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¦�x]c.df{Ûknt Ý�¨&|zx]cZ¦�hj|zh ~Ûe]cZdbx]w�m�cTx¬|zx ué{l|zÝqwrkÕx]|Zx&}Umzx]|zÝ.x ¦rxVk i�dr|T{Ûd�i.~Ûi�mohÕ{Û}*¦�y wr}
ué|T{Û}~mK¦=y {Û}�¦rx#�$!/Ý�ilhjcÃkÕx]c ¦rx]w)M[d�i�|TmohÕx]c�cz{l}umKczw�%.czilÝ�Ý.x]}~mKhj}r¦re&dfx&}r¦�il}~mzx]cKdb{Ûwr|
vuw�y hjk8}=y t¬i�hÕm§d�ilc§¦�y hj}~mz|z{ ¦rwrg&mzhj{Û}¬xÓm ¦�x g&{Û}rg&kjwrcThj{Û}Vg]{ÛÝ.Ýqwr}�x]c�!�Ý�ilhÕc°drkjw�m'&lm§wr}�x
hÕ}~mo|z{ ¦rwrgÓmohÕ{Û} x&mØwr}rx�g&{Û}rg]kÕwrczhÕ{Û}¬d�il|èd�i�|TmohÕx.r

�*� |zhjk8ÙlÚÛÚÛÚ�!jJ�|Thjg KA|Twr}rxÓm

� hjh
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Ü xÓmzmoxÆd�il|TmzhjxVx]cPm g]{Û}�coilg&|ze]x � kzy e&mzwr¦rx�¦rx\k i ��hnmox&czczxÆ¦�y w�}�ué|z{Û}~m�¦�y {l}r¦rx�cTx

d�|z{Ûd�i�~Ûx�il}~mN¦�il}rcNwr}�Ý.hjkÕhjx]wZhÕ}rcTmoi.�rkÕx vuw�il}�¦�{Û}Hd�|zx]}�¦�x]}�g&{ÛÝ.d�moxØkjxL�r|zw�hÕm¹x&mAkjx]c
x��,xÓmoc ¦rx moilhjkÕkjxL��}rhjx�r��Ôil}rcØg]xw�rw�m�!b}�{Ûwrc i\�l{Û}rc e&mow�¦rhje wr}ÆÝ.{ ¦r¨]kÕxÃcTmo{ gWs�ilcPmohÕv w�x
u�i�hjcoi�}umØhÕ}umzx]|F�Ûx]}�hj|��·d�il|PmohÕg]wrkÕx]c§x&m vuwrh�x]cTm�¦re]g&|zhnm�vuw�il}�¦��·¦�x � hjx&}um mo|T¨]cL~Û|oil}�¦
dril|�kzy e]vuw�i�mzhj{Û}Z¦reÓmox&|zÝ.hj}rhÕcTmoxè¦=y wr} ué|z{l}um¹cTx dr|T{Ûd�i.~lx�il}~m�¦�il}�cNwr}.Ý.hjkjhÕx]wqhÕ}rcTmoi.�rkÕx.rÜ xÓmzmzxHe]vuw�i mohj{l}[i¬wr}rx u�i�Ý�hÕkjkjxyg]{Û}~mzhj}uwrxH¦�x�cT{Ûkjw�mzhj{Û}�c x&} mz|oil}rcTk i�mzhj{Û}=wr}�h ué{Û|TÝ�x
i��lx]gÃ¦rx&c � hÕmox&czcTx]c°¦rx�dr|z{Ûdri.~~i�mzhj{Û}.¦rh �fe]|Tx]}~mox&c�!�ÝHilhÕcNdb{Ûwr|Nwr}rxÔg&{Û}r¦rhnmohÕ{Û}�hÕ}rhÕmzh ilkÕx
kÕ{�g]ilkjhÕcze&xHg.y x]cPmHkjiM� hÕmox&czcTx\¦rhnmox Ý�il| ~lhj}�ilkÕx]Ý.x]}~mycTmWi��rkjx����Zv w�hèx]cTm.cTe]kjx&g&mzhj{Û}r}�e]x.r
� {Ûwrc.i��Û{Û}�c.{.�rczx&| �ÛeV}uwrÝ.e]|zhÕvuwrx]Ý.x]}~m.vuwrx¬kjx ué|T{Û}~m?¦re]g&|zhÕm?dril|Zkjx cPt�cPmo¨&Ý�x?��}rh
� ��d�i�|TmohÕg]wrkÕx]cècTx ¦�e]drkjilg]x � wr}rxJ� hnmox]cTczx��
	�dr|z{ gWsrx�¦rx�� � xÓm§vuwrh8x]}¬¦rh��,¨&|zxÃd�il|
w�}rx�v wril}~mohÕmze�¦�y {l|z¦r|Tx��� �����
��� r

� }Æ¦rx&c dr|Thj}rg&hjd�i�w!M¬|ze&czwrknmWi�mzc ¦�xyg&x mz|oi���ilhjk x&cTm vuwrxyg&x&mTmoxKcTe]kÕx]g&mzhj{Û}V¦rx k i�� h�|
mzx]cTczx�� � x&mNg]xÓmzmoxØg]{l|z|zx&g&mzhj{Û}.kj{s~Ûil|zhnmosrÝ.hjvuwrxNdfx&w>�Ûx&}umAc�y x�M�drkÕhjvuwrx]|¹d�il|�kji�d�|ze]cTx]}rg&x
¦=y wr} ���) #"%$�& ¦=y {Û|T¦r|zx������ ¦ril}rcKkji\vuwrx&wrx ¦rwIué|z{l}umK¦rwrx � kzy ilczdbx]gÓmq¦rhÕczg]|Tx&mZ¦�w
Ý.{ ¦r¨]kÕxx�r}rhApbx]}�x��,xÓm !bk i.g]{Û}rg&x]}~mo|zi�mohÕ{Û}�¦rxyd�il|Pmohjg&wrkjx&c }�xKdbx]w�m�d�ilcÔdr|Tx]}r¦�|zxK¦�x
��ilkÕx]wr|Ã}�{Û}B|Î}uwrkÕkjxZhÕ}>uée]|Thjx]w�|zx � �����@r � {Ûwrcyi��Û{Û}�cyd�i�| g&{Û}rcTe]vuwrx]}~mKe&mow�¦rhje?kzy x �fx&m
¦=y wr} ���! #"%$�&��/¦ril}rc3wr};ué|T{Û}~m/cTxAdr|T{Ûd�i.~lx�il}~m/¦�il}rc3wr}KÝ.hjkÕhjx&wÔhj}rcPmWi.��kjx�x&m�! x&}KÝ.{Û}B|
mz|oil}~m§vuwrx�k iUué{l|zÝ.xÔ¦rw9ué|z{Û}~m§db{Ûw>��ilhÕmAc�y e]g&|zhj|Tx � k�y i�hj¦rx ¦�y w�}rx ué{Û}rg&mzhj{Û} ¦=y e&gWsrx]kÕkjx"!
}�{Ûwrc§i��Û{Û}�cØd�w\¦reÓmox&|zÝ.hj}rx&|°k i;� hnmox]cTczx�¦rx�dr|T{Ûd�i.~~i mohj{l}�¦�y wr} mox]k(ué|z{Û}~m �����\rjL½}\db{�|
czil}~m��������� !�{Û}*|Tx&mo|T{Ûw>�lxVvuwrx kjiÆg]{l|z|zx&g&mzhj{Û}*¦rx kji � hÕmzx]czcTx x]cPm?x]}���� ����� � �
i��lx]gÃwr}¬dr|Te u�ilgÓmox]w�|°vuwrh x]cPmè¦rw¬Ý G]Ý.x�{Û|T¦r|zxÔ¦�xJ~Û|oi�}r¦rx]w�|°vuwrxÃdf{lwr|AkÕxÔdr|z{.�rkj¨&Ý�x
cPmo{ gWs�ilcPmohjvuwrx � � d�il|Tmzhjg&wrkjx&c�r

O8xVdr|zx&Ý�hÕx]|?gWs�ildrhnmo|Tx\¦rxVg]xÓmzmzx\d�i�|TmohÕx¬dr|ze&czx]}~mzx�kjx&c.e&vuw�i�mohÕ{Û}rc.¦re]g&|zh��li�}um�k i
d�|z{Ûd�i�~~i�mohÕ{Û}�¦=y wr}�ué|T{Û}~m�xÓm�u�ilhÕm�wr}rxÆ|oildrhÕ¦rxÆ|Tx � wrx�¦�x]c�mox&gWsr}rhÕv w�x]c x]Ý.drkÕ{¥tle]x&c
xÓmÔ¦rx&c�|Te]czw�kÕmWi mocØg]{Û}r}uwrc r L½}�d�i�|TmohÕg]wrkÕhjx&|�!rkji�¦rhÕcTmohÕ}rg&mzhj{Û}¬x&}umz|zxqkÕx]c�ué|z{Û}~mzc ,r� U �! )
xÓm kjx]cJué|T{Û}~moc ,r� #>#� )=x&cTm |oi�drdfx&kje&x�i�hj}rcTh�vuwrx.kjx]cÃÝ.e]g]il}rhÕczÝ.x]cÃ¦rxZcTe]kjx&g&mzhj{Û}=¦rx?k i
� hnmox]cTczx ¦rx�dr|z{ld�i.~~i�mzhj{Û}=r

O8x°|Tx]cTmzx°¦rxNg]x&mTmox°dril|Tmzhjx¹g]{Û}rcPmohnmowrx°kjiØg&{Û}~mo|Th �rw�mzhj{Û}y{Û|zh ~Ûhj}rilkjx½¦rxAg]xAmz|oi���ilhjk�r O�x
¦�x]w!M�hj¨&Ý�x gWs�ild�hÕmo|TxyhÕ}~mo|z{ ¦rwrhnm§kjx Ý�{ ¦r¨&kjxÃÝ.hjg]|T{Ûczg&{ÛdrhÕv w�x vuwrxy}r{Ûwrc�i��Û{Û}rc e&mzwr¦rhje
xÓmqdr|Te]cTx]}~mox kÕx]c |ze]cTwrkÕmoi�mocy¦rxHcThjÝqw�k i�mzhj{Û}rcÃ}uwrÝ.e]|Thjvuwrx&c�r@O8x�gWs�ildrhnmo|zx �Æx M�d�kjhjvuwrx
g&{ÛÝ.Ý�x&}umH{Û}�dbx]w�m¬g]ilkjg&wrkjx&|Hk i ��hnmox&czczx�¦�x�dr|z{ld�i.~~i�mzhj{Û}�¦�y w�}�ué|z{Û}~m vuw�il}�¦�{l}
i�drdrkjhÕvuwrx¬wr} ���) *"%$�& ¦�i�}rcHczi vuwrx]w�x������ xÓm�Ý.{Û}~mo|zx¬vuwrx\g]x]cH|ze]cTwrkÕmoi�moc.dbx]w>�lx]}~m
c y i�drdrkjhÕvuwrx]|½i�wZÝ�{ ¦r¨]kÕxAÝ.hjg&|z{ÛcTg]{ÛdrhÕvuwrx.r]L½}>��} !ÛkÕx°gWs�ild�hÕmo|Tx��ÃÝ.{Û}~mo|zxAg]{ÛÝ.Ý�x&}~m"k i
Ý.e&mzsr{ ¦rx°x]Ý.drkÕ{¥tle]x§ilwZgWsrildrhÕmz|zxv�Ôdbx]w�m�G&mo|Tx°w�mzhjkjhÕcze&xAdb{Ûwr|"|Tx&mo|T{Ûw>�lx]|½czhÕÝ�d�kjx]Ý.x]}~m
kÕx]c�|ze&czwrknmWi�mzc�¦rxhKA|oilÝ.cz{l}�� � � czwr|�k iÃÝ�il}rhÕ¨]|zxA¦r{Û}~m¹k iJ� hÕmox&czcTx ¦rx§dr|T{Ûd�i.~Ûi�mohÕ{Û}?ilw!M
mzx]Ý.drcAkÕ{Û}�~ÛcNg]{Û}d�lx]| ~lx2�Ûx&|zcècoiw�li�kjx]w�|AilcPt Ý�d�mz{lmohÕvuwrx�x&}�ué{Û}rg&mzhj{Û}�¦rx]cAg]{Û}r¦�hÕmohÕ{Û}rc
hÕ}rhÕmzh ilkÕx]c r
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��x.}r{ÛÝU�r|zx&w!M=drsre&}r{ÛÝ.¨]}rx&cydbx]wB�Ûx]}~meG&mo|Tx?¦re]g&|zhÕmzc�d�il|�k i�dr|T{Ûd�i.~Ûi�mohÕ{Û}�¦�y wr}

ué|T{Û}~mØv w�h/cTe]d�il|Txy¦�x]w!M\¦r{ÛÝ�ilhÕ}rx]c§¦rh��,e&|zx]}~mzc�r�t/{Ûw�| dr|Tx]}r¦�|zxKw�}Æx�M�x&Ý�drkÕx�czhjÝ.drkÕx"!
mz{Ûwr|T}r{Û}rcG|Î}r{Ûw�cD�lx]|TcNkjix��hj{ÛkÕ{s~ÛhjxNx&m¹g]{l}rczhÕ¦re]|T{Û}rc�wr}rx§db{Ûdrwrkji�mohÕ{Û}Z¦�y hj}r¦rh�� hj¦rwrc½w�}rh�|
ué{l|zÝ.e]Ý.x]}~m�|Te]d�il|PmohÕc�¦�il}rc kÕx]wr|Hs�i.�rhnmWi�m�r £ h � wr}�df{lhj}~m ¦r{Û}�}re�wr}rx�ÝKw�mWi�mzhj{Û}
u�i��l{Û|oi.��kjxÃczx dr|T{�¦rw�hÕm !�{Û}¬c�y i�mzmzx]}r¦ � g&xyvuwrx�kÕ{�g]ilkjx&Ý�x&}um°k iZdr|z{ldf{Û|PmohÕ{Û} ¦�y hj}r¦rh�� h�|
¦�wrcqi�t~i�}umKkjx.}r{Ûw>�lx�ilwl~Û¨]}rxHilw�~ÛÝ.x]}~mzx�xÓmU��}rhÕczcTxHd�il| ¦rx��Ûx]}�hj|KÝ�i¥¤T{Û|ThÕmoilhj|Tx.r�� x
d�kjwrc !�g]x ~Û¨]}rx�u�i��l{Û|oi.��kjxHcTx ¦rh �fwrcTx ilwI��kN¦rx]c ~Ûe&}re]|zi�mohÕ{Û}rc�~l|&%lg&x ilw!MFg]{Û}~moilg&mzc
x&}~mo|zx hÕ}r¦rh���hÕ¦rwrcx�Û{ÛhÕczhÕ}rcKxÓmZg]{ÛÝ.Ý.x]}rg&x � czxH|ze]dril}r¦r|Tx � d�il|Pmohj| ¦rw*db{Ûhj}~mK{('[k i
ÝKw�mWi�mzhj{Û}.i�x]w�kjhjx&w�rs� dr|z¨&cAwr}rxØdbe]|zhÕ{�¦�x§mz|oil}�czhÕmz{Ûhj|Txèwr} ué|z{Û}~mNczx�ué{Û|zÝ.x§x]}~mo|Tx wr}�x
) {Û}rxVilw�mz{Ûwr|?¦rx¬k i�Ýqw�mWi�mzhj{Û}*{Û|Th ~ÛhÕ}�ilkÕx�{('�mo{lw�mox¬k i�db{Ûdrwrkji�mohÕ{Û}*i=kjx }r{lw>�Ûx]ilw
~l¨]}rx?x&m�w�}rx ) {Û}rxZd�kjwrcÃe&kj{Ûh ~Û}re]xK{('=kzy il}rg]hÕx]} ~Û¨&}rxZ|zx&cTmox?dr|Te]¦r{lÝ�hÕ}�il}~m�r4��il}rcÃkjx
ué|T{Û}~mØkjwrh |ÎÝ G]Ý.x"! kjx]c§¦rx&w!M�~Û¨&}rx]cØg]{Ûsri.�rhÕmzx]}~m�r Ü x ué|T{Û}~m cTxy¦�e]drkjilg]x�coi�}rc§c�y e&mWi�kjx]|+*
� w�}rx�� hÕmox&czcTx v w�h°}�y i V3, '(� $ '(� |Thjx&} � �Û{ÛhÕ|Zi��Ûx]g kjiM� hÕmox&czcTx ¦rx]cZ¦re&drk i�g]x]Ý.x]}~mzc
¦�x]c.hj}r¦rh�� hj¦rwrc !$¤TwrcTvuw�y � g]x¬vuwrxVkjx }r{ÛwB�Ûx�i�w�~Û¨&}rx¬cz{Ûhnm?dr|ze&¦r{ÛÝ.hj}�il}~m?¦�i�}rcZmo{Ûw�m
k�y sri.�rhÕmoi�m�r

{�hÕczsrx&| * x&m2} {ÛkÕÝ�{s~l{Û|z{\� !�t/xÓmo|T{$� c-,ut/. t½hjcTg]{Ûwr}�{$�10Ô{Û}~m czhÕÝqwrkÕmoil}re&Ý�x&}um§d�|ze�|
cTx]}~moeèx&} Ö Hs�d�Øwr}ZÝ�{ ¦r¨&kjx¹df{Ûw�|"¦re]g&|zhÕ|zxAkji�dr|T{Ûd�i.~~i mohj{l}K¦rx�~l¨]}rx&cSu�i\�l{Û|oi��rkjx&c�¦�il}�c
w�}rx�db{Ûdrw�k i�mzhj{Û}�xÓmKkji?ué{l|zÝ�i�mohÕ{Û}�¦�y wr}@ué|T{Û}~myx&}~mo|zx.¦rx&w!M |ze�~lhj{Û}rc r O8x]wr| Ý.{�¦r¨&kjx
x&cTmØ¦re&g]|zhnmØx]}Vwr}rx�¦rhjÝ.x]}�czhj{l} d�il|èkzy e]vuw�i mohj{l}
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{(' 3 i 7�=+5 l�|Tx]dr|Te]cTx]}~mox=k i dr|z{Ûdb{Û|Pmohj{l}�¦�y hj}r¦�h � hj¦rw�c�i�t~il}~m¬kÕxM~Û¨&}rx u�i��Û{Û|zi.�rkjx�ilw
df{ÛhÕ}~m 7 x&m � k�y hÕ}rcTmoil}~m 5 rf�Ôi�}rcAg&x&mzmzx�e&v wri�mohÕ{Û} !~kjx§kjildrk i�g]hjx&} 2 � 3 � 267 � x&cTmN|zx]cTdf{l}B|
coi.�rkÕxN¦�xAk i§¦rh��,wrcThj{Û} ¦rw;~Û¨]}rxNx&m�kjx½mox&|zÝ.x 3 9�3 < ~Ûil|oil}~mzhÕm3vuwrxA¦r¨&c"vuwrxAkÕx�}r{Ûw>�lx�ilw
~Û¨]}rx.x]cPm dr|ze&czx]}~m � 3��� � !8cziVdr|T{Ûdb{Û|Tmzhj{Û}Cilw�~lÝ�x&}umzx�¤Twrczvuw�y � i�mTmox&hj}r¦r|Tx 3 � �sr
���Ôil}�c�� ��� !S{/hjczs�x]|qw�mzhjkÕhjczx�drkjw�m'&lmZw�}[mox]|TÝ�x ¦=y hÕ}umzx]|zilg&mzhj{Û}[¦�x k i ué{Û|TÝ�x 3 9 3 � !
ÝHilhÕc°kjx&c cT{Ûkjw�mohj{l}rcè¦rx�cz{Û}\e]vuw�i�mzhj{Û}V{Û}~mØx�M�ilgÓmox]Ý.x]}~m kjx&cØÝ G]Ý.x]c§dr|T{Ûdr|Thje&mze]cØvuwrx
g]x]kÕkjx&cè¦rx��PÖsrnÖ ��r �

