the calculation of vanishing flattening points.

2.1. The classical Poncelet-Plücker formula. The dual projective space (CP^n)^∨ to CP^n is the space of the hyperplanes of CP^n. The space (CP^n)^∨ can be identified with CP^n. Indeed:

- a point of CP^n is a complex line in C^{n+1} passing through the origin, - a point in (CP^n)^∨ is a complex hyperplane in C^{n+1} passing through the origin.

Fix an Hermitian product in C^{n+1}. Then, to a complex hyperplane passing through the origin corresponds the Hermitian orthogonal complex line passing through the origin.

Let V ⊂ CP^n be an algebraic manifold.

If V is smooth then the dual variety V^∨ to V is the variety formed by the hyperplanes tangent to V in dual projective space (CP^n)^∨ . If V has isolated singular points then the dual variety is the closure of the dual variety of the smooth part of V .

Consider an algebraic curve V of degree d in projective space CP^2. First assume that V is smooth. According to Poncelet ([Poncelet]), the degree d^∨ of the dual curve to V is given by the formula

d^∨ = d(d − 1).

This is essentially Bézout’s theorem. Indeed, a complex line l^∨ in dual projective space (CP^2)^∨ corresponds to a pencil of complex lines (L_t), t ∈ CP^1 in CP^2 (since each point of the line l^∨ corresponds to a line in CP^n). The statement: ”the complex line l^∨ intersects the dual curve V^∨ at a point p^∨ ” means that the complex line corresponding to the point p^∨ is tangent to the curve V . Consequently the degree of the dual curve is the number of complex lines of the pencil (L_t) tangent to the curve (counted

1Our proof uses Picard-Lefschetz theory, hence it is not completely self-contained.

with multiplicities).

Choose homogeneous coordinates [x : y : z] in CP^2. Take the pencil L_t = � [x : y : z] ∈ CP^2 : x = tz � . Let f(x, y, z) = 0 be an equation of the curve V . Assume that the complex line z = 0 is not tangent to the curve. Put g(x, y) = f(x, y, 1). Then the points [x : y : 1] where the complex line L_t is tangent to V satisfy: � g(x, y) = 0, ∂_yg(x, y) = 0.

The first equation is of degree d, the second equation is of degree d − 1. The Bézout theorem implies that the number of solution of this system, counted with multiplicities, is equal to

(10) d^∨ = d(d − 1).

This proves Poncelet’s formula.

Remark that the points of V for which there exists a complex line of the pencil (L_t) tangent to the curve V lie on the curve: � (x, y) ∈ C^2 : ∂_yg(x, y) = 0 � . The closure of this curve in CP^2 is called the polar curve associated to the pencil (L_t). We denote it by Γ (see figure 3 on page 67). Denote by (V.Γ) the number of points of intersection of V with the polar curve Γ counted with multiplicities and deg(Γ) stands for the degree of the curve Γ.

Then the Poncelet formula (10) can be divided into two parts, as follows

(11) � d^∨ = (V.Γ), deg(Γ) = (d − 1).

Here, we have identified the affine space C^2 with the complex projective plane CP^2 minus the complex line {[x : y : z] : z = 0}. That is we represent the affine plane as

C^2 ≈ � [x : y : z] ∈ CP^2 : z ≠ 0 � . The identification is given by [x : y : z] → (x/z, y/z). This makes sense since z ≠ 0.

We come back to Poncelet’s formula. Plücker observed that the formula fails if V is not smooth. Geometrically, the reason is as follows (see figure 3 on page 67). Consider a holomorphic function f : U −→ C with an only critical point in U ⊂ C^2. For simplicity, assume that: - the critical point is the origin, - the critical point is a Morse critical point, - the critical value is equal to zero.

Put V_ε = {(x, y) ∈ U : f(x, y) = ε}. Fix a direction transversal to the branches of V_0, say x = constant for simplicity.

For a real value ε ≠ 0, there are two real points of the curve V_ε for which a line x = constant is tangent to V_ε. When ε −→ 0 these two real tangent lines ”vanish” at the singular point (see figure 3). According to Plücker ([Pl]), if V ⊂ CP^2 is an algebraic curve of degree d whose singular points are Morse double points (biholomorphically equivalent to xy = 0) then the degree d^∨ of the curve dual to V is ([Pl]):

(12) d^∨ = d(d − 1) − 2δ

where δ is the number of Morse double points of the curve V . More generally, the general Poncelet formula (10) for a singular curve is given by:

(13) d^∨ = d(d − 1) − � p∈Σ (V.Γ)_p,

where Σ denotes the set of singular points of the curve Γ and (V.Γ)_p is the multiplicity of intersection at p of V with Γ. However,it should be remarked that this formula doesn’t tell us anything unless we know the value of (V.Γ)_p either explicitly or in terms of the usual invariants of a singular point. For example, Plücker’s result (formula (12)) asserts that (V.Γ)_p = 2 if p is a Morse double point of V (see figure 3).

Figure 3. There are two vanishing tangent lines at a node singular point. The polar curve Γ intersects the singular curve with multiplicity equal to two at the singular point.

2.2. The Poncelet-Plücker formula for space curves. Let f : (C^n, 0) −→ (C^{n−1}, 0) be an complete intersection map-germ. Choose coordinates (x_1, . . . , x_n) in C^n such that the hyperplane of equation x_n = 0 is transverse to the each branch^2 of the curve germ of equation f = 0 in C^n.

Definition 3.6. The multiplicity of 0 as a solution of the system of equations � f(x) = 0, x_n = 0

is called the multiplicity of the map-germ f.

Example. Let f : (C^2, 0) −→ (C, 0) be the holomorphic map-germ defined by f(x, y) = y^3 + x^4 + y^4. The multiplicity of f is equal to 3. More generally write f = f_k + . . . where f_k is a non-zero homogeneous polynomial of degree k and the dots stand for terms of order higher than k in the Taylor series of f. Then the multiplicity of f is equal to k.

Theorem 3.1. Let V̄ ⊂ CP^n be an algebraic curve given by a system of n−1 reduced polynomial equations (i.e. a one-dimensional complete intersection)

g_1 = · · · = · · · = g_{n−1} = 0.

Then the degree d^∨ of the variety dual to V is equal to

d^∨ = d n−1� i=1 (d_i − 1) − � p∈Σ (m_p + μ_p − 1),

where:

- d_i denotes the degree of the polynomial g_i, - Σ is the set of singular points of V , - μ_p and m_p denote respectively the Milnor number and the multiplicity of the germ of g = (g_1, . . . , g_{n−1}) at p ∈ V .

Example. Assume that V is a plane curve and that V has no other singular points than Morse double points (biholomorphically equivalent to xy = 0) and semi-cubical cusp singular points (biholomorphically equivalent to y^2 = x^3).

The multiplicities of both node singular point and cusp singular points are m = 2. The Milnor number of the node singular point and of the cusp singular point are respectively μ = 1 and μ = 2. Consequently the formula gives the classical Poncelet-Plücker formula ([Pl]):

(14) d^∨ = d(d − 1) − 2δ − 3κ

where δ is the number of Morse double points of the curve and κ is the number of cusps singular points of the curve.

2Transverse to a branch means transverse to the limiting tangent line to the branch

at the singular point.

2.3. Teissier numbers and the generalized Plücker formula. Let f : (C^n, 0) −→ (C^{n−1}, 0) be a complete intersection map-germ with an isolated critical point at the origin.

Let (V, 0) be the curve-germ defined as the zero level-set of f. Choose a linear function l : C^n −→ C^{n−1} such that the hyperplane l = 0 intersects transversally each branch of the curve germ (V, 0).

Recall that the critical locus of a map is the set of points for which the determinant of derivative of the map vanishes.

Definition 3.7. The critical locus of the map-germ: (C^n, 0) −→ (C^n, 0) x → (f(x), l(x)) is called the polar hypersurface-germ of f associated to l.

Example. Let f : (C^2, 0) −→ (C, 0) be defined by f(x, y) = y^2 + x^k then the polar curve is the germ at the origin of the curve Γ = {(x, y) : y = 0}.

Let f : (C^n, 0) −→ (C^{n−1}, 0) be a complete intersection-map. Let (V, 0) be the curve-germ defined as the zero level-set of f. We assume that (V, 0) is a triangular curve-germ.

Denote by (C_1, 0), . . . , (C_r, 0) the branches-germ of (V, 0). Let (Γ, 0) be a polar hypersurface-germ of f.

Definition 3.8. The Teissier numbers of f, denoted τ_1(f), . . . , τ_r(f), of a curve-germ (V, 0) in affine space C^n (or in projective space CP^n) are the intersection multiplicities of the branch-germ (C_1, 0), . . . , (C_r, 0) with the polar curve-germ (Γ, 0).

Theorem 3.1 follows directly from the following proposition.

Proposition 3.6. Let f : (C^n, 0) −→ (C^{n−1}, 0) be a non-degenerate complete intersection map-germ then: r� k=1 τ_k(f) = m(f) + μ(f) − 1.

Here m(f), μ(f) denote respectively the multiplicity of f and the Milnor number of f. The number τ_1(f), . . . , τ_r(f) are the Teissier numbers of f.

Remark. An analogous proposition holds for hypersurfaces ([Tei1]). A similar equality holds for arbitrary analytic subvarieties of CP^n ([Kl]). Example. Fix coordinates x, y in C^2.

Let f(x, y) = x^2 − y^2. We have μ(f) = 1. Consider, the polar curve-germ (Γ, 0) associated to the linear function l(x, y) = x. The germ at the origin of � (x, y) ∈ C^2 : y = 0 � is equal to Γ. Consequently:

τ_1(f) = τ_2(f) = 1.

And the equality 1 + 1 = 2 + 1 − 1 holds.

With the same notations than those of definition 3.8, we have the following splitting of the generalized Plücker formula (theorem 2.1, page 18).

Theorem 3.2. Let f : (C^n, 0) −→ (C^{n−1}, 0) be a complete intersection mapgerm such that the curve germ f^{−1}(0) is triangular. Then the multiplicity of intersection of the Hessian hypersurface-germ of f with the branch-germ (C_k, 0) is given by the formula

N_k = n(n + 1) 2 (τ_k − m_k + 1) + η_k

where:

- η_k is the sum of the elements of the anomaly sequence of C_k at the origin (η_k = 0 if the sequence is empty)., - m_k is the multiplicity of C_k at the origin.

Remark 1. Combining theorem 3.2 with proposition 3.6 we get the generalized Plücker formula:

N(f) = n(n + 1) 2 (μ + r − 1) + r� k=1 η_k.

Remark 2 (for specialists). We defined the generic number of vanishing flattening points N[X] for a given singularity class (see chapter 2 subsection 2.3). Similarly, we can define the generic number N_k[X] corresponding to the number N_k of theorem 3.2. Obviously we have the equality

N[X] = r� k=1 N_k[X].

It is readily verified that the left hand-side of the equality is a topological invariant while the right hand-side in only an analytical invariant.

2.4. Proof of theorem 3.2. We fix a coordinate system t i C. Since the branch curve-germ (C_k, 0) of (V_0, 0) is triangular, there exists affine coordinates in C^n such that the curve germ (C_k, 0) admits a parameterization:

(15) γ_k : (C, 0) −→ (C^n, 0) t → (t^{αk1} + (. . . ), . . . , t^{αkn} + (. . . )).

Here the dots denote higher order terms in the Taylor series. Denote by:

- O_{Ck} the ring of holomorphic function-germs on the curve-germ (C_k, 0), - O_t the ring of holomorphic function-germ in the variable t ∈ C. The parameterization γ_k allows us to identify O_{Ck} with a subring of O_t.

Let δ_k be the restriction of the Hessian determinant Δ_f to the branch C_k. Via the identification O_{Ck} ⊂ O_t, the holomorphic function germ δ_k is identified with an element of O_t.

The number N_k is the order of δ_k that is:

δ_k(t) = ct^{Nk} + o(t^{Nk} ),

with c ≠ 0.

Denote by D_k the restriction to C_k of the derivation along the Hamilton vector-field X_f .

Via the identification O_{Ck} ⊂ O_t, D_k can be identified with a (holomorphic) derivation on O_t.

We are now going to consider only the branch C_k for a fixed number k. Consequently, in order to avoid too many indices, we drop the index k for the following objects, we write: - α_1, . . . , α_n instead of α^k_1 , . . . , α^k_n, - D for D_k, - δ for δ_k, - τ for the Teissier number of the branch C_k instead of τ_k, - m for the multiplicity of the branch curve-germ (C_k, 0) instead of m_k. - N for the number N_k.

Lemma 3.4. We have:

Dt^j = bjt^{j+τ −m} + (. . . ),

where:

- j is an arbitrary positive integer, - b is a non-zero (complex) multiplicative constant, - τ is the Teissier number of the branch curve-germ (C, 0), - m is the multiplicity of the branch curve-germ (C_,0) Here the dots stand for higher order terms in the Taylor series.

Proof.

Let l be a linear function such that the hyperplane of equation l = 0 is transverse to C. The definition of the multiplicity implies that the function l restricted to C is of the type

l_{|C} (t) = at^m + o(t^m),

with a ≠ 0.

By definition of τ, we have

Dt = bt^τ + o(t^τ ),

with b ∈ C \ {0}. This proves the lemma.

We now prove that:

(16) N = n(n + 1) 2 (τ − m) + n� j=1 α_j .

Denote by a_1, . . . , a_s the anomaly sequence of C at the origin. the definition of the anomaly sequence implies that n� j=1 α_j = n(n + 1) 2 + s� j=1 a_j .

Consequently, equation (16) concludes the proof of the theorem. The function-germ δ : (C, 0) −→ (C, 0) is the determinant of the n × n matrix whose k^{th} columns is:

(Dt^{αk} , D^{(2)}t^{αk} , . . . , D^{(n)}t^{αk} ),

where D^{(j)} is the j^{th} derivative with respect to the derivation D. In order to compute the order of δ, we can assume, without loss of generality, that the constant b of lemma 3.4 is equal to one. Lemma 3.4 implies the equality

D^{(j)}t^{αk} = α_k(α_k + τ) . . . (α_k + jτ)t^{αk +j(τ −m)} + (. . . ),

Thus the holomorphic function-germ δ is of the type

δ(t) = ct^{n(n+1)2 (τ −m)+�nj=1 αj} + (. . . ).

In both formulas the dots stand for higher order terms in the Taylor series. The number c is the determinant of the n × n matrix (a_{k,j}) where:

a_{k,j} = α_k(α_k + τ) . . . (α_k + jτ).

Consequently c is the Vandermonde determinant of α_1, . . . , α_n times α_1α_2 . . . α_n. Thus c ≠ 0 and the order of δ is equal to

n(n + 1) 2 (τ − m) + n� j=1 α_j.

This concludes the proof of theorem 3.2.

2.5. Proof of proposition 3.6. As we pointed out at the beginning of the section, our proof is not completely self-contained because at the end of it, we shall use a fact of Picard-Lefschetz theory which can be proved say using Morse theory ([Mil],[Hamm]).

Consider a complete intersection map-germ f : (C^n, 0) −→ (C^{n−1}, 0). Take a representative f̄ : U −→ C^{n−1} of f. Consider the curves:

V_ε = � p ∈ U : f̄(p) = ε � . Denote by B_r the closed ball of radius r centered at the origin. Choose r small enough so that V_0 intersects transversally the boundary of the ball B_δ for any δ ≤ r.

Consider the curve X_ε = V_ε ∩ B_r, with r small enough.

Let l : C^n −→ C be a linear function such that the hyperplane of equation l = 0 is transversal to all the branches of the curve X_0. Choose base points ε^∗ ∈ C^{n−1} such that: - the curve X_ε∗ is smooth,

- the restriction of l to X_ε∗ has only Morse critical points of distinct critical values say δ_1, . . . , δ_k.

Remark that the critical points of the restriction of l to X_ε∗ are precisely the points where a hyperplane parallel to {x ∈ C^n : l = 0} is tangent to X_ε∗ . Consequently the multiplicity of intersection of X_0 with the polar hypersurface-germ Γ is equal to the number k of critical values of l restricted to X_ε∗ . Thus, we get the equality k = r� j=1 τ_j (f)

where the τ_k(f) are the Teissier numbers of f.

Let δ^∗ ∈ C be such that the hyperplane H = {p ∈ C^n : l(p) = δ^∗} intersects X_ε∗ in m distinct points where m denotes the multiplicity of f. The situation is summarized in figure 4.

We have the exact sequence (we take the homology groups reduced modulo a point):

. . . −→ ~H_j(X_ε∗ ∩H) −→ ~H_j(X_ε∗ ) −→ ~H_j(X_ε∗ , (X_ε∗ ∩H)) −→ ~H_{j−1}(X_ε∗ ∩H) −→ . . .

But X_ε∗ ∩ H is a finite set of points. Consequently, the exact sequence reduces to

(17) 0 −→ ~H_1(X_ε∗ ) −→ ~H_1(X_ε∗ , (X_ε∗ ∩ H)) −→ ~H_0(X_ε∗ ∩ H) −→ 0.

By definition:

- H_1(X_ε∗ ) = Z^μ where μ is the Milnor number of f, - ~H_0(X_ε∗ ∩ H) = Z^{m−1} where m is the multiplicity of f, - ~H_0(X_ε∗ , X_ε∗ ∩ H) = Z^k, where k is the number of critical points of the restriction of l to X_ε∗ .

The last equality is the ”fact from Picard-Lefschetz theory” that we shall not prove. However we shall explain it. But first remark that this exact sequence achieves the proof of proposition 3.6. Indeed the exact sequence (17) implies the equality

μ − (m − 1) + k = 0

and this concludes the proof of proposition 3.6 since k =

�_r j=1 τ_j (f).

Now, we ”explain” why ~H_0(X, X_ε∗ ∩ H) = Z^k.

Consider the function, say g : X_ε∗ −→ C which is the restriction of l to X_ε∗ . Choose an open subset D ⊂ C in the image of g containing all the critical values δ_1, . . . , δ_k and containing δ^∗ on its boundary. Put D^′ = D \ {δ_1, . . . , δ_k}. The group π_1(D^′) with base point δ^∗ is a free group. Choose a set of path ϕ_1, . . . , ϕ_k : [0, 1] −→ D^′ such that: - ϕ_j connects δ^∗ with δ_j , - for any t ∈ [0, 1[, ϕ_j (t) ∈ D^′.

Let α_1, . . . , α_k be a set of loops in D^′ obtained by following ϕ_j from δ^∗ to δ_j turning counterclockwise around δ_j and coming back to δ^∗ along ϕ_j .

We chose the ϕ_j ’s in such a way that the α_j’s generate π_1(D^′) (the path ϕ_j’s are called a distinguished basis see page 101).

The homology class of the preimage of a path ϕ_j under g : X_ε∗ −→ C is a cycle σ_j in H_1(X_ε∗ , X_ε∗ ∩ H) (see figure 4). It can be proved that the homology classes σ_1, . . . , σ_k generate H_1(X_ε∗ , X_ε∗ ∩ H) ([AVGL2], [Hamm]). This implies that ~H_0(X_ε∗ , X_ε∗ ∩ H) = Z^k, where k is the number of critical points of the restriction of l to X_ε∗ . Proposition 3.6 is proved.

Figure 4. We have drawn the real part of a complex curve (in fact an elliptic curve in this case) X_ε∗ for ε^∗ ∈ R. The restriction g of the linear function l : (x, y) → x to X_ε∗ has three critical points of critical values δ_1, δ_2, δ_3. The bolded part of the oval is the pre-image under g of δ_2. It defines a relative one-dimensional cycle associated to δ_2. The other half of the oval is the pre-image under g of δ_3. The relative cycle associated to δ_1 passes through the complex domain.

The Plücker space.

We come back to our main subject of study that is the classification of families of curves in affine or projective spaces with respect to their flattening points.

Let f : U −→ C^{n−1} be a complete intersection map where U denotes an open (connected) subset in affine space C^n. Define the n − 1 -parameter family of curves V_ε by

V_ε = {p ∈ U : f(p) = ε} .

In the preceding chapter, we defined the Hessian variety (in general a hypersurface) to be the variety of flattening points of the curves V_ε when ε varies. For a given affine coordinate system, we computed an equation of the Hessian variety in case it is a hypersurface (chapter 2, section 4). This equation was denoted by Δ_f = 0, where Δ_f : U −→ C is a holomorphic function called the Hessian determinant of the map f.

Instead of considering f with the affine structure on U, we consider (f, Δ_f ) with the analytic structure on U and forget the affine structure on U. Singularity theory for map-germs of the type

(g, E_g ) : (C^n, 0) −→ (C^{n−1} × C, 0)

has been settled down by V.V. Goryunov ([Go], [AVGL2]). In chapter 2, section 4, we gave an account on G-equivalence for n = 2 but there is no essential differential for one-dimensional complete intersections. We make this generalization in this chapter.

Given a map-germ (f, Δ_f ) : (C^n, 0) −→ (C^{n−1} × C, 0) we search for the ”simplest element” (g, E_g ) which is G-equivalent to (f, Δ_f ). For example, theorem 2.6 on page 2.6 states that if f : (C^2, 0) −→ (C, 0) is a generic Morse function-germ then (f, Δ_f ) is G-equivalent to the map-germ (x, y) → (x^3 + y^3, xy).

This chapter is divided as follows.

In the first section, we define G-equivalence. This section repeats most of the theory settled in the particular case n = 2 in chapter 2, section 4 with more examples and details. For the reader’s convenience, they are both independent. We do not assume any background in singularity theory. The proofs of the G-finite determinacy theorem and of the G-versal deformation theorem for this particular theory are given in appendix B. I do not know whether these theorems follow from J. Damon’s theory of geometrical subgroups or not. Damon’s theory is exposed for example in [Da]. Also, remark that instead of using V.V. Goryunov’s G-equivalence, one can use Zakalyukin’s flag equivalence [Zak2].

In the second section, we restrict the general theory to the map-germs of the type (g, E_g) for which there exists a map-germ f : (C^n, 0) −→ (C^{n−1}, 0) and a coordinate system in C^n such that (g, E_g ) is G-equivalent to a map-germ (f, Δ_f ) (the map f depends on g). This leads us to the definitions of the Plücker space and of the Plücker equivalence.

In the third section we apply this theory to some simple cases. The complete computations are given in appendix A. We have thought that only the simplest cases are important in order to understand the techniques. The theorems on the generic bifurcation diagrams for Morse functions are direct corollaries of the general theory developed in this chapter (see appendix A, section 4).

Finally remark that we consider the complex holomorphic case for notational reasons. The theory can also be formulated in the real C^∞ case or for K analytic or formal power series, K = R or C without major differences.

1. Theory of normal forms for G-equivalence.

In this section the notation C^n stand for the analytical space, no additional structure (affine, vector-space) is involved.

In all this section we fix a coordinate system x = (x_1, . . . , x_n) in C^n and a coordinate system in C^{n−1} × C.

1.1. Notations. We shall use the following notations:

1. Diff(k) is the group of biholomorphic map-germs of the type φ : (C^k, 0) −→ (C^k, 0) preserving the origin.

2. diff(k) is the group of holomorphic vector fields of the type v : (C^k, 0) −→ (T C^k, 0) vanishing at the origin.

3. O^k_x is the ring of holomorphic map-germs of the type f : (C^n, 0) −→ C^k. 4. O^∗_x is the multiplicative group of holomorphic function-germs of the type f : (C^n, 0) −→ C such that f(0) ≠ 0.

Consider a holomorphic map-germ v : (C^n, 0) −→ C^k.

Given a k × k matrix A with elements in O_x. Then A × v is defined as follows.

For a fixed value of x, v(x) is a vector of C^k and A(x) is a k × k matrix. The image of v(x) under A(x) is denoted by (A × v)(x).

Given a holomorphic function-germ u : (C^n, 0) −→ C. We denote by u × v the product defined by the formula

(u × v)(x) = u(x)v(x).

For a fixed value of x, v(x) is a vector in C^k and u(x) is a complex number so the product is a vector denoted (u × v)(x). When writing a formula, the rules of priority are ∘, ×, +. For example f + α × E ∘ φ means f + (α × (E ∘ φ)).

1.2. The G-equivalence.

Definition 4.1. Two holomorphic map-germs f, g : (C^n, 0) −→ (C^k, 0) are called (R − L)_0-equivalent if there exist biholomorphic map-germs φ : (C^n, 0) −→ (C^n, 0), ψ : (C^k, 0) −→ (C^k, 0) such that:

f = ψ ∘ g ∘ φ^{−1}.

Definition 4.2. Two holomorphic map-germs E_f , E_g : (C^n, 0) −→ (C^k, 0) are called V -equivalent if there exists an invertible matrix A with coefficients in O_x and a biholomorphic map-germ φ : (C^n, 0) −→ (C^n, 0) such that:

E_f = A × (E_g ∘ φ^{−1}).

Example. The function-germs defined by the following 4 polynomials are V -equivalent (here n = 2, k = 1):

x_1x_2, (1 + x_1x_2)x_1x_2, x^2_1 − x^2, (x_1 + x^2)(x_2 + x^2_1).

Remark. If two map-germs are V −equivalent then the germs at the origin of their zero level-sets are biholomorphically equivalent varieties.

These definitions are classical, see for instance [Tyu], [Math], [AVG]. Following Goryunov [Go], we introduce the analog of (R − L)_0-equivalence for the restriction of a map-germ:

f : (C^n, 0) −→ (C^k, 0)

to the hypersurface-germ of equation E_f = 0. Here E_f : (C^n, 0) −→ (C, 0) denotes a holomorphic function-germ. Put f̃ = (f, E_f ), g̃ = (g, E_g).

Definition 4.3. The map-germs f̃, g̃ : (C^n, 0) −→ (C^{n−1} × C, 0) are called G-equivalent if there exists α, β, ψ, φ such that:

(ψ ∘ (f ∘ φ + (E_f ∘ φ) × α), (E_f ∘ φ) × β) = (g, E_g ),

with ψ ∈ Diff(n − 1), φ ∈ Diff(n), α ∈ O^{n−1}_x and β ∈ O^∗_x.

Remark 1. It is readily verified that G-equivalence is an equivalence relation. Remark 2. We can forget the product structure on C^{n−1} × C. That is we consider (f, E_f ) : (C^n, 0) −→ C^{n−1} × C as a map from C^n to C^n. Then if two maps are G-equivalent then they are V -equivalent as maps from C^n to C^n.

We explain the ”meaning” of the formula defining G-equivalence. We use the same notations than the ones of definition 4.3. We are considering the restriction of the holomorphic map germ:

f : (C^n, 0) −→ (C^{n−1}, 0)

to the hypersurface-germ of equation E_f = 0 (which is in general a singular hypersurface).

Multiplying the function-germ E_f by a holomorphic function-germ β : (C^n, 0) −→ C such that β(0) ≠ 0 does not change the hypersurface-germ of equation E_f = 0 but only the equation.

Algebraically, this means that we can replace E_f by βE_f . The restriction of f to E_f = 0 does not change if we had E_f × α to f. Thus, we can replace f by f + E_f × α.

We can make change of variables in the source space C^n and in the target space C^{n−1}.

Examples. Take n = 2 then the following G-equivalence relations hold: (x^3_1 + x^3_2, x_1x_2 + x_1x^2) ∼ (x^3_1 + x^3_2, x_1x_2 − x_1x^3_2) since x_1x_2 − x_1x^3_2 = (1 − x_2)(x_1x_2 + x_1x^2).

(x^3_1 + x^3_2, x_1x_2) ∼ ((x_1 + x^2_1)^3 + x^3_2, (x_1 + x^2_1)x_2) (x_1x_2 + x^3_1 + x^3_2, x_1x_2) ∼ (x^3_1 + x^3_2, x_1x_2) while (x_1x_2, x_1x_2 + x^3_1 + x^3_2) is not G-equivalent to (x_1x_2, x^3_1 + x^3_2) .

1.3. The G-equivalence group. The G-equivalence is given by the action of an ”infinite dimensional Lie group^1”.

The groups Diff(n), Diff(n − 1), O^{n−1}_x , O^∗_x act on the space O^{n−1}_x × O_x as follows.

Let (f, E) ∈ O^{n−1}_x × O_x. We define the actions as follows:

1. ψ.(f, E) = (ψ ∘ f, E) for ψ ∈ Diff(n − 1). 2. φ.(f, E) = (f, E) ∘ φ^{−1} for φ ∈ Diff(n). 4. α.(f, E) = (f + α × E, E) for α ∈ O^{n−1}_x . 3. β.(f, E) = (f, β × E) for^2 β ∈ O^∗_x.

For algebraic computations, the action of Diff(n − 1) is hard-to-handle. We consider it separately.

The formulas 2, 3, 4 induce a group structure on the product Diff(n) × O^{n−1}_x × O^∗_x, we put:

(φ, α, β).(f, E) = β.(α.(φ.(f, E))).

This group structure is a semi-direct product, where Diff(n) is a distinguished subgroup.

1It is not our intention to use infinite dimensional Lie group theory. In the sequel, we

shall consider finite dimensional Lie group approximations of the group G.

2Recall that u × v is the function-germ defined by (u × v)(x) = u(x)v(x)

The explicit formula (following from 2, 3, 4 and the composition of maps) is given by:

(18) (φ, α, β).(φ^′ , α^′, β^′) = (φ∘φ^′, (α^′ ∘φ^{−1})+(β^′ ∘φ^{−1})×α, β ×(β^′ ∘φ^{−1})),

Formula (18) looks rather complicated. It can be written in a more compact form as we shall see in the next subsection.

Definition 4.4. The G-equivalence group is the set G = Diff(n) × O^{n−1} × O^∗ endowed with the group structure given by formula (18).

The following proposition is obvious.

Proposition 4.1. Two holomorphic map-germs f̃, g̃ : (C^n, 0) −→ (C^{n−1} × C) are G-equivalent provided that there exists a biholomorphic map germ ψ : (C^{n−1}, 0) −→ (C^{n−1}, 0) such that ψ ∘ f̃ and g̃ are in the same orbit under the action of the group G.

1.4. The V -equivalence group and the G-equivalence group. Denote by GL(n, O_x) the space of invertible matrices with coefficient in O_x. Remark that a matrix A = (a_{j,k}), a_{j,k} ∈ O_x is invertible provided that Det(A(0)) ≠ 0.

Consider the group structure on K = Diff(n) × GL(n, O_x) defined by

(19) (φ, A).(φ^′, A^′) = (φ ∘ φ^′, A × (A^′ ∘ φ)).

The group K acts on O^{n−1}_x × O_x as follows

(φ, A).f̃ = A × (f̃ ∘ φ^{−1})

with f̃ ∈ O^n_x .

The following proposition is obvious.

Proposition 4.2. Two holomorphic map-germs f, g : (C^n, 0) −→ (C^{n−1} × C, 0) are V -equivalent if and only if they are in the same orbit under the action of the group K.

Definition 4.5. The group K is called the V-equivalence group.

The G-equivalence group can be ”naturally’ identified with a subgroup of the V -equivalence group K.

Indeed, let (φ, α, β) ∈ Diff(n) × O^{n−1} × O^∗ be an element of the group G. Put α = (α_1, . . . , α_{n−1}). Consider the n × n invertible matrix A(α, β) whose left-upper (n−1)×(n−1) block is the identity matrix and whose last column is α_1, . . . , α_{n−1}, β. That is:

(20) A(α, β) =

� � � � �

1 0 . . . 0 α_1 0 1 . . . 0 α_2 . . . . . . . . . . . . . . . 0 0 . . . 1 α_{n−1} 0 0 . . . 0 β

� � � � � .

since β ∈ O^∗_x the matrix A(α, β) is invertible. The map G −→ K (φ, α, β) → (φ, A(α, β)) gives the identification of G with a subgroup of K. The complicated formula (18) is the same than formula (19).

1.5. The Lie algebra of the group G. In this subsection and in the next one e denotes the identity element of the group G.

Definition 4.6. The tangent space to G at a point γ_0, denoted T_{γ0} G, is the vector space of elements m such that there exists a holomorphic map γ : (C, 0) −→ (G, γ_0) with: dγ dt (0) = m.

We denote by g the tangent space to G at e.

Recall that diff(n) denotes the set of germs of vector fields vanishing at the origin of the type_n � j=1 a_j ∂_{xj} ,

where a_j : (C^n, 0) −→ (C, 0) denotes a holomorphic function-germ.

Proposition 4.3. The tangent space g to the group G at e is equal (as a vector space) with the infinite dimensional vector space: diff(n) × O^{n−1}_x × O_x.

Proof.

Consider a holomorphic map γ : (C, 0) −→ (G, e).

By definition of G, the element γ(t) can be represented as γ(t) = (φ_t, α_t, β_t) ∈ (Diff(n) × O^{n−1} × O^∗).

We represent φ_t : (C^n, 0) −→ (C^n, 0) in the form (21) φ_t = Id + tv + o(t), where o(t) means that all the components are of order at least t and Id stands for the identity map in C^n.

We have φ_t(0) = 0 hence the vector field-germ v vanishes at 0 (v(0) = 0). Consequently v belongs to diff(n). Similarly write (22) α_t = ta + o(t), β_t = 1 + tb + o(t) with a ∈ O^{n−1}_x , b ∈ O_x and 1 denotes the constant function equal to 1.

Putting together equation (21) and equation (22) we get the equality dγ dt (0) = (v, a, b)

with (v, a, b) ∈ (diff(n) × O^{n−1}_x × O_x). This concludes the proof of the proposition.

1.6. The G-tangent space to a germ. The action of the Lie group on the space O^{n−1}_x × O_x induces an action of g on the space O^{n−1}_x × O_x. Let m ∈ g. The definition of g implies that there exists a holomorphic map:

γ : (C, 0) −→ (G, e),

such that m =^{dγ}_{dt} (0).

We define the action of m ∈ g on a holomorphic map-germ f̃ : (C^n, 0) −→ (C^{n−1} × C, 0) by the formula

m.f̃ = d dt |_{t=0} (γ(t).f̃).

Here γ(t) belongs to G and γ(t).f̃ stands for the image of f̃ under γ(t).

Definition 4.7. The G-tangent space to the holomorphic map-germ f̃ = (f, E) : (C^n, 0) −→ (C^{n−1} × C, 0), denoted by T f̃, is the tangent space to the orbit of f̃ under the action of the group G at the point f̃:

T f̃ = � m.f̃ ∈ O^{n−1}_x × O_x : m ∈ g � . Fix coordinate systems in C^n and in C^{n−1} × C.

Denote by v^j = (v^j_1, . . . , v^j_n) ∈ C^{n−1} × C the vector having the coordinates � v^j = 1, v^j_k = 0 for j ≠ k.

Proposition 4.4. The tangent space to f̃ = (f, E) is the O_x-module generated by the n^2 + n elements of O^{n−1}_x × O_x: � x_j^{∂f̃}_{∂xk} ∀j, k ∈ {1, . . . , n} E × v^j ∀j ∈ {1, . . . , n}

Remark. For a fixed value of x ∈ C^n, E(x) is a complex number, v^j is a vector in C^{n−1} × C, E(x)v^j is a vector in C^{n−1} × C. Thus E × v^j is a map-germ of O^{n−1}_x × O_x.

Example. Consider the case n = 2. Let f̃(x_1, x_2) = (x^2_1 + x^2, x_1x_2). The tangent space to f̃ is the O_x-module generated by: � � � � � � � x_1∂_1f̃(x_1, x_2) = (2x^2_1, x_1x_2), x_2∂_1f̃(x_1, x_2) = (2x_1x_2, x^2), x_1∂_2f̃(x_1, x_2) = (2x_1x_2, x^2_1), x_2∂_2f̃(x_1, x_2) = (2x^2, x_1x_2), E(1, 0) = (x_1x_2, 0), E(0, 1) = (0, x_1x_2).

The tangent space to f̃ is a C-vector space of codimension 6 in O_x × O_x.

1.7. Proof of proposition 4.4. First, we investigate each component of the group G separately. We assume that the group elements of a oneparameter family depend holomorphically on the parameter t. Denote by Id the identity map in C^n.

Let φ_t be the germ of a one parameter family of maps in Diff(n) with φ_0 = Id.

We expand, φ_t with respect to t φ_t = Id + tv + o(t).

We have φ_t(0) = 0 hence the vector field-germ v vanishes at 0 (v(0) = 0). Consequently v belongs to diff(n).

The action of φ_t on an arbitrary map-germ f̃ ∈ O^{n−1}_x × O_x is defined by f̃ ∘ φ_t = f̃ + tv.f̃ + o(t),

where v.f̃ denotes the derivative of f̃ along v (v.f̃ = Df̃.v). Consequently, we get the equality

(23) d dt |_{t=0} (φ_t.f̃) = v.f̃.

Let α_t be the germ of a one parameter family of maps in O^{n−1}_x with α_0 = 0. We expand β_t with respect to t: α_t = ta + o(t), a ∈ O^{n−1}_x The action of α_t ∈ O^{n−1}_x on the map-germ f̃ = (f, E) is defined by α_t.(f, E) = (f + E × α_t, E) Consequently, we get the equality

(24) d dt |_{t=0} (α_t.f̃) = (E × a, 0).

Let β_t be the germ of a one parameter family of maps in O^∗_x with β_0 = 1 (the constant function equal to 1). We expand β_t with respect to t: β_t = 1 + tb + o(t), b ∈ O_x.

The action of β_t on the map-germ f̃ = (f, E) is defined by β_t.(f, E) = (f, E × β_t)

Consequently, we get the equality

(25) d dt |_{t=0} (β_t.f̃) = (0, E × b).

Equations 23, 24, 25 imply the equality d dt |_{t=0} ((φ_t, α_t, β_t).f̃) = (v.f + E × a, E × b + v.E),

with (v, a, b) ∈ diff(n) × O^{n−1}_x × O_x.

The O_x-module diff(n) is generated (as an O_x-module) by the x_j^{∂f̃}_{∂xk} ’s. The O_x-module O^{n−1}_x × O_x is generated (as an O_x-module) by the vectors v^j of coordinates v^j = 1, v^j_k = 0, i ≠ j. This proves the proposition.

1.8. The finite determinacy theorem. Consider a holomorphic mapgerm f̃ : (C^n, 0) −→ (C^{n−1} ×C, 0). The space (O^{n−1}_x ×O_x)/T f̃ is a C-vector space.

Definition 4.8. The G-Milnor number of the holomorphic map-germ f̃ : (C^n, 0) −→ (C^{n−1} × C, 0) is defined by the formula

μ_G(f̃) = dim_C[(O^{n−1}_x × O_x)/T f̃].

Example. In subsection 1.6, we found that the tangent space to the germ of the map f̃ = (x^2_1 + x^2, x_1x_2) is of codimension 6. In this case μ_G (f̃) = 6. Remark. When no confusion is possible we simply write μ_G instead of μ_G (f̃).

Fix coordinates x = (x_1, . . . , x_n) in C^n. Denote by M^k_x the k^{th} power of the maximal ideal of O_x.

Denote by ~M^k_x the O_x-submodule of O^{n−1}_x ×O_x which consists of map-germs g = (g_1, . . . , g_n) such that g_j ∈ M^k_x, ∀j ∈ {1, . . . , n}.

The following theorem is the finite determinacy theorem for G-equivalence. The proof is given in appendix.

Theorem 4.1. Assume that μ_G (f̃) < +∞. Then for any holomorphic mapgerm ψ such that ψ ∈ �M_x^{μG +1}, f̃ + ψ is G-equivalent to f̃.

Remark. This theorem allows us to consider approximations of a function f̃ by Taylor polynomials provided that μ_G (f̃) < +∞.

1.9. Goryunov’s C_{2,2} singularity class. We give here an example for the reader which is not acquainted with these techniques. In this subsection, we use the notation (x, y) ∈ C^2 instead of (x_1, x_2) ∈ C^2. Denote by M^k the k^{th} power of the maximal ideal M of the ring O_{x,y}. Consider the map-germs f̃, f̃_0 : (C^2, 0) −→ (C × C, 0) defined by the polynomials f̃(x, y) = (x^2 + y^2 + r_1(x, y), xy + r_2(x, y)) with r_1, r_2 ∈ M^3, and f̃_0(x, y) = (x^2 + y^2, xy) Denote by ∼ the G-equivalence relation.

Assertion (Goryunov): the map-germ f̃ is G-equivalent to f̃_0.

In subsection 1.6, we saw that the G-tangent space to f̃_0 contains M^2. This means that there exists (v, a, b) ∈ diff(2) × O_{x,y} × O_{x,y} such that the following equality holds (v, a, b).f̃_0 = (r_1, r_2).

Put φ = Id + v, α = a, β = 1 + b.

It is readily verified that the map-germ φ is biholomorphic and that β(0) ≠ 0. Thus, (φ, α, β) ∈ G. We have the equality (φ, α, β).f̃ = f̃_0 + (r_3, r_4), with (r_3, r_4) ∈ M^4.

Repeating this process three times, we get that the following G-equivalence holds f̃(x, y) ∼ f̃_0 + ψ(x, y) where ψ = (ψ_1, ψ_2) and ψ_1, ψ_2 ∈ M^7.

Consequently, the finite determinacy theorem implies that: f̃(x, y) ∼ (x^2 + y^2, xy).

This proves the assertion. This is the standard technique in singularity theory for finding normal forms. For the series PA^{p,q}_1 , we shall use a more direct method.

1.10. Versal deformation theory for G-equivalence. In this subsection, we fix a holomorphic map-germ: f̃ : (C^n, 0) −→ (C^{n−1} × C, 0).

Definition 4.9. A holomorphic map-germ F : (C^k×C^n, 0) −→ (C^{n−1}×C, 0) such that F (0, .) = f̃ is called a deformation of f̃ .

Definition 4.10. The deformation G : (C^r × C^n, 0) −→ (C^{n−1} × C, 0) of f̃ is induced from the deformation F : (Ck × Cn, 0) −→ (Cn−1 × C, 0) of f̃, if there exists a holomorphic map-germ h : (Cr, 0) −→ (Ck, 0) such that G(λ, .) = F (h(λ), .). We use the notation: G = h^∗F .

Definition 4.11. The translation by a vector u ∈ C^{n−1}×C is the map-germ: τ (C^n, 0) −→ (C^{n−1} × C, u) x −→ x + u.

We denote by T ≈ C^n the group of translations.

Definition 4.12. Two deformations F, G of f are called G-equivalent if there exist holomorphic map-germs γ : (C^k, 0) −→ G ⊕ T and ψ : (C^k × C^{n−1}, 0) −→ (C^{n−1}, 0) such that the following equality of map-germs holds (γ(λ).G)(λ, x) = (ψ(λ, F_1(λ, x)), F_2(x, λ)), with F = (F_1, F_2).

Definition 4.13. A deformation F is called G−versal if any other deformation of the same germ is G-equivalent to a deformation induced from F . Fix coordinate-systems λ = (λ_1, . . . , λ_k) in C^k and x = (x_1, . . . , x_n) in C^n. Denote by v^j = (v^j_1, . . . , v^j_n) the constant map-germ of O^{n−1}_x × O_x defined by � v^j_k = 0 for j ≠ k v^j = 1.

Fix a coordinate-systems λ = (λ_1, . . . , λ_k) in C^k, x = (x_1, . . . , x_n) in C^n and a coordinate system in C^{n−1} × C.

Definition 4.14. The G-tangent space to a deformation F : (C^k ×C^n, 0) −→ (C^{n−1} × C, 0) of f̃ is the C-vector subspace of O^{n−1}_x × O_x which is sum of the following C-vector subspaces:

1) the C-vector space generated by the restriction to λ = 0 of the ∂_{λk}F̃ ’s , 2) the O_x-module generated by the ∂_{xk}f̃’s, 3) the C-vector space generated by the v^k’s for k ∈ {1, . . . , n − 1}. The tangent space to F is denoted by T F .

The following theorem is the versal deformation theorem for G-equivalence. The proof is given in appendix B.

Theorem 4.2. A deformation F : (C^k × C^n, 0) −→ (C^{n−1} × C, 0) of a holomorphic map-germ F (0, .) is G-versal provided that T F = O^{n−1}_x × O_x.

Example. Let f̃ : (C^2, 0) −→ (C × C, 0) be the holomorphic map defined by f̃(x_1, x_2) = (x^2_1 + x^2, x_1x_2).

Consider the 3-parameter deformation F of f̃ defined by the formula F (λ, x_1, x_2) = (x^2_1 + x^2, x_1x_2 + λ_1x_1 + λ_2x_2 + λ_3).

We saw that the tangent space T f̃ to f̃ is M^2. The G-tangent space to f̃ is the sum of T f̃ with the C-vector space generated by the following map-germs (∂_{λ1} F )_{|λ=0} = (0, x_1), (∂_{λ2} F )_{|λ=0} = (0, x_2), (∂_{λ3} F )_{|λ=0} = (0, 1), (∂_{x1} F )_{|λ=0} = (2x_1, x_2), (∂_{x2} F )_{|λ=0} = (2x_2, x_1), v^1 = (1, 0).

Hence we have the equality T F = O_x × O_x. Thus, the deformation F of f̃ is G-versal.

2. Theory of normal forms, the Plücker space.

2.1. Summary. Fix an affine coordinate system x = (x_1, . . . , x_n) in affine space C^n.

Let f : U −→ C^{n−1} be a holomorphic map such that, for ε ∈ f(U), the varieties:

V_ε = {x ∈ U : f(x) = ε} are of dimension one. Here U denotes a neighbourhood of the origin in affine space C^n and f = ε is assume to be a reduced equation of V_ε. In chapter 3, we saw that for any ε = (ε_1, . . . , ε_{n−1}) ∈ f(U), the flattening points of the curve V_ε are the preimages of (ε, 0) under the map:

(f, Δ_f ) : U −→ C^{n−1} × C,

provided that V_ε is smooth. Here Δ_f denotes the generalized Hessian determinant of f with respect to the coordinate system x = (x_1, . . . , x_n). By considering (f, Δ_f ), we can forget the affine structure on U. This means that we consider the map (f, Δ_f ) up to a biholomorphic change of variables in U. In fact, we saw in section 1, that not only biholomorphic change of variables can be made but that when considering the germ of (f, Δ_f ) at a point, an equivalence relation, called G-equivalence can be introduced between map-germs of the type:

(g, E_g) : (C^n, 0) −→ (C^{n−1} × C, 0).

In this section, we apply G-equivalence to holomorphic map-germs of the type (f, Δ_f ). That is we search for the ”simplest (g, E_g )” which is Gequivalent to (f, Δ_f ). This leads to the construction of the Plücker space, that we shall now describe.

2.2. Preliminary examples. We fix an affine coordinates (x, y) in affine space C^2. We denote by:

- B_δ ⊂ C^2 the closed ball of radius δ centered at the origin, - f : (C^2, 0) −→ C a holomorphic function-germ and f̄ a representative of f. Example 1. Assume that the following G-equivalence relation holds

(f, Δ_f ) ∼ (y, x)

The two plane curves � (x, y) ∈ C^2 : y = 0 � and � (x, y) ∈ C^2 : x = 0 � intersect transversally. Consequently, for δ ≠ 0 and ε ≠ 0 small enough, the G-equivalence relation above implies that the curve:

V_ε = � (x, y) ∈ B_δ : f̄(x, y) = ε � has a non-degenerate inflection point in a neighbourhood of the origin (see figure 1).

Example 2. Assume that the following G-equivalence relation holds

(f, Δ_f ) ∼ (y − x^2, y).

The two plane curves � (x, y) ∈ C^2 : y − x^2 = ε � and � (x, y) ∈ C^2 : y = 0 � intersect:

- tangentially at the origin for ε = 0, - transversally in two points for ε ≠ 0.

Consequently, for δ ≠ 0 and ε ≠ 0 small enough, the G-equivalence above implies that curve

V_ε = � (x, y) ∈ B_δ : f̄(x, y) = ε � has:

- a degenerate inflection point at the origin (of the type y = x^4) for ε = 0, - two non-degenerate inflection points for ε ∈ f̄(B_δ) and ε ≠ 0. This example is illustrated in figure 2.

Example 3. Assume that f : (C^2, 0) −→ (C, 0) is a Morse function-germ such that none of the branches of the curve-germ of equation f = 0 is the germ of a complex line.

We shall prove in section 3 that under these conditions, there exists integers p, q ≥ 0 such that the following G-equivalence holds.

(f, Δ_f ) ∼ (x^{3+p} + y^{3+q}, xy).

In particular, for δ small enough, the curve

V_ε = � (x, y) ∈ B_δ : f̄(x, y) = ε � has 6 + p + q inflection points in B_δ for ε ∈ f̄(B_δ), ε ≠ 0.

Example 4. Let f : (C^2, 0) −→ (C, 0) be a holomorphic function-germ. Denote by φ : (C^2, 0) −→ (C^2, 0) a biholomorphic map-germ. Define the holomorphic function-germ H : (C^2, 0) −→ (C, 0) by H = f ∘ φ. With the notation of chapter 3, section 1, we have the G-equivalence relation

(f, Δ_f ) ∼ (H, D[φ]).

2.3. The Plücker space (first part). We denote by C^n the analytic manifold with a marked point, denoted 0, on it.

Definition 4.15. The Plücker space (for complete intersection map-germs) is the set of the holomorphic map-germs (g, E_g ) : (C^n, 0) −→ C^{n−1} × C for which there exists a holomorphic map-germ f : (C^n, 0) −→ (C^{n−1}, 0) and a coordinate system centered at the origin in C^n such that the following G-equivalence relation holds:

(f, Δ_f ) ∼ (g, E_g ), where ∼ denotes the G-equivalence^3.

We fix a vector space structure in C^n.

Definition 4.16. Two complete intersection map-germs f, g : (C^n, 0) −→ (C^{n−1}, 0) are called P-equivalent if the map-germs (f, Δ_f ), (g, Δ_g ) are G-equivalent.

Remark. The P-equivalence class of a complete intersection map-germ is well-defined and does not depend on the choice of the linear coordinate system. Indeed, the definition Δ_f requires only a linear coordinate system (x_1, . . . , x_n).

The G-equivalence class of (f, Δ_f ) does not depend on this choice. Too see it, consider a non-degenerate linear map A : C^n −→ C^n (or equivalently a linear change of coordinates). Then we have the equality (chapter 3 page 59) Δ_{f∘A} = k^{n(n+1)}Δ_f ∘ A

with k = (detA)^{n(n+1)−1}.

This equality implies the following G-equivalence

(f, Δ_f ) ∼ (f ∘ A, Δ_{f∘A}).

Figure 1. In the left hand-side the intersection points of the curves of equations y = ε, x = 0 correspond to inflection points of the curves V_ε ⊂ C^2 in the right hand-side.

3The Plücker space depends on the dimension n.

Figure 2. For ε = 1 the curve V_1 has two real inflection points that coalesce when ε −→ 0.

2.4. The Plücker space (second part).

Definition 4.17. The Plücker space^4 (for map-germs of the type (H, φ) : (C^2, 0) −→ (C × C^n, 0)) is the set of holomorphic map-germs (g, E_g) : (C^2, 0) −→ (C × C^n, 0) for which there exist a holomorphic mapgerm (H, φ) : (C^2, 0) −→ (C × C^n, 0) and coordinate systems in C^2 and in C^n such that the following G-equivalence relation holds

(H, D[φ]) ∼ (g, E_g ).

Denote by C^n the n-dimensional complex vector space.

Definition 4.18. Two holomorphic map-germs (H, φ), (H^′, φ^′) : (C^2, 0) −→ (C×C^n, 0) are called P-equivalent if the map-germs (H, D[φ]) and (H^′, D[φ^′]) are G-equivalent.

Remark. The P-equivalence class of (H, φ) does not depend neither on the choice of the coordinates in C^2 nor on the choice of the linear coordinate (see the remark following definition 4.16 on page 88).

2.5. Versal deformation theory in Plücker space. In this subsection C^n denotes the n-dimensional vector space.

Definition 4.19. A k-parameter deformation of a holomorphic map-germ f : (C^n, 0) −→ (C^{n−1}, 0) is a holomorphic map-germ F : (C^k × C^n, 0) −→ (C^{n−1}, 0) such that F (0, .) = f.

Fix a linear coordinate system x = (x_1, . . . , x_n) in the vector space C^n. Consider a deformation F : (C^k × C^n, 0) −→ (C^{n−1}, 0) of a holomorphic map-germ f. We denote by:

Δ_F : (C^k × C^n, 0) −→ (C, 0)

4The Plücker space depends on the dimension n.

the Hessian determinant of F with respect to the variables x = (x_1, . . . , x_n). Like Δ_f the function-germ Δ_F depends on the choice of the coordinate system x = (x_1, . . . , x_n).

Definition 4.20. A deformation F (λ, .) of a holomorphic map-germ f : (C^n, 0) −→ (C^{n−1}, 0) is P-versal if for any other deformation G of f, the germ of the deformation G̃ = (G, Δ_G) is G-equivalent to the germ of a deformation induced from F̃ = (F, Δ_F ).

Remark. The condition for a deformation to be P-versal does not depend on the choice of the coordinate-systems but only on the vector space structure of a small neighbourhood U of the origin in C^n. This is due to the fact that the orbit of a map-germ (f, Δ_f ) under the G-equivalence group depends only on the vector space structure (see the remark following definition 4.16 on page 88).

In the example below, we use the notation (x, y) for an affine coordinate system in affine space C^2 instead of (x_1, x_2).

Example 1. Consider the biholomorphic map-germ φ : (C^2, 0) −→ (C^2, 0) defined by the polynomials

φ(x, y) = (x, x^4 + yx^2 + y).

Let H(x, y) = y. Put f = H ∘ φ^{−1}.

Assertion: the constant deformation F = f is P-versal.

Indeed, with the notations of chapter 3 section 1, we have the following G-equivalence relation (f, Δ_f ) ∼ (H, D[φ]).

We already calculated the function-germ D[φ] on page 62, we found that it is given by the polynomial

(D[φ])(x, y) = 12x^2 + 2y.

The G-tangent space to (H, D[φ]) is the sum of the following C-vector subspaces of O_{x,y} × O_{x,y}:

- the O_{x,y}-module generated by ∂_x(H, D[φ]), ∂_y(H, D[φ]), (0, D[φ]), (D[φ], 0), - the C-vector space generated by (1, 0).

It is readily verified that this vector space is O_{x,y} × O_{x,y}. Consequently the constant deformation (H, D[φ]) is G-versal. Thus (f, Δ_f ) is G-versal and f is P-versal. Assertion is proved.

Example 2. Consider the holomorphic map-germ f : (C^2, 0) −→ (C, 0) defined by the polynomial

f(x, y) = xy + x^4 + y^3.

We shall prove in the next subsection that the deformation F : (C × C^2, 0) −→ (C, 0) of f given by the formula F (x, y) = xy + x^4 + λx^3 + y^3 is P-versal.

2.6. The modality in Plücker space (first part). Denote by: - O_x the ring of holomorphic function-germs in C^n, - M^2 the square of the maximal ideal of O_x, - ~M^2 the space of holomorphic map germs f = (f_1, . . . , f_{n−1}) such that the f_j’s are in M^2, - J^k_0 M^2 the space of k-jets at the origin of elements in M^2.

Definition 4.21. A holomorphic map-germ f ∈ ~M^2 has P-modality m provided that m is the smallest number satisfying the following property. There exists a number N, such that a neighbourhood of j^k_0 f ∈ J^k_0 ~M^2 is covered by a finite number of m-parameter families of k-jets of P-equivalence classes for any k > N.

Remark. For n > 2, it may happen that μ(f, Δ_f ) = +∞ while f has finite modality.

2.7. The modality in Plücker space (second part). Denote by M̄2 the space of holomorphic map germs (H, φ) : (C2, 0) −→ (C × Cn, 0) such that H ∈ M_2.

Denote by J^k_0 M̄^2 the space of k-jets at the origin of elements in M̄^2. Let (H, φ) : (C^2, 0) −→ (C × C^n, 0) be a holomorphic map-germ such that the G-Minor number μ_G (H, D[φ]) of (H, D[φ]) is finite.

Definition 4.22. The map (H, φ) has P-modality m provided that for any k > μ_G (H, D[φ]) a neighbourhood of j^k_0 (H, φ) ∈ J^k_0 M̄^2 is covered by a finite number of m-parameter families.

3. The PA^{p,q}_1 series.

We have now settled the necessary tools for computing the P-normal forms. We treat here the case of PA^{p,q}_1 as an example. The other cases are treated in appendix A.

We shall use some ”tricks” in order to avoid long computations. This is of course unnecessary and one can make the computations in the most straightforward manner.

In, the second subsection, we compute the P-versal deformation of PA^1. We have thought that it is more instructive to treat this case rather than the general PA^{p,q}_1 case. The general proof is also given in appendix A. But remark that the difference with the case PA^1 lies only in the notations. Unfortunately, the P-versal deformations are in fact complicated to compute and we shall only do it for the series PA^{p,q}_1 .

3.1. Normal form PA^{p,q}_1 . We denote by ∼ the G-equivalence relation. The aim of this subsection is to prove proposition 4.5 cited below. In the real C^∞ category the proof of the corresponding statement is analogous.

Proposition 4.5. For any holomorphic function-germ f : (C^2, 0) −→ (C, 0) belonging to the P-singularity class PA^{p,q}_1 , the following G-equivalence holds:

(f, Δ_f ) ∼ (x^{3+p} + y^{3+q}, xy).

Denote by M^k the k^{th} power of the maximal ideal of O_{x,y}. A non-degenerate linear map sends the inflection points of a curve to the inflection points of its image.

Consequently, for any non-degenerate linear transformation: α : C^2 −→ C^2, f is P-equivalent to f ∘ α.

Hence without loss of generality, we can assume that f is of the form

f(x, y) = xy + r_0,

with r_0 ∈ M^3.

Lemma 4.1. For f ∈ PA^{p,q}_1 , there exists function germs a, b : (C, 0) −→ (C, 0) such that the following G-equivalence holds (f, Δ_f ) ∼ (a(x)+b(y), xy).

Proof.

The Hamilton vector-field of f is of the following form

X_f = (x + r_1)∂_x − (y + r_2)∂_y,

where r_1, r_2 ∈ M^2.

Consequently the Hessian determinant Δ_f of f is given by:

Δ_f (x, y) = 2xy + r_3

where r_3 ∈ M^3.

The Morse lemma implies that there exists a biholomorphic map-germ

φ : (C^2, 0) −→ (C^2, 0) such that we have:

(26) (Δ_f ∘ φ)(x, y) = xy.

By definition of G-equivalence, we have the following G-equivalence relation:

(f, Δ_f ) ∼ (f ∘ φ, Δ_f ∘ φ).

The division theorem implies that one can represent f ∘ φ in the form

(f ∘ φ)(x, y) = a(x) + b(y) + c(x, y)xy,

where a, b, c are holomorphic function germs.

The definition of G-equivalence implies the following G-equivalence relation:

(a(x) + b(y) + c(x, y)xy, xy) ∼ (a(x) + b(y), xy).

Lemma is proved.

Lemma 4.2. The holomorphic function germs a, b of the preceding lemma are of the form: � a(x) = a_0x^{3+p} + o(x^{3+p}) b(y) = b_0y^{3+q} + o(y^{3+q}) with a_0b_0 ≠ 0.

Proof.

Put E(x, y) = xy. Recall, that we have the following G-equivalence relation

(f, Δ_f ) ∼ (a + b, E).

Denote by j (resp. k) the highest number such that a ∈ M^j (resp. b ∈ M^k). That is the first term in the Taylor series of a (resp. b) appearing with a non-zero coefficient is of degree j (resp. k). A priori j or k can be infinite but we shall see that this is not the case. Denote by:

- C_1 (resp. C_2) the branch of the plane curve-germ of equation f = 0 tangent to the x-axis (resp. to the y-axis), - Δ_1 (resp. Δ_2) the branch of the plane curve-germ of equation Δ_f = 0 tangent to the x-axis (resp. to the y-axis).

- (C_l.Δ_m) the multiplicity of intersection at the origin of the curve germs C_l and Δ_m.

The definition of the multiplicity of intersection implies the equalities^5 � j = (C_1.Δ_1) + (C_2.Δ_1), k = (C_1.Δ_2) + (C_2.Δ_2).

The curve-germ C_1 is tangent to the x-axis while Δ_2 is tangent to the y-axis. Hence, their intersection number is equal to

(C_1.Δ_2) = 1.

Similarly, we have the equality

(C_2.Δ_1) = 1.

5Remark that the equations of the curves that we consider are reduced.

Consequently the numbers j, k are given by the following system of equations

(27) � j = (C_1.Δ_1) + (C_1.Δ_2), k = (C_2.Δ_1) + (C_2.Δ_2).

The definition of the P-singularity class PA^{p,q}_1 implies that the curve-germ C_1 is parameterized by a holomorphic map-germ of the type

(28) � x(t) = t, y(t) = −t^{2+p} + o(t^{2+p}).

This parameterization allows us to identify the ring of holomorphic functiongerms on C_1 is with a subring of O_t.

Denote by δ ∈ O_t the holomorphic function-germ of the parameter t obtained by restricting Δ_f to the curve-germ C_1.

The number (C_1.Δ_1) + (C_1.Δ_2) is equal to the degree of the first term in the Taylor series of δ appearing with a non-zero coefficient. Using the old-fashioned notations, the Hamilton vector field X_f of f is defined by the Hamilton equations

(29) � ẋ(x, y) = x + m_1(x, y), ẏ(x, y) = −y + m_2(x, y),

with m_1, m_2 ∈ M^2.

Via the embedding O_{C1} ⊂ O_t, the restriction D of the derivation along the Hamilton vector-field X_f to C_1 is a (holomorphic) derivation of O_t. The first equality of the system of equations (29) implies that:

Dt = t + o(t).

We get the formula

δ(t) = � � � t (2 + p)t^{2+p} t (2 + p)^2t^{2+p} � � � + o(t^{3+p})

Thus δ(t) = (2 + p)(1 + p)t^{3+p} + o(t^{3+p}) and consequently:

(C_1.Δ_1) + (C_1.Δ_2) = 3 + p.

The proof for the branch C_2 is different only in notations. This concludes the proof of the lemma.

Lemma 4.3. For any holomorphic function germs a ∈ O_x, b ∈ O_y such that a(x) = a_0x^j +o(x^j), b(y) = b_0y^k +o(x^k) we have the following G-equivalence relation (a(x) + b(y), xy) ∼ (x^j + y^k, xy) provided that a_0b_0 ≠ 0.

Proof.

Since a_0b_0 ≠ 0, we can write:

a(x) = (α(x)x)^j

and:

b(y) = (β(y)y)^k where α and β are holomorphic function germs that do not vanish at the origin.

Consider the biholomorphic map-germ g : (C^2, 0) −→ (C^2, 0) defined by

g(x, y) = (α(x)x, β(y)y).

The map-germ g induces the G-equivalence relation

(x^j + y^k, xy) ∼ ((α(x)x)^j + (β(y)y)^k, α(x)β(y)xy).

By definition of G-equivalence, we have the G-equivalence relation

((α(x)x)^j + (β(y)y)^k, α(x)β(y)xy) ∼ ((α(x)x)^j + (β(y)y)^k, xy).

This concludes the proof of the lemma. This lemma concludes the proof of proposition 4.5.

3.2. PA^{p,q}_1 is P-simple. Let f : (C^2, 0) −→ C be a holomorphic function-germ such that f ∈ PA^{p,q}_1 where p ≥ 0, q ≥ 0 are integers. The G-Milnor number of f is finite say equal to k−1. The finite determinacy theorem for G-equivalence implies that for computing the modality of f is suffices to compute the modality of the k-jet of f in J^k_0 M^2. Here J^k_0 M^2 denotes the space of k-jets at the origin of elements of M^2. Denote by e_1, . . . , e_s a basis of the finite dimensional vector space J^k_0 M^2. Consider the deformation of f defined by:

F = f + s� j=1 λ_je_j

for any λ small enough, the germ of F (λ, .) at the origin is of the type PA^{p′,q′}_1 with p^′ ≤ p, q^′ ≤ q.

Proposition 4.5 implies that two germs in PA^{p′,q′}_1 are in the same G-orbit. Thus, there is only a finite number of P-equivalence classes, indexed by the integers p^′, q^′, in a neighbourhood of the k-jet of f.

3.3. P-versal deformation for the class PA^1. In this subsection, we compute the P-versal deformation for the simplest ”non-trivial” case, namely PA^1.

For the case PA_1 proposition 4.5 implies that the constant deformation is P-versal.

We shall prove the following proposition.

Proposition 4.6. The deformation F : (C × C^2, 0) −→ C of f(x, y) = xy + x^4 + y^3 defined by:

F (λ, x, , y) = xy + x^4 + λx^3 + y^3

is P-versal.

Moreover (F, Δ_F ) is G-equivalent to the deformation defined by the pair

(C × C^2, 0) −→ (C × C, 0) (λ, x, y) → (x^4 + λx^3 + y^3, xy)

3.4. Proof of proposition 4.6. Denote by

G : (C^k × C^2, 0) −→ (C, 0)

an arbitrary deformation of the holomorphic function-germ f ∈ PA^1.

Lemma 4.4. The deformation (G, Δ_G) is G-equivalent to a deformation induced from the one-parameter deformation

(λ, x, y) → (x^4 + λx^3 + y^3, xy).

Proof.

The holomorphic function-germ f = G(0, .) belongs to the P-singularity class PA^1. Thus, proposition 4.5 implies that the following G-equivalence holds (f, Δ_f ) ∼ (x^4 + y^3, xy)

Hence (G, Δ_G) is G-equivalent to a deformation of (x^4 + y^3, xy). Define the deformation A : (C^6 × C^2, 0) −→ (C × C, 0) of (f, Δ_f ) by the polynomials

A(μ, λ, x, y) = (x^4 + λx^3 + y^3 + μ_1x^2 + μ_2y^2 + μ_3x + μ_4y, xy + μ_5).

Direct calculations show that the G-tangent space to A is T A = O^2_{x,y}. Thus, the G-versal deformation theorem (see subsection 1.10) implies that the deformation A of (f, Δ_f ) is G-versal. Consequently (G, Δ_G) is G-equivalent to a deformation induced from A by a holomorphic map-germ

h : (C^k, 0) −→ (C^6, 0).

Denote respectively by γ = (γ_1, . . . , γ_k) the parameters of the deformations G. We use the old-fashioned notation:

h(γ) = (μ_1(γ), . . . , μ_5(γ), λ(γ)).

Lemma 4.4 is a consequence of the following lemma.

Lemma 4.5. The map-germ μ vanishes identically.

Proof.

Denote by Ḡ a representative of G.

The function Ḡ(γ, .) has a Morse critical point in a neighbourhood the origin provided that γ is small enough.

A translation sends an inflection point of a curve to an inflection point of its translation. Consequently, we can assume without loss of generality that the Morse critical point of Ḡ(γ, .) is the origin. Proposition 4.5 implies that for any γ small enough: 1) Δ¯_G(γ, .) has a Morse critical point at the origin of critical value 0, 2) the restriction of Ḡ(γ, .) to each branch of the plane curve � (x, y) ∈ C^2 : Δ¯_G(γ, x, y) = 0 � has a critical point of the type A_k with k ≥ 2.

Condition 1 implies that μ_5 vanishes identically. Then, condition 2 implies that μ_1, . . . , μ_4 also vanish identically. Lemma is proved.

Lemma 4.6. Assume that the vector (x^3, 0) is contained in the G-tangent space to (G, Δ_G). Then the following G-equivalence holds (G, Δ_G) ∼ (x^4 + y^3 + λx^3, xy).

Proof.

By direct calculations, we get that under the conditions of the lemma the G-tangent space to the deformation B : (C^{k+5} × C^2, 0) −→ (C × C, 0) of (f, Δ_f ) defined by:

B(μ, γ, x, y) = (G(γ, x, y) + μ_1x^2 + μ_2y^2 + μ_3x + μ_4y, Δ_G(γ, x, y) + μ_5)

is T B = O^2_{x,y}.

The G-versal deformation theorem implies that B is G-versal. Hence the deformation (C × C^2, 0) −→ (C × C, 0) (λ, x, y) → (x^4 + y^3 + λx^3, xy) is induced from a deformation G-equivalent to B.

The same argument as the one given in lemma 4.5 implies that (x^4 + y^3 + λx^3, xy) is induced from a deformation G-equivalent to (G, Δ_G). On the other hand, lemma 4.5 implies that (G, Δ_G) is induced from a deformation G-equivalent to (x^4 + y^3 + λx^3, xy). We have shown that:

- (G, Δ_G) is induced from a deformation G-equivalent to (x^4 + y^3 + λx^3, xy), - (x^4 + y^3 + λx^3, xy) is induced from a deformation G-equivalent to (G, Δ_G). Consequently (G, Δ_G) and (x^4 + y^3 + λx^3, xy) are G-equivalent. Lemma is proved.

By definition of P-versality, these two lemmas imply that a function-germ G satisfying the conditions of lemma 4.6 is a P-versal deformation.

It remains to find a deformation G of f such that (x^3, 0) belongs to the G-tangent space to (G, Δ_G).

Define the deformation F : (C × C^2, 0) −→ (C, 0) of f : (C^2, 0) −→ (C, 0) by

F (α, β, x, y) = xy + x^4 + y^3 + λx^3

Final assertion. The map germ

(C^2, 0) −→ (C × C, 0) (x, y) → (x^3, 0)

is contained in the G-tangent space to the deformation F .

Denote by:

- M^k the k^{th} power of the maximal ideal M ⊂ O_{x,y},

- M the O_{x,y}-module: M = � (0, m) : m ∈ M^2 � . Lemma 4.7. The module M is contained in the G-tangent space to (F, Δ_F ).

Proof.

The function germ f = F (0, .) belongs to the P-singularity class PA^1, thus proposition 4.5 implies the G-equivalence relation

(F (0, .), Δ_F (0, .)) ∼ (x^4 + y^3, xy).

Hence the G-tangent space to (F, Δ_F ) contains the tangent space to the constant deformation equal to (x^4 + y^3, xy). It is readily verified that the G-tangent space to this constant deformation contains the O_{x,y}-module M. Lemma is proved.

We conclude the proof of the assertion. The Hamilton vector-field of F (λ, .) is of the form

h_λ(x, y) = (x + r_1(λ, x, y))∂_x − (y + r_2(λ, x, y))∂_y .

Here r_1(λ, .), r_2(λ, .) ∈ M^2. Thus for any value of λ, we have Δ_F ∈ M^2. Consequently the restriction of ∂_λΔ_F to λ = 0 is contained in M^2_{x,y}. Lemma 4.7 implies that the restriction of (0, ∂_λΔ_F ) to λ = 0 is contained in the G-tangent space to (F, Δ_F ). Thus the map germ

((∂_λF, ∂_λΔ_F ) − (0, ∂_λΔ_F ))_{|λ=0} = (x^3, 0)

is contained in the G-tangent space to (F, Δ_F ). This concludes the proof of the final assertion. Proposition 4.6 is proved.

Projective topological invariants and the K(π, 1) theorem.

The theory of normal forms that we developed in the preceding chapter allows us to compute most of the projective topological invariants of P-simple function-germs. Indeed, the P-versal deformation theorem for the PA^{p,q}_1 series makes the computation of the corresponding P T -monodromy group a simple exercise. In this chapter, we focus our attention on the computation of the P T -fundamental group for the series PA^{p,q}_1 and on the K(π, 1) theorem stated in chapter 2 section 7. This is done by constructing a variant of the Lyaschko-Loojenga mapping. The construction of this mapping is the main tool from which we shall deduce our results.

1. Preliminaries.

1.1. The PA^{p,q}_1 series. For notational reasons assume that pq > 0. Let F : (C^{p+q} × C^2, 0) −→ C be a P-versal deformation of a functiongerm f ∈ PA^{p,q}_1 . Denote by Δ_F the bordered Hessian of F with respect to the variables (x, y). Theorem 2.11 ( chapter 2, section 5) asserts that the deformation (F, Δ_F ) is G-equivalent to the deformation (P (α, β, x, y), xy) with:

P (α, β, x, y) = x^{3+p} + y^{3+q} + α_1x^{2+p} + · · · + α_px^3 + β_1y^{2+q} + · · · + β_qy^3.

The G-equivalence relation preserves all the P T -invariants (in fact G-equivalence was introduced for computing them). This leads us to the following proposition.

Put: � Q(α, x) = x^{3+p} + α_1x^{2+p} + · · · + α_px^3, R(β, y) = y^{3+q} + β_1y^{2+q} + · · · + β_qy^3.

Let ~Σ ⊂ C^{p+q+1} be the set of values of the parameters (α, β, ε) for which at least one one of the two polynomials Q(α, x) − ε or R(β, y) − ε has a double root.

Proposition 5.1. The P T -covering of f is C^∞-equivalent to the covering whose base is C^{p+q+1} \ ~Σ, whose fibre at (α, β, ε) ∈ C^{p+q+1} \ ~Σ is the set of values of x and y such that Q(α, x) = ε, R(β, y) = ε.

This proposition imply the results on the monodromy and on the P T -braid groups for the P-singularity classes PA^{p,q}_1 .

All that remains to work out for the PA^{p,q}_1 singularity classes is: - to calculate the P T -fundamental groups, - to prove the K(π, 1) theorem.

1.2. The PA_2 series. Consider a holomorphic function-germ f : (C^2, 0) −→ (C, 0) belonging to the P-singularity class PA_2. Let F : (C^k × C^2, 0) −→ (C, 0) be a P-versal deformation of f. Theorem 2.8 implies that f = F (0, .) is P-equivalent to the function-germ defined by the polynomial y^2 + x^3.

The P T -invariants being unchanged under P-equivalence, we can assume without loss of generality that f(x, y) = y^2 + x^3.

Take a representative F̄ : Λ × U −→ C of the function germ F . Put:

V_{λ,ε} = {p ∈ U : F (λ, p) = ε}

Denote by B_r ⊂ C^2 the closed ball of radius r.

Lemma 5.1. The curve V_{λ,ε} ∩ B_r does not have degenerate inflection points provided that r, || λ || and ε are small enough.

Proof.

First, we make a preliminary remark. Assume that for some value (λ, ε), the curve V_{λ,ε} has a degenerate inflection point p. Let g be the germ at p of the restriction of F̄ to the line tangent to V_{λ,ε} at that point. Then, the third degree Taylor polynomial of g at p vanishes.

Let L ⊂ C^2 be a fixed line. For each value of the parameter (λ, ε), choose a point p(λ, ε) ∈ C^2 such that:

- the dependence of p on the parameter (λ, ε) is holomorphic, - p(0, 0) = 0.

Denote by k_λ the degree of the first term of the Taylor expansion at p(λ, ε) of the restriction of F̄ (λ, .) to L.

Since F (0, x, y) = y^2 + x^3, we have k_0 ≤ 3. Thus k(λ) ≤ 3 for λ small enough. According to the preliminary remark this means that p(λ, ε) is not a degenerate inflection point provided that λ is small enough. Lemma is proved.

This lemma implies that the P-discriminant of the family of curves (V_{λ,ε}∩B_r) consists only of the values of the parameter (λ, ε) for which the curve V_{λ,ε} has a singular point provided that || l || and ε are small enough. Consequently the corresponding P-bifurcation diagram is C^∞ diffeomorphic to the germ of a complex hyperplane H ([AVGL1]) in C^k. Obviously the space C^k \ H is a K(π, 1) space. Thus the K(π, 1) theorem (theorem (2.17) 55) holds for the PA_2 series.

Another consequence of the lemma is that for any two deformations of the function-germ f ∈ PA_2 which are (R−L)-equivalent, the P T -invariants will be the same.

Thus it suffices to compute the P T -invariants for an (R − L)-versal deformation of f say:

F (λ, x, y) = y^2 + x^3 − 3λx.

In this case the curves V_{λ,ε} ⊂ C^2 are elliptic curves minus one point. Fix the origin of the group of the elliptic curve V_{λ,ε} to be the ”missing” point.

Abel’s theorem implies that the inflection points of an elliptic curve are the points of order three of its group ([Clebsch]). That makes the computations of the P T -monodromy group trivial^1 .

Indeed, the Plücker discriminant of the family of curves:

V_{λ,ε} = � (x, y) ∈ C^2 : y^2 + x^3 − 3λx = ε � is the semi-cubical parabola: Σ = � (λ, ε) ∈ C^2 : λ^3 + ε^2 = 0 � Fix a value of (λ, ε) ∈ C^2 \ Σ. Let ω be the restriction of the holomorphic one-form^{dx}_y to V_{λ,ε}. The Abel mapping:

V_{λ,ε} −→ C/Γ p → �_p ∞ ω sends the inflection points of V_{λ,ε} to the points of order 3 in C/Γ distinct from 0.

We identify these points with the non-zero vectors of the vector space Z_3×Z_3. Then the P T -monodromy is generated by the matrices ([BrKn] for details): � � � A = � 1 0 1 1 �

B = � 1 −1 0 1 �

The group generated by these matrices is SL(2, Z/3Z).

2. Basic singularity theory.

We review various facts that we shall need.

2.1. Distinguished basis and vanishing cycles. In this subsection, we consider no longer holomorphic functions of two variables but of one variable. We follow word for word the textbook [AVGL1]. Let f : B_δ −→ C be a holomorphic function with Morse critical points p_1, . . . , p_μ of corresponding critical values ε_1, . . . , ε_μ. Here B_δ denotes the closed disk of radius δ in C centered at the origin. We assume that:

- distinct critical points have distinct critical values, - for any ε ∈ C, any point belonging to the set f^{−1}(ε) lies on the interior of

1I do not know how to describe the P T -braid group of the singularity PA_2 in an

invariant form although we have this simple normal form.

Figure 1. Zero-dimensional vanishing cycle at a Morse critical point. When ε approaches a critical value of a Morse critical point of f two preimages coalesce.

B_δ.

Put D = f(B_δ). Choose a point α^∗ on the boundary of D. Let D^′ = D \ {ε_1, . . . , ε_μ}. Fix an arbitrary j ∈ {1, . . . , μ} . Let ϕ_k : [0, 1] −→ D be a path connecting α^∗ with the critical value ε_k ∈ D of f. The word connecting means that:

- for t ≠ 1, ϕ_k(t) ∈ D^′, - ϕ_k(0) = α^∗, ϕ_k(1) = ε_k.

When t −→ 1, two preimages of ϕ_k(t) under f, say x_j (t) and x_k(t), approach one towards the other continuously with the parameter t (see figure 1).

Definition 5.1. The zero-dimensional reduced homology class Δ_k = {x_j (0)} − {x_k(0)} is called the vanishing cycle associated to the path ϕ_k.

Consider a loop β obtained by going along ϕ from α^∗ then going anticlockwise around ε_k and returning to α^∗ along ϕ_k (see figure 2).

Definition 5.2. The loop α described above is called a loop associated to the path ϕ_k.

A loop α associated to a path ϕ_k connecting the base point α^∗ ∈ D^′ with a Morse critical value ε_k gives rise to a permutation of two points of the fibre of f at the base point. We say that this permutation is associated to the loop α. Classically this permutation is called the monodromy operator associated to α.

Figure 2. On the left hand side: the closed loop α associated to the path ϕ. On the right hand side: the monodromy associated to the loop α.

The fundamental group π_1(D^′) is the free group with μ generators. Consider a set ϕ_1, . . . , ϕ_μ : [0, 1] −→ D of paths such that ϕ_k connects the base point α^∗ to the critical value ε_k.

Definition 5.3. The system of paths ϕ_1, . . . , ϕ_μ is called a weakly distinguished basis (of D^′ with base point α^∗) if the set of corresponding loops generates the fundamental group π_1(D^′).

Definition 5.4. A weakly distinguished basis ϕ_1, . . . , ϕ_μ of D^′ is called distinguished provided that:

- the paths ϕ_k’s have no self-intersections, - two different paths ϕ_j , ϕ_k intersect only at t = 0 at the base point α^∗ = ϕ_j(0) = ϕ_k(0), - the paths ϕ_k are indexed in the order of increase of Argϕ^′_k(0) (assuming that one reads the picture clockwise, see figure 3).

The following theorem is a particular case of a much more general theorem of Picard-Lefschetz theory ([Br3]).

Theorem 5.1. The vanishing cycles Δ_1, . . . , Δ_μ associated to a (weakly) distinguish basis of paths ϕ_1, . . . , ϕ_μ form a basis of the reduced homology group ~H_0(V_∗) where V_∗ is the fibre of f at the base point α^∗.

2.2. Zariski’s first theorem. In this section we discuss a variant of Zariski’s classical theorem ([Za], [VK]). For details the reader is sent to [HL].

The theorem that we shall state depends on a technical ”genericity” condition. We first give the theorem and then explain what this genericity condition means.

Let Σ ⊂ C^n be an algebraic hypersurface.

Figure 3. A distinguished basis.

Theorem 5.2. Let L ⊂ C^n be a Zariski generic complex line. Then the inclusion:

i : L \ (L ∩ Σ) −→ C^n \ Σ induces a surjective homomorphism

i_∗ : π_1(L \ (L ∩ Σ)) −→ π_1(C^n \ Σ).

We now explain what is a Zariski generic complex line. First, consider the case n = 2.

Definition 5.5. A complex line L ⊂ C^2 is called Zariski generic with respect to a complex algebraic curve C ⊂ C^2 provided that there exists a pencil of complex lines (L_t), t ∈ C such that: - L_0 = L intersects C transversally at m distinct points, - for any t ∈ C except a finite number of them the complex line L_t intersects Σ transversally at m distinct points, - for any t ∈ C, L_t intersects C at a finite number of points.

Remark. We point out that the notion of Zariski genericity does not mean necessarily that the complex line intersects transversally the curve at a maximal number of points. This is made clear by the following example.

Example. Let Σ = � (x, y) ∈ C^2 : y = x^2 � . The complex line L of equation x = 0 is ”Zariski generic”. To see it consider the pencil (L_t) defined by L_t = {(x, y) : x = t}.

We turn on to the general case. To explain this general case, we assume that the reader is acquainted with the definition of a Whitney stratification ([Wh],[Tei3]).

We fix a hyperplane H_∞ ≈ CP^{n−1} in CP^n and identify CP^n \ H_∞ with the affine space C^n.

Given a variety V ⊂ C^n, we denote by V̄ its closure in CP^n. Let Σ ⊂ C^n be an an algebraic hypersurface.

Since the surface Σ̄ ∪ H_∞ is algebraic it admits a minimal Whitney stratification ([Wh],[Tei3]). We consider this minimal stratification.

Definition 5.6. An affine complex line L ⊂ C^n is called Zariski generic if the following conditions are satisfied:

- there exists an affine complex 2-plane P ⊂ C^n containing L such that P̄ intersects each stratum of Σ ∪ H_∞ transversally.

- the complex line L is Zariski generic with respect to C = P ∩ Σ in P ≈ C^2.

2.3. The Zariski, Van-Kampen theorem. We keep the same notations as those of the preceding subsection. Assume that there exists a linear projection:

p : C^n −→ C^{n−1},

such that:

- the values of the parameter ε ∈ C^{n−1} for which the complex line p^{−1}(ε) is not Zariski generic form a hypersurface Δ ⊂ C^{n−1}, - there exists a complex line ~L ⊂ C^{n−1} such that the 2-plane p^{−1}(~L) intersects each strata of Σ̄ ∪ H_∞ transversally.

The Zariski Van-Kampen theorem describes the group π_1(C^n \ Σ) in terms of the projection p.

Fix a base point α^∗ ∈ C^{n−1} \ Δ. Then the complex line L^∗ = p^{−1}(α^∗) is Zariski generic.

A loop γ : [0, 1] −→ C^{n−1} \ Δ acts on the free group π_1(L^∗ \ (L^∗ ∩ Σ)) by monodromy. Indeed,for each value of t ∈ [0, 1], the set of intersection points of L_t with Σ is identified with a set of points in C say {ε_1(t), . . . , ε_s(t)} . Let D^′_t ⊂ C be the complement in C of {ε_1(t), . . . , ε_s(t)}. Choose the same base point ε^∗ for the fundamental groups in the complement of {ε_1(t), . . . , ε_s(t)} for all values of t.

We get a locally trivial covering:

- the base of the covering is the oriented circle S^1, - the fibre at t is the fundamental group π_1(D^′_t, ε^∗) with base point ε^∗ (this group is a free group).

By definition, the monodromy automorphism of this covering associated to the loop t → e^{2iπt} is the monodromy automorphism associated to γ. We denote it by ρ[γ].

The automorphism ρ[γ] : π_1(D^′_0, ε^∗) −→ π_1(D^′_0, ε^∗) depends only on the homotopy class of γ : [0, 1] −→ C^{n−1} \ Δ, γ(0) = γ(1) = ε^∗.

Example. Let Σ = � (x, y) ∈ C^2 : x = y^2 � . Consider the projection p(x, y) = x. We have Δ = {0} ⊂ C^∗. Let γ : [0, 1] −→ C^2 be defined by γ(t) = (e^{2iπt}, 0). The line:

L_t = � (x, y) ∈ C^2 : x = e^{2iπt} � is identified with C via the map:

C −→ C^2 ε → (e^{2iπt}, ε).

The points of intersection of L_t with Σ are identified with the points ε_1(t), ε_2(t) ∈ C: � ε_1(t) = e^{iπt} ε_2(t) = −e^{iπt}

Denote by D^′_t the complement of {ε_1(t), ε_2(t)} in C. We choose the base point ε^∗ to be any point on the imaginary axis with sufficiently small negative coordinate.

The group π_1(D^′_t, ε^∗) is the free group with two generators. Consider loops α_1, α_2 of figure 4. Denote respectively by a_1 and a_2 their homotopy classes. They generate π_1(L^′_t, ε^∗). The monodromy action of γ is as follows: � ρ[γ].a_1 = a_2 ρ[γ].a_2 = a_2a_1a^{−1}_2 .

Figure 4.

We come back to the general case. We say that a subgroup of a group is invariant (sometimes called distinguished) if it is invariant under conjugation by the elements of the group.

Definition 5.7. The relation subgroup H of the free group π_1(L^∗ \(L^∗ ∩Σ)) is the minimal invariant subgroup containing all the elements of the type η^{−1}(ρ[γ].η) for all η^′s in π_1(L^∗ \ (L^∗ ∩ Σ)) and all γ’s in π_1(C^{n−1} \ Δ).

Theorem 5.3. The quotient of the free group π_1(L^∗ \(L^∗ ∩Σ)) by the relation subgroup is isomorphic to the group π_1(C^n \ Σ).

Example. We come back to the computations of the preceding example. In this case, the free-group G = π_1(L^∗ \ (L^∗ ∩ Σ)) has two generators a_1, a_2. The relation subgroup H is generated by a_1a^{−1}_2 . Thus π_1(C^2 \ Σ) is isomorphic to Z.

Denote by ā_i the image of a_i under the canonical projection G −→ G/H. We have ā_1 = ā_2. This means that the loops α_1 and α_2 are homotopic in C^2 \ Σ.