L½}?drkÕwrc½¦rxèczx&c¹ildrdrkÕhjg�i mohj{l}rc � kji2�rhj{lkj{s~ÛhÕx"!¥kzy e]vuw�i mohj{l}q¦rx�{�hÕczsrx&|F|G}Ø{ÛkjÝ.{s~Û{l|z{\�
x&m½drkÕwrczhÕx]wr|Tc"¦rx°cTx]c&��il|zhjil}~mox&c"{Û}~m½e�~Ûilkjx&Ý�x&}um��fx]ilwrg&{Ûwrd?e&mze°w�mohÕkjhÕcze]x&c�x&}.d�sut cThjvuwrx
x&mèx&} gWsrhjÝ.hjxØdf{lwr|°¦re&g]|zhÕ|zxÔkjiydr|T{Ûd�i.~Ûi�mohÕ{Û}H¦rx0ué|z{Û}~mocè¦ril}rc°¦rx&cèÝ�{ ¦r¨&kjx]c¹¦rxÃg&{ÛÝ |
�rwrcTmzhj{Û}�!�¦rxA|ze�i�g&mohÕ{Û}B|Ì¦rh �fwrczhÕ{Û} !(¦rxAcz{ÛkÕhj¦rh���g�i�mzhj{Û}�!(¦rx°czw�dr|oilg&{Û}r¦rw�g&mox&wr|zc�xÓm"Ý G]Ý.x
¦�il}rcèkÕx ~Û|z{Ûw�dfxÃ¦rxÃ|Tx]}r{l|zÝ�ilkjhÕcoi�mzhj{Û}������ 0�r��3{Ûwrc§g]x&c§Ý�{ ¦r¨]kÕx]cèvuwrh w�mohjkÕhjcTx]}~mèkzy e]vuw�i$|
mohj{l}�¦rx�{/hjczs�x]|F|�} {ÛkÕÝ�{.~Û{Û|z{\�Fcz{Û}~m?�rhÕx]} c��r|�¦rx&c�hj¦�e�ilkÕhjcoi mohj{l}rc?¦rxÆdrs�e]}r{ÛÝ.¨]}�x]c
|ze]x&kjc 
 d�il|¹x�M�x&Ý�drkÕx"! ¦�il}rcNkjxØÝ�{ ¦r¨&kjx§hj}~mo|T{�¦�wrhÕm¹d�il| {�hjcTsrx]| !u{Û}�c�y i�mTmox]}�¦ � g&xÔvuwrx
k i ¦�h �fwrczhÕ{Û}K¦rwZ}�{Ûw>�Ûx]ilw ~Û¨]}�x°cz{Ûhnm�w�}Zdrsre]}�{ÛÝ�¨&}rxèilkÕe�i�mz{Ûhj|Tx"!¥vuwrx°kji�¦rx]}�czhÕmze°¦�y hj}B|
¦rh � hj¦�wrcR��il|Thjx i��Ûx]g�k iydb{ÛcThÕmohÕ{Û}.x&m°kÕxØmzx]Ý.drc�!   5��r>��x drkjw�c�! ¦�il}rcNkzy e]vuw�i�mzhj{Û} �PÖsrnÖ � !
k i�dr|z{Ûdb{Û|Pmohj{l} 3 i 7�=+5 l�x]cPmèwr}�d�i�|oilÝ.¨&mz|zxØg]{Û}~mohÕ}uw !�g&xÔvuwrhb|zx � hÕx]}~m � cTwrdrdb{Ûczx&|èvuwrx
k i�¦rx&}rczhnmoeè¦rxèkji�db{Ûdrwrkji�mohÕ{Û}Kx&cTm�hj}B��}rhjx�rQO&y e]vuw�i�mzhj{Û}Z¦rx�{/hjczs�x]|F|�} {ÛkÕÝ�{.~Û{Û|z{\��}�y x]cPm
¦r{Û}rgZx&}Cw�}CcTx]}rc�vuwrxZkjiHkjhÕÝ�hnmox � ~Û|oil}�¦rxZe]gWsrx&kjkÕxq¦rw=drsre&}r{ÛÝ.¨]}rxZ|Te]x]k ! Ý�ilhjc {Û}
dfx&w�m�c y i�mTmox&}r¦r|zxÆdf{Ûw�|�wr}�xÆdb{Ûdrwrkji�mohÕ{Û}�hÕÝ�db{Û|PmWil}~mox � g&xÆvuw�y x]kÕkjxVdfx&|zÝ.x&mzmzxÆx�u |
uéx]g&mzh �lx]Ý.x]}~mÃ¦rxq¦�e]g]|Thj|Txqkjxwué|z{Û}~mÔ¦=y i���il}rg&e]xZ¦rw�~Û¨&}rx�u�i��Û{Û|zi.�rkÕx.r � }�¦rx&c �rw�moc�¦rx
g]x&mTmox�dril|Tmzhjx ��gWs�ild�hÕmo|Tx�� �Ãx]cPmZ¦rx�Ý�{Û}~mz|zx]|yvuw�y x&}Iu�ilhÕmywr}[cPt cTmo¨&Ý�x ��}rh¹}rxHmox&}r¦
v w�x.mz|z¨]c�kÕx]}~mox&Ý�x&}umx�lx]|zc coi¬kjhÕÝ�hnmox � ~Û|zil}r¦rx?e&gWsrx]kÕkjx?¦re]g&|zhnmox?d�il|Ãwr}�x�e&v wri�mohÕ{Û}
¦rxÃmÎt�dbx��PÖsrnÖ � r

��il}rcKw�}FÝ.{�¦r¨&kjx?¦rx.mÎt�dbx�{/hjczs�x]|F|�} {ÛkÕÝ�{.~Û{Û|z{\� !,w�}F¦rx&cKdr|T{s�rkj¨&Ý�x&cykÕx]c drkjw�c
hjÝ.df{Û|PmWil}~mzc8x]cTm`�rhÕx]}Kc��r|3¦rxN¦�e&mox&|zÝ.hj}rx&|/kji���hnmox&czczxN¦rx¹dr|z{Ûdri.~~i�mzhj{Û}�¦rwwué|z{Û}~m !¥Ý�ilhjc
{Û}?dfx&w�mNilwrczcTh�c�y hj}~moe&|zx&czczx&| � k iÔkjil| ~lx]wr|"xÓm � kjiJué{Û|zÝ.x°¦rx§g]xvué|T{Û}~m !uilwZmox&Ý�d�c¹vuw�y hjk
u�ilw�mÔdb{Ûwr| vuw�y hÕk�i mzmox&h ~Û}�xKcoi ué{l|zÝ.xyxÓmÃcoi � hÕmzx]cTczxZilcPt Ý�d�mz{lmohÕvuwrx]c � d�il|Tmzhj| ¦�y w�}rx
g]{Û}r¦�hÕmohÕ{Û}=hj}rhnmohjilkjx !   5��r	O&y ilcTdfx&g&mKkjxZdrkÕwrcwué|zildrd�i�}um ¦rx.kzy e]vuw�i mohj{l} �ÅÖsrÕÖ#��x]cTmKvuwrx
k i � hÕmzx]cTczxZ¦rxqd�|z{Ûd�i�~~i�mohÕ{Û}Æ¦�w ué|T{Û}~m ��vuwrh !f|zildrdbx]kÕ{Û}rcF|Ìkjx !f}�y i�|zhÕx]} � �l{Ûhj|Ôi\�lx]gZkÕx
Ý�{ÛwB�Ûx]Ý.x]}~m¹¦rx&cNhÕ}r¦rh � hÕ¦rwrc½¦�il}�cNkÕxØÝ.{ ¦r¨]kÕx°¦rxL~Ûe]}reÓmohÕv w�x {Ûw.g]x&kjwrh�¦�x]c¹d�il|Tmzhjg&wrkjx&c
¦rx?~~i ) ¦ril}rcZwr}�Ý.{�¦r¨&kjx�¦rx�g]{lÝ��rwrcPmohj{l} � T��  U� ,�V U����!  d�il|Zk�y e&vuw�i�mohÕ{Û}[Ý�ilhjc
¦re]dbx]}r¦*¦�xHk iVg]{Û}�¦rhÕmzhj{Û}Chj}rhnmohjilkjx�r O�i\vuwrx]cPmohÕ{Û}[czxHdf{ÛcTx�ilkÕ{Û|zc ¦rx�czi��Û{ÛhÕ|Kvuwrx]kÕkjx&c
cz{Û}~m kÕx]c � hnmox]cTczx&c ¦rx�dr|T{Ûd�i.~~i mohj{l}�vuwrhÔg&{Û|z|Tx]cTdf{Û}�¦rx]}~m � ¦rx&c ué|z{l}umzc�cTmoi.�rkÕx]cHxÓm
v w�x]kjkÕx�� hÕmox&czcTx x&cTmNx �fx]g&mzh �lx]Ý.x]}~mhU" #� �� � $ T T�  d�i�|¹w�}�cPt�cPmo¨&Ý�x drs~t�cThjvuwrx�r � }H¦rx&c
|ze]cTwrkÕmoi�moc8¦�x½g]x"mo|zi��li�hjklx&cTm3vuwrx½czh~k�y {l}Ãdr|zx&}r¦�x]} g]{ÛÝ.d�mox�kjx]c8x��,xÓmoc�Ý.hjg]|T{Ûczg&{ÛdrhÕv w�x]c�!
ilkj{Û|Tc°hjk,}�y t i?d�kjwrc§vuw�y wr}rx czx]w�kjx � hÕmox&czcTx ¦�x d�|z{Ûd�i�~~i�mohÕ{Û} db{ÛczcTh �rkÕx.r

O�iÃczx&g&mzhj{Û}VÖsr ÙÃ¦�xØg&x§gWs�ildrhnmo|zxè¦=y hÕ}umz|z{ ¦rwrgÓmohj{l}�u�ilhÕm½w�}rx§|oildrhÕ¦rxè|zx�� wrx ¦�x]c�dr|z{�|
dr|zhÕe&moe&cq¦rx k�y e&v wri�mohÕ{Û}*¦rx9{�hÕczsrx&|F|G}Ø{ÛkjÝ.{s~Û{l|z{\�=x&mZ¦�wUd�|z{s�rkÕ¨]Ý.x�¦rx kjiÆcze&kjx]gÓmohÕ{Û}
¦rxÆkji � hÕmzx]cTczx.rX�Ôil}�c�k i=czx&g&mohÕ{Û} Ö.r ��!�drkÕwrczhÕx]wr|Tc ~Ûe&}re]|zilkjhÕcoi�mzhj{Û}�cZ¦rxÆg&x&mzmzxÆe&v wri�|
mohj{l}Æcz{l}umÔdr|ze&czx]}~mze]x]c�
8x]}�d�il|PmohÕg]wrkÕhjx]| !�k iH¦�hjcTmzhj}rgÓmohÕ{Û}\x&}~mo|zxKkjx]c0ué|z{Û}~moc ,r� U �! )ÆxÓm
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,r� #>#� ) x&cTmqhÕ}~mo|z{ ¦rwrhnmox � ��� � ��r�L½}>��} !3k i¬czx&g&mzhj{Û}�Ösr��\¦r{Û}r}�x�vuwrx&kjvuwrx]cKx�M�x]Ý.drkjx&cy¦�x
Ý.{ ¦r¨]kÕx]cÔ¦rh��,e&|zx&}umzcÃ{('�hjk/x�M�hjcPmoxZdrkÕwrczhÕx]wr|TcÔcz{lkjw�mzhj{Û}rc�cTmWi��rkjx&cÔ¦r{Û}~m�wr}rxZcTx]wrkÕxZx]cPm
cTe]kÕx]g&mzhj{Û}�}re]x�r
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Ü xÓmzmox czx&g&mohÕ{Û}.x]cTmNg]{l}rcoilg&|ze&x � k i�dr|ze&czx]}~moi�mohÕ{Û}�¦�x]cAd�|z{Ûdr|ThjeÓmoe]c�dr|Thj}rg&hjd�i�kjx]c½¦�x

k�y e&vuw�i�mohÕ{Û} ¦rx�{�hÕczsrx&|F|�} {ÛkÕÝ�{s~l{Û|z{\� �ÅÖsrnÖ ��r O&y w�}q¦rx]c�hj}~moe&|%G&mzc�¦rxNg]xÓmzmoxNe]vuw�i�mzhj{Û}yx]cPm
vuw�y x]kÕkjx°x&cTmD~Ûe&}re]|Thjvuwrx�plkjiÔÝHi(¤T{Û|zhnmoeA¦�x]c½dr|T{Ûdr|zhÕe&mze]c½dr|Te]czx&}~moe]x&cN¦ril}rc½g]xÓmzmzxØcTx]gÓmohj{l}
dbx]w�m�c�y ildrdrkÕhjvuwrx]| � ¦�y ilw�mz|zx&c3e&vuw�i�mohÕ{Û}rc8¦re&g]|Th ��il}~m�k i°dr|T{Ûd�i.~Ûi�mohÕ{Û}Ã¦�y wr} ué|z{Û}~m�¦�il}�c
w�}ZÝ�hÕkjhjx&wKhÕ}rcTmoi.�rkjx ��kji�czx&g&mohÕ{Û} Ösr���¦r{Û}�}rxèvuwrx]kÕv w�x]c�wr}rx&c½¦rx°g]x&cD~Ûe]}re&|oilkÕhjczi�mohÕ{Û}rc � r
t3{Ûwr|�wr}rx¹e&mzwr¦rx¹drkjw�c�ildrdr|T{.ué{Û}r¦rhÕx½¦rx�kzy e]vuw�i�mzhj{Û}�¦rxR{�hÕczsrx&|F|�} {ÛkÕÝ�{s~l{Û|z{\�Øx&m3¦rx¹czx&c
~le]}re&|oilkÕhjcoi mohj{l}rc�!u{Û} dbx]w�m°czxÔ|Tx]db{Û|Tmzx]|èilw)MHmz|oi���ilw!MH¦rx KAx&}B|��Ûilg&{s� !>��x]x !�}Ã|oilÝ.x]|
xÓm�O3i�}�~Ûx]| �! ������Ax&m ilw!M¬|Tx � wrx&c ¦rxZL&�bx]|TmØxÓmL��il} £ ilil|zkÕ{�{Ûc$� * ������r
Y#"%$&" Y 'OC <B348B8f3 3=< V P&K 7 3 60348�V K�PD-X<B8 34- <fK�AD-28fEGA&<BCGPD- 10-2C<;

V P&K 7 3
O&y e]vuw�i�mzhj{Û} �PÖsrnÖ � il¦rÝ.x&m¬mo|T{Ûhjc¬cT{Ûkjw�mzhj{Û}�c wr}rh ué{l|zÝ.x]c¬x&m\g]{Û}�cTmWi�}umzx]c pØ¦�x]w!M

cPmWi.��kjx]c�� 3 i 7�=+5 l � �?x&m 3 i 7�=+5 l�� 9 �#�ÃxÓm wr}rx.hj}rcPmWi.�rkÕx � 3 i 7�=-5 l��  � r	O3i¬cz{lkjwB|
mzhj{Û} 3 i 7�=+5 l � 9 �Ã}�y x]cTm°g]x]dbx]}�¦�il}~m§d�ilc°d�sut cThjvuwrxÃczhfkzy {Û}HcTwrdrdb{ÛczxÃvuwrx 3 x&cTmèwr}�x
g&{Û}rg&x]}~mo|zi�mohÕ{Û}�r �Ô} c y hÕ}umze]|Tx]czcTx�ilw!MHdr|z{ldr|zhÕe&moe&c°¦�y wr}?ué|z{Û}~mAczxÃdr|T{Ûd�i.~Ûx]il}~m°¦rx&drwrhÕc
kÕxÃÝ�hÕkjhÕx]wHcPmWi.��kjx 3 i 7�=+5 l � � �lx]|zc§kÕxÃÝ�hÕkjhjx&wHhÕ}rcTmoi.�rkjx 3 i 7�=+5 l �  r Ü {l}umz|oilhÕ|zx&Ý�x&}um
i�w!M\cz{ÛkÕw�mohÕ{Û}rc§¦rxKk�y e&vuw�i�mohÕ{Û}V¦rxKkji.gWs�i�kjx]w�|�!bhjk�x�M�hjcPmoxy¦rx]c cz{ÛkÕw�mohÕ{Û}rc§¦rx �ÅÖsrnÖ �§vuwrh
¦�e]g]|Th �lx]}~m�w�}�ué|T{Û}~m§x]}¬mo|oi�}rczkji�mohÕ{Û} wr}rh�ué{Û|zÝ.x

3 i 7�=+5 l �)(�*Qi 7 9 � 5 l �PÖ.r Ù��
db{Ûwr|èkÕx]c§g]{l}r¦rhÕmzhj{Û}�cèilw!M¬kÕhjÝ.hÕmzx]c

+,.- �0/213547698 (�*Ii;: l � � =
�0/21354�<=8 (�*Ii;: l �  = �PÖ.r � �

{ 'qk ivué{Û}rgÓmohj{l}>(�*Ii;: l/¦r{Û}�}rxAkjiLué{Û|TÝ�x�¦�y wr}qmox&kfué|T{Û}~m"cTxAdr|T{Ûd�i.~Ûx]il}~m � kji�� hnmox]cTczx �%r
O8x cTt cTmz¨]Ý.xÔx]cPmè¦�il}rcNk i drs�ilcTxÔcTmoi.�rkjx vuw�il}r¦?:qx&cTmNmo|z¨&c°}re ~~i�moh�u8x&mA¦�il}rcNk i drs�ilcTx
hÕ}rcTmoi.�rkÕxZdf{Ûw�| ¦�x]c�mo|z¨&c;~l|oil}r¦�x]c ��ilkjx&wr|zc�¦rx@:>r �Ô} c y i�mTmox&}r¦ � g]x?vuwrx.kjx?Ý�hÕkjhÕx]w
cPmWi.��kjx�x&}b��ils�hjczcTx kjx�Ý�hÕkjhjx&w hÕ}rcTmoi.�rkÕxHx&mqv w�x ¦r{Û}rg kji�� hÕmzx]czcTx ¦rx dr|T{Ûd�i.~~i mohj{l} �
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cz{Ûhnm§df{ÛcThÕmzh �Ûx�rCL½}Æhj}�cze]|zil}~m �PÖsr Ù��°¦�il}rc �PÖ.rÕÖ �$!�{Û}¬mo|z{lw>�Ûx kzy e]vuw�i�mzhj{Û}¬¦rh��,e&|zx&}umzhjx&kjkjx
v w�xx�le]|Th ��x�(�*Ii;: l �

� (�*�
: � 8 �

�
(�*� : 8 (�* 9 ( <* � �� �ÅÖsr�� �

t/{Ûwr|Ãw�}rx�� hÕmox&czcTx�V¦r{Û}�}re]x !8g]x&mTmoxZe&v wri�mohÕ{Û}�x&m�kÕx]cÃg]{l}r¦rhÕmzhj{Û}�cÔilw!M �f{l|z¦rc �ÅÖsr ���
}rxK¦re���}rhÕczczx&}~m�(�*Ii : lØv w=y � w�}rxKmo|zil}rcTk i�mzhj{Û}Vdr|z¨&c�r £ h�k�y {Û}\¦re]cThj|TxKkjx��Ûx&|Ôg]xÓmzmoxqilÝ |
�rh ~Ûw��ìmoe !�{Û}Vdbx]w�mØd�il|èx M�x]Ý.drkjx�hjÝ.db{Ûczx&| (�*Ii  l � �����Br

O�i[cT{Ûkjw�mzhj{Û}�x�M�ilg&mzx=¦rx�kzy e]vuw�i�mzhj{Û}�¦�h �fe]|zx&}~mohjx&kjkÕx �ÅÖsr�� ��}�y x]cTmVg&{Û}r}uwrx �! vuwrx
df{Ûw�|èk iU� hÕmzx]czcTx � ���
	 � ��� 
r{Û}¬dbx]w�m��le]|zh���x]|vu�ilg&hjkÕx]Ý.x]}~mèvuwrx kzy {Û}¬i

(��� �� i : l � �� � � 9�������� :��	 ��� � �ÅÖsr ×"�
t/{Ûwr|�¦�y ilw�mz|zx&cD��ilkÕx]wr|Tc�¦rx � !l{Û}?}rx§dfx&w�m¹¦re&mzx]|zÝ.hj}�x]|#(�*Ii;: l�vuwrx§}uwrÝ.e]|Thjvuwrx]Ý.x]}~m�r
O3iU��~Ûwr|zx �ÅÖsrnÖ �AÝ�{l}umz|zxÔkjiqcz{ÛkÕw�mohÕ{Û}�¦rx�k�y e&v wri�mohÕ{Û}�¦rh��,e&|zx]}~mzhjx]kÕkjx �PÖsr�� �Adb{Ûwr|Amz|z{ÛhÕc
�li�kjx]w�|zcè¦rx �%r

��� ����"!$#���%�"�'&(� )

*

+-,.0/1

)2!3 �3 !�!4 �4 3 !4 3 �

3!'5 6!'5 7!'5 8!'5 )!4 !'5 )4 !'5 89;:=<?> ÖsrnÖA@ �/|T{Ûhjcydr|z{.�rkjcK¦�x ué|z{Û}~mzc�!�cT{Ûkjw�mohj{l}rcK¦rx �PÖsr�� � !3db{Ûwr|Kmz|z{ÛhÕc;� hÕmzx]czcTx]c �
¦rh �fe]|Tx]}~mox&c�r

� }rxÃil}rilkj{s~lhjx§i��Ûx&gÃwr}�cTt cPmo¨]Ý.xÔÝ.e]g]il}rhjvuwrx dfx&|zÝ.x&mA¦rx0�l{Ûhj|¹mo|z¨&cAcThjÝ.drkjx&Ý�x&}um
v w=y hÕkÛx�M�hjcPmox¹wr}rx�cz{lkjw�mzhj{Û} � �PÖsr���!ÛÖ.r�� �,db{Ûwr|8mz{Ûw�moxS��ilkÕx]wr|�db{Ûczhnmoh��Ûx½¦rw d�il|zilÝ�¨Ómo|Tx ��r£ h kzy {Û}?u�ilhnmèkjxÃgWs�i�}�~Ûx]Ý.x]}~m ¦rx ��il|zhji.�rkjx&c

: BDC E = �ÅÖsr F �(�* BDC F = �ÅÖsr �"�
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xÓmØczh8kzy {Û}¬db{Ûczx �
i�F l � �� F � 9 �� F�� = �PÖ.r � �

{l} �Û{lhÕm v w�x �PÖ.r�� �°x&cTm # �  5 ��VI � $ T )I� . $ � "� .  T  )�� �)T $�:��   �, $ T �� *�  $# )  . V U U  
�)T �   ZU $ ��. � U�� �!T  � $ ' �  )  �(' $  #  .  T  	� � � )  )  � $  �
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���� � � ��9 :=<?>��! #" @ $&%('!)+*-,!.+/1032545'!%(.7698:/�;(/5<=<>*-)+8@?A.+*!%(<B/C%D?FEA'!%:<F)G'H?A.+*!%I8(%(.KJ�*-EF03/L;:/)�MN2C6O8P'Q?A.7*-%=;(/SRT.7<FU(/CEWVYXZ*-)+03*-,-*!EF*\[^](8(%^*-_9`>/a?Zbc*-%:4C?A8:/5)d<F/�;:25b()+'!45/e;P'!%:<f8(%Lb	*QV?F/5%g?A.7/5)
�
h F�i�'j[!/54S8(%(/�J�*-EF4C/�;(/eJ�EF*!?>?A/503/5%g?fkP8:.+;(/  

l /5<f4C*-%(;(.K?A.7*-%(<m)7.+03.7?F/5<on �- qpOr <5Mq.+%g?A/CEFb(E>sC?A/C%g?Z'!)+*-E><m/C%=;(.+<F'!%g?f6O8(/t)G'ubP'!E>?F.+4C8()+/<>/v?FEF*-8:[Q'!.K?S'!8wb	*-.7%O?S;xMN'!_(<>45.7<F<F/ F y{z3;P'!%:<|8(%}bP'!<F<>2B.7%:~P%(.70v/C%O?e)7*-.+%g?A'!.+%�/C?6O8(/�)7/m03*-8:[-/C0v/C%g?�<5MN'!4�U(sC[!/5EF'|�t8(%�?A/C0vb:< E�.7%:~P%(.70v/C%O?�,-EA'!%:;�'!8�bc*!.+%g? F{y   l '�~P,-8(E>/ �- #" E>/5b(E>25<F/C%g?A/|4C/C?>?A/SbP'!E>?F.+4C8()+/t;('!%(<Z)+/�b	*!?A/C%O?F.+/C)
�
h F�i�/C?Zb	/5EF03/C?�;:/4C*-03b(EF/C%(;(EF/eJ�'!4C.+)+/C0v/C%g?�)+/5<Z45*!0vb	*-E>?F/503/5%g?A<�b	*-<F<>.+_()7/5<Z;(8LJ�E>*-%g?  	� %L[!*-.7?Z/C%1/CJGVJ�/a?Z698:/|<F.�)7/eJ�E>*!?F?F/503/5%g?�kP8(.7;(/e/5<>?o<F8@�v<F'!030v/C%O?o.+03b	*-E>?A'!%g?unW�����5�P<F.���/5<W?t'Q<F<F/C�
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��|�}`��~ �/�¡�¢~�����~���� ��� �©��|������,��|�}�� � �[�b~� ������,��������~��`���b~�� �/��~ ��~������+  ¤ � ��~��
~�� �/�=  �� �~�� � � � ��} � ��}`� I�~�} �/��~���~�� }`���`������|��`� � ~ � ���O~ ��� ~ � ����|�� � ~�� � ���b|������ � �
  �+� ����~��2Q��¨|��¥|������`�¡�§�b� � ����� � ���+������ �~ ��� ��~��_� � ~�} ¦ ��~���|�����|�� � ��}`~�� � ~�����|��/��~ �����`~
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}�� | � ��~ � ¦ |���~���� � 6 �,����� ��}`�������`~� � �~ � �*��� | � ���l�b}���¤��,�`� � � �b~�����~ �/��~ ���3� �"3 ! # � $| � ~�� � � ~ ��} � ¤�|�¤��������`� $ K % 7H~��C� � |��&�b}`~����+������ �~�| � ~�� � � }����`~�|����� ¦ ��}�~� �~ � � � � � �
� ��}`~ � � � � ����|��/��~©�`���`~�|��b} � ��� � � ���`� � � 6 |������~�� � ~ � ~�� � 7C�`��}_��| ��� ¦�� ~��,}`����� � ~ � �b~
6 ���+������ �~ � ���`} � ��� | � � ���`}`~��CG�`��}���|tI ¦ �,}`~Nµ �¢��7�� ° | � ����~ � ~�} � ��~�}
�*|����¡����� �/��|B�
�`� � � 6 O ��	 �!7 � �Q����|��,���b}�~rO��~�}` �~�� � ~ � � ��} �+�q�¢��� ��|��,���,}`~ �,� }`~ty*# � M L ; K � ~��
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  �����b���,����~�}C� � ��� ��~��
}����`�,����|B�b�
��|�} � M K % � � ��}���~ ����|���~�}
�`�,} � |�  �� �~
������~�����~ �+�,~ � | � ����~I�*|��£� � ~�� �]| � � ���`}`~�� �+S � I � �	� � � Q � ��}��£�`�,}£� | I ¦ ��}�~ µ �¢�,�
��~������ ¦ � ~��_}`~��,}`����~ � �b~ � ����~�� �,}`� � �����`� � � � � ~ v�� � }`������ ���~�� ��|�}���~���� �/��|��`� � � � 6 µ �Tµ�7��
� �¢| ¦ }��� �~ � �H~ � �`}`~_� |��b��� � }`��~u~��6��~�� �`�� ���� |��`� � � �P~����H�`}���� ¤ � � �`|�� ����~��,�l�����`}`~u� � ��}
��~ ���+������ �~rM # $ /!/ ~�� L # / 1 � ��� L � ��~��l���`| � � ��� �,�`~ ��|�� |��`��~�³��O~§�b���©� � ��}
�/��~ ���¢|����,} � �&�� �|��b� � � � � � �b� � ��~©� � ����¤ � ��� ~ �
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����}6��~�� � ~�� � �,}`~� ���~�}`������  �,� | � �b� � ~_����� � ~�} ¦ ��~C����¤�}�~ � ��� � � � ���+  ��}�~ � ��}`� ¦ �	~ � $��
$ � �� �~ � �`� � � � �/��| ��� ��| � ��}`~��§�b� � � �b}`| � � � ~�}��b|���~8~���� � ~[��|�������~�I � ��~[~§�z| � ~�� �
� } � � �b����}`~�� ���+����� � � ��|����H��~u����~ � ~ � �b}�~ �3�¢~ �&��}`~��`�`� � � 6 � ���&®!7 �,� ��� ��~ ��|�}6� | }���� � ���,�`� � �
� ~	�3�T² � �b|���³ � ~�´C~§�b��~1~�������~��&��}�~����`� ��� 6 O �¨��µ!7 � |�� |�¤���~S� ¦ }b| ��� ~	������~�����~�� � � � ¤,�`��~ � �
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� ����� � � ) ����� � � �
3 # ) � y� ) y	;

%�� � 6 µ � 9 ®�|�7
� M ; ��
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���� § ����� ; �R¨ ©3 # y ª}| ;�7� ; ~ � ��
� B B 0 � ���������A� 1 � ©; �

� B � 0 �	� �� � 
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� �zy B ; ) � � ; ! � 
 � � B
� y ) «�� B � y � � � � B� y � � 6 µ � 9 ®�¤ 7

� � y ~���� ��� �,� �©��|�} y # � M L ; 1 6 µ � 9J��7
6 ²u�`�`~ � �b� � � �+� | � |���~���} � ~ y � ��~����u��|��u��|   �� �~ �/��~ � | � �u��| �`~����`� � � �,}`����� � ~ � �b~���7� � ��}�� �  ���|�}`~�}
��~��
}`���������b|��b� � ~����`��  ����|��b� � � � � �, ���}`� �/��~��©| � ~�� ��~���~��&��}�~��j�
��� � � � 6 µ � 9 ®!7§�&��� ��|��,��� � �,� |����`}`~ � � �*3 ! � � � � �O~��,� � ��}��HI�~�} �+�,~ �3� � � |
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��
����

����� � � �*3 ! �
3 # L ;% � ����� � %�� � � �
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����� � ~�} ¦ ��~�����¤�}�~ � ��� � � � ���+  ��}�~ � ��}`� ¦ ������}�� � }`����~*|�� ����}�� �+� � �/��~ � ~���|�} ¦ ~���}kM
~�� � ~£¤�}������ L ~ � � � � ���b� � �Q� �d��|�}`|�  �§�b}�~ry�# % M L ; � � ~�� ��� ¦ � ~�� }�~���}����`~ � �b~ � �
��~�����}�� � ����� � � � ��� ��� ��~��£��|�} 6 � � � 7 ~�����~���� � � � �b����~��£}`���`������|��`� � ~�������  ����|��b� � � �
� �, ���}`� �/��~�� � � ~�� ������� ��~�� � �`} � ����| � � �§�b}`~��u � � � ���`�� �~��`�,}`��~�� �`�,}�� � }����`~�|��
��� ¦ ��}`~� �~ � � � �HGO��}�~ � �*��~§��� �I� ~�� ���+������ �~���| �§�b�©�`��  ����� � � ��}�� � ¤,}`����� ¦ |������`��~ �
~��S� � ¤�}`�,��� ��� � � ¦ |��,�`�`��~ � � � |(I ¦ ��}`~ � ��¤�|��S~��l�1�`�� �����~� �~ � �H� � | ¦ }`| ��� ���`�`~� �~ � �
� ~©� |NI ¦ �,}`~ � �z��|��,��� � ��}���~��_�O~§�b���b~�� � |���~���}�� � ~`y �
� ��~��&��}�~����`� ��� ~���� ��� ¦ ��}`~� �~ � � � � Gq��}`~ � �`~ �/��~ � | � � ��~��*|�� 6 � � � 7 � �¢� � � � ���+  ��}�~
�`��}�� � � �+��� ��� }�~��
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��� � � 	 � � M ; � � �����~�� � ~�� �^�,}`~� ���~�}`�����  ����| � �b���|�}� � ���`� � ~[� � ��¦ ��~���}
� ~ ����� � ~�} ¦ ��~ ����¤,}`~ � �¢� � � � ���+  ��}`~ � ��}�� ¦ � �`��}�� � }`���`~�|��_^ � � ��� � �=����}`� �&� � �/��~ � ~
�b|�������~a` ~�� � ~¤,}`�����cbX~ � � � � ���`� � �Q� ����|�}b|�  �§�b}`~ry # � `�b ;�� � ~�� ��� ¦�� ~�� }`~§�
�,}`����~ � �b~ � ���~�����}�� � ����� � � � ������� ��~��£��|�} 6 � ��9.�!7 ~�����~���� � � � �b� ��~���}`���������b|��b� � ~��
����  �,� |��`� � � � � �� ���}`� �+�,~�� �
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Shift in the velocity of a front due to a cutoff

Eric Brunet* and Bernard Derrida†

Laboratoire de Physique Statistique, ENS, 24 rue Lhomond, 75005 Paris, France
~Received 5 May 1997!

We consider the effect of a small cutoff « on the velocity of a traveling wave in one dimension. Simulations
done over more than ten orders of magnitude as well as a simple theoretical argument indicate that the effect
of the cutoff « is to select a single velocity that converges when «→0 to the one predicted by the marginal
stability argument. For small « , the shift in velocity has the form K(ln«)22 and our prediction for the constant
K agrees very well with the results of our simulations. A very similar logarithmic shift appears in more
complicated situations, in particular in finite-size effects of some microscopic stochastic systems. Our theoret-
ical approach can also be extended to give a simple way of deriving the shift in position due to initial
conditions in the Fisher-Kolmogorov or similar equations. @S1063-651X~97!01609-7#

PACS number~s!: 02.50.Ey, 03.40.Kf, 47.20.Ky

I. INTRODUCTION

Equations describing the propagation of a front between a
stable and an unstable state appear @1–7# in a large variety of
situations in physics, chemistry, and biology. One of the sim-
plest equations of this kind is the Fisher-Kolmogorov @1,2#
equation

]h

]t
5

]2h

]x2 1h2h3, ~1!

which describes the evolution of a space- and time-
dependent concentration h(x ,t) in a reaction-diffusion sys-
tem. This equation, originally introduced to study the spread
of advantageous genes in a population @1#, has been widely
used in other contexts, in particular to describe the time de-
pendence of the concentration of some species in a chemical
reaction @8,9#.

For such an equation, the uniform solutions h51 and
h50 are, respectively, stable and unstable and it is known
@3,7,10–12# that for initial conditions such that h(x ,0)→1 as
x→2` and h(x ,0)→0 as x→1` there exists a one-
parameter family F

v
of traveling-wave solutions ~indexed by

their velocity v) of the form

h~x ,t !5F
v
~x2vt !, ~2!

with F
v

decreasing, F
v
(z)→1 as z→2` and F

v
(z)→0 as

z→` . The analytic expression of the shape F
v

is in general
not known, but one can determine the range of velocities v

for which solutions of type ~2! exist. If one assumes an ex-
ponential decay

F
v
~z !.e2gz for large z , ~3!

it is easy to see by replacing Eqs. ~2! and ~3! in Eq. ~1! that
the velocity v is given by

v~g !5g1

1

g
. ~4!

As g is arbitrary, this shows the well-known fact that the
range of possible velocities is v>2. The minimal velocity
v052 is reached for g051 and for steep enough initial con-
ditions h(x ,0) ~which decay faster than e2g0x), the solution
selected @3,4,6,7,10–12# for large t is the one corresponding
to this minimal velocity v0.

Equations of type ~1! are obtained either as the large-scale
limit @5,8,13–16# or as the mean-field limit @17# of physical
situations that are discrete at the microscopic level ~particles,
lattice models, etc.! As the number of particles is an integer,
the concentration h(x ,t) could be thought of as being larger
than some « , which would correspond to the value of h(x ,t)
when a single particle is present. Equations of type ~1! ap-
pear then as the limit of the discrete model when «→0.
Several authors @8,13,14# already have noticed in their nu-
merical works that the speed v« of the discrete model con-
verges slowly, as « tends to 0, towards the minimal velocity
v0. We believe that the main effect of having «Þ0 is to
introduce a cutoff in the tail of the front and that this changes
the speed noticeably.

The speed of the front is in general governed by its tail. In
the present work, we consider equations similar to Eq. ~1!,
which we modify in such a way that whenever h(x ,t) is
much smaller than a cutoff « , it is replaced by 0. The cutoff
« can be introduced by replacing Eq. ~1! by

]h

]t
5

]2h

]x2 1~h2h3!a~h !, ~5!

with

a~h !51 if h.« ,

a~h !!1 if h!« . ~6!

For example, one could choose a(h)51 for h>« and
a(h)5h/« for h<« . Another choice that we will use in Sec.
IV is simply a(h)51 if h.« and a(h)50 if h<« .
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The question we address here is the effect of the cutoff «

on the velocity v« of the front. We will show that the veloc-
ity v« converges, as «→0, to the minimal velocity v0 of the
original problem ~without a cutoff! and that the main correc-
tion to the velocity of the front is

v«.v02

p2g0
2

2
v9~g0!

1

~ ln« !2 ~7!

for an equation of type ~1! for which the velocity is related to
the exponential decay g of the shape ~2! by some relation
v(g). ~Everywhere we denote by v0 the minimal velocity
and g0 the corresponding value of the decay g .! In the par-
ticular case of Eq. ~1!, where v(g) is given by Eq. ~4!, this
becomes

v«.22

p2

~ ln« !2 . ~8!

In Sec. II we describe an equation of type ~1! where both
space and time are discrete, so that simulations are much
easier to perform. The results of the numerical simulations of
this equation are described in Sec. III: as «→0, the velocity
is seen to converge like (ln«)22 to the minimal velocity v0
and the shape of the front appears to take a scaling form.

In Sec. IV we show that for equations of type ~1! in the
presence of a small cutoff « as in Eq. ~5!, one can calculate
both the shape of the front and the shift in velocity. The
results are in excellent agreement with the numerical data of
Sec. III.

In Sec. V we consider a model defined, for a finite num-
ber N of particles, by some microscopic stochastic dynamics
that reduces to the front equation of Secs. III and IV in the
limit N→` . Despite the presence of noise, our simulations
indicate that in this case too the velocity dependence of the
front decays slowly @as (lnN)22# to the minimal velocity v0
of the front.

II. DISCRETE FRONT EQUATION

To perform numerical simulations, it is much easier to
study a case where both time and space are discrete vari-
ables. We consider here the equation

h~x ,t11 !5g~x ,t ! Q„g~x ,t !2«…, ~9a!

where

g~x ,t !512@12ph~x21,t !2~12p !h~x ,t !#2. ~9b!

Time is a discrete variable and if initially the concentration
h(x ,0) is only defined when x is an integer, h(x ,t) remains
so at any later time. Because t and x are both integers, the
cutoff « can be introduced as in Eq. ~9! in the crudest way
using a Heaviside Q function. @We have checked, however,
that other ways of introducing the cutoff « as in Eqs. ~5! and
~6! do not change the results.#

Equation ~9! appears naturally ~in the limit «50) in the
problem of directed polymers on disordered trees @17,18#
~where the energy of the bonds is either 1 with probability p

or 0 with probability 12p). At this stage we will not give a
justification for introducing the cutoff « . This will be dis-
cussed in Sec. V.

We consider for the initial condition a step function

h~x ,0!50 if x>0,

h~x ,0!51 if x,0. ~10!

Clearly, for such an initial condition, h(x ,t)51 for x,0 at
all times. As h(x ,t).1 behind the front and h(x ,t).0
ahead of the front, we define the position X t of the front at
time t by

X t5 (
x50

1`

h~x ,t !. ~11!

The velocity of the front v« can then be calculated by

v«5 lim
t→`

X t

t
5^X t112X t& , ~12!

where the average is taken over time. @Note that as h(x ,t) is
only defined on integers, the difference X t112X t is time
dependent and has to be averaged as in Eq. ~12!.#

When «50, the evolution equation ~9! becomes

h~x ,t11 !512@12ph~x21,t !2~12p !h~x ,t !#2.
~13!

As for Eq. ~1!, there is a one-parameter family of solutions
F

v
of the form ~2! indexed by the velocity v which is related

as in Eq. ~3! to the exponential decay g of the shape by

v~g !5

1

g
ln@2peg

12~12p !# . ~14!

@This relation is obtained as Eq. ~4! by considering the tail of
the front where h(x ,t) is small and where therefore ~13! can
be linearized.#

One can show that for p,1/2, v(g) reaches a minimal
value v0 smaller than 1 for some g0, whereas for p>1/2,
v(g) is a strictly decreasing function of g , implying that the
minimal velocity is v05limg→`v(g)51. We will not dis-
cuss this phase transition here and we assume from now on
that p,1/2. Table I gives some values of v0 and g0 obtained
from Eq. ~14!.

It is important to notice that for p,1/2, the function v(g)
has a single minimum at g0. Therefore, there are in general
two choices g1 and g2 of g for each velocity v . For vÞv0,
the exponential decay of F

v
(z) is dominated by

min(g1 ,g2). As v→v0, the two roots g1 and g2 become
equal and the effect of this degeneracy gives ~in a well cho-
sen frame!

TABLE I. Values of g0 and v0 for some p when «50.

p 0.05 0.25 0.45

g0 2.751 111 . . . 2.553 244 . . . 4.051 851 . . .
v0 0.451 818 . . . 0.810 710 . . . 0.979 187 . . .
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F
v0

~z !.Aze2g0z for large z , ~15!

where A is a constant. This large-z behavior can be recov-
ered by looking at the general solution of the linearized form
of Eq. ~13!,

h~x ,t11 !52ph~x21,t !12~12p !h~x ,t !. ~16!

III. NUMERICAL DETERMINATION OF THE VELOCITY

We iterated numerically Eq. ~9! with the initial condition
~10! for several choices of p,1/2 and for « varying between
0.03 and 10217. We observed that the speed is usually very
easy to measure because, after a short transient time, the
system reaches a periodic regime for which

h~x ,t1T !5h~x2Y ,t ! ~17!

for some constants T and Y . The speed v« of the front is then
simply given by

v«5

Y

T
. ~18!

For example, for p50.25 and «51025, we find T5431 and
Y5343, so that v«5343/431. The emergence of this peri-
odic behavior is due to the locking of the dynamical system
of the h(x ,t) on a limit cycle. Because Y and T are integers,
our numerical simulations give the speed with an infinite
accuracy.

For each choice of p and « , we measured the speed of the
front, as defined by Eq. ~12! and its shape. Figure 1 is a
log-log plot of the difference v02v« versus « ~varying be-
tween 0.03 and 10217) for three choices of the parameter
p . The solid lines on the plot indicate the value predicted by
the calculations of Sec. IV.

We see in this figure that the velocity v« converges slowly
towards the minimal velocity v0 as «→0. Our simulations,
done over several orders of magnitude ~here 15!, reveal that
the convergence is logarithmic: v02v«;(ln«)22.

As the front is moving, to measure its shape, we need to
locate its position. Here we use expression ~11! and we mea-
sure the shape s«(z) of the front at a given time t relative to
its position X t by

s«~z !5h~z1X t ,t !. ~19!

When the system reaches the limit cycle ~17!, the shape
s«(z) becomes roughly independent of the time chosen. ~In
fact, it becomes periodic of period T , but the shape s« has a
smooth envelope.! We have measured this shape at some
arbitrary large enough time to avoid transient effects. As we
expect s«(z) to look more and more like F

v0
(z) as « tends to

0, we normalize this shape by dividing it by e2g0z. The result
s«(z)eg0z is plotted versus z for p50.25 and «51029,
10211, 10213, 10215, and 10217 in Fig. 2.

On the left-hand side of the graph, our data coincide over
an increasing range as « decreases, indicating that far from
the cutoff, the shape converges to expression ~15! of
F

v0
(z). On the right-hand side, the curves increase up to a

maximum before falling down to some small value that
seems to be independent of « . When « is multiplied by a
constant factor ~here 1022), the maximum as well as the
right-hand side of the curves is translated by a constant
amount. This indicates that for « small enough, the shape
s«(z) in the tail ~that is, for z large! takes the scaling form

s«~z !.uln«u GS z

uln«u D e2g0z. ~20!

We will see that our analysis of Sec. IV does predict this
scaling form. As one expects this shape to coincide with the
asymptotic form ~15! of F

v0
(z) for 1!z!uln«u, the scaling

function G(y) should be linear for small y .

IV. CALCULATION OF THE VELOCITY
FOR A SMALL CUTOFF

The first remark we make is that as soon as we introduce
a cutoff through a function a(h), which is everywhere
smaller than 1, the velocity v« of the front is lowered com-
pared to the velocity obtained in the absence of a cutoff. This
is easy to check by comparing a solution h«(x ,t) of Eq. ~5!,
where a(h) is present, and a solution h0(x ,t) of Eq. ~1!. If
initially h«(x ,0),h0(x ,0), the solution h« will never be able
to take over the solution h0. Indeed, if the two functions
h«(x ,0) and h0(x ,0) were to coincide for the first time at
some point x , we would have at that point
]2h« /]x2<]2h0 /]x2 and together with the effect of a(h)

FIG. 1. Difference v02v« for p50.05, 0.25, and 0.5. The sym-
bols represent the result of our numerical simulations and the solid
lines indicate the prediction of the analysis of Sec. IV.

FIG. 2. Normalized shape of the front s«(z)eg0z versus z for
p50.25 and several choices of « .
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this would bring back the system in the situation where
h«(x ,t),h0(x ,t) @3,7#. This shows that v«<v0.