3. A variant of the Lyaschko-Loojenga mapping.

3.1. The PA^p_1 Lyaschko-Loojenga mapping. We consider a variant of the usual Lyaschko-Loojenga mapping [Arn4], [Loo]. This variant is the restriction of the usual mapping to a particular strata. Consequently, it shares the same properties than the usual Lyaschko-Loojenga mapping.

Consider the family of polynomials:

(30) Q(λ, x) = x^{p+3} + λ_1x^{p+2} + · · · + λ_px^3.

We say that a critical point of a polynomial is degenerate if both the first and the second derivative of the polynomial vanish at the given point. Denote by Δ the set of values of the parameter λ ∈ C^p for which either: - the polynomial Q(λ, .) has a non-zero degenerate critical point or, - two distinct critical points of Q(λ, .) have the same critical value. Let Σ ⊂ C^p be the set of values of the parameter μ ∈ C^p for which the polynomial:

Q̃(μ, x) = x^p + μ_1x^{p−1} + · · · + μ_{p−1}x + μ_p

either has a double root or vanishes at the origin.

Definition 5.8. The PA^p_1 Lyaschko-Loojenga mapping, denoted π[p], is the map that sends λ ∈ C^p \ Δ to the coefficients μ = (μ_1, . . . , μ_p) of the polynomial Q(μ, .) whose roots are the non-zero critical values of Q(λ, .).

Remark. Proposition 5.1 of page 99 implies that this definition is equivalent to the one given in chapter 2 page 56. Example. Consider the case p = 1. Put:

Q(λ, x) = 3x^4 − 4λx^3.

We have changed the coefficients with respect to formula 30 in order to simplify the calculations. The critical points of Q(λ, .) are 0 and λ. The critical value corresponding to the critical point x = λ of Q(λ, .) is Q(λ, λ) =

−λ^4. Consequently the PA^1 Lyaschko-Loojenga mapping π[1] is (up to a multiplicative constant) given by the formula

π[1] : C^∗ −→ C^∗, λ → −λ^4,

Here and in the sequel the symbol C^∗ stands for C \ {0}.

The following proposition follows Riemann’s theorem on the unicity of the analytic structure of CP^1 (like for the usual Lyaschko-Loojenga mapping).

Proposition 5.2. The PA^p_1 Lyaschko-Loojenga mapping π[p] : C^p \ Δ −→ C^p \ Σ is a (holomorphic) covering.

Corollary 5.1. The space C^p \ Δ is a K(π, 1) space.

We explain why proposition 5.2 implies this corollary.

Recall that given a, say topological, covering the homotopy groups π_k of the base space and of the total space are the same provided that k > 1. Indeed, for k > 1, the exact homotopy sequence of a fibration E −→ B of fibre F is:

. . . −→ π_k(F ) −→ π_k(E) −→ π_k(B) −→ π_{k−1}(F ) −→ . . . ,

If F is discrete the π_k(F ) = π_{k−1}(F ) = 0. Hence π_k(E) ≈ π_k(B) for k > 1. Thus C^p \ Δ is a K(π, 1) space provided that C^p \ Σ is a K(π, 1) space. The space C^p \ Σ can be identified with the space of polynomials Q with distinct roots that do not vanish at 0. According to Brieskorn, this space is the classifying space of the Coxeter group B_p. In particular it is a K(π, 1) space (see [Br2] for details).

There is no difficulty in generalizing our discussion to the case PA^{p,q}_1 . This will occupy the next subsection.

3.2. The PA^{p,q}_1 Lyaschko-Loojenga mapping. Consider the family of pairs of polynomials (for fixed integers p > 0, q > 0):

(31) � Q(α, x) = x^{p+3} + α_1x^{p+2} + · · · + α_px^3 R(β, y) = y^{q+3} + β_1y^{p+2} + · · · + β_qy^3

Denote by Δ the set of values of the parameter (α, β) ∈ C^{p+q} for which either:

- at least one of the polynomials Q(α, .) or R(β, .) has a non-zero degenerate critical point or, - there are two critical points of P or of Q with the same critical values (it can be two critical points of the same polynomials or of the two polynomials ). Let Σ ⊂ C^{p+q} be the set of values of the parameters (a, b) ∈ C^{p+q} for which one of the polynomials: �~ Q(a, x) = x^p + a_1x^{p−1} + · · · + a_{p−1}x + a_p R̃(b, y) = yq + b_1yp+2 + · · · + b_{q−1}y + b_q either has a double root or vanishes at the origin.

Definition 5.9. The PA^{p,q}_1 Lyaschko-Loojenga mapping, denoted π[p, q] is the map which sends the parameter (α, β) ∈ C^{p+q} to the coefficients a = (a_1, . . . , a_p), b = (b_1, . . . , b_q) of the polynomials Q̃(a, .), R̃(b, .) whose roots are the non-zero critical values of Q and of R.

Remark. Proposition 5.1 of section 1 implies that this definition is equivalent to the one given in chapter 2, subsection 7.7 . Example. Consider the case p = q = 1. Take: � Q(α, x) = 3x^4 − 4αx^3, R(β, y) = 3y^4 − 4βy^3.

We have multiplied the coefficients of Q, R by constants with respect to formula 31 in order to simplify the calculations.

The variety Δ is the union of 6 complex lines passing through the origin: - the 4 complex lines � (α, β) ∈ C^2 : α^4 = β^4 � , - the 2 complex lines � (α, β) ∈ C^2 : αβ = 0 � . The variety Σ is the union of 3 complex lines: - the coordinate axis of equation a = 0 and b = 0, - the complex line � (a, b) ∈ C^2 : a = b � . The only non-zero critical point of Q(α, .) (resp. R(β, .)) is α (resp. β). The corresponding critical value is Q(α, α) = −α^4 (resp. R(β, β) = −β^4). Consequently the PA^{1,1}_1 Lyaschko-Loojenga mapping is (up to a multiplicative constant) given by the formula

π[1, 1] : C^2 \ Δ −→ C^2 \ Σ, (α, β) → (−α^4, −β^4).

Like for the PA^p_1 we have the following proposition.

Proposition 5.3. The restriction of the PA^{p,q}_1 Lyaschko-Loojenga mapping π[p, q] : C^{p+q} \ Δ −→ C^{p+q} \ Σ is a covering.

Proposition 5.4. The space C^{p+q} \ Δ is a K(π, 1) space.

In order to prove proposition 5.4, we need to make a digression.

3.3. Coloured configuration spaces. Consider a topological space X. We have denoted by B(X, k) the configuration space with k elements. That is the space whose points are sets with k pairwise distinct elements in X. We define the two coloured configuration space of X with p elements of one colour and q elements of another colour denoted B(X, p, q). We use the notation ε = {ε_1, . . . , ε_p} ∈ B(X, p) and ε^′ = {ε_{−1}, . . . , ε_{−q}} ∈ B(X, q).

Definition 5.10. The topological space

B(X, p, q) = � (ε, ε^′) ∈ B(X, p) × B(X, q) : ε_j ≠ ε_k � , where j (resp. k) runs over all values in {1, . . . , p}(resp. {−1, . . . , −q}) is called the two coloured configuration space of X with p white elements and q black elements.

Remark. The topological spaces B(X, p, q) and B(X, q, p) are homeomorphic.

With the notations of the previous subsection we have the following proposition.

Proposition 5.5. The topological space B(C^∗, p, q) is homeomorphic^2 to C^{p+q} \ Σ.

The proof is obvious. We send the point ({ε_1, . . . ε_p} , {ε_{−1}, . . . ε_{−q}}) ∈ B(C^∗, p, q) to the value of the parameters (a, b) ∈ C^{p+q} \ Σ such that: - the polynomial Q̃(a, .) has the roots {ε_1, . . . ε_p}, - the polynomial R̃(a, .) has the roots {ε_{−1}, . . . ε_{−q}}.

3.4. Proof of proposition 5.4. In order to prove that C^{p+q} \ Δ is a K(π, 1) space, it is sufficient to prove that C^{p+q} \ Σ is a K(π, 1) space. As usual this is due to the following two facts:

- the PA^{p,q}_1 Lyaschko-Loojenga mapping π[p, q] : C^{p+q} \ Δ −→ C^{p+q} \ Σ is a covering, - the homotopy groups of order strictly higher than one of the base space of a covering coincide with those of the total space.

As we saw in the preceding subsection, the space C^{p+q} \ Σ is homeomorphic to B(C^∗, p, q).

Assertion: the space B(C^∗, p, q) is a K(π, 1) space.

The proof of this assertion will conclude the proof of proposition 5.4. Consider the map B(C^∗, p, q) −→ B(C^∗, p + q) obtained by forgetting the colours of the elements.

This map is a covering, hence B(C^∗, p, q) is a K(π, 1) space provided that B(C^∗, p + q) is a K(π, 1) space.

The space B(C^∗, p + q) is the K(π, 1)-classifying space of the Coxeter group B_{p+q}(see [Br2]). This concludes the proof of proposition 5.4.

2We defined the configuration spaces B(X, k) as topological spaces. However this

space carries a natural (obvious) analytical structure when X is an analytical manifold. For this structure B(C^∗, p, q) and C^{p+q} \ Σ are biholomorphic.

3.5. Description of the fundamental group via the PA^p_1 Lyaschko- Loojenga mapping. We are going to describe the fundamental group of C^p \ Δ in terms of the covering:

π[p] : C^p \ Δ −→ C^p \ Σ.

We fix respective base points ε^∗ and λ^∗ in C^p \ Σ and C^p \ Δ such that λ^∗ belongs to the fibre of ε^∗, that is π[p](λ^∗) = ε^∗.

Any element γ ∈ π_1(C^p \ Σ) acts on the fibre of the covering π[p] at ε^∗ by monodromy. We denote by γ. this action.

Definition 5.11. The order of γ (with respect to the base point λ^∗) is the smallest number k such that γ^k.λ^∗ = λ^∗.

So if we have a loop γ of order k (with respect to the base point λ^∗), then starting from λ^∗, γ^k can be lifted to a closed loop.

Example. Put Q(λ, x) = 3x^4 − 4λx^3. We computed the corresponding Lyaschko-Loojenga mapping π[1] previously. We found that it is given by the formula π[1] : C^∗_1 −→ C^∗_2, λ → −λ^4.

In order to distinguish the source space and the target space (both equal to C^∗) of π[1], we have put lower indices 1, 2. Choose 1 ∈ C^∗_1 and −1 ∈ C^∗_2 as the base points. Consider the loop γ defined by γ : [0, 1] −→ C^∗_2 t → −e^{2iπt}

The pre-images of −1 ∈ C^∗_2 under π[1] are the four values ±1, ±i corresponding to the four polynomials Q(±1, .), Q(±i, .).

The action of γ on them is the multiplication by −i. Indeed the loop γ can be lifted to the loop γ : [0, 1] −→ C^∗_1, t → e^{iπt}2 .

Thus γ is of order 4. Indeed, the loop γ^4 given by the formula γ^4 : [0, 1] −→ C^∗_2, t −→ e^{8iπt}, can be lifted to the closed loop: ~γ : [0, 1] −→ C^∗_1, t → e^{2iπt}.

We now describe a set of loops {γ_{j,k}} , 0 ≤ j < k ≤ p in C^p \ Σ with base point ε^∗ and a sequence of numbers (m_{j,k}) such that:

- the loop γ_{j,k} has order m_{j,k} i.e. the loop γ^{mj,k}_{j,k} can be lifted to a closed loop γ̃_{j,k}, - the homotopy classes of the loops γ̃_{j,k}’s generate the fundamental group

C^p \ Δ.

Recall that C^p \ Σ is homeomorphic to the configuration space B(C^∗, p) of p unordered pairwise distinct points in C^∗. In the sequel, we identify both spaces.

Denote by ε^∗ = {ε_1, . . . , ε_p} ∈ B(C^∗, p), the set of non-zero critical values of Q(λ^∗, .), λ^∗ ∈ C^p \ Δ.

The ε_k’s are numbered such that ε_k < ε_{k+1}.

For simplicity, we choose the base point λ^∗ ∈ C^p \ Δ so that the critical values of Q(λ^∗, .) are real and the critical points non-negative. For 0 < j < k, the loop γ_{j,k} is any loop obtained by exchanging ε_j and ε_k on the lower half-plane (Im(ε) < 0) as indicated in the left part of figure 5). The loops γ_{0,k} are obtained by turning counterclockwise the critical value ε_j around the origin as indicated in the right part of figure 5. In the description of the loops, we have used the fact C^p \ Σ and B(C^∗, p) are homeomorphic. Moreover the corresponding loops are closed in B(C^∗, p) because we start with the configuration ε^∗ ∈ B(C^∗, p) and end with the same configuration.

Figure 5. The loops γ_{j,k} that generate the fundamental group of C^p \ Σ.

Proposition 5.6. Let m_{j,k}, j < k be the sequence defined by:

m_{j,k} = � � � 2 if k − j > 1, 3 if k = j + 1, i > 0 4 if j = 0, k = 1.

Then the loops γ^{mj,k}_{j,k} can be lifted to a system of generators of π_1(C^p \ Δ) via the map:

π[p] : C^p \ Δ −→ C^p \ Σ.

Figure 6.

3.6. Proof of proposition 5.6. Choose a closed disk D ⊂ C sufficiently big so that it contains all the ε_k’s in its interior.

Put D^′ = C \ {ε_0, . . . , ε_p}. Choose a base point α^∗ in the boundary of D^′ and on the lower half-plane. Fix a set of loops α_0, . . . , α_p associated to a distinguished basis of L^′ like in figure 6. Consider the map: f : C_1 −→ C_2, x → Q(λ^∗, x).

We have used here indices to distinguish the source and the target space of f which are both equal to C. By definition:

- the critical values of f are ε_0, . . . , ε_p, - the restriction of f to f^{−1}(D^′), D^′ ⊂ C_2 is a covering.

Each loop α_k : [0, 1] −→ D^′ acts on the fibre of f at the base point α^∗ ∈ D^′ by permutation.

We denote formally by 0, 1, . . . , p + 3 the points of the fibre of f at α^∗. Let s_k be the permutation associated to the loop a_k. It is readily seen that the numbering can be chosen so that: � s_0 = (123) s_k = ((2 + k)(3 + k)) for k > 0

The γ_{j,k}’s act on the loops α_k ⊂ D^′ by monodromy and consequently they act on the permutations s_k’s associated to the α_k’s. The action^3 τ. of the loop γ_{j,k} on the permutations is as follows:

3The map τ depends on j, k but we want to avoid too many indices.

- for 0 < j < k, � � � τ.s_j = s_k τ.s_k = s_ks_js^{−1}_k τ.s_r = s_r for r ≠ i, r ≠ j,

- for j = 0, k > 0, � � � τ.s_0 = s_ks_0s^{−1}_k τ.s_k = s_ks_0s_ks^{−1}_0 s^{−1}_k τ.s_r = s_r for r ≠ 0, r ≠ j,

We denote by:

- S_{p+4} the group of permutation on p + 4 elements, - S^{p+1}_{p+4} the direct product of p + 1 copies of the group S_{p+4}.

Definition 5.12. The transformation τ : S^{p+1}_{p+4} −→ S^{p+1}_{p+4} defined for 0 < j < k by � � � τ.σ_j = σ_k τ.σ_k = σ_kσ_j σ^{−1}_k τ.σ_r = σ_r for r ≠ i, r ≠ j, and for j = 0, k > 0 by � � � τ.σ_0 = σ_kσ_0σ^{−1}_k τ.σ_k = σ_kσ_0σ_kσ^{−1}_0 σ^{−1}_k τ.σ_r = σ_r for r ≠ 0, r ≠ j,

for σ = (σ_1, . . . , σ_p) ∈ S^{p+1}_{p+4} is called the transformation associated to the loop γ_{j,k}.

We keep the previous notations. The following (classical) lemma is also a consequence of the unicity of analytic structure on the Riemann sphere.

Lemma 5.2. A loop γ_{j,k} has order m_{j,k} if and only if m_{j,k} is the smallest number such that τ^{mj,k} .(s_0, . . . , s_k) = (s_0, . . . , s_k). Here τ is the transformation associated to the loop γ_{j,k}.

Thus we can calculate explicitly the m_{j,k}’s, we get:

m_{j,k} = � � � 2 if j − i > 1, 3 if j = i + 1, i > 0 4 if i = 0, j = 1.

Let g̃_{j,k} be a lifting of the loop γ^{mj,k}_{j,k} . It remains to prove the following lemma.

Lemma 5.3. The fundamental group of the space C^p \ Δ is generated by the γ̃_{j,k}’s where j, k run over all values such that 0 ≤ j < k ≤ p.

Proof.

Take a line L ⊂ C^p Zariski generic with respect to Δ containing λ^∗. The first Zariski’s theorem implies that the resulting homomorphism

π_1(L \ (L ∩ Δ)) −→ π_1(C^p \ Δ)

is surjective.

Fix a disk in L containing all the points of L ∩ Δ with base point λ^∗ on its boundary.

Consider a set of loops β_1, . . . , β_s associated to a distinguished basis ϕ_1, . . . , ϕ_s of L \ (L ∩ Δ).

The map π[p] : C^p \ Δ −→ C^p \ Σ sends the distinguished basis ϕ_1, . . . , ϕ_s to a set of paths ϕ^′_1, . . . , ϕ^′_s : [0, 1] −→ C^p such that for t ≠ 1, ϕ^′_k(t) ∈ C^p \ Σ for any k ∈ {1, . . . , s}. Denote by β^′_j the image of β_j under π[p].

Fix k ∈ {1, . . . , s} and consider a path ϕ_k of the distinguished basis. For t ≠ 1, we have ϕ(t) ∈ C^p \ Δ. A point C^p \ Δ can be identified with a set {ε_1, . . . , ε_p} of unordered points in C^∗.

When t −→ 1, either to points say ε_j , ε_k coalesce or a point say ε_j approaches 0. Consequently the loop β^′_k is conjugated to γ^{mj,k}_{j,k} . Now, it is readily seen that a loop conjugated to a γ_{j,k} is necessarily of the type γ_{r,s}. Thus the loop β_k is in the same homotopy class as γ̃_{r,s} where γ̃_{r,s} is the lifting of γ^{mr,s}_{r,s} . This concludes the proof of the lemma. Proposition is proved.

3.7. An example. We use the same notations than those of the preceding subsection.

We consider the case p = 1. As before, for simplicity, we take:

Q(λ, x) = 3x^4 − 4λx^3.

The PA^1 Lyaschko-Loojenga mapping is given by

π[1] C^∗_1 −→ C^∗_2, λ → −λ^4.

Here again we have used small subscripts for the source and the target space in order to distinguish them.

Take the base points λ^∗ = 1 ∈ C_1, ε^∗ = −1 ∈ C^∗_2. In this case B(C^∗, 1) is homeomorphic to C^∗. That is there is an unique non-zero critical value ε^∗. Choose a base point α^∗ in C^∗. Take the loops α_0, α_1 as indicated in figure 7. Choose the numbering of the 4 points of the fibre of the function Q(λ^∗, .) at α^∗ so that:

- the permutation associated to s_0 is (123), - the permutation associated to s_1 is (34).

Let a_k be the homotopy class in C \ {−1, 1} of the loop α_k. The loop γ_{1,0} acts on the homotopy classes a_0, a_1 of the loops α_0 and α_1 as indicated in figure 7 that is: τ.a_0 = a_1a_0a^{−1}_1 τ.a_1 = a_1a_0a_1a^{−1}_0 a^{−1}_1 .

Consequently: � � � � τ(s_0, s_1) = ((124), (32)), τ^2(s_0, s_1) = ((134), (12)), τ^3(s_0, s_1) = ((234), (14)), τ^4(s_0, s_1) = ((123), (34)).

Hence τ^4(s_0, s_1) = (s_0, s_1). This implies γ_{1,0} : [0, 1] −→ C^∗_2 has order 4 with respect to λ^∗ = 1 ∈ C^∗_1. Indeed γ^4_{1,0} : t → e^{8iπt} can be lifted to:

γ̃_{1,0} : [0, 1] −→ C_1 t → e^{2iπt}

and the homotopy class of γ̃_{1,0} generates the fundamental group of C^∗_1.

Figure 7.

3.8. Computation of the fundamental group for PA^p_1. We keep the same notations as that of the preceding subsection. We have the projection:

ξ : C^{p+1} −→ C^p, (α_1, . . . , α_p, ε) −→ (α_1, . . . , α_p).

Denote by ~Σ the set of values of the parameter (α_1, . . . , α_p, ε) for which the polynomial x^{3+p} + α_1x^{2+p} + · · · + α_px^3 − ε has at least double root.

A point of C \ {ε_0, ε_1, . . . , ε_p} can be identified with a point of L \ (L ∩ ~Σ) where L is the complex one-line ξ^{−1}(α^∗) via the map:

C −→ C^{p+1}, ε → (α^∗, ε).

This map gives an identification of a loops α_k in D^′ with a loops in L\(L∩ ~Σ). The first Zariski theorem (theorem 5.2) implies that the resulting homomorphism:

π_1(D^′) −→ π_1(C^{p+1} \ Σ) is surjective. It remains to calculate the relation subgroup. The group C^p \Δ is generated by the γ̃_{j,k}’s. The monodromy automorphism associated to γ̃_{j,k} is easily calculated. Let a_r be the homotopy class of α_r. Define τ_{j,k} by the formula

τ_{j,k}a_r = � � � a_k if r = i a_ka_j a^{−1}_k if r = j a_r if r ≠ i and r ≠ j Then one finds the action ρ[γ̃_{j,k}] = τ^{mj,k}_{j,k} provided that lk ≠ 0 and:

ρ[γ̃_{j,k}] = τ^{2mj,k}_{j,k}

if jk = 0.

This concludes the computations of the fundamental group for the P-singularity class PA^p_1.

3.9. Description of the fundamental group via the PA^{p,q}_1 Lyaschko- Loojenga mapping. The procedure is analogous to that of PA^p_1. The difference lies essentially in the notations.

We describe the fundamental group of C^{p+q} \ Δ in terms of the covering:

π[p, q] : C^{p+q} \ Δ −→ C^{p+q} \ Σ.

We fix respective base points ε^∗ and λ^∗ in C^{p+q} \ Σ and in C^{p+q} \ Δ such that λ^∗ belongs to the fibre of ε^∗, that is π[p, q](λ^∗) = ε^∗.

We consider a set of loops {γ_{j,k}} , −q ≤ j < k ≤ p in C^p \ Σ with base point ε^∗ and a sequence of numbers (m_{j,k}) such that:

- the loop γ_{j,k} has order m_{j,k} i.e. the loop γ^{mj,k}_{j,k} can be lifted to a closed loop γ̃_{j,k}, -the γ̃_{j,k}’s generate the fundamental group of C^{p+q} \ Δ.

For −q ≤ j < k ≤ p and jk ≠ 0, the loop γ_{j,k} is any loop obtained by exchanging ε_j and ε_k on the lower half-plane (Im(ε) < 0) like in the case PA^p_1.

The loops γ_{0,j} are obtained by turning counterclockwise the critical value ε_j around the origin like in the case PA^p_1.

Proposition 5.7. Let m_{j,k}, −q ≤ j < k ≤ p be the integers defined by:

m_{j,k} = � � � 2 if | k − j |> 1, 3 if k = j + 1, ij ≠ 0 4 if j = 0, k = ±1.

Then the loops γ^{mj,k}_{j,k} can be lifted to a system of generators of π_1(C^p \ Δ) via the map:

π[p] : C^p \ Δ −→ C^p \ Σ.

The rest of the proof is the same than for PA^p_1.

CHAPTER 6

The modality in Plücker space.

The projective topological invariants of a family of curves (V_ε) are discrete invariants related to the extrinsic projective structure. In this chapter, we study the continuous invariant corresponding to the P T -monodromy group: the asymptotics of the multivalued functions giving the vanishing flattening points of a one-parameter family of curves (V_ε) when ε −→ 0. The computations of these functions at a node singular point are made in the first section.

In the second section, we apply the results obtained in the first section in order to obtain a lower bound for the P-modality. The answer is given in terms of the geometry of a Newton Polygon. This is how the geometry of integer points contained in a triangle arises in this study. In this chapter, we shall say that a property holds for a generic holomorphic map φ : (C^n, 0) −→ (C^n, 0) provided that there exists an integer N and a semi-algebraic variety Σ ⊂ J^N_O (C^2, C^n) of codimension at least one such that for j^N_0 φ /∈ Σ, φ satisfies the given property.

1. Asymptotics of vanishing flattening points.

1.1. Summary and notations. Let H : U −→ C be a non-constant holomorphic function and φ : U −→ C^n holomorphic embedding. Here U denotes a neighbourhood of the origin in C^2 and C^n denotes the affine ndimensional space.

Denote by V_ε[φ] the image under φ of the curve H^{−1}(ε). We use the notations of chapter 3, subsection 1.3. We fix a coordinate-system (x, y) in U.

Definition 6.1. The value of the coordinate x at a flattening point of the curve V_ε[φ] is called a label of the flattening point.

Remark. This definition is, of course, coordinate dependent. We do not take into account the value of the y-coordinate.

A label of a flattening point of a curve V_ε[φ] depends on the parameter ε as a multi-valued function. These multi-valued function-germs is the object that we are going study.

1.2. Asymptotics of vanishing flattening points (case n = 3). For the rest of section 1, we put H(x, y) = xy.

We state a refinement of theorem 2.13 in the particular case n = 3. We use the old-fashioned language of multi-valued functions. We keep the notations introduced in the preceding subsection.

Theorem 6.1. The germs of the labels of the flattening points of V_ε[φ] at the origin are function-germs given by convergent series of the form � � � x_1(ε) = α_1ε^{1/4} + o(ε^{1/4}), x_2(ε) = α_2ε^{1/2} + o(ε^{1/2}), x_3(ε) = iα_2ε^{1/2} + o(ε^{1/2}), x_4(ε) = α_3ε^{3/4} + o(ε^{3/4})

provided that φ is generic.

The function-germs x_1 and x_4 are 4-valued. The function germs x_2 and x_3 are 2-valued. This makes 12 values. That is the curves V_ε[φ] have 12 flattening points that ”vanish” at the origin when ε −→ 0. When ε makes a turn around the origin the 4 values of x_1 and x_4 are permuted as well as the two values of x_2 and x_3.

The language of multi-valued function can be avoided. Put ε = t^4 and consider the curves V_t4 [φ]. Instead of a set of 4 multi-valued function, we get a set of 12 holomorphic functions.

Theorem 6.1 admits a converse. In order to avoid complicated notations, we return to the language of multi-valued functions.

Theorem 6.2. Let g_1, . . . , g_4 be multi-valued functions given by convergent (or formal) power series � � � g_1(ε) = � k>0 a_kε^{k/4}, g_2(ε) = � k>0 b_kε^{k/2}, g_3(ε) = � k>0 c_kε^{k/2}, g_4(ε) = � k>0 d_kε^{3k/4}.

Assume that b_1 = ±ic_1. Then for any N there exists a holomorphic map φ : (C^2, 0) −→ (C^n, 0) such that the labels x_1, . . . , x_4 of the flattening of the curves V_ε[φ] satisfy x_k − g_k = o(ε^N )

provided that the functions g_1, g_2, . . . , g_4 are generic^1.

Keeping in mind our general philosophy, once this theorem is proved we study a functional space and forget about the projective nature of our problem.

1For any k, the set of coefficients a_1, . . . , a_N , b_1, . . . , b_N , c_1, . . . , c_N , d_1, . . . , d_N such

that b1 = ±ic1 that do not satisfy the theorem form a semi-algebraic variety of codimension at least one in the space C^{4N−1} of the values of the ai, bi, ci, di’s.

1.3. Proof of theorem 6.1 and theorem 6.2. In order to simplify the notations, we denote by the same characters D[φ] the germ at the origin of D[φ] which was previously a function in U.

Lemma 6.1. One can represent D[φ] in the form

D[φ](x, y) = a_1x^6 + a_2x^3y + a_3xy^3 + a_4y^6

where the a_k’s denote some holomorphic function-germs.

Proof.

We start by proving the equality

(32) [x^{α1} y^{β1} , x^{α2} y^{β2} , x^{α3} y^{β3} ] = cx^{α1+α2+α3} y^{β1+β2+β3} ,

where the constant c is equal to the Vandermonde determinant of

(α_1 − β_1, α_2 − β_2, α_3 − β_3)

multiplied by

�_3 i=1(α_i − β_i).

The Hamilton vector-field of H(x, y) = xy is h(x, y) = x∂_x − y∂_y. Thus, the derivative of x^{αk} y^{βk} along h is given by

h.(x^{αk} y^{βk} ) = (α_k − β_k)(x^{αk} y^{βk} .

Consequently the k^{th} column of the 3×3 determinant [x^{α1} y^{β1} , x^{α2} y^{β2} , x^{α3} y^{β3} ] is given by:

x^{αk} y^{βk} ((α_k − β_k), (α_k − β_k)^2, (α_k − β_k)^3).

This proves equality 32.

The multilinearity of the determinant implies that D[φ] is the sum of such terms. All these terms belong to the ideal generated by x^6, x^3y, xy^3, y^6. Hence, lemma is proved.

Let I be the ideal generated by x^6, x^3y, xy^3, y^6. Denote by I_k the elements of I of degree not more than k.

For the rest of this chapter, we denote by j^kg denotes the Taylor polynomial of degree k of a holomorphic function germ g : (C^r, 0) −→ C at the origin. It is usually denoted by j^k_0 g but we drop the subscript 0 to simplify the notations.

The way the coefficients of D[φ] depend on the coefficients of φ is complicated. Nevertheless, one has the following lemma, which is the main lemma of this chapter.

Lemma 6.2. For any generic polynomial^2 m ∈ I_k and for any number N there exists a map-germ φ : (C^2, 0) −→ C (depending in N) such that j^N (D[φ]) = j^N m.

2The subspace of I_k of polynomials that do not satisfy this property is a semi-algebraic

variety of codimension at least one in I_k.

Proof.

For any N ≥ 4, consider the map:

P : J^N (C^2, C^3) −→ I_N , j^N φ → j^N (D[φ]).

This map is well-defined since j^N (D[φ]) depends only on the jet of order N of φ (in fact even less than N is sufficient).

The map P is a polynomial map. Hence the image of P is a semi-algebraic subvariety V . The lemma asserts that the subvariety V is of codimension 0. We give here a proof which can be readily extended to the case where the dimension of the affine space is greater than 3.

Assume that there exists a polynomial function F : I_N −→ C such that:

F (a) = 0, ∀a ∈ V.

We are going to prove that F is identically 0. This will conclude the proof of the lemma.

Let e_1, . . . , e_r be a basis of monomials of I_N . Denote by a_1, . . . , a_r : I_N −→ C the coordinates associated to this basis.

Let ∂_1, . . . , ∂_r be the partial derivatives with respect to a_1, . . . , a_r. Fix an arbitrary vector j = (j_1, . . . , j_s) where the j_k’s are integers not greater than r. We denote by ∂_j the operator obtained by applying successively the partial derivatives ∂_{j1} . . . ∂_{js} .

Assertion: for any integer vector j = (j_1, . . . , j_s), we have ∂_jF (0) = 0.

Since F is a polynomial function this assertion implies the lemma. We prove this assertion.

Fix an arbitrary vector j = (j_1, . . . , j_s).

Recall that we have numbered (in an arbitrary way) the monomials of I_N by e_1, . . . , e_r.

For any m ∈ {1, . . . , s}, define the holomorphic map-germ f_m : (C^3, 0) −→ (C^3, 0) by the formulas

f_m(t_m, x, y) = � � � �

1 2 t^2_m(0, 0, x^j y^{2+k}) if e_{jm} = x^{1+j} y^{3+k}, 1 2 t^2_m(0, 0, x^{2+j} y^k) if e_{jm} = x^{3+j} y^{1+k}, t_m(0, x^2, x^3) if e_{jm} = x^6, t_m(y^2, 0, y^3)) if e_{jm} = y^6.

Let φ_0 : (C^2, 0) −→ (C^3, 0) be the map-germ defined by the formula

φ_0(x, y) = (x, y, 0).

Define the s-parameter family of mapping φ_t : (C^2, 0) −→ (C^3, 0), with t = (t_1, . . . , t_s) ∈ C^s by the equation

φ_t = φ_0 + s� m=1 f_m(t_m, .).

By Leibniz rule, we get the evaluation

(33) (∂^2_{t1} . . . ∂^2_{ts} (F ∘ p))(0) = c(∂_j F )(0),

where c is a non-zero constant.

The constant can be calculated without difficulty, it is equal to

�_s l=1 c_m where:

c_m = � � � [x, y, x^j y^{2+k}] if e_{jm} = x^{1+j} y^{3+k}, [x, y, x^{2+j} y^k] if e_{jm} = x^{3+j} y^{1+k}, [x, x^2, x^3]) if e_{jm} = x^6, [y^2, y, y^3]) if e_{jm} = y^6.

We come back to equation 33. The function F ∘p vanishes identically, hence:

(∂^2_{t1} . . . ∂^2_{ts} (F ∘ p))(0) = 0.

Thus equation 33 implies the evaluation

∂_j F = 0.

Assertion is proved.

We now come to the end of the proof of the theorem. We search the solutions of the system of equations: � xy = ε, a_1x^6 + a_2x^3y + a_3xy^3 + a_4y^6 = 0,

where the a^′_ks are arbitrary holomorphic function-germs. The second equation of this system is just D[φ] = 0. Lemma 6.2 implies that for a generic map φ we have a_1a_2a_3a_4(0) ≠ 0.

Thus, the Newton algorithm for finding the Puiseux series ([New]) implies the curve germ of equation D[φ] = 0 has four branches. Each branch being given by one of the edges of the Newton diagram of D[φ]. The Puiseux series of the branches are holomorphic functions of the form: � � � � � � y = −^{b1}_{b2} x^3 + o(x^3)

y = −

�_{−b3}

b_2 x + o(x) y = �_{−b3}

b_2 x + o(x)

x = −^{b4}_{b3} y^3 + o(y^3) Substituting these equation in xy = ε we get the 4 multi-valued functions we were looking for

(34) � � � � x_1(ε) = α_1ε^{1/4} + o(ε^{1/4}) x_2(ε) = α_2ε^{1/2} + o(ε^{1/2}) x_3(ε) = −α_2ε^{1/2} + o(ε^{1/2}) x_4(ε) = α_3ε^{3/4} + o(ε^{3/4})

This functions being given by convergent power series.

If we want to avoid the multi-valued function language then we just put ε = t^4 as we pointed out at the beginning of our discussion. Conversely let g_1, . . . , g_4 be four multi-valued function-germs of the type:

(35) � � � g_1(ε) = � k>0 a_kε^{k/4}, g_2(ε) = � k>0 b_kε^{k/2}, g_3(ε) = � k>0 c_kε^{k/2}, g_4(ε) = � k>0 d_kε^{3k/4},

with b_1 = ±ic_1.

The g_k’s parameterize a curve-germ of equation say S(x, y) = 0. The equality b_1 = ±ic_1 implies that the coefficient of x^2y^2 in S(x, y) vanishes. Thus lemma 6.2 implies that there exists φ such that S = D[φ] provided that S is generic. Theorem is proved.

From this particular example, we see how the geometry of integer points arises.

Take an arbitrary set of 4 multivalued function-germs g_1, g_2, g_3, g_4 like in system 35. These multivalued functions parameterize a curve-germ of equation say S(x, y) = 0. A necessary condition for S to be in the image of φ −→ D[φ] is that the coefficient of x^2y^2 in the Taylor series of S vanishes. That is b_1 = ±ic_1. Lemma 6.2 implies that for finite jets, this necessary condition is sufficient except maybe for some exceptional values of the coefficients of S.

Consequently, the number of independent equations that the coefficients of the series g_i’s should satisfy is at most equal to the the number of integer points which are contained in the Newton polygon of the polynomial

x^6 + x^3y + xy^3 + y^6

and which are not contained in D, where D denotes the points (m, n) for which x^my^n belongs to the ideal I generated by x^6, x^3y, xy^3, y^6. This number is the same than the number of integer points contained either in the interior or in the hypotenuse of one of the triangles T_1, T_2, T_3 depicted in figure 1 on page 125.

1.4. Statement of the theorem (general case). Denote by T_k the triangle of vertices (0, 0), (k, 0), (0, n − k + 1). Let h_k be the number of integer points lying on the hypotenuse of T_k distinct from the vertices. Let a_k be the number of integer points contained in T_k or on its boundary distinct from the vertices.

Convention. In this subsection a multi-valued function of the type ε^{2/4} is a 2-valued function equal to ε^{1/2}.

We write A(ε^{2/4}) for the 4 valued function, the letter A means all values.

Theorem 6.3. The labels x_1, . . . , x_n of the flattening points of V_ε[φ] at the origin are (n + 1)-valued function-germs, given by convergent series of the

Figure 1. The monomial x^2y^2 is the only monomial belonging to the Newton diagram of x^6 + x^3y + xy^3 + y^6 which is not contained in the ideal I. It lies on the hypotenuse of the triangle T 2.

type:

x_l(ε) = α_1A(e^{kl/(n+1)}) + o(ε^{kl/(n+1)}), with k_l ∈ {1, . . . , n} provided that φ is generic.

As in the preceding subsection, this theorem admits a converse.

Theorem 6.4. Let g_{1,1}, . . . , g_{n,hn+1} be a collection of multi-valued functions defined by convergent power series � � � � � g_{1,k}(t) = � j>0 b^1_{j,k}ε^{j/(n+1)} for k ∈ {1, . . . , h_1 + 1} , g_{2,k}(t) = � i>0 b^2_{j,k}ε^{j/(n+1)} for k ∈ {1, . . . , h_2 + 1} , . . .

g_{n,k}(t) = � i>0 b^n_{j,k}ε^{nj/(n+1)} for k ∈ {1, . . . , h_n + 1} .

Then there exists a set of h_j + a_j polynomials P_1, . . . , P_s in the coefficients b = (b^l_{j,k}) of the g_{j,k}’s having the following property.

If P_1(b) = · · · = P_s(b) = 0, then, for any N there exists a biholomorphic map-germ φ : (C^2, 0) −→ (C^n, 0) such that the labels x_{1,1}, . . . , x_{n,hn+1} of the flattening of the curves V_ε[φ] for ε = t^{n+1} satisfy: x_{j,k} − g_{j,k} = o(t^N ), for any 0 < j ≤ n and k ∈ {1, . . . , h_j + 1}, provided that the holomorphic functions g_{1,1}, . . . , g_{n,hn} are generic^3.

Example. For n = 3, this theorem is the same as theorem 6.2.

3The set of values of b satisfying P_1(b) = · · · = P_s(b) = 0 for which the theorem is untrue form a semi-algebraic variety of codimension at least one in the variety of the values of the b satisfying the relations P1(b) = · · · = Ps(b) = 0.

1.5. Proof of theorem 6.3 and theorem 6.4. We use the notation [k] = 1 + 2 + · · · + k, where k is a positive integer.

Let I be the ideal generated by the x^{[j]}y^{[k]}’s with j + k = n, j ≠ k. The proofs of the following lemmas are analogous to that for n = 3. Lemma 6.3. We have the equality (D[φ])(x, y) = � i+j=n

a_{i,j}x^{[i]}y^{[j]}

where the a_{i,j} ’s denote some holomorphic function germs. Denote by I_k the space elements of I of degree at most k. Lemma 6.4. For any generic polynomial^4 m ∈ I_k and for any number N there exists a map-germ φ : (C^2, 0) −→ (C^n, ) such that j^N D[φ] = j^N m. One can define similar map-germs f_l : (C × C^2, 0) −→ (C^n, 0) than the ones,we define for n = 3.

For example, in case n = 4, we take:

f_l(t_l, x, y) =

� � � � �

1 3! (0, 0, t_lx^{2+j} , t^2_l y^{2+k}) if e_{jl} = x^{3+j} y^{3+k}, 1 3! (0, 0, t_lx^{2+j} , t_lx^{3+k}) if e_{jl} = x^{6+j} y^{1+k}, 1 3! (0, 0, t_ly^{2+j} , t_ly^{3+k}) if e_{jl} = x^{1+j} y^{6+k}, (0, t_lx^2, t_lx^3, t_lx^4) if e_{jl} = x^{10}, (t_ly^2, 0, t_ly^3, t_ly^4) if e_{jl} = y^{10}.

The rest of the proof of the lemma is analogous to the proof of lemma 6.2. Let φ_0 : (C^2, 0) −→ (C^n, 0) be the map-germ defined by: φ_0(x, y) = (x, y, 0).

Define the mappings φ_t : (C^2, 0) −→ (C^n, 0) , depending on the parameter t = (t_1, . . . , t_s) ∈ C^s by:

φ_t = φ_0 + s� l=1 f_l(t_l, .).

By Leibniz rule, we get:

(36) (∂^{n−1}_{t1} . . . ∂^{n−1}_{ts} (F ∘ p))(0) = c(∂_iF )(0).

Where c is a non-zero constant. The conclusion of the proof is the same as that of preceding subsection.

4The subspace of I_k of polynomials that do not satisfy this property is a semi-algebraic variety of codimension at least one.

2. The modality representation.

In this section, the notation H stands for the holomorphic function-germ H : (C^2, 0) −→ (C, 0) defined by

H(x, y) = xy.

The knowledge of the asymptotics of the flattening points that vanish at Morse double points will give us a lower bound for the P-modality of a mapgerm (H, φ) : (C^2, 0) −→ (C × C^n, 0), where C^n denotes the n-dimensional affine space.

This is of course due to the fact that in the space of function-germs with a critical point, Morse functions form a dense open subset. Consequently the lower bound that we shall find for the modality of map-germs (H, φ) is also a lower bound for the modality of an arbitrary map (H̃, φ) such that H̃ : (C2, 0) −→ (C, 0) is a holomorphic function-germ with a critical point at the origin.

2.1. The H-equivalence group. Let φ : (C^2, 0) −→ (C^n, 0) be a generic map-germ.

Denote by V_t[φ] the image of the curve H^{−1}(t^{n+1}) under φ. In the preceding section, we saw that there are n(n+1) labels x_1, . . . , x_{n(n+1)} of the curves V_t[φ] which are holomorphic functions of the parameter t. We now search how the holomorphic function-germ x_1, . . . , x_{n(n+1)} are transformed under G-equivalence. For example, let α ∈ O_{x,y} then:

α.(H, D[φ]) = (H + α × D[φ], D[φ]).

Here the α. denotes the image under the action of α ∈ G (see chapter 4). Let y_k be the multi-valued function-germ such that x_k(t)y_k(t) = t^{n+1}. By assumption for any i, (x_k(t), y_k(t)) is a solution of; � H(x, y) = t^{n+1}, D[φ](x, y) = 0.

The solutions of this system are the same than that of: � H(x, y) + α × D[φ](x, y) = t^{n+1}, D[φ](x, y) = 0.

Thus the action of α ∈ O on the set (x_1, . . . , x_{n(n+1)}) is trivial. Similarly the action of any element β ∈ O^∗

β.(H, D[φ]) = (H, β × (D[φ]))

on the holomorphic function-germs x_1, . . . , x_{n(n+1)} is trivial.

- Action of Diff(1). Let ψ ∈ Diff(1), it acts as

ψ.(H, D[φ]) = (ψ ∘ H, D[φ]).

The new system to be solved to find the coordinates x, y of the flattening points of the transformed curve is � H(x, y) = ψ(t^{n+1}), (D[φ])(x, y) = 0.

Let s : (C, 0) −→ (C, 0) be any function-germ such that:

(s(t))^{n+1} = ψ(t^{n+1}).

Then if (x_k(t), y_k(t)) is a solution of the old system then (x_k(s^{−1}(t)), y_k(s^{−1}(t))) is a solution of the new one. The map s is not uniquely determined there are n + 1 possible choices. Denote by π : ~Diff(1) −→ Diff(1) the n + 1 fold-covering of Diff(1) defined by π(s) = ψ where ψ is biholomorphic and:

(s(t))^{n+1} = ψ(t^{n+1}).

The group ~Diff(1) acts on the labels (x_1, . . . , x_{n(n+1)}) of the flattening points by s.(x_1, . . . , x_{n(n+1)}) = (x_1, . . . , x_{n(n+1)}) ∘ s^{−1}.

Put ψ = π(s) then the (x_k(s^{−1}(t)), y_k(s^{−1}(t)))’s are solutions of the equation

(ψ ∘ H, D[φ]) = (t^{n+1}, 0).

Here y_k is the holomorphic function-germ such that x_k(t)y_k(t) = t^{n+1}.

- Action of Diff(2). Let g ∈ Diff(2), it act as

g.(H, D[φ]) = (H ∘ g^{−1}, (D[φ]) ∘ g^{−1}).

The new system is: � (H ∘ g^{−1})(x, y)) = t^{n+1}, (D[φ] ∘ g^{−1})(x, y) = 0.

Then if (x_k, y_k) is a solution of the old system then (g_1(x_k, y_k), g_2(x_k, y_k)) is a solution of the new one. Here g = (g_1, g_2) and y_k is the holomorphic function germ such that x_k(t)y_k(t) = t^{n+1}.

The composition of maps induces a direct product group structure on ~Diff(1)× Diff(2):

(s, g)(s^′, g^′) = (s ∘ s^′, g ∘ g^′).

Here s, s^′ ∈ ~Diff(1), g, g^′ ∈ Diff(2).

We shall give the definition of the group H below. This definition is motivated by a proposition that we state first.

Let φ, φ^′ : (C^2, 0) −→ (C^n, 0) be two holomorphic map-germs. Assume that (H, D[φ]) is G-equivalent to (H, D[φ^′]).

This means that there exists (ψ, g, α, β) ∈ Diff(1) × Diff(2) × O_{x,y} × O^∗_{x,y} such that:

(37) � (ψ ∘ H ∘ g^{−1}) + α × (D[φ] ∘ g^{−1}) = H β × (D[φ] ∘ g^{−1}) = D[φ] We assume that the dimension n of C^n is at least equal to 3.

Proposition 6.1. If (ψ, g, α, β) satisfy equation 37 then: a. there exists a, b ∈ C^∗ such that one of the two following equalities hold

(Dg)(0) = � a 0 0 b � or (Dg)(0) = � 0 a b 0 � . b. With the notations of a., we have (Dψ)(0) = ab.

c. Put g = (g_1, g_2). Then, the n-degree Taylor polynomial at the origin of the restriction of the function-germ g_1 to x = 0 is equal to zero.

Definition 6.2. The H-equivalence group is the subgroup of elements (g, s) of Diff(2) × ~

Diff(1) such that:

1. there exists α, β such that (π(s), g, α, β) satisfy equation 37,

2. there exist a, b ∈ C^∗ such that Dg(0) = � a 0 0 b � . Recall that a holomorphic function-germ f : (C, 0) −→ C has order t^k if:

f(t) = ct^k + o(t^k), with c ≠ 0.

Definition 6.3. The flattening-space F_n is the set of ordered holomorphic function-germs X = (x_1, . . . , x_{n(n+1)}) of O^{n(n+1)}_t such that: - there exists a map-germ φ : (C^2, 0) −→ C^n such that X are the labels of the image V_tn+1 [φ] of the curve H^{−1}(t^{n+1}) under φ, - the holomorphic function germs x_{1+k(n+1)}, . . . , x_{(k+1)(n+1)} have order t^{k+1}.

The following proposition is straightforward.

Proposition 6.2. Let φ : (C^2, 0) −→ (C^n, 0) be a generic map germ. The P-modality of a map-germ (H, φ) : (C^2, 0) −→ (C × C^n) is at least equal to the modality of the corresponding holomorphic map X(φ) ∈ F_n under the action of the H-equivalence group.

Denote by T_k the triangle of vertices (0, 0), (k, 0), (0, n − k + 1). Let h_k be the number of integer points lying on the hypotenuse of T_k distinct from the vertices.

Let a_k be the number of integer contained in T_k or in its boundary distinct from the vertices. Put: c_k = max {0, k − a_k − h_k} .

The results of the preceding section imply the following proposition.

Proposition 6.3. The dimension of the space J^nF_n of n-jets of elements in the flattening space F_n is at least equal to

�_n k=1 c_k.

Consequently to find a lower bound for the modality of a map germ (H, φ) : (C^2, 0) −→ C^n it suffices to find an upper bound for the dimension of the orbit of an element of J^nF_n under the action of the H-equivalence. Theorem 2.12 (chapter 2, section6) giving the lower bound for the P-modality is a consequence of the following proposition that we shall prove in the next subsection. Let H_0 be the subgroup of H containing all the elements that act trivially on J^nF_n.

Proposition 6.4. The group H/H_0 is isomorphic to a quotient of a semidirect product of the Lie groups C^{n−1} and (C^∗)^2. In particular the dimension of the orbit of the n-jet of a function-germ X = (x_1, . . . , x_{n(n+1)}) ∈ F_n is not higher than n + 1.

Since the dimension of J^nF_n is at least equal to

�_n

k=1 c_k, the modality of a map germ (H, φ) : (C^2, 0) −→ (C^n, 0) is at least (

�_n

k=1 c_k) − n − 1.

2.2. Proof of proposition 6.1. Part a. and part b. of the proposition are easily obtained. Just remark that for n > 2, the four-degree Taylor polynomial of D[φ] vanishes. Hence equating the terms of degree 2 in the first equation of the system 37, we get part a. and b. of the proposition. We prove part c. of the proposition.

Define the holomorphic function-germ m : (C, 0) −→ C by

g_1(0, y) = y^km(y),

and m(0) ≠ 0.

We have to prove that k > n.

Restricting the first equation of the system 37 to x = 0, we get the equation on the unknown y

(38) ψ(y^{k+1}m(y)) + (α × D[φ] ∘ g)(0, y) = 0.

The term of least degree in the Taylor series of D[φ] is of degree 2n − 2. Thus D[φ] ∘ g is a holomorphic function-germ of order at least 2n − 2:

(D[φ] ∘ g)(0, y) = O(y^{2n−2}).

Coming back to equation 38 and composing by ψ^{−1}, we get an inequality for k given by y^{k+1} = O(y^{2n−2}).

That is:

(39) k ≥ 2n − 3

For n > 3, we have 2n − 3 > n, this proves the lemma for n > 3. For n = 3, inequality 39 implies that there exists l ∈ O_{x,y} satisfying the equality

(40) g_1(0, y) = y^3k(y)

Lemma 6.1 of the preceding section asserts that the holomorphic functiongerm D[φ] belongs to the ring generated by x^6, x^3y, xy^3, y^6 oven O_{x,y}. Using equation 40, we get the estimative (D[φ] ∘ g)(0, y) = O(y^6), Coming-back to equation 38 we get: y^{k+1} = O(y^6).

Thus for n = 3, k ≥ 5, this concludes the proof of the proposition.

2.3. A more precise version of proposition 6.4. To prove proposition 6.4, we make two remarks and set some notations. Recall that the H-equivalence group is a subgroup of Diff(2) × ~Diff(1). We denote by Id_n the identity map of C^n.

Consider a holomorphic map-germ g : (C^2, 0) −→ (C^2, 0) such that (g, Id_1) ∈ H acts on a map x = (x_1, . . . , x_{n(n+1)}) : (C, 0) −→ (C^{n(n+1)}, 0) by: g.x_k = g_1(x_k, y_k), where g = (g_1, g_2) and the y_k’s are the holomorphic function-germs such that x_k(t)y_k(t) = t^{n+1}.

We have used the old fashioned notation g_1(x_k, y_k) instead of g_1 ∘ (x_k, y_k).

Denote by M^k_x the k^{th} power of the maximal ideal of the ring O_x of holomorphic function in one variable. Assertion: for any holomorphic function-germ m : (C, 0) −→ (C, 0) belonging to M^2_x, there exists a holomorphic map-germ g : (C^2, 0) −→ (C^2, 0), such that (g, Id_1) ∈ H and g_1(x, y) = x + m(x) where g = (g_1, g_2).

The map g of the assertion is denoted by v[m].

By definition, the action of (v[m], Id_1) ∈ H on a label x_k is given by: (v[m], Id_1).x_k = x_k + m(x_k).

We have used here an old-fashioned notation. In modern notations we should write m ∘ x_k instead of m(x_k).

We prove the assertion. Since m belongs to M_x there exists k ∈ M_x such that:

m(x) = xk(x).

Define the map-germ g = (g_1, g_2) by the formula g(x, y) = (x(1 + k(x)), y(1 + k(x))^{−1}).

It satisfies the condition (g, Id_1) ∈ H and g_1(x, y) = x + m(x).

The H-equivalence group contains the following subgroup L (L for linear) isomorphic to (C^∗)^2.

To (a^{−1}, b^{−1}) ∈ (C^∗)^2, we associate the element (g, s) ∈ H defined by the linear map g(x, y) = (ax, b^{n+1} a y), s(t) = bt.

The equality: ψ ∘ H ∘ g^{−1} = H, implies that (g, s) ∈ H. Here ψ = π(s) that is ψ(t^{n+1}) = (s(t))^{n+1}.

Consider the vector space V ≈ C^{n−1} of biholomorphic map-germs of the type g : (C^2, 0) −→ (C^2, 0) defined by V = �_n � i=2 τ_iv[x^i] : (τ_2, . . . , τ_n) ∈ C^{n−1} � . Denote by V ⊕ L the direct sum of V and L as subgroups of H. The subgroup V ⊕ L is isomorphic to a semi-direct product of V × (C^∗)^2.

Recall that H_0 ⊂ H denotes the subgroup of elements of H acting trivially on J^nF_n ⊂ J^n(C, C^{n(n+1)}). Proposition 6.4 is a consequence of the following proposition.

Proposition 6.5. The restriction of the canonical projection H −→ H/H_0 to the subgroup (V ⊕ L) ⊂ H is surjective.

2.4. Proof of proposition 6.5. Let (g, s) be an element of the group H such that (Dg)(0) = Id_2.

The definition of H and the division theorem imply that there exists holomorphic function-germs p, q, r and a polynomial m of degree n such that: g_1(x, y) = m(x) + x^{n+1}p(x) + y^{n+1}q(y) + r(x, y)xy, where g = (g_1, g_2).

We keep the same notations.

Lemma 6.5. For any X = (x_1, . . . , x_{n(n+1)}) ∈ F_n we have (g, s).(j^nX) = (v[m], Id_1).(j^nX) provided that (Dg)(0) = Id_2. Proof.

Fix k ∈ {1, . . . , n(n + 1)} . The action of (g, s) on the label x_k is defined by (g, s).x_k = (x_k + m(x_k) + x^{n+1}_k p(x_k) + y^{n+1}_k q(y_k) + r(x_k, y_k)x_ky_k) ∘ s^{−1}, where the y_k’s are defined by x_k(t)y_k(t) = t^{n+1}. We have: � � � x^{n+1}_k = o(t^n), y^{n+1}_k = o(t^n), x_ky_k = o(t^n).

Thus, the following equality holds (g, s).x_k = (v[m], s).x_k + o(t^n).

We assert that s(t) = t + o(t^n).

By definition of ~Diff(1), there exists ψ ∈ Diff(1) such that the following equality between function-germs holds (s(t))^{n+1} = ψ(t^{n+1}).

Thus s is of the type s(t) = at + o(t^n) with a ∈ C^∗. By definition of H, Det((Dg)(0)) = a consequently a = 1. Thus (g, s).x_k ∘ s = (v[m], Id_1).x_k + o(t^n). This proves the lemma.

Let (g̃, s̃) be an arbitrary element of H. Here g̃ : (C^2, 0) −→ (C^2, 0) and s̃ : (C, 0) −→ (C, 0) are biholomorphic. Define (g, s) ∈ H by the equality (g̃, s̃) = (D(g̃)(0) ∘ g, D(s̃)(0) ∘ s).

with Dg(0) = Id_2, Ds(0) = 1.

Let g = (g_1, g_2). The definition of H and the division theorem imply that there exist holomorphic function-germs p, q, r and a polynomial m of degree n such that:

g_1(x, y)) = m(x) + x^{n+1}p(x) + y^{n+1}q(y) + r(x, y)xy. Applying lemma 6.5 we get that (g̃, s̃).x_k is of the form (g̃, s̃).x_k = (Dg̃(0)v[m], Ds̃(0)).x_k + o(t^n).

By definition of L and V , we have (Dg̃(0), Ds̃(0)) ∈ L and (v[m], Id_1) ∈ V.

This concludes the proof of proposition 6.5.

Part II

TOWARDS A LEGENDRIAN THEORY

CHAPTER 7

Legendrian versal deformation theory and its applications.

So far, we have avoided contact and symplectic geometries. In this chapter, we will try to gather the classical projective-geometric approach with contact geometry of Legendre manifolds. We shall do it essentially for families of smooth curves.

There are only a few cases for which both approach coincides. We shall call them the excellent cases. We would like first to come back once again to projective geometry. One of the reasons for doing this is to throw the light on the advantages and the difficulties related to this new approach. In this chapter, unless we mention explicitly the contrary, all the objects that we consider (functions, maps, manifolds) are assumed to be C^∞. In case we consider a function, a map or manifold depending on some parameters, we assume implicitly that the dependence on the parameter is C^∞.

1. The Kazarian folded umbrella.

1.1. Stable Plücker discriminants. For the definitions of the Young diagram of a map germ and of the Plücker discriminant the reader should refer to chapter 2 section 1 and section 3. The definitions were given in the complex holomorphic case. In order to transform the complex holomorphic definitions to the real C^∞ case just replace C by R and the words complex holomorphic by real C^∞.

Definition 7.1. The P-discriminant Σ of a family of curves (V_λ) is called Pstable at a point λ_0 if the following property holds. Let (V^′_λ) be an arbitrary sufficiently small C^∞ perturbation (V^′_λ) of the family (V_λ). Denote by Σ^′ the P-discriminant of (V^′_λ). Then there exists a diffeomorphism-germ φ : (R^k, λ_0) −→ (R^k, φ(λ_0)) close to identity sending the germ of Σ at λ_0 to the germ of Σ^′ at some point φ(λ_0) close to λ_0.

1.2. A preliminary example. The example of this subsection and of the next one are special cases of a theorem of M.E. Kazarian giving the list of the generic P-discriminant for families of smooth curves ( [Ka2]).

Consider the two-parameter family of curves in R^3 defined by the parameterizations f_λ : R −→ R^3

t → (t,^1_6 t^3,^1_{20} t^5 +^1_{12} λ_1t^4 +^1_2 λ_2t^2).

Denote by V_λ the curve parameterized by f_λ. The P-discriminant of the family of curves (V_λ) is depicted in figure 1. We shall explain how to compute it but we give first the results of these computations. In this case the P-discriminant has three strata.

Two of them are of dimension 1, the other component is the point (0, 0) of dimension 0.

One of the components of dimension one, denoted Σ(1, 1) consists of curves having a degenerate flattening of anomaly sequence^1 (1, 1). The other component of dimension 1, denoted Σ(2) consists of curves having a degenerate flattening of anomaly sequence (2). Both strata consist of two connected components.

The origin λ = 0 of the space of parameters R^2 corresponds to the curve V_0. This curve V_0 has a degenerate flattening point of anomaly sequence (2, 1) at the origin.

The computation of the equation of the P-discriminant is as follows. At a flattening point the first three derivatives of f_λ with respect to t are linearly dependent.

The determinant W_λ whose columns are the first three derivatives of f_λ is called the Wronskian . The Wronskian vanishes at a flattening point. Consequently, the P-discriminant of the family (V_λ) is given by: Σ = � λ ∈ R^2 : ∃t ∈ R, W_λ(t) = ∂_tW_λ(t) = 0 � . By explicit calculations we get the equality

W_λ(t) = 2t^3 + λ_1t^2 − λ_2.

Consequently:

Σ(1, 1) = � (λ_1, λ_2) ∈ R^2 : λ_2 = 0, λ_1 ≠ 0 � , and:

Σ(2) = � (λ_1, λ_2) ∈ R^2 : λ_2 = 1 27 λ^3_1, λ_1 ≠ 0 � . M.E. Kazarian proved the stability of this P-discriminant at the origin [Ka2]. We shall generalize this result to contact geometry.

1.3. Kazarian folded umbrella and space curves. Consider the three-parameter family of space curves defined by the parameterizations

f_λ : R −→ R^3

t → (t, t^3, t^6 + λ_1t^5 + λ_2t^4 + λ_3t^2).

1The notation refers to the anomaly sequence and not to the Thom-Mather

stratification.

Denote by V_λ the curve parameterized by f_λ .

Direct computations, analogous to the ones of the preceding subsection but longer give the following result.

The P-discriminant has two components of dimension 2. The closure of the component Σ(1, 1) consisting of the values of the parameter λ for which the curve V_λ has a degenerate flattening of anomaly sequence (1, 1) is a plane. The closure of the component Σ(2) consists of of the values of the parameter λ for which the curve V_λ having a degenerate flattening of anomaly sequence 2 is called the folded umbrella .

A transversal slice of this P-discriminant by a plane λ_1 = constant gives two curves intersecting with multiplicity equal to three at the origin, provided that the constant is distinct from zero.

This P-discriminant is P-stable. This was also proved by M.E. Kazarian. We shall also extend this result to contact geometry.

Definition 7.2. The P-discriminant of example 3 is called Kazarian’s folded umbrella.

The Legendrian theory that we shall develop will show that the Kazarian folded umbrella is a somehow universal object that may appear in several seemingly unrelated problems. In the next subsection, we shall show another appearance of it.

Figure 1. One of Kazarian’s “generic” bifurcation diagrams. The curves intersect cubically at the origin (like the plane curves of equation y = x^3 and y = 0 at the origin). One of the components corresponds to the curves having a degenerate flattening point of anomaly sequence 2 while for the other component the anomaly sequence is (1, 1).

1.4. A Kazarian folded umbrella theorem for surfaces. Consider a surface M embedded in projective space RP^3 or in affine space R^3.

Figure 2. Kazarian’s folded umbrella. The cuspidal edge consists of the values of the parameter λ for which the curve V_λ has a degenerate flattening point of anomaly sequence (3).

Definition 7.3. A line l of the tangent plane to M at a point p is called an asymptotic direction of M at p provided that the algebraic multiplicity of intersection of the line with M is at least three.

Remark. Usual textbooks (but not [Arn6]) define the asymptotic direction using an Euclidean structure but this is unnecessary. Example. The two lines � (0, t, 0) ∈ R^3 : t ∈ R � , and � (t, 0, 0) ∈ R^3 : t ∈ R � , are both asymptotic directions at the origin of the surface defined by M = � (x, y, z) ∈ R^3 : z = xy + x^3 + y^3 � . On a surface M ⊂ RP^3, one can distinguish (at least) three type of points. The elliptic points are the points of M for which there does not exist an asymptotic direction (for example all the points of a sphere are elliptic). The hyperbolic points are the points of M for which there exists at least two distinct hyperbolic directions (for example on a one-sheeted hyperboloid all the points are hyperbolic).

The parabolic points are the points of M for which there is only one asymptotic direction (for example on the affine surface � (x, y, z) ∈ R^3 : z = x^3 + y^2 � , the set of parabolic points is the line {(t, 0, 0) : t ∈ R}).

Fix affine coordinates (x, y, z) ∈ R^3. Assume that a surface M ⊂ R^3 is the graph of a function f : R^2 −→ R: M = � (x, y, z) ∈ R^3 : z = f(x, y) � . Denote by Q(p) the quadratic form which is the second derivative of f at p = (x, y, z) ∈ M.

Recall that a vector v ∈ R^2 is an isotropy vector of a quadratic form q : R^2 −→ R if q(v) = 0.

We have the following immediate result:

- the point p is elliptic if and only if there are no isotropy vectors of Q(p), - the point p is hyperbolic there are at least two distinct isotropy vectors of Q(p), - the point p is parabolic if and only there is only one isotropy vector of Q(p) .

Assume that the set of parabolic points of M is a curve.

Definition 7.4. A point of a surface M ⊂ RP^3 is called a special parabolic point if the asymptotic direction of M at this point is tangent to the parabolic curve of M.

Example. The origin is a special parabolic point of the surface parameterized by the mapping R^2 −→ R^3 (s, t) → (t, s + t^2, s^2 + t^4).

We recall some basic facts.

The dual projective space to RP^3, denoted by (RP^3)^∨ , is the space of hyperplanes in RP^3.

The space (RP^3)^∨ can be identified with RP^3. To see it choose a Euclidean scalar product in R^4.

A point in RP^3 is a line in R^4 passing through the origin. A point in (RP^3)^∨ is a hyperplane in R^4 passing through the origin. To such a hyperplane in R^4, we associate the orthogonal line passing through the origin. This gives an identification of (RP^3)^∨ with RP^3.

In homogeneous coordinates, the hyperplane H ∈ (RP^3)^∨ , defined by H = � (x : y : z : t) ∈ RP^3 : ax + by + cz + dt = 0 � , is identified with the point (a : b : c : d) ∈ RP^3.

The dual surface M^∨ ⊂ (RP^3)^∨ to a surface M ⊂ RP^3 is the surface of the tangent planes to M:

(H ∈ M^∨ ) ⇐⇒ (∃p ∈ RP^3, H = T_pM).

Here T_pM is the plane in RP^3 tangent to M at p ∈ RP^3.

Definition 7.5. The germ at the origin of the variety: � (q_1, q_2, q_3) ∈ R^3 : x^4 + q_1x^2 + q_2x + q_3 has a real double root � is called the swallowtail .

We depicted this variety in figure 3. To define the degenerate and nondegenerate parabolic points of a surface in RP^3, we fix some conventions. Consider two surfaces M, N ⊂ RP^3 (possibly singular) and two points m ∈ M, n ∈ N.

We say that the germ of M at m is ambientally equivalent to the germ of N at n provided that the following property holds.

There exists a diffeomorphism map-germ φ : (RP^3, m) −→ (RP^3, n) such

Figure 3. The swallowtail.

that the restriction ψ : (M, m) −→ (N, n) of φ to (M, m) is a homeomorphism map-germ.

Proposition 7.1. If the germ of the surface M^∨ dual to a surface M ⊂ RP^3 at H = T_pM is ambientally equivalent to a swallowtail then p is a special parabolic point of M.

Remark. We do not prove this (elementary) proposition but we shall come back to it in subsection 4.4 (so the reader will understand why it is an elementary statement).

Definition 7.6. A special parabolic point p of a surface M ⊂ RP^3 is called a degenerate special parabolic point if the germ at T_pM of the dual surface M^∨ to M is not diffeomorphic to the swallowtail.

Definition 7.7. The P-discriminant of a family (M_λ) of smooth C^∞ surfaces M_λ ⊂ R^3 is the set of values of the parameter λ for which the surface M_λ has a degenerate special parabolic point.

The notion of P-stability extends directly to the case of surfaces in real projective space RP^3.

Theorem 7.1. The P-discriminant of the 3-parameter family of surfaces M_λ in R^3 parameterized by the embeddings

f_λ : R^2 −→ R^3, (s, t) → (t, s + t^3, s^2 + t^7 + t^6 + λ_1t^5 + λ_2t^4 + λ_3t^2)

is P-stable at the origin. The P-discriminant of the family (M_λ) is the Kazarian folded umbrella.

This theorem is a particular case of a more general theorem (theorem 7.4, page 159).

This P-discriminant is depicted in figure 2. Remark. We have restricted ourselves to the most simple case which is not covered neither by Arnold theory of wave fronts nor by Kazarian’s theory of flattening points of space curve.

2. Contact geometry.

2.1. Basic definitions. In this subsection, we follow Arnold and Maslov [Arn3], [Mas].

Consider the 1-jet space J^1(R^n, R) with standard coordinates (q, p, u) ∈ R^n × R^n × R.

Definition 7.8. The differential one-form ω = du −

�_n i=1 p_idq_i is called the (standard) contact form of J^1(R^n, R). The hyperplane Ker(ω(m)) (contained in the tangent plane to J^1(R^n, R) at m) is called the contact hyperplane at m ∈ J^1(R^n, R).

Remark. One can alternatively consider the 1-jet space J^1(R^n, R) to be the manifold R^{2n+1} endowed with a product structure so that R^{2n+1} = R^n × R^n × R and with the contact form defined above.

Definition 7.9. A diffeomorphism φ : J^1(R^n, R) −→ J^1(R^n, R) is called a contactomorphism provided that φ^∗ω = hω, where h : J^1(R^n, R) −→ R is a function such that h(q, p, u) ≠ 0, ∀(q, p, u) ∈ J^1(R^n, R).

Remark. In other words at each point m ∈ J^1(R^n, R), the derivative (Dφ)(m) of a contactomorphism φ sends the contact hyperplane at m to the contact hyperplane at φ(m).

Example 1. Take n = 1. The map φ : J^1(R, R) −→ J^1(R, R) defined by φ(q, p, u) = (p, q, pq − u) is a contactomorphism called Legendre duality map.

Example 2. Take n = 1. Consider a function f : R −→ R. The map φ : J^1(R, R) −→ J^1(R, R) defined by φ(q, p, u) = (q, p + f^′(q), u + f(q)) is a contactomorphism.

Definition 7.10. An integral n-dimensional submanifold L ⊂ J^1(R^n, R) of the field of contact hyperplanes is called a Legendre manifold .

Remark. An n-dimensional manifold L ⊂ J^1(R^n, R) is a Legendre manifold if and only if ω_{|L} = 0, where ω_{|L} denotes the restriction of the contact form ω to L.

Example 1. A basic example of a Legendre manifold is the 1-graph of a function. Consider a function f : R^n −→ R. Then the manifold: L = � (q, p, f(q)) ∈ J^1(R^n, R) : p_1 = ∂_{q1} f, . . . , p_n = ∂_{qn} f � is a Legendre manifold called the 1-graph of f.

Example 2. Consider a function f : R −→ R. Denote by L, the Legendre manifold which is the 1-graph of f. Then, the manifold:

L^∨ = � (q, p, u) ∈ J^1(R, R) : q = f^′(p), u = pf^′(p) − f(p) � is the image of L under the Legendre duality map (see example above). Hence L^∨ is a Legendre manifold.

Example 3. Another basic example of a Legendre manifold is the fibre at a point (q_0, z_0) of the projection defined by

J^1(R^n, R) −→ J^0(R^n, R) (q, p, z) → (q, z).

That is the manifold L = � (q_0, p, z_0) ∈ J^1(R^n, R) : p ∈ R^n � is a Legendre manifold.

Definition 7.11. The map defined by

J^1(R^n, R) −→ J^0(R^n, R) (q, p, z) → (q, z),

is called the standard projection from J^1(R^n, R) to J^0(R^n, R).

Definition 7.12. The image of a Legendre manifold of the space J^1(R^n, R) under the standard projection J^1(R^n, R) −→ J^0(R^n, R) is called the wave front (or simply the front) of the initial Legendre manifold.

Example 1. If the Legendre manifold is the 1-graph of a function (see example above) then the associated front is the graph of the function. Example 2. If the Legendre manifold is the fibre of the projection J^1(R^n, R) −→ J^0(R^n, R), then the front is a point.

2.2. Legendre duality. In this subsection, we fix an Euclidean structure on R^n and denote by (, ) the scalar product.

Definition 7.13. The map :

l : J^1(R^n, R) −→ J^1(R^n, R), (q, p, z) → (p, q, (p, q) − z).

is called the Legendre duality map. The image under this map of a Legendre submanifold of J^1(R^n, R) is called the Legendre dual manifold to the initial manifold. The front of the dual Legendre manifold is called the dual front.

Remark 1. The Legendre duality map depends on the choice of the Euclidean structure in R^n.

Remark 2. The Legendre duality map is an involutive contactomorphism (i.e. l^2 = Id).

Remark 3. Consider a wave front V ⊂ J^0(R^n, R) ≈ R^{n+1} which is an affine sub-variety of RP^{n+1}. Then the dual front to V coincides with the projective dual variety to^2 V (see example 1).

Example 1. The front dual to the front γ parameterized by the mapping

f_1 : R −→ R^2, t → (t,^1_3 t^3),

2Via the identification of the dual projective space (RP n+1)^∨ with RP n+1.

is the front γ^∨ parameterized by the mapping f_2 : R −→ R^2,

t → (t^2, −^2_3 t^3).

From the projective view-point, this is interpreted as follows. Consider the curve γ̄ parameterized by the mapping f̄_1 : RP 1 −→ RP 2, [s : t] → [s : t :^1_3 t^3].

Via the identification (RP^2)^∨ ∼ RP^2, the curve projectively dual to γ̄ is the curve parameterized by the mapping f̄_2 : RP 1 −→ RP 2 [s : t] → [s : t : −^2_3 t^3].

With these homogeneous coordinates, denote by L the line defined by L = � [x : y : z] ∈ RP^2 : x = 0 � . We identify RP^2 \ L with R^2.

We denote by ∞ ∈ RP^1 the point [1 : 0]. We identify RP^1 \ {∞} with R. Then the restriction of the maps f̄_1 and f̄_2 to R are the parameterization f_1, f_2 of the curves γ and γ^∨ given above.

Example 2. Consider a Legendre manifold L which is the one graph of a function f : R −→ R: L = � (t, f^′(t), f(t)) ∈ J^1(R, R) : t ∈ R � . The Legendre dual manifold is given by the parameterization

L^∨ = � (f^′(t), t, tf^′(t) − f(t)) ∈ J^1(R, R) : t ∈ R � . If f is a convex function then L^∨ is the 1-graph of a function g called the Legendre dual function of f. That is for f convex, there exists a function g such that the Legendre manifold L^∨ is given by

L^∨ = � (t, g^′(t), g(t)) ∈ J^1(R, R) : t ∈ R � .

2.3. Generating families and singularities of wave fronts. We follow Arnold ([Arn2]). Consider a function F : R^n × R × R^k −→ R. Fix coordinates q = (q_1, . . . , q_n) in R^n, u in R, and t = (t_1, . . . , t_k) in R^k. Assume that ∀(q, u, t) ∈ R^{n+k+1}, ∂_uF (q, u, t) ≠ 0. Define the submanifold S ⊂ R^{n+k+1}, by the equations

F (q, u, t) = ∂_{t1} F (q, u, t) = · · · = ∂_{tk} F (q, u, t) = 0.

Assume that S is a smooth manifold.

Define the submanifold L of J^1(R^n, R) with standard coordinates (q, p, u) by the conditions:

1) there exists t ∈ R^k such that (q, u, t) ∈ S, 2) p_i(∂_uF (q, u, t)) + ∂_{qi} F (q, u, t)) = 0 for any i ∈ {1, . . . , n} .

Here p has the coordinates (p_1, . . . , p_n).

Define the map v : S −→ R^n by its components (v_1, . . . , v_n)

v_i(q, u, t) = −

∂_{qi} F (q, u, t) ∂_uF (q, u, t) . In other words v_i(q, u, t) is the solution p_i of the equation given by condition 2) defined above.

The manifold L is the image of S under the map: i_F : S −→ J^1(R^n, R) (q, u, t) −→ (q, v(q, u, t), u)

If i_F is an embedding then L = i_F (S) is a Legendre manifold. Under these assumptions (S is smooth and that i_F is an embedding), we give the following definition.

Definition 7.14. The function F is called a generating family of the Legendre manifold L ⊂ J^1(R^n, R). We say that the Legendre manifold L is generated by F .

Theorem 7.2. Let m be an arbitrary point of a Legendre manifold L ⊂ J^1(R^n, R). Then there exists a neighbourhood U ⊂ J^1(R^n, R) of m such that L ∩ U is generated by a generating family.

The proof of this theorem is given in [AVG] chapter III. Example 1. Consider a function f : R −→ R. Then the function: F : R^2 −→ R, (q, u) → f(q) − u.

is a generating family of the Legendre manifold: L = � (q, p, u) ∈ J^1(R, R) : p = ∂_qf, u = f(q) � which is the 1-graph of f.

Example 2. The function F (q, u, t) =^{t3}_3 + qt + u is a generating family of the Legendre manifold: L = � (−t^2, t,

2t^3 3 ) ∈ J^1(R, R) : t ∈ R � . The wave-front of L is a semi-cubical parabola.

Example 3. Consider a function f : R −→ R. The Legendre manifold: L = � (f^′(t), t, tf^′(t) − f(t)) ∈ J^1(R, R) : t ∈ R � . is not a 1-graph. However, the dual Legendre manifold L^∨ to L is the 1- graph of the function f. In such a situation, the function F : R^3 −→ R defined by:

F (q, u, t) = −f(t) + qt − u is a generating family of L.

To conclude with this example, remark that this construction implies theorem 7.2 for n = 1.

Indeed take a point z in a Legendre manifold L ⊂ J^0(R^n, R). Then, in a sufficiently small neighbourhood U ⊂ J^1(R^n, R) either: - L ∩ U is a 1-graph or, - the dual Legendre manifold to L ∩ U is a 1-graph. Thus L ∩ U admits a generating family.

2.4. Legendre varieties.

Definition 7.15. A variety L ⊂ J^1(R^n, R) whose smooth part is a Legendre manifold is called a Legendre variety.

We keep the same notations than those of the preceding subsection. We consider the case, where S is not necessarily smooth. Denote by Σ the set of singular points of S.

Assume that the restriction of i_F to S \ Σ is a C^∞ embedding and that i_F is a topological embedding (i.e. a homeomorphism onto its image). Under such conditions, we have the following definition.

Definition 7.16. The function F is called a generating family of the Legendre variety L ⊂ J^1(R^n, R).

Example. Consider the function F : R^2 × R −→ R defined by

F (q, u, t) = 2t^3 − 3qt^2 + u.

Then the Legendre subvariety L of J^1(R, R) generated by F is the union L = L_1 ∪ L_2 of the two Legendre manifolds L_1, L_2 defined by

L_1 = {(q, p, u) : p = u = 0} and L_2 = � (q, p, u) : u = q^3, p = 3q^2 � .

3. A brief review of the theory of Legendre singularities.

We review Arnold’s theory of Legendre singularities and singularities of wave-fronts [Arn3]. It is necessary for us to give a detailed exposition of it because we shall generalize this theory to the case of ”multi-dimensional” wave front propagation.

Following Arnold ([Arn2]), we express Legendre equivalence and Legendre stability of singularities of wave fronts in terms of generating family-germs of the corresponding Legendre manifold-germs. This will lead us to an algebraic criteria of the stability of Legendre manifold-germs due to Arnold. We shall take this theory one step further in section 6.

Figure 4. The wave front of the Legendre variety generated by F (q, u, t) = 2t^3 − 3qt^2 + u. It has two branches: the q-axis and a smooth curve cubically tangent to it.

3.1. Legendrian equivalence (first part).

Definition 7.17. Two Legendre manifolds L, L̃ of J^1(R^n, R) are called Legendre-equivalent provided that there exists a contactomorphism φ and a diffeomorphism ψ such that the following diagram commutes:

L^i−−−−→ J^1(R^n, R)^π−−−−→ J^0(R^n, R) � �_φ � �_ψ � � L̃^i−−−−→ J 1(Rn, R)^π−−−−→ J 0(Rn, R).

Here i and π denote respectively the inclusion and the standard projection.

Let L, L̃ be two Legendre manifolds of J^1(R^n, R). The local version of the previous definition is as follows.

Definition 7.18. The germ of L at a point x is Legendre-equivalent to the germ of L̃ at y provided that there exists small neighbourhoods U, V of x and y such that L ∩ U is Legendre-equivalent to L̃ ∩ V .

Definition 7.19. The germ of a Legendre submanifold L ⊂ J^1(R^n, R) at a point x is called Legendre-stable provided that the following property holds. For any Legendre submanifold L^′ ⊂ J^1(R^n, R) sufficiently C^∞-close to L there exists a point y close to x such that the germ of L at x is Legendre equivalent to the germ of L^′ at y.

Remark. The study of generating families of Legendre varieties is more general than the study of Legendre manifolds since every Legendre manifold germ admits a generating family germ (see subsection 2.3).

3.2. V -equivalence. In this subsection, we recall basic notions of singularity theory (for details see [Poin], [Tyu], [Math], [AVG], [Da]). In order to avoid confusion with contact geometry we use the term V - equivalence and not contact equivalence. The letter V stands for variety. Notations. Given two function-germs u, v : (R^k, 0) −→ R, we denote by u × v their product: (u × v)(x) = u(x)v(x).

Definition 7.20. Two function-germs f, g : (R^k, 0) −→ (R, 0) are called V - equivalent if there exists a function-germ A : (R^k, 0) −→ R, with A(0) ≠ 0, and a diffeomorphism map-germ φ : (R^k, 0) −→ (R^k, 0) such that:

f = A × (g ∘ φ^{−1}).

Example. The function-germs defined by the germs at the origin of the following polynomials are V -equivalent:

t_1t_2, (1 + t_1t_2)t_1t_2, t^2_1 − t^2, (t_1 + t^2)(t_2 + t^2_1).

Remark. If two function-germs are V -equivalent then the germ at the origin of their zero level sets are biholomorphically equivalent.

Denote by Diff(k) the group of diffeomorphism map-germs of the type φ : (R^k, 0) −→ (R^k, 0) fixing the origin.

The law of composition of functions induces a semi-direct product group structure on E^∗_t × Diff(k). Here E^∗_t denotes the space of function-germs A : (R^k, 0) −→ R such that A(0) ≠ 0. The semi-direct product is given by:

(A, φ).(A^′, φ^′) = (A × (A^′ ∘ φ^′), φ ∘ φ^′),

where A, A^′ : (R^k, 0) −→ R are function-germs such that A(0) ≠ 0, A^′(0) ≠ 0 and φ, φ^′ : (R^k, 0) −→ (R^k, 0) are diffeomorphism map-germs. We denote this group by K. Two function-germs are V -equivalent provided that they are on the same orbit under the action of K.

Notation. Let γ_0 = (A, φ) be an element of K and f : (R^k, 0) −→ (R^k, 0) a function-germ , we use the notation

γ_0.f = A × (f ∘ φ^{−1}).

3.3. Legendrian equivalence of generating families. Notation. Let F : (R^{n+1} × R^k, 0) −→ (R, 0) be a generating family-germ. Consider a map-germ h : (R^{n+1}, 0) −→ (R^{n+1}, 0). The deformation f̃ defined by F̃ (q, t) = F (h(q), t) is denoted by h^∗F .

Definition 7.21. The translation by a vector u ∈ R^n is the map-germ:

τ : (R^n, 0) −→ (R^n, u) x → x + u.

We denote by T the space of translations.

Definition 7.22. Two generating family-germs F, G : (R^{n+1} × R^k, 0) −→ (R, 0) are called Legendre-equivalent provided that there exists a map-germ γ : (R^k, 0) −→ K ⊕ T and a diffeomorphism map-germ h : (R^{n+1}, 0) −→ (R^{n+1}, 0) such that: h^∗(γ.G) = F .

Example. The generating family-germs defined by F (t, q) = t^2 + q and G(t, q) = t^2 + q + q^2 are Legendre-equivalent.

Definition 7.23. Two generating family-germs F : (R^{n+1} × R^k, 0) −→ (R, 0), G : (R^{n+m+1} × R^k, 0) −→ (R, 0) are called stably Legendre-equivalent provided that there exists a quadratic form Q : (R^m, 0) −→ (R, 0) such that the deformation F ⊕ Q : (R^{n+m+1} × R^k, 0), defined by:

(F ⊕ Q)(q, r, t) = F (q, t) + Q(r),

is Legendre-equivalent to G.

We have the following proposition ([AVG], chapter III).

Proposition 7.2. Let L, L^′ be two Legendre submanifold germs of J^1(R^n, R) generated by two function-germs. Then L and L^′ are Legendre-equivalent if and only if their generating family-germs are stably Legendre-equivalent.

3.4. Legendre stability. In this subsection, we give the stability criterion for a Legendre manifold germ due to Arnold ([Arn2],[AVG]).

Definition 7.24. The Jacobian ideal of a function-germ f : (R^k, 0) −→ (R, 0) is the ideal generated by the partial derivatives ∂_{t1} f, . . . , ∂_{tk} f, where t_1, . . . , t_k denotes an arbitrary coordinate-system on R^k.

Denote by I_f the ideal which is the sum of the Jacobian ideal of a function germ f : (R^k, 0) −→ (R, 0) with the ideal generated by f. Denote by E_t = � g : (R^k, 0) −→ R � the ring of germs of functions. Let π : E_t −→ E_t/I_f be the canonical projection.

Definition 7.25. The Tyurina number of a function-germ f : (R^k, 0) −→ (R, 0) is the dimension of the R-vector space E_t/I_f .

Example. The Tyurina number of the function germ f : (R, 0) −→ (R, 0) defined by f(t) = t^4 is equal to 3.

Definition 7.26. A deformation of a function germ f : (R^k, 0) −→ (R, 0) is a function germ F : (R^m × R^k, 0) −→ (R, 0) such that F (0, .) = f.

Remark. Let F : (R^{n+1} × R^k, 0) −→ (R, 0) be a generating family-germ of a Legendre manifold-germ (L, 0). As a function-germ F defines a deformation of^3 f = F (0, .).

Definition 7.27. The deformation F : (R^m×R^k, 0) −→ (R, 0) of f = F (0, .) is a V -versal deformation of f = F (0, .) provided that the image under the canonical projection E_t −→ E_t/I_f of the vector space generated by the restrictions of^{∂F}_{∂λ1} , . . . ,^{∂F}_{∂λm} to λ = 0 is equal to E_t/I_f .

Remark. This definition is not the usual one. However it is equivalent to it because of the V -versal deformation theorem ([AVG] chapter I). Example. Let f : (R, 0) −→ (R, 0) be defined by f(t) = t^4. The Tyurina number of f is equal to 3. The deformation F : (R^3 × R, 0) −→ (R, 0) of f defined by F (λ, t) = t^4 + λ_1t^2 + λ_2t + λ_3 is V -versal.

Theorem 7.3. A Legendre manifold-germ is Legendre stable if and only it is generated by a generating family germ F : (R^{n+1} ×R^k, 0) −→ (R, 0) which is a V -versal deformation of f = F (0, .).

Example 1. Consider the Legendre manifold L ∈ J^1(R, R) generated by F (q, u, t) = −t^3 + qt − u. That is: L = � (3t^2, t, 2t^3) ∈ J^1(R^2, R) : t ∈ R � . The front of this Legendre manifold is the semi-cubical parabola of equation 27u^2 + 4q^3 = 0. The germ of F at the origin is a V -versal deformation of f(t) = −t^3. Hence the germ at the origin of L is Legendre-stable. Roughly speaking: ”a generic plane wave front may have semi-cubical cusp points”. Example 2. Consider the Legendre manifold L ∈ J^1(R^2, R) generated by the generating family F (q, u, t) = t^4 + q_1t^2 + q_2t − u. That is: L = � (q_1, q_2, t^2, t, t^4 + q_1t^2 + q_2t) ∈ J^1(R^2, R) : 4t^3 + 2q_1t + q_2 = 0 � . The germ at the origin of the front of this Legendre manifold is the swallowtail. The germ of F at the origin is a V -versal deformation of f(t) = t^4. Hence the germ at the origin of L is Legendre-stable. Roughly speaking: ”a generic wave front in J^0(R^2, R) ≈ R^3 may have swallowtails singularities.” Our aim is to generalize theorem 7.3 to the case where the Legendre manifold depends on some parameters. Before doing this, we digress in order to give a first result concerning the normal forms of non-stable wave fronts.