For the calculation of the velocity v« , we will consider
first the modified Fisher-Kolmogorov equation ~5! when the
cutoff function a(h) is simply given by

a~h !5Q~h2« !. ~21!

In this section we will calculate the leading correction to the
velocity when « is small and we will obtain the scaling func-
tion G that appears in Eq. ~20!. Then we will discuss briefly
how our analysis could be extended to more general forms of
the cutoff function a(h) or to other traveling-wave equations
such as Eq. ~9!.

As v« is the velocity of the front, its shape
s«(z)5h(z1v«t ,t) in the asymptotic regime satisfies

v«s«81s«91~s«2s«
2!a~s«!50.

When « is small, with the choice ~21! for a(h), we can
decompose the range of values of z into three regions: region
I, where s«(z) is not small compared to 1; region II, where
«,s«(z)!1; and region III, where s«(z),« .

In region I, the shape of the front s« looks like F
v0

,

whereas in regions II and III, as s« is small, it satisfies the
linear equations

v«s«81s«91s«50 in region II, ~22!

v«s«81s«950 in region III. ~23!

These linear equations ~22! and ~23! can be solved easily.
The only problem is to make sure that the solution in region
II and its derivative coincides with F

v0
at the boundary be-

tween I and II and with the solution valid in region III at the
boundary between II and III. If we call D the shift in the
velocity

D5v02v« ~24!

and if we denote gr6ig i the two roots of the equation
v(g)5v« , the shape s« is given in the three regions by

s«~z !.F
v0

~z ! in region I,

s«~z !.Ce2grzsin~g iz1D ! in region II, ~25!

s«~z !.«e2v«~z2z0! in region III,

and we can determine the unknown quantities C , D , z0, and
v« by using the boundary conditions.

For large z we know from Eq. ~15! that
F

v0
(z).Aze2g0z for some A . Therefore, as g02gr;D and

g i;D1/2, the boundary conditions between regions I and II
impose, to leading order in D1/2, that C5A/g i and D50.

At the boundary between regions II and III, we have
s«(z)5« and z5z0. If we impose the continuity of s« and of
its first derivative at this point, we get

Ae2grz0sin~g iz0!5«g i ~26a!

and

Ae2grz0@2grsin~g iz0!1g icos~g iz0!#52v««g i .
~26b!

Taking the ratio between these two relations leads to

gr2
g i

tan~g iz0!
5v« . ~27!

When D is small, gr.g051, v«.v052, and g i;D1/2.
Thus the only way to satisfy Eq. ~27! is to set g iz0.p and
p2g iz0.g i;D1/2. Therefore, Eq. ~26! implies to leading
order that z0.2(ln«)/g0 and the condition g iz0.p gives

g i.
p

z0
.

pg0

uln«u
. ~28!

Then, as g i is small, the difference D5v02v« is given by

v02v«.
1

2
v9~g0!g i

2.
v9~g0!p2g0

2

2~ ln« !2 , ~29!

which is the result announced in Eqs. ~7! and ~8!.
A different cutoff function a(h) should not affect the

shape of s« in region II or the size z0 of region II. Only the
precise matching between regions II and III might be modi-
fied and we do not think that this would change the leading
dependence of z0 in « , which controls everything. In fact,
there are other choices of the cutoff function a(h) ~piecewise
constant! for which we could find the explicit solution in
region III, confirming that the precise form of a(h) does not
change Eq. ~28!. The generalization of the above argument to
equations other than Eq. ~1! ~and in particular to the case
studied in Secs. II and III! is straightforward. Only the form
of the linear equation is changed and the only effect on the
final result ~7! is that one has to use a different function
v(g).

When expression ~7! is compared in Fig. 1 with the re-
sults of the simulations, the agreement is excellent. More-
over, in region II, one sees from Eqs. ~25! and ~28! that

s«~z !.
A

pg0
uln«usinS pg0z

uln«u D e2g0z, ~30!

which also agrees with the scaling form ~20!.
Recently, for a simple model of evolution @19,20# gov-

erned by a linear equation, the velocity was found to be the
logarithm of the cutoff to the power 1/3. This result was
obtained by an analysis that has some similarities to the one
presented in this section.

V. STOCHASTIC MODEL

Many models described by traveling-wave equations
originate from a large-scale limit of microscopic stochastic
models involving a finite number N of particles @13–16#.
Here we study such a microscopic model, the limit of which
reduces to Eq. ~13! when N→` . Our numerical results, pre-
sented below, indicate a large-N correction to the velocity of
the form vN.v02a(lnN)22 with a coefficient a consistent
with the one calculated in Sec. IV for «51/N .

The model we consider in this section appears in the study
of directed polymers @14# and is, up to minor changes,
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equivalent to a model describing the dynamics of hard
spheres @15#. It is a stochastic process discrete in both time
and space with two parameters: N , the number of particles,
and p , a real number between 0 and 1. At time t (t is an
integer!, we have N particles on a line at integer positions
x1(t), x2(t), . . . , xN(t). Several particles may occupy the
same site. At each time step, the N positions evolve in the
following way: for each i , we choose two particles j i and
j i8 at random among the N particles. ~These two particles do
not need to be different.! Then we update x i(t) by

x i~ t11 !5max@x j i
~ t !1a i , x j

i8
~ t !1a i8# , ~31!

where a i and a i8 are two independent random numbers tak-
ing the value 1 with probability p or 0 with probability
12p . The numbers a i , a i8 , j i , and j i8 change at each time
step. Initially (t50), all particles are at the origin, so that we
have x i(0)50 for all i .

At time t , the distribution of the x i(t) on the line can be
represented by a function h(x ,t), which counts the fraction
of particles strictly at the right of x ,

h~x ,t !5

1

N (
x i~ t !.x

1. ~32!

Obviously h(x ,t) is always an integral multiple of 1/N . At
t50, we have h(x ,0)51 if x,0 and h(x ,0)50 if x>0.
One can notice that the definition of the position X t of the
front used in Eq. ~11! coincides with the average position of
the N particles

X t5 (
x50

1`

h~x ,t !5

1

N(
i51

N

x i~ t !. ~33!

Given the positions x i(t) of all the particles @or, equiva-
lently, given the function h(x ,t)#, the x i(t11) become inde-
pendent random variables. Therefore, given h(x ,t), the prob-
ability for each particle to have at time t11 a position
strictly larger than x is given by

^h~x ,t11 ! u h~x ,t !&

512@12ph~x21,t !2~12p !h~x ,t !#2. ~34!

The difficulty of the problem comes from the fact that one
can only average h(x ,t11) over a single time step. On the
right-hand side of Eq. ~34! we see terms such as h2(x ,t) or
h(x21,t)h(x ,t) and one has to calculate all the correlations
of the h(x ,t) in order to find ^h(x ,t11)& . This makes the
problem very difficult for finite N . However, given h(x ,t),
the x i(t11) are independent and in the limit N→` , the
fluctuations of h(x ,t11) are negligible. Therefore, when
N→` , h(x ,t) evolves according to the deterministic equa-
tion ~13!. As the initial condition is a step function, we ex-
pect the front to move, in the limit N→` , with the minimal
velocity v0 of Eq. ~14!.

For large but finite N , we expect the correction to the
velocity to have two main origins. First, h(x ,t) takes only
values that are integral multiples of 1/N , so that 1/N plays a
role similar to the cutoff « of Sec. II. Second, h(x ,t) fluctu-
ates around its average and this has the effect of adding noise

to the evolution equation ~13!. In the rest of this section we
present the results of simulations done for large but finite N
and we will see that the shift in the velocity seems to be very
close to the expression of Sec. IV when «51/N .

With the most direct way of simulating the model for N
finite, it is difficult to study systems of size much larger than
106. Here we use a more sophisticated method allowing N to
become huge. Our method, which handles many particles at
the same time, consists in iterating directly h(x ,t).

Knowing the function h(x ,t) at time t , we want to calcu-
late h(x ,t11). We call xmin and xmax , respectively, the po-
sitions of the leftmost and rightmost particles at time t and
l5xmax2xmin11. In terms of the function h(x ,t), one has
0,h(x ,t),1 if and only if xmin<x,xmax . Obviously, all
the positions x i(t11) will lie between xmin and xmax11. The
probability pk that a given particle i will be located at posi-
tion xmin1k at time t11 is

pk5^h~xmin1k21,t11 !&2^h~xmin1k ,t11 !&, ~35!

with ^h(x ,t11)& given by Eq. ~34!. Obviously, pkÞ0 only
for 0<k<l .

The probability to have, for every k , nk particles at loca-
tion xmin1k at time t11 is given by

P~n0 ,n1 , . . . ,n l!5

N!

n0! n1! ••• n l!
p0

n0 p1
n1 ••• p l

n l

3d~N2n02n12•••2n l!. ~36!

Using a random number generator for a binomial distribu-
tion, expression ~36! allows one to generate random nk . This
is done by calculating n0 according to the distribution

P~n0!5

N!

n0! ~N2n0!!
p0

n0~12p0!N2n0, ~37!

then n1 with

P~n1un0!5

~N2n0!!

n1! ~N2n02n1!!S p1

12p0
D n1

3S 12

p1

12p0
D N2n02n1

, ~38!

and so on. This method can be iterated to produce the l11
numbers n0, n1, . . . , n l distributed according to Eq. ~36!.
Then we construct h(x ,t11) by

h~x ,t11 !51 if x,xmin ,

h~x ,t11 !5

1

N (
i5k11

l

n i if xmin<x<xmax11,

and x5xmin1k , ~39!

h~x ,t11 !50 if x.xmax11.

As the width l of the front is roughly of order lnN, this
method allows N to be very large.

Using this method with the generator of random binomial
numbers given in @21#, we have measured the velocity vN of
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the front for several choices of p ~0.05, 0.25, and 0.45! and
for N ranging from 100 to 1016. We measured the velocities
with the expression

vN5

X1062X105

93105
. ~40!

Figure 3 is a log-log plot of the difference v02vN versus
1/N compared to the prediction ~7! for «51/N . The variation
of vN when using longer times or different random numbers
was not larger than the size of the symbols. We see in Fig. 3
that the speed vN of the front seems to be given for large N
by

vN.v02

K

~ lnN !2 , ~41!

where the coefficient K is not too different from the predic-
tion ~7!.

The agreement, however, is not perfect. The shift v02vN
seems to be proportional to (lnN)22, but the constant in Fig.
3 looks slightly different from the one predicted by Eq. ~7!.
A possible reason for this difference could have been the
discretization of the front: instead of only cutting off the tail
as in Secs. III and IV, here the whole front h(x ,t) is con-
strained to take values multiple of 1/N . One might think that
this could explain this discrepancy. However, we have
checked numerically ~the results are not presented in this
paper! that Eq. ~13! with h(x ,t) constrained to be a multiple
of a cutoff « does not give results significantly different from
the simpler model of Secs. III and IV with only a single
cutoff. So we think that the full discretization of the front
cannot be responsible for a different constant K . The discrep-
ancy observed in Fig. 3 is more likely due to the effect of the
randomness of the process. It is not clear, however, whether
this mismatch would decrease for even larger N . It would be
interesting to push the numerical simulations further and
check the N dependence of the front velocity for very large
N .

VI. CONCLUSION

We have shown in the present work that a small cutoff «
in the tail of solutions of traveling-wave equations has the
effect of selecting a single velocity v« for the front. This
velocity v« converges to the minimal velocity v0 when «→0
and the shift v02v« is surprisingly large ~7! and ~8!.

Very slow convergences to the minimal velocity have
been observed in a number of cases @8,13–15# as well as the
example of Sec. V. As the effect of the cutoff on the velocity
is large, it is reasonable to think that it would not be affected
much by the presence of noise. The example of Sec. V shows
that the cutoff alone gives at least the right order of magni-
tude for the shift and it would certainly be interesting to push
the simulations further for this particular model to see
whether the analysis of Sec. IV should be modified by the
noise. The numerical method used in Sec. V to study a very
large (N;1016) system was very helpful to observe a loga-
rithmic behavior. We did not succeed in checking in earlier
works @13–15,22# whether the correction was logarithmic,
mostly because the published data were usually too noisy or
obtained on a too small range of the parameters. Still, even if
the cutoff was giving the main contribution to the shift of the
velocity, other properties would remain very specific to the
presence of noise, like the diffusion of the position of the
front @16#.

Our approach of Sec. IV shows that the effect of a small
cutoff is the existence of a scaling form ~20! and ~30! that
describes the change in the shape of the front in its steady
state. The effect of initial conditions for usual traveling-wave
equations ~with no cutoff! leads to a very similar scaling
form for the change in the shape of the front in the transient
regime. This is explained in the Appendix, where we show
how the logarithmic shift of the position of a front due to
initial conditions @10,23# can be recovered.
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APPENDIX: EFFECT OF INITIAL CONDITIONS
ON THE POSITION AND ON THE SHAPE

OF THE FRONT

In this appendix we show that ideas very similar to those
developed in Sec. IV allow one to calculate the position and
the shape at time t of a front evolving according to Eq. ~1!,
or a similar equation, given its initial shape. The main idea is
that in the long-time limit, there is a region of size At ahead
of the front that keeps the memory of the initial condition.
We will recover in particular the logarithmic shift in the
position of the front due to the initial condition @10,23#,
namely, that if the initial shape is a step function

h~x ,0!50 if x.0,

h~x ,0!51 if x,0, ~A1!

then the position X t of the front at time t increases like

FIG. 3. Difference v02vN versus 1/N for three choices of p .
The symbols represent the result of our numerical simulations of the
stochastic process and the solid lines indicate the prediction ~7! for
«51/N .
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X t.2t2
3

2
lnt . ~A2!

More generally, if initially

h~x ,0!5xne2g0x if x.0,

h~x ,0!51 if x,0, ~A3!

we will show that for n.22

X t.2t1
n21

2
lnt , ~A4!

whereas the shift is given by Eq. ~A2! for n,22. Here,
there is no cutoff, but the transient behavior in the long-time
limit gives rise to a scaling function very similar to the one
discussed in Sec. IV.

If we write the position of the front at time t as

X t5v0t2c~ t !, ~A5!

we observed numerically ~as in Fig. 2 of Sec. III! and we are
going to see in the following that the shape of the front takes,
for large t , the scaling form

h~x ,t !5taGS x2X t

ta D e2g0~x2X t!, ~A6!

which is very similar to Eqs. ~20! and ~30!.
If we use Eqs. ~A5! and ~A6! into the linearized form of

Eq. ~1!, we get, using the fact that v052 and g051,

1

ta G91

1

t12a
~azG82aG !1taċ G5 ċ G8, ~A7!

where z5(x2X t)t2a. By writing that the leading orders of
the different terms of Eq. ~A7! are comparable, we see that
we must have

a5

1

2
, ~A8!

ċ.
b

t
~A9!

for some b and that the right-hand side of Eq. ~A7! is neg-
ligible. Therefore, the equation satisfied by G is

d2

dz2 G1

z

2

d

dz
G1S b2

1

2 DG50 ~A10!

and the position of the front is given by

X t.v0t2b lnt . ~A11!

As in Sec. IV, we expect that as t→` , the front will
approach its limiting form and therefore that for z small, the
shape will look like Eq. ~15!. Therefore, we choose the so-
lution Gb(z) of Eq. ~A10!, which is linear at z50. This
solution can be written as an infinite sum

Gb~z !5A (
n50

`
~21 !n

~2n11 !!
z2n11 )

i50

n21

~b1i !

5A (
n50

`
~21 !n

~2n11 !!

G~n1b !

G~b !
z2n11. ~A12!

~The second equality is not valid when b is a nonpositive
integer.!

To determine b , one can notice that the scaling form ~A6!
has to match the initial condition when x is large and t of
order 1. We thus need to calculate the asymptotic behavior of
G(z) when z is large.

For certain values of b , there exist closed expressions of
the sum ~A12!. For instance,

G22~z !5AS z1

z3

3
1

z5

60D ,

G7/2~z !5AS z2

z3

3
1

z5

60D e2z2/4,

G21~z !5AS z1

z3

6 D ,

G5/2~z !5AS z2

z3

6 D e2z2/4, ~A13!

G0~z !5Az ,

G3/2~z !5Aze2z2/4,

G1~z !5Ae2z2/4E
0

z

e t2/4dt .

G1/2~z !5AE
0

z

e2t2/4dt .

One can check directly on Eq. ~A10! that Gb has a symmetry

Gb~z !52ie2z2/4 G3/22b~ iz !. ~A14!

For any b , one can obtain the large-z behavior of G(z).
To do so, we note that for b.0, one can rewrite Eq. ~A12!
as

Gb~z !5

A

G~b !
E

0

`

dt tb23/2sin~Atz !e2t

5

2A

G~b !
z122bE

0

`

dt t2b22sin~ t !e2t2/z2
.

~A15!

For 0,b,1, the second integral in Eq. ~A15! has a nonzero
limit and this gives the asymptotic behavior of Gb(z),

Gb~z !.2

2A

G~b !
cos~pb ! G~2b21 !z122b. ~A16!

From Eq. ~A12!, one can also show that
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Gb952

G~b11 !

G~b !
Gb11 , ~A17!

implying that Eq. ~A16! remains valid for all b except for
b53/2, 5/2, 7/2, etc., where the amplitude in Eq. ~A16! van-
ishes. For these values of b , Gb(z) decreases faster than a
power law @see Eq. ~A13!#.

The functions Gb calculated so far are acceptable scaling
functions for the shape of the front only for b<3/2. Indeed,
one can see in Eq. ~A16! that for 3/2,b,5/2 the function
Gb(z) is negative for large z . In fact, for all b.3/2, this
function changes its sign at least once, so that the scaling
form ~A6! is not reachable for an initial h(x ,0) that is always
positive. It is only for b<3/2 that Gb remains positive for all
z.0.

Looking at the asymptotic form ~A16!, we see that if ini-
tially h(x ,0)5xne2g0x, the only function Gb(z) that has the
right large-z behavior is such that 122b5n and this gives,

together with Eq. ~A11!, the expression ~A4! for the shift of
the position. As the cases b.3/2 are not reachable, all initial
conditions corresponding to n,22 or steeper ~such as step
functions! give rise to G3/2 and the shift in position given by
Eq. ~A2!.

The analysis of this appendix can be extended to other
traveling-wave equations such as Eq. ~13!, with more general
functions v(g) ~having a nondegenerate minimum at g0) as
in Eq. ~14!. Then the expressions ~A2! and ~A4! of the shift
become

X t.v0t2
3

2g0
lnt ~A18!

and

X t.v0t2
12n

2g0
lnt . ~A19!
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Microscopic models of traveling wave equations

Eric Brunet 1, Bernard Derrida 2

Laboratoire de Physique Statistique, ENS, 24 rue Lhomond, 75005 Paris, France 3

Abstract

Reaction-diffusion problems are often described at a macroscopic scale by partial derivative equations of the type of the
Fisher or Kolmogorov–Petrovsky–Piscounov equation. These equations have a continuous family of front solutions, each of
them corresponding to a different velocity of the front. By simulating systems of size up to N = 1016 particles at the microscopic
scale, where particles react and diffuse according to some stochastic rules, we show that a single velocity is selected for the
front. This velocity converges logarithmically to the solution of the F-KPP equation with minimal velocity when the number N

of particles increases. A simple calculation of the effect introduced by the cutoff due to the microscopic scale allows one to
understand the origin of the logarithmic correction.  1999 Published by Elsevier Science B.V. All rights reserved.

1. The Fisher equation

The Fisher equation [1], also called KPP equation
(for Kolmogorov–Petrovsky–Piscounov [2]) is widely
used to describe front propagation in many problems
of physics, chemistry and biology:

∂c

∂t
=

∂2c

∂x2
+ c − c2. (1)

Fisher first introduced this equation to represent “The
Wave of Advance of Advantageous Genes” [1] in a
population. The concentration c(x, t) was the fraction
of individuals in a population at position x and time t

that exhibit some benefit genes, and (1) was used to
describe how this favorable gene would spread in the
population. Eq. (1) can also model the dynamics of
sick individuals in a population during a viral conta-
gious infection, the proportion of burnt-out gases in

1 E-mail: eric.brunet@ens.fr.
2 E-mail: bernard.derrida@ens.fr.
3 Laboratoire associé au CNRS et aux Universités Paris VI et

Paris VII.

a combustion [3], the concentration of some species
produced in a chemical reaction, etc. It also appears
in the mean field theory of directed polymers in a ran-
dom medium [4] and in the calculation of Lyapunov
exponents of large sparse random matrices [5,6].

In (1), c(x, t) represents a concentration, implying
that, for all x and t :

0 6 c(x, t) 6 1. (2)

If we look at solutions constant in space (∂c/∂x =

0), Eq. (1) becomes simply:

∂c

∂t
= c − c2. (3)

There are two stationary solutions: c = 0 (unstable
fixed point) and c = 1 (stable fixed point).

The role of the diffusion term ∂2c/∂x2 in (1)
is to spread any positive perturbation. Therefore, if
initially c(x,0) > 0 in some region of space and
c(x,0) = 0 elsewhere, the perturbation will grow,
reach asymptotically the stable fixed point c = 1 and
spread throughout the whole space. Ultimately, the
stable value c = 1 will be reached everywhere.

0010-4655/99/$ – see front matter  1999 Published by Elsevier Science B.V. All rights reserved.
PII: S0010-4655(99) 00 35 8- 6
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To study how the stable region (where c = 1)
invades the unstable one (where c = 0), one can
consider an initial condition where c(x,0) decreases
monotonically from c(−∞,0) = 1 to c(+∞,0) = 0.
If at time t = 0 the initial condition c(x,0) decreases
fast enough as x → ∞ (in particular if c(x,0) is a step
function), the front moves in the long time limit with
a well defined speedvmin [7]:

vmin = 2. (4)

To understand from (1) why the velocity vmin = 2
is selected looks a priori a very hard task. Eq. (1) is
a non-linear partial derivative equation and there is
no way of writing the full expression of c(x, t) for
an arbitrary initial condition. However, the velocity
vmin = 2 can be understood easily without solving the
full non-linear problem: let us assume that the front
moves at some constant speed v. The concentration
profilec(x, t) takes then the form:

c(x, t) = Fv(x − vt), (5)

where Fv(z) is the solution of:

F ′′
v + vF ′

v + Fv − F 2
v = 0 (6)

with Fv(−∞) = 1 and Fv(+∞) = 0. In the region
where Fv(z) � 1, i.e. far ahead of the front, one can
neglect in (6) the non-linear term. The general solution
of the linearized equation is a sum of two exponentials
so that for z → +∞ one of these two exponentials
dominates:

Fv(z) ' Ae−γ z, (7)

and, from the linearized version of (6), one finds that
v and γ are related by:

v(γ ) = γ +
1

γ
. (8)

We see that the asymptotic decay γ in (7) determines
completely the velocity v(γ ) of the front.