4. Geometrical digression: Legendrian special points.

The relation between Legendrian singularities and projective geometry was one of Arnold’s motivation for his investigations in symplectic and contact geometries in the late 60’s ([Arn6]). We give an account on it and then

3We point out that in singularity theory of differentiable functions (q, u) ∈ Rn ×R and

t ∈ R^k are respectively called the parameter and the argument while in contact geometry the convention is the opposite one.

generalize the Young diagram of a point of a curve in projective space to contact geometry.

4.1. Special points of Legendre submanifolds of J^1(R^n, R). In this subsection, we generalize the notion of flattening points of space curves and of special parabolic points of surfaces.

For defining the special parabolic points and the flattening points an Euclidean structure on R^n is needed. The definition of Legendrian special points does not involve such a structure but just the standard projection J^1(R^n, R) −→ J^0(R^n, R).

Consider a Legendre submanifold L of J^1(R^n, R).

Take a point m_0 = (q_0, p_0, u_0) in L and choose a coordinate-system in R^{n+1} × R^k centered at (q_0, u_0, t_0) ∈ R^{n+1} × R^k.

Let F : (R^{n+1} × R^k, 0) −→ (R, 0) be a generating family-germ of the germ (L, m_0) of L at the point m_0 ∈ J^1(R^n, R).

Definition 7.28. The point (q_0, p_0, u_0) ∈ J^1(R^n, R) is called a Legendrian special point of L if the Tyurina number of the function-germ of f = F (0, .) : (R^k, 0) −→ R is at least equal to n.

Remark 1. It is readily verified that this definition does not depend on the choice of the generating family-germ nor on the choice of the coordinates in R^{n+1} × R^k.

Remark 2. Legendrian equivalence sends a Legendrian special point of a Legendre submanifold of J^1(R^n, R) to a Legendre special points of its image.

Definition 7.29. A Legendrian special point (q_0, p_0, u_0) of the Legendre submanifold L is called a degenerate Legendrian special point provided that either:

- the Tyurina number of f is strictly higher than n or, - the generating family-germ F is not a V -versal deformation of f.

Example 1. Consider the Legendre manifold L generated by the function F (q, u, t) = t^4 + q_1t^2 + q_2t − u. That is: L = � (q_1, q_2, t^2, t, t^4 + q_1t^2 + q_2t) ∈ J^1(R^2, R) : 4t^3 + 2q_1t + q_2 = 0 � . The origin is a non-degenerate Legendrian special point of the Legendre manifold L.

Example 2. Let F (q, u, t) = t^5 + q_1t^2 + q_2t − u. The origin is a degenerate Legendrian special point of the Legendre manifold generated by F . Example 3. Let F (q, u, t) = t^4 + q_1t^3 + q_2t − u. The origin is a degenerate Legendrian special point of the Legendre manifold generated by F .

4.2. The Young diagram of a point of corank one on a Legendre manifold. Let F : (R^{n+1} × R^k, 0) −→ (R, 0) be a generating family-germ of a Legendre variety.

Definition 7.30. The dimension of the kernel of the second differential of f = F (0, .) at the origin is called the corank of F .

Choose a coordinate system (t, s_1, . . . , s_{k−1}) in R^k such that ∂_t is the kernel of the second differential of f = F (0, .) at the origin.

The following definition is a contactification of the notion introduced previously in chapter 2, section 1 for curves in projective spaces.

Definition 7.31. The Young diagram (resp. the anomaly sequence) of the generating family F is the Young-diagram (resp. the anomaly sequence) of the map-germ defined by (R, 0) −→ (R^{n+1}, 0),

t → (F (0, t), (∂_{q1} F )(0, t), . . . , (∂_{qn} F )(0, t)).

Remark. Proposition 7.2 implies that the Young diagram is independent on the choice of the coordinate system (t, s_1, . . . , s_n) that we made. It is defined only in terms of the Legendre variety-germ generated by F and of the standard projection J^1(R^n, R) −→ J^0(R^n, R).

4.3. Legendrian special points and flattening points of curves. In this subsection, we fix an Euclidean structure on the space R^n and denote by (, ) the scalar product.

Let L ⊂ J^1(R^n, R) be a Legendre manifold such that its front γ ⊂ J^0(R^n, R) is of dimension one. Let π be the projection J^1(R^n, R) −→ J^0(R^n, R). Remark that at each point m ∈ γ, the intersection of the Legendre submanifold manifold L with the fibre π^{−1}(m) is of dimension n − 1.

Denote by L^∨ the Legendre manifold dual to L. The following proposition is readily verified.

Proposition 7.3. The Legendre manifold L^∨ has a Legendrian special point at (q, p, u) with a given Young diagram if and only if the front γ of L has a flattening point at (p, (p, q) − u) with the same Young diagram.

Example. Consider the front γ parameterized by: R −→ J^0(R^2, R), t → (t, t^2, t^4).

The front γ has a non-degenerate flattening point at the origin. Let L be the Legendre manifold whose front is γ. Denote by L^∨ the dual Legendre manifold to L.

A generating family F : R^2 × R × R −→ R for L^∨ is given by the formula

F (q, u, t) = −t^4 + q_2t^2 + q_1t − u.

Indeed, the Legendre manifold corresponding to this generating family is:

L^∨ = � (q_1, q_2, t, t^2, u) ∈ J^1(R^2, R) : ∂_tF (q, u, t) = 0, F (q, u, t) = 0 � . And by Legendre duality: L = � (t, t^2, q_1, q_2, t^4) ∈ J^1(R^2, R) : ∂_tF (q, t) = 0 � . The front of L is: γ = � (t, t^2, t^4) ∈ J^0(R^2, R) : t ∈ R � .

The origin is a non-degenerate flattening point of γ, while the germ of the function F at the origin is a V -versal deformation of the function-germ

f : (R, 0) −→ R t → t^4.

We have the following commutative diagram:

L ⊂ J^1(R^2, R)^l−−−−→ L^∨ ⊂ J^1(R^2, R)

π_1 � �^π1 � � γ ⊂ J^0(R^2, R) γ^∨ ⊂ J^0(R^2, R) g � �^π2 � � Σ ⊂ R^{2 Id}−−−−→ Σ ⊂ R^2 Here π_1 is the standard projection. The map π_2 is defined by π_2(q, u) = q. The 0-jet space J^0(R^2, R) is diffeomorphic to the product R^2 × R. Call a plane in R^2 × R vertical if it does not intersects the line ({0} × R) ⊂ R^2 × R. Then, the intersection of the Legendre manifold L with the fibre π^{−1}_1 (m), m ∈ γ can be identified with the set of non-vertical planes in J^0(R^2, R) that are tangent to γ.

The Legendre duality map is denoted by l, Id stands for the identity map. The front γ^∨ is a swallowtail.

The map g is the Gauss map: if the osculating plane to the curve γ at a point m is � (x, y, z) ∈ J^0(R^2, R) : z = ax + by + u � then g(m) = (a, b) ∈ Σ.

On the other hand, Σ is the image of the critical locus of the restriction of the projection π_2 to the swallowtail γ^∨ .

The restriction of the projection π_2 ∘π_1 to L^∨ is the so-called Whitney pleat. The right hand-side of this commutative diagram is depicted in figure 5.

4.4. Legendrian special points and special parabolic points of surfaces. In this subsection, we fix an Euclidean structure on the space R^n and denote by (, ) the scalar product.

Let L ⊂ J^1(R^2, R) be a Legendre manifold such that its front M ⊂ J^0(R^2, R) is a smooth surface.

Let π be the standard projection J^1(R^n, R) −→ J^0(R^n, R). Denote by L^∨ the Legendre manifold dual to L.

Proposition 7.4. The Legendre manifold L^∨ has a non-degenerate (resp. degenerate) Legendrian special point at (q, p, u) if and only the front M of L has a non-degenerate (resp. degenerate) special parabolic point at (p, (p, q) − u). Example. Consider the front M parameterized by

R^2 −→ J^0(R^2, R), (s, t) → (t, s + t^2, s^2 + t^4).

Figure 5. The Legendrian projection corresponding to a non-degenerate flattening point of a space curve.

Direct calculations show that the front M has a non-degenerate special parabolic point at the origin. We assert that the germ at the origin of the front dual to M is diffeomorphic to a swallowtail.

Let L be the Legendre manifold whose front is M. Denote by L^∨ the dual Legendre manifold to L. We assert that a generating family for L^∨ is given by: F (q, u, s, t) = −t^4 − s^2 + q_2s + q_2t^2 + q_1t − u.

Figure 6. A ”typical” bifurcation of wave-fronts.

Indeed, the Legendre manifold corresponding to this generating family is:

L^∨ = � (q_1, q_2, t, s + t^2, u) ∈ J^1(R^2, R) : ∂_tF (q, u, s, t) = ∂_sF (q, u, s, t) = F (q, u, s, t) = 0 � . And by Legendre duality, we get that the Legendre manifold L is given by L = � (t, s + t^2, q_1, q_2, s^2 + t^4) ∈ J^1(R^2, R) : ∂_tF (q, u, s, t) = ∂_sF (q, u, s, t) = 0 � . The front of L is the surface M = � (t, s + t^2, s^2 + t^4) ∈ J^0(R^2, R) : (s, t) ∈ R^2 � . The germ of F at the origin is a V -versal deformation of the function-germ of: f : (R^2, 0) −→ R (s, t) → s^2 + t^4.

Hence the origin is a non-degenerate Legendrian special point of L^∨ . We get the following commutative diagram:

L ⊂ J^1(R^2, R)^l−−−−→ L^∨ ⊂ J^1(R^2, R) � � � � M ⊂ J^0(R^2, R) γ^∨ ⊂ J^0(R^2, R) g � � � � Σ ⊂ R^{2 Id}−−−−→ Σ ⊂ R^2 Assertion. There exists a Legendre manifold L̃^∨ Legendre-equivalent to L̃^∨ whose dual front γ̃ is a space curve with a non-degenerate flattening point at the origin.

The Legendre manifold L^∨ , generated by F , is also generated by the generating family G : (R^2 × R, 0) −→ (R, 0) defined by

G(q, u, t) = t^4 + q_1t^2 + q_2t + 1 4 q^2 − u.

To see it, remark that:

(∂_sF (q, u, s, t) = 0) ⇐⇒ (s = q_2 2 ). Substituting s by^{q2}_2 in F , we get G. The map:

φ : J^1(R^2, R) −→ J^1(R^2, R) (q_1, q_2, p_1, p_2, u) → (q_1, q_2, p_1 −^1_2 q_1, p_2, u −^1_4 q^2_1)

is a contactomorphism. Moreover φ preserves the standard projection from J^1(R^2, R) to J^0(R^2, R). The image of the manifold L^∨ under φ is the Legendre manifold L̃ generated by: ~G(q, u, t) = t^4 + q_1t^2 + q_2t − u,

that we were looking for. Assertion is proved.

The Legendrian equivalence between this example and the example of the preceding subsection explains the analogy between special parabolic points of surfaces and flattening points of space curves: from the Legendrian viewpoint there is no difference between them.

4.5. The L-discriminant. Consider a family of Legendre submanifolds (L_λ) of J^1(R^n, R).

Definition 7.32. The L-discriminant (read Legendrian discriminant) of the family (L_λ) is the set of values of the parameters λ for which the Legendre manifold L_λ has a degenerate Legendrian special point or has a singular point.

Remark. The definition of the L-discriminant depends only on the standard projection J^1(R^n, R) −→ J^0(R^n, R). In particular, no additional structure (Euclidean, affine, projective) on R^n is required.

The definition of the stability of the L-discriminant of a given family of Legendre manifolds is analogous to that of the stability of the P-discriminant of a family of curves (see section 1).

4.6. A Kazarian folded umbrella theorem for wave fronts. With the techniques developed below, we shall obtain the following generalization of theorem 7.1 (see section 1). Fix an Euclidean structure in R^2 × R.

5. THE EXCELLENT YOUNG DIAGRAMS. 159

Consider the 3-parameter family of surfaces M_λ in R^3 parameterized by the embeddings

f_λ R^2 −→ R^2 × R, (s, t) → (t, s + t^3, s^2 + t^7 + t^6 + λ_1t^5 + λ_2t^4 + λ_3t^2).

Identify R^2 × R with J^0(R^2, R).

The surfaces are the wave fronts of a family of Legendre manifolds (L_λ), L_λ ⊂ J^1(R^2, R).

Denote by L^∨_λ ⊂ J^1(R^2, R) the Legendre manifold dual to L_λ.

Theorem 7.4. The P-discriminant of the 3-parameter family of Legendre manifolds (L^∨_λ ) in J^1(R^2, R) is L-stable at the origin. The L-discriminant of the family (L_λ) is the Kazarian folded umbrella.

Remark. The complete list of L-stable bifurcation diagrams for two and three parameter families is yet unknown.

This theorem is a special case of theorem 7.7 stated in page 162.

5. The excellent Young diagrams.

5.1. New notations. We change slightly our notations. In J^0(R^n, R), we use to denote the coordinates by q_1, . . . , q_n, u. We now use q_1, . . . , q_n, q_{n+1} and q = (q_1, . . . , q_n, q_{n+1}) instead of (q, u).

Given a Legendre manifold, we used to denote a generating family of it with capital letters (like F ), we now use small letters (like f). The capital letters will be used for another purpose.

5.2. The Legendrian codimension.

Definition 7.33. The L-tangent space, denoted T f, to a generating familygerm f ∈ E_{q,t} is the R-vector subspace of E_{q,t} which is the sum of the following modules:

- the E_{q,t}-module generated by ∂_{t1} f, . . . , ∂_{tk} f, f, - the E_q-module generated by ∂_{q1} f, . . . , ∂_{qn} f, ∂_{qn+1} f.

Definition 7.34. The Legendrian codimension, of a Legendre manifold germ (L, 0) generated by a family-germ f : (R^k × R^{n+1}, 0) −→ (R, 0) is the codimension in E_{q,t} of the L-tangent space T f to f.

5.3. Excellent generating family-germs and excellent Young diagrams. Consider a generating family germ f : (R^k × R^{n+1}, 0) −→ (R, 0) of a Legendre manifold-germ. Denote by (a_i) the anomaly sequence of f.

Definition 7.35. A generating family-germ f : (R^k × R^{n+1}, 0) −→ (R, 0) of a Legendre manifold-germ is called excellent provided that: - it is of corank one, - the Legendrian codimension of f is equal to

�_s i=1 a_i − 1.

Definition 7.36. A pair (n, Y ) where Y denotes a Young diagram is called excellent provided that there exists an excellent generating family-germ f : (R^k × R^{n+1}, 0) −→ (R, 0) with Young diagram Y .

A Young diagram is called excellent provided that there exists an integer n > 0 such that (n, Y ) is excellent.

Theorem 7.5. The excellent generating-family germs and the corresponding Young diagrams are given up to stable Legendrian equivalence by the following list. They form 4 infinite series and two sporadic cases.

A_n :(□) t^{n+2} + q_1t^n + q_2t^{n−1} + · · · + q_nt + q_{n+1}

W_n :(□□) t^{n+3} + q_1t^n + q_2t^{n−1} + · · · + q_nt + q_{n+1}

X_n :(^□ ) t^{n+2} + q_1t^{n+1} + q_2t^{n−1} + · · · + q_nt + q_{n+1}

Y_n :(^{□ □}_□ ) t^{n+4} + t^{n+3} + q_1t^{n+1} + q_2t^{n−1} + · · · + q_nt + q_{n+1}

Z_1 :(□□□) t^7 + t^5 + q_1t + q_2

Z_2 :(^{□ □ □}

□ ) t^6 + t^5 + q_1t^2 + q_2

Remark 1. For n > 1, the series A_n, W_n, X_n are contained in Arnold’s classification [Arn5] because their Legendrian codimension is not more than one. Remark 2. By definition, the Legendrian codimension of an excellent generating family-germ is equal to the number of squares of its Young diagram minus 1.

The proof of this theorem is given in section 2.

The typical families in which the Legendre manifold (or the Legendre variety) of theorem 7.5 arise is given in subsection 6.4.

6. Legendrian versal deformation theory.

In section 4, we saw that the local study of flattening points of space curves as well as the study of special parabolic points of surfaces are included in the study of Legendre manifolds of J^1(R^n, R) depending on parameters. In the seventies’ Arnold and Zakalyukin studied families of wave front depending on one parameter ([Arn5], [Zak1]).

This is not sufficient because our families arising from the study of projective geometry might depend on many parameters.

In this section, we introduce the algebraic structures that are needed in order to study multi-parametric families of wave-fronts.

6.1. Legendrian deformations of generating families.

Definition 7.37. A parametric generating family of a family (L_λ) of Legendre varieties is a function F : R^l ×R^{n+1}×R^k −→ (R, 0) such that F (λ, ., .) is a generating family of a Legendre variety L_λ. The family (L_λ) of Legendre varieties is said to be generated by F .

Example 1. Consider the parametric generating family F : R × R^3 × R −→ (R, 0) defined by:

F (λ, q, t) = t^4 + q_1t^3 + q_2t − q_3 + λt^2,

with λ ∈ R, q = (q_1, q_2, q_3) ∈ R^3, t ∈ R. The Legendre manifold generated by F (λ, .) is:

L_λ = � (q_1, q_2, t^3, t, t^4 + q_1t^3 + λt^2 + q_2t) ∈ J^1(R^n, R) : ∂_tF (λ, q, t) = 0 � . The wave-fronts corresponding to this one-parameter family are depicted in figure 6. The local version of the previous definition is as follows.

Definition 7.38. A Legendrian deformation of a generating family-germ f : (R^{n+1} × R^k, 0) −→ (R, 0) of a Legendre variety-germ is the germ at the origin of a parametric generating-family F : (R^l × R^{n+1} × R^k, 0) −→ (R, 0) such that the germ at the origin of F (0, ., .) is equal to f.

The following proposition is a consequence of the construction given in [Arn2] and [AVG] for the generating family germ of a Legendre manifold germ (see also example 3, subsection 2.3).

Proposition 7.5. Let (L_λ) be a family of Legendre manifolds. For any point p ∈ L_λ there exists a neighbourhood U ⊂ J^1(R^n, R) of p and a parametric generating family F such that the manifold (L_λ ∩ U) is generated by F (λ, .).

6.2. Legendrian versal deformations. Let f : (R^{n+1} × R^k, 0) −→ (R, 0) be a generating family-germ of a Legendre of variety-germ.

Definition 7.39. A map-germ g : (R^l × R^{n+1}, 0) −→ (R^{l′} × R^{n+1}, 0) is fibered over R^l and R^{l′} if the following diagram commutes:

(R^l × R^{n+1}, 0)^g−−−−→ (R^{l′} × R^{n+1}, 0) � � � � (R^l, 0)^{g1}−−−−→ (R^{l′} , 0) In other words g(λ, q) = (g_1(λ), g_2(λ, q)).

Let F : (R^l × R^{n+1} × R^k, 0) −→ R be of a Legendrian deformation of a generating family-germ f = F (0, ., .).

Definition 7.40. A Legendrian deformation F̃ of the generating familygerm f is induced from F provided that there exists the germ of a fibered map g : (R^{l′} × R^{n+1}, 0) −→ (R^l × R^{n+1}, 0) such that: F̃ (λ, q, t) = F (g_1(λ), g_2(λ, q), t)

with g = (g_1, g_2).

We use the notation F̃ = g^∗F .

Recall that T denotes the space of translations.

Definition 7.41. Two Legendrian deformations F̃ , F : (R^l×R^{n+1}×R^k, 0) −→ (R, 0) of a generating family-germ f = F (0, ., .) are called L-equivalent provided that there exists the germ of a map-germ γ : (R^l × R^{n+1}, 0) −→ K ⊕ T such that: γ.F̃ = F.

Remark. The formula above can be written in the more explicit form:

F̃ (λ, q, t) = A(λ, q, t)F (λ, q, φ(λ, q, t))

where (A, φ) ∈ K ⊕ T .

Definition 7.42. The germ of a Legendrian deformation F of a generating family-germ f = F (0, ., .) is called a L-versal deformation of f if any other Legendrian deformation of f is induced by a Legendrian deformation Lequivalent to F .

Example. Let f : (R^{n+1} × R, 0) −→ (R, 0) be defined by:

f(q, t) = t^4 + q_1t^3 + q_2t − q_3.

Consider the Legendrian deformation F : (R × R^{n+1} × R, 0) −→ (R, 0) of f defined by:

F (λ, q, t) = f(q, t) + λt^2.

We shall prove that F is a L-versal deformation of f.

6.3. The Legendrian versal deformation theorem.

Definition 7.43. The L-tangent space to a Legendrian deformation germ F : (R^l × R^{n+1} × R^k, 0) −→ (R, 0) of a generating family-germ f = F (0, ., .), denoted T F , is the sum of the following R-vector subspaces of E_{q,t}: - T f, - the R-vector space generated by the restrictions to λ = 0 of the functiongerms ∂_{λ1} F, . . . , ∂_{λl} F .

Theorem 7.6. A Legendrian deformation F : (R^l × R^n × R^k, 0) −→ (R, 0) of a generating family-germ is L-versal provided that T F = E_{q,t}.

Remark. We have considered the C^∞ case. However, a similar theorem holds in the K-analytic category and for K power series category, K = R or C.

6.4. The L-versal deformations of the excellent Young diagrams.

Theorem 7.7. The Legendrian versal deformations of the excellent generating family germs are given up to stable Legendrian equivalence by the following list:

A_n : t^{n+2} + q_1t^n + q_2t^{n−1} + · · · + q_nt + q_{n+1} W_n : t^{n+3} + q_1t^n + q_2t^{n−1} + · · · + q_nt + q_{n+1} + λ_1t^{n+1} X_n : t^{n+2} + q_1t^{n+1} + q_2t^{n−1} + · · · + q_nt + q_{n+1} + λ_1t^n Y_n : t^{n+4} + t^{n+3} + q_1t^{n+1} + q_2t^{n−1} + · · · + q_nt + q_{n+1} + λ_1t^{n+2} + λ_2t^n Z_1 : t^7 + t^5 + q_1t + q_2 + λ_1t^3 + λ_2t^2 Z_2 : t^6 + t^5 + q_1t^2 + q_2 + λ_1t^4 + λ_2t^3 + λ_3t Remark. The series A_n, W_n, X_n are contained in Arnold’s classification [Arn5] because their Legendrian codimension is not more than one. This theorem is proved in section 2.

6.5. Stabilization of L-discriminants.

Let F : R^l × R^{n+1} × R −→ R be a parametric generating family of Legendre varieties L_λ, L_λ ∈ J^1(R^n, R). Assume that:

F (λ, q_1, . . . , q_{n+1}, t) = F̃ (λ, q_1, . . . , q_{n−1}) + q_nt + q_{n+1}.

Then G = ∂_tF : R^l × R^n × R −→ (R, 0) is a parametric generating family of Legendre varieties L̃_λ, L̃_λ ∈ J^1(R^{n−1}, R).

Definition 7.44. The parametric generating family G is called a derived generating family from F .

The deformation of a generating family-germ obtained by taking the germ of a derived generating family of an arbitrary representative of the germ is called the derived deformation.

The following proposition is straightforward. It generalizes Kazarian’s construction of the trace of a curve ([Ka3]).

Proposition 7.6. The L-discriminant of a parametric generating family F : R^l × R^{n+1} × R −→ R coincides with the L-discriminant of a derived parametric generating family of F .

Remark. This proposition together with the normal forms for the L-versal deformations of perfect pairs allows us to ”multiply the theorems”. We give an example in the next subsection.

6.6. Theorem 7.4 is a corollary of theorem 7.7. A parametric generating family-germ F : (R^3 × R^3 × R^2, 0) −→ (R, 0) of the germs at the origin of Legendre manifolds L^∨_λ of subsection 4.6 is given by:

F (λ, q, t, s) = t^7 + t^6 + q_1t^3 + q_2t + q_3 + λ_1t^5 + λ_2t^4 + λ_3t^2 + s^2 + q_1s. The function F is a deformation of the generating family-germ f(R^3 × R^2, 0) −→ (R, 0) defined by:

f(q, t, s) = t^7 + t^6 + q_1t^3 + q_2t + q_3 + s^2 + q_1s.

Obviously the deformation F is stably L-equivalent to:

F̃ (λ, q, t, s) = t^7 + t^6 + q_1t^3 + q_2t + q_3 + λ_1t^5 + λ_2t^4 + λ_3t^2

To see it, write s^2 + q_1s = (s +^1_2 q_1)^2 −^1_4 q^2_1 .

The generating family derived from F̃ is a L-versal deformation of a generating family-germ L-equivalent to the element Z_2 of theorem 7.7. Consequently the L-discriminant of F is stable.

Normal forms of generating families.

1. Normal forms theory.

1.1. The finite determinacy theorem for L-equivalence. Denote by M_{q,t} the maximal ideal in E_{q,t} that is the ideal of function-germs of the type g : (R^{n+1} × R^k, 0) −→ (R, 0).

Let M^j_{q,t} be the j^{th} power of M_{q,t}.

We denote by T f the L-tangent space to f (see subsection 5.2).

Proposition 8.1. Let f : (R^{n+1} × R^k, 0) −→ (R, 0) be a generating family germ such that there exists a positive integer ν satisfying M^ν_{q,t} ⊂ T f. Then for any function germ ψ ∈ M^{ν+2}_{q,t} the following L-equivalence holds f + ψ ∼ f.

The proof of this proposition is given in subsection 3.2.

1.2. Quasi-homogeneous functions. We recall some facts from singularity theory (see [AVG] for details). We fix a coordinate system in R^m. The construction depends on the choice of this coordinate-system.

Definition 8.1. A function-germ f : (R^m, 0) −→ (R, 0) is called quasihomogeneous of degree d with exponents α_1, . . . , α_m provided that for any λ > 0 and any (x_1, . . . , x_m) ∈ R^m we have:

f(λ^{α1} x_1, . . . , λ^{αm} x_m) = λ^df(x_1, . . . , x_m).

Example. The function-germ defined by f(x_1, x_2) = x^p_1 + x^q_2 is quasihomogeneous of degree pq with exponents α_1 = q, α_2 = p. The function germ defined by f(x_1, x_2) = x^3_1 + x_1x_2 + x^3_2 is not quasi-homogeneous. Fix a vector α = (α_1, . . . , α_k) ∈ N^k.

Definition 8.2. A monomial x^{i1}_1 x^{i2}_2 . . . x^{ik} has weight d provided that α_1i_1 + · · · + α_mi_m = d.

Remark. Once the weights of the x_i’s are fixed, the vector α is fixed and consequently so is the weight of a monomial.

Definition 8.3. A function-germ in E_x has order d if all the monomials appearing with non-zero coefficient in its Taylor series at the origin are of weight at least d.

Notations. The R-vector space of functions-germs of order d is denoted by F_d (F for filtration).

The R-vector space generated by the monomials of weight d is denoted by G_d (G for graduation).

Definition 8.4. The nested sequence F_0 ⊃ F_1 ⊃ F_2 ⊃ . . . of R-vector spaces is called the quasi-homogeneous filtration of E_x associated to α.

1.3. The order of a vector-field. Take coordinates q = (q_1, . . . , q_{n+1}) in R^{n+1} and t = (t_1, . . . , t_k) in R^k.

Fix a quasi-homogeneous filtration F_0 ⊃ F_1 ⊃ F_2 ⊃ . . . of E_{q,t}. We denote by:

- L_{q,t} the set of vector fields of the type: k� i=1 a_i∂_{ti} + n+1� i=1 b_i∂_{qi}

with a_1, . . . , a_k ∈ E_{q,t}, b_1, . . . , b_{n+1} ∈ E_q, - L_q the set of vector fields of the type:

n+1� i=1 c_i∂_{qi}

with c_1, . . . , c_{n+1} ∈ E_q. The letter L stands for Lie.

Any element in L_{q,t} acts on the F_d’s. Namely, put: v = k� i=1 a_i∂_{ti} + n+1� i=1 b_i∂_{qi} ,

for m ∈ F_d, the Lie derivative of m along v is defined by the formula

v.m = k� i=1 a_i∂_{ti} m + n+1� i=1 b_i∂_{qi} m.

We put v.F_d = {v.m : m ∈ F_d}.

Definition 8.5. A vector field v ∈ L_{q,t} (resp. w ∈ L_q) has order s provided that for any d and for any m ∈ F_d we have v.m ∈ F_{d+s} (resp. w.m ∈ F_{d+s}).

1.4. Normal forms of semi-quasi-homogeneous generating families. Fix a quasi-homogeneous filtration F_0 ⊃ F_1 ⊃ F_2 ⊃ . . . of E_{q,t}. Definition 8.6. The reduced tangent space (with respect to the fixed quasihomogeneous filtration), denoted T_rf, to a generating family germ f : (R^{n+1} × R^k, 0) −→ (R, 0) is the R-vector subspace of E_{q,t} which is the sum of the following modules:

- the E_{q,t}-module generated by the v.f’s where v ∈ L_{q,t} has order 1, - the E_{q,t}-module generated by the h × f where h ∈ F_1, - the E_q-submodule generated by the w.f where w ∈ L_q has order 1.

1. NORMAL FORMS THEORY. 167

Remark that F_d is an E_{q,t}-submodule of E_{q,t} while T f and T_rf are E_qsubmodules of E_{q,t}.

Proposition 8.2. Let f : (R^{n+1} × R^k, 0) −→ (R, 0) be a generating familygerm such that there exists a positive integer d and pairwise distinct monomials e_1, . . . , e_s ∈ E_{q,t} satisfying the following conditions � F_d ⊂ (T_rf⊕ < e_1, . . . , e_s >), ∀i ∈ {1, . . . , s} , e_i ∈ F_{d+1}.

Then for any function-germ ψ ∈ F_d, there exists a_1, . . . , a_s ∈ R such that the following L-equivalence relation holds

f + ψ ∼ f + s� k=1 a_ke_k.

The proof of this proposition is given in subsection 3.3.

1.5. Finite dimensional reduction. We state a proposition which shall be useful for the computations of the normal forms and for the Lversal deformations.

Let f_0 : (R^{n+1} × R^k, 0) −→ (R, 0) be a generating family germ. We have used here the notation f_0 instead of f to be consistent with the next section.

Fix a quasi-homogeneous filtration of E_{q,t}. Denote by T_rf_0, the reduced L-tangent space to f_0.

Let M̄_q ⊂ E_{q,t} be the E_{q,t}-module of function-germs that vanish at q_1 = · · · = q_{n+1} = 0.

Remark that M̄_q is neither the maximal ideal M_{q,t} of E_{q,t} nor the maximal ideal M_q of E_q.

Denote by V_d the R-vector subspace of E_{q,t} which is the sum of the following modules:

- the E_q submodule of E_{q,t} generated by the w.f_0’s where w ∈ L_q is of order one, - the E_{q,t} submodule of E_{q,t} generated by the h × f_0 where h ∈ E_{q,t} is of order one, - the E_q-submodule M̄_qF_d of E_{q,t}.

Denote by π_d : E_{q,t} −→ E_{q,t}/V_k the canonical projection.

The projection π_d is a morphism of E_q-modules and is not a morphism of E_{q,t}-modules.

Proposition 8.3. Let f_0 : (R^{n+1} × R^k, 0) −→ (R, 0) be a generating family germ.

Then the inclusion π_d(F_d) ⊂ π_d(T_rf_0) implies the inclusion F_d ⊂ T_rf_0.

Example 1. Define a quasi-homogeneous filtration in E_{q,t} by fixing the following weights:

monomial t q_1 q_2 q_3 weight 1 1 3 4

Let f : (R^3 × R, 0) −→ R be a generating family germ such that f = f_0 + f_1 with f_0(q, t) = t^4 + q_1t^3 + q_2t + q_3, f_1 ∈ F_5.

We assert that f is L-equivalent to f_0.

Proposition 8.2 implies that it suffices to prove that F_5 is contained in the reduced tangent space to f_0.

With the notation of subsection 1.5, it suffices to prove that π_5(F_5) ⊂ π_5(T_rf).

It is readily seen that the R-vector space π_5(F_4) is of dimension three and that it is generated by the images under π_5 of the three monomials:

q^2_1t^2, q_2t^2, q_3t^2.

Moreover, by straightforward computations we get the equalities � � � π_5(q_1∂_tf_0) = π_5(3q^2_1 t^2), π_5(t^2∂_tf_0) = π_5(−3q_2t^2), π_5(t^3∂_tf_0) = π_5(−4q_3t^2).

Consequently we have the inclusion π_5(F_5) ⊂ π_5(T_rf). Assertion is proved. To compute a L-versal deformation of f_0, we proceed as follows. Recall that G_d denotes the R-vector space generated by the monomials of weight d.

define the R-vector space W by W = ⊕^4_{d=0}G_d.

It remains to find a basis for the transversal to the R-vector space W ∩ T f in W . We have:� � � � �

G_0 = < 1 >, G_1 = < t, q_1 >, G_2 = < t^2, q_1t, q^2_1 >, G_3 = < t^3, q_1t^2, q^2_1t, q^3_1 , q_2 >, G_4 = < t^4, q_1t^3, q^2_1 t^2, q^3_1 t, q^4_1, q_2t, q_2q_1, q_3 >, where < . > denotes the R-vector space generated by the monomials inside the brackets.

Straightforward computations show that all the listed monomials except t^2 are contained in T f.

Thus the Legendrian deformation F : (R × R^3 × R, 0) −→ R of f defined by:

F (λ, q, t) = f(q, t) + λt^2

is L-versal.

The corresponding one-parameter family of wave fronts are depicted in figure 6. This is a reformulation of a result due to Arnold [Arn5].

If proposition 8.3 applies then the computation of a L-versal deformation is reduced to a simple problem of linear algebra.

2. Proof of the theorem on the excellent generating families.

2.1. Preliminary normal form. Let f : (R^{n+1} × R^k, 0) −→ (R, 0) be a generating family-germ of anomaly sequence (a_0, . . . , a_m). By assumption f is of corank one. Consequently, up to L-stable equivalence, we can assume that k = 1 without loss of generality. We fix coordinates q = (q_1, . . . , q_{n+1}) in R^{n+1}.

The function germ f admits a representation of the following type

f(q, t) = f_0(q, t) + f_1(q, t) + f_2(q, t)

where f_0, f_1, f_2 satisfy the 5 conditions cited below. 1) f_0 is of degree at most 1 in q_1, . . . , q_{n+1}, 2) f_1(0, t) = ∂_{q1} f_1(0, t) = · · · = ∂_{qn+1} f_1(0, t) = 0, 3) the anomaly sequences of f_0 and f are equal. 4) see below. 5) see below.

By assumption, one can choose coordinates in J^0(R^n, R) such that the generating family-germ f is given by:

(41) f(q, t) = t^{αn+1} +q_1t^{αn} +q_2t^{αn−1} +· · · +q_nt^{α1} +q_{n+1} +f_1(q, t)+f_2(q, t).

with α_{n−s} − (n − s) = a_{s+1} if −1 ≤ s < m, and α_{n−s} = (n − s) if s ≥ m. We introduce in E_{q,t} a quasi-homogeneous filtration by specifying the weights of q_1, . . . , q_n, t as follows: - the weight of t is equal to 1, - for i < n + 1, the weight of q_i is equal to α_n − α_{n−i}, - the weight of q_{n+1} is α_n.

Then condition 4 is that f_2 ∈ F_{αn+1+1} and for any monomial e ∈ E_{q,t} appearing with a non-zero coefficient in the Taylor series of f_1, the weight of e is at most equal α_{n+1}.

The function-germ f_2 can be written in the form:

f_2(q, t) = c_0(q) + c_1(q)t + c_2(q)t^2 + · · · + c_{αn} (q)t^{αn} + c_{αn+1} (q)t^{αn+1} ,

where the c_i’s are arbitrary function germs in E_{q,t}.

By a change of variables in the space R^{n+1} of the parameter q, we can assume, without loss of generality, that c_{αi} = 0 for all i ∈ {0, α_1, α_2, . . . , α_n} . Moreover, we can also assume that c_{αn+1} = 0, just multiply f by 1−c_{αn+1} (q). Condition 5 is that f_2 can be written in the form described above with c_{α1} , . . . , c_{αn+1} = 0.

2.2. Notations.

For the computations of the normal forms, we use the same notations than those of subsection 1.5.

At the beginning of each computation, we fix a number s and write π instead of π_s. We also denote by ~F_d, ~G_d the images of the R-vector spaces F_d and G_d under π_s.

2.3. Pairs which are not excellent. (n, □□□) is not excellent provided that n > 1 We take s = n + 5.

The weights of the quasi-homogeneous filtration are defined by the table

monomial t q_1 q_2 . . . q_{n+1} weight 1 4 5 . . . n + 4

The elements f_0, f_1 of the prenormal form are given by f_0(q, t) = t^{n+4} + q_1t^n + q_2t^{n−1} + · · · + q_nt + q_{n+1}.

f_1 = 0 and f_2 is an arbitrary function-germ in F_{n+5}.

By straightforward computations, we get that for n > 1,the images of the following 6 monomials under the canonical projection F_{n+5} −→ ~F_{n+5}/ ~F_{n+8} form a basis of the R-vector space ~F_{n+5}/ ~F_{n+8}:

q_1t^{n+1} q_1t^{n+2} q_1t^{n+3}

q_2t^{n+1} q_2t^{n+2} q_3t^{n+1}

Thus the R-vector space ~F_{n+5}/ ~F_{n+8} is of dimension 6.

By elementary linear algebra, we get that the space π(T f ∩ F_{n+5})/F̃_{n+8} is generated by the images of the following 5 vectors:

t∂_tf, t^2∂_tf t^3∂_tf t^4∂_tf q_1∂_tf

Thus the R-vector space π(T f ∩F_{n+5})/ ~F_{n+8} is at most of dimension 5. Consequently the codimension of T f ∩F_{n+5} in F_{n+5} is at least equal to 6−5 = 1. The codimension of T f ∩ F_{n+5} in F_{n+5} is at least equal to 1. Next, straightforward computations show that the monomials t^{n+2}, t^{n+1} are not contained in T f.

Thus the codimension of T f in E_{q,t} is at least equal to three. Hence (n, □□□) is not excellent provided that n > 1.

(1, □□□□) is not excellent. We take s = 10.

The weights of the quasi-homogeneous filtration are defined by the table

monomial t q_1 q_2

weight 1 5 6

The elements f_0, f_1 of the prenormal form are given by f_0(q, t) = t^6 + q_1t + q_2.

f_1 = 0 and f_2 is an arbitrary function-germ in F_7.

By straightforward computations, we get that the images of the 5 following monomials under the canonical projection F_7 −→ ~F_7/ ~F_{10} form a basis of the R-vector space ~F_7/ ~F_{10}:

q_1t^2 q_1t^3 q_1t^4

q_2t^2 q_2t^3

Thus the R-vector space ~F_7/ ~F_{10} is of dimension 5.

By elementary linear algebra, we get that the R-vector space π(T f ∩F_7)/ ~F_{10} is generated by the images of the following 4 function germs:

t∂_tf, t^2∂_tf t^3∂_tf t^4∂_tf

Thus the R-vector space π(T f ∩ F_7)/ ~F_{10} is of dimension at most 4. Consequently T f ∩ F_7 is a least of codimension 5 − 4 = 1 in F_7. Moreover, straightforward computations show that none of the monomials t^4, t^3, t^2 is contained in T f.

Thus T f is at least of codimension 4 in E_{q,t}. Hence the pair (1, □□□□) is not excellent.

(n,^{□ □}_{□ □} ) is not excellent.

The weights of the quasi-homogeneous filtration are defined by the table

monomial t q_1 q_2 q_3 . . . q_{n+1} weight 1 1 4 5 . . . n + 3

The elements f_0, f_1, f_2 of the prenormal form are given by � f_0(q, t) = t^{n+3} + q_1t^{n+2} + q_2t^{n−1} + · · · + q_nt + q_{n+1}, f_1(q, t) = α_1q^2_1t^{n+1} + α_2q^3_1t^n + α_3q^2_1t^n,

where the α_i’s are arbitrary constants and f_2 is an arbitrary function-germ in F_{n+4}.

Denote by W the R vector subspace of E_{q,t}/F_{n+4} generated by the images of the following 9 monomials under the canonical projection π : E_{q,t} −→ E_{q,t}/F_{n+4}:

t^n, q_1t^n, q^2_1 t^n, q^3_1t^n, t^{n+1}, q_1t^{n+1}, q^2_1 t^{n+1}, t^{n+2}, q_1t^{n+2}.

By elementary linear algebra, we get that the R-vector space W ∩ π(T f) is generated by the images under π of the 5 function-germs:

∂_tf, t∂_tf, q_1∂_tf, ∂_{q1} f, q_1∂_{q1} f.

Thus, the R-vector space T f is of codimension at least 4 in E_{q,t}. Consequently the pair (n,^{□ □}_{□ □} ) is not excellent .

(n,^□ ) is not excellent.

The weights of the quasi-homogeneous filtration are defined by the table

monomial t q_1 q_2 q_3 . . . q_{n+1} weight 1 1 2 4 . . . n + 2

The elements f_0, f_1, f_2 of the prenormal form are given by � f_0(q, t) = t^{n+2} + q_1t^{n+1} + q_2t^n + q_3t^{n−2} + · · · + q_nt + q_{n+1}, f_1(q, t) = α_1q^3_1t^{n−1} + α_2q_1q_2t^{n−1},

where the α_i’s are arbitrary constants and f_2 is an arbitrary function-germ in F_{n+3}.

Denote by W the vector subspace of E_{q,t}/F_{n+3} generated by the images of the following 11 monomials under the canonical projection π : E_{q,t} −→ E_{q,t}/F_{n+3}

t^{n−1}, q_1t^{n−1}, q^2_1t^{n−1}, q^3_1t^{n−1}, q_1q_2t^{n−1} t^n, q_1t^n, q^2_1t^n, q_2t^n, t^{n+1}, q_1t^{n+1}.

By elementary linear algebra, we get that π(T f) ∩ V is generated by the images under π of the following 8 function-germs:

∂_tf, t∂_tf, q_1∂_tf, ∂_{q1} f, q_1∂_{q1} f, ∂_{q2} f, q_1∂_{q2} f, q_2∂_{q2} f.

Thus, the R-vector space T f is at least of codimension 3 in E_{q,t}. Consequently, the pair (n,^□ ) is not excellent .

2.4. Excellent pairs for n = 1. (1, □□□) is excellent. We take s = 8.

The weights of the quasi-homogeneous filtration are given by:

monomial t q_1 q_2

weight 1 4 5

The elements f_0, f_1 of the prenormal form are given by

f_0(q, t) = t^5 + q_1t + q_2.

f_1 = 0 and f_2 is an arbitrary function-germ in F_6.

Lemma 8.1. We have the inclusion F_6 ⊂ (T_rf_0⊕ < t^7 >).

Proof.

By straightforward computations, we get that the vector space G_6 ⊕ G_7 is generated by the 6 following monomials q_1t^2, q_1t^3, q_2t^2, t^6, t^7, q_1t.