What (8) tells us is that any velocity v > vmin
(vmin = 2) is possible for the front. (It should be noted
that v < vmin would also be possible by allowing γ to
be complex. However, a front moving at such a speed
would take negative values in the tail, and this would
violate condition (2).)

The minimal speed vmin = 2 reached for γmin = 1
has a special status: it has been shown [8–12] that
if in its initial condition the front decays faster than

e−γminx (in particular, if c(x,0) is a step function),
then the front moves asymptotically with this minimal
speed vmin. Moreover, in the long time limit, the
position X(t) of the front is given by

X(t) = 2t −
3

2
ln t + O(1). (9)

(In other words, the velocity of the front converges
to vmin = 2 with a leading correction [12] given by
−3/(2t). The presence of a logarithmic correction
in (9) makes often a precise determination of the
asymptotic velocity difficult.)

Most properties of (1) (selection of the minimal ve-
locity for steep enough initial conditions, logarithmic
corrections to the position as in (9)) can also be re-
covered in a whole class [10] of front equations where
a stable region invades an unstable one. An example
very different from (1) that we will consider below is:

c(x, t + 1) = 1 −

[

1 −

∫

dα ρ(α)c(x − α, t)

]2

, (10)

where ρ(α) can be any density function (ρ(α) > 0 and
∫

dα ρ(α) = 1). As for (1), the uniform solutions c =

0 and c = 1 are respectively unstable and stable and
the integral over α spreads any positive perturbation
as does the diffusion term in (1).

As for (1), the linearized version of (10) where
terms quadratic in c are neglected determines the
velocity. For an exponential decay (7) of the front, one
finds a dispersion relationv(γ ) generalizing (8):

v(γ ) =
1

γ
ln

[

2
∫

dα ρ(α)eγ α

]

, (11)

and for a steep enough initial condition the minimum
velocity

vmin = min
γ

v(γ ) = v(γmin) (12)

is reached in the long time limit. The position X(t) is
then given [11] for large t by:

X(t) = vmint −
3

2γmin
ln t + O(1). (13)

(Note that in general γmin in (12) is finite except for
very particular choices of ρ(α).)

2. The microscopic stochastic model

Front equations of type (1) or (10) originate often
as the large-scale limit of microscopic stochastic mod-
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els [3,5,6,13–15]. Here we study a particular micro-
scopic model which, as we will see, is described in the
large scale limit by the front Eq. (10). We will compare
the velocity measured for this microscopic stochastic
problem with the velocity (11), (12) expected for the
traveling wave Eq. (10).

Our microscopic model [11] is defined as follows:
Imagine a population where each generation has ex-
actly N individuals. Each individual i (1 6 i 6 N ) at
generation t (t is an integer) is characterized by its fit-
ness xi(t), a real number representing its adaptation to
the environment. The state of the system at any time t

is completely determined by the N numbers xi(t).
At time t = 0, we set xi(0) = 0 for all i (but this

choice of initial condition is actually unimportant in
the long-time limit). By definition of the model, the
xi(t) evolve from generation t to generation t + 1 with
the following rule:

xi(t + 1) = max
[

xmi (t) + αi , xfi (t) + α′
i

]

, (14)

where mi and fi are the two parents of the new in-
dividual i , chosen at random in the previous genera-
tion t (in other words, mi and fi are random integers
uniformly distributed between 1 and N ), and where
αi and α′

i are random numbers independently chosen
according to some probability distribution ρ(α) repre-
senting random mutations. So at each generation, the
mi , fi , αi and α′

i are independent and new values are
chosen at every time step.

Under the dynamics (14), the cloud of N points
xi(t) moves along the line and we want to determine
its asymptotic velocity vN , that is:

vN = lim
t→+∞

X(t)

t
, (15)

where

X(t) =
1

N

N
∑

i=1

xi(t). (16)

Let us now see how one can relate this microscopic
model to the traveling wave equation (10). We define
c(x, t) as the fraction of population which has a fitness
larger than x:

c(x, t) =
1

N

N
∑

i=1

Θ
(

xi(t) − x
)

. (17)

(By convention, we choose here Θ(x) = 1 if x >

0 and Θ(x) = 0 if x 6 0.) Obviously, c(x, t) is

a monotonic decreasing function of x going from
c(−∞, t) = 1 to c(+∞, t) = 0. At time t = 0, we
have c(x,0) = 1 for x < 0 and c(x,0) = 0 for x > 0,
so the initial condition is a step function. It should
be noted that c(x, t) can only take values which are
integral multiples of 1/N .

Clearly from (17), the position X(t) of the cloud of
points can be rewritten with the function c(x, t) as:

X(t) = X(0) +

+∞
∫

−∞

dx
[

c(x, t) − c(x,0)
]

. (18)

Given the positions xi(t) of all the particles (or,
equivalently given the function c(x, t)), the xi(t + 1)

obtained from (14) are independent random variables.
Therefore, if we fix c(x, t), the average 〈c(x, t + 1)〉

over the dynamics between time t and t + 1 gives:
〈

c(x, t + 1)
〉

= 1 −
[

1 −

∫

dα ρ(α)c(x − α, t)
]2

, (19)

which, except for the 〈 〉, is exactly (10). However,
if we try to average over the whole history (i.e. over
all the timesteps), we need to average terms quadratic
in c on the right hand side of (19). This means
〈c(x, t + 1)〉 is not only related to 〈c(x, t)〉, but also
to correlations like 〈c(x, t)c(x ′, t)〉, and this makes the
problem very difficult for finiteN . On the other hand,
if we neglect these correlations (and one can argue
that these correlations are small for large enough N )
and replace 〈c(x, t)c(x ′, t)〉 with 〈c(x, t)〉〈c(x ′, t)〉,
then (19) reduces exactly to (10). So (10) can be
thought as the mean-field (or largeN ) version of the
microscopic model (14).

As the initial condition c(x,0) given by (17) is
a step function, the mean field equation predicts a
front moving at the minimum velocity vmin given
by (11), (12).

3. Direct simulations

We have simulated the microscopic model (14) for
several choices of the distribution ρ(α): the uniform
distribution in the range 0 6 α 6 1

ρuni(α) = Θ(α)Θ(1 − α), (20)
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Table 1
Values of γmin and vmin for different models

Model ρ = ρuni ρ = ρexp ρ = ρdisc Martian model

γmin 5.262 076. . . 0.626 635. . . 2.553 245. . . 8.133 004. . .

vmin 0.815 172. . . 2.678 347. . . 0.810 710. . . 0.877 338. . .

the exponential distribution

ρexp(α) = Θ(α)e−α, (21)

and a discrete distribution

ρdisc(α) = 0.25 δ(1 − α) + 0.75 δ(α). (22)

We have also simulated a generalization of the prob-
lem (Martian genetics) where each new individual at
time t + 1 has three parents, so that (14) is replaced by
the max over three terms, with the effect of mutations
distributed according to (20).

The minimal value of the speed vmin and the
corresponding decay rate γmin of the deterministic
front equations (10)–(12) for these four cases are given
in Table 1.

For these four models, we have simulated (14) for
T = 107 timesteps after a transient time of T ′ = 106

timesteps to eliminate the effect of initial conditions.
For several choices of N , we have measured the speed
as:

vN =
X(T + T ′) − X(T ′)

T
. (23)

Fig. 1 represents the difference between the mean-
field speedvmin (given in Table 1) and the speed vN

measured in the simulation for several choices of N

(16, 32, 64, 128, 256, 512, 1024, 2048 and 4096).
We see in Fig. 1 that a single speed vN is selected

in the microscopic model. This speed is always lower
than the speed vmin of the deterministic front equa-
tion, and the difference vmin − vN seems to decay
like N−1/3 for all the variants of the model. The effec-
tive power law exponent seems however to decrease
slowly as N increases.

In order to confirm theN−1/3 decay of Fig. 1, we
tried to increase N , but as in the direct simulation
computer time scales like N × T , it is very hard to
make N much larger than 104 or 105 for a number
T = 107 of timesteps.

Fig. 1. Log–log plot of the difference between the speed vmin given
by the mean-field theory and the speedvN measured in Monte Carlo
simulations for the four models as a function of the number N of
particles. The straight line represents N−1/3.

4. Highly parallel simulations

We are now going to describe a computational
trick which we developed [11] for some particular
distributions ρ(α) such as

ρ(α) = pδ(α − 1) + (1 − p)δ(α), (24)

allowing to simulate the microscopic model for a huge
number of points (N up to 1016). We restrict p to
the range 0 < p < 0.5 (to avoid one of the rare cases
where (11) has no minimum for a finiteγmin).

For the distribution (24), the xi(t) are always inte-
gers if they are so at t = 0 and the concentration c(x, t)

as defined by (17) is constant between any pair of con-
secutive integers. We call respectively xmin and xmax
the positions of the leftmost and rightmost particles at
time t and w = xmax − xmin + 1 the width of the front.
We observed in our simulations that w is typically of
order lnN , so that even for N as huge as 1016, the
number of possible values of the xi(t) at a given time
is very limited, and the whole information in c(x, t)

is carried by the number of particles at each integer x

between xmin and xmax.
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Fig. 2. Differences between the speed obtained by the mean-field
theory and the speed measured in highly parallel simulations for
different values of p as a function of the number N of particles. The
lines represent for each value of p the prediction (27).

Knowing the function c(x, t) at time t , we gener-
ate c(x, t + 1). As at time t , all the xi(t) satisfy

xmin 6 xi(t) 6 xmax,

from (14) and (24) the positions xi(t + 1) will lie
between xmin and xmax + 1. The probability pk that
a given particle i will be located at position xmin + k

at time t + 1 is

pk =
〈

c(xmin + k − 1, t + 1)
〉

−
〈

c(xmin + k, t + 1)
〉

(25)

with 〈c(x, t + 1)〉 given by (19). Obviously, pk 6= 0
only for 0 6 k 6 w. The probability to have, for every
k, nk particles at location xmin +k at time t +1 is given
by

P(n0, n1, . . . , nw)

=
N !

n0!n1! . . .nw!
p

n0
0 p

n1
1 . . .p

nw

l

× δ(N − n0 − n1 − · · · − nw). (26)

Using a random number generator for a binomial
distribution [16], expression (26) allows us to generate
the random numbers nk directly [11].

We have measured from (23) the velocity vN of the
front for several choices of p (0.05, 0.25 and 0.45)
and for N ranging from 100 to 1016. Fig. 2 shows the
results together with functions A(p)/ ln2 N given in
the next section.

Clearly the apparent power law of Fig. 1 does not
persist as N increases and the simulations indicate that
vmin − vN ∼ ln−2 N for large N . We are going to see

Fig. 3. Comparison of the velocity vmin valid for infinite N (top
curve) with the velocity of the model with a cutoff 1/N for
N = 512 (middle curve) and N = 64 (bottom curve) as a function
of p.

in the next section that this logarithmic correction has
a simple origin.

5. Effect of the cutoff

The two main differences between the traveling
wave equation (10) and the microscopic model (14)
is that the microscopic model is stochastic and that
c(x, t) varies by steps multiple of 1/N (see (17)).

The effect of the noise is hard to treat analytically
and we have not succeeded yet to develop a satisfac-
tory theory for it. The effect of discretization can be
however understood rather simply: let us modify (10)
by imposing, after each timestep, c(x, t + 1) = 0 if
the value given by (10) is smaller than 1/N (in other
words, we put a cutoff in the deterministic model to
mimic the fact that c(x, t) changes by steps of 1/N ).
The velocity v′

N of this deterministic model with a cut-
off can be easily measured as under these dynamics
the front reaches rapidly a periodic regime [11]. As
the cutoff goes to zero (i.e. as N goes to infinity), the
speed v′

N converges to the mean-field speedvmin given
by (11) and (12). In Fig. 3 we compare this speed for
N = 64 and N = 512 with vmin for ρ(α) given by (24)
with 0 6 p 6 0.5. (One can note that the speed gets
locked to rational values as p varies.)

The speed v′
N of this new deterministic model can

be calculated analytically [11] for large N :

v′
N ' vmin −

π2γ 2
minv

′′(γmin)

2 ln2 N
, (27)
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where v(γ ) is given by (11). Comparing the predic-
tion (27) with the results of the simulations in Fig. 2
gives a good, though not perfect, agreement. This in-
dicates that the slow convergence of the velocity of the
stochastic model is controlled by the effect of the cut-
off.

6. Conclusion

We have seen that, for a very particular microscopic
stochastic model (14), it was possible to simulate
systems of 1016 particles. Our model is so particular
that there is no hope that our trick could be extended
to large classes of statistical physics problems. In
our case, however, going to very large N enabled us
to clearly discriminate between a power law and a
logarithmic correction.

The fact that the microscopic scale selects a single
velocity [11,17,18] with a logarithmic correction due
to a cutoff seems to appear in several related prob-
lems (reaction-diffusion [3,19], kinetic theory [6]).
Even model (14) can be introduced in many different
contexts, like directed polymers in a random medium
(where xi(t) would be the free energy of a polymer
of length t ending at position i), or growth problems
(where xi(t) would be the height variables). Still, we
do not know yet whether the prediction (27) based
simply on the effect of the cutoff gives the exact large-
N behavior of the model (14), or whether a more so-
phisticated theory is needed to explain the results of
Section 5.
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Abstract

We show how to de�ne and calculate the ground state energy of a system of quantum particles

with � attractive interactions when the number of particles n is non-integer. The question is

relevant to obtain the probability distribution of the free energy of a directed polymer in a

random medium. When one expands the ground state energy in powers of the interaction, all the

coe�cients of the perturbation series are polynomials in n, allowing to de�ne the perturbation

theory for non-integer n. We develop a procedure to calculate all the cumulants of the free

energy of the directed polymer and we give explicit, although complicated, expressions of the

�rst three cumulants. c© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

We consider a system of n identical quantum particles on a ring of size L with �

attractive interactions. If we call x� (for 16�6n) the positions of the particles, the

Hamiltonian of this system is

H=−1
2

∑

�

@2

@x2�
− 

∑

�¡�

�(x� − x�) ; (1)

where  is the strength of the attractive (¿0) interactions. The main goal of the

present work is to de�ne and to calculate the ground state energy E0(n; L; ) of (1)

when n is not an integer (especially when n is small).
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This system of particles in one dimension with � interactions has a long history in

the theory of exactly soluble models [1–5]. It was �rst introduced to describe a Bose

gas by Lieb and Liniger who calculated by Bethe ansatz the ground state energy and

the excitations for repulsive interactions (that is for negative ) in the thermodynamic

limit (n and L go to in�nity keeping n=L constant) [1].

The problem arose also in the theory of disordered systems: the calculation of the

free energy of a directed polymer in a random medium in 1 + 1 dimensions by the

replica method reduces [6–11] to �nding the ground state energy of (1): If Z(x; t) is

the partition function of a directed polymer joining the points (0; 0) and (x; t) on a

cylinder with periodic boundary conditions (x + L ≡ x)

Z(x; t) =

∫ (x; t)

(0;0)

Dy(s) exp

(

−
∫ t

0

ds

[

1

2

(

dy(s)

ds

)2

+ �(y(s); s)

])

; (2)

where the random medium is characterised by a Gaussian white noise �(y; t)

〈�(y; t)�(y′; t′)〉= �(y − y′)�(t − t′) ; (3)

then the integer moments of Z(x; t) are given for large t by [12]

lim
t→∞

1

t
ln

[ 〈Zn(x; t)〉
〈Z(x; t)〉n

]

=−E0(n; L; ) ; (4)

where 〈 〉 denotes the average over the random medium and E0(n; L; ) is the ground

state energy of (1). The knowledge of E0(n; L; ) determines for large t the whole

distribution of ln Z(x; t). For example, the variance of ln Z(x; t) is

lim
t→∞

〈ln2 Z(x; t)〉 − 〈ln Z(x; t)〉2
t

=−@
2E0(n; L; )

@n2

∣

∣

∣

∣

∣

n=0

: (5)

Of course, to obtain this variance or other characteristics of the distribution of

ln Z(x; t), one should be able to de�ne and to calculate the ground state energy of (1)

not only for integer n, but for any value of n [13–17]. Moreover, because of (3), the

interactions in (1) must be attractive (¿0); So in contrast to the Bose gas initially

studied [1], the interactions are attractive and the interesting limit is no longer the

thermodynamic limit n→ ∞ but rather the limit n→ 0.

For integer n and L=∞, the n particles form a bound state at energy [4,6]

E0(n;∞; ) =−2 n(n
2 − 1)
24

: (6)

Using this formula for non-integer n helped to understand several properties [12] of the

distribution of ln Z(t) when L is in�nite. There are, however, a number of di�culties

with (6) for non-integer n, in particular a problem of convexity: d2 ln〈Zn〉=dn2 should
be positive for all n, and so (4; 6) cannot be valid at least for negative n. We believe

that these di�culties are due to the exchange of limit t → ∞ and L→ ∞ and this is

why we try in the present work to determine E0(n; L; ) for �nite L.

The paper is organised as follows: in Section 2, we recall the Bethe ansatz equations

which give the ground state energy of (1) for an (integer) number n of particles and
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we write the integral equation (13) which is a way of solving the coupled non-linear

equations of the Bethe ansatz. The main advantage of this integral equation is that both

the strength  of the interactions and the number n of particles appear as continuous

parameters. In Section 3, we solve (13) perturbatively in c (where c = L=2) for

arbitrary n. We notice that the coe�cients in the small c expansion of E0(n; L; ) are

all polynomials in n, thus allowing to de�ne the expansion even for non-integer n. In

Section 4, we show how to generate a small n expansion of the solution of (13). We

give explicit expressions up to order n3 of E0(n; L; ) and we notice that the coe�cients

of the small n expansion have in general a zero radius of convergence in c.

2. The Bethe ansatz equations

The Bethe ansatz [18] consists in looking in the region 06x16 · · ·6xn6L for a
ground state wave function 	(x1; : : : ; xn) of the form

	(x1; : : : ; xn) =
∑

P

APe
2(q1xP(1)+···+qnxP(n))=L ; (7)

where the sum in (7) runs over all the permutations P of {1; : : : ; n}. The value of 	
in other regions can be deduced from (7) by symmetries. One can show [3–5] that (7)

is an eigenstate of (1) at energy

E(n; L; ) =− 2

L2

∑

16�6n

q2� ; (8)

if the {q�} are solutions of the n coupled equations

e2q� =
∏

� 6=�

q� − q� + c
q� − q� − c

; (9)

where

c =
L

2
: (10)

(A derivation of (9) can be found in Ref. [3]. Note that ikj and c in Ref. [3] become

here, respectively, (2=L)qj and −; the c in Ref. [3] and our c de�ned in (10) are thus
di�erent.) Moreover, for  6= 0, all the q� are distinct.
There are a priori many solutions of (9). We look for the ground state, that is

the solution {q�} for which (8) is minimal. When c = 0, the problem reduces to n

non-interacting particles {q�}= {0} (we have periodic boundary conditions). Because
the ground state solution is not degenerate, the solution {q�} of (9) must have the
symmetry {q�}= {−q�}, depend continuously on c, and vanish as c→ 0.

Let us introduce the following function of {q�}:

B(u) =
1

n
ec(u

2−1)=4
∑

q�

�(q�)e
q�(u−1) ; (11)
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where the parameters �(q�) are de�ned by

�(q�) =
∏

q� 6=q�

q� − q� + c
q� − q�

: (12)

The function B(u) is a rather complicated (but convenient to use) symmetric function

of the ground state solution {q�} of (9). As shown in Appendix A, it satis�es the
integral equation

B(1 + u)− B(1− u) = nc
∫ u

0

e−c(v
2−uv)=2B(1− v)B(1 + u− v) dv ; (13)

and the following two conditions:

B(1) = 1 ; (14)

B(u) = B(−u) : (15)

Moreover, the energy (8) can be deduced from B(u) by

E0(n; L; ) =
2

L2

[

n3c2

6
+
nc2

12
+
nc

2
− nB′′(1)

]

: (16)

The derivation of (13)–(16) is given in Appendix A. How these relations lead to

small c or small n expansions is explained in Sections 3 and 4.

3. Expansion in powers of c

One could try to solve Eq. (9) perturbatively in c but the approach turns out to be

quickly complicated [19]. Instead we are going to see that the integral equation (13)

is very convenient to obtain E0(n; L; ) for small c.

It is known [5] (and easy to check from (9)) that the q� scale like
√
c for small c.

Therefore, each coe�cient Bi(u) of the small c expansion of B(u) de�ned by (11) is

a polynomial in u.

B(u) = B0(u) + cB1(u) + c
2B2(u) + · · · : (17)

Moreover, conditions (14) and (15) impose that all the Bi(u) are even, that B0(1) = 1

and Bi(1) = 0 for any i¿1.

At zeroth order in c, we �nd, using (13):

B0(1 + u)− B0(1− u) = 0 : (18)

Thus, B0(u) and B0(1+u) are both even functions of u. As B0(u) is a polynomial and

B0(1) = 1, the only solution is

B0(u) = 1 : (19)

We put this back into (13) and get at �rst order in c

B1(1 + u)− B1(1− u) = nu : (20)
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Again, using the fact that B1(u) is an even polynomial such that B1(1) = 0, the only

possible solution is

B1(u) =
n

4
(u2 − 1) : (21)

It is easy to see from (13) that at any order in c, we have to solve

Bi(1 + u)− Bi(1− u) = “some polynomial odd in u” ; (22)

and that there is a unique even polynomial solution satisfying Bi(1) = 0. One can

generate as many Bi(u) as needed to obtain B(u) up to any desired order in c.

B(u) = 1 +
cn(−1 + u2)

4
+
c2n(1 + 2n)(−1 + u2)2

96
+ O(c3) : (23)

Relation (16) then gives the energy. Up to the fourth order in c, we �nd

L2

2
E0(n; L; ) =−n(n− 1)

(

c

2
+
c2

12
+

n

180
c3 +

(

n2

1512
− n

1260

)

c4 + · · ·
)

:

(24)

4. Solution for small n

It is clear from Section 3 that if we stop the small c expansion of B(u) at a given

order, B(u) and E0(n; L; ) are polynomials in n. This allows to de�ne the small c

expansion of B(u) or of E0(n; L; ) for an arbitrary value of n.

Moreover, we can write a small n expansion of B(u) by collecting all the terms

proportional to nk in the small c expansion of B(u) and calling the series obtained

bk(u). Then,

B(u) = 1 + nb1(u) + n
2b2(u) + · · · : (25)

Conditions (14) and (15) impose that bk(u) = bk(−u) and bk(1) = 0 for all k¿1.
We are now going to describe a procedure which leads to a recursion on the bk(u)

and allows to write them not only as power series in c but as explicit functions of c

and u. If we insert (25) into (13), we get at �rst order in n

b1(1 + u)− b1(1− u) = c
∫ u

0

e−c(v
2−uv)=2 dv : (26)

It can be checked that a solution of (26) compatible with the conditions b1(u)=b1(−u)
and b1(1) = 0 is

b1(u) =
√
c

∫ +∞

0

d�
cosh(�u

√
c=2)− cosh (�√c=2)
sinh (�

√
c=2)

e−�
2=2 : (27)

There are, however, other solutions to the di�erence equation (26): one could add to

(27) an arbitrary function F(u; c) even and periodic in u of period 2 and vanishing at

u = 1. If we require that each term in the small c expansion of b1(u) is polynomial

in u (as justi�ed in Section 3), we see that all the terms of the small c expansion
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of F(u; c) must be identically zero. For example F(u; c) = exp(−c−1=4)(cos(�u) + 1)
is an acceptable function. This already shows that b1(u) given by (27) has indeed for

small c expansion the series obtained by collecting all the terms proportional to n in

the small c expansion of Section 3.

If the solution b1(u) (27) had a non-zero radius of convergence in c, it would be

natural to choose the only b1(u) which is analytic near c = 0 by taking F(u; c) = 0.

Unfortunately, this is not the case: by making the change of variable �2=�, expression

(27) appears as the Borel sum of a divergent series [20].

We found no conclusive reasons why (27) is the solution of (26) we should select.

However, one can notice that, when n is an integer, B(u) is analytic in u and goes

to zero when u → ±i∞ (see (11)). Here, the b1(u) given by (27) grows like ln|u|
when u→ ±i∞. Adding a non-zero periodic F(u; c) would either lead to an exponential
growth in the imaginary direction or introduce singularities in u. So (27) is the solution

of (26), analytic in the whole u plane, which has the slowest growth in the imaginary

direction.

The same di�culty of selecting the right solution appears at each order in the ex-

pansion in powers of n. We are now going to explain the procedure we have used to

select one solution. If we insert (25) into (13), we have to solve at any order k in the

small n expansion

bk(1 + u)− bk(1− u) = �k(u) ; (28)

where �k(u) is a function odd in u which can be calculated from the previous orders

�k(u) = c

k−1
∑

i=0

∫ u

0

e−c(v
2−uv)=2bi(1− v)bk−i−1(1 + u− v) dv : (29)

(For consistency, we use b0(u) = 1.) It can be checked that a solution to (28) is

bk(u) =

∫ +∞

0

d�
cosh(�u

√
c=2)− cosh (�

√
c=2)

sinh (�
√
c=2)

ak(�) ; (30)

where ak(�) is given by

ak(�) =
1

2i�

∫ +∞

0

du sin

(

�u

2

)

�k

(

iu√
c

)

: (31)

Indeed, the veri�cation is a simple matter of algebra, and we convinced ourselves

that bk(u)∼ lnk |u| and �k(u)∼ lnk−1|u|=u as u → ±i∞, and that ak(�)∼ lnk−1|�| for
� → 0 and ak(�)∼ exp(−�2(k + 1)=4k) for � → ∞, so that all the integrals in (30),
(31) converge.

As for b1(u), one could add to the bk(u) given by (30; 31) an arbitrary function

Fk(u; c), even and periodic in u of period 2 to obtain the general solution of (28).

However, to be consistent with the small c expansion of Section 3, the small c expan-

sion of Fk(u; c) should be identically zero. Moreover, if we want the solution of (28)

to be analytic in the whole u plane and not to grow too fast when u→ ±i∞, we must
take Fk(u; c) = 0.
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Expression (27) for b1(u) is in fact a particular case of the procedure (30; 31); when

applied to (26), it gives indeed a1(�) =
√
c exp(−�2=2).

At second order in the small n expansion, we �nd for �¿ 0

a2(�) = ce
−�2=2

[

∫ �

0

d� e−�
2=2 2 cosh(��=2)−2

tanh (�
√
c=2)

+

∫ +∞

�

d� e−(�
2=2) e

−(��=2)−2
tanh (�

√
c=2)

]

:

(32)

The expressions of b3(u) or a3(u) would be much longer to write.

Using relation (16) and expressions (27) and (32) of b1(u) and a2(u), we can give

an expression of the energy E0(n; L; ) up to the order n
3:

L2

2
E0(n; L; ) = n

(

c

2
+
c2

12

)

− n2 c
3=2

4

∫ +∞

0

d�
�2

tanh (�
√
c=2)

e−�
2=2 + n3

c2

6

− n3 c
2

4

∫ +∞

0

d�
�2e−�

2=2

tanh (�
√
c=2)

[

∫ �

0

d� e−�
2=2 2 cosh(��=2)− 2

tanh (�
√
c=2)

+

∫ +∞

�

d� e−�
2=2 e

−(��=2) − 2
tanh (�

√
c=2)

]

: (33)

As explained in the introduction, this small n expansion of E0(n; L; ) gives the cumu-

lants of the free energy in the directed polymer problem. Of course, if we expand (33)

in powers of c, we recover (24).

5. Conclusion

In this work, we have developed a method allowing to calculate perturbatively the

ground state energy of (1) for a non-integer number n of particles. We �rst generated

for integer n a perturbation series in powers of the interaction c. Each term of this

series is polynomial in n, allowing to de�ne a small c expansion of the energy for

non-integer n. This series, at least for small n, has a zero radius of convergence, in

contrast to integer n for which the radius of convergence of the perturbation theory is

non-zero [21]. (For n = 2, the closest singularities of E0(2; L; ) in the c plane lie at

c ' 3:30± i 4:12.)
We believe that the fact that each term in the perturbation theory is polynomial in

n is generic and would be true for an arbitrary pair interaction and in any dimension.

As the link (4) to directed polymers is valid in any dimension, it would be useful and

interesting to try to recover our results by doing a direct perturbation theory of the

Hamiltonian instead of our Bethe ansatz approach (which is limited to 1+1 dimensions

and to a � potential) in order to see whether the calculations could be extended to

higher dimensions.

Our calculation of the ground state energy for non-integer n is based on the integral

equation (13) and conditions (14) and (15). When we tried to solve the problem for

small n, at each order we had to select a particular solution of a di�erence equation.
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We did not �nd a conclusive reason to justify the solution we selected, apart from

some analyticity properties and growth criterion in the complex plane of the variable

u. It would certainly be interesting to justify our choice (33) by calculating the second

and the third cumulants of ln Z directly (and not only perturbatively to all orders in c).

In our small n expansion of Section 4, the terms become quickly very complicated.

There is, however, a regime, which corresponds to the large c limit of recursion (28),

(30), (31) where one can handle the general term in the small n expansion [19].

This allows to calculate the whole distribution of ln(Z(x; t))=t when t is very large

and (1=t)ln(Z(x; t)=〈Z(x; t)〉) of order 1=L. One can then recover [19] the same large
deviation function as found for the asymmetric exclusion process [22–26], as expected

since the directed polymer problem in 1+ 1 dimensions and the asymmetric exclusion

process are both representatives of the KPZ equation [27,12,28] in dimension 1. This

strengthens the conjecture that the solutions to the di�erence equations we selected in

Section 4 give indeed the right non-integer moments of the partition function.

From the point of view of the theory of disordered systems, our results give one

of the very few examples for which the distribution of Z can be calculated exactly.

In particular, they could provide a good test of the replica approach and of other

variational methods [7,9–11].

A simple and interesting phenomenon visible in the present work (which should be

generic of all kinds of disordered systems with Gaussian disorder) is that the weak

disorder expansion (here small c expansion) of non-integer moments of the partition

function has a zero radius of convergence whereas integer moments have a non-zero

radius of convergence. This is already visible in the trivial example of a single Ising

spin � = ±1 in a random Gaussian �eld h; the free energy at temperature T is

ln (2 cosh(h=T )), and it is easy to check that all non-integer moments of the parti-

tion function have a zero radius of convergence in 1=T .
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Appendix A. Derivation of (13)–(16)

Let us �rst establish some useful properties of the numbers �(q�) de�ned by (12).

If the q� are the n roots of the polynomial P(X ) de�ned as

P(X ) =
∏

q�

(X − q�) ; (A.1)

it is easy to see that the �(q�) de�ned in (12) satisfy

P(X + c)

P(X )
= 1 + c

∑

q�

�(q�)

X − q�
: (A.2)
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(The two sides have the same poles with the same residues and coincide at X → ∞.)
Expanding the right-hand side of (A.2) for large X , we get

P(X + c)

P(X )
= 1 + c

∑

q�

�(q�)

X

(

1 +
q�

X
+
q2�
X 2

)

+ O

(

1

X 4

)

: (A.3)

On the other hand, using (8, A.1) and the symmetry {q�}= {−q�} we have

P(X ) = X n +
L2

4
E0(n; L; )X

n−2 + O(X n−4) ; (A.4)

so that

P(X + c)

P(X )
= 1 +

nc

X
+
c2( n

2
)

X 2
+
c3( n

3
)− cE0(n; L; )L2=2

X 3
+ O

(

1

X 4

)

: (A.5)

Comparing (A.3) and (A.5), we get the relations
∑

q�

�(q�) = n ; (A.6)

∑

q�

q��(q�) = c
(n

2

)

; (A.7)

∑

q�

q2��(q�) = c
2
(n

3

)

− E0(n; L; )L
2

2
: (A.8)

Moreover, by letting X =±q� − c in (A.2) we get for any q� root of P(X )
1

c
=
∑

q�

�(q�)

q� − q� + c
=
∑

q�

�(q�)

q� + q� + c
: (A.9)

Lastly, using the symmetry {q�}={−q�} and de�nition (12), the Bethe ansatz equations
(9) reduce to

eq��(−q�)− e−q��(q�) = 0 : (A.10)

From de�nition (11) of B(u) and properties (A.6)–(A.10), it is straightforward to

establish (13)–(16): the integral equation (13) is a direct consequence of (11) and

(A.9). Properties (14), (15) follow from (11), (A.6) and (11), (A.10), respectively.

Lastly (16) is a consequence of (11) and (A.6)–(A.8).
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Probability distribution of the free energy of a directed polymer in a random medium
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We calculate exactly the first cumulants of the free energy of a directed polymer in a random medium for the
geometry of a cylinder. By using the fact that the nth moment ^Zn& of the partition function is given by the
ground-state energy of a quantum problem of n interacting particles on a ring of length L, we write an integral
equation allowing to expand these moments in powers of the strength of the disorder g or in powers of n. For
n small and n;(Lg)21/2, the moments ^Zn& take a scaling form which allows us to describe all the fluctuations
of order 1/L of the free energy per unit length of the directed polymer. The distribution of these fluctuations is
the same as the one found recently in the asymmetric exclusion process, indicating that it is characteristic of all
the systems described by the Kardar-Parisi-Zhang equation in 111 dimensions.

PACS number~s!: 64.60.Cn, 05.30.2d, 05.70.2a

I. INTRODUCTION

Directed polymers in a random medium is one of the sim-
plest systems for which the effect of strong disorder can be
studied @1–3#. At the mean-field level, it possesses a low-
temperature phase, with a broken symmetry of replica @4,5#
similar to mean-field spin glasses @6#. The problem is, how-
ever, much better understood than spin glasses; in particular,
one can write @4,5# closed expressions of the mean-field free
energy and one can predict the existence @7# of phase transi-
tions in all dimensions d11.211. It is also an interesting
system from the point of view of nonequilibrium phenom-
ena: through the Kardar-Parisi-Zhang ~KPZ! equation @8,9#,
it is related to ballistic growth models and, in 111 dimen-
sions, to the asymmetric simple exclusion process ~ASEP!
@3,9#.

In the theory of disordered systems, the replica approach
plays a very special role. On the one hand, it is one of the
most powerful theoretical tools and often the only possible
approach to study some strongly disordered systems. On the
other hand, it is difficult to tell in advance whether the pre-
dictions of the replica approach are correct or not. When it
does not work, one can always try to break the symmetry of
the replica @6#: this usually makes the calculations much
more complicated without being certain that the results be-
come correct. In the replica approach, the calculation usually
starts with an integer number n of the replica. Then, as the
limit of physical interest is the limit n→0, one has to extend
to noninteger n results obtained for integer n. This is in fact
the big difficulty of the replica approach, so it is useful to
look at simple examples for which the n dependence can be
studied in detail.

This is one of the motivations of the present work, where
we show how to calculate integer and noninteger moments
^Zn& of the partition function Z of a directed polymer in 1
11 dimensions. The geometry we consider is a cylinder in-
finite in the t direction and periodic, of size L, in the x direc-
tion ~i.e., x1L[x). The partition function Z(x ,t) of a di-

rected polymer joining the points (0,0) and (x ,t) on this
cylinder is given by the path integral

Z~x ,t !5E
(0,0)

(x ,t)

Dy~s !expS 2E
0

t

ds F1

2 S dy~s !

ds D 2

1h„y~s !,s…G D , ~1!

where the random medium is characterized by a Gaussian
white noise h(x ,t),

^h~x ,t !h~x8,t8!&5gd~x2x8!d~ t2t8!. ~2!

One of the main goals of the present work is to calculate the
cumulants limt→`^lnkZ(t)&c /t of the free energy per unit
length of the directed polymer. These cumulants are the co-
efficients of the small-n expansion of E(n ,L ,g) defined as

E~n ,L ,g !52 lim
t→`

1

t
lnF ^Zn~x ,t !&

^Z~x ,t !&nG . ~3!

This E(n ,L ,g) was calculated exactly by Kardar @10# for
integer n and L5` . His closed expression E(n ,` ,g)
52n(n2

21)g2/24 cannot, however, be continued to all
values of n, in particular to negative n, as it would violate the
fact that ]2E(n ,L ,g)/]n2 is negative. Therefore, one does
not know the range of validity of this expression.

The second motivation of the present work is to test the
universality class of the KPZ equation. The problem ~1! of a
directed polymer in a random medium is described by the
KPZ equation as several other problems such as growing
interfaces or exclusion processes @3#. For certain models of
this class, the asymmetric exclusion processes, the distribu-
tion of the total current Y t integrated over time t, has been
calculated exactly @11–15# in the long-time limit. For large t,
the generating function of this integrated current Y t on a ring
of L sites takes the form @11,12#

ln^eaY t&;Lmax~a !t , ~4!
*Electronic address: Eric.Brunet@physique.ens.fr
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and it was shown @11–14#, when L is large and when the
parameter a in Eq. ~4! is of order L23/2 that Lmax(a) takes
the following scaling form:

Lmax~a !2aK15K2G~aK3!, ~5!

where K1 , K2, and K3 are three constants which depend on
the system size L, the density of particles, and the asymme-
try.

The interesting aspect of Eq. ~5! is that the function G(b)
is universal @12,14,16# in the sense that it does not depend on
any of the microscopic parameters which define the model. It
is given ~in a parametric form! by

b52 (
p51

1`
ep

p3/2
, ~6!

G~b !52 (
p51

1`
ep

p5/2
. ~7!

In the correspondence @3# between the directed polymer
problem and the asymmetric exclusion process through the
KPZ equation, the role played by ln„Z(t)… is the ratio Y t /L .
Comparing ^exp(aYt)& and ^Zn(t)& in Eqs. ~3! and ~4!, we
see that n corresponds to aL and E(n ,L ,g) to Lmax(a). If
the function G(b) is characteristic of systems described by
the KPZ equation, we expect in the scaling regime ~large L
and n;L21/2) a relation similar to Eq. ~5! between
E(n ,L ,g) @defined by Eq. ~3!# and n. This is indeed one of
the main results of the present work: when L is large and n
;L21/2, we find

E~n ,L ,g !5

ng2

24
2

Ag

2A2pL3/2
G~2nA2pLg !. ~8!

It is clear that in order to establish this relation we have to
calculate noninteger moments of the partition function.

The paper is organized as follows. In Sec. II, we recall
how the replica approach of Eq. ~1! can be formulated as a
quantum problem with n particles on a ring and how this
problem can be solved by the Bethe ansatz when the noise is
d correlated as in Eq. ~2!. In Sec. III, we write an integral
equation ~26! which, together with some symmetry condi-
tions ~27! and ~28!, allows us to solve the Bethe equations of
Sec. II. The main advantage of Eq. ~26! is that the strength c
of the disorder ~where c5gL/2) and the number of the rep-
lica appear as continuous parameters. We show how expan-
sions in powers of c or in powers of the number n of replica
can be obtained from this integral equation. In the expansion
of the energy E(n ,L ,g) in powers of c, all the coefficients
are polynomials in n. This allows us to define E(n ,L ,g) for
a noninteger n at least perturbatively in c. At the end of Sec.
III, we show how to generate a small-n expansion which
solves the integral equation ~26!. We also give explicit ex-
pressions up to order n3 and we notice that in this small-n
expansion of the energy, we have to deal with coefficients
that are functions of c with a zero radius of convergence. The
content of Secs. II and III is essentially a recall of a method
developed in our previous work @17#. In Sec. IV, we show
that the recursion of Sec. III, which generates all the terms of

the small-n expansion, simplifies greatly in the scaling re-
gime (c large and n;c21/2), allowing us to calculate all the
terms of the expansion and to establish Eq. ~8!.

II. A QUANTUM SYSTEM OF n PARTICLES
WITH d INTERACTIONS

Let us start with a case slightly more general than Eq. ~2!
where the noise h(x ,t) in Eq. ~1! is a Gaussian noise
d-correlated in time but with some given correlation v in
space,

^h~x ,t !h~x8,t8!&5gv~x2x8!d~ t2t8!. ~9!

If we consider the correlation function ^Z(x1 ,t) Z(x2 ,t)
••• Z(xn ,t)& of the partition function Z(x ,t) at points x1 ,
x2 , . . . ,xn , one can check @3# from Eqs. ~1! and ~9! that it
satisfies

d

dt
^Z~x1 ,t !Z~x2 ,t !•••Z~xn ,t !&

52H̃^Z~x1 ,t !Z~x2 ,t !•••Z~xn ,t !&, ~10!

where the Hamiltonian H̃ is given by

H̃52

1

2 (
a

]2

]xa
2 2 g (

a,b
v~xa2xb!2g

n

2
v~0 !, ~11!

and where, because of the cylinder geometry in the directed
polymer problem, we have xa[xa1L for 1<a<n .

This implies that in the long-time limit,

^Z~x1 ,t !Z~x2 ,t !•••Z~xn ,t !&;e2tẼ(n ,L ,g), ~12!

where Ẽ(n ,L ,g) is the ground-state energy of Eq. ~11!.
If one takes the limit v(x2x8)→d(x2x8), the energy

Ẽ(n ,L ,g) becomes infinite because of the constant part
nv(0)/2 in Eq. ~11!. This divergence disappears, however, if
we consider the ratio ^Z(x1 ,t)Z(x2 ,t)•••Z(xn ,t)&/
)a^Z(xa ,t)&, and one can see that in the long-time limit,

^Z~x1 ,t !Z~x2 ,t !•••Z~xn ,t !&

^Z~x1 ,t !&^Z~x2 ,t !&•••^Z~xn ,t !&
;e2tE(n ,L ,g), ~13!

where E(n ,L ,g) is the ground-state energy of the Hamil-
tonian

H52

1

2 (
a

]2

]xa
2 2 g (

a,b
d~xa2xb!, ~14!

where the positions xa of the n particles are on a ring of
length L.

Lieb and Liniger have shown that the Bethe ansatz allows
us to calculate the ground-state energy E(n ,L ,g) of this one-
dimensional quantum Hamiltonian exactly @18–24#. The Be-
the ansatz consists in looking for a ground-state wave func-
tion C(x1 , . . . ,xn) of Eq. ~14! of the form

C~x1 , . . . ,xn!5(
P

aPe2(q1xP(1)1 • • • 1qnxP(n))/L ~15!
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in the region 0<x1< . . . <xn<L . The sum in Eq. ~15! runs
over all the permutations P of $1, . . . ,n% and the value of C
in other regions can be deduced from Eq. ~15! by symme-
tries. One can show @22–24,17# that Eq. ~15! is the ground-
state wave function of Eq. ~14! at energy

E~n ,L ,g !52

2

L2 (
1<a<n

qa
2 , ~16!

if the qa are the solutions of the n coupled equations

e2qa5 )
bÞa

qa2qb1c

qa2qb2c
, ~17!

obtained by continuity from the solution $qa%5$0% at c50,
where

c5

gL

2
. ~18!