The images of the following 6 function-germs under p belong to G_6 ⊕ G_7 t^2∂_tf_0, t^3∂_tf_0, tf_0, t^2f_0, q_2∂_{q1} f_0, t^7 Straightforward computations show that these 6 elements of G_6 ⊕ G_7 are independent. Consequently, the R-vector space G_6 ⊕ G_7 is contained in T_rf.

It remains to prove that F_8 ⊂ T_rf_0.

Proposition 8.3 implies that it suffices to prove the inclusion ~F_8 ⊂ π(T_rf_0).

Or equivalently that the following property holds:

- any monomial of the type a(q)t^k with k < 8 is contained in T_rf_0. We have:

- a(q)∂_{q2} f_0 = a(q), - a(q)∂_{q1} f_0 = a(q)t, thus the property holds for k = 0 and k = 1.

For k = 2, we have a(q)(t^2(∂_tf_0) − 5tf_0) = −4q_1t^2 − q_2t. Consequently a(q)t^2 ∈ T_rf.

For k = 3, we have a(q)(t^3(∂_tf_0) − 5t^2f_0) = −4q_1t^3 − q_2t^2. Consequently a(q)t^3 ∈ T_rf_0.

By induction, we get that a(q)t^k ∈ T_rf_0 for any k ∈ N. This concludes the proof of the lemma.

This lemma implies the L-equivalence (cf. proposition 8.2): f ∼ f_0 + at^7 for some value a ∈ R.

Lemma 8.2. If a ≠ 0 then the following L-equivalence holds f_0 + at^7 ∼ f_0 + ϵt^7, with ϵ = 1 if a > 0 and ϵ = −1 if a < 0.

Proof.

Define the function-germ g_a by the formula g_a(q_1, q_2, t) = f_0(q_1, q_2, t) + at^7.

For any λ > 0, we have: 1 λ^5 g_a(λ^4q_1, λ^5q_2, λt) = f_0(q, t) + aλ^2t^7.

We take λ = √ a for a > 0 and λ = √ −a for a < 0, we get the L-equivalence f_0 + at^7 ∼ f_0 ± t^7, where the sign is the sign of a. Lemma is proved.

Put W =

�_5 d=0 G_d.

By elementary linear algebra, we get that the monomials t^3 and t^2 form a basis of a transversal to (T_rf_0 ∩ W ) in W . Thus, the deformation F (λ, q, t) = f_0(q, t) + λ_1t^3 + λ_2t^2 + λ_3t^7 is L-versal.

Next, define the function-germs g_± : (R^2 × R, 0) −→ (R, 0) by the formula g_±(q, t) = f(q, t) ± t^7.

The equality

t∂_tg_±(q, t) + 3q_1∂_{q1} g_±(q, t) + 5q_2∂_{q2} g_±(q, t) − 5g_±(q, t) = ±5t^7 implies that the monomial t^7 belongs to the L-tangent space to g_{(C}n−1_{,0)}. Consequently the deformation G : (R^2 × R^2, 0) −→ (R, 0) of g_± defined by the polynomial G(λ, q, t) = g_±(q, t) + λ_1t^3 + λ_2t^2 is L-versal. Thus the pair (n, □□□) is excellent .

(1,^{□ □ □}

□ ) is excellent We take s = 7.

The weights of the quasi-homogeneous filtration are given by: monomial t q_1 q_2 weight 1 3 5 The elements f_0, f_1 of the prenormal form are given by f_0(q, t) = t^5 + q_1t^2 + q_2.

f_1 = 0 and f_2 is an arbitrary function-germ in F_6.

Lemma 8.3. We have the inclusion F_6 ⊂ (T_rf_0⊕ < t^6 >). Proof.

By straightforward computations, we get that the vector space G_6 is generated by the images of the following monomials: t^6, q_1t^3, q_2t, q^2_1 .

By straightforward computations, we get that the 4 function-germs tf_0, t^2∂_tf_0, q^2_1∂_{q2} f_0, t^6 are independent and generate G_6.

It remains to prove that F_7 ⊂ T_rf_0.

Proposition 8.3 implies that it suffices to prove the inclusion ~F_7 ⊂ π(T_rf_0).

Straightforward computations show that the images of the monomials of he following table generate ~F_7 monomials q^2_1 t, q_1t^4 q_2t^3 q_1q_2t, q^2_1 t^3, q_2t^4 q^2t weight 7 8 9 11 By elementary linear algebra we get that the images under π of the 7 following function-germs

t^3∂_tf_0, q_1∂_tf_0, t^4∂_tf_0, t^5∂_tf_0, q_1t^2∂_tf_0, q_2∂_tf_0, t^7∂_tf_0 are independent and consequently generate ~F_7. This concludes the proof of the lemma.

The lemma implies the L-equivalence: f ∼ f_0 + at^6 for some value a ∈ R (cf proposition 8.2).

The proof of the following lemma is analogous to the proof of lemma 8.2 Lemma 8.4. If a ≠ 0 then the following L-equivalence holds f_0 + at^6 ∼ f_0 + t^6.

Like in the preceding case, by elementary linear algebra, we get that the deformations:

F (λ, q, t) = t^5 + q_1t^2 + q_2 + λ_1t^6 + λ_1t^4 + λ_2t^3 + λ_3t and G(λ, q, t) = t^6 + t^5 + q_1t^2 + q_2 + λ_1t^4 + λ_2t^3 + λ_3t are L-versal.

Consequently, the pair (1,^{□ □ □}_□ ) is excellent.

2.5. Excellent pairs for n > 1. (n, □) is excellent. We take s = n + 3.

The weights of the quasi-homogeneous filtration are given by the table: monomial t q_1 q_2 . . . q_{n+1}

weight 1 2 3 . . . n + 2 . The elements f_0, f_1 of the prenormal form are given by f_0(q, t) = t^{n+2} + q_1t^n + q_2t^{n−1} + · · · + q_nt + q_{n+1}.

f_1 = 0 and f_2 is an arbitrary function-germ in F_{n+3}.

The monomials generating ~F_{n+3} are the n monomials q_1t^{n+1}, q_2t^{n+1}, . . . , q_{n+1}t^{n+1}.

This n dimensional R-vector space is generated by the images under π of the function-germs q_1∂_tf, . . . , q_{n+1}∂_tf.

Consequently f is L-equivalent to f_0.

Obviously, the tangent space to f_0 contains the R-vector space

�_{n+2} k=1 G_k.

Thus, the constant deformation F = f is L-versal.

(n, □□) is excellent. We take s = n + 4.

The weights of the quasi-homogeneous filtration are given by the table:

monomial t q_1 q_2 . . . q_{n+1} weight 1 3 4 . . . n + 3 The elements f_0, f_1 of the prenormal form are given by f_0(q, t) = t^{n+3} + q_1t^n + q_2t^{n−1} + · · · + q_nt + q_{n+1}.

f_1 = 0 and f_2 is an arbitrary function-germ in F_{n+4}.

By elementary linear algebra, we get that the images under π of the following monomials form a basis ~F_{n+2}: � q_1t^{n+1}, q_2t^{n+1}, . . . , q_nt^{n+1}, q_1t^{n+2}, q_2t^{n+2}, . . . , q_{n+1}t^{n+2}.

Remark the monomial q_{n+1}t^{n+1} is missing because of the equality: π(q_{n+1}t^{n+1}) = −π(q_{n+1}t^{n+2}).

It is readily verified that the images of the function-germs � t^2∂_tf, . . . , t^{n+1}∂_tf, q_1∂_tf, . . . , q_{n+1}∂_tf under π are independent. Hence they form a basis of ~F_{n+2}. By elementary linear algebra, we get that the deformation: F (λ, q, t) = f(q, t) + λt^{n+1} is L-versal. Thus the pair (n, □□) is excellent.

(n,^□ ) is excellent. We take s = n + 3.

The weights of the quasi-homogeneous filtration are given by the table:

monomial t q_1 q_2 . . . q_{n+1} weight 1 1 3 . . . n + 2 .

The elements f_0, f_1 of the prenormal form are given by f_0(q, t) = t^{n+2} + q_1t^{n+1} + q_2t^{n−1} + · · · + q_nt + q_{n+1}.

f_1 = αq^2_1 t^n with α ∈ R and f_2 is an arbitrary function-germ in F_{n+4}. Lemma 8.5. The function-germ f is Legendre equivalent to a function germ of the type f_0 + f_3 with f_3 ∈ F_{n+4}. Proof.

For any value of λ, the function-germ f is L-equivalent to the function-germ f_λ defined by:

f_λ(q, t) = f(q, t + λq_1).

It is readily verified that f_λ is L-equivalent to a function-germ of the type t^{n+2} + q_1t^{n+1} + q_2t^{n−1} + · · · + q_nt + q_{n+1} + (a(λ) + α)q^2_1 t^n + f_3 with f_3 ∈ F_{n+4} and a is a C^∞ function-germ.

Direct computations show that the Taylor series of a is of the type a(λ) = 2λ + o(λ).

Thus, the implicit function theorem implies that the equation a(λ) + α = 0 can be solved in a neighbourhood of λ = −^1_2 α. This concludes the proof of the lemma.

Straightforward computations show that the R-vector space ~F_{n+3} is generated by the images under π of the following monomials: q^3_1 t^n, q_2t^n, q_3t^n, . . . , q_{n+1}t^n.

The images under π of the function-germs q^2_1∂_tf, t^2∂_tf, . . . , t^n∂_tf are independent and consequently generate ~F_{n+3}. By elementary linear algebra, we get that the deformation: F (λ, q, t) = f(q, t) + λ_1t^n is L-versal. Thus the pair (n,^□ ) is excellent.

(n,^{□ □}_□ ) is excellent. We take s = n + 5.

The weights of the quasi-homogeneous filtration are given by the table: monomial t q_1 q_2 . . . q_{n+1} weight 1 2 4 . . . n + 3 .

The elements f_0, f_1 of the prenormal form are given by f_0(q, t) = t^{n+3} + q_1t^{n+1} + q_2t^{n−1} + · · · + q_nt + q_{n+1}, f_1 = 0 and f_2 is an arbitrary function-germ in F_{n+4}.

Lemma 8.6. If f is an excellent generating family-germ then F_{n+4} ⊂ T f.

Proof.

Consider the canonical projection p : E_{q,t} −→ E_{q,t}/F_{n+3}.

By elementary linear algebra, we get that the images under p of the monomials t^{n+2} and t^n generate a transversal to p(T f).

Consequently, the monomials t^{n+2} and t^n are contained in a basis of a transversal to T f in E_{q,t}.

Thus, if f is excellent then they should form a basis of a transversal to T f. This proves the lemma.

Lemma 8.7. The function-germ f is L-equivalent to a function-germ of the type f_0 + at^{n+4} + f_3 with f_3 ∈ F_{n+5}.

Proof.

The function-germ f admits a representation of the form

f = f_0 + g_1 + g_2

with g_1 ∈ G_{n+4} and g_2 ∈ F_{n+5}.

By straightforward computations, we get that the R-vector space G_{n+4} is contained in T_rf_0⊕ < t^{n+4} >.

Consequently, the function-germ g_1 admits a representation of the form

−g_1 = v.f_0 + w.f_0 + h × f_0 − at^{n+4}

for some a ∈ R.

Here v ∈ L_{q,t}, w ∈ L_q and h ∈ F_1 are of order one. We have

(1 + h) × f(q + w(q), t + v(q, t)) = f + v.f + w.f + h.f + f_3

with f_3 ∈ F_{n+5}. This proves the lemma.

The following lemma is straightforward.

Lemma 8.8. If the number a of the preceding lemma vanishes then t^{n+4} is not contained in T f.

This lemma together with lemma 8.6 implies that if f is excellent then f is L-equivalent to a function-germ of the type f_0 + at^{n+4} + f_3 with a ≠ 0 and f_3 ∈ F_{n+5}.

The proof of the following lemma is analogous to the proof of lemma 8.2.

Lemma 8.9. Any function germ of the type f_0 + at^{n+4} + f_3 with a ≠ 0 and f_3 ∈ F_{n+5} is L-equivalent to f_0 + t^{n+4} + f_4 with f_4 ∈ F_{n+5}.

Put f̃ = f_0 + t^{n+4}.

Lemma 8.10. The R-vector subspace F_{n+5} is contained in T_rf̃.

Proof.

Consider the canonical projection of R-vector spaces p_1 : F_{n+5} −→ ( ~F_{n+5}/ ~F_{n+6}).

Straightforward computations show that the vector space ~F_{n+5}/ ~F_{n+6} is of dimension one and generated by the image of the monomial q_3t^n under p_1. The image under p_1 of t^3∂_tf̃ does not vanish. Consequently ~F_{n+5}/ ~F_{n+6} is in the image of T_rf̃ un der p_1.

Consider the canonical projection of R-vector spaces p_2 : F_{n+6} −→ ( ~F_{n+6}/ ~F_{n+7}).

Straightforward computations the images under p_2 of the 5 monomials q_4t^n, q^3_1t^n, q_2t^{n+2}, q_1q_2t^n, q_1t^{n+4} form a basis of the vector space ~F_{n+6}/ ~F_{n+7}. Denote this basis by B Denote by e (e for Euler) the vector field defined by e = t∂_t + 2q_1∂_{q1} + 4q_2∂_{q2} + 5q_3∂_{q3} + · · · + (n + 2)q_n∂_{qn} + (n + 3)q_{n+1}∂_{qn+1} . Remark that the following equality holds: e.f̃ − (n + 3)f̃ = t^{n+4}.

We assert that the images under p_2 of the following vectors are independent t^4∂_tf̃, q^2_1∂_tf̃, q_2∂_tf̃, q^2_1∂_tf̃, (q_1e).f̃.

To see it just notice that the coordinates of these vectors expressed in the basis B is triangular.

Consequently ~F_{n+6}/ ~F_{n+7} is in the image of T_rf̃ under p_2. Consider the canonical projection of R-vector spaces p_3 : F_{n+7} −→ ( ~F_{n+7}/ ~F_{n+8}).

Straightforward computations show that: 1) the images under p_3 of the 2 monomials q_5t^n, q_3t^{n+2} form a basis of the vector space ~F_{n+7}/ ~F_{n+8}, 2) the images under p_3 of the following vectors are independent t^5∂_tf̃, q_3∂_tf̃.

Consequently ~F_{n+7}/ ~F_{n+8} is in the image of T_rf̃ under p_3. More generally for any n − 1 ≥ s ≥ 3, consider the canonical projection of R-vector spaces p_j : F_{n+4+j} −→ ( ~F_{n+4+j} / ~F_{n+5+j} ).

Straightforward computations show that: 1) the images under p_j of the 2 monomials q_{j+2}t^n, q_jt^{n+2} form a basis of the vector space ~F_{n+4+j}/ ~F_{n+5+j} , 2) the images under p_j of the following vectors generate ~F_{n+4+j} / ~F_{n+5+j}

t^{j+2}∂_tf̃, q_j∂_tf̃.

Consequently ~F_{n+4+j} / ~F_{n+5+j} is in the image of T_rf̃ under p_j n − 1 ≤ j ≥ 3. For j = n or j = n + 1, straightforward computations show that: 1) the image under p_j of the monomial q_jt^{n+2} form a basis of the vector space ~F_{n+4+j}/ ~F_{n+5+j} , 2) the images under p_j of q_j ∂_tf̃ generates ~F_{n+4+j} / ~F_{n+5+j} . It is readily verified that F_{n+4+j} = {0} for j = n + 2. This concludes the proof of the lemma.

Lemma 8.10 together with proposition 8.2 implies the L-equivalence f ∼ f̃ provided that the number a of lemma 8.7 is not equal to zero. Using the inclusion F_{n+5} ⊂ T_rf_0, we get by elementary linear algebra the equality (T f̃⊕ < t^{n+2}, t^n >) = E_{q,t}.

Consequently the deformation F of f̃ defined by F (λ, q, t) = f̃(q, t) + λ_1t^{n+2} + λ_2t^n.

is L-versal and the pair (n,^{□ □}_□ ) is excellent. This concludes the proof of theorem 7.5

3. Proofs of the theorems on normal forms.

3.1. Proof of the L-versal deformation theorem. Following R. Thom, we use the homotopy method. Following Martinet [Mar], the fundamental step in the proof of a versal deformation theorem is the following proposition.

Proposition 8.4. Let F : (R^l × R^{n+1} × R^k, 0) −→ (R, 0) be an l-parameter deformation of a generating family-germ f : (R^{n+1} × R^k, 0) −→ (R, 0) such that T F = E_{q,t}.

Then, for any (l + 1)-parametric deformation Φ : (R × R^l × R^{n+1} × R^k, 0) −→ (R, 0) of f such that Φ(0, .) = F , the Legendrian deformation Φ of f is L-equivalent to a deformation induced from F .

Proof.

We fix coordinate-systems τ in R, λ = (λ_1, . . . , λ_l) in R^l, q = (q_1, . . . , q_{n+1}) in R^{n+1}, t = (t_1, . . . , t_k) in R^k.

Denote by Diff(k) the group of diffeomorphism map germ of the type φ : (R^k, 0) −→ (R^k, 0), and by T ≈ R^k the space of translations of R^k.

Recall that the group K is a semi-direct product of E_{q,t} with Diff(k). Denote by e the identity element of the direct sum K ⊕ T of the group K with T .

We search for a map-germ γ : (R × R^l × R^{n+1}, 0) −→ (K ⊕ T, e) and for a map-germ h : (R × R^l × R^{n+1}, 0) −→ (R^l × R^{n+1}, 0) such that:

(42) Φ = h^∗(γ.F ), - h(τ, ., .) is fibered over R^l, - h(0, ., .) is the identity mapping. We shall use the notations γ_τ = γ(τ, .), h_τ = h(τ, .).

The equality γ_0 = e implies that there exists a map-germ γ̃ : (R × R^l × R^{n+1}, 0) −→ (K ⊕ T, e) such that the following equality holds identically γ(τ, λ, q).γ̃(τ, λ, q) = e.

We denote the map-germ γ̃(τ, ., .) by γ^{−1}_τ .

Similarly the equality h_0 = Id implies that there exists a map germ h̃ : (R × R^l × R^{n+1}, 0) −→ (R^l × R^{n+1}, 0) such that the following equality holds identically h̃(τ, λ, q)h(τ, λ, q) = (λ, q).

We denote the map-germ h̃(τ, ., .) by h^{−1}_τ .

Having fixed this notations, equation 42 is then equivalent to: (43) (h^{−1}_τ )^∗(γ^{−1}_τ .Φ) = F, Equation 43 can be written in the less compact but more explicit form: A_τ (λ, q, t)Φ(h^{−1}_τ (λ, q), ψ_τ (λ, q, t)) = F (λ, q, t), where A_τ ∈ E_{λ,q,t} is such that A(0) ≠ 0. The components of γ^{−1}_τ are given by γ^{−1}_τ = (A_τ , ψ_τ ) Before differentiating with respect to τ equation 43, we fix some notations: - v_τ .Φ = γ_τ .^d_{dτ} (γ^{−1}_τ .Φ), - w_τ .Φ = h^∗_τ^d_{dτ} ((h^{−1}_τ )^∗Φ).

We differentiate with respect to τ equation 43 and multiply on the left the result by γ_τ h^∗_τ . We get the homological equation: (44) v_τ .Φ + w_τ .Φ + ∂_τ Φ = 0.

Equation 44 can be written in the less compact form:

(45) B × Φ + k� i=1 a_i∂_{ti} Φ + n+1� i=1 b_i∂_{qi} Φ + l� j=1 c_j ∂_{λj} Φ = −∂_τ Φ.

Here B ∈ E_{τ,λ,q,t}, a_1, . . . , a_k ∈ E_{τ,λ,q,t}, b_1, . . . , b_{n+1} ∈ E_{τ,λ,q}, c_1, . . . , c_l ∈ E_{τ,λ}. Define the vector field-germs v and w by

v_τ (λ, q, t) = v(τ, λ, q, t), w_τ (λ, q) = w(τ, λ, q).

The function-germs a_i(τ, ., ., .), b_i(τ, ., .), c_i(τ, .) vanish at the origin. Thus we can integrate v and w along τ.

Consequently, the ordinary theorem for non-autonomous differential equations implies that it is sufficient to find the maps v, w in order to find γ, h.

We interpret equation 45 as follows.

Consider the following R-vector subspaces of E_{τ,λ,q,t}: - the E_{τ,λ,q,t}-module generated by the ∂_{ti} Φ’s and by Φ, - the E_{τ,λ,q}-module generated by the ∂_{qi} Φ’s, - the E_{τ,λ}-module generated by the ∂_{λi} Φ’s.

Main assertion:” the equality T F = E_{q,t} implies the sum of the three Rvector subspaces of E_{τ,λ,q,t} described above is equal to E_{τ,λ,q,t}”.

Equation 45 can be solved provided that this main assertion is proved. To prove the main assertion, we use the Weierstrass-Malgrange-Mather ([Mar] chapter X) theorem^1.

Theorem 8.1. Let M be an E_{z,w}-module of finite type with z ∈ R^u, w ∈ R^v. Let N ⊂ M be an E_z-module of finite type. Denote by M_z the maximal ideal of E_z. Let π : M −→ M/(M_z M) be the standard projection. Then N = M provided that π(M) = π(N).

Consider the following modules:

- M_1 = E_{τ,λ,q,t}/I_1 where I_1 is the E_{τ,λ,q,t}-module generated by ∂_{t1} Φ, . . . , ∂_{tk} Φ, Φ, - M_2 = M_1/I_2 where I_2 is the E_{τ,λ,q}-module generated by ∂_{q1} Φ, . . . , ∂_{qn+1} Φ.

We shall apply the Weierstrass-Malgrange-Mather theorem twice. First, in order to prove the following lemma.

Lemma 8.11. The equality T F = E_{q,t} implies that the E_{τ,λ,q}-module M_2 is of finite type.

Proof.

Assertion: ”the E_{τ,λ,q}-module M_2 is generated by the images of the functions germs:

∂_{λ1} Φ, . . . , ∂_{λl} Φ

1We state this theorem in the C∞ case but it is valid for K analytic and K formal

power series K = R or C.

under the canonical projection E_{τ,λ,q,t} −→ M_2.”

This assertion implies the lemma. To prove the assertion consider the E_{τ,λ,q}- submodule N_1 of M_1 generated by the images under the canonical projection E_{τ,λ,q,t} −→ M_1 of the functions germs:

∂_{q1} Φ, . . . , ∂_{qn+1} Φ and by the function-germs

∂_{λ1} Φ, . . . , ∂_{λl} Φ.

The assertion is equivalent to the equality N_1 = M_1.

To prove this equality, we use the Weierstrass-Malgrange-Mather theorem with z = (τ, λ, q) and w = t.

Recall that F : (R^l × R^{n+1} × R^k, 0) −→ (R, 0) is a deformation of the function-germ f : (R^{n+1} × R^k, 0) −→ (R, 0).

Denote by I_f the E_t-module (=the ideal) generated by the restrictions of ∂_{t1} f, . . . , ∂_{tk} f, f to q = 0.

With the notations of the theorem, we get the following canonical identifications:

- π(M_1) = E_t/I_f , - π(N_1) is the vector space generated by the images under the canonical projection E_t −→ E_t/I_{f0} of the restriction of ∂_{λ1} F, . . . ∂_{λl} F to q = 0, λ = 0. The hypothesis T F = E_{q,t} implies that π(M_1) = π(N_1). Hence the assertion is proved and so is the lemma.

We now prove the main assertion.

Recall that T f is the sum of the E_{q,t} module generated by the ∂_{ti} f’s and by f with the E_q-module generated by the ∂_{qi} f’s.

Let N_2 be the E_{τ,λ}-module generated by ∂_{λ1} Φ, . . . , ∂_{λl} Φ. Then the main assertion is equivalent to M_2 = N_2. We apply the Weierstrass-Malgrange- Mather theorem with z = (τ, λ), w = q. We get the natural identifications: - π(M_2) = E_{q,t}/T f.

- π(N_2) is the R-vector space generated by the images under the canonical projection E_{q,t} −→ E_{t,q,t}/T f of the restriction of the function-germs ∂_{λ1} F, . . . , ∂_{λl} F to λ = 0.

With these identification, the equality π(N_2) = π(M_2) is equivalent to the equality T F = E_{q,t}. This equality holds and the main assertion is proved. This concludes the proof of the proposition.

The rest of the proof of the L-versal deformation theorem is straightforward. Let G : (R^s × R^{n+1} × R^k, 0) −→ (R, 0) be a deformation of f : (R^{n+1} × R^k, 0) −→ (R, 0) satisfying the condition T G = E_{q,t}.

Let G̃ : (R^{s′} × R^{n+1} × R^k, 0) −→ (R, 0) be an arbitrary deformation of f. Define the sum

G ⊕ G̃ : (R^{s′} × R^s × R^{n+1} × R^k, 0) −→ (R, 0) of the deformations G and G̃ by the formula

(G ⊕ G̃)(μ, λ, q, t) = G(λ, q, t) + G̃(μ, q, t) − f(q, t).

Fix coordinates (λ_1, . . . , λ_s) in R^s, (μ_1, . . . , μ_s′ ) in R^{s′} .

The restriction of G ⊕ G̃ to λ = 0 is equal to G̃. Hence, G̃ is induced from a deformation equivalent to G provided that G̃ ⊕ G is induced from a deformation equivalent to G.

Lemma 8.12. The deformation G ⊕ G̃ is induced from a deformation equivalent to G.

Proof.

Denote by A_i the restriction of G ⊕ G̃ to the vector space μ_1, . . . , μ_i = 0. We apply proposition 8.4 with Φ = A_{s+s}′_{−1}, F = G. We get that A_{s+s}′_{−1} is induced from a deformation equivalent to G. In particular the L-tangent space to A_{s+s}′_{−1} is equal to E_{q,t}.

Next, we apply Proposition 8.4 with Φ = A_{s+s}′_{−2} and F = A_{s+s}′_{−1}. We get that A_{s+s}′_{−2} is induced from a deformation equivalent to A_{s+s}′_{−1}. Hence A_{s+s}′_{−2} is induced from a deformation equivalent to G. By induction we get that G⊕G̃ is induced from a deformation equivalent to G. Lemma is proved.

This lemma concludes the proof of the L-versal deformation theorem.

3.2. Proof of the finite determinacy theorem for L-equivalence. The proof is along the same lines than that of the standard finite determinacy theorem ([Math], [Mar], [AVG]), see also appendix B of the thesis. Consider a function-germ f : (R^{n+1} × R^k, 0) −→ (R, 0). Fix coordinates q = (q_1, . . . , q_{n+1}) in R^{n+1} and t = (t_1, . . . , t_k) in R^k. Let M_{q,t} be the maximal ideal of E_{q,t} and M^d_{q,t} the d^{th} power of it. Following R. Thom, we use the homotopy method. That is, we search a one parameter family of function-germs

A_τ : (R^{n+1} × R^k, 0) −→ (R, 0)

and a one parameter family of diffeomorphism map-germs

φ_τ : (R^{n+1} × R^k, 0) −→ (R^{n+1} × R^k, 0)

such that the following equation holds

(46) A_τ × (f_τ ∘ φ_τ ) = f.

where f_τ = f + τψ, ψ ∈ ~M^{μ+1}.

Moreover the maps A_τ should satisfy A_τ (0) ≠ 0 and φ_τ is fibered over R^{n+1}. This means that the components (φ^1_τ , φ^2_τ ) of φ_τ are of the type

(q, t) −→ (φ^1_τ (q), φ^2_τ (q, t)).

If the functions A_τ and the maps φ_τ are found then:

A_1 × (f ∘ φ + ψ ∘ φ) = f, thus f and f + ψ are L-equivalent.

We differentiate equation (46) with respect to τ at τ = u. We obtain:

(47) A_u × d dτ |_{τ =u}

(f_u ∘φ_τ )+ d dτ |_{τ =u}

(A_τ ×(f_u∘φ_u))+A_u ×( d dτ |_{τ =u} f_τ )∘φ_u = 0.

Define the time-dependent vector field germ v_u and the one parameter family h_u : (R^{n+1} × R^k, 0) −→ R by the formulas � v_u(φ_u(q, t)) =^d_{dτ |τ =u} φ_τ (q, t), (A^{−1}_u × h_u) ∘ φ_u =^d_{dτ |τ =u} A_τ .

Multiplying equation (47) on the right by φ^{−1}_u and on the left by A^{−1}_u , we get the equation (48) v_u.f_u + h_u × f_u + ψ = 0.

For any value of u, the vector field-germ v_u vanishes at q = t = 0 since φ_u(0, 0) = (0, 0).

The fundamental theorem for non-autonomous differential equations implies that for any vector-field v_u vanishing at the origin there exists a one parameter-family of diffeomorphism φ_u such that

v_u(φ_u(q, t)) = d dτ |_{τ =u} φ_τ (q, t).

Consequently in order to find the one-parameter family of map-germs φ_u it is sufficient to find the one-parameter family of vector field-germs v_u. Moreover, if the one parameter family of function-germs h_u is known, then by integrating h_u along u we get the one parameter family of function-germs B_u satisfying the equality B_u = log(A_u).

Remark that log(A_u) is well-defined since A_0(0) ≠ 0. From this equality, we get A_u = e^{Bu} .

Consequently in order to solve equation (47), it is sufficient to solve equation (48).

Lemma 8.13. There exists a one-parameter family of vector field-germs v_u and a one-parameter family of function-germs h_u satisfying equation 48 provided that the following inclusion holds M^ν_{q,t} ⊂ T f.

Proof.

The proof is analogous to the proof of Nakayama’s lemma. Denote by m_1, . . . , m_l the monomials generating the M_{q,t}-module M^ν_{q,t}. Obviously, the following assertion implies the lemma.

Assertion. The monomials m_1, . . . , m_l belong to the L-tangent space to

f_u = f + uψ and the formula expressing the m_i’s in terms of the generators of T f_u has a C^∞ dependence on u.

The inclusion M^ν_{q,t} ⊂ T f implies that for any j ∈ {1, . . . , l}, the m_i’s can be written in the following form

(49) m_i = a_i × f + v_i.f + w_i.f

with a_i ∈ E_{q,t}, v_i ∈ L_{q,t}, w_i ∈ L_q.

Rewrite the right hand-side of the equality 49, in the following way (50) a_i×f+v_i.f+w_i.f = a_i×(f+uψ)+v_i.(f+uψ)+w_i.(f+uψ)−a_i×(uψ)−v_i.(uψ)−w_i.(uψ).

Since ψ ∈ M^{ν+2}_{q,t} , we have that � � � v_i.ψ ∈ M^{ν+1}_{q,t} , w_i.ψ ∈ M^{ν+1}_{q,t} , a_i × ψ ∈ M^{ν+2}_{q,t} .

Thus there exists function-germs α_{i,1}, . . . , α_{i,l} in M_{q,t} such that the following equality holds

a_i × ψ + v_i.ψ + w_i.ψ = l� j=1 α_{i,j} m_j.

Coming back to equation (50) and using the notation f_u = f + uψ, we get a system of l equations: � � � � � � � a_1 × f_u + v_1.f_u + w_1.f_u = m_1 + u

�_l

j=1 α_{1,j} m_j, . . .

a_i × f_u + v_i.f_u + w_i.f_u = m_i + u

�_l

j=1 α_{i,j}m_j , . . .

a_l × f_u + v_l.f_u + w_l.f_u = m_j + u

�_l

j=1 α_{l,j}m_j .

Denote by A the matrix whose coefficients are the α_{i,j}’s. Using the matrix formalism, the system of l equations can be written as

⃗af_u + ⃗vf_u + ⃗wf_u = (Id + uA)⃗m

where ⃗a = (a_1, . . . , a_l), ⃗v = (v_1, . . . , v_l), ⃗w = (w_1, . . . , w_l), ⃗m = (m_1, . . . , m_l) and Id is the identity matrix.

The matrix (Id + uA) is invertible indeed (Id + A)(0) ≠ 0. By inversion of the matrix (Id + uA) in the last equality, we express the m^′_is as elements of the tangent space to f + uψ with C^∞ dependence on u. This concludes the proof of the assertion. Lemma is proved.

This lemma achieves the proof of the finite determinacy theorem for Lequivalence.

3.3. Proof of proposition 8.2. The proof is standard ([Math],[Mar],[AVG]). The assumption F_d ⊂ T_rf⊕ < e_1, . . . , e_s > implies that there exists h ∈ E_{q,t}, v ∈ L_{q,t}, w ∈ L_q, b_1, . . . , b_s ∈ R such that −ψ admits the representation (51) −ψ = v.f + h × f + w.f + � j=1 j^sb_je_j .

Define the diffeomorphism map-germ φ : (R^{n+1} × R^k, 0) −→ (R^{n+1} × R^k, 0) by its components:

(φ_1(q, t), φ_2(q)) = (q + w(q), t + v(q, t)). Define the function-germ A ∈ E_{q,t} by the formula A(q, t) = 1 + h(q, t).

By a straightforward computation, we get that A × ((f + ψ) ∘ φ) = f + ψ + h × f + v.f + w.f + r with r ∈ F_{d+1}.

Using equation (51), we get that

A × ((f + ψ) ∘ φ) = f + ψ_1 + s� i=1 b_ie_i

with r ∈ F_{d+1}.

By induction, for any d^′ > d there exists c_1, . . . , c_s ∈ R ad r^′ ∈ F_d′ such that the following L-equivalence relation holds

(52) f + r ∼ f + r^′ + s� j=1 c_j e_j .

We have the following variant of the Nakayama lemma.

Lemma 8.14. There exists a number ν ∈ N such that for any fixed value of c_1, . . . , c_s, M^ν_{q,t} is contained in the L-tangent space to f +

�_s j=1 c_j e_j .

Proof.

Denote by m_1, . . . , m_l a set of monomials generating the M_{q,t}-module M^ν_{q,t}. For any i ∈ {1, . . . , l}, the m_i’s can be written in the following form (53) m_i = a_i × f + v_i.f + w_i.f where a_i× ∈ E_{q,t}, v_i ∈ L_{q,t}, w_i ∈ L_q are of order one. Define the function-germ g by g = s� j=1 c_j e_j

Rewrite the right hand-side of the equality 53, in the following way a_i ×f +v_i.f +w_i.f = a_i ×(f +g)+v_i.(f +g)+w_i.(f +g)−a_i ×g −v_i.g −w_i.g.

Since a_i, v_i and w_i are of order one, the function germ

a_i × g − v_i.g − w_i.g

belongs to F_{ν+1}.

Consequently, there exists α_{i,1}, . . . , α_{i,l} in M_{q,t} such that the following equality holds

a_i × g + v_i.g + w_i.g = l� j=1 α_{i,j}m_j.

Finally, we get a system of l equations: � � � � � � � a_1(f + g) + v_1(f + g) + w_1(f + g) = m_1 +

�_l j=1 α_{1,j}m_j, . . .

a_i(f + g) + v_i(f + g) + w_i(f + g) = m_i +

�_l j=1 α_{i,j}m_j, . . .

a_l(f + g) + v_l(f + g) + w_l(f + g) = m_j +

�_l j=1 α_{l,j}m_j.

Denote by A the matrix whose coefficients are the α_{i,j}’s. Using the matrix formalism, the system of l equations can be written as

⃗a(f + g) + ⃗v(f + g) + ⃗w(f + g) = (Id + A)⃗m

where ⃗a = (a_1, . . . , a_l), ⃗v = (v_1, . . . , v_l), ⃗w = (w_1, . . . , w_l), ⃗m = (m_1, . . . , m_l) and Id is the identity matrix.

The matrix (Id + A) is invertible since (Id + A)(0) ≠ 0.

By inversion of the matrix (Id + A) in the last equality, we express the m^′_is as elements of the reduced tangent space to f + g. Lemma is proved.

The L-finite determinacy theorem implies that for d^′ big enough, the following L-equivalence relation holds

f + ψ^′ + s� j=1 c_je_j ∼ f + s� j=1 c_j e_j .

Using the L-equivalence relation of equation (52), we get that f + ψ is Lequivalent to f +

�_s j=1 c_j e_j. This concludes the proof of the proposition.

3.4. Proof of proposition 8.3. We fix coordinate-systems q = (q_1, . . . , q_{n+1}) in R^{n+1} and t = (t_1, . . . , t_k) in R^k. We are given a function germ

f_0 : (R^{n+1} × R^k, 0) −→ (R, 0)

together with a quasi-homogeneous filtration of E_{q,t}.

To simplify our notations, since we are not going to use the letter f for a special purpose, we write simply f instead of f_0. Denote by M_f denotes the E_{q,t}-submodule of E_{q,t} which is the sum of the following E_{q,t}-submodules: - the E_{q,t}-submodule of function-germs of the type h × f where h has order one,

- the E_{q,t}-submodule of the type v.f where v ∈ L_{q,t} has order one.

Consider the canonical projections:

p_1 : E_{q,t} −→ E_{q,t}/(M_f ∩ F_d), p_2 : E_{q,t} −→ E_{q,t}/(M̄_qF_d).

Put F̄_d = F_d/(M_f ∩ F_d), Ē_{q,t} = E_{q,t}/M_f . We get the commutative diagram:

E_{q,t}^{p1}−−−−→ Ē_{q,t}

p_2 � �^{p̄}2 � � E_{q,t}/(M_qF_d)^{p̄1}−−−−→ Ē_{q,t}/(M_qĒ_{q,t})

The E_{q,t}-module M_f is contained in T_rf. Thus we the following equivalence holds

(54) (F_d ⊂ T_rf) ⇐⇒ (F̄_d ⊂ p_2(T_rf))

Using the notations of the commutative diagram put ξ = p̄_2 ∘ p_1. Our previous discussion implies that proposition 8.3 is equivalent to the following implication

(55) (ξ(F_d) ⊂ ξ(T_rf)) =⇒ (F̄_d ⊂ p_2(T_rf))

In order to prove this implication, we apply the Weierstrass-Malgrange- Mather theorem (see theorem 8.1 page 182). With the notations of theorem 8.1, we put: - M = F̄_d, - N = p_1(F_d ∩ T_rf), - z = q, w = t.

The Weierstrass-Malgrange-Mather theorem implies that the implication (55) holds provided that F̄_d is an E_q-module of finite type. Since F̄_d is a submodule of Ē_{q,t} proposition 8.3 is a consequence of the following lemma.

Lemma 8.15. The E_q-module Ē_{q,t} is of finite type.

Proof.

The proof of this lemma also requires the use of the Weierstrass-Malgrange- Mather theorem.

Define the function-germ g : (R^k, 0) −→ (R, 0) by the formula

g(t) = f(0, t).

Consider the projection η : E_{q,t} −→ E_t obtained by restricting a function-germ in E_{q,t} to q = 0. For example g = η(f).

This projection can be factorized through the projection (see subsection 1.5 for the notations) π_d : E_{q,t} −→ E_{q,t}/V_d.

This means that there exists a map ρ : E_{q,t}/V_d −→ E_t

such that the following equality holds

ρ ∘ π_d = η.

The map ρ being also the restriction to q = 0.

The assumption π_d(F_d) ⊂ π_d(T_rf) implies that π_d(T_rf) is a R-vector space of finite codimension in E_{q,t}/V_d. consequently η(T_rf) is of finite codimension in E_t.

Let v_1, . . . , v_s ∈ E_t be a basis of a transversal to η(T_rf) in E_t. We assert that the E_q-module, denoted ~N, generated by v_1, . . . , v_s is a Rvector space transversal to M_f in E_{q,t}.

In order to prove this assertion, we apply the Weierstrass-Malgrange-Mather theorem (theorem 8.1).

With the notations of the theorem we take: - z = q, w = t. - M = E_{q,t}/M_f .

- N = ~N/M_f We have canonical identifications: - M/(M_qM) is identified with E_t/η(T_rf).

- N/(M_q M) is identified with the R-vector space generated by the images of the v_i’s under the canonical projection E_t −→ E_t/η(T_rf). The definition of the v_i’s implies the equality

N/(M_qM) = M/(M_qM).

Thus the Weierstrass-Malgrange-Mather theorem implies that M = N. Lemma is proved and so is the proposition.

Part III

APPENDICES

APPENDIX A

Computations of the normal forms.

1. Quasi-homogeneous filtrations.

In this section, we recall basic facts from singularity theory(see [AVGL1] for details). One of the reason for doing this is to fix the notations. We fix a coordinate system x = (x_1, . . . , x_m) in the analytic space C^m. The space of germs of holomorphic functions in the variable x is denoted by O_x.

The construction of this subsection depends on the choice of this coordinatesystem. We denote by O_x the ring of germs of holomorphic functions f : (C^m, 0) −→ C.

Definition A.1. A holomorphic function-germ f : (C^m, 0) −→ C is called quasi-homogeneous of degree d with exponents α_1, . . . , α_m provided that for any λ > 0 and any (x_1, . . . , x_m) ∈ C^m we have:

f(λ^{α1} x_1, . . . , λ^{αm} x_m) = λ^df(x_1, . . . , x_m).

Example. The function-germ defined by f(x_1, x_2) = x^p_1 + x^q_2 is quasihomogeneous of degree pq with exponents α_1 = q, α_2 = p. The function germ defined by f(x_1, x_2) = x^3_1 + x_1x_2 + x^3_2 is not quasi-homogeneous.

Fix a vector α = (α_1, . . . , α_k) ∈ N^k.

Definition A.2. A monomial x^{k1}_1 x^{k2}_2 . . . x^{kk} has weight d provided that α_1k_1 + · · · + α_mk_m = d.

Definition A.3. A function-germ in O_x has order d if all the monomials appearing with non-zero coefficient in its Taylor series at the origin are of weight at least d.

We denote by F_d ⊂ O_x the C-vector subspace of function-germs of order d.

Definition A.4. The nested sequence F_0 ⊃ F_1 ⊃ F_2 ⊃ . . . of C-vector spaces is called the quasi-homogeneous filtration of O_x associated to α.

Definition A.5. A quasi-homogeneous function f is non-degenerate if the origin is an isolated critical point of^1 f

1The condition for a holomorphic function-germ to have an isolated critical point at

the origin is equivalent to dim[Ox/J(f)] < +∞ where J(f) is the Jacobian ideal of f in Ox generated by the partial derivatives ∂x_k f.

Notations. The C-vector space of functions-germs of order d is denoted F_d. The notation: f = f_0 + õ(k), means that f = f_0 + f_1 where f_0 is a non-degenerate quasi-homogeneous function containing only monomials of weight at most than k and f_1 ∈ F_{k+1}.

2. Normal forms of the P-simple singularities.

We denote by C^n the n-dimensional complex vector space. Following Arnold [Arn2], we give the following definition.

Definition A.6. A function-germ f : (C^n, 0) −→ (C, 0) is of the type A_k, denoted f ∈ A_k, provided that there exists a biholomorphic map-germ φ : (C^n, 0) −→ (C^n, 0) such that

(f ∘ φ)(x) = x^{k+1}_1 + n� i=2 x^2_i .

In all this section C^2 denotes the two-dimensional complex vector space.

2.1. Normal form PA^{p,q}_1 . The normal form for a holomorphic functiongerm belonging to the P-singularity class PA^{p,q}_1 has already been calculated in chapter 4 subsection 3.1. In this subsection, the following proposition was proved.

Proposition A.1. For any holomorphic function-germ f belonging to the P-singularity class PA^{p,q}_1 , the following G-equivalence holds

(f, Δ_f ) ∼ (x^{3+p} + y^{3+q}, xy).

2.2. PA_2 normal form.

Proposition A.2. For any holomorphic function-germ f : (C^2, 0) −→ (C, 0) belonging to the P-singularity class PA_2, the two following statements hold.