Moreover, the qa are all different and the ground state is
symmetric ($qa%5$2qa%). @See, for instance, @22#. Note
that ik j and c in @22# are here (2/L)q j and 2g; so our c
defined by Eq. ~18! and the c in @22# are different.#

If we introduce the polynomial P(X),

P~X !5)
qa

~X2qa!, ~19!

the system of equations ~17! becomes

eqaP~qa2c !1e2qaP~qa1c !50 ~20!

for any 1<a<n , and we have from the symmetry of the
ground state

P~2X !5~21 !nP~X !. ~21!

The knowledge of the polynomial P(X) determines the en-
ergy ~16! as

P~X !5Xn
2

1

2 S (
1<a<n

qa
2 D Xn22

1••• ~22!

@using Eq. ~19! and the fact that (qa50].
For small c, it is possible to solve directly Eq. ~20! and to

determine the qa ~see Appendix D!. This leads to the follow-
ing expression of the ground-state energy ~16!:

E~n ,L ,g !52

2

L2 n~n21 !S c

2
1

c2

12
1

nc3

180
1O~c4! D .

~23!

We see that the first coefficients of the small-c expansion are
polynomial in n. In fact, following the approach of Appendix
D, one can see that each coefficient of the small-c expansion
of E(n ,L ,g) is polynomial in n, allowing us to define, at
least perturbatively in c, the ground-state energy E(n ,L ,g)
for noninteger n. The approach of Appendix D becomes,
however, quickly complicated. This is why in the next sec-
tion we develop a different approach @17# based on the inte-
gral equation ~26!.

III. SOLUTION OF THE BETHE ANSATZ
USING AN INTEGRAL EQUATION

In this section we recall the approach developed in our
previous work @17#, which consists in writing an integral
equation where c and n appear as continuous parameters and
which allows us to expand the energy in powers of c as well
as in powers of n.

Let us introduce the following function of $qa%:

B~u !5

1

n
ec(u2

21)/4(
qa

r~qa!eqa(u21), ~24!

where the parameters r(qa) are defined by

r~qa!5 )
qbÞqa

qa2qb1c

qa2qb
. ~25!

If the $qa% are given by the solution of Eq. ~17!, which
corresponds to the ground state, one can show ~see Appendix
A! that the function B(u) satisfies the integral equation

B~11u !2B~12u !5ncE
0

u

dv e2c(v
2
2uv)/2

3B~12v !B~11u2v ! ~26!

and the following two conditions:

B~1 !51, ~27!

B~u !5B~2u !. ~28!

Moreover, the energy ~16! can be extracted from the knowl-
edge of B(u) through

E~n ,L ,g !5

2

L2 Fn3c2

6
1

nc2

12
1

nc

2
2nB9~1 !G . ~29!

The derivation of Eqs. ~26!–~29! is given in Appendix A.
We are now going to see how one can find perturbatively in
c or in n the solution of Eqs. ~26!–~28! and, consequently,
the ground-state energy ~29!.

A. Expansion in powers of c

To obtain the small-c expansion of B(u) for arbitrary n,
we write

B~u !5B0~u !1cB1~u !1c2B2~u !1••• . ~30!

Conditions ~27! and ~28! impose that B0(0)51 and all
Bk(1)50 for k.0, and that the Bk(u) are all even. More-
over, as can be seen directly from Eq. ~17!, the qa scale like
Ac when c is small. ~Appendix D shows how to obtain the
small-c expansion of the qa .) This implies from the defini-
tion ~24! of B(u) that all the Bk(u) are polynomials in u.

At zeroth order in c, Eq. ~26! becomes

B0~11u !2B0~12u !50. ~31!

The only polynomial solution of Eq. ~31! consistent with
Eqs. ~27! and ~28!, i.e., B0(u)5B0(2u) and B0(1)51, is
simply
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B0~u !51 ~32!

for any u. We put this back into Eq. ~26! and we get at first
order in c

B1~11u !2B1~12u !5nu . ~33!

Again, there is a unique polynomial solution which satisfies
the facts that B1(u) is even and that B1(1)50:

B1~u !5

n

4
~u2

21 !. ~34!

It is easy to see from Eq. ~26! that at any order in c, we have
to solve

Bk~11u !2Bk~12u !5fk~u !, ~35!

where fk(u) is a polynomial odd in u. There is a unique
even polynomial Bk(u) solution of Eq. ~35! satisfying
Bk(1)50: it is one degree higher than fk(u) and can be
determined by equating each power of u in both sides of Eq.
~35!. „Alternatively, we found a way of writing the solution
for any fk(u):

Bk~u !5F s0E
1

u

dv fk~v !1s1@fk8~u !2fk8~1 !#

1s2@fk-~u !2fk-~1 !#1•••

1sp@fk
(2p21)~u !2fk

(2p21)~1 !#1•••GY 2,

~36!

where the sk are the coefficients of the expansion of x/sinh x
in powers of x ~i.e., as x/sinh x512x2/617x4/3601••• , one
has s051, s1521/6, s257/360, . . . ).…

This procedure gives for the first terms

B~u !511

cn~u2
21 !

4
1

c2n~2n11 !~u2
21 !2

96

1

c3n~u2
21 !2„5n2~u2

21 !14n~2u2
21 !

12~u2
23 !…

5760
1O~c4!.

~37!

The energy can then be deduced from Eq. ~29!:

E~n ,L ,g !522
n~n21 !

L2 F c

2
1

c2

12
1

n

180
c3

1S n2

1512
2

n

1260D c4
1•••G . ~38!

@For Eq. ~38!, we used more terms than given above in
B(u).# Of course, this expression agrees with Eq. ~23! ob-
tained directly by expanding the qa .

B. Expansion in powers of n

The number of particles n is a priori an integer. However,
when we look at the small-c expansion ~37! of B(u) or Eq.
~38! of the energy, we see that at any given order in c the
expression is polynomial in n. Therefore, one can extend the

definition of the small-c expansion of B(u) or of E(n ,L ,g)
to noninteger n. We can also collect in the small-c expansion
of B(u) all the terms proportional to n and call this series
b1(u). From Eq. ~37! we see that

b1~u !5

~u2
21 !

4
c1

~u2
21 !2

96
c2

1

~u2
21 !2~u2

23 !

2880
c3

1O~c4!. ~39!

More generally, we can collect all the terms proportional to
nk in the small-c expansion and call the series bk(u). This
means that we can write B(u) as a power series in n,

B~u !511nb1~u !1n2b2~u !1••• , ~40!

where all the bk(u) are defined perturbatively in c. Condi-
tions ~27! and ~28! impose that all the bk(u) are even and
that bk(1)50 for all k>1. We define b0(u)51 for consis-
tency. @It is easy to see in the small-c expansion that if n
50, then B(u)51.#

We are now going to describe the procedure we used @17#
to determine the whole function b1(u) and eventually all the
bk(u). If we insert Eq. ~40! into Eq. ~26! we get, at first order
in n,

b1~11u !2b1~12u !5cE
0

u

e2c(v
2
2uv)/2 dv . ~41!

It is easy to check that a solution of Eq. ~41! compatible with
the conditions b1(1)50 and b1(u)5b1(2u) is

b1~u !5AcE
0

1`

dl

cosh
luAc

2
2cosh

lAc

2

sinh
lAc

2

e2 l2/2.

~42!

There are, however, many other solutions of Eq. ~41!,
which can be obtained by adding to Eq. ~42! an arbitrary
function F(u ,c) even and periodic in u of period 2 and van-
ishing at u51. If we require that each term in the small-c
expansion of b1(u) is polynomial in u ~as justified in Sec.
III A!, we see that all the terms of the small-c expansion of
F(u ,c) must be identically zero. This already shows that Eq.
~42! has the same small c expansion ~39! as one would get
by collecting all the terms proportional to n in the small-c
expansion of Sec. III A.

If the solution ~42! of Eq. ~41! had a nonzero radius of
convergence in c, it would be natural to choose this solution
and set F(u ,c)50. However, it is easy to see that Eq. ~42!
has a zero radius of convergence in c: by making the change
of variable l2

52n , it is easy to see that Eq. ~42! is the Borel
sum of a divergent series @25#.

Apart from being the Borel sum of its expansion in pow-
ers of c, we did not find definitive reasons why Eq. ~42! is
the solution of Eq. ~41! we should select. However, we can
notice that for integer n, all the qa are real and B(u) defined
by Eq. ~24! is analytic in u and remains bounded as uIm uu
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→` . The solution b1(u) given by Eq. ~42! is also analytic in
u and grows as ln(u) as uIm uu→` . Adding any function
F(u ,c) periodic and analytic in u to Eq. ~42! would produce
a much faster growth.

If we insert Eq. ~40! into Eq. ~26!, we have to solve at
order nk

bk~11u !2bk~12u !5wk~u !, ~43!

where wk(u) is some function odd in u which can be calcu-
lated if we know the previous orders b1(u), . . . ,bk21(u),

wk~u !5c (
i50

k21

E
0

u

dv e2 c(v
2
2uv)/2b i~12v !

3bk2i21~11u2v !. ~44!

We see that the difficulty of selecting a solution of a differ-
ence equation appears at all orders in the expansion in pow-
ers of n, and we are now going to explain the procedure we
have used to select one solution.

If we write, as wk(u) is an odd function of u,

wk~u !52E
0

1`

dl sinh
luAc

2
ak~l !, ~45!

which is equivalent, by inverting when u is imaginary the
Fourier transform in Eq. ~45!, to define ak(l) by

ak~l !5

1

2ipE0

1`

du sin
lu

2
wkS iu

Ac
D , ~46!

then the solution for bk(u) we select is given by

bk~u !5E
0

1`

dl

cosh
luAc

2
2 cosh

lAc

2

sinh
lAc

2

ak~l !. ~47!

Indeed, bk(u) is an even function, vanishes at u51, and one
can check using Eq. ~45! that Eq. ~47! solves Eq. ~43!.

The integrals in Eqs. ~45!–~47! are convergent @17# and
Eqs. ~44!–~47! give an automatic way of calculating the
bk(u) up to any desired order.

This procedure is the direct generalization of the choice
~42! we did to solve Eq. ~41!. In fact, for k51, Eqs. ~44! and
~46! give ~for l>0) a1(l)5Ac exp(2l2/2) and Eq. ~47! is
identical to Eq. ~42!.

As for Eq. ~42!, the solution ~47! is not the only solution
of Eq. ~43!. At any order k, we could add an arbitrary even
periodic function F(u ,c) of period 2, the expansion of which
vanishes to all orders in c. As for b1(u), we did not find an
unquestionable justification of our choice. One can notice,
nevertheless, that Eq. ~47! is the solution of Eq. ~43! analytic
in u and with the slowest growth with u in the imaginary
direction.

At order n2, the procedure ~44! and ~46! gives

a2~l !5ce2l2/2F E0

l

dm e2m2/2

2 cosh
lm

2
22

tanh
mAc

2

1E
l

1`

dm e2m2/2
e2 lm/2

22

tanh
mAc

2

G , ~48!

with b2(u) given by Eq. ~47!. Writing down b3(u) or a3(u)
would take here about half a column.

We can now give the first terms in the small-n expansion
of the energy. Using relation ~29!, we find

L2

2
E~n ,L ,g !5nS c

2
1

c2

12
D 2n2

c3/2

4
E

0

1`

dl
l2

tanh
lAc

2

e2l2/2
2 n3

c2

4
E

0

1`

dl
l2

tanh
lAc

2

e2l2/2

3S E
0

l

dm e2m2/2

2 cosh
lm

2
22

tanh
mAc

2

1E
l

1`

dm e2m2/2
e2

lm

2 22

tanh
mAc

2

D 1

n3c2

6
1O~n4!. ~49!

By making the change of variable l2
52n , the terms of order n2 and n3 appear as Borel transforms of series in c with a finite

radius of convergence. We conclude that these terms both have a zero radius of convergence in c.
This small-n expansion gives quickly very complicated expressions of bk(u). It turns out, as we shall see in the next

section, that for large c, the expressions of the bk(u) get simpler and the energy E(n ,L ,g) can be calculated to all orders in
powers of n.
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IV. EXPANSION IN POWERS OF n

IN THE REGIME c\`

In the preceding section, we have developed a procedure
allowing to get the small-n expansion of the energy by solv-
ing the problem ~26!–~28!. Here, we show how this proce-
dure becomes greatly simplified for large c.

The expansion in powers of n of the preceding section can
be summarized as follows: if we use Eq. ~40! and we write

a~l !5na1~l !1n2a2~l !1••• , ~50!

the bk(u) and ak(l) can be obtained by expanding in powers
of n the following two equations:

B~u !511E
0

1`

dl

cosh
luAc

2
2 cosh

lAc

2

sinh
lAc

2

a~l ! ~51!

@this is a rewriting of Eq. ~47!# and

a~l !5

nc

2ip
E

0

1`

du sin
lu

2
E

0

iu/Ac
dv e2c(v

2
2iuv/Ac)/2

3B~12v !BS 11

iu

Ac
2v D . ~52!

@This is a rewriting of Eqs. ~44! and ~46!.# It will be conve-
nient in the following to replace Eq. ~52! by its Fourier trans-
form,

2E
0

1`

dl sinh
luAc

2
a~l !

5ncE
0

u

dv e2c(v
2
2uv)/2B~12v !B~11u2v !.

~53!

@This is a rewriting of Eqs. ~44! and ~45!.#
We are going to see how one can simplify Eqs. ~51!–~53!

when c is large. First we observe that for large c and u fixed
of order 1, the expression b1(u) takes the scaling form

b1S 11

u

Ac
D .AcE

0

1`

~elu/2
21 !e2l2/2 dl . ~54!

One can check from Eqs. ~44!, ~46!, and ~47! that this scaling
form is present at any order in the small-n expansion. In-
deed, Eq. ~51! becomes in the large-c limit

BS 11

u

Ac
D 511E

0

1`

dl ~elu/2
21 !a~l !, ~55!

and using Eq. ~53! we find

2E
0

1`

dl sinh
lu

2
a~l !5nAcE

0

u

dv e2~v
2
2uv !/2BS 12

v

Ac
D

3BS 11

u2v

Ac
D . ~56!

It is apparent from Eqs. ~55! and ~56! that in the large-c limit
the function B(11u/Ac) depends only on u and nAc , and
a(l) depends only on l and nAc . Let us introduce the con-
stant K,

K512E
0

1`

dl a~l !. ~57!

Equation ~55! becomes

BS 11

u

Ac
D 5K1E

0

1`

dl elu/2a~l !. ~58!

In Eq. ~56!, if we write the integral from 0 to u as the dif-
ference between an integral from 0 to 1` and an integral
from u to 1` , and if we change the variable in the second
integral to shift it to 0 to 1` , we obtain

2E
0

1`

dl sinh
lu

2
a~l !5nAcE

0

1`

dv e2v
2/2BS 12

v

Ac
D

3F euv/2BS 11

u2v

Ac
D 2e2uv/2

3BS 12

u1v

Ac
D G . ~59!

If we replace B@11(u2v)/Ac# and B@12(u1v)/Ac# by
their expression ~58!, we get after some rearrangements

2E
0

1`

dl sinh
lu

2
a~l !5nAcE

0

1`

dv e2v
2/2BS 12

v

Ac
D

3F2Ksinh
uv

2
1E

0

1`

dm a~m !

3e2 mv/22 sinh S u
v1m

2 D G . ~60!

Taking the Fourier transform of this expression for imagi-
nary u, we get for l>0

a~l !5nAcE
0

1`

dv e2v
2/2BS 12

v

Ac
D

3FKd~l2v !1E
0

1`

dm a~m !e2 mv/2d~l2v2m !G .

~61!

This last expression can be used to calculate B(11u/Ac)
using Eq. ~58!:
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BS 11

u

Ac
D 5K1nAcE

0

1`

dv e2v
2/2BS 12

v

Ac
D

3FKevu/2
1E

0

1`

dm a~m !e2mv/2e (v1m)u/2G .

~62!

Finally, using Eq. ~58!, we recognize the relation

BS 11

u

Ac
D 5K1nAcE

0

1`

dv e2v
2/2BS 12

v

Ac
D

3evu/2BS 11

u2v

Ac
D . ~63!

We see that, in the large-c limit, Eqs. ~51! and ~52! reduce
to this single equation ~63!. We are now going to see that Eq.
~63! can be solved to all orders in the parameter nAc . If we
introduce the function b(u) and the parameter e defined by

b~u !5

1

2KAp
e2u2/4BS 11

u

Ac
D ~64!

and

e52nKApc , ~65!

then Eq. ~63! simply becomes

b~u !5

1

2Ap
e2 u2/4

1eE
0

1`

dv b~u2v !b~2v !. ~66!

Using Eqs. ~27!, ~29!, and ~64!, we can express the
ground-state energy E(n ,L ,g) in terms of b(u):

E~n ,L ,g !5

2

L2 Fn3c2

6
1

nc2

12
2nc

b9~0 !

b~0 !
G . ~67!

It is clear that relation ~66! alone determines b(u), at least
perturbatively in e . So, from Eq. ~67!, we only need to ex-
tract b(0) and b9(0) from Eq. ~66!.

It is easy to do it for the first orders in e directly from Eq.
~66!. Moreover, we have found a way of calculating b(0)
and b9(0), and hence the energy, to all orders in e . This
calculation is technical and we present it in Appendix B. The
final result can be written as

nAc5

1

2Ap
(
k51

1`
ek

k3/2
, ~68!

E~n ,L ,g !5

2

L2 Fnc2

12
1

Ac

4Ap
(
k51

1`
ek

k5/2G . ~69!

We see that the energy is defined in an implicit way:
expression ~68! allows us to calculate e as a function of nAc ,
and Eq. ~69! gives the energy as a function of e . If we sub-
stitute c using Eq. ~18!, we obtain the result announced in
Eq. ~8!.

For small n, one can eliminate e from Eqs. ~68! and ~69!.
We get

L2

2
E~n ,L ,g !2

nc2

12
5

Ac

4Ap
F2nAcp2

A2

8
~2nAcp !2

1S 1

8
2

2A3

27 D ~2nAcp !3

1O„~nAc !4…G . ~70!

V. CONCLUSION

In this paper, we have calculated, using the replica
method, the first cumulants ~13! and ~49! of the free energy
of a directed polymer in a random medium ~1! for a cylinder
geometry. We used the integral equation ~26! of @17# which
together with conditions ~27! and ~28! allowed us to expand
the moments ^Zn& of the partition function in powers of the
strength c of the disorder or in powers of the number n of the
replica. All the coefficients of the small-c expansion ~38! are
polynomial in n, allowing us to define the expansions for
noninteger n. On the other hand, the coefficients of the ex-
pansion ~49! in powers of n are complicated functions of c,
with in general a zero radius of convergence at c50. As
already mentioned in @17#, we think that weak disorder ex-
pansions of the moments ^Zn& have generically a zero radius
of convergence for noninteger n when the disorder is Gauss-
ian; this is already the case for a single Ising spin in a Gauss-
ian random field.

To obtain our small-n expansion, we solved a difference
equation ~26! which at each order in powers of n has several
solutions. We selected the particular solution which has the
slowest growth in the imaginary u direction and has the right
small-c expansion, but we could not exclude other solutions.
A different approach, with a direct calculation of the first
cumulants of the free energy, and not based on the replica,
would therefore be very useful to test the validity of our
expressions ~49!, which we have been able to derive only
perturbatively to all orders in c.

Although our expansion in powers of n becomes quickly
very complicated, it simplifies when c is large and we could
write in this limiting case all the terms of the small-n expan-
sion ~68! and ~69!. The expression ~8! we obtain of the en-
ergy E(n ,L ,g) @that is, through Eq. ~3!, the expression of
^Zn&] is given exactly by the same scaling function as found
for the ASEP. The present work therefore gives additional
evidence that the scaling function G(b) given by Eqs. ~6!
and ~7! is characteristic of the long-time behavior of the KPZ
equation in 111 dimensions on a ring and that the probabil-
ity distribution of the free energy for a very long directed
polymer on a ring should have a universal shape in the range
where the fluctuations per unit length of the free energy are
of order 1/L . Other universal distributions for the free energy
of a directed polymer have been found recently for different
geometries @26–30#. Our present approach, based on the Be-
the ansatz, is, at the moment, unable to recover these other
distributions. One can try, however, to extend it to open
boundary conditions ~in this case too, the Bethe ansatz can
be used @24#! instead of periodic boundary conditions and
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see how this change of boundary conditions affects the dis-
tribution of ln Z. Of course, it would be very nice to find a
simpler approach which would somehow unify all these re-
sults and allow us to relate all these universal distributions
corresponding to the possible geometries, in the spirit of
critical phenomena in two dimensions where conformal in-
variance @31# allows us to connect the properties of different
geometries.

Technically, the approach followed in the present work is
simply to try to find the qa solution of Eq. ~17! and to cal-
culate the energy ~16!, which is a symmetric function of the
roots qa , in such a way that n becomes a continuous vari-
able. One could do the same in all kinds of situations. For
example, in Appendix C, we show how to define and calcu-
late symmetric functions of the roots of Hermite polynomials
when the degree of the polynomial becomes noninteger.

Another interesting extension of the present work would
be to consider more general correlations of the noise ~9!. The
corresponding quantum problem becomes then the general
problem of quantum particles interacting with an arbitrary
pair potential. If the interactions are short ranged, one ex-
pects the universality class of the KPZ equation to hold, so
one could try to repeat our expansion in powers of c for a
general potential ~without the use of the Bethe ansatz! simply
by a standard perturbation theory in the strength of the po-
tential. We believe that at any order in the strength of the
potential, the ground-state energy is polynomial in n allow-
ing us to define the perturbation expansion for noninteger n
as we did here. If, with such an approach based on perturba-
tion theory, one could recover the scaling function G of Eqs.
~6! and ~7!, one could try to extend the approach to higher
dimension as the relation between the directed polymer prob-
lem and the quantum Hamiltonian is valid in any dimension.
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APPENDIX A: DERIVATION OF EQS. „26…–„29…

Let us first establish some useful properties of the num-
bers r(qa) defined by Eq. ~25!. If the qa are the n roots of
the polynomial P(X),

P~X !5)
qa

~X2qa!, ~A1!

it is easy to see that the r(qa) defined in Eq. ~25! satisfy

P~X1c !