1) The G-Milnor number of (f, Δ_f ) is finite, 2) We have the G-equivalence (f, Δ_f ) ∼ (y^2 + x^3, 3x^4 + 4xy^2).

We fix a linear coordinate system (x, y) in C^2. In O_{x,y} we introduce a quasi-homogeneous filtration. The weight of the monomial x^iy^j is equal to 2i + 3j.

Let f : (C^2, 0) −→ (C, 0) be a function belonging to the P-singularity class PA_2.

A non-degenerate linear map α : C^2 −→ C^2 sends the inflection points of a curve to the inflection points of its image. Consequently, for any nondegenerate linear map α : C^2 −→ C^2, the maps f and f ∘α are P-equivalent. Hence, without loss of generality, we can assume that:

f(x, y) = y^2 + x^3 + õ(6).

Lemma A.1. The function-germ f is P-equivalent to a function-germ of the type y^2 + x^3 + õ(7).

Proof.

We have f(x, y) = y^2 + x^3 + cx^2y + õ(7).

Moreover y^2 + x^3 + cx^2y + õ(7) = y^2 + (x + c 3 y)^3 + õ(7).

Put α(x, y) = (x −^c_3 y, y). Remark that if g ∈ F_k then g ∘ α ∈ F_k since the weight of y is higher than the weight of x. Hence the function-germ f ∘ α is of the type (f ∘ α)(x, y) = y^2 + x^3 + õ(7).

A non-degenerate linear map sends an inflection point of a curve to an inflection point of its image. Lemma is proved.

Hence, without loss of generality, we can assume that our holomorphic function-germ f : (C^2, 0) −→ C is of the type

f(x, y) = y^2 + x^3 + õ(7). Put H(x, y) = y^2 + x^3.

According to Arnold’s classification ([Arn2]), we have f ∈ A_2. This means that there exists a biholomorphic map-germ φ : (C^2, 0) −→ (C^2, 0) such that:

(56) � f ∘ φ = H.

(Dφ)(0) = Id.

Here Id denotes the identity mapping of C^2.

Let D[φ] be the determinant of the 2 × 2 matrix whose columns are the first and second derivatives of φ along the Hamilton vector field of H. We have the G-equivalence (see chapter 3, section 1 for the notations) (H, D[φ]) ∼ (f, Δ_f ).

Lemma A.2. The function D[φ] is of the type D[φ](x, y) = −18x^4 − 24xy^2 + õ(9).

Proof.

From the equalities f = H + õ(7) and (Dφ)(0) = Id we get that φ(x, y) = (x + õ(3), y + õ(4)).

The Hamilton vector field of H is h = 2y∂_x − 3x^2∂_y. The derivation along h increases the weight by 1.

Hence, we find the following expression for D[φ]

D[φ](x, y) = [x, y] + õ(9), where [x, y] denotes the determinant of the matrix � 2y −3x^2 −6x^2 −12xy � . Lemma is proved.

Define the holomorphic function germ E ∈ O_{x,y} by

E(x, y) = 3x^4 + 4xy^2.

Lemma A.2 implies the following G-equivalence relation

(f, Δ_f ) ∼ (H, E + r)

with r ∈ F_{10}.

We now prove the G-equivalence

(57) (H, E + r) ∼ (H, E).

This will conclude the proof of proposition A.2.

In order to prove the G-equivalence relation (57), it is needed to introduce a subspace of the G-tangent space to (H, E). Recall from section 4 that the G-tangent space to the function-germ (H, E) is the O_{x,y}-module generated by the map-germs: � x∂_x(H, E), y∂_x(H, E), x∂_y(H, E), y∂_y(H, E), (E, 0), (0, E).

We denote by diff(2) the set of germs of vector-field f the type a∂_x + b∂_y with a, b ∈ O_{x,y}.

We say that a vector-field v ∈ diff(2) has order d if for any k and any m ∈ F_k, we have v.m ∈ F_{k+d}.

Denote by T the O_{x,y}-submodule of the tangent space to (H, E) generated by: - {v.(H, E) : v ∈ diff(2) has order 1}, - (E, 0), (0, xE), (0, yE).

Here v.(H, E) denotes the Lie derivative of the map-germ (H, E) along the vector-field v. Thus v.(H, E) ∈ O^2_{x,y}. Next, consider the O_{x,y}-module M defined by

M = {(g, h) ∈ O_{x,y} × O_{x,y} : g ∈ F_8, h ∈ F_{10}} .

Lemma A.3. The G-equivalence (H, E + r) ∼ (H, E) holds provided that M is contained in T .

Proof.

The proof is in two steps. First we prove the assertion for formal power series and then use the G-finite determinacy theorem. Assume that we have proved the following G-equivalence relation:

(H, E + r) ∼ (H + m_1, E + m_2) with m_1 ∈ F_{d1} and m_2 ∈ F_{d2} , d_1 ≥ 8, d_2 ≥ 10. Assertion. We have a G-relation of the type (58) (H, E + r) ∼ (H + õ(d_1), E + õ(d_2)).

The inclusion M ⊂ T implies that (m_1, m_2) admits a representation of the type (59) (m_1, m_2) = a(E, 0) + b(0, E) + v.(H, E) with a, b ∈ O_{x,y}, v ∈ diff(2). Put v(x, y) = v_1(x, y)∂_x + v_2(x, y)∂_y .

Define the biholomorphic map-germ φ : (C^2, 0) −→ (C^2, 0) by φ(x, y) = (x + v_1(x, y), y + v_2(x, y)).

Define the matrix A ∈ Gl(2, O_{x,y}) by A = � 1 −a 0 1 − b � . With the notations of subsection 4.2, we get the equality (φ, A).(H+m_1, E+m_2) = (H, E)−v.(H, E)−(aE, bE)+(m_1 , m_2)+(õ(d_1), õ(d_2)). Coming back to equation (59), we get that equation (58) holds. This proves the assertion.

We denote by M^k_{x,y} the k^{th} power of the maximal ideal M_{x,y} ⊂ O_{x,y}. The assertion implies that for any k, there exists a holomorphic map-germ ψ = (ψ_1, ψ_2) ∈ O^2_{x,y} with ψ_1 ∈ M^k, ψ_2 ∈ M^k such that the following G-equivalence holds (60) (H, E) ∼ (H, E + r) + ψ.

We claim that under the assumption of the lemma, this implies that (H, E) and (H, E + r) are G-equivalent.

Indeed, the O_{x,y} module T is contained in the G-tangent space to (H, E). Thus, the inclusion M ⊂ T implies that the G-Milnor number of (H, E) is finite.

The G-finite determinacy theorem implies that for k big enough, the Gequivalence (60) implies the following G-equivalence (H, E) ∼ (H, E + r).

This concludes the proof of the lemma.

The following lemma concludes the proof of proposition A.2. We keep the same notations.

Lemma A.4. The O_{x,y}-module M is contained in T . Proof.

The division theorem (or the Nakayama lemma) implies that module M is generated by the 8 following four map-germs:

(x^4, 0), (xy^2, 0), (0, x^5), (0, x^2y^2) and (x^3y, 0), (y^3, 0), (0, x^4y), (0, x^3y).

Denote by V the C-vector space generated by these 8 map-germs. Direct computations show that the eight following map-germ of V ∩ T are linearly independent:

(E, 0), (0, xE), x^2 ∂_x(H, E), xy∂_y (H, E) and (0, yE), xy∂_x(H, E), y^3∂_y(H, E), x^3y∂_y(H, E).

Thus V is contained in T . Lemma is proved.

2.3. A_3 is not P-simple.

Proposition A.3. For any holomorphic function-germ f : (C^2, 0) −→ (C, 0) belonging to the singularity class A_3. Then, the holomorphic functiongerm f : (C^2, 0) −→ (C, 0) is not P-simple.

Proof.

Since f ∈ A_3 means that there exists a biholomorphic map-germ φ : (C^2, 0) −→ (C^2, 0) such that: H = f ∘ φ, with H(x, y) = y^2 + x^4.

A non-degenerate linear map sends the inflection points of a curve to the inflection points of its image. Hence, without loss of generality we can assume that: (Dφ)(0) = Id.

Consider the one-parameter family f_λ of function-germs f defined as follows. Let φ_λ(x, y) = φ(x, y) + (0, λx^2) and put f_λ = H ∘ φ^{−1}_λ . We denote by D[φ_λ] the generalized Wronskian of φ.

This means that D[φ_λ] is the determinant of the 2 × 2 matrix whose lines are the first and second derivative of φ_λ along the Hamilton vector-field of H. We have the following G-equivalence

(H, D[φ_λ]) ∼ (f_λ, Δ_{fλ} ).

The proof of proposition A.3 is based on the three following assertions. Assertion 1: if f_a is P-equivalent to f_b then a^2 = b^2. Assertion 2: if (H, D[φ_a]) is V -equivalent to (H, D[φ_b]) then a^2 = b^2. Assertion 3: assertion 2 implies assertion 1.

Assertion 1 implies that λ is a modulus. Hence the modality of f is at least 1 provided that assertion 1 is proved. We prove assertion 3.

Denote by ∼ the G-equivalence. By definition, f_a is P-equivalent to f_b if and only if the following G-equivalence holds (f_a, Δ_{fa} ) ∼ (f_b, Δ_{fb} ) For any value of λ, we have the G-equivalence: (f_λ, Δ_{fλ} ) ∼ (H, D[φ_λ]) Thus the G-equivalence (f_a, Δ_{fa} ) ∼ (f_b, Δ_{fb} ) is equivalent to the G-equivalence (H, D[φ_a]) ∼ (H, D[φ_b]). If two map-germs are G-equivalent then in particular they are V -equivalent since the group G is a subgroup of the group K (see section 4). This proves assertion 3. It remains to prove assertion 2.

Define the quasi-homogeneous weight of x^iy^j to be i + 2j.

Lemma A.5. The map-germ (H, D[φ_λ]) is V -equivalent to a holomorphic map-germ of the form (H,^7_6 (c + λ)y^3 + x^6 + õ(6)) for some c ∈ C

Proof.

The holomorphic map-germ φ : (C^2, 0) −→ (C^2, 0) is of the form

φ(x, y) = (x + õ(1), y + cx^2 + õ(2)). Hence φ_λ : (C^2, 0) −→ (C^2, 0) is of the form:

φ_λ(x, y) = (x + õ(1), y + (λ + c)x^2 + õ(2)). Consequently, we get that D[φ_λ] = (λ + c)[x, x^2] + [x, y] + õ(6), where the brackets are equal to the following 2 × 2 determinants

[x, y] = � � � 2y −4x^3 −12x^3 −24x^2y � � � , [x, x^2] = � � 2y 4xy −7x^3 8y^2 − 16x^4 � � . Denote by ≡ the V -equivalence relation.

We substitute y^2 by −x^4 in [x, y] and x^4 by −y^2 in [x, x^2]. We get the V -equivalence [x, y] + (λ + c)[x, x^2] ≡ 24x^6 + 28(λ + c)y^3.

This proves the lemma.

Define the family of function-germs E_α : (C^2, 0) −→ (C, 0) depending on the parameter α ∈ C by E_α(x, y) = αy^3 + x^6.

The next lemma concludes the proof of proposition A.3.

Lemma A.6. If a holomorphic map-germ of the type (H, E_a + õ(6)) is V - equivalent to a holomorphic map-germ of the type (H, E_b+õ(6)) then a^2 = b^2.

Proof.

Denote the two holomorphic map-germs by (H, E_a + r_1) and (H, E_b + r_2) with r_1, r_2 ∈ F_7.

Assume that there exist an invertible 2 × 2 matrix A with elements in O_{x,y} and biholomorphic map-germs g : (C^2, 0) −→ (C^2, 0), ψ : (C, 0) −→ (C, 0) such that:

(61) A × ((H, E_a + r_1) ∘ g) = (ψ ∘ H, E_b + r_2).

Remark that this equation is in fact a system of two equations, that we shall call the first and second equation of the system (61). The matrix A is of the type A = � α β γ δ �

with α, β, γ, δ ∈ O_{x,y}. Write:

g(x, y) = (mx + õ(1), nx + py + qx^2 + õ(2)), m, p ∈ C \ {0} .

Equating the terms of quasi-homogeneous weight 2 in the first equation of the system (61), we get that n = 0.

Equating the terms of quasi-homogeneous weight 4 in the first equation of the system (61), we get that:

p^2y^2 + m^4x^4 + 2pqx^2y = c(y^2 + x^4)

where c denotes a non-zero constant.

Thus p = ±m^2, q = 0. The second equation of the system (61) is of the form:

γH + δ(E_a + r_1) = E_b + r_2.

Equating the terms of weight 4 and 5 we get that γ ∈ F_2. Equating the terms of weight 6, we get that γ ∈ F_3. Consequently:

δ(0)(ap^3y^3 + m^6x^6) = by^3 + x^6.

As we saw previously p = ±m. Thus identifying the coefficient of x^6 and y^3 in this equality, we get:

δ(0) = m^{−6}

and:

a^2 = b^2.

Lemma is proved.

This lemma concludes the proof of Assertion 2. Proposition A.3 is proved.

2.4. PA_2 is P-simple. First, we consider a one parameter deformation F : (C × C^2, 0) −→ (C, 0) of f ∈ PA_2. Denote by F̄ a representative of the germ F .

Assume that for any λ small enough the origin is a critical point of F̄ (λ, .) of critical value zero (i.e. F̄ (λ, .) ∈ M^2).

According to Arnold’s classification [Arn2], the germ at the origin of the holomorphic function F̄ (λ, .) belongs either to the P-singularity class A_1 or A_2 provided that λ is small enough.

Remark that the P-singularity class A_k gives rise to a singularity class in the usual sense by ”forgetting” the vector space structure on C^2 ([AVG]). According to our P-classification the germ at the origin of F̄ (λ, .) belongs either to a P-singularity class PA^{p,q}_1 for some value of p, q depending on λ or to the P-singularity class PA_2, provided that λ is small enough. By definition of the P-singularity class PA^{p,q}_1 , if the germ of F̄ (λ, .) at the origin belongs to the P-singularity class PA^{p,q}_1 then there exists two lines d_1, d_2 passing through the origin such that:

- the germ at the origin of the restriction of F̄ (λ, .) to d_1 is a function-germ with a critical point A_{3+p} at the origin, - the germ at the origin of the restriction of F̄ (λ, .) to d_2 is a function-germ with a critical point A_{3+q} at the origin.

The following lemma implies that if the germ at the origin of F̄ (λ, .) belongs either to a P-singularity class PA^{p,q}_1 then p = q = 0.

Lemma A.7. Let G : (C × C^2, 0) −→ (C, 0) be an arbitrary one-parameter deformation of a germ f ∈ A_2. Fix an arbitrary complex line L ⊂ C^2 passing through the origin. Let k(λ) be such that the restriction of G(λ, .) to the line L has a singularity A_{k(λ)} at the origin.

Then the inequality k(λ) ≤ 2 holds provided that λ is small enough.

Proof.

Let L ⊂ C^2 be the line such that the restriction of G(λ, .) has a critical point of the type A_{k(λ)}.

The restriction of G(0, .) to L has a critical point adjacent to A_{k(λ)} provided that λ is small enough.

In an appropriate linear coordinate system the function G(0, .) is of the form

G(0, x, y) = y^2 + x^3 + yr_1(x, y) + r_2

with r_1 ∈ M^2_{x,y} and r_2 ∈ M^3_{x,y}.

Consequently, the germ at the origin of the restriction of G(0, .) to L has either an A_2 critical point or an A_1 critical point. Thus, either A_2 or A_1 is adjacent to A_{k(λ)} provided that λ is small enough. Consequently the inequality k(λ) ≤ 2 holds provided that λ is small enough. Lemma is proved.

Remark that at a degenerate inflection point of a curve of equation f = 0, the restriction of f to its tangent line has a critical point A_3. Thus the preceding lemma has the following corollary.

Corollary A.1. Let F be a deformation of f ∈ A_2 then the P-discriminant of F consists only of points corresponding to curves with singular points.

We come back to the simplicity of PA_2. We have proved that: - all the function-germs in PA_1 are P-equivalent (proposition A.1), - all the function-germs in PA_2 are P-equivalent (proposition A.2). Thus lemma A.7 implies that there are only two P-equivalence classes in a small neighbourhood of f namely PA_1 and PA_2. This concludes the proof of the simplicity of PA_2.

2.5. PA^{p,q}_1 and PA_2 are the only P-simple plane singularities.

Lemma A.8. If f : (C^2, 0) −→ (C, 0) is a holomorphic function-germ with a critical point at the origin such that f /∈ A_1 ∪ A_2, then f is not P-simple.

Proof.

Arnold’s classification ([Arn2]) implies that under the assumptions of the lemma there exists a deformation F : (C × C^2, 0) −→ (C, 0) of f satisfying the following property.

There exists a representative F̄ of F such that - for any λ ≠ 0 small enough, the germ at the origin of F̄ (λ, .) has a critical point of critical value 0;

- for any λ ≠ 0 small enough, the germ at the origin of F (λ, .) belongs to the singularity class A_3.

We have proved in subsection 2.3 that any holomorphic function-germ in A_3 satisfying these conditions is not P-simple. Consequently f is not P-simple. Lemma is proved.

Lemma A.9. Assume that f : (C^2, 0) −→ (C, 0) is a Morse function-germ such that for any (p, q), f /∈ PA^{p,q}_1 then there are an infinity P-singularity classes in any small neighbourhood of f. In particular f is not P-simple.

Proof.

By definition the plane curve-germ of equation f = 0 contains a line. That is up to a linear change of coordinates f has the form

f(x, y) = x(y + ax^{2+p} + o(x^{2+p})).

Assume for notational reasons that a ≠ 0. Consider the deformation:

F_q(λ, x, y) = f(x, y) + λy^{3+q}.

We have F_q(λ, .) ∈ PA^{p,q}_1 provided that λ ≠ 0. Hence for any neighbourhood U of f, for any value of q ∈ N, there exists a function-germ F_q(λ, .) belonging to the P-singularity class PA^{p,q}_1 . Lemma is proved.

3. Proof of the P-versal deformation theorem for PA^{p,q}_1 .

In this section we prove theorem 2.11 of page 42.

For notational reasons, we assume that p and q are strictly positive integers. We fix a linear coordinate-system (x, y) in the two-dimensional vector space

C^2.

Let P : (C^{p+q} × C^2, 0) −→ (C, 0) be the holomorphic function-germ defined by the polynomial

P (α, β, x, y) = x^{3+p} + y^{3+q} + p� j=1 α_j x^{2+j} + q� k=1 β_ky^{2+k},

with α = (α_1, . . . , α_p), β = (β_1, . . . , β_q). Denote by G : (C^k × C^2, 0) −→ (C, 0) an arbitrary deformation of a holomorphic function-germ f : (C^2, 0) −→ (C, 0) belonging to the P-singularity class PA^{p,q}_1 .

Lemma A.10. The deformation (G, Δ_G) is G-equivalent to a deformation induced from (P (α, β, x, y), xy).

Proof.

The holomorphic function-germ f = G(0, .) belongs to the P-singularity class PA^{p,q}_1 . Thus proposition A.1 implies the following G-equivalence holds

(f, Δ_f ) ∼ (x^{3+p} + y^{3+q}, xy)

Hence (G, Δ_G) is G-equivalent to a deformation of (x^{3+p} + y^{3+q}, xy). Define the deformation A : (C^{p+q+5} × C^2, 0) −→ (C × C, 0) of (f, Δ_f ) by the polynomials

A(μ, α, β, x, y) = (P (α, β, x, y) + μ_1x^2 + μ_2y^2 + μ_3x + μ_4y, xy + μ_5).

Direct calculations show that the G-tangent space to A is T A = O^2_{x,y}. Thus, the G-versal deformation theorem (see chapter 4, section 5) implies that the deformation A is G-versal. Consequently (G, Δ_G) is G-equivalent to a deformation induced from A.

Denote respectively by γ, λ the parameters of the deformations G and P . We have λ = (α, β) ∈ C^{p+q}. Put μ = (μ_1, . . . , μ_5). We use the old-fashioned notation: λ = λ(γ) μ = μ(γ) for a map inducing the deformation equivalent to (G, Δ_G) from A. Lemma A.10 is a consequence of the following lemma.

Lemma A.11. The map-germ μ vanishes identically.

Proof.

Denote by Ḡ a representative of G.

The function Ḡ(γ, .) has a Morse critical point in a neighbourhood the origin provided that γ is small enough.

A translation sends an inflection point of a curve to an inflection point of its translation. Consequently, we can assume without loss of generality that the Morse critical point of Ḡ(γ, .) is the origin. Proposition A.1 implies that for any γ small enough:

1) Δ¯_G(γ, .) has a Morse critical point at the origin of critical value 0, 2) the restriction of Ḡ(γ, .) to each branch of the plane curve � (x, y) ∈ C^2 : Δ¯_G(γ, x, y) = 0 � has a critical point of the type A_k with k ≥ 2.

Condition 1 implies that μ_5 vanishes identically. Then, condition 2 implies that μ_1, . . . , μ_4 also vanish identically. Lemma is proved. Lemma A.12. Assume that ∀j ∈ {1, . . . , p}, ∀k ∈ {1, . . . , q}, the vectors (x^{2+j} , 0), (y^{2+k}, 0) are contained in the G-tangent space to (G, Δ_G). Then the following G-equivalence holds (G, Δ_G) ∼ (P (α, β, x, y), xy). Proof.

Consider the deformation B : (C^{k+5} ×C^2, 0) −→ (C×C, 0) of (f, Δ_f ) defined by the formula

B(μ, γ, x, y) = (G(γ, x, y) + μ_1x^2 + μ_2y^2 + μ_3x + μ_4y, Δ_G(γ, x, y) + μ_5).

By direct computations, we get that under the conditions of the lemma the G-tangent space to B is T B = O^2_{x,y}.

The G-versal deformation theorem implies that B is G-versal. Consequently the deformation (C^2, 0) −→ (C × C, 0) (α, β, x, y) → (P (α, β, x, y), xy) is induced from a deformation equivalent to B. The same argument as the one given in lemma A.11 implies that (P (α, β, x, y), xy) is induced from a deformation equivalent to (G, Δ_G).

On the other hand, lemma A.11 implies that (G, Δ_G) is induced from a deformation equivalent to (P (α, β, x, y), xy). We have shown that: - (G, Δ_G) is induced from a deformation equivalent to (P (α, β, x, y), xy), - (P (α, β, x, y), xy) is induced from a deformation equivalent to (G, Δ_G). Consequently (G, Δ_G) and (P (α, β, x, y), xy) are G-equivalent. Lemma is proved.

By definition of P-versality, these two lemmas imply that a function-germ G satisfying the conditions of lemma A.12 is a P-versal deformation.

It remains to find a deformation G such that (x^{2+j} , 0), (y^{2+k}, 0) belong to the G-tangent space to (G, Δ_G) for all^2 0 < j ≤ p, 0 < k ≤ q. We assert that the deformation F : (C^{p+q}×C^2, 0) −→ (C, 0) of f : (C^2, 0) −→ (C, 0) defined by the formula

F (α, β, x, y) = xy + x^{3+p} + y^{3+q} + p� j=1 α_jx^{2+j} + q� k=1 β_ky^{2+k},

2Recall that for notational convenience, we have assumed that pq > 0.

satisfies this property.

We show that the G-tangent space to (F, Δ_F ) contains (x^{2+j} , 0), j ≤ p. The proof that (y^{2+k}, 0) k ≤ q is contained in the G-tangent space to (F, Δ_F ) differs only in notations.

Denote by F_j the restriction of F to the complex line α_k = 0 for k ≠ j, β_k = 0 for all k’s. That is F_j is the one-parameter deformation induced from F defined by:

F_j (α_j , x, y) = xy + x^{3+p} + y^{3+q} + α_j x^{2+j} .

To avoid to many indices we put α_j = τ.

Final assertion: the vector (x^{2+j} , 0) is contained in the G-tangent space to F_j .

The G-tangent space to F contains the G-tangent space to F_j . Thus, this assertion implies that (x^{2+j} , 0) is contained in the G-tangent space to F . Consequently the proof of this assertion will conclude the proof of the theorem.

Denote by M^k the k^{th} power of the maximal ideal M ⊂ O_{x,y} and by M the O_{x,y}-module: M = � (0, m) : m ∈ M^2 � . Lemma A.13. The module M is contained in the G-tangent space to (F_j , Δ_{Fj} ).

Proof.

The function germ f = F_j (0, .) belongs to the P-singularity class PA^{p,q}_1 , thus proposition A.1 implies that:

(F_j (0, .), Δ_{Fj} (0, .)) ∼ (x^{3+p} + y^{3+q}, xy).

Hence the G-tangent space to (F_j , Δ_{Fj} ) contains the tangent space to the constant deformation equal to (x^{3+p} + y^{3+q}, xy). It is readily verified that the G-tangent space to this constant deformation contains the O_{x,y}-module M. Lemma is proved.

We conclude the proof of the final assertion. The Hamilton vector-field of F_j (τ, .) is:

h_τ = (x + r_1(τ, x, y))∂_x − (y + r_2(τ, x, y))∂_y

with r_1(τ, .), r_2(τ, .) ∈ M^2.

Thus for any value of τ, we have Δ_{Fj} ∈ M^2. Consequently the restriction of ∂_τ Δ_{Fj} to τ = 0 is contained in M^2.

Lemma A.13 implies that the restriction of (0, ∂_τ Δ_{Fj} ) to τ = 0 is contained in the G-tangent space to (F_j , Δ_{Fj} ). Thus (∂_τ F, 0)_{|τ =0} = (x^{2+j} , 0) is contained in the G-tangent space to (F_j , Δ_{Fj} ). This concludes the proof of the final assertion. Theorem is proved.

4. The ”generic” bifurcation diagrams.

4.1. A general remark concerning the notion of genericity. Fix respective neighbourhoods Λ, U of the origin in C^k and C^2. A holomorphic functions F : Λ × U −→ C defines a k + 3-parametric deformation G : (C^{k+3} × C^2, 0) −→ (C, 0) defined by

G(λ, α, γ, p) = F (λ, p + α) + γ

where α ∈ C^2, γ ∈ C are the additional parameters.

The deformation G defines a k+3-dimensional variety in the space J^N_0 (C^2, C) of N-jets at the origin, for N big enough. Consequently, the property:

- ”there exists a point λ_0, p_0 such that the germ of F (λ_0, .) at p_0 belongs to the P-singularity class X” is generic provided that for any N big enough the set of N-jets of functiongerms f : (C^2, 0) −→ C such that f ∈ X is a variety of codimension at most than k + 3 in J^N_0 (C^2, C).

The case where f is a function-germ without a critical point at the origin is already treated by Kazarian’s theory [Ka1].

Consequently for the rest of the section, we consider only the case where f ∈ M^2 has critical point at the origin. The space M^2 is of codimension 3 in J^N_0 (C^2, C).

Consequently, in order to compute the “generic bifurcation diagrams” appearing in k-parameter families (which do not follow from Kazarian’s theory), we do as follows:

- first, we compute the R-singularity classes of codimension at most k in the space M^2 of function-germs with a critical point at the origin, - for a given R-singularity class, we search the P-singularity classes contained in this R-singularity classes of codimension at most k in M^2, - when possible, we compute the P-versal deformations for each representative of a P-singularity class. This P-versal deformation gives a ”generic” bifurcation diagram.

4.2. Proof of theorem 2.2 of page 25. Denote by Σ[X] the set of holomorphic function germs in M^2, belonging to a given P-singularity class X. According to Arnold’s classification [Arn2] , the complement of Σ[A_1] ∪ Σ[A_2] is of codimension 2 in the space M^2.

Let G : (C × C^2, 0) −→ (C, 0) be a generic 1-parameter deformation of the holomorphic function-germ f = G(0, .).

The P-versal deformation theorem proved in section 3 of this chapter implies that the codimension of Σ[PA^{p,q}_1 ] in M^2 is equal to p + q. Consequently, if G is generic such that f ∈ A_1 then f belongs either to the P-singularity class PA_1 or to the P-singularity class PA^1. According to same P-versal deformation theorem, if f ∈ PA^1 then the Pdiscriminant of G is biholomorphically equivalent to the germ at the origin

4. THE ”GENERIC” BIFURCATION DIAGRAMS. 207

of the values (λ, ε) such that ε is a critical value of the restriction of

x^4 + λx^3 + y^3

to the curve of equation xy = 0.

Hence the P-discriminant of G is biholomorphically equivalent to the germ of the curve of equation ε(ε − λ^4) = 0.

For f ∈ PA_1 the P-discriminant is biholomorphically equivalent to the germ at the origin of the values (λ, ε) such that ε is a critical value of the restriction of x^3 + y^3

to the curve xy = 0. That is the germ of the line ε = 0.

If f belongs to the singularity class A_2, then f also belongs to the Psingularity class PA_2.

Lemma A.7 of page 201, implies that the P-discriminant of G consists only of singular curves.

Hence the P-discriminant coincides with the germ at the origin of the usual discriminant consisting of the values of the parameter (λ, ε) for which the curve V_{λ,ε} = {p ∈ U : G(λ, p) = ε}

is singular.

Usual singularity theory ([AVGL1]) implies that this discriminant is biholomorphically to the germ at the origin of the semi-cubical parabola given by � (λ, ε) ∈ C^2 : ε^2 = λ^3 � . 4.3. Proof of theorem 2.3 of page 26. Let G : (C^2×C^2, 0) −→ (C, 0) be a generic 2-parameter deformation of the function f = G(0, .) such that for each λ, G(λ, .) is a Morse function. Then, according to the previous discussion, the holomorphic function germ f belongs to the P-singularity class PA^{p,q}_1 with p + q ≤ 2.

The case p + q < 2 has been treated in the preceding subsection. If p + q = 2 then either f ∈ PA^{1,1}_1 or f ∈ PA^2_1.

If f ∈ PA^{1,1}_1 then the bifurcation diagram is biholomorphically equivalent to the germ at the origin of the variety consisting of the values (λ, ε) for which ε is a critical value of the restriction of the function

(x, y) → x^4 + λ_1x^3 + y^4 + λ_2y^3

to the plane curve-germ of equation xy = 0.

If f ∈ PA^2_1 then the bifurcation diagram is biholomorphically equivalent to the germ at the origin of the variety consisting of the values (λ, ε) for which ε is a critical value of the restriction of the function (x, y) → x^5 + λ_1x^4 + λ_2x^3 + y^3 to the plane curve-germ of equation xy = 0.

APPENDIX B

The finite determinacy and versal deformation theorems for G-equivalence.

1. Proof of the finite determinacy theorem for G-equivalence.

In this section, we use the notation f : (C^n, 0) −→ (C^{n−1} × C, 0) instead of f̃ : (Cn, 0) −→ (Cn−1 × C, 0) as we did before. We denote by e the identity element of the group G.

We used the symbols μ_G for the G-Minor number in order to make the distinction with the usual Minor number μ of singularity theory. We are not going to use the the usual Minor number any longer. Consequently, we simply denote by μ the G-Milnor number of f instead of μ_G as we did before. The other notations are those of chapter 4.

So, let f : (C^n, 0) −→ (C^{n−1} × C, 0) be a holomorphic map-germ. Fix coordinates x = (x_1, . . . , x_n) in C^n . Let M be the maximal ideal of O_x and M^k the k^{th} power of it.

consider the O_x-module of map-germs vanishing at order at least k, that is

~M^k = � (ψ_1, . . . , ψ_n) ∈ O^n_x : ∀i, ψ_i ∈ M^k � . Remark that the O_x-module ~M^k is finitely generated.

Following R. Thom, we use the homotopy method [AVG], [Math], [Mar].

Denote by D ⊂ C the unit disk centered at the origin

D = {t ∈ C :| t |≤ 1} .

Consider the one-parameter family f_t, t ∈ D defined by

f_t = f + tψ,

where ψ is an arbitrary map in ~M^{μ+1}.

The finite determinacy theorem for G-equivalence asserts that f_1 is G-equivalent to f.

To prove this theorem, we search for a holomorphic map γ : D −→ (G, e) such that:

(62) γ(t).f_t = f.

For any value of t γ(t) is an element of the group G and γ(t).f is the image of f under the action of γ(t).

If a holomorphic map γ satisfying equation (62) is found then the following equality holds γ(1).(f + ψ) = f, and consequently f and f + ψ are G-equivalent. We differentiate equation (62) with respect to t at t_0.

To do this we identify the group G with a subgroup of the V -equivalence group K (see page 79).

Via this identification, we write γ(t) = (φ_t, A_t) where φ_t : (C^n, 0) −→ (C^n, 0) is a biholomorphic depending on the parameter t ∈ D and A_t is a matrix of GL(n, O_x) also depending on the parameter t. Equation 62 can be written in the more explicit form (63) A_t × (f_t ∘ φ_t) = f. We differentiate equation 63 with respect to t at t = u, we get

(64) A_u × d dt |_{t=u}

(f_u ∘ φ_t) + d dt |_{t=u}

(A_t × (f_u ∘ φ_u)) + A_u × ( d dt |_{t=u} f_t) ∘ φ_u = 0.

Define the time-dependent holomorphic vector field germ v_u and the one parameter family of matrices h_u with entries in O_x by the formulas � v_u(φ_u(x)) =^d_{dt |t=u} φ_t(x), (A^{−1}_u × h_u) ∘ φ_u =^d_{dt |t=u} A_t.

Multiplying equation (47) on the right by φ^{−1}_u and on the left by A^{−1}_u , we get the homological equation (65) v_u.f_u + h_u × f_u + ψ = 0.

Where m_u = (v_u, h_u) belong to the tangent space g to G at the identity element (see page 80).

Lemma B.1. Equation (63) can be solved provided that there exists a holomorphic map D −→ g u −→ (v_u, h_u) satisfying equation (65).

Proof.

This is a straightforward application of the fundamental theorem on differential equations.

First we search for a one-parameter family of biholomorphic map germ g_t : (C^n, 0) −→ (C^n, 0) such that

(66) dg dt |_{t=u} (t, x) = v_u(g_u(x)) and t ∈ D.

The germ of the time dependent vector field v_t : (C^n, 0) −→ (T C^n, 0) gives rise to the germ of a vector field ṽ : D × (C^n, 0) −→ T D × T (C^n, 0).

The vector field ṽ being defined by the formula ṽ(t, x) = (1, v_t(x)).

We have the equality v_t(0) = 0, ∀t ∈ D.

Hence S = {(t, x) ∈ D × C^n : x = 0} is everywhere tangent to ṽ. The fundamental theorem on differential equations implies that in a neighbourhood of S, we can integrate the vector field ṽ. That is there exists a biholomorphic map g̃ : D × (C^n, 0) −→ D × (C^n, 0) such that: dg̃ dt |_{t=u} (t, x) = ṽ(g̃(u, x)),

where g̃(t, x) = (t, g(t, x)). Put g_t = g(t, .). The map g_t, satisfies equation (66).

Moreover, if the one parameter family of function-germs h_t is known, then by integrating h_t along t we get the one parameter family of holomorphic function-germs B_t satisfying the equality B_t = log(A_t).

Remark that log(A_t) is well-defined since det(A_0(0)) ≠ 0. From this equality, we get A_t = e^{Bt} . Lemma is proved.

Lemma B.2. There exists a map satisfying equation 65 provided that ~M^μ ⊂ T f.

Proof.

The proof is the same as the proof of Nakayama’s lemma. Fix coordinates in C^{n−1} × C.

Denote by v^1, . . . , v^n the vectors of C^{n−1} × C having the components: � v^j = 1 v^i_k = 0 for k ≠ j

We construct a basis α_1, . . . , α_l of the O_x-module ~M^μ as follows. Let e_1, . . . , e_s be a basis of monomials of the μ^{th} power M^μ_x ⊂ O_x of the maximal ideal M_x ⊂ O_x. Then the map-germs e_j .v^k’s form a basis of ~M^μ. It remains to prove is that there exists holomorphic maps: v_1, . . . , v_l : D −→ g such that: v_j .f_t = α_j.

If this assertion is proved then we write: ψ = l� j=1 b_j α_j, b_j ∈ M.

This is made possible by the fact that ψ ∈ ~M^{μ+1} . Then m_t = � b_jv_j ∈ g is a holomorphic map from D to g satisfying equation (65).

Thus we search for the maps v_1, . . . , v_l.

The assumption ~M^μ ⊂ T f, implies that for all j ∈ {1, . . . , l} there exists m_j ∈ g such that: m_j .f = α_j.

Write the left-hand side of this equation in the following way (67) m_j.f = m_j.f_t − tm_j.ψ. Remark that by definition of G, we have the implication

(ψ ∈ ~M^{μ+1}) =⇒ (m_j .ψ ∈ ~M^{μ+1}).

Hence there exists a_{j,k} ∈ ~M such that for all j ∈ {1, . . . , l}:

m_j.ψ = l� k=1 a_{j,k} × α_k.

Here α_k : (C^n, 0) −→ (C^{n−1} × C, 0) is a holomorphic map-germ. The a_{j,k}’s are holomorphic function germs, hence to multiply α_k by a_{j,k} makes sense. Substituting these equalities in formula 67, we get a system of l-equations

(68)

� � � � � m_1.f_t = α_1 + t

�_l

k=1 a_{1,k} × α_1, . . .

m_j.f_t = α_j + t

�_l

k=1 a_{j,k} × α_k, . . .

m_l.f_t = α_l + t

�_l

k=1 a_{l,k} × α_k.

where the a_{j,k} belong to the maximal ideal M_x. Define the map-germs ⃗v_t and ⃗α by their components ⃗v_t = (m_1.f_t, . . . , m_k.f_t), ⃗α = (α_1, . . . , α_k).

Let A be the matrix whose coefficients are the function-germs a_{j,k}’s. With the matrix formalism, the system of equations (68) is written in the following form ⃗v_t = (Id + tA)⃗α.

We assert that for any t ∈ D, the matrix B(t) = Id + tA is invertible and that B^{−1}(t) depends holomorphically on t ∈ D.

Fix the value of t ∈ D. The coefficients of A are function germs in O_x.

For x = 0 the matrix (Id + tA)(0) = Id is invertible. Since we are only considering germs at the origin this is a sufficient condition for the matrix to be invertible (in the same way that for a function-germ f(0) ≠ 0 implies that it is invertible). The formula giving the inverse of a matrix implies that the dependence on t is holomorphic.

We have:

⃗α = (Id + tA)^{−1}⃗v_t.

This means that for any j ∈ {1, . . . , k}, we have:

α_j = k� k=1 b_{j,k}(m_k.f_t).

Here the b_{j,k}’s are the coefficients of the matrix (Id + tA)^{−1}. The m_k’s are elements of g.

Define the map-germ v_j by

v_j = k� k=1 b_{j,k}m_k,

we get the equality v_j .f_t = α_j.

According to the discussion that we made at the beginning of the proof of the lemma, this concludes the proof of the lemma.

It remains to prove that the O_x-module ~M^μ is contained in the G-tangent space T f to f.

Lemma B.3. ~M^μ ⊂ T f.

Proof.

We use the same notations as the one that we have fixed at the beginning of the proof of the preceding lemma.

The O_x-module ~M^μ is generated by the map-germs α_1, . . . , α_l. Each of these monomials is of the form e_j v^k. Thus we have to prove that for an arbitrary j, k, e_j v^k belongs to T f.

Here e_j is a function-germ belonging to the ideal M^μ ⊂ O_x and v^k is a vector in C^{n−1} × C. Hence e_j v^k is an element of O^{n−1}_x × O_x. We fix j, k. Since e_j is a monomial of M^μ, there exist function-germs a_1, . . . , a_μ ∈ M such that:

e_j = a_1a_2 . . . a_μ.

The C−vector space T f is of codimension μ in O^{n−1}_x × O_x. Consequently T f contains a linear combination of the μ + 1 vectors:

a_0v^j , a_1v^j , a_1a_2v^j , . . . , a_1a_2 . . . a_μv^j with a_0 = 1.

That is there exists complex numbers c_k, c_{k+1}, . . . , c_μ such that:

(c_ka_0 . . . a_k + · · · + c_μa_0 . . . a_μ)v^j ∈ T f

and c_k ≠ 0.

We have the identity

(c_ka_0. . . . .a_k + · · · + c_μa_0. . . . .a_μ)v^j = (c_k + · · · + c_μa_{k+1}. . . . .a_μ)a_0. . . . .a_kv^j

But c_k + c_{k+1}a_{k+1} + · · · + c_μa_{k+1}. . . . .a_μ is invertible, hence the previous identity implies the inclusion

a_0. . . . .a_kv^j ∈ T f.

Consequently (a_{k+1} . . . a_μ)(a_0 . . . a_kv^j ) ∈ T f. Lemma is proved. This lemma achieves the proof of the finite determinacy theorem for Gequivalence.

2. Proof of the versal deformation theorem for G-equivalence.

We first state an easy lemma that we shall need.

Let C : (C^r × C^n, 0) −→ (C^{n−1} × C, 0) be an arbitrary deformation of a holomorphic map-germ

f : (C^n, 0) −→ (C^{n−1} × C, 0)

Denote by A : C^r × (C^n, 0) −→ (C^{n−1}, 0), B : (C^r × C^n, 0) −→ (C, 0) the components of C so that C = (A, B).

Let g : (C^r, 0) −→ (C^{n−1}, 0) be the holomorphic map-germ defined by:

g(λ) = A(λ, 0).

Lemma B.4. The deformation C = (A, B) is G-equivalent to the deformation (A − g, B).

The proof is of course obvious. However this lemma implies that we need only to consider deformations (A, B) such that A(λ, .) vanishes. Having made this remark, we start the proof of the theorem. The notations are those of chapter 4.

Following R. Thom, we use the homotopy method. Following Martinet [Mar], the fundamental step in the proof of a versal deformation theorem is the following proposition.

Proposition B.1. Let F : (C^k × C^n, 0) −→ (C^{n−1} × C, 0) be a k-parameter deformation of a map-germ f : (C^n, 0) −→ (C^{n−1} × C, 0) such that T F = O^{n−1}_x × O_x. Then, for any holomorphic map-germ

Φ : (C × C^k × C^n, 0) −→ (C^{n−1} × C, 0)

such that Φ(0, .) = F , the k + 1 parameter deformation Φ of f is equivalent to a deformation induced from F .

Proof.

We fix coordinate-systems x = (x_1, . . . , x_n) in C^n, λ = (λ_1, . . . , λ_k) in C^k, τ in C and a coordinate-system in C^{n−1} × C.

In the sequel, for simplicity we write O^n_z instead of O^{n−1}_z × O_z for z = x or z = (τ, λ, x).

Denote by e the identity element of the group G ⊕ T where T ≈ C^n denotes the group of translation in C^n.

We search for a holomorphic map-germ γ : (C × C^k, 0) −→ (G ⊕ T, e) and a holomorphic map-germ h : (C × C^k, 0) −→ (C^k, 0) such that:

(69) Φ = h^∗(γ.F ),

We shall use the notations γ_τ = γ(τ, .) and h_τ = h(τ, .). We have the equalities γ_0 = e, h_0 = Id.

Consequently there exists holomorphic map-germs γ̃ : (C × C^k, 0) −→ (G ⊕ T, e), h̃ : (C × Ck, 0) −→ (Ck, 0),

such that the following equalities hold identically

γ̃(τ, λ)γ(τ, λ) = e, h̃(τ, λ)h(τ, λ) = λ.

The maps γ̃(τ, .) and h̃(τ, .) will be denoted by γ^{−1}_τ and by h^{−1}_τ . Equation 69 is equivalent to the equation

(70) (h^{−1}_τ )^∗(γ^{−1}_τ .Φ) = F.

The map Φ has n components. So, equation 70 is in fact a system of n equations. They can be written in a more explicit form but this is unnecessary. Before differentiating with respect to τ equation 70, we fix some notations: - m_τ .Φ = γ_τ .^d_{dτ} (γ^{−1}_τ .Φ), - w_τ .Φ = h^∗_τ^d_{dτ} ((h^{−1}_τ )^∗Φ). We have m_τ = (

�_n j=1 a_j ∂_{xj} , α_τ ) and α_τ ∈ O^{n−1}_x × O_x, the a_j’s being holomorphic map-germs belonging to O_{τ,λ}.

We differentiate with respect to τ equation 70 and multiply the result on the left by h^∗_τ and then by γ_τ .

We get the so-called homological equation:

(71) Φ_n × α_τ + v_τ .Φ + ∂_τ Φ = 0.

with Φ = (Φ_1, . . . , Φ_n).

The vector fields v_τ , w_τ , t_τ vanish at the origin. Consequently, the ordinary theorem on non-autonomous differential equation implies that it is sufficient to find the maps v_τ , w_τ , t_τ in order to find γ, h.

We interpret equation 71 as follows.

Consider the C-vector subspace of O^n_{τ,λ,x} which is the sum of the following modules:

- the O_{τ,λ,x}-module consisting of all maps of the form Φ_n × α_τ + v_τ .Φ where (v_τ , α_τ ) is the value at τ of an arbitrary holomorphic map-germ m = (v, α) : (C × C^k, 0) −→ g, - the O_{τ,λ}-module generated by the ∂_{λi} Φ’s.

Main assertion:” the C-vector space described above is equal to O^n_{τ,λ,x} provided that the equality T F = O^{n−1}_{τ,λ,x} × O_{τ,λ,x}”.

Then equation (71) can be solved provided that this main assertion is proved. To this aim, we use the Weierstrass-Malgrange-Mather ([Mar] chapter X) theorem.

Theorem B.1. Let M be an O_{z,x}-module of finite type. Let N ⊂ M be an O_z module of finite type. Denote by M_z the maximal ideal of O_z. Let π : M −→ M/(M_z M) be the standard projection. Then N = M provided that π(M) = π(N).

Denote by e^k ∈ C^n the vector whose coordinates are all zero except the k^{th} coordinate which is equal to 1. Consider the following modules:

- M = O^n_{τ,λ,x}/I where I is the O_{τ,λ,x}-module generated by the ∂_{xk} Φ’s and by the e^kΦ_n’s, - N is the O_{τ,λ}-submodule of M generated by the images of the ∂_{λi} Φ’s under the canonical projection O^n_{τ,λ,x} −→ M.

The main assertion is equivalent to the equality M = N. We prove that this equality holds by applying the Weierstrass-Malgrange- Mather theorem with z = (τ, λ).

The map π can be identified with the map sending a map-germ of O^n_{τ,λ,x} to its restriction to λ = 0, τ = 0 in O_x. Consequently, we get the natural identifications:

- π(M) = O^n_x /(T f ⊕ V ) where T f is the G-tangent space to f and V is the C-vector space generated by the ∂_{xk} f’s , - π(N) is the C-vector space generated by the images under the canonical projection O_x −→ O_x/(T f⊕V ) of the restrictions to λ = 0 of ∂_{λ1} F, . . . , ∂_{λk} F .

With these identification, the equality π(N) = π(M) is equivalent to the equality T F = O^{n−1}_x × O_x. This equality holds and the main assertion is proved. This concludes the proof of the proposition.

The rest of the proof of the G-versal deformation theorem is straightforward. Let G : (C^s × C^{n+1}, 0) −→ (C, 0) be a s-parameter deformation of f satisfying the condition T G = O^n_x .

Let G̃ : (C^{s′} × C^n × C^k, 0) −→ (C, 0) be an arbitrary s^′-parameter deformation of f.

Fix coordinates λ = (λ_1, . . . , λ_s) in C^s, μ = (μ_1, . . . , μ_s′ ) in C^{s′} . Define the sum G ⊕ G̃ : (C^s × C^{s′} × C^n × C^k, 0) −→ (C, 0) of the deformations G and G̃ by:

G ⊕ G̃(λ, μ, x) = G(λ, x) + G̃(μ, x) − f(x).

The restriction of G ⊕ G̃ to λ = 0 is equal to G̃. Hence, G̃ is induced from a deformation equivalent to G provided that G̃ ⊕ G is induced from a deformation equivalent to G.

Lemma B.5. The deformation G ⊕ G̃ is induced from a deformation equivalent to G.

Proof.

For i ≤ s^′, denote by A_i the restriction of G ⊕ G̃ to the vector subspace μ_1, . . . , μ_i = 0.

We apply proposition B.1 with Φ = A_{s+s}′_{−1}, F = G. We get that A_{s+s}′_{−1} is induced from a deformation equivalent to G. In particular T A_{s+s}′_{−1} = O^n_x . Next, we apply proposition B.1 with Φ = A_{s+s}′_{−2} and F = A_{s+s}′_{−1}. We get that A_{s+s}′_{−2} is induced from a deformation equivalent to A_{s+s}′_{−1}. Hence A_{s+s}′_{−2} is induced from a deformation equivalent to G. By induction we get that G ⊕ G̃ is induced from a deformation equivalent to G. This lemma concludes the proof of the G-versal deformation theorem.

218 B. FINITE DETERMINACY AND VERSAL DEFORMATION THEOREMS.

APPENDIX C

Other results concerning P T -monodromy groups

1. Statement of the results

We fix some notations.

Take a linear coordinate system X, Y, Z in the vector space C^3. Identify CP^2 with the set of lines of C^3 passing through the origin. We denote by [X : Y : Z] the line passing through the point of coordinate (X, Y, Z). The set of lines for which Z ≠ 0 can be identified with the affine plane C^2, we shall use the notations x =^X_Z , y =^Y_Z for the corresponding affine coordinate system.

To a homogeneous polynomial P in three variables, we associate the curve V [P ] ⊂ CP^2 defined by

V [P ] = {[X : Y : Z] : P (X, Y, Z) = 0} .

Let B be the topological space of homogeneous polynomials P of degree 4 such that the curve V [P ] is smooth and does not have degenerate inflection points.

Applying Bézout’s theorem to the curve V [P ] and to its Hessian we get that for P ∈ B, the number of inflection points of V [P ] is 24. Denote by ξ : E −→ B the topological covering whose fibre at the point P ∈ B is the set formed by the 24 inflection points of V [P ]. Fix a polynomial P_0 ∈ B, the fundamental group π_1(B, P_0) acts on the fibre ξ^{−1}(P_0) by monodromy. Consequently, we get a group homomorphism:

ρ_ξ : π_1(B, P_0) −→ S_{24}.

The image of the homomorphism ρ_ξ defines an abstract group G called the monodromy group of the covering ξ : E −→ B. This is a basic notion of topology.

Theorem C.1. The monodromy group of the covering ξ : E −→ B is the full permutation group S_{24}.

1.1. Scheme of the proof. This theorem is proved in three steps. The three steps of the proof of theorem C.1 are summarized by the following three lemmas.

Put F (λ, x, y) = λ_1x^2y + λ_2x^3 + λ_3x^2 + λ_4.

Lemma C.1. The P T -monodromy group of the family of (affine) curves (V_λ) defined by

V_λ = � (x, y) ∈ C^2 : 1 2 y^2 + 1 4 x^4 + F (λ, x, y) = 0 �

is equal to S_{12}.

Lemma C.2. ?? The P T -monodromy group of the family of (affine) curves (W_{λ,α}) defined by

W_ε = � (x, y) ∈ C^2 : 1 2 (y − x)^2 − 1 5 x^3y − ε = 0 �

contains a subgroup isomorphic to Z_5 which permutes cyclically 15 of the inflection points.

Put P (λ, X, Z) = λ_1X^3Z + λ_3X^2Z^2 + λ_4Z^4.

Lemma C.3. The P T -monodromy group of the family of (projective) curves (S_λ) defined by

S_{λ,μ} = � [X : Y : Z] ∈ CP^2 : Y^2Z^2 + X^4 + X^2Y Z + P (λ, X, Z) + P (μ, X, Y ) = 0 � contains a subgroup equal to S_{12} × S_{12}.

Before proving each of the lemmas, we make some straightforward remarks. The only subgroup of S_15 wich contains a cyclic permutation of order 5 permuting ciclically 15 points and a subgroup isomorphic to S_{12} is S_{15}. Consequently, the first two lemmas imply that the monodromy group of ξ : E −→ B contains a subgroup isomorphic to S_{15}.

The only subgroup of S_{24} containing both a subgroup isomomorphic to S_{12} × S_{12} and a subgroup isomorphic to S_{15} is S_{24}. Consequently, the three lemma imply theorem C.1.

Next, remark that lemma C.3 is a corollary of lemma C.1. Indeed denote by Σ the Plücker discriminant of the family S_{λ,μ}. For (λ, μ) /∈ Σ the curve S_{λ,μ} has 24 inflection point. Take λ and μ small enough.

When λ −→ 0, there are 12 inflection point that vanish at the point [0 : 0 : 1] (theorem ?? ??. Similarly, when μ −→ 0, there are 12 other inflection point that vanish at [0 : 1 : 0]. If we restrict the family (S_{λ,μ} to μ = 0 and consider the curve S_{λ,0} \ (S_{λ,O} ∩ {Z = 0}) we get the family V_λ. Thus lemma C.1 implies that the P T -monodromy group of S_{λ,μ} contains all the permutation on the 12 inflection points that vanish at [0 : 0 : 1]. In a similar way, we get that the P T -monodromy group of S_{λ,μ} contains all the permutation on the 12 inflection points that vanish at [0 : 1 : 0]. Thus lemma C.3 is a consequence of lemma C.1.

Consequently it remains to prove lemma C.1 and lemma ??.

1.2. Proof of lemma ??. The proof of the lemma is done by a direct computation.

Let f be the polynomial defined by

f(x, y) = 1 2 (y − x^2)^2 − 1 5 x^3y.

The curves W_ε are the level-curves f = ε of f.

The function f has an A_4 critical point at the origin. This means that there exists neighbourhoods U and V of the origin and a biholomorphic map φ : U −→ V such that:

f ∘ φ^{−1}(x, y) = 1 2 y^2 − 1 5 x^5.

By direct computations, we get that the Taylor expansion of φ at the origin is given by:

φ(x, y) = (x + . . . , y − x^2 + . . . ).

We explain the meaning of the dots.

In the space O_{x,y} of holomorphic function-germ, we introduce a quasihomogeneous filtration by fixing the weight of x to be equal to 2 and the weight of y to be equal to 5. the dots stand for higher order terms in this quasi-homogeneous filtration.

We compute the generalized Wronskian of φ with respect to H(x, y) = 1 2 y^2 −^1_5 x^5 (see page ??).

With the notations of section ??, we get that

D[φ] = −[x, x^2] + [x, y] + . . .

where the dots denote higher order terms in the quasi-homogeneous filtration defined above.

We have the equalities

[x, x^2] = | y −2xy −x^4 −2y^2 + x^5 | and [x, y] = | y −x^4 −x^4 −4xy^3 | .

Consequently, the Taylor expansion at the origin of D[φ] is given by

D[φ] = y^3 + x^3y^2 + x^8 + . . .

where the dots denote higher order terms i the quasi-homogeneous filtration. The zero level-set of D[φ] has two branches at the origin are parameterized by two convergent power series � t → (t, t^3 + . . . ) t → (t^2, t^5 + . . . ) where the dots denote higher order terms.

Substituting these series in H we get that the parameters corresponding to the inflection points satisfy the equations � t^5 + · · · = ε t^{10} + · · · = ε

Consequently, when ε make a small turn around the origin the 5 points corresponding to the first equation are cyclically permuted while the 10 points corresponding to the second equation are also‘ cyclically permuted. This proves lemma ??.

1.3. Proof of lemma C.1. Define the polynomial f by

f(x, y) = 1 2 y^2 + 1 4 x^4 − 1 2 x^2.

The germ of f at the origin has a critical point belonging to the P-singularity class PA^{1,1}_1 .

Consider the two-parameter deformation F : (C^2 × C^2, 0) −→ (C, 0) defined by the formula F (λ, x, y) = f + λ_1x^2y + λ_2x^3.

Lemma C.4. The deformation F is a P-versal deformation of f.

THe proof of this lemma is analoguous to the proof given at page ??f theorem ??. Consequently, theorem ?? implies that:

1) there are the eight inflection points of f_ε that vanish at the origin when ε −→ 0, 2) the vanishing inflection points are given by two formal power series of the type � x_i(ε) = a_iε^{1/4} + o(ε^{1/4}) y_i(ε) = b_iε^{1/4} + o(ε^{1/4}) 3) the P T -monodromy group of any representative of F contains all the permutation on the 4 points that vanish along the same branch (y = x or y = −x).

The first two facts can easily be proved by explicit computations. For our computations it is needed to number these eight points. We chose this numbering as follows. For ε ∈ R and ε > 0, p_1(ε), . . . , p_4(ε) denote the points vanishing along the branch y = x and p_1(ε), . . . , p_4(ε) denote the points vanishing along the branch y = −x.

The x-coordinate of the points p_1 and p_5 are real positive. The point p_{k+1} is the image of p_k when ε makes a turn couter-clockwise around the origin. In first approximation p_{k+1} is obtain from p_k by multiplying it by i = √ −1. To avoid complicated notations the point p_k(ε) will be denoted by the letter k, omiting the dependence on ε.

In figure ??, we depicted the projections of the inflection points of V_ε on the x-line and on the y-line (the lines are complex lines hence two dimensional).

The notation (k, l) on this figure means that the point k and the point l are projected to the corresponding marked point on the line. As we pointed out before the P T -monodromy group of W_λ contains all the permutations on 1, 2, 3, 4 and all the permutations on 5, 6, 7, 8. The following assertions are straightforward 1) for any value of ε the curve f_ε has no degenerate inflection point, 2) the curve V_ε is singular only for the values ε = 0 and ε = −^1_4 , 3) the germs of f at the points x = 1 and x = −1 belong to the P-singularity class PA_1.

We now search the inflection points that vansih at x = ±1 when ε −→ −^1_4 . Once these points are known the monodromy is given by theorem ?? at ??. Let ε be a small real strictly positive number.

The curve V_ε has 12 inflection points. We have chosen the numbering of 8 of the points. To number the other 4 points, we first need the following lemma.

Lemma C.5. The 4 inflection point that do not vanish at the origin when ε −→ 0 have real and opposite x-coordinates and pure imaginary conjuguate y-coordinates (provided that ε be a small real strictly positive number).

Proof.

The implicit function theorem implies that it suffices to prove the lemma for the curve V_0.

SI ON POUVAIT EVITER LES CALCULS.. So we fix the numbering as indicated by figure ??.

In the space of the parameter ε, we chose the path as indicated by figure ??, where A, B are choosen sufficiently close to the origin so that theorem ?? giving the normal form of the P T -covering in a small neighbourhood of the origin can be applied to a neihgbourhood containing A and B. Consequently, theorem ?? implies that at the point B the points are located as indicated by figure ??.

By location, we take care of the quadrant(s) to which the point belongs (if it is real or pure imaginary it belongs to 2 quadrants).

The fundamental assertions of this subsection are the two lemma that follow.

Lemma C.6. When ε goes from B to C, the x-labels of the inflection points stay in the same quadrants.

Proof.

The projection of f_e on the x-line namely

f_ε −→ C (x, y) −→ y

is a ramified covering of degree 2.

Since the equations of the inflection are with real coefficients if x is the xlabel of an inflection point then its complex conjuguate x̄ is the x-label of the conjuguate inflection point.

The equality f(x, y) = f(−x, y) implies that if x is the x-label of an inflection point then −x is also the x-label of an inflection point.

Assume that for some value ε_0, the labels (x_k, y_k) are such that the value x_k(ε) converges to a point of the real axis in the x-line when ε −→ ε_0. Then, the same thing occurs for the conjuguate labels (x̄_k, ȳ_k). Since, the curve f_ε is invariant under the involution (x, y) −→ (−x, y), the same thing occur for the inflection points (x_k, −y_k) and (x̄_k, −ȳ_k). The projection p of f_e on the x-line namely p : f_{ε0} −→ C (x, y) −→ y

is a ramified covering of degree 2. Consequently the four points ±x_k(ε_0), ±x̄_k(ε_0) cannot correspond to four distinct inflection points under p. Consequently the curve f_{ε0} has a degenerate inflection point. This contradict assertion 2) stated above.

Lemma C.7. When ε goes from B to C, the y-labels of the inflection points stay in the same quadrants.

Proof.

Put w = y^2, z = x^2. In the variables w, z the system of equations (??) whose solutions are the inflection points of f_ε becomes { Write w = w_1 + iw_2, z = z_1 + iz_2 with w_1, w_2, z_1, z_2 ∈ R. Then, direct computations show that if there exists a solution (w, z) of the system of equation (??) such that w_2 = 0 then either z_2 = 0 or w = 0. The solution z_2 = 0 is forbidden otherwise we would have a solution of the system (?? with z ∈ R. Such a solution corresponds to a solution of the system of equations (??) with either x ∈ R or ix ∈ R. This would contradict lemma ??. Lemma C.7 is proved.

With the help of the two preceeding lemmas, we can compute what are the numbers of the 6 inflection points vanishing at (x, y) = (1, 0) and the 6 inflection points vanishing at (x, y) = (−1, 0) when ε −→ −^1_4 . The two lemmas give also the branches along wich the inflection point vanish. If three inflection points numbered j, k, l vanish for ε −→ −^1_4 are such that the x-coordinate of j is real, the imaginary part of the x-coordinate of k is positive and the imaginary part of the x-coordinate of l is negative, we say that the triangle denoted T (j, k, l) vanish at the given point. As a corollary of the two preceeding lemma, we get the following lemma.

Lemma C.8. The 6 inflection points vanishing at (1, 0) form two triangles T (9, 5, 4) and T (10, 1, 8). The 6 inflection points vanishing at (−1, 0) form two triangles T (12, 7, 2) and T (11, 3, 6).

Using theorem ?? of page ??, we get that the P T -monodromy group of F contains the cyclic permutations:

c_1 = (9, 5, 4)(10, 1, 8) and c_2 = (12, 7, 2)(11, 3, 6). The following lemma concludes the roof of proposition ??.

Lemma C.9. The subgroup of S_{12} containing c_1, c_2 anbd the subgroup of all permutations on {1, 2, . . . , 8} is equal to S_{12}.

Proof.

The proof is elementary. Indeed, denote by G the subgroup of S_{12} containing c_1, c_2 anbd the subgroup of all permutations on {1, 2, . . . , 8}. Then G contains the transpositions:

c_2(5, 8)c^{−1}_2 = (9, 8), c^{−1}_2 (9, 8)c_2 = (5, 10).

Thus G contains all the permutations on {1, 2, . . . , 10}. Next, G contains the transpositions: c_1(3, 1)c^{−1}_1 = (1, 11), c_1(7, 1)c^{−1}_1 = (1, 12)

and consequently is equal to S_{12}. Lemma is proved.

This lemma concludes the proof of proposition C.1 part 1.

APPENDIX D

A guide for the reader.

1. Notations that are commonly used (I).

Unless, we mention explicitly the contrary, the following notations are used from chapter 1 to chapter 6.

∘ is the composition law between maps, functions. × the multiplication between maps germs or a map with a matrix. Rules of priority are: first the composition laws, second the multiplications and the additions:

α × f ∘ φ + g = (α × (f ∘ φ)) + g.

C^k the affine space, the vector space or the analytic variety depending on the context.

C^∗ the multiplicative group C \ {0}.

O_x the ring of holomorphic function germs of the type f : (C^n, 0) −→ C. O^∗_x the multiplicative group of holomorphic function germs of the type f : (C^n, 0) −→ C with f(0) ≠ 0.

O^k_x the ring of holomorphic map-germs of the type f : (C^n, 0) −→ C^k. M_x the maximal ideal of O_x consisting of function-germs vanishing at the origin.

M^k_x the k^{th} power of M_x.

O_{x,y} the ring of holomorphic function germs of the type f : (C^2, 0) −→ C. O^∗_{x,y} the multiplicative group of holomorphic function germs of the type f : (C^2, 0) −→ C with f(0) ≠ 0. M_{x,y} the maximal ideal of O_{x,y}. M^k_{x,y} the k^{th} power of M_{x,y}.

M the maximal ideal of O_x or of O_{x,y}.

F_d the vector space of elements of O_x of order d for a given quasi-homogeneous filtration.

G_d the vector subspace of O_x generated by the monomials of weight d for a given quasi-homogeneous filtration.

GL(n, O_x) the group of invertible n × n matrix with coefficients in O_x. GL(n, O_{x,y}) the group of invertible n × n matrix with coefficients in O_{x,y}. Diff(n) the group of biholomorphic map germs from C^n to itself, preserving the origin.

diff(n) the space of germs of holomorphic vector-fields that vanish at the origin.

2. NOTATIONS WHICH ARE COMMONLY USED (II). 227

G the G-equivalence group. H the H-equivalence group. K the V -equivalence group.

γ.f the image of a map germ f under the action of γ ∈ G. m.f the image of a map germ f under the action of m ∈ g. v.f the Lie derivative of a map germ f along a vector field v. μ_G the G-Minor number. μ the usual Milnor number.

T F the G-tangent space to a deformation F . T f the G-tangent space to a holomorphic map-germ.

N(f) the number of vanishing flattening points of a complete intersection map-germ.

N[X] the generic number of vanishing flattening points for a given singularity class X.

J^k_0 (M, N) space of jets of order k at the origin of (holomorphic or C^∞ depending on the context) function-germs f : M −→ N.

j^k_0 f jet of order k at the origin of a (holomorphic or C^∞ depending on the context) function-germs f : M −→ N.

J^k(M, N) space of jets of order k of (holomorphic or C^∞ depending on the context) function-germs f : M −→ N.

j^kf jet of order k a (holomorphic or C^∞ depending on the context) functiongerms f : M −→ N.

D[φ] the generalized Wronskian. Δ_f the generalized Hessian. F_n the flattening space.

π[p], π[p, q] the PA^p_1 and the PA^{p,q}_1 Lyaschko-Loojenga mapping. Br(k) the braid group with k elements.

B(X, p) the configuration of p elements in a topological space X. B(X, p, q) the configuration of p white elements and q black elements in a topological space X.

~H_k(X) the reduced homology group with coefficients in Z of the topological space X.

2. Notations which are commonly used (II).

Unless, we mention explicitly the contrary, the following notations are used in chapter 7 (we do not repeat the notations which are common with the other chapters).

R^{n+1} either the Euclidean space, the affine space or the C^∞ manifold depending on the context.

RP^n the n-dimensional real projective space.

J^k(R^n, R) the space of k-jets of C^∞ functions from R^n to R. L^∨ the Legendre dual manifold to a Legendre manifold L ⊂ J^1(R^n, R). V^∨ the Legendre dual wave front to a given wave front V ⊂ J^0(R^n, R).

M^∨ the dual variety to a variety M ⊂ RP^n.

E_t the ring of C^∞ function-germs of the type f : (R^k, 0) −→ R. E_q the ring of C^∞ function-germs of the type f : (R^{n+1}, 0) −→ R. E_{q,t} the ring of C^∞ function-germs of the type f : (R^{n+1} × R^k, 0) −→ R. M_t the maximal ideal of E_t. M_q the maximal ideal of E_q. M_{q,t} the maximal ideal of E_{q,t}.

M̄_{q,t} the E_q-submodule of E_{q,t} of function-germs that vanish for q = 0. F_d the vector space of elements of E_{q,t} of order d for a given quasi-homogeneous filtration.

G_d the vector subspace of E_{q,t} generated by the monomials of order d for a given quasi-homogeneous filtration.

3. A quick survey of the thesis.

In chapter 1, we discuss a fundamental example (Plücker theorem) from an informal standpoint.

In chapter 2, we state the results that we have obtained concerning the classical theory of vanishing flattening points of curves.

After giving the basic definitions in section 1, we generalize Plücker’s theorem in section 2.

In section 3, we define the Plücker discriminant which plays the role of the bifurcation diagram of families of curves with respect to the flattening points. We give most of the generic Plücker discriminant arising in 2 and 3 parameters families of curves.

The results of section 3 are mainly a motivation for the theory developed in section 4.

In section 4, an equivalence relation between function-germs of the type

f : (K^2, 0) −→ (K, 0)

is introduced. Here K = R or C and the germs that we consider are holomorphic if K = C and C^∞ if K = R. The notation K^2 stands for the affine plane. The equivalence relation, called P-equivalence, preserves the inflection points of the level curves of f.

A notion of modality, called P-modality, analogous to the usual modality notion of singularity theory is introduced. The P-simple elements are those for which the P-modality is equal to zero. The classification of P-simple function-germs is given.

In section 5, we introduce the notion of P-versal deformations and compute the P-versal deformations of almost all the P-simple function-germs. Most of the results of section 3 follow from the P-versal deformation theorem stated in subsection 5.3.

In section 6, we generalize the P-equivalence relation for curves in higher dimensional spaces. Under some assumptions, a lower bound for the Pmodality is given for curves in C^n for n > 2. In particular, the list of the

3. A QUICK SURVEY OF THE THESIS. 229

P-simple function-germs contains all the P-simple elements in all dimensions.

In section 7, we define the discrete invariants related to the extrinsic projective structure. We compute most of these invariants for the P-simple function-germs. The section ends with the statement of a K(π, 1) theorem for the P-simple singularities.

In chapter 3, we generalize the classical notion of bordered Hessian of plane curves to one-dimensional complete intersections.

This allows us to generalize the classical Plücker theorem to local onedimensional complete intersection. We also give a splitting of the formula and show the relation with Teissier polar invariants.

We could have given a more general proof avoiding the hypothesis that the curves are local one-dimensional complete intersection. We did not make this choice because only the elementary proof shows the relation with polar invariants.

Chapter 4 repeats the notions introduced in chapter 2 section 4 and section 5 with more details and in a slightly more general context. In section 1 and section 2, we give detailed accounts on G-equivalence and on P-equivalence.

In section 3, by means of examples, we show how to use the methods developed in the preceding two sections.

Once the theory is settled, the proofs the theorems of chapter 2 are straightforward. The details are given in appendix A.

In chapter 5, we compute the fundamental group of the complement of the P-discriminant of the P-simple singularities and prove the K(π, 1) theorem stated in chapter 2, subsection 7.6.

To do this, we introduce a variant of the Lyaschko-Loojenga mapping.

In chapter 6, we prove the theorem on the P-modality stated in chapter 2 section 6. To do this, we investigate the multi-valued functions giving the coordinates of the flattening points of families of curves.

In section 1, an equivalence relation, called H-equivalence, between these multi-valued functions is introduced. By these means, we get the lower bound for the P-modality in section 2.

In the second part of this thesis, we study the Legendrian counterpart of the classical theory. This leads us to new problems in the theory of wave front propagation.

In chapter 7 we give the results that we have obtained concerning this relationship. The most simple corollary of the methods developed in the sequel is the stability of a certain bifurcation diagram, called the folded umbrella, arising in the study of parabolic curves on surfaces (section 1, theorem 7.1).

In section 2 and section 3, we recall the theory of singularities of wave fronts developed by Arnold and Zakalyukin in the seventies’. In section 4, we discuss the geometric aspects of this theory. In section 5, we give the start of a classification of non-generic wave-fronts. In section 6, a versal deformation theory of non-generic wave fronts is introduced called L-versal deformation theory.

We state a L-versal deformation theorem and compute the L-versal deformations of the start of the classification that we gave previously. In chapter 8, we prove the theorems stated in chapter 7. In section 1, we adapt the classical tools of quasi-homogeneous filtrations and normal form theory to the case of germs of generating families of Legendre manifolds.

In section 2 we prove the theorems stated in sections 5 and section 6. In section 3, we prove the theorems for the reduction to normal forms of section 1 and the L versal deformation theorem.

In appendix A, using the theory developed in chapter 4, we give the details of the computations that are needed in order to prove the theorems of chapter 2 giving the P-normal forms and P-versal deformation theorem for the P-singularity class PA^{p,q}_1 .

In appendix B, we prove the finite determinacy and the versal deformation theorem for G-equivalence.

3. A QUICK SURVEY OF THE THESIS. 231

Bibliography

[AVG] Arnold, V.I., Varchenko, A.N., Goussein-Zade, S.: Singularity of differentiable mapping, Vol. I, Nauka:Moscow (1982). English transl.: Birkhauser, 382p., Basel(1986).

[AVGL1] Arnold V.I., Vassiliev V.A., Goryunov V.V., Lyashko O.V.: Singularity Theory I, Dynamical Systems VI, VINITI, Moscow (1988). English transl.:Springer- Verlag,245p., (1993) .

[AVGL2] Arnold V.I., Vassiliev V.A., Goryunov V.V., Lyashko O.V.: Singularity Theory II, Dynamical Systems VIII, VINITI, Moscow (1989) English transl.:Springer-Verlag, 235p., (1993).

[Arn1] Arnold, V.I.: On a characteristic class entering into conditions of quantization, Functional Analysis and its application 1:1, 1-13, (1967).

[Arn2] Arnold, V.I.: Normal forms for functions near degenerate critical points, the Weyl groups A_k, D_k, E_k and Lagrangian singularities. Functional Analysis and its application 6:4, 254-272, (1972).

[Arn3] Arnold, V.I.: Mathematical methods of classical mechanics, Nauka (1974). English translation: Springer, 462p., (1978).

[Arn4] Critical points of functions and classification of caustics (in Russian), Uspekhi Math. Nauk, 29:3, 243-244 (1974).

[Arn5] Arnold V.I.: Wave front evolution and equivariant Morse lemma. Commun. Pure Appl. Math. 29, n.6, 557-582, (1976).

[Arn6] Arnold, V.I.: Catastrophe theory, Springer-Verlag, (1984) third edition, 108p., (1991).

[Arn7] Arnold V.I. , Vanishing inflexions, Functional analysis and its applications, 18:2, pp. 51-52 (1984).

[Arn8] Arnold, V.I.: Singularities of caustics and wave fronts. Kluwer Academic Publishers, 259p., 1990.

[Arn9] Arnold, V.I.: On the number of flattening points of space curves, Sinai’s Moscow Seminar on Dynamical systems, AMS translation Series, Vol. 171, AMS, Providence 1996, pp. 11-22.

[Arn10] Arnold, V.I.: Projective topology, Quantum 1995. [Arn11] Arnold, V.I.: Arnold’s problems (In Russian), 454 p., Phasis (2000). [BGM] Banchoff T., Gaffney T., McCrory C.: Cusps of Gauss mappings. Research Notes in Mathematics, 55. Pitman (Advanced Publishing Program), Boston, Mass. -London, (1982).

[Ba] Barishnikov Y.: Real vanishing inflections and boundary singularities. Advances in Soviet Mathematics, vol. 1, 129-136, A.M.S., 1990.

[Bas] Bassein : On smoothable curve singularities: local methods, Math. Annalen 230, 273-277 (1977).

[BrKn] Brieskorn E., Knörrer: Plane algebraic curves, Verlag, 711p., Basel (1986). [Br2] Brieskorn E.: Sur les groupes de tresses (d’après Arnold). Séminaire Bourbaki, exp.

401 (1971/72), 22-44. Lecture Notes in Mathematics, 317, Springer, Berlin (1973). [Br3] Brieskorn E.: Die Monodromie der isolierten Singularitäten von Hyperflächen, Manuscr. Math. 2, 103-161 (1970).

[BGT] Bruce J. W., Giblin P. J., Tari F.: Families of surfaces: height functions and projections to planes. Math. Scand. 82, no. 2, 165-185 (1998).

[BuGr] Buchweitz R.O., Greuel G.M.: The Milnor number and deformations of complex curve singularities, Invent. Math. 58 (1980), 241-281.

[Clebsch] Clebsch A., Ueber die Andwendung der Abelschen Funktionen in der Geometrie, Journal fuer Reine und Angewandte Mathematik, Vol.63, 1863-1864.

[Da] Damon, J.: The unfolding and determinacy theorems for subgroups of A and K.

Singularities, pp. 233-254, Proc. Symp. Pure Math. Soc. 40: Providence (1983). [EH1] Eisenbud D. and Harris J.: Divisors on general curves and cuspidal rational curves.

Invent. Math. 7A (1983), 371-418.

[EH2] Eisenbud D. and Harris J.: Limit linear series: basic theory, Invent. Math. 85 (1986), 337-371.

[EH3] Eisenbud D. and Harris J.: When ramifications points meet, Invent. Math. 87 (1987), 485-493.

[EC] Enriques F., Chisini O.: Courbes et fonctions algébriques d’une variable complexe.

Gauthiers-Villars (1926).

[Gal1] Galois E.: Sur les conditions de résolubilité des équations par radicaux (1831) in Oeuvres Mathématiques publiés en 1846 dans le Journal de Liouville. Ed. Gabay (1989).

[Gal2] Galois E.: Lettre à M. Auguste Chevalier in Oeuvres Mathématiques publiés en 1846 dans le Journal de Liouville. Ed. Gabay (1989).

[Ga] Garay M.: Vanishing flattening points and generalized Plücker formula, Comptes Rendus à l’Académie des Sciences, t.323, Série I, p.901-906,(1996).

[Giu] Giusti M. Classification des singularités isolées d’intersections complètes simples (1977), Comptes Rendus à l’Académie des Sciences, t.284, p.167-170,1996.

[Giu] Giusti M. Classification des singularités isolées simples d’intersections complètes, Singularities, Proc. Symp. Pure Math. 40, Part I, 457-494 (1983).

[Go] Goryunov V.V.: Vector fields and functions on discriminants of complete intersections and bifurcation diagrams of projections, Functional Analysis and its Applications 15, 77-82, (1981).

[Gre] Greuel G.M.: Dualität in der lokalen Kohomologie isolierter Singularitäten. Math.

Ann. 250, 157-173, (1980).

[GrHa] P. Griffiths, J. Harris: Principles of algebraic geometry, Ed. Wiley interscience, (1978).

[Gud] Gudkov D.A.: topology of real projective algebraic varieties Usp. Math. Nauk, 29:4, 3-79 (1974).

[HL] Hamm, H., Le Dung Trang: Un théorème de Zariski du type Lefschetz, Ann. Sci.

Ecole Norm. Sup. 6 (1973), 317-366.

[Hamm] Hamm H.: Lokale topologische Eigenschaften komplexer Raüme. Math. Ann.

191, n.3, 235-252. variety [Jor] Jordan C.: Traité des substitutions algébriques. Gauthiers-Villards (1870, reprint 1957).

[Ka1] Kazarian M.E.: Singularities of the boundary of fundamental systems, flattenings of projective curves, and Schubert cells. Itogi Nauki Tekh., Ser. Sovrem. Probl. Mat., Novejshie dostizh. 33, 215-234 (1988) [English translation: J. Soviet Math. 52, 3338- 3349 (1990)] [Ka2] Kazarian M.E.: Flattening of projective curves, singularities of Schubert stratifications of grassman and flag varieties, and bifurcations of Weierstrass points of algebraic curves. Usp. Mat. Nauk 46, num. 5, 79-119 (1991) [English translation: Russ. Math. Surveys 46, num. 5,, 91-136 (1992)] [Ka3] Kazarian M.E.: Bifurcations of flattenings and Schubert cells, Advances in Soviet Mathematics, vol. 1, 145-156, A.M.S., (1990).

[Ka4] Kazarian M.E.: Nonlinear version of Arnold’s theorem on flattening points.

Comptes Rendus à l’Académie des Sciences, t.323, Série I, p.63-68, 1996. [Klein1] Development of Mathematics in the XIX^{th} century in Lie Groups history, frontiers and applications vol. IX, 630p., Math. Sci. Press, Massachussets (1979).

[Klein2] Klein F.: Eine neue Relation zwischen den Singularitäten einer algebraischen Curve. Math. Annalen Vol. 10 (1876).

[Kl] Kleiman, S.L.: The enumerative theory of singularities. Real and complex singularities, pp.297-316. Sitjhoff and Noordhoff: Alphen aan den Rijn (1977).

[Loo] Loojenga E. The complement of the bifurcation variety of a simple singularity.

Invent. Math. 23 (1974), 105-116.

[Mas] Maslov: théorie des perturbations et méthodes asymptotiques, 384p., Gauthiers- Villards (1972).

[Mar] Martinet J. Singularities of smooth functions and maps. London Mathematical Society Lecture Notes Series, 58. Cambridge University Press, 1982.

[Math] Mather J.: Stability of C^∞ mappings. I-VI. Ann. Math. 87 (1968), 89 (1969), Pub.

Sci. I.H.E.S. 35 (1969), 37 (1970), Adv. in Math. 4 (1970), Lecture Notes in Math. 192 (1971).

[Mil] Minor J.: Singular points of complex hypersurfaces, 122p., Ann. Math. Studies. 61.

Princ. Univ. Press (1968).

[MoSt] Montaldi J., Van Straten D.: One forms on singular curves and the topology of real curves singularities, Topology 29:4, (1990), 501-510.

[New] Newton I.: La méthode des fluxions et des suites infinies (1740). Ed. Blanchard (1994).

[Poin] Poincaré H.: Sur les propriétés des fonctions définies par les équations aux différences partielles. Thèse, Paris, Gauthiers-Villars, (1879), 93.

[Poncelet] Poncelet, J.V.:Traité des propriétés projectives des figures, Vol I, 428p., Gauthier-Villars (1865), Vol II, 452p., Gauthier-Villars (1866).

[Pl] Plücker J.: System Der Analytischen Geometrie (1834) in : Gesammelte Wissenschatfliche Abhandlungen, Band 1: Vol. 2, Ed. B.G. Teubner, (1898).

[Salmon] Salmon, G.: Traité de géométrie analytique à trois dimensions, Vol I 336p., Vol II 295p., Gauthier-Villars (1882).

[Sch] Scherback O.P.: Projectively dual space curves and Legendre singularities. Trudy Tbilissi University, 232-233, Mat. Mek. Astron. 13/14, 280-336 (1982)[English Translation: Sel. Math. Sov. 5, 391-421 (1986)].

[Seg] Segre B.: the non-singular cubic surfaces, 180p., Oxford: Clarendon press (1942). [Sh] Shustin E.I.:Invariants of singular points of algebraic curves, Mat. Zametki. English translation: Math. Notes 34:6, 962-963 (1983).

[Tei1] Teissier B.: Résolution simultanée II (appendice). Lecture Notes 777 (1976). [Tei2] Teissier B.: Variétés polaires I, Invariants polaires des singularités d’hypersurfaces.

Inv. Math. 40, 267-292 (1977).

[Tei3] Teissier B.: Variétés polaires II, multiplicités polaires, sections planes et conditions de Whitney, Algebraic Geometry Proc. La Mábida. Lect. Notes in Math. n.961, 314- 495 (1981).

[To] Tougeron J.C.: Idéaux de fonctions différentiables Ann. Inst. Fourier 18;1 , 177-240, 1968.

[Tyu] Tyurina G.N.:Locally semi-universal plane deformations of isolated singularities in complex space Math. USSR, Izv. 32:3, 967-999, 1968.

[VK] Van Kampen, E.R., On the fundamental group of an algebraic curve, Amer. j. Math.

55 (1933), 255-260.

[Ve] Veronese G.: Behandlung der projectivischen Verhältnisse der Raüme von verschiedenen Dimensionen durch das Princip der Projicirens und Schneidens, 161-239,, Math. Annalen, Bd 19 (1882).

[Vi] Viro, O.: Some integral calculus based on the Euler characteristic, Lect. Notes in Math. 1346, 127-138. Springer (1988).

[Wh] Whitney H.: Tangents to an analytic variety, Ann. of Maths 81 (1964), 496-549. [Yang] Yang K.: Plücker Formula for the orthogonal group. Bull. Austral. Math. Soc. 40 (1989) n. 3.

[Zak1] Zakalyukin V.M.: Bifurcations of wave-fronts depending on one-parameter. Functionnal analysis and its application 10:2 pp. 139-140 (1976).

[Zak2] Zakalyukin V.M.: Flag contact singularities in Real and complex singularities, 134-146, chapman and Hall/CRC Res. Notes Math., 412 (2000) [Za] Zariski O., On the Poincaré group of rational plane curves, Amer. J. Math. 58 (1936), 1-14.

Index

(R − L)0-equivalence, 77 1-graph, 144 K(π, 1) space, 54 P T -covering, 49 V -equivalence, 33, 77, 150 V -equivalence group, 79 V -versality, 152 G-Milnor number, 83 G-equivalence, 33, 40, 77, 85 G-equivalence group, 79 G-tangent space, 41, 81, 85 G-versality, 40, 85 H-equivalence group, 127 L-discriminant, 158 L-equivalence, 161 L-tangent space, 159, 162 P-bifurcation diagram, 55 P-discriminant, 22, 25, 142 P-equivalence, 33, 44, 88, 89 P-modality, 35, 91 P-singularity class, 36, 38 P-versality, 41, 90 PA2, 36 PA^{p,q}_1 , 36

P T -braid group, 51 P T -covering, 51 P T -fundamental group, 49 P T -monodromy group, 49, 51

anomaly, 22 anomaly sequence, 14, 15, 153 asymptotic direction, 140

bordered Hessian, 31 braid group, 51 branches of a curve, 14

complete intersection map-germ, 16 configuration space, 51, 110 contact form, 144 contact hyperplane, 144 contactomorphism, 144

deformation, 40, 41, 84, 89, 151 degenerate flattening point, 15 degenerate inflection point, 22 degenerate special parabolic point, 142 distinguished basis, 103 dual surface, 141 dual variety, 65

elliptic points, 140 excellent generating-family, 159 excellent Young diagram, 159

flattening point, 15 flattening space Fn, 129 folded umbrella, 139

generalized Wronskian, 61 generating family, 147, 148

Hamilton vector field (generalized), 58 Hessian curve, 31 Hessian determinant, 57, 58 Hessian hypersurface, 57, 58 holomorphic curve, 14 hyperbolic points, 140

inflection point, 5, 22

Jacobian, 151, 193

label, 47, 119 Legendre duality, 145 Legendre equivalence, 148, 149, 151 Legendre manifold, 144 Legendre variety, 148 Legendrian codimension, 159 Legendrian deformation, 161 Legendrian special point, 153 Lyaschko-Loojenga mapping, 55, 107, 109

INDEX 237

Milnor number, 16 Morse function, 26 multiplicity, 68

number of vanishing flattening points, 19

order of a function-germ, 193 order of a vector field, 166

parabolic points, 140 parameterization of a curve, 14 parametric generating family, 160 Plücker formula, 20 Plücker function, 52 Plücker space, 33, 87, 89 Plückerization, 53 polar curve, 66 polar hypersurface, 69 Poncelet-Plücker formula, 67, 68 projective topological invariant, 48

quasi-homogeneous filtration, 166, 193 quasi-homogeneous function, 165, 193

reduced tangent space, 166

singular point, 14 smooth point, 14 special parabolic point, 141 stable, 137, 149 swallowtail, 141

tangent space to G, 80 Teissier numbers, 69 translation, 40, 150 triangular curve, 15 triangular map-germ, 13 Tyurina number, 151

vanishing cycle, 102 vanishing flattening point, 17

wave front, 145 Wronskian, 43, 138

Young diagram, 14, 153

Zariski generic, 104