P~X !
511c(

qa

r~qa!

X2qa
. ~A2!

~The two sides have the same poles with the same residues
and coincide at X→` .! Expanding the right-hand side of Eq.
~A2! for large X, we get

P~X1c !

P~X !
511c(

qa

r~qa!

X S 11

qa

X
1

qa
2

X2D 1OS 1

X4D .

~A3!

On the other hand, using Eqs. ~16! and ~A1! and the symme-
try $qa%5$2qa%, we have

P~X !5Xn
1

L2

4
E~n ,L ,g !Xn22

1O~Xn24!, ~A4!

so that

P~X1c !

P~X !
511

nc

X
1

c2S n
2 D

X2 1

c3S n
3 D2cE~n ,L ,g !L2/2

X3

1OS 1

X4D . ~A5!

Comparing Eqs. ~A3! and ~A5!, we get the relations

(
qa

r~qa!5n , ~A6!

(
qa

qar~qa!5cS n
2 D , ~A7!

(
qa

qa
2 r~qa!5c2S n

3 D2

E~n ,L ,g !L2

2
. ~A8!

Moreover, by letting X56qb2c in Eq. ~A2!, we get for any
qb root of P(X)

1

c
5(

qa

r~qa!

qa2qb1c
5(

qa

r~qa!

qa1qb1c
. ~A9!

Lastly, using the symmetry $qa%5$2qa% and the definition
~25!, the Bethe ansatz equations ~17! reduce to

eqar~2qa!2e2qar~qa!50. ~A10!

From the definition ~24! of B(u) and the properties ~A6!–
~A10!, it is straightforward to establish Eqs. ~26!–~29!: the
integral equation ~26! is a direct consequence of Eqs. ~24!
and ~A9!. Properties ~27! and ~28! follow from Eqs. ~24! and
~A6! and Eqs. ~24! and ~A10!, respectively. Lastly, Eq. ~29!
is a consequence of Eqs. ~24! and ~A6!–~A8!.

APPENDIX B: THE ENERGY IN THE SCALING REGIME

In this appendix, we show how to calculate the energy
from the integral equation ~66!. This equation is of the form

b~u !5H~u !1eE
0

1`

dv b~u2v !b~2v !, ~B1!

where, in our case, H(u) is given by

H~u !5

1

2Ap
e2u2/4. ~B2!

We are going to do our calculations for an arbitrary function
H(u), even in u and decreasing fast enough ~to make all the
integrals converge! when uuu→` .

To find the energy, we see from Eq. ~67! that we have to
calculate from Eq. ~B1! the quantities b(0) and b9(0) as
functions of e . We first show that Eq. ~B1! is equivalent to
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b~u !5H~u !1eE
0

1`

dv H~u2v !b~v !, ~B3!

as long as H(u) is even and decreases fast enough. Then, we
will introduce a new function b*(u) which is easy to calcu-
late, and relate the derivatives of b(u) and b*(u) at u50.

1. Equivalence between Eqs. „B1… and „B3…

The solution of Eq. ~B3! can be written as

b~u !5b0~u !1eb1~u !1e2b2~u !1••• , ~B4!

where

b0~u !5H~u !,

b1~u !5E
0

1`

H~u2v1!H~v1! dv1 ,

~B5!

b2~u !5EE
0

1`

H~u2v1!H~v12v2!H~v2! dv1dv2 ,

•••

bk~u !5E •••E
0

1`

H~u2v1!H~v12v2!•••

•••H~vk212vk!H~vk! dv1•••dvk .

For a given k.0, the integration range of bk(u) can be
divided into k parts: the region where v1 has the lowest value
of all the $v i%, the region where v2 has the lowest value,
. . . , and the region where vk has the lowest value. Let us

consider, for some j such that 1< j<k , the region where v j
has the lowest value. All the other integrals then run from v j
to 1` . If we translate those to integrals running from 0 to
1` by changing v i into v i1v j , we get

E
0

1`

dv j E
0

1`

dv1•••dv j21 H~u2v12v j!

3H~v12v2!•••H~v j21!E
0

1`

dv j11•••dvk

3H~2v j11!H~v j112v j12!•••H~vk1v j!.

~B6!

Using the fact that H(u)5H(2u), we see that Eq. ~B6! is
equal to

E
0

1`

dv j b j21~u2v j!bk2 j~2v j!. ~B7!

By summing over j, we therefore have

bk~u !5E
0

1`

dv (
j51

k

b j21~u2v !bk2 j~2v !. ~B8!

Finally, if we multiply by ek and if we sum over k all these
terms ~keeping apart the term for k50), we obtain Eq. ~B1!.

Equations ~B1! and ~B3! are thus equivalent and Eqs.
~B4! and ~B5! give the solution of Eq. ~B1! to any order in e .

2. Calculation of the derivatives of b„u…

If we look at the expression ~B5! of b(u) in powers of e ,
the calculation of b(0) and b9(0) looks simple, especially
when H(u) is given by Eq. ~B2!. However, when we try to
actually do the calculation, the expressions become quickly
complicated with error functions, primitives of error func-
tions, etc. It would be much easier if the integrals in Eq. ~B5!
were running from 2` to 1` instead of 0 to 1` . This is
why we introduce the even function

b*~u !5b0*~u !1eb1*~u !1e2b2*~u !1••• , ~B9!

where, for k.0,

bk*~u !5

1

k11E •••E
2`

1`

H~u2v1!•••H~vk! dv1•••dvk

~B10!

and b0*(u)5H(u). One can see easily that

b*~u !5

21

2pe
E

2`

1`

dq e2iquln@12eĤ~q !# , ~B11!

where we have defined

Ĥ~q !5E
2`

1`

du e iquH~u !. ~B12!

The Wiener-Hopf technique @32# allows us to relate b(u)
and b*(u). More specifically, we are going to show that for
any X.0,

eE
0

1`

du e2uXb*~u !5lnS 11eE
0

1`

du e2uXb~u ! D .

~B13!

This relation allows us to relate the derivatives of b(u) and
b*(u) at u50: indeed, if X is large in Eq. ~B13!, we get

E
0

1`

du e2uXb~u !5

b~0 !

X
1

b8~0 !

X2
1

b9~0 !

X3
1•••

~B14!

and a similar expression for b*(u). Comparing both sides of
Eq. ~B13! gives

b~0 !5b*~0 !,

b8~0 !5

e

2
b~0 !2, ~B15!

b9~0 !5b*9~0 !1

e2

6
b~0 !3.

@We have used the fact that b*8(0)50 because b*(u) is an
even function.#
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In order to prove Eq. ~B13!, the first thing to note is that,

as H(u) decreases fast when u→6` , then also does b(u).
This allows us to define the two ‘‘partial’’ Fourier transforms

b̂1~q !5E
0

1`

du e iqub~u !, ~B16!

b̂2~q !5E
2`

0

du e iqub~u !. ~B17!

It is easy to see that b̂1(q) is analytic in the upper half-plane
(Im q>0). Moreover, in this half-plane, b̂1(q) is bounded
and vanishes when uqu→` . Conversely, b̂2(q) is analytic,
bounded, and decreases to 0 at infinity when Im q<0.

The function b(u) can be written in terms of b̂1(q) and
b̂2(q):

b~u !5

1

2p
E

2`

1`

dq e2iqu@ b̂1~q !1b̂2~q !# , ~B18!

which allows us to express the right-hand side of Eq. ~B13!
when x is positive,

E
0

1`

du e2uXb~u !5

1

2p
E

2`

1`

dq
b̂1~q !

X1iq

1

1

2p
E

2`

1`

dq
b̂2~q !

X1iq
. ~B19!

We calculate the two integrals in the right-hand side of Eq.
~B19! by the residue theorem. As b̂1(q) is analytic and de-
creases at infinity in the upper half-plane, the first integral
can be written as a contour integral around the upper half-
plane. The only contribution to the first integral comes, using
Cauchy’s theorem, from the pole q5iX . One can also check
that the second integral vanishes @using a contour around the
lower half-plane and the fact that b̂2(q) has no pole#. There-
fore, Eq. ~B19! gives

E
0

1`

du e2uXb~u !5b̂1~ iX !. ~B20!

Now, if we multiply Eq. ~B3! by exp(iqu) and if we inte-
grate over u, we easily get for any real q

b̂1~q !1b̂2~q !5Ĥ~q !1eĤ~q !b̂1~q !. ~B21!

This relation between Ĥ(q), b̂2(q), and b̂1(q), together
with Eq. ~B11!, gives

b*~u !5

1

2pe
E

2`

1`

dq e2iqu$ln@11eb̂1~q !#

2ln@12eb̂2~q !#%. ~B22!

Using again that, in the upper half-plane, b̂1(u) is analytic
and vanishes at infinity, we see that, for a small enough e ,
the quantity ln@11eb̂1(q)# is also analytic and decreases to 0
at infinity when Im q>0. Similarly, ln@12eb̂2(q)# has the

same properties for Im q<0. This allows us to calculate the
left-hand side of Eq. ~B13! as we did for the right-hand side.
We find

E
0

1`

du e2uXb*~u !5

1

e
ln@11eb̂1~ iX !# . ~B23!

Comparing Eqs. ~B20! and ~B23! completes the proof of
Eq. ~B13!.

We can now give an expression of the energy. If we use
the definition ~B2! of H(u) in Eqs. ~B11! and ~B12!, we find

b*~u !5

1

2Ap
(
k50

1`
ek

~k11 !3/2
e2u2/@4~k11)#. ~B24!

This gives

b*~0 !5

1

2Ap
(
k50

1`
ek

~k11 !3/2
, ~B25!

b*9~0 !52

1

4Ap
(
k50

1`
ek

~k11 !5/2
, ~B26!

and, together with Eq. ~B15!, these equations allow us to
give an expression of b(0) and b9(0).

From Eqs. ~27!, ~64!, and ~65!, we see that

eb~0 !5nAc . ~B27!

Then, using Eq. ~B15!, we get

eb*~0 !5nAc , ~B28!

b9~0 !

b~0 !
5

e

nAc
b*9~0 !1

n2c

6
.

The energy is given by Eq. ~67!. We get

E~n ,L ,g !5

2

L2 Fnc2

12
2eAcb*9~0 !G . ~B29!

And, finally, using relations ~B25! and ~B26!, we obtain Eqs.
~68! and ~69!.

APPENDIX C: HERMITE POLYNOMIALS
WITH A NONINTEGER NUMBER OF ROOTS

What we try to do in this whole paper is essentially to
calculate (aqa

2 ~the energy! where $qa% is a solution of Eq.
~17!, in such a way that n appears as a continuous parameter.
This allows us to obtain expressions of the energy for non-
integer n.

One can use the same procedure in other kinds of situa-
tions. A simple example which illustrates our calculations is
the case of the zeros of Hermite polynomials.

The nth Hermite polynomial Hn(X) is the solution poly-
nomial in X with leading coefficient 1 of the differential
equation @33#
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1

2
Hn9~X !2XHn8~X !1nHn~X !50. ~C1!

The polynomial Hn(x) is of degree n and has the symmetry
Hn(X)5(2)nHn(2X). For example, we have H4(X)5X4

23X2
1

3
4 . The n roots $ha% (1<a<n) of H(X) are real

and distinct @34#.
By deriving Eq. ~C1! p times with respect to X, we see

that, for all p,

XHn
(p11)~X !5

1

2
Hn

(p12)~X !1~n2p !Hn
(p)~X !. ~C2!

This shows that the (n2p)th Hermite polynomial is, up to a
constant factor, equal to the pth derivative of Hn(X). ~This
property will be used a lot in Appendix D.!

Equation ~C1! can be used directly to calculate the first
coefficients of Hn(X),

Hn~X !5Xn
2

1

2S n
2 DXn22

1

3

4S n
4 DXn24

1••• . ~C3!

Using Eq. ~C3!, the symmetry of H(X), and the large X
expansion,

Hn8~X !

Hn~X !
5 (

p>0

1

Xp11 S (
a

ha
p D , ~C4!

we can calculate the moments of the roots $ha% of H(X):

(
a

ha
2
5

n~n21 !

2
, ~C5!

(
a

ha
4
5

n~n21 !

4
~2n23 !, ~C6!

and so on. These moments are a priori defined only for in-
teger n but as the expressions are polynomial in n, one can
obviously extend their definition to noninteger n @similarly to
what we do in the small-c expansion of B(u) in Sec. ~III B!#.

To generate all the moments of the roots ha , it is conve-
nient to consider the generating function

Q~u !5(
ha

ehau, ~C7!

which is quite reminiscent of the quantity b(u) defined in
our quantum problem. @Using Eqs. ~24! and ~64!, we can
check that b(u)}exp(uAc/2)(r(qa)exp(qau/Ac).#

The function Q(u) is hard to calculate for general n but
we can expand it in powers of n. This can be done by con-
sidering

C~X !5

Hn8~X !

Hn~X !
5E

0

1`

du Q~u !e2uX, ~C8!

which is defined only for X positive and large enough to
make the integral converge. This function C(X) is solution
of a differential equation which follows from Eq. ~C1!:

1

2
C8~X !1

1

2
C~X !2

2XC~X !1n50. ~C9!

To obtain an expansion in powers of n, we write

C~X !5nC1~X !1n2C2~X !1••• . ~C10!

Thus C1(X) satisfies

1

2
C18~X !2XC1~X !1150. ~C11!

This differential equation can easily be solved, and the inte-
gration constant can be fixed using the requirement ~C8! that,
for large X, C(X).n/X ,

C1~X !5E
0

1`

du e2uX2(u2/4). ~C12!

Then order n2 of Eq. ~C9! gives

1

2
C28~X !2XC2~X !1

1

2
C1~X !2

50, ~C13!

the solution of which can be written as

C2~X !52E
0

1`

du e2uX2u2/4E
0

1`

dt

cosh
ut

A2
21

t
e2t2

.

~C14!

The procedure can be iterated to any order in n ~of course
expressions become more and more complicated!. Using Eq.
~C8! and the expressions of C1(X) and C2(X), we can give
an expression of Q(u):

Q~u !5ne2u2/4
12n2e2u2/4E

0

1`

dt

cosh
ut

A2
21

t

3e2t2
1O~n3!. ~C15!

Expanding this expression in powers of u, one calculates
from this expression and from Eq. ~C7! the terms linear and
quadratic in n of all the moments of the ha . @The results
agree for the second and the fourth moments with Eqs. ~C5!
and ~C6!.#

We noticed that for small n, the expression ~C15! corre-
sponds to n roots ha distributed along the imaginary axis
with a Gaussian distribution. We do not know whether this is
general and whether there exists, for general noninteger n, a
distribution of the roots ha in the complex plane which gives
all moments calculated as in Eqs. ~C5! and ~C6!.

It is interesting to notice the similarity between Q(u) and
b(u) defined in Sec. IV.

APPENDIX D: THE EXPANSION IN POWERS
OF c USING HERMITE POLYNOMIALS

In this appendix we show how to expand the solution
$qa% of Eq. ~17! in powers of c for integer n. One can see
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from Eq. ~17! that the roots qa scale for small c like Ac . It is
thus convenient to rescale the polynomial P(X) defined in
Eq. ~19! and the qa in the following way:

qa5raAc ,
~D1!

P~XAc !5cn/2R~X !.

@$ra% are thus the roots of R(X).# With these new variables,
Eq. ~20! becomes

eraAcR~ra2Ac !1e2raAcR~ra1Ac !50. ~D2!

As the roots ra of R(X) are all distinct, this equation is
obviously equivalent to

eXAcR~X2Ac !1e2XAcR~X1Ac !

52@cosh XAc1 f ~X !#R~X !, ~D3!

where f (X) is analytic @this follows from the fact that as
R(X) is polynomial, f (X) defined by Eq. ~D3! is obviously
meromorphic; moreover, as the left-hand side of Eq. ~D3!
vanishes at all the roots of R(X), f (X) has no pole#. We are
now going to solve Eq. ~D3! as a power series in c @i.e., find
both f (X) and R(X) as power series in c].

1. Expansion of the polynomial R„X…

We only have the single equation ~D3! to obtain two
quantities @R(X) and f (X)]; however, using the fact that
f (X) has no pole and R(X) is a polynomial, both quantities
can be determined in a small-c expansion. Let us write

R~X !5R0~X !1cR1~X !1c2R2~X !1••• ,
~D4!

f ~X !5c f 1~X !1c2 f 2~X !1••• ,

where the f i(X) have no pole, R0(X) is a polynomial of
degree n @the term of highest degree in R0(X) is Xn], and all
the R i(X) ~for i>1) are polynomials of degree less than n.
At first order in c, we find that Eq. ~D3! gives

1

2
R092XR085 f 1R0 . ~D5!

As f 1(X) has no pole, it must be a polynomial. Because
R0(X) is of degree n, we see by looking at both sides of Eq.
~D5! that, necessarily, f 1(X)52n . We recognize then the
differential equation ~C1! that defines Hermite polynomials.
Therefore,

f 1~X !52n ,
~D6!

R0~X !5H~X !.

We recover that way that the ra are the zeros of the nth
Hermite polynomial when c is very small @24#.

At next order in c, Eq. ~D3! gives

1

2
R192XR181nR12 f 2H

5

X3

6
H82

X2

4
H91

X

6
H (3)

2

1

24
H (4). ~D7!

As R1 and H are polynomials, Eq. ~D7! tells us that f 2H is a
polynomial, too. We also know that f 2(X) has no pole, thus
it must be a polynomial. R1(X) is of degree strictly less than
n, so the expression R19/22XR11nR1 is of degree strictly
less than n. As H is of degree n, we recognize in Eq. ~D7! a
Euclidian division of polynomials: 2 f 2(X) is the quotient of
the right-hand side of Eq. ~D7! divided by H(X), and the
terms involving R1(X) form the remainder of this division.
This ensures that there is only one possible function f 2(X)
which verifies Eq. ~D7!.

In practice, to perform this Euclidian division we can use
the property ~C2! of the Hermite polynomials as many times
as needed in the right-hand side of Eq. ~D7!: for instance, we
transform the term X3H8/6 into nX2H/61X2H9/12. We can-
not change X2H anymore, but we can apply Eq. ~C2! to the
term X2H9. When no more transformation is possible, we are
left with

X3

6
H82

X2

4
H91

X

6
H (3)

2

1

24
H (4)

5S n

6
X2

2

n~n21 !

6 DH2

1

12
H9. ~D8!

The Euclidian division is then easy to perform,

f 2~X !52

n

6
X2

1

n~n21 !

6
,

~D9!
1

2
R192XR181nR152

1

12
H9.

Using again Eq. ~C2!, the differential equation on R1 can be
solved; we find

R1~X !52

1

24
H9~X !. ~D10!

As R1(X) is simply a derivative of H(X), and as f 1(X) is a
known polynomial of X, we see that at the next order in c we
will have to solve an equation of the form

1

2
R292XR21nR22 f 3H5( X jH (k). ~D11!

Using many times Eq. ~C2!, the right-hand side can be writ-
ten in a ‘‘canonical form’’:

( X jH (k)
5( X jH1( H (k), ~D12!

which allows us to write f 3 as a polynomial in X and R2 as a
sum of derivatives of H(X). It is easy to see recursively that
at any order ck in the expansion we can repeat this procedure
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to calculate f k(X) and Rk21(X). As a result we see that f k is
a polynomial in X and that Rk21 can be written as a sum of
derivatives of H(X).

It is worth noting that at each order the variable n comes
from the previous orders and from transformations of the
kind XH8(X)→ 1

2 H9(X)1nH(X). Because those are the
only two mechanisms by which n appears, it is easy to see
that at each order the coefficients of the sum of derivatives of
H(X) that constitutes Rk21(X) are all polynomials in n .

A computer can easily do this tedious but straightforward
task to any desired order. Up to c3, we find

R5H2

c

24
H92c2S n

360
H92

7

5760
H (4)D

1c3F S n

2520
2

n2

3024DH91

11n

60 480
H (4)

2

31

967 680
H (6)G

1O~c4!. ~D13!

2. Expansion of the roots ra of R„X…

As seen in Eq. ~D13!, the polynomial R(X) is to leading
order in c given by H(X). It is thus natural to write the roots
ra of R(X) as

ra5ha1cxa1O~c2!. ~D14!

($ha% are the roots of H.! Inserting Eq. ~D14! into Eq. ~D13!,
we find, at first order in c,

xaH8~ha!2

1

24
H9~ha!50. ~D15!

Using the definition ~C1! of Hermite polynomials, we have
H9(ha)52haH8(ha). This gives in turn xa5

1
12 ha . Repeat-

ing this procedure to any order in c, we generate terms of the
form ha

j H (k)(ha) which can be reduced to terms of the form
ha

l H8(ha) by using Eq. ~C2! as many times as necessary. It
is then possible to divide the expression by H8(ha) and we
are left with an equation giving each new term in the expan-
sion of ra as a polynomial in ha. Again, this can be pro-
grammed, and we get, up to the order c2,

ra5

qa

Ac
5ha1

c

12
ha1c2F S n

120
2

11

1440D ha2

1

360
ha

3 G
1O~c3!. ~D16!

Using Eqs. ~D1! and ~16!, this leads to

2

L2 E~n ,L ,g !52c( ha
2
2

c2

6 ( ha
2

2

c3

360 S ~6n23 !( ha
2
22( ha

4 D1O~c4!,

~D17!

which coincides with Eq. ~38! when one uses the properties
~C5! and ~C6! of the roots ha of the Hermite polynomials.

@1# M. Kardar and Y.-C. Zhang, Phys. Rev. Lett. 58, 2087 ~1987!.
@2# Y.-C. Zhang, Phys. Rev. Lett. 59, 2125 ~1987!.
@3# T. Halpin-Healy and Y.-C. Zhang, Phys. Rep. 254, 215 ~1995!.
@4# B. Derrida and H. Spohn, J. Stat. Phys. 51, 817 ~1988!.
@5# B. Derrida, Phys. Scr. T38, 6 ~1991!.
